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A note on moment-based sufficient dimension
reduction estimators

Yuexiao Dong

The two main groups of moment-based sufficient dimen-
sion reduction methods are the estimators for the central
space and the estimators for the central mean space. The
former group includes methods such as sliced inverse regres-
sion, sliced average variance estimation and sliced average
third-moment estimation, while ordinary least squares and
principal Hessian directions belong to the latter group. We
provide unified frameworks for each group of estimators in
this short note. The central space estimators can be uni-
fied as inverse conditional cumulants, while Stein’s Lemma
is used to motivate the central mean space estimators.
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1. INTRODUCTION

Suppose X is a p dimensional predictor and Y is a uni-
variate response. Sufficient dimension reduction (SDR) (Li,
1991; Cook, 1994) aims to find subspace S such that

Y X|PSX,(1)

where means statistical independence, and P(·) denotes
the projection operator with respect to the standard inner
product. Under mild conditions (Yin, Li and Cook, 2008),
the intersection of all S satisfying (1) still satisfies (1). We
call this intersection the central space of regressing Y on X
and denote it by SY |X . In the case when the focus is on
the regression mean E(Y |X), sufficient dimension reduction
targets at finding the subspace S satisfying

E(Y |X) Y |PSX.(2)

When the intersection of all S satisfying (2) still satisfies
(2), we call it the central mean space (Cook and Li, 2002)
and denote it by SE(Y |X).

Let μ = E(X) and Σ = Cov(X). Then Z = Σ−1/2(X−μ)
denotes the standardized predictor. Due to the invariance
property of the central space (Cook, 1998) and a simi-
lar property for the central mean space, we have SY |X =

Σ−1/2SY |Z and SE(Y |X) = Σ−1/2SE(Y |Z). Hence one can
identify the Z-scale central space or the Z-scale central mean
space, and then transform them back to the X-scale spaces.

Without loss of generality, we work with the standardized
predictor, and assume throughout this paper that E(X) = 0
and Var(X) = I.

Two of the most popular central space estimators are
sliced inverse regression (SIR; Li, 1991) and sliced average
variance estimator (SAVE; Cook and Weisberg, 1991). To
find additional structure in regression mixtures, Yin and
Cook (2003) proposed sliced average third-moment estima-
tion (SAT). By re-expressing these moments-based meth-
ods in terms of inverse conditional cumulants, we cast them
under one unified framework. A nice byproduct is that
the seemingly complicated SAT estimator is revealed to
have a simple form as inverse conditional third-order cu-
mulant.

Our second contribution is to provide a unified treatment
of moment-based central mean space estimators through
Stein’s Lemma. While it is well-known that first-order and
second-order Stein’s Lemmas lead to ordinary least squares
estimator (OLS; Li and Duan, 1989) and principal Hes-
sian directions estimator (PHD; Li, 1992) respectively, we
demonstrate that third-order Stein’s Lemma can be used to
motivate the illusive central mean space estimator proposed
in Yin and Cook (2004).

The rest of the paper is organized as follows. We study
inverse conditional cumulants for central space estimators in
Section 2. We use Stein’s Lemma to motivate central mean
space estimators in Section 3. We conclude the paper with
some discussions in Section 4.

2. INVERSE CONDITIONAL CUMULANTS
AND ESTIMATORS OF THE CENTRAL

SPACE

2.1 Review of estimators in SY |X

Suppose β is a basis of SY |X and denote Span(β) as the
column space of β. Let Pβ = β(βTβ)−1βT be the projection
matrix onto Span(β) and Qβ = I − Pβ be the projection
onto the orthogonal complement of Span(β). For the ease of
reference, we state the following conditions commonly seen
in the sufficient dimension reduction literature.

C1. E(X|βTX) = PβX;

C2. Var(X|βTX) = Qβ ;

C3. E(A⊗AAT |βTX) = 0, where A = X − E(X|βTX).

http://www.intlpress.com/SII/


Here ⊗ in C3 denotes the Kronecker product. All three con-
ditions are satisfied if the marginal distribution of X is nor-
mal.

The next proposition summarizes the common estimators
in the central space, and we state it without proof. Please
refer to Yin and Cook (2003) for details.

Proposition 1. Suppose β is a basis of SY |X .

1. If C1 is true, then E(X|Y ) ⊆ SY |X .
2. If C1 and C2 are true, then Span{I − Var(X|Y )} ⊆

SY |X .
3. If C1, C2 and C3 are true, then Span{ET (B ⊗

BBT |Y )} ⊆ SY |X , where B = X − E(X|Y ).

The results above lead to the SIR estimator in Li (1991),
the SAVE estimator in Cook and Weisberg (1991), and
the SAT estimator in Yin and Cook (2003) respectively.
Specifically, let MSIR = Var{E(X|Y )}, MSAVE = E[{I −
Var(X|Y )}2] and MSAT = E{ET (B ⊗ BBT |Y )E(B ⊗
BBT |Y )}. Then the column space of MSIR, MSAVE and
MSAT can all be used to recover the central space SY |X .

2.2 Inverse conditional cumulants

We review the definition of unconditional cumulants first.
Recall that X = (X1, X2, . . . , Xp)

T ∈ R
p is a random vec-

tor. Denote μr = E(Xr) as components of the mean vector
E(X), μrs = E(XrXs) as components of the second mo-
ment matrix, and μrst = E(XrXsXt) as the third moments.
For ξ = (ξ1, . . . , ξp)

T , the Taylor expansion of the moment
generating function MX(ξ) = E{exp(ξTX)} is

MX(ξ) = 1 +

p∑

r=1

ξrμr +
1

2!

p∑

r,s=1

ξrξsμrs

+
1

3!

p∑

r,s,t=1

ξrξsξtμrst + · · · .
(3)

Consider the Taylor expansion of logMX(ξ) as follows,

logMX(ξ) =

p∑

r=1

ξrκr +
1

2!

p∑

r,s=1

ξrξsκrs

+
1

3!

p∑

r,s,t=1

ξrξsξtκrst + · · · .
(4)

The cumulants are then defined as the coefficients κr, κrs

and κrst in (4). By comparing (3) and (4), one can follow
McCullagh (1987) and establish the relationship between
the first few moments and cumulants as

κr = μr,

κrs = μrs − μrμs,

κrst = μrst − μrsμt − μrtμs − μstμr + 2μrμsμt.

(5)

Conditional cumulants can be defined similarly. First de-

note inverse conditional moments μ
X|Y
r = E(Xr|Y ), μ

X|Y
rs =

E(XrXs|Y ), and μ
X|Y
rst = E(XrXsXt|Y ). Parallel to (5), we

define inverse conditional cumulants as combinations of in-
verse conditional moments

κX|Y
r = μX|Y

r ,

κX|Y
rs = μX|Y

rs − μX|Y
r μX|Y

s ,

κ
X|Y
rst = μ

X|Y
rst − μX|Y

rs μ
X|Y
t − μ

X|Y
rt μX|Y

s

− μ
X|Y
st μX|Y

r + 2μX|Y
r μX|Y

s μ
X|Y
t .

(6)

Recall that μ
X|Y
r , μ

X|Y
rs and μ

X|Y
rst are essential components

of E(X|Y ), Var(X|Y ) and E(B ⊗ BBT |Y ) in Proposition
1. We now construct K1(X|Y ) ∈ R

p, K2(X|Y ) ∈ R
p×p and

K3(X|Y ) ∈ R
p×p×p as follows. Let the rth component of

K1(X|Y ) be κ
X|Y
r , the (r, s)th component of K2(X|Y ) be

κ
X|Y
rs , and the (r, s, t)th component K3(X|Y ) be κ

X|Y
rst .

In a parallel fashion, we can replace Y in the definitions
above with βTX and define K1(X|βTX), K2(X|βTX) and
K3(X|βTX). Before we present our main result, we state
conditions C1, C2 and C3 in their equivalent forms

C1′. K1(X|βTX) = PβX;

C2′. K2(X|βTX) = Qβ ;

C3′. K3(X|βTX) = 0.

For the ease of presentation, we also rearrange the third-
order inverse cumulant array K3(X|Y ) as a p2 × p matrix,

with the (t− 1)p+ s
th

column of KT
3 (X|Y ) being

Kst
3 (X|Y ) = E(XXsXt|Y )− E(XXs|Y )E(Xt|Y )

− E(XXt|Y )E(Xs|Y )− E(XsXt|Y )E(X|Y )

+ 2E(X|Y )E(Xs|Y )E(Xt|Y ).

(7)

In another word, Kst
3 (X|Y ) = (κ

X|Y
1st , . . . , κ

X|Y
pst )T for s, t =

1, 2, . . . , p. Similarly, we rearrange the array K3(X|βTX) as
a p2 × p matrix. We now present SIR, SAVE and SAT as
inverse conditional cumulants.

Proposition 2. Suppose β is a basis of SY |X .

1. If C1′ is true, then K1(X|Y ) ⊆ SY |X .
2. If C1′ and C2′ are true, then Span{I − K2(X|Y )} ⊆

SY |X .
3. If C1′, C2′ and C3′ are true, then Span{KT

3 (X|Y )} ⊆
SY |X .

Proof. From (6), the definition of K1(X|Y ) and the def-
inition of K2(X|Y ), we know K1(X|Y ) = E(X|Y ) and
K2(X|Y ) = E(XXT |Y ) − E(X|Y )ET (X|Y ) = Var(X|Y ).
After replacing Y with βTX, we see immediately that C1
is equivalent to C1′, and C2 is equivalent to C2′. The first
two parts of Proposition 2 then follow directly from the first
two parts of Proposition 1.

For part 3, denote MB = E(B ⊗ BBT |Y ) with B =
X−E(X|Y ). From the definition of the Kronecker product,

the (t− 1)p+ s
th

column of MT
B is
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Mst
B = E[{X − E(X|Y )}{Xs − E(Xs|Y )}

{Xt − E(Xt|Y )}|Y ].
(8)

Compare (8) with the definition of Kst
3 (X|Y ) in (7). By

noticing equalities such as

E{XXsE(Xt|Y )|Y } = E(XXs|Y )E(Xt|Y ) and

E{XE(Xs|Y )E(Xt|Y )|Y } = E(X|Y )E(Xs|Y )E(Xt|Y ),

it is easy to see thatMst
B = Kst

3 (X|Y ). It follows thatMB =
K3(X|Y ). Denote MA = E(A⊗AAT |βTX) with A = X −
E(X|βTX). We can use a similar argument to show MA =
K3(X|βTX), which guarantees the equivalence between C3
and C3′. Part 3 of Proposition 2 then follows from the last
part of Proposition 1. �

The insight of Proposition 2 is that SIR, SAVE and SAT
can be viewed as inverse conditional cumulants. In the case
of SAT, condition C3 can be replaced with a simpler condi-
tion K3(X|βTX) = 0, and its kernel matrix E(B⊗BBT |Y )
with B = X −E(X|Y ) becomes just the third-order inverse
conditional cumulant array K3(X|Y ).

3. STEIN’S LEMMA AND ESTIMATORS OF
THE CENTRAL MEAN SPACE

3.1 Review of estimators in SE(Y |X)

In the seminal paper of Li and Duan (1989), it was
demonstrated that without knowing the underlying link
function f(·), the classical ordinary least squares (OLS) es-
timator can recover the index β in the single-index model
Y = f(βTX)+ ε correctly up to a constant multiplier. Here
ε is the random error independent of X. In the modern lan-
guage of Cook and Li (2002), we say that the OLS estimator
belongs to the central mean space SE(Y |X). The principal
Hessian directions estimator in Li (1992), as well as the es-
timator in Yin and Cook (2004), also belong to the central
mean space. Let vec(I) be the vectorization of the p×p iden-
tity matrix I. Denote MOLS = MOMT

O, MPHD = MPMT
P

and MYC = MT
Y MY , where

MO = E(XY ),

MP = E[{Y − E(Y )}XXT ] and

MY = E[{Y − E(Y )}X ⊗XXT ]− E(Y X)⊗ I

− I ⊗ E(Y X)− vec(I)ET (Y X).

(9)

We summarize these estimators in the next result with-
out proof. Please refer to Yin and Cook (2004) for details.
Note that in Section 2.1, the conditions C1, C2 and C3 are
assumed to be true for the basis of the central space. In the
next proposition, we assume conditions C1, C2 and C3 to
be true for the basis of the central mean space.

Proposition 3. Suppose β is a basis of SE(Y |X).

1. If C1 is true, then Span(MOLS) ⊆ SE(Y |X).
2. If C1 and C2 are true, then Span(MPHD) ⊆ SE(Y |X).

3. If C1, C2 and C3 are true, then Span(MYC) ⊆
SE(Y |X).

Although the OLS and PHD estimators have relatively
simple forms, the estimator MYC is not easy to come up
with. The original derivation in Yin and Cook (2004) ac-
tually starts from the SAT estimator, and then gets MYC

after carefully delineating the components of SAT that be-
long to the central space. Just as we have seen in Section 2.2
that the third-order central space estimator SAT can be uni-
fied with the first-order method SIR and the second-order
method SAVE, we will cast central mean space estimators
MOLS, MPHD and MYC in one unified framework.

3.2 Stein’s Lemma

Recall that for X = (X1, X2, . . . , Xp)
T , we have assumed

that E(X) = 0 and Var(X) = I from the outset. To mo-
tivate central mean space estimators via Stein’s Lemma,
we further assume in this section that Xi ∼ N(0, 1) for
i = 1, 2, . . . , p and Xi Xj for i �= j. In the famous paper of
Stein (1981), it is demonstrated that for any function g(Xi)
with first through third order derivatives denoted by g′(Xi),
g′′(Xi) and g′′′(Xi), we have

E{g′(Xi)} = E{Xig(Xi)},
E{g′′(Xi)} = E{(X2

i − 1)g(Xi)}, and

E{g′′′(Xi)} = E{(X3
i − 3Xi)g(Xi)}.

(10)

Consider g(X) = E(Y |X) as a function ofX. Denote par-
tial derivatives dr = ∂g(X)/∂Xr, drs = ∂2g(X)/∂Xr∂Xs

and drst = ∂3g(X)/∂Xr∂Xs∂Xt. We construct D1 ∈ R
p,

D2 ∈ R
p×p and D3 ∈ R

p×p×p as follows. Let the rth compo-
nent of D1 be E(dr), the (r, s)

th component of D2 be E(drs),
and the (r, s, t)th component D3 be E(drst). For the ease of
presentation, we rearrange the third-order derivatives array
D3 as a p2 × p matrix, where the entry in the rth column
and (t− 1)p+ s

th
row is E(drst).

The next result combines central mean space estimators
MOLS, MPHD and MYC in one unified framework.

Proposition 4. Suppose X ∼ N(0, I).

1. D1 = MO.
2. D2 = MP .
3. D3 = MY .
4. Span(D1) ⊆ SE(Y |X), Span(D2) ⊆ SE(Y |X) and

Span(DT
3 ) ⊆ SE(Y |X).

Proof. From the first equation in (10), we know
E{∂E(Y |X)/∂Xr} = E{XrE(Y |X)} = E(XrY ). The left-
hand side and the right-hand side are the rth entry of D1

and MO respectively. Thus we have D1 = MO.
To find the (r, s)th component of D2, we need to treat the

two cases r �= s and r = s separately. If r �= s, we have

E{∂2E(Y |X)/∂Xr∂Xs} = E[Xr{∂E(Y |X)/∂Xs}]
= E{XrXsE(Y |X)} = E(XrXsY )

= E[{Y − E(Y )}XrXs],
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where the last equality is true because E(XrXs) = 0. If
r = s, we use the second equation in (10) and get

E{∂2E(Y |X)/∂X2
r } = E{(X2

r − 1)E(Y |X)}
= E{(X2

r − 1)Y } = E[{Y − E(Y )}X2
r ],

where the last equality is true because E(X2
r ) = 1. Together

with the definition of MP in (9), we have D2 = MP .
To find the (r, s, t)th component of D3, there are three

separate cases. When r, s and t are all distinct, we have

E{∂3E(Y |X)/∂Xr∂Xs∂Xt} = E(XrXsXtY ).(11)

When two of r, s and t are the same, we assume without
loss of generality that r = s �= t. Then we have

E{∂3E(Y |X)/∂X2
r∂Xt} = E{(X2

r − 1)XtY }.(12)

When r = s = t, we use the third equation in (10) and get

E{∂3E(Y |X)/∂X3
r } = E{(X3

r − 3Xr)Y }.(13)

Now we turn to MY = E[{Y − E(Y )}X ⊗ XXT ] −
E(Y X) ⊗ I − I ⊗ E(Y X) − vec(I)ET (Y X) ∈ R

p2×p de-
fined in (9), and denote its entry in the rth column and

(t− 1)p+ s
th

row as MY (r, s, t). For the ease of presenta-
tion, we view MY as a p× p× p array, where the (r, s, t)th

entry is MY (r, s, t).
When r, s and t are all distinct, the last three terms in the

definition of MY all become 0, and the (r, s, t)th component
of MY becomes E[{Y −E(Y )}XrXsXt], which matches the
right-hand side of (11) as E(XrXsXt) = 0. When r = s = t,
all four terms in the definition of MY remain. The (r, s, t)th

component of MY becomes E[{Y −E(Y )}X3
r ]− 3E(Y Xr),

which matches the right-hand side of (13) by noting that
E(X3

r ) = 0. When two of r, s and t are the same, only one of
the last three terms in the definition of MY remains. For in-
stance, if we have r = s �= t, the (r, s, t)th component of MY

becomes E[{Y −E(Y )}X2
rXt]−E(Y Xt), which matches the

right-hand side of (12) because E(X2
rXt) = 0. Together we

have shown D3 = MY .
It remains to prove part 4. Let β be a basis of SE(Y |X).

From the definition of the central mean space in (2), we
know E(Y |X) = E(Y |βTX). As a result,

∂E(Y |X)

∂X
=

∂E(Y |βTX)

∂X
=

∂βTX

∂X

∂E(Y |βTX)

∂βTX
.

Because ∂βTX/∂X = β, we have Span(D1) =
Span(E{∂E(Y |X)/∂X}) ⊆ Span(β) = SE(Y |X). Follow-
ing similar arguments, we have Span(D2) ⊆ SE(Y |X) and
Span(DT

3 ) ⊆ SE(Y |X). �
Although we assume normality to facilitate the connec-

tions between the central mean space estimators, we have
seen in Proposition 3 that the normality assumption can be
replaced with weaker conditions C1, C2 and C3. The in-
sight of Proposition 4 is that just as OLS and PHD can be

motivated from first and second-order partial derivatives of
E(Y |X), we can use the third-order partial derivatives of
E(Y |X) to construct the much more complicated estimator
in Yin and Cook (2004).

4. DISCUSSIONS

We provide a general treatment of moment-based suffi-
cient dimension reduction estimators in this note. On one
hand, popular central space estimators such as SIR, SAVE
and SAT are cast under the unified framework of inverse
conditional cumulants. On the other hand, Stein’s Lemma is
used to motivate central mean space estimators such as OLS,
PHD and the estimator in Yin and Cook (2004). Although
the focus of the paper is to reveal connections between ex-
isting moment-based estimators, we provide possibilities to
come up with new sufficient dimension reduction estima-
tors. For example, one can follow the principle of Proposi-
tion 4, and construct new estimators in the central mean
space based on fourth-order partial derivatives of E(Y |X).

Stein’s Lemma is not limited to motivate estimators in
the central mean space. Actually one can construct a general
family of sufficient dimension reduction estimators through
Stein’s Lemma. Instead of choosing g(X) to be E(Y |X), we
can set g(X) = E(Y k|X) for any integer k and apply Stein’s
Lemma. This will lead to the central kth moment space
estimators studied in Yin and Cook (2002). An interesting
case here is that when we choose g(X) = E(eiY |X) and
apply Stein’s Lemma, we will get estimators in the central
space (Zhu, Zhu and Wen, 2010).
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