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Geometric formality and non-negative scalar curvature
D. Kotschick

∗

Abstract: We classify manifolds of small dimensions that admit
both, a Riemannian metric of non-negative scalar curvature, and
a – a priori different – metric for which all wedge products of har-
monic forms are harmonic. For manifolds whose first Betti numbers
are sufficiently large, this classification extends to higher dimen-
sions.

1. Introduction

A closed orientable manifold is called geometrically formal if it admits a Rie-
mannian metric for which all wedge products of harmonic forms are harmonic.
Such a metric is called a formal metric. This concept was introduced in [11]
as a Riemannian analogue, and sharpening, of formality in rational homotopy
theory. It has turned out to be a very strong property, so much so that, under
suitable assumptions, one can hope to classify geometrically formal manifolds,
and perhaps even all the formal metrics on them.

Harmonic forms with respect to formal metrics have constant lengths
and inner products. In conjunction with curvature conditions, this implies
classification results. For example, it follows from a result of Seaman [26]
that a four-manifold with a formal metric of positive sectional curvature must
have definite intersection form. This rules out S2×S2, showing that the Hopf
conjecture holds for formal metrics. This conclusion was recently rediscovered
by Bär [1], who set out to classify formal metrics of non-negative sectional
curvature on four-manifolds up to isometry.

In this paper we take a different approach, and look at geometrically
formal manifolds admitting some, possibly non-formal, Riemannian metric
of non-negative scalar curvature. In small dimensions we classify such mani-
folds topologically. This is possible because the existence of a metric of non-
negative scalar curvature is a strong condition in small dimensions due to the
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Gauss–Bonnet theorem (in dimension 2), the Thurston–Hamilton–Perelman
geometrization (in dimension 3), and Seiberg–Witten theory (in dimension 4).

Among closed orientable surfaces, only the sphere and torus are geomet-
rically formal. On the sphere all metrics are formal, whereas on the torus a
metric is formal if and only if it is flat; cf. [11]. Geometrically formal three-
manifolds were classified in [11, Section 4]. If one restricts to manifolds ad-
mitting a metric of non-negative scalar curvature, then there are very few
examples, as we will show in Section 3:
Theorem 1. Any geometrically formal closed oriented three-manifold admit-
ting a Riemannian metric of non-negative scalar curvature is diffeomorphic
to:

(1) a connected sum of spherical space forms,
(2) S1 × S2, or
(3) a flat manifold.

Conversely, all these manifolds have Riemannian metrics which are simulta-
neously formal and of non-negative scalar curvature.

Let us emphasize once more that we do not assume at the outset that
there is a formal metric of non-negative scalar curvature - the formal metric
and the metric with non-negative scalar curvature are allowed to be distinct.
But the conclusion is that there is indeed a metric with both properties.

We can almost generalize this result to four dimensions:
Theorem 2. Any geometrically formal closed oriented four-manifold admit-
ting a (possibly non-formal) Riemannian metric of non-negative scalar cur-
vature is diffeomorphic to:

(1) a rational homology sphere,
(2) CP 2, S2 × S2, or one of the two S2-bundles over T 2,
(3) a mapping torus M(ϕ), where ϕ : N −→ N is an orientation-preserving

self-diffeomorphism of a three-manifold admitting a metric of positive
scalar curvature and ϕ∗ has no non-zero fixed vector in H1(N ;R), or

(4) a flat manifold.

In Subsection 2.2 below we describe the three-manifolds N appearing in
the third case explicitly.

Combining Theorem 2 with Freedman’s solution of the topological four-
dimensional Poincaré conjecture, we obtain:
Corollary 3. Let M be a simply connected geometrically formal closed ori-
ented four-manifold admitting a (possibly non-formal) metric of non-negative
scalar curvature. Then one of the following holds:
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(1) M is homeomorphic to S4, or
(2) M is diffeomorphic either to CP 2 or to S2 × S2.

The standard metrics on S4, on CP 2, and on S2 × S2 are all formal and
of constant positive Ricci curvature. Thus the Corollary is sharp modulo the
four-dimensional smooth Poincaré conjecture. Of course any metric on a fake
S4 would be formal, but there would not necessarily be one with non-negative
scalar curvature.

Theorem 2 is not optimal, since there are homology four-spheres with-
out metrics of non-negative scalar curvature, see Example 13 in Section 4
below. Furthermore, it is not clear whether all the manifolds in the third
case really have metrics of non-negative scalar curvature. To obtain an essen-
tially sharp result we strengthen the non-negativity of the scalar curvature to
non-negativity of the Ricci curvature:
Theorem 4. Any geometrically formal closed oriented four-manifold admit-
ting a (possibly non-formal) Riemannian metric of non-negative Ricci curva-
ture is diffeomorphic to:

(1) a rational homology sphere with finite fundamental group,
(2) CP 2, S2 × S2, or one of the two S2-bundles over T 2,
(3) a mapping torus M(ϕ), where ϕ is an orientation-preserving isometry

of a spherical space form or of RP 3#RP 3 with their standard metrics1,
or

(4) a flat manifold.

Conversely, all these manifolds are geometrically formal. Except in the first
case they all admit formal metrics with non-negative sectional curvature.

This will be proved in Section 4 after the proof of Theorem 2. The im-
provement stems only from the assumption that Ric ≥ 0, and has nothing to
do with geometric formality. The point is that on a manifold with Ric ≥ 0 all
harmonic one-forms are parallel by the Bochner formula, and therefore one
obtains structure results reducing to problems in lower dimensions as soon
as the first Betti number is positive. Since we work in dimension four, the
required results in lower dimensions are known. See Corollary 15 for a char-
acterization of non-negatively curved four-manifolds with positive first Betti
number that may be of independent interest.

Theorem 4 can be compared with Bär [1, Theorem A], where a similar
result is obtained under the stronger assumption that M carries a Riemannian
metric that is simultaneously formal and of non-negative sectional curvature.

1A standard metric on RP 3#RP 3 is one that is induced by realizing RP 3#RP 3

as an isometric quotient of S2 × R; cf. Theorem 7 below.
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In the final section we extend Theorem 2 to n-manifolds with b1 ≥ n− 2
for all n.

2. Preliminaries

2.1. Geometric formality

We recall the results about geometrically formal manifolds proved in [11] that
we shall need here.

First of all, harmonic forms with respect to a formal metric have constant
lengths and constant inner products. Therefore, if M is a geometrically formal
closed oriented n-manifold, then its Betti numbers are bounded as follows:
bk(M) ≤ bk(T n), and similarly b±2i(M) ≤ b±2i(T 4i) if n = 4i. Further, b1(M) �=
n − 1, and if b1(M) = n, then M is diffeomorphic to T n and every formal
metric is flat. As soon as b1(M) > 0, the Euler characteristic of M vanishes.

On a four-manifold every self-dual harmonic two-form with respect to a
formal metric is symplectic inducing the given orientation, and every anti-
self-dual harmonic two-form is symplectic inducing the opposite orientation.
This implies that a geometrically formal four-manifold with b1(M) = 0 must
have b±2 (M) ∈ {0, 1}; compare [11, Subsection 5.3].

2.2. Positive scalar curvature on three-manifolds

Here we specify the manifolds appearing as fibers in the mapping tori of case
(3) in Theorem 2.

As explained in [13, Section 2], the following is a combination of results
of Schoen–Yau [22], Gromov–Lawson [6] and Perelman [18, 19], interpreted
in the context of the Kneser–Milnor prime decomposition of three-manifolds:
Theorem 5. For a closed oriented connected three-manifold M the following
conditions are equivalent:

(1) M is rationally inessential,
(2) M has no aspherical summand Mi in its prime decomposition,
(3) M is a connected sum of copies of S1×S2 and of spherical space forms,
(4) M admits a metric of positive scalar curvature.

A manifold is rationally inessential if its fundamental class maps to zero
in H∗(Bπ1(M);Q) under the classifying map of its universal covering.

2.3. Strongly scalar-flat manifolds

A closed manifold admitting Riemannian metrics of non-negative and not
identically zero scalar curvature also has metrics with positive scalar curva-
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ture. There are also manifolds which admit scalar-flat metrics, but do not ad-
mit any metrics of positive scalar curvature. Such manifolds are called strongly
scalar-flat. The simplest examples are tori and other flat manifolds [6].

It is known that scalar-flat metrics on strongly scalar-flat manifolds are in
fact Ricci-flat, compare for example [2]. In dimension three this implies that
they are flat.

In dimension 4, the only known Ricci-flat manifolds are strongly scalar-
flat. They are flat manifolds and finite quotients of K3 surfaces with Calabi–
Yau metrics. The isometric quotients of K3 surfaces were classified by
Hitchin [10], who showed that the possible covering groups are Z2 and Z2×Z2,
both of which do actually occur.

The following result is due to J. Wehrheim and myself, see the Appendix
to [12]:

Theorem 6. If a closed symplectic four-manifold M admits a Ricci-flat met-
ric g, then (M, g) is isometric to a finite quotient of T 4 or K3 with a flat,
respectively Calabi–Yau metric.

Thus, among symplectic manifolds, there can be no other strongly scalar-
flat examples.

3. Three-manifolds

First we want to prove Theorem 1.
According to [11, Section 4], a closed orientable three-manifold M is ge-

ometrically formal if and only if it is one of the following:

(1) any rational homology sphere,
(2) a mapping torus M = M(ϕ) of a surface diffeomorphism ϕ : Σ −→ Σ

with b1(M) = 1, or
(3) the three-torus T 3.

We now go through this list using Theorem 5. In the first case every metric
is formal, and there is one with positive scalar curvature if and only if M is
a connected sum of spherical space forms. In the second case a psc metric
can only exist if the fiber Σ is S2, for otherwise M would be aspherical. But
every orientation-preserving diffeomorphism ϕ of S2 is isotopic to the identity,
and so M is diffeomorphic to to S1 × S2. The product metric is formal with
positive scalar curvature. There is no psc metric on T 3.

Finally, a strongly scalar-flat three-manifold must be flat; cf. Subsec-
tion 2.3 above. Conversely, flat metrics are formal and trivially of non-negative
scalar curvature. This completes the proof of Theorem 1.
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Note that flat manifolds appear in all three cases above, according to
whether the first Betti number is 0, 1 or 3. In the second case the fiber Σ is
T 2 if M is flat.

We can compare Theorem 1 with the classification of three-manifolds of
non-negative Ricci curvature due to Hamilton [9]:
Theorem 7. A closed oriented three-manifold admits a Riemannian metric
of non-negative Ricci curvature if and only if it is diffeomorphic to:

(1) a spherical space form,
(2) S1 × S2 or RP 3#RP 3, or
(3) a flat manifold.

Hamilton [9] proved that the Ricci flow deforms any metric of non-negative
Ricci curvature to one of the model geometries S3, S2 × R or R3. Therefore,
one only has to check the classification of their closed oriented quotients;
compare [25].

Hamilton’s theorem shows that in dimension three all manifolds with
non-negative Ricci curvature are in fact geometrically formal. Indeed, their
standard locally homogeneous metrics are formal.

In the case of positive first Betti number, the classifications in Theorems 1
and 7 coincide. This is no coincidence, since for non-negative Ricci curvature
harmonic one-forms are parallel by Bochner’s argument, and dictate the clas-
sification without even using the Ricci flow; compare [1]. In the geometrically
formal case harmonic one-forms may not be parallel, but they are of constant
length. This, together with Gauss–Bonnet applied to the fibers of fibrations
over S1, leads to the same conclusion as with parallel one-forms.

4. Four-manifolds

In this section we prove the main results, Theorems 2 and 4. The first step is
the following:
Theorem 8. Let M be a geometrically formal closed oriented four-manifold
admitting some Riemannian metric of positive scalar curvature. Then one of
the following holds:

(1) M is a rational homology sphere,
(2) M is diffeomorphic either to CP 2, to S2 × S2, or to one of the two

S2-bundles over T 2, or
(3) M is a mapping torus M(ϕ), where ϕ : N −→ N is an orientation-

preserving self-diffeomorphism of a three-manifold admitting a metric
of positive scalar curvature and ϕ∗ has no non-zero fixed vector in
H1(N ;R).
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Proof. Recall from Subsection 2.1 above that geometric formality gives strong
a priori bounds on the Betti numbers, and that it implies that M is symplectic
(for a suitable orientation) as soon as b2(M) �= 0. So we will start with this
case.

If b2(M) > 0, then M is a closed symplectic four-manifold admitting a
psc metric. Such manifolds were classified by Liu [15] and Ohta–Ono [17], who
showed that they are rational or ruled. Given the Betti number bounds from
geometric formality, this means that M is diffeomorphic either to CP 2 or to
an S2-bundle over S2 or T 2. For both bases there are precisely two bundles
up to diffeomorphism of the total space. One of these bundles can be ruled
out:

Lemma 9. The non-trivial S2-bundle over S2 is not geometrically formal.

Proof. To have a convenient basis for the cohomology, we identify the non-
trivial S2-bundle over S2 with M = CP 2#CP 2, and let H and E be the two
generators coming from the connected summands. Then H2 = 1, E2 = −1,
and H ·E = 0. If M were geometrically formal, then every cohomology class
with positive square would be represented by a symplectic form, namely the
harmonic representative with respect to a formal Riemannian metric. This
applies in particular to H. Now the only class with square −1 is E, with
which H pairs trivially. Thus, for the symplectic form in the cohomology
class H there can be no symplectic (−1)-sphere, meaning that the symplectic
structure is minimal. This contradicts the result of Lalonde–McDuff [14] to
the effect that any symplectic form on M is symplectomorphic to a standard
Kähler form, all of which are symplectically non-minimal. Thus M cannot be
geometrically formal.

If b2(M) = 0, then either M is a rational homology sphere, or b1(M) �= 0.
In the latter case the Euler characteristic must vanish since harmonic one-
forms with respect to formal metrics are of constant length. The equation

0 = χ(M) = 2 − 2b1(M) + b2(M) = 2 − 2b1(M)

gives b1(M) = 1. In this case M is a mapping torus M(ϕ) for some orientation-
preserving diffeomorphism ϕ of a closed three-manifold N , cf. [11, Theo-
rem 7]. Since b1(M) = 1, it follows that ϕ∗ has no non-zero invariant vector
in H1(N ;R). It remains to show that N admits a metric of positive scalar
curvature.

The total space M of the mapping torus admits a psc metric by as-
sumption. The Schoen–Yau argument [23] therefore implies that there is an
embedded hypersurface i : S ↪→ M in the homology class of the fiber N with
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S admitting a metric of positive scalar curvature. Let f : M −→ S1 be the
projection of the mapping torus. Then (f ◦ i)∗ is trivial on H1(S1;Z), and
so is null-homotopic. By the homotopy-lifting property of f , this means that
i is homotopic to a map into a single fiber S −→ N . This map has degree
one since S represents the same homology class as N . Since S has psc, it is
rationally inessential, and so N must also be rationally inessential. Thus N
has psc; compare Theorem 5.

This completes the proof of Theorem 8.

Remark 10. The attentive reader will have noticed the emphasis on symplec-
tic minimality in the proof of Lemma 9. Of course the manifold CP 2#CP 2

carries the holomorphically minimal Kähler structures defined by higher odd
Hirzebruch surfaces. Although these are holomorphically minimal, they are
not symplectically minimal. The relation between the two notions of mini-
mality was clarified in [8].

With Theorem 8 in hand, we will complete the proof of Theorem 2 by
looking at strongly scalar-flat manifolds.
Theorem 11. Let M be a strongly scalar-flat geometrically formal closed
oriented four-manifold. Then one of the following holds:

(1) M is a rational homology sphere with finite fundamental group, or
(2) M is diffeomorphic to a flat manifold.

Proof. Since M is strongly scalar-flat, it is Ricci-flat; cf. Subsection 2.3.
As before, if b2(M) > 0, then M is symplectic. In this case Theorem 6

tells us that M is flat, or a quotient of a K3 surface. In the latter case, the
quotient is by a group of order 1, 2 or 4 by Hitchin’s result [10]. Now a K3
surface and a Z2 quotient of it have second Betti numbers that violate the
bound imposed by geometric formality. A quotient by a group of order 4 has
second Betti number 4 < b2(T 4), so this does not rule out such a quotient.
However, the signature of the quotient is −4, and so b−2 of this quotient is too
large for it to be geometrically formal. Thus a geometrically formal Ricci-flat
manifold with positive second Betti number is flat.

If b2(M) = 0, then either b1(M) = 1, or M is a rational homology sphere.
If b1(M) = 1, then M is an Einstein manifold with zero Euler characteristic,
and so the Gauss–Bonnet formula shows that M is flat; see for example [10].
Finally, if M is a rational homology sphere, then its Euler characteristic is
positive, and so the fundamental group is finite by the following well-known
lemma, which completes the proof of the theorem.

Lemma 12. For a closed oriented four-manifold M with Ric ≥ 0 the follow-
ing are equivalent:
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(1) the Euler characteristic χ(M) vanishes,
(2) the first Betti number b1(M) does not vanish, and
(3) the fundamental group π1(M) is infinite.

Proof. This is due to Cheeger–Gromoll [3, Corollary 9.4]2 and Yau [28, Corol-
lary 2].

It is clear that each statement implies the one below it. However, the last
one implies the first via the Cheeger–Gromoll splitting theorem, cf. [4], as
follows. If the fundamental group is infinite, then the universal covering of
M is non-compact, and so contains a line that splits off isometrically. This
implies that M has a finite covering that splits off a circle as a direct factor
(diffeomorphically, not necessarily isometrically), and so has vanishing Euler
characteristic. Thus χ(M) = 0 by multiplicativity in coverings.

Theorems 8 and 11 together imply Theorem 2 stated in the introduction.
We now show by example that not all of the manifolds listed in that theorem
admit positive scalar curvature.
Example 13. Examples of aspherical four-manifolds that are rational, respec-
tively integral, homology spheres have been constructed by Luo [16], respec-
tively Ratcliffe–Tschantz [20]. According to Schoen–Yau [24], no aspherical
four-manifold allows a psc metric. The examples of [20] are spin and non-
positively curved. Therefore the existence of psc metrics on them is excluded
by the Gromov–Lawson [6, 7] enlargeability obstruction. Theorem 11 implies
that these manifolds are not strongly scalar-flat either, since they have infi-
nite fundamental groups. Thus they do not admit any metrics of non-negative
scalar curvature.

We saw that in dimension three all manifolds with metrics of non-negative
Ricci curvature are geometrically formal. This is no longer true in dimension
four. We have already seen the example of the K3 surface, which is Ricci-
flat but not geometrically formal. Among the del Pezzo surfaces there are
also examples of manifolds with constant positive Ricci curvature which are
not geometrically formal because their second Betti numbers are too large. If
we consider four-manifolds with positive first Betti number, then there is an
extension of Hamilton’s Theorem 7, inspired by the discussion of Bär [1]:

Proposition 14. Let M be a closed oriented four-manifold with b1(M) > 0. If
M admits a metric of non-negative Ricci curvature, then M is diffeomorphic
to:

2In [3] non-negative sectional curvature is assumed. By [4] the argument extends
to Ric ≥ 0.
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(1) an S2-bundle over T 2,
(2) a mapping torus M(ϕ), where ϕ is an orientation-preserving isometry

of a spherical space form or of RP 3#RP 3 with their standard metrics,
or

(3) a flat manifold.

Conversely, all these manifolds admit metrics with non-negative sectional cur-
vature.

By Lemma 12, the assumption b1(M) > 0 is equivalent to π1(M) being
infinite, since we are assuming Ric ≥ 0.

Proof. The proof proceeds by the so-called Calabi construction of flat man-
ifolds with positive first Betti number. It was observed by Yau [28] and
Fischer–Wolf [5] that this works more generally, under the assumption of
non-negative Ricci curvature.

Fix a metric g on M with Ric ≥ 0. By the Bochner argument, all har-
monic one-forms with respect to g are parallel. Therefore the Albanese map
αM : M −→ T b1(M) defined by integration of harmonic forms is a submersion
defining a smooth fiber bundle. Moreover, the metric g is a local product
metric for the orthogonal direct sum decomposition V ⊕H, where H are the
tangents to the orbits of the Rb1(M)-action generated by the vector fields dual
to the harmonic one-forms, and V are the tangents to the fibers of the Al-
banese map. In particular the metric g is flat on H, and all the fibers of the
Albanese carry the same induced metric. Moreover, the induced metric on
the fibers again has Ric ≥ 0.

As in the flat, or in the geometrically formal, cases, non-negative Ricci
curvature implies that b1(Mn) �= n− 1. The reason is that if there are n− 1
linearly independent parallel one-forms, then the Hodge star of their wedge
product is also a parallel one-form, and is linearly independent of the other
n− 1 forms. This means that b1(Mn) ≥ n− 1 implies b1(Mn) = n.

Our four-manifold M therefore has b1(M) ∈ {1, 2, 4}. If the first Betti
number is maximal, then the Albanese is an isometry, and (M, g) is a flat T 4;
cf. [11, Theorem 7]. If b1(M) = 2, then the fiber of the Albanese is S2 or T 2.
In the latter case the induced metric on T 2 must be flat by Gauss–Bonnet,
and so M itself is flat.

Finally, if b1(M) = 1, then the fiber of the Albanese is one of the three-
manifolds in Hamilton’s Theorem 7. If the fiber is flat, then g is flat. Moreover,
the fiber cannot be S2×S1 since this has the property that every orientation-
preserving self-diffeomorphism is isotopic to the identity, and so the mapping
torus would be diffeomorphic to S2 × T 2, contradicting the assumption that
b1(M) = 1.
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We have now proved the first part of the proposition, except for the
restriction on the monodromy of the mapping tori in case (2). We know
that the fibers of the mapping tori are as claimed, and that the monodromy
preserves some metric with non-negative Ricci curvature on the fiber. By
Hamilton’s proof [9] of Theorem 7, the Ricci flow deforms any such metric on
a fiber to a standard metric. As the Ricci flow preserves the isometries, the
monodromy will also be an isometry for a standard metric on the fiber.

Conversely, these mapping tori have standard metrics of non-negative
sectional curvature modelled on S3 × R respectively S2 × R2 according to
whether the fiber is a space form with geometry S3, or is RP 3#RP 3 with
geometry S2 × R. For the manifolds in (1) and (3) the converse direction is
clear, with the exception of the non-trivial S2-bundle over T 2.

The non-trivial S2-bundle over T 2 is a global isometric quotient of S2×R2

as follows; cf. Ue [27, p. 167]. Identify S2 with C ∪ {∞}, and let the two
generators of Z2 act on S2 by z �→ −z and z �→ 1/z, and on R2 by linearly
independent translations. The resulting S2-bundle over T 2 has a section of
odd self-intersection, and so is non-spin. This means that it is the non-trivial
bundle.

This proof gives the following characterization of non-negatively curved
four-manifolds with positive first Betti number in terms of Thurston geome-
tries:

Corollary 15. For a closed oriented four-manifold M with b1(M) > 0 the
following are equivalent:

(1) M admits a metric of non-negative sectional curvature,
(2) M admits a metric of non-negative Ricci curvature,
(3) M admits one of the Thurston geometries S2 × R2, S3 × R or R4.

We now have all the ingredients to prove Theorem 4.

Proof of Theorem 4. Let M be a geometrically formal manifold admitting
some, possibly non-formal, metric with Ric ≥ 0. Such a metric of course
has non-negative scalar curvature, so we are in the situation of Theorem 2.
However, the assumption Ric ≥ 0 allows (1) and (3) to be improved.

By Lemma 12, the fundamental group is finite as soon as the first Betti
number vanishes, equivalently as soon as the Euler characteristic does not
vanish. This explains the finiteness of the fundamental group in statement
(1). The improvement in case (3) follows from Proposition 14.

For the converse direction of the theorem, we need to prove that there
are indeed formal metrics on all these manifolds, and that they can be chosen
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to have non-negative sectional curvature unless the manifold is a rational
homology sphere. On a rational homology sphere all metrics are formal. In
case (2), CP 2, S2 ×S2 and S2 ×T 2 are symmetric spaces that have standard
metrics which are both formal and with non-negative sectional curvature. By
the proof of Proposition 14, the non-trivial S2-bundle over T 2 has a standard
metric modelled on S2 × R2. All the harmonic forms for this metric are in
fact parallel, showing that the metric is formal. The same argument applies
to flat manifolds. Finally, the mapping tori in case (3) also have the required
metrics by the proof of Proposition 14.

5. Higher dimensions

The classification results we obtained in dimensions three and four have ex-
tensions to higher dimensions if we assume that the first Betti number is
large enough compared with the dimension. For geometrically formal mani-
folds, or manifolds of non-negative Ricci curvature, in dimension n we have
b1(M) ≤ n with equality only if M is diffeomorphic to T n. In this case any
metric that is either formal or satisfies Ric ≥ 0 must be flat. In all other cases
b1(M) ≤ n− 2.

Proposition 16. Let M be a closed oriented n-manifold with b1(M) = n−2.
If M admits a metric of non-negative Ricci curvature, then M is geometrically
formal.

Moreover, M is diffeomorphic to either an S2-bundle over T n−2, or to a
flat manifold. In the first case M admits a metric of positive scalar curvature,
whereas in the second case it is strongly scalar-flat.

Proof. The proof is the same as that of Proposition 14. The fiber of the
Albanese map with respect to a metric g satisfying Ric ≥ 0 is either S2 or
T 2. In the second case g must be flat because the induced metric on T 2 is flat
by Gauss–Bonnet. In the first case M admits a psc metric.

By the results of [11], a geometrically formal n-manifold with b1(M) =
n− 2 is a surface bundle

Σ2 −→ Mn −→ T n−2

with the property that the fundamental group of the base acts without non-
zero invariant vectors on H1(Σ;R). (The second map is the Albanese of any
formal metric.) Already for n = 3, the genus of Σ can be any natural number.
However, if we assume that M admits some, possibly non-formal, Riemannian
metric of non-negative scalar curvature, then Σ has to be a sphere or torus.
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Theorem 17. Let M be a geometrically formal closed oriented n-manifold
with b1(M) = n− 2. If M admits a metric of non-negative scalar curvature,
then:

(1) either M is flat and Σ is a torus, or
(2) M is an S2-bundle over T n−2.

Proof. If M is strongly scalar-flat, then it admits a Ricci-flat metric. By the
previous proposition, this metric must be flat. It follows that Σ is T 2.

It remains to show that M cannot admit a metric of positive scalar cur-
vature if the fiber Σ of the Albanese fibration is of positive genus. So assume
g(Σ) ≥ 1. Then M is aspherical, and by the homotopy exact sequence of the
Albanese fibration its fundamental group fits into an extension of the form

1 −→ π1(Σ) −→ π1(M) −→ Zn−2 −→ 1 .

Since the strong Novikov conjecture holds for π1(Σ), it also holds for π1(M),
see Rosenberg [21, Proposition 2.5]. It follows that the aspherical manifold M

cannot have positive scalar curvature, essentially by the results of Gromov–
Lawson [7], compare also Rosenberg [21, Theorem 3.5].

The results of this section should have extensions to n-manifolds with
b1(M) = n − 3 since in dimension three we have a complete understanding
of manifolds with Ric ≥ 0, and even with non-negative scalar curvature,
compare Sections 2 and 3 above. No such extension is possible for b1(M) =
n − 4, because there are just too many four-manifolds with positive scalar
curvature, and maybe even with positive Ricci curvature.

Acknowledgement

I am grateful to C. Bär for stimulating correspondence.

References

[1] C. Bär, Geometrically formal 4-manifolds with nonnegative sectional
curvature, Comm. Anal. Geom. 23 (2015), 479–497. MR3310523

[2] A. L. Besse, Einstein Manifolds, Springer Verlag 1987. MR0867684

[3] J. Cheeger and D. Gromoll, On the structure of complete manifolds
of nonnegative curvature, Ann. Math. 96 (1972), 413–443. MR0309010

http://www.ams.org/mathscinet-getitem?mr=3310523
http://www.ams.org/mathscinet-getitem?mr=0867684
http://www.ams.org/mathscinet-getitem?mr=0309010


450 D. Kotschick

[4] J. Cheeger and D. Gromoll, The splitting theorem for manifolds of
nonnegative Ricci curvature, J. Differential Geometry 6 (1971/72), 119–
128. MR0303460

[5] A. E. Fischer and J. A. Wolf, The structure of compact Ricci-
flat Riemannian manifolds, J. Differential Geometry 10 (1975), 277–
288. MR0377759

[6] M. Gromov and H. B. Lawson, Spin and scalar curvature in the
presence of a fundamental group I, Ann. Math. 111 (1980), 209–
230. MR0569070

[7] M. Gromov and H. B. Lawson, Positive scalar curvature and the
Dirac operator on complete Riemannian manifolds, Publ. Math. I.H.E.S.
58 (1983), 83–196. MR0720933

[8] M. J. D. Hamilton and D. Kotschick, Minimality and irreducibil-
ity of symplectic four-manifolds, Int. Math. Res. Not. 2006, Art. ID
35032. MR2211144

[9] R. Hamilton, Four-manifolds with positive curvature operator, J. Dif-
ferential Geometry 24 (1986), 153–179. MR0862046

[10] N. J. Hitchin, Compact four–dimensional Einstein manifolds, J. Dif-
ferential Geometry 9 (1974), 435–441. MR0350657

[11] D. Kotschick, On products of harmonic forms, Duke Math. J. 107
(2001), 521–531. MR1828300

[12] D. Kotschick, Monopole classes and Einstein metrics, Int. Math. Res.
Not. 12 (2004), 593–609. MR2040623

[13] D. Kotschick and C. Neofytidis, On three-manifolds dominated by
circle bundles, Math. Z. 274 (2013), 21–32. MR3054316

[14] F. Lalonde and D. McDuff, The classification of ruled symplectic
4-manifolds, Math. Res. Lett. 3 (1996), 769–778. MR1426534

[15] A.-L. Liu, Some new applications of general wall crossing formula,
Gompf’s conjecture and its applications. Math. Res. Lett. 3 (1996), no.
5, 569–585. MR1418572

[16] F. Luo, The existence of K(π, 1) 4-manifolds which are ratio-
nal homology 4-spheres, Proc. Amer. Math. Soc. 104 (1988), 1315–
1321. MR0969062

[17] H. Ohta and K. Ono, Notes on symplectic 4-manifolds with b+2 = 1.
II, Internat. J. Math. 7 (1996), no. 6, 755–770. MR1417784

http://www.ams.org/mathscinet-getitem?mr=0303460
http://www.ams.org/mathscinet-getitem?mr=0377759
http://www.ams.org/mathscinet-getitem?mr=0569070
http://www.ams.org/mathscinet-getitem?mr=0720933
http://www.ams.org/mathscinet-getitem?mr=2211144
http://www.ams.org/mathscinet-getitem?mr=0862046
http://www.ams.org/mathscinet-getitem?mr=0350657
http://www.ams.org/mathscinet-getitem?mr=1828300
http://www.ams.org/mathscinet-getitem?mr=2040623
http://www.ams.org/mathscinet-getitem?mr=3054316
http://www.ams.org/mathscinet-getitem?mr=1426534
http://www.ams.org/mathscinet-getitem?mr=1418572
http://www.ams.org/mathscinet-getitem?mr=0969062
http://www.ams.org/mathscinet-getitem?mr=1417784


Geometric formality and non-negative scalar curvature 451

[18] G. Perelman, The entropy formula for the Ricci flow and its geometric
applications, Preprint arXiv:math/0211159v1 [math.DG] 11 Nov 2002.

[19] G. Perelman, Ricci flow with surgery on three-manifolds, Preprint
arXiv:math/0303109v1 [math.DG] 10 Mar 2003.

[20] J. G. Ratcliffe and S. T. Tschantz, Some examples of aspheri-
cal 4-manifolds that are homology 4-spheres, Topology 44 (2005), 341–
350. MR2114711

[21] J. Rosenberg, C∗-algebras, positive scalar curvature, and the Novikov
conjecture, Publ. Math. I.H.E.S. 58 (1983), 197–212. MR0720934

[22] R. Schoen and S.-Y. Yau, Existence of incompressible minimal sur-
faces and the topology of three-dimensional manifolds with nonnegative
scalar curvature, Ann. of Math. 110 (1979), 127–142. MR0541332

[23] R. Schoen and S.-Y. Yau, On the structure of manifolds with positive
scalar curvature, Manuscripta Math. 28 (1979), 159–183. MR0535700

[24] R. Schoen and S.-Y. Yau, The structure of manifolds with positive
scalar curvature, in Directions in partial differential equations (Madi-
son, WI, 1985), 235–242, Publ. Math. Res. Center Univ. Wisconsin, 54,
Academic Press, Boston, MA, 1987. MR1013841

[25] P. Scott, The geometries of 3-manifolds, Bull. London Math. Soc. 15
(1983), 401–487. MR0705527

[26] W. Seaman, Some remarks on positively curved 4-manifolds, Michigan
Math. J. 35 (1988), 179–183. MR0959265

[27] M. Ue, Geometric 4 manifolds in the sense of Thurston and Seifert 4
manifolds. II, J. Math. Soc. Japan 43 (1991), 149–183. MR1082428

[28] S.-T. Yau, Compact flat Riemannian manifolds, J. Differential Geome-
try 6 (1971/72), 395–402. MR0305309

D. Kotschick
Mathematisches Institut
LMU München
Theresienstr. 39
80333 München
Germany
E-mail: dieter@math.lmu.de

http://www.ams.org/mathscinet-getitem?mr=2114711
http://www.ams.org/mathscinet-getitem?mr=0720934
http://www.ams.org/mathscinet-getitem?mr=0541332
http://www.ams.org/mathscinet-getitem?mr=0535700
http://www.ams.org/mathscinet-getitem?mr=1013841
http://www.ams.org/mathscinet-getitem?mr=0705527
http://www.ams.org/mathscinet-getitem?mr=0959265
http://www.ams.org/mathscinet-getitem?mr=1082428
http://www.ams.org/mathscinet-getitem?mr=0305309
mailto:dieter@math.lmu.de

	Introduction
	Preliminaries
	Geometric formality
	Positive scalar curvature on three-manifolds
	Strongly scalar-flat manifolds

	Three-manifolds
	Four-manifolds
	Higher dimensions
	Acknowledgement
	References

