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A modified Bartlett test for linear hypotheses in
heteroscedastic one-way ANOVA∗
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†
and Xuefeng Liu

In this paper, we propose and study a so-called modified
Bartlett (MB) test for the general linear hypothesis testing
(GLHT) problem in heteroscedastic one-way ANOVA. The
MB test is easy to compute and implement via using the
usual chi-squared distribution. The MB test is shown to be
invariant under affine transformations, different choices of
the contrast matrix used to define the same hypothesis and
different labeling schemes of the population means. Simu-
lation studies demonstrate that the MB test performs well
and it outperforms or is comparable to some existing tests
for the k-sample Behrens-Fisher problem, a special case of
the GLHT problem. The MB test is illustrated using a real
data example.
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1. INTRODUCTION

For several decades, much attention has been paid for
comparing k normal means under heteroscedasticity (Welch
1947, 1951; James 1951, 1954; Krutchkoff 1988; Wilcox 1988,
1989; Krishnamoorthy, Lu, and Mathew 2007 etc.). When
only two normal means are involved, this problem is re-
ferred to as the Behrens-Fisher (BF) problem (Behrens 1929,
Fisher 1935), and it has been well addressed in the literature.
Among the tests proposed for the two-sample BF problem,
Welch’s (1947) approximate degrees of freedom (ADF) test
is the most popular one. It has been well accepted and widely
used in real data applications because of its simplicity and
accuracy as argued by Krishnamoorthy, Lu, and Mathew
(2007).

The problem for comparing k normal means under vari-
ance heteroscedasticity is usually referred to as the k-sample
BF problem. A number of testing procedures have been
proposed and studied on this problem, including Welch’s
(1951) ADF test, James’ (1954) second-order test, Weer-
ahandi’s (1995) generalized F-test, and Krishnamoorthy,
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Lu, and Mathew’s (2007) parametric bootstrap (PB) test,
etc. Although Welch’s (1951) ADF test performs well when
k = 2, its performance is unsatisfactory in terms of size
controlling when k is large. In fact, Krishnamoorthy, Lu,
and Mathew (2007) compared the Welch, generalized F ,
James’ second order and their PB tests via intensive simu-
lations and demonstrated that in terms of size controlling
and power, their PB test generally performs the best, fol-
lowed by James’ (1954) second order test while the Welch
and generalized F tests are sometimes very liberal when k
is large. Since the PB test is time-consuming and James’
(1954) second-order test has a very complicated form which
prevents it from being widely used in real data analysis, it is
still worthwhile to develop some simple test for the k-sample
BF problem which is comparable to the PB test in terms of
size controlling and power.

In this paper, we aim to propose and study such a simple
and accurate test, namely, a modified Bartlett (MB) test,
for the general linear hypothesis testing (GLHT) problem
in heteroscedastic one-way ANOVA, which includes the k-
sample BF problem as a special case. The MB test is ob-
tained via an application of the modified Bartlett correction
of Fujikoshi (2000) to a Wald-type statistic constructed for
the GLHT problem. The MB test can be easily computed
and implemented via the usual χ2-distribution. We show
that the MB test is invariant under affine transformations,
different choices of the contrast matrix used to define the
same hypothesis and different labeling schemes of the popu-
lation means. Simulation studies and real data applications
show that the MB test outperforms the Welch test and is
comparable to the PB test in terms of size controlling and
power.

The rest of the paper is organized as follows. In Section 2,
the MB test is developed and some of its important proper-
ties are discussed. Simulation studies are presented in Sec-
tion 3. An application of the MB test to a real data set is
given in Section 4. Some concluding remarks are given in
Section 5. Technical proofs of the main results are outlined
in the Appendix.

2. MAIN RESULTS

2.1 The MB test

Throughout this paper, let N(μ, σ2) denote a normal
distribution with mean μ and variance σ2. Given k inde-
pendent normal samples xlj , j = 1, 2, . . . , nl ∼ N(μl, σ

2
l ),
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l = 1, 2, . . . , k, the heteroscedastic one-way ANOVA is re-
ferred to the following testing problem:

(1)

H0 : μ1 = μ2 = · · · = μk, versus H1 : H0 is not true,

without assuming the equality of variances σ2
l , l = 1, 2,

. . . , k. This problem is also known as the k-sample BF prob-
lem. For this k-sample BF problem, several solutions are
available in the literature, including Welch’s (1951) ADF
test and James’ (1954) first and second order approxima-
tion solutions, Krutchkoff’s (1988) modified F -test, and the
PB test of Krishnamoorthy, Lu, and Mathew (2007) among
others. The k-sample BF problem (1) can be written as a
special case of the following GLHT problem:

H0 : Cμ = c, vs H1 : Cμ �= c,(2)

where μ = (μ1, μ2, . . . , μk)
T , C : q×k is a known coefficient

matrix with rank(C) = q, and c : q× 1 is a known constant
vector, often set to zero. In fact, the GLHT problem (2)
reduces to the heteroscedastic one-way ANOVA (1) if we
set c = 0 and C = [Ik−1,−1k−1] where Ir and 1r denote
the identity matrix of size r and the r-dimensional vector of
ones respectively. Notice that C is a contrast matrix and its
choice is not unique for (1) and later we shall show that the
MB test is invariant to different choices of C. To propose
and study the so-called MB test for the GLHT problem (2),
for l = 1, 2, . . . , k, set

(3)

μ̂l = x̄l = n−1
l

nl∑
j=1

xlj ,

σ̂2
l = (nl − 1)−1

nl∑
j=1

(xlj − x̄l)
2,

which are the sample mean and sample variance of the l-
th sample respectively. Set μ̂ = (μ̂1, μ̂2, . . . , μ̂k)

T , as an
unbiased estimator of μ. Then we have μ̂ ∼ Nk(μ,Σ)

where Σ = diag(
σ2
1

n1
,
σ2
2

n2
, . . . ,

σ2
k

nk
). It follows that Cμ̂ − c ∼

Nq(Cμ − c,CΣCT ). Thus, we can then construct the fol-
lowing Wald-type statistic:

(4) T = (Cμ̂− c)T
(
CΣ̂CT

)−1

(Cμ̂− c),

where Σ̂ = diag(
σ̂2
1

n1
,
σ̂2
2

n2
, . . . ,

σ̂2
k

nk
), an unbiased estimator of

Σ. We now re-express T as

(5) T = zTW−1z,

where

(6)

z = (CΣCT )−1/2(Cμ̂− c),

W = HΣ̂HT ,

H = (CΣCT )−1/2C.

It is easy to see that z ∼ Nq(μz, Iq), where μz =

(CΣCT )−1/2(Cμ−c). For further investigation, let nmin =
minkl=1 nl and nmax = maxkl=1 nl denote the smallest and
largest sample sizes. We impose the following condition:

(7)
nl

nmin
→ rl < ∞, l = 1, 2, . . . , k, as nmin → ∞.

This condition requires that the sample sizes n1, n2, . . . , nk

proportionally tend to ∞, preventing the case when nmin is
too small compared with the other sample sizes. This guar-
antees that nmin(CΣCT ) tends to a non-singular matrix
as nmin → ∞ so that we can write (CΣCT )−1 = O(nmin)

and H = (CΣCT )−1/2C = O(n
1/2
min). Let χ

2
m denote a chi-

square distribution with m degrees of freedom. We have the
following result.

Theorem 1. Under the condition (7) and H0, as nmin →
∞, we have that T converges to χ2

q in distribution.

From the proof of Theorem 1 in the Appendix, it is seen

that the convergence rate of T is of order n
−1/2
min . This in-

dicates that the null distribution of T approaches to χ2
q

slowly. Alternatively speaking, the χ2
q-distribution can not

give an accurate approximation to the null distribution of
T when nmin is too small. To overcome this difficulty, fol-
lowing Yanagihara and Yuan (2005), we apply the modi-
fied Bartlett correction of Fujikoshi (2000) to improve the
convergence rate of T , resulting in the so-called modified
Bartlett (MB) test. The MB test considered by Yanagi-
hara and Yuan (2005) is for a multivariate two-sample BF
problem. Let hl = (CΣCT )−1/2cl, l = 1, 2, . . . , k where
c1, . . . , ck are the k columns of C. To apply the modified
Bartlett correction in the current context, we need the fol-
lowing result.

Theorem 2. Under the condition (7) and H0, as nmin →
∞, we have

(8)

E(T ) = q

(
1 +

α1

nmin

)
+O(n−2

min),

E(T 2) = q(q + 2)

(
1 +

α2

nmin

)
+O(n−2

min),

where α1 = 2nmin

q Δ, α2 = (14+4q)nmin

q(q+2) Δ, and Δ =∑k
l=1[

σ2
l

nl
hT
l hl]

2/(nl − 1). In addition, we have

(9)
q2

(nmax − 1)k
≤ Δ ≤ q

nmin − 1
.

Notice that under the conditions of Theorem 2, the quan-
tities α1 and α2 will tend to their finite limits respectively
as nmin → ∞. Theorem 2 implies that E(T ) = q + O(n−1

min)
and E(T 2) = q(q + 2) + O(n−1

min). The modified Bartlett
correction of Fujikoshi (2000) aims to improve this conver-
gence rate to a higher order, say, of order n−2

min using the log-
transformation TMB = (nminβ1 + β2) log(1 +

T
nminβ1

), where
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β1 = 2
α2−2α1

and β2 = (q+2)α2−2(q+4)α1

2(α2−2α1)
. One can show that

E(TMB) = q+O(n−2
min) and E(T 2

MB) = q(q+2)+O(n−2
min); see

some details in Yanagihara and Yuan (2005) and Fujikoshi
(2000). It is then expected that TMB converges to χ2

q with a
faster rate than T does.

In real data application, β1 and β2 have to be replaced
by their estimators. Proper estimators are obtained via re-
placing Δ by its estimator:

Δ̂ =

k∑
l=1

[
σ̂2
l

nl
ĥ
T

l ĥl

]2
/(nl − 1)(10)

=

k∑
l=1

[
σ̂2
l

nl
cTl (CΣ̂CT )−1cl

]2
/(nl − 1),

where ĥl = (CΣ̂CT )−1/2cl, l = 1, 2, . . . , k. The estimators

α̂1, α̂2, β̂1, β̂2 are then obtained accordingly so that

T̂MB = (nminβ̂1 + β̂2) log

(
1 +

T

nminβ̂1

)
(11)

∼ χ2
q approximately.

Some simple algebra gives that

nminβ̂1 =
q(q + 2)

3Δ̂

and

nminβ̂1 + β̂2 =
(q + 2)(2q − Δ̂)

6Δ̂
.

From the proof of Theorem 2, one can easily see that the
range of Δ given in (9) is also the range of Δ̂. Thus, provided

nmin ≥ 2, we always have nminβ̂1 > 0 and nminβ̂1 + β̂2 > 0.
This guarantees that T̂MB is a nonnegative and monotoni-
cally increasing function of T .

The critical value of the MB test can be specified as
χ2
q(1 − α) for any given significance level α. We reject the

null hypothesis in (2) when this critical value is exceeded by
T̂MB. The MB test can also be conducted via computing the
P-value based on the χ2

q-distribution easily.

2.2 Properties of the MB test

As mentioned previously, the contrast matrix C is not
unique. It is known from Kshirsagar (1972, Ch. 5, Sec. 4)
that for any two contrast matrices C̃ and C specifying the
same hypothesis, there is a nonsingular matrix P such that
C̃ = PC. Theorem 3 below shows that the MB test is in-
variant to different choices of C for the same hypothesis.

Theorem 3. The MB test is invariant when C and c in
(2) are replaced by

(12) C̃ = PC and c̃ = Pc,

respectively where P is any nonsingular matrix.

In practice, the observed data often have to be re-scaled
or re-centered before conducting a statistical inference. Data
recentering and rescaling are two special cases of the follow-
ing affine transformation:

(13) x̃lj = axlj + b, j = 1, 2, . . . , nl, l = 1, 2, . . . , k,

where a �= 0 and b are two given constants.

Theorem 4. The MB test is invariant under the affine
transformation (13).

It is generally required that a good test is invariant under
different labeling schemes of the k population means. The
MB test has such a property as stated below.

Theorem 5. The MB test is invariant under different la-
beling schemes of the population means μl, l = 1, 2, . . . , k.

2.3 MB test for one-way random-effect
models

One-way random-effect models are very important in
the analysis of inter-laboratory data. In this subsection, we
would also like to mention that like the Welch test and the
PB test (Krishnamoorthy, Lu, and Mathew 2007), the MB
test is also appropriate for one-way random-effect models.
Let xlj denote the j-th observation at the l-th lab, where
j = 1, 2, . . . , nl; l = 1, 2, . . . , k. A one-way random-effect
model can be written as

(14) xlj = μ0 + τl + εlj , j = 1, 2, . . . , nl; l = 1, 2, . . . , k,

where μ0 is a fixed-effect (i.e. grand mean), τl, l = 1, . . . , k
are random-effects, and εlj are measurement errors. We
assume that τl ∼ N(0, σ2

τ ), l = 1, . . . , k and εlj ∼
N(0, σ2

l ), j = 1, . . . , nl; l = 1, . . . , k and they all are in-
dependent. To check whether the inter-laboratory effect is
significant is equivalent to test if the variance component
σ2
τ equals 0. That is, we want to test the following prob-

lem:

(15) H0 : σ2
τ = 0, vs H1 : σ2

τ > 0.

Firstly, we show that the test statistic (4) with some C and
c can be used to test (15). For this purpose, notice that
the best linear unbiased predictors for τl, l = 1, . . . , k are
τ̂l = μ̂l − μ̂0, l = 1, . . . , k where μ̂0 =

∑k
l=1

∑nl

j=1 xlj/N

is the sample grand mean, μ̂l =
∑nl

j=1 xlj/nl, l =

1, . . . , k are the usual group means, and N =
∑k

l=1 nl

is the total sample size. It follows that τ̂l − τ̂k = μ̂l −
μ̂k, l = 1, . . . , k − 1. That is, we have Cτ̂ = Cμ̂
where C = [Ik−1,−1k−1], τ̂ = (τ̂1, . . . , τ̂k)

T , and μ̂ =
(μ̂1, . . . , μ̂k)

T . Under the null hypothesis in (15), we have
Cμ̂ ∼ Nk−1(0,CΣCT ) where Σ = diag(σ2

1/n1, . . . , σ
2
k/nk).

Therefore, it is natural to use the following Wald-type test
statistic

T = (Cμ̂)T (CΣ̂CT )−1(Cμ̂) = μ̂T
[
CT (CΣ̂CT )−1C

]
μ̂,
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for testing (15). This shows that T is in the form of (4)
with C = [Ik−1,−1k−1] and c = 0. It is seen that given

Σ̂, T is a positive definite quadratic form in μ̂, showing
that T has a distribution which is stochastically increasing
in σ2

τ (Dajani and Mathew 2003). That is, conditional on

Σ̂, the values of T are also stochastically increasing in σ2
τ

and this stochastic monotonicity also holds for T uncondi-
tionally. Secondly, we show that the null distribution of T
can be approximated using the MB correction. In fact, un-
der the null hypothesis in (15), Theorems 1 and 2 are still
valid and Theorems 3, 4 and 5 can also be verified. Thus,
the MB correction can still be used to approximate the null
distribution of T . Therefore, we have showed that the MB
test can be used for the one-way random-effect testing prob-
lem (15).

3. SIMULATION STUDIES

In this section, we assess the performance of the MB test
via five simulation studies. In the first three simulation stud-
ies, we compare the MB test against Welch’s (1951) ADF
test and Krishnamoorthy, Lu, and Mathew’s (2007) PB test.
The reasons for our choosing the Welch and PB tests as
competitors include, as mentioned in the introduction sec-
tion, that Welch’s test is the most popular testing procedure
used in the literature, and Krishnamoorthy, Lu, and Mathew
(2007) showed via intensive simulation studies that the PB
test is so far the most accurate testing procedure for the
k-sample BF problem (1) in terms of size controlling. The
last two simulation studies aim to study the performance of
the MB test for two contrast tests.

First of all, we briefly describe the Welch and PB tests
as follows. For the k-sample BF problem (1), the Welch

test statistic is T =
∑k

l=1 wl(μ̂l−μ̂)2/(k−1)

1+
2(k−2)

k2−1

∑k
l=1

1
nl−1 (1−wl/w)2

where wl =

nl/σ̂
2
l , w =

∑k
l=1 wl and μ̂ =

∑k
l=1 wlμ̂l/w. The null hy-

pothesis of (1) is rejected when T exceeds the upper (100α)-

th percentile of Fk−1,d where d = [ 2
k2−1

∑k
l=1

1
nl−1 (1 −

wl/w)
2]−1. The null hypothesis of (1) is rejected by the PB

test when P [
∑k

l=1 z
2
l /u

2
l −

[
∑k

l=1 w
1/2
l zl/u

2
l ]

2

∑k
l=1 wl/u2

l

>
∑k

l=1 wl(μ̂l −
μ̂)2] < α, where u2

l ∼ χ2
nl−1/(nl − 1) and zl ∼ N(0, 1),

l = 1, 2, . . . , k are independent. The left-hand side proba-
bility has to be evaluated using Monte Carlo via simulating
(zl, u

2
l ), l = 1, 2, . . . , k a large number of times.

For a given sample size vector n = (n1, n2, . . . , nk), a
mean vector μ = (μ1, μ2, . . . , μk)

T and a variance vector
σ2 = (σ2

1 , σ
2
2 , . . . , σ

2
k) (for easy presentation, row vectors are

used for n and σ2 in this section), we first generate k sam-
ple means x̄1, . . . , x̄k and k sample variances σ̂2

1 , . . . , σ̂
2
k by

x̄l ∼ N(μl, σ
2
l /nl) and σ̂2

l ∼ σ2
l

nl−1χ
2
nl−1, l = 1, 2, . . . , k. For

simplicity, the entries of μ are defined as μl = 2.1 + δΔl,
l = 1, 2, . . . , k where Δ1 = .5,Δ2 = −.3,Δk = 1.1,Δl = 0,
l = 3, . . . , k − 1 and δ is a tuning parameter controlling the
validity of the null hypothesis in the k-sample BF prob-
lem (1). The three tests are then applied to μ̂l = x̄l,

l = 1, . . . , k and σ̂2
l , l = 1, . . . , k respectively and their

P-values are recorded. The P-values of the PB test are
obtained via 10, 000 inner runs. This process is repeated
10, 000 times. The empirical sizes (when δ = 0) and pow-
ers (when δ > 0) of the tests are the proportions of re-
jecting the null hypothesis, i.e., when the P-values of the
tests are less than the nominal significance level α. In all
the simulations conducted, we used α = 5% for simplic-
ity.

In Tables 1–3, the first 2 columns list the tuning pa-
rameters for the sample sizes and population variances un-
der consideration. For simplicity, we sometimes use ar to
denote “a repeats r times”, e.g., (43, 22) = (4, 4, 4, 2, 2)
and (1, 2, 3)2 = (1, 2, 3, 1, 2, 3). The columns labeled with
“Welch”, “PB” and “MB” display the empirical sizes or
powers of the Welch, PB and MB tests respectively. When
the null distribution of the MB test is χ2

q , the column labeled
with “χ̂2

q(.05)” lists the bootstrapped critical values of the

MB test obtained via 10, 000 bootstrap replicates of T̂MB.
If the MB test works well, the bootstrapped critical values
should be close to the associated theoretical critical value of
the MB test as given in the associated table caption. This
offers another way to compare the MB test against the PB
test. To measure the overall performance of a test in terms
of maintaining the nominal size α, we define the average rel-
ative error as ARE = M−1

∑M
j=1 |α̂j −α|/α× 100 where α̂j

denotes the j-th empirical size of the test for j = 1, 2, . . . ,M .
The smaller ARE value indicates the better overall perfor-
mance of the associated test. Usually, when ARE < 10, the
test performs very well and when 10 < ARE < 20, the test
is acceptable. When ARE > 20, the test may be quite liberal
or quite conservative.

Table 1 displays the simulation results for 3-sample BF
problem (1). Four cases of n are considered with the total
sample size N = 27 being the same with nmin increasing
from 2 to 9. Seven cases of σ2 are considered with the first
case having homogeneous variances. It is seen that when
nmin is too small, e.g., for those cases with nmin = 2, none of
the Welch, PB and MB tests performed well in terms of size
controlling: the ARE values of the three tests are more than
90; their empirical sizes are around 10%, much larger than
the nominal size 5%; and the bootstrapped critical values of
the MB test are much larger than the associated theoreti-
cal critical value χ2

2(.05) = 5.99. However, with increasing
nmin, the performances of the three tests are getting bet-
ter and better: the ARE values of the three tests are now
less than 20; their empirical sizes are now around 5%; and
the bootstrapped critical values of the MB test are getting
closer and closer to the associated theoretical critical value.
In particular, the three tests performed very well for those
cases with n = (9, 9, 9). Notice also that the powers of the
three tests are comparable and they are getting larger and
larger with increasing nmin from 2 to 9 although the powers
of the MB test are slightly smaller than those of the other
two tests when nmin = 2 and 4. Overall speaking, in this
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Table 1. Simulation results for 3-sample BF problem (1) [χ2
2(.05) = 5.99]

δ = 0 δ = 1

n σ2 Welch PB MB χ̂2
2(.05) Welch PB MB

(2, 6, 19) (1, 1, 1) .108 .120 .101 9.36 .333 .379 .257
(1, 1, 2) .105 .112 .098 8.90 .288 .331 .236
(1, 1, 4) .122 .139 .109 11.0 .204 .229 .160
(1, 2, 3) .086 .089 .081 7.71 .216 .246 .189
(2, 1, 1) .121 .135 .111 11.0 .285 .303 .212
(4, 1, 1) .118 .134 .105 11.5 .257 .256 .175
(3, 2, 1) .089 .095 .084 7.81 .238 .269 .209

ARE 114 136 97.4

(4, 6, 17) (1, 1, 1) .058 .059 .054 6.19 .564 .569 .534
(1, 1, 2) .054 .055 .050 5.99 .480 .482 .460
(1, 1, 4) .061 .062 .055 6.19 .336 .334 .305
(1, 2, 3) .050 .050 .046 5.84 .281 .285 .269
(2, 1, 1) .064 .063 .058 6.33 .539 .534 .506
(4, 1, 1) .057 .055 .051 6.03 .520 .502 .481
(3, 2, 1) .051 .052 .049 5.94 .361 .361 .346

ARE 13.0 13.5 6.71

(6, 6, 15) (1, 1, 1) .049 .050 .046 5.85 .609 .611 .596
(1, 1, 2) .048 .048 .046 5.84 .507 .510 .497
(1, 1, 4) .053 .053 .049 5.95 .385 .384 .368
(1, 2, 3) .050 .051 .048 5.91 .316 .317 .308
(2, 1, 1) .054 .054 .050 6.00 .597 .599 .582
(4, 1, 1) .057 .055 .053 6.09 .581 .580 .565
(3, 2, 1) .050 .050 .048 5.91 .396 .396 .389

ARE 5.17 4.34 4.54

(9, 9, 9) (1, 1, 1) .050 .049 .048 5.93 .677 .676 .672
(1, 1, 2) .052 .051 .049 5.97 .529 .529 .524
(1, 1, 4) .048 .048 .047 5.83 .485 .483 .479
(1, 2, 3) .048 .048 .046 5.80 .330 .328 .324
(2, 1, 1) .051 .050 .050 5.97 .662 .662 .657
(4, 1, 1) .051 .050 .049 5.95 .658 .656 .653
(3, 2, 1) .050 .049 .049 5.91 .419 .416 .413

ARE 2.40 2.03 3.23

simulation study, the three tests are roughly comparable in
terms of size controlling and power.

Table 2 displays the simulation results for a 10-sample
BF problem (1). Four cases of n and five cases of σ2 are
considered. In this simulation study, we would like to em-
phasize that we compared k = 10 normal means. It is seen
that the Welch test became very liberal, with its empir-
ical sizes around 8% except when n = (1510) but the PB
and MB tests still performed well and were comparable with
each other in terms of size controlling and power. For all the
cases under consideration, the bootstrapped critical values
of the MB test are close to their theoretical critical value
χ2
9(.05) = 16.90.
Table 3 displays the simulation results for a 20-sample BF

problem (1). Three cases of n and five cases of σ2 are consid-
ered. It is seen that the Welch test became more liberal when
n = (520), with its empirical sizes around 12%. In terms of
size controlling, the PB test slightly outperformed the MB
test while in terms of power, the MB test slightly outper-
formed the PB test. Therefore, in this simulation study, the

PB and MB tests were still comparable with each other and
both of them performed better than the Welch test. For all
the cases under consideration, the bootstrapped critical val-
ues of the MB test are close to their theoretical critical value
χ2
19(.05) = 30.1.
As mentioned in the previous section, the GLHT prob-

lem (2) includes not only the k-sample BF problem (1) but
also contrast tests as special cases. To see if the MB test
also works well for contrast tests, we conducted two simu-
lation studies with contrast tests. The Welch and PB tests
were not included since they were developed only for the
k-sample BF problem unless some further work is done. Ta-
bles 4 and 5 show the results of the two simulation studies
for the GLHT problem (2) with C = (−2,−1, 0, 1, 2), μT =
(1, 2, 0, 2, 1) and with C = (1, 1,−2), μT = (1, 3, 2), re-
spectively. It is seen that the MB test indeed performed
well in these two simulation studies with all the ARE val-
ues below 10 and all the bootstrapped critical values close
to the theoretical critical value, χ2

1(.05) = 3.84, of the MB
test.
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Table 2. Simulation results for 10-sample BF problem (1) [χ2
9(.05) = 16.90]

δ = 0 δ = 1

n σ2 Welch PB MB χ̂2
9(.05) Welch PB MB

(510) (1, 1, 1, 1, 1)2 .081 .044 .046 16.6 .301 .197 .201
(1, 1, 1, 1, 5)2 .080 .044 .047 16.7 .166 .099 .104
(1, 2, 3, 4, 5)2 .080 .046 .050 16.8 .148 .087 .093
(5, 1, 1, 1, 1)2 .077 .038 .041 16.3 .272 .175 .183
(5, 4, 3, 2, 1)2 .083 .046 .048 16.7 .229 .141 .150

ARE 60.8 12.9 6.84

(1510) (1, 1, 1, 1, 1)2 .056 .051 .052 17.0 .852 .843 .844
(1, 1, 1, 1, 5)2 .054 .050 .051 16.9 .424 .410 .412
(1, 2, 3, 4, 5)2 .056 .052 .052 17.1 .345 .332 .334
(5, 1, 1, 1, 1)2 .052 .048 .049 16.8 .797 .787 .789
(5, 4, 3, 2, 1)2 .053 .048 .048 16.8 .691 .678 .680

ARE 8.28 3.00 3.44

(43, 54, 63) (1, 1, 1, 1, 1)2 .086 .043 .047 16.7 .311 .196 .208
(1, 1, 1, 1, 5)2 .090 .046 .051 16.9 .164 .093 .101
(1, 2, 3, 4, 5)2 .083 .042 .047 16.7 .144 .082 .091
(5, 1, 1, 1, 1)2 .091 .046 .052 17.1 .291 .169 .190
(5, 4, 3, 2, 1)2 .097 .053 .060 17.6 .241 .134 .153

ARE 79.5 10.3 7.20

(58, 152) (1, 1, 1, 1, 1)2 .082 .049 .056 17.4 .551 .402 .439
(1, 1, 1, 1, 5)2 .084 .051 .058 17.5 .211 .130 .147
(1, 2, 3, 4, 5)2 .081 .046 .054 17.2 .183 .109 .130
(5, 1, 1, 1, 1)2 .089 .050 .060 17.5 .528 .365 .407
(5, 4, 3, 2, 1)2 .088 .047 .056 17.3 .412 .265 .303

ARE 70.3 3.48 14.1

From the first three simulation studies, it is seen that
overall speaking, the Welch test is very liberal when k
is large and n is small. This observation is in agreement
with the one observed by Krishnamoorthy, Lu, and Mathew
(2007). In addition, we see that the MB test is generally
comparable to the PB test in terms of size controlling and
power for the k-sample BF problem (1) for various sample
sizes and parameter configurations. From the last two sim-
ulation studies, we see that the MB test also works well for
contrast tests. In view of the above and the computational
effort required by the PB test, we generally recommend the
MB test in real data analysis.

4. APPLICATIONS TO THE PTSD DATA
The study by Foa, Rothbaum, Riggs, and Murdock (1991)

involved 45 subjects (rape victims) who were randomly
assigned to one of four groups treated by four different
treatments: (1) Stress Inoculation Therapy (SIT) in which
subjects were taught a variety of coping skills; (2) Prolonged
Exposure (PE) in which subjects went over the rape in
their mind repeatedly for seven sessions; (3) Supportive
Counseling (SC) which was a standard therapy control
group; and (4) a Waiting List (WL) control. In the actual
study, pre- and post-treatment measures were taken on a
number of variables. Here, however, we only look at the post
traumatic stress disorder (PTSD) data (the total number of

symptoms endorsed by the subject). The data are available
at http://www.uvm.edu/~dhowell/StatPages/FoaFolder
/Foa_Anova.html where David C. Howell presented a
standard ANOVA analysis, assuming homogeneity of the
variances. However, the sample variances of the PTSD data
are quite different, ranging from 15.6 to 124, as seen from
Table 6.

In this section, we make use of this PTSD data to illus-
trate the MB test and to study the impacts of the variance
heteroscedasticity on the results of the standard ANOVA,
Welch (1951), PB (Krishnamorthy, Lu, and Mathew 2007)
and MB tests. For this purpose, we consider all the four,
three and two-group mean comparisons as listed in Col-
umn 1 of Table 7. It is seen that the homogeneity assump-
tion is violated in various degrees in these comparisons with
Case (2) most seriously and Case (11) most lightly. Overall
speaking, the degrees of heteroscedasticity for Cases (1)–(3)
are much higher than those for Cases (4)–(11).

We, first of all, look at the P-values of the Welch, PB
and MB tests as listed in Columns 2–5 of Table 7 respec-
tively. The P-values of the PB test were obtained based on
100, 000 bootstrap replicates. Since the sample sizes are rel-
atively large, all the three tests performed well and they
gave about the same P-values for all 11 cases although the
computational cost of the MB test and the Welch test is
much less than that of the PB test.
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Table 3. Simulation results for 20-sample BF problem (1) [χ2
19(.05) = 30.1].

δ = 0 δ = 1

n σ2 Welch PB MB χ̂2
19(.05) Welch PB MB

(520) (1, 1, 1, 1)5 .129 .044 .061 31.1 .307 .138 .177
(1, 1, 1, 4)5 .121 .050 .067 30.7 .202 .075 .101
(1, 2, 3, 4)5 .127 .045 .061 31.1 .192 .071 .098
(4, 1, 1, 1)5 .129 .043 .060 31.2 .274 .118 .156
(4, 3, 2, 1)5 .126 .044 .061 31.1 .267 .114 .147

ARE 151 9.60 23.8

(1520) (1, 1, 1, 1)5 .059 .051 .054 30.4 .753 .729 .736
(1, 1, 1, 4)5 .054 .052 .055 29.9 .344 .317 .325
(1, 2, 3, 4)5 .055 .052 .054 30.1 .299 .275 .281
(4, 1, 1, 1)5 .058 .049 .051 30.3 .679 .654 .660
(4, 3, 2, 1)5 .058 .054 .057 30.3 .626 .595 .604

ARE 19.9 4.00 8.08

(1010, 1510) (1, 1, 1, 1)5 .064 .051 .055 30.6 .675 .631 .645
(1, 1, 1, 4)5 .062 .050 .055 30.3 .290 .245 .259
(1, 2, 3, 4)5 .064 .049 .053 30.5 .255 .215 .229
(4, 1, 1, 1)5 .062 .052 .056 30.5 .621 .578 .593
(4, 3, 2, 1)5 .066 .051 .056 30.5 .584 .531 .551

ARE 30.0 2.08 9.84

Table 4. Simulation results for the GLHT problem (2) with C = (−2,−1, 0, 1, 2) and μT = (1, 2, 0, 2, 1) [χ2
1(.05) = 3.84]

n (55) (105) (53, 102) (42, 5, 62)

σ2 MB χ̂2
1(.05) MB χ̂2

1(.05) MB χ̂2
1(.05) MB χ̂2

1(.05)

(15) .048 3.76 .049 3.80 .050 3.85 .050 3.83
(1, 1, 1, 1, 5) .047 3.73 .048 3.77 .051 3.89 .048 3.79
(1, 2, 3, 4, 5) .050 3.83 .050 3.82 .050 3.85 .047 3.72
(5, 1, 1, 1, 1) .053 3.97 .053 3.93 .055 4.03 .058 4.11
(5, 4, 3, 2, 1) .045 3.68 .051 3.85 .052 3.93 .052 3.89

ARE 5.64 3.08 3.72 6.28

We now check the impact of the heteroscedasticity on
the results via looking at the P-value discrepancies between
the standard ANOVA and the MB test for all the 11 cases.
For Cases (4)–(11) where the degrees of heteroscedastic-
ity are low, the P-value discrepancies between the standard
ANONA and the MB test are not large enough to yield
inconsistent conclusions. For Cases (1)–(3) where the de-
grees of heteroscedasticity is high, however, the P-values of
the standard ANOVA are about 2 to 5 times larger than
those of the MB test. Depending on the specified nominal
significance level α, the conclusions made by the standard
ANOVA may be opposite to those made by the MB test.
For example, when α = 1%, the standard ANOVA accepts
(while the MB test rejects) the null hypotheses of Cases
(1)–(3); when α = 5%, the standard ANOVA accepts (while
the MB test rejects) the null hypothesis of Case (2). Since
the MB test assumes much weaker conditions than the stan-
dard ANOVA does, the conclusions made by it are generally
more reliable than those made by the standard ANOVA.
Thus, when the degree of heteroscedasticity is high, appli-
cation of the standard ANOVA may yield misleading con-
clusions.

5. CONCLUDING REMARKS

In this paper, we proposed and studied the so-called
MB test for the GLHT problem in heteroscedastic one-way
ANOVA, making use of the modified Bartlett correction
of Fujikoshi (2000) to improve the convergence rate of the
Wald-type statistic T which approaches to a χ2-distribution
slowly. It allows a unified treatment of the overall, post hoc
and contrast tests in heteroscedastic one-way ANOVA about
the population means and hence has wide applications. Sim-
ulation studies and real data applications show that the MB
test generally outperforms the Welch (1951) test and is com-
parable to the PB test of Krishnamoorthy, Lu, and Mathew
(2007) for the k-sample BF problem. The modified Bartlett
correction has wide applications. We here provide another
useful example following Yanagihara and Yuan (2005).

Notice that the condition (7) we imposed for Theorems 1
and 2 is based on nmin. For large samples, this condi-
tion is equivalent to the ordinary condition “nl

N = O(1),
l = 1, 2, . . . , k” imposed by some other authors, e.g., Yanag-
ihara and Yuan (2005), where N =

∑k
l=1 nl denotes the

total sample size. We used nmin rather than N based on the
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Table 5. Simulation results for the GLHT problem (2) with C = (1, 1,−2) and μT = (1, 3, 2) [χ2
1(.05) = 3.84]

n (4, 6, 19) (6, 6, 15) (8, 8, 11) (9, 9, 9)

σ2 MB χ̂2
1(.05) MB χ̂2

1(.05) MB χ̂2
1(.05) MB χ̂2

1(.05)

(1, 1, 1) .047 3.75 .048 3.75 .049 3.81 .050 3.84
(1, 1, 4) .042 3.61 .050 3.82 .049 3.81 .051 3.87
(1, 2, 3) .050 3.84 .050 3.84 .049 3.79 .048 3.77
(4, 1, 1) .059 4.17 .053 3.94 .044 3.67 .044 3.66
(3, 2, 1) .046 3.73 .048 3.77 .047 3.75 .046 3.68

ARE 9.44 2.88 4.76 5.36

Table 6. Summary statistics for the PTSD data

Group Size Sample Mean Sample Variance

1 (SIT) 14 11.1 15.6
2 (PE) 10 15.4 124
3 (SC) 11 18.1 50.9
4 (WL) 10 19.5 50.5

Table 7. Group mean comparisons for the PSTD data

P-values× 100
Case (Null Hypothesis) ANOVA Welch PB MB
(1) H0 : μ1 = μ2 = μ3 = μ4 3.94 0.75 0.78 0.83
(2) H0 : μ1 = μ2 = μ3 7.85 2.95 3.04 3.06
(3) H0 : μ1 = μ2 = μ4 3.71 1.36 1.37 1.43
(4) H0 : μ1 = μ3 = μ4 0.31 0.33 0.30 0.35
(5) H0 : μ2 = μ3 = μ4 56.3 63.4 63.6 63.4
(6) H0 : μ1 = μ2 19.0 26.4 26.4 26.4
(7) H0 : μ1 = μ3 0.47 1.05 1.03 1.06
(8) H0 : μ1 = μ4 0.12 0.48 0.42 0.49
(9) H0 : μ2 = μ3 51.3 52.4 52.4 52.4
(10) H0 : μ2 = μ4 33.9 34.1 34.1 34.1
(11) H0 : μ3 = μ4 65.6 65.6 65.3 65.6

following reasons. First of all, nmin plays a central role in
stating Theorems 1 and 2 and their proofs. For example,
from the proofs of Theorems 1 and 2, one can see that it is
natural and accurate to use nmin rather than N to define
the convergence rates of the random matrices H,W ,Σ,R
among others. Secondly, it is well known that for homoge-
neous one-way ANOVA, the convergence rate of T tend-
ing to a χ2-distribution is of order N−1/2. By the proof of
Theorem 1, it is seen that the convergence rate of T for

heteroscedastic one-way ANOVA is of order n
−1/2
min . There-

fore, the convergence rate of T for homogeneous one-way
ANOVA is much faster than that for heteroscedastic one-
way ANOVA. This is intuitively understood since for homo-
geneous one-way ANOVA, the N observations are pooled
to estimate the common variance while for heteroscedastic
one-way ANOVA, each of the population variances has to
be estimated separately using only the observations in the
sample. Finally, from the simulation results in Table 1, it is
seen that nmin has a strong impact on the performances of
the Welch, PB and MB tests: when nmin is too small, none

of the three tests performed well even when N is sufficiently
large.

In this paper, the normality assumption was made when
we developed the MB test. In particular, Theorem 2 was de-
rived under the normality assumption. Therefore, the per-
formance of the MB test proposed in this paper is not guar-
anteed for non-normal data. To overcome this difficulty, a
normality test may be needed to check if the data are nearly
normally distributed. If the normality test is rejected, the
well-known Box-Cox power transformation may be properly
applied so that the MB test can be applied to the resulting
data which are nearly normally distributed.

APPENDIX A. APPENDIX SECTION

Proof of Theorem 1. Under the given conditions, we have

(A.1) σ̂2
l

d
= σ2

l χ
2
nl−1/(nl − 1), l = 1, 2, . . . , k,

where X
d
= Y means X and Y have the same distribution.

It follows that (σ̂2
l − σ2

l )/nl = Op(n
−3/2
l ), l = 1, 2, . . . , k.

Thus Σ̂ −Σ = Op(n
−3/2
min ). Noticing that Σ = O(n−1

min), we
further have

(A.2) R = H(Σ̂−Σ)HT = Op(n
−1/2
min ),

where H is defined in (6) and H = O(n
1/2
min). This implies

that W = Iq +H(Σ̂−Σ)HT = Iq +R = Iq +Op(n
−1/2
min ).

Theorem 1 follows by Slutsky’s theorem and noticing that
under H0, z

Tz ∼ χ2
q .

Proof of Theorem 2. Notice that under H0, we have z ∼
N(0, Iq). Applying the conditional expectation rule and
some simple algebra leads to

(A.3)
E(T )= E tr(W−1) and

E(T 2)= 2E tr(W−2) + E tr2(W−1).

where and throughout, E2(X) = [E(X)]2, tr2(Y ) =
[tr(Y )]2 and tr(Y ) denotes the trace of Y , i.e., the sum of
the diagonal entries of Y . From the proof of Theorem 1, we

have thatW = Iq+R withR = Op(n
−1/2
min ); see (A.2). Then

we have W−1 = (Iq+R)−1 = Iq−R+R2−R3+Op(n
−2
min)

and W−2 = (Iq+R)−2 = Iq−2R+3R2−4R3+Op(n
−2
min).
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It is easy to see from (A.2) that E(R) = 0 and Etr(R) = 0.
Thus

(A.4)

Etr(W−1)

= q + Etr(R2)− Etr(R3) +O(n−2
min),

Etr(W−2)

= q + 3Etr(R2)− 4Etr(R3) +O(n−2
min),

Etr2(W−1)

= q2 + Etr2(R) + 2qEtr(R2)− 2qEtr(R3)

−2Etr(R)tr(R2) +O(n−2
min).

We now find Etr(R2) and Etr2(R) among others. By (A.2),

we have R =
∑k

l=1 hlh
T
l ul, where hl is the l-th column of

H and ul =
σ̂2
l −σ2

l

nl
, for l = 1, 2, . . . , k. By (A.1), we have

(A.5)
E(ul) = 0, E(u2

l ) =
2σ4

l

n2
l (nl − 1)

and

E(u3
l ) =

8σ6
l

n3
l (nl − 1)2

, l = 1, 2, . . . , k,

where we use the fact E(χ2
d/d − 1)3 = 8/d2. Noticing that

u1, u2, . . . , uk are independent and by (A.5), we have

(A.6)

Etr(R2) = Etr2(R)

=
k∑

l=1

(hT
l hl)

2E(u2
l ) = 2Δ,

Etr(R3) = Etr(R)tr(R2)

=
k∑

l=1

(hlh
T
l )

3E(u3
l )

= 8
k∑

l=1

[
σ2
l

nl
hT
l hl

]3
(nl − 1)−2

= O(n−2
min),

where Δ =
∑k

l=1[
σ2
l

nl
hT
l hl]

2/(nl − 1). Combining (A.4) and

(A.6) gives that Etr(W−1) = q+2Δ+O(n−2
min), Etr(W

−2) =
q+6Δ+O(n−2

min), and Etr2(W−1) = q2+(8q+2)Δ+O(n−2
min).

These, together with (A.3), yield that E(T ) = q[1 + α1

nmin
] +

O(n−2
min) and E(T 2) = q(q + 2)[1 + α2

nmin
] + O(n−2

min) where

α1 = 2nmin

q Δ and α2 = (14+4q)nmin

q(q+2) Δ as desired.

We now find the lower and upper bounds of Δ as given

in (9). For l = 1, 2, . . . , k, set Sl =
σ2
l

nl
hlh

T
l . It is easy to see

that Sl is nonnegative and it has only one nonzero eigen-

value δl =
σ2
l

nl
hT
l hl. It is easy to verify that

∑k
l=1 Sl = Iq

so that
∑k

l=1 δl =
∑k

l=1
σ2
l

nl
hT
l hl = tr(

∑k
l=1 Sl) = q and

Iq−Sl =
∑

r �=l Sr. Therefore Iq−Sl is nonnegative, show-
ing that the only nonzero eigenvalue δl of Sl is less than
1. It follows that Δ =

∑k
l=1 δ

2
l /(nl − 1) ≤ q/(nmin − 1)

and Δ =
∑k

l=1 δ
2
l /(nl − 1) ≥

∑k
l=1 δ

2
l /(nmax − 1) ≥

q2/[(nmax − 1)k] where we have used the fact that for
any nonnegative numbers a1, a2, . . . , am, we always have∑m

l=1 a
2
l ≥ (

∑m
l=1 al)

2/m. The theorem is then proved.

Proof of Theorem 3. From the definition (4) of T , it is
easy to see that T is invariant under the transforma-
tion (12). Then by (11), we only need to show that
Δ̂ is invariant under the transformation (12). For l =
1, 2, . . . , k, let cl and c̃l be the l-th columns of the con-
trast matrices C and C̃ = PC respectively. Then it
is easy to see that c̃l = Pcl, l = 1, 2, . . . , k. It fol-

lows from (10) that ˆ̃Δ =
∑k

l=1[
σ̂2
l

nl
c̃Tl (C̃Σ̂C̃T )−1c̃l]

2/(nl −
1) =

∑k
l=1[

σ̂2
l

nl
cTl P

T (PCΣ̂CTP T )−1Pcl]
2/(nl − 1) =∑k

l=1[
σ̂2
l

nl
cTl (CΣ̂CT )−1cl]

2/(nl − 1) = Δ̂, as desired. The
theorem is proved.

Proof of Theorem 4. This theorem is proved if we can show
that both T and Δ̂ are invariant under the affine transfor-
mation (13). Let μl, σ

2
l and μ̃l, σ̃

2
l respectively denote the

mean and variance of xlj before and after the affine trans-
formation (13). Then we have μ̃l = aμl + b and σ̃2

l = a2σ2
l .

It follows that μl = a−1(μ̃l − b). As we define the mean vec-
tor μ and the variance matrix Σ in Section 2, we define μ̃
and Σ̃ similarly. Then we have μ̃ = aμ + b and Σ̃ = a2Σ,
where b = b1k. It follows that the GLHT problem (2) can be
equivalently expressed as H̃0 : C̃μ̃ = c̃, vs H̃1 : C̃μ̃ �= c̃,
where C̃ = a−1C and c̃ = a−1Cb+ c.

Let μ̂l, σ̂
2
l and ̂̃μl, ̂̃σ2

l respectively denote the unbiased
estimators of the mean and variance of xlj before and
after the affine transformation (13). Then it is easy to

see that ̂̃μl = aμ̂l + b and ̂̃σ2

l = a2σ̂2
l . It follows that̂̃μ = aμ̃ + b and ̂̃Σ = a2Σ̂. Using the above, we have

C̃̂̃μ − c̃ = a−1C(aμ̂ + b) − (a−1Cb + c) = Cμ̂ − c

and C̃ ̂̃ΣC̃T = a−1C(a2Σ̂)(a−1C)T = CΣ̂CT . Thus, both

Cμ̂− c and CΣ̂CT are affine-invariant. So is T .

We now turn to show that Δ̂ is invariant under the affine

transformation (13). Let ̂̃Δ be the affine-transformed Δ̂.
Then by (10), we have

̂̃Δ =

k∑
l=1

[ ̂̃σ2

l

nl
c̃Tl (C̃

̂̃ΣC̃T )−1c̃l

]2

/(nl − 1)

=

k∑
l=1

[
a2

σ̂2
l

nl
a−1cTl (CΣ̂CT )−1a−1cl

]2
/(nl − 1)

=

k∑
l=1

[
σ̂2
l

nl
cTl (CΣ̂CT )−1cl

]2
/(nl − 1) = Δ̂,

as desired. The theorem is then proved.

Proof of Theorem 5. The theorem is proved if we can show
that both T and Δ̂ are invariant under different label-
ing schemes of the means μ1, . . . , μk. Let l1, l2, . . . , lk be
any permutation of 1, 2, . . . , k. Then it is easy to see
that Cμ̂ =

∑k
l=1 clμ̂l =

∑k
u=1 clu μ̂lu and CΣ̂CT =∑k

l=1 n
−1
l σ̂2

l clc
T
l =

∑k
u=1 n

−1
lu

σ̂2
lu
cluc

T
lu
, showing that Cμ̂
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and CΣ̂CT are invariant under different labeling schemes
of the population means and so is T .

The invariance of Δ̂ under different labeling schemes of
the population means follows from (10) directly by noticing
that

Δ̂ =

k∑
l=1

(nl − 1)−1

[
σ̂2
l

nl
cTl (CΣ̂CT )−1cl

]2

=

k∑
u=1

(nl − 1)−1

[
σ̂2
lu

nlu

cTlu(CΣ̂CT )−1clu

]2

,

and that CΣ̂CT is invariant under different labeling
schemes of the population means. This completes the proof
of the proposition.

Received 10 June 2011
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