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Functional mapping is a statistical tool for mapping
quantitative trait loci (QTLs) involved with a function-
valued phenotypic trait. The utility of functional mapping
is often displayed when the phenotypic trait represent a de-
velopmental process and can be modeled by a parametric
approach. However, there are many practical situations in
which no explicit parametric forms are feasible to capture
the dynamic change of phenotypic traits across a time or
space scale. We address this issue to expand the applying
scope of functional mapping by utilizing a nonparametric
adaptive high-dimensional ANOVA (HANOVA) method. A
discrete Fourier transformation was implemented to elim-
inate the dependence structure of errors that are assumed
to be stationary along the measurement process, followed by
the choice of the first several Fourier coefficients that can ex-
plain a majority of phenotypic variation for QTL mapping.
From simulation tests, HANOVA-based functional mapping
was observed to display high statistical power for detecting
subtle variation. By analyzing the real dataset of a map-
ping population for mei, a woody ornamental plant natu-
rally distributed in China, the new model has successfully
identified many significant QTLs that control leaf shape.
The model should find its immediate implications for map-
ping any high-dimensional phenotypic measurements with
no explicit form.

AMS 2000 subject classifications: Primary 62H15,
62G05; secondary 62P10.
Keywords and phrases: Functional mapping, Functional
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1. INTRODUCTION

One of the most important tasks in modern biology is to
construct the precise genotype-phenotype map by detecting
key genes, known as quantitative trait loci (QTLs), and their
interactions with phenotypic traits [1]. Genetic mapping
based on genetic linkage maps constructed from molecular
markers has been considered as the most popular approach
for QTL detection and mapping since its emergence in the
1980s [1]. This approach dissects complex phenotypes into
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their underlying genetic components expressed at the DNA
level, allowing the genetic architecture of complex traits to
be elucidated. With the advent of high-throughput genotyp-
ing and phenotyping techniques, genetic mapping has devel-
oped toward two different directions: genome-wide associa-
tion studies (GWAS) by collecting genetic polymorphisms
throughout the entire genome to detect and capture all pos-
sible genes for a complex trait [3, 4, 5, 6] and functional
mapping by collecting multiple trait values measured along a
time or space scale and integrating biological principles and
processes into genetic mapping to elucidate the developmen-
tal genetic mechanisms of a complex phenotype [7, 8, 9]. A
growing body of analytical approaches for GWAS has been
developed, both to meet challenges in statistical modeling
and analysis of genetic data and account for the complex-
ity of phenotypic information [10, 11, 12, 13, 14, 15]. For
example, renovated model selection techniques have been
implemented in a GWAS setting to analyze a large number
of SNPs simultaneously based on a relatively small sample
size [10, 11, 16, 18].

In a parallel with GWAS that attempt to analyze many
markers, functional mapping focuses on the complexity of
trait values and models a series of phenotypic measures
made for the same trait across a time and space scale
[7, 8, 9, 19, 10, 21, 22]. These so-called function-valued traits
are widely seen in growth analysis, shape analysis, network
analysis, and clinical trials. Functional mapping and its ex-
tension, functional GWAS (fGWAS) were derived to accom-
modate to whole-genome analysis [23, 24], integrating the
functional feature of traits into genetic mapping to increase
the statistical power and the biological relevance of the re-
sults obtained. Functional mapping is particularly powerful
for mapping QTLs controlling a biological trait which can be
described by parametric curves with a fixed set of parame-
ters, such as generalized logistic growth equations [19, 20, 21]
and pharmacological Emax models [22, 25] among others. A
set of nonparametric or semi-parametric approaches have
also been developed to model the dynamic pattern of phe-
notypic traits that cannot be specified by any explicit form
of mathematical equations [23, 24].

While current functional mapping models have been in-
strumental for mapping many traits, such as body mass
growth in mice [26], human body shape [27] and plant height
growth in rice [28], soybean [20] and scot pine [21], they
may have not been well used in the situation where a series
of measures of a complex trait are such high-dimensional
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and arbitrary that no parametric models can approximate
its dynamic pattern. For example, by high-throughput phe-
notyping, one can record the daily or even hourly change
of physiological parameters, such as photosynthesis rate or
respiration rate, leading to an ultrahigh-dimensional data of
phenotypic measurements [29]. In shape analysis, it is cru-
cial to describe a detailed structure of an organ by using a
high-dimensional set of data [20]. Modeling and analysis of
such high-dimensional phenotypic data have been proven of
great challenge, whose integration with functional mapping
has not been explored thus far.

In this article, we present an adaptive nonparametric
method for detecting significant genes for function-valued
traits based on the high dimensional ANOVA (HANOVA).
Compared with previous work of functional mapping [19,
20, 21], this method requires no parametric pattern of trait
values, allowing time- or space-dependent changes of the
trait in an arbitrary form. We assume stationary but pos-
sibly dependent errors for each individual along the mea-
surement process. A discrete Fourier transformation is first
performed on the trait values. As a result, the error terms
become approximately independent, and large absolute val-
ues intend to locate in the first several Fourier coefficients
[30, 31]. Then we perform an adaptive HANOVA test at each
marker, where the number of Fourier coefficients involved in
the test is adaptively chosen in order to achieve optimal
statistical power [30]. The method was applied to analyze
a real data set of leaf shape in mei, a woody ornamental
plant naturally distributed in China. The method was com-
pared to several previous multivariate analysis of variance
(MANOVA) approaches designed for high dimensional data,
including: 1) MANOVA where the Moore-Penrose inverse is
used as a substitute of the inverse of singular covariance
matrices [32], 2) a testing procedure using Dempster’s trace
of within and between group covariance matrices [33], and
3) MANOVA on a transformed dataset using principle com-
ponent analysis (PCA) [34]. The methods were compared
in both real data analysis and simulation to illustrate the
utility and usefulness of HANOVA in practice.

2. METHOD

2.1 A general testing procedure

Consider a mapping population of N individuals, such
as the backcross, F2, or full-sib family, or a random set
of samples from a natural population, which is genome-
wide genotyped by a large set of molecular markers from
which to construct a high-density linkage map. Let yn =
(yn(1), · · · , yn(M)) denote a series of trait values for indi-
vidual n (n = 1, · · · , N) measured at M points. Since the
linkage map is highly dense, we perform genetic mapping by
directly associating markers with the trait value. Consider
a single marker with G genotypes and record the genotypes
as 1, · · · , G, respectively. Let gn denote the genotype of in-
dividual n (gn = 1, · · · , G). Then, the trait value of this
individual is expressed as

yn(j) = fgn(j) + εn(j),(1)

where n = 1, · · · , N , j = 1, · · · ,M , yn(j) is the jth element
of the trait vector of individual n, fgn(j) is the jth element of
the mean (genotypic) trait value for individuals with geno-
typic value gn, and εn(j) ∼ N(0, σ2) is the error term. We
assume the error terms are independent across different in-
dividuals, and for any fixed n, {εn(j), j = 1, 2, · · · ,M} are
stationary but possibly dependent.

We are interested in testing whether the genotypes differ
significantly in the trait value from each other. The hypoth-
esis testing problem is then expressed as

H0 : f1(j) = f2(j) = · · · = fG(j) ∀j = 1, · · · ,M vs.(2)

Ha : otherwise(3)

The test statistic is calculated from the hypotheses above.
By comparing it with a critical threshold determined from
simulation studies with Bonferroni multiple test correction,
we can judge whether we have detected a significant SNP.

2.2 Discrete Fourier transformation

The discrete Fourier transformation is first applied to
each vector of trait values,

ỹn(k) =

M∑
j=1

yn(j)e
−i 2πkj

M(4)

where k = 0, 1, · · · ,M − 1, i is the imaginary unit.
The real and imaginary parts of the first S Fourier coef-

ficients are then compiled to form the new trait data, and
the rest of Fourier coefficients are discarded as white noise.
S can be any fixed number such that the length of the re-
sulting transformed vector is no larger than the length of
the original vector. For simplicity, we set S = M . So the
resulting transformed vector should be:

y∗
n = (y∗n(1), y

∗
n(2), y

∗
n(3), · · · , y∗n(M))(5)

where y∗n(2k + 1) = RE((ỹn(k)), y
∗
n(2k) = IM(ỹn(k)), k =

1, · · · ,
[
M
2

]
.

After the discrete Fourier transformation, the new trait
values can be expressed as

y∗n(j) = f∗
gn(j) + ε∗n(j)(6)

where n = 1, · · · , N , j = 1, · · · ,M .
The Fourier bases are chosen because the leaf shape is

usually symmetric, plus the two following purposes:

1. After transformation, the stationary errors are con-
verted into approximately independent Gaussian errors
[30, 31]; i.e., the new error terms ε∗n(j) are approxi-
mately independent for all n and j.

2. After transformation, large absolute values of the trait
vector tend to locate in the first several elements. This
feature allows us to apply the HANOVA method [30]
in the following hypothesis testing procedure.
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2.3 HANOVA method for testing the
genotype effect

After the discrete Fourier transformation, the hypothesis
testing problem 2, is transformed into

H0 : f∗
1 (j) = f∗

2 (j) = · · · = f∗
G(j) ∀j = 1, · · · ,M vs.(7)

Ha : otherwise(8)

Then, an adaptive analysis of variance procedure for com-
paring high dimensional data through HANOVA is used to
perform such a hypothesis testing problem. Let

Ng =
N∑

n=1

I(gi = g),

ȳ∗g(j) =
1

Ng

∑
gn=g

y∗i (j),

s2g
∗
(j) =

1

Ni − 1

∑
gi=g

[y∗i (j)− ȳ∗g(j)]
2,

ȳ∗(j) =

∑G
g=1 Ng ȳ

∗
g(j)/s

2
g
∗
(j)∑G

g=1 Ng/s2g
∗(j)

with n = 1, · · · , N , g = 1, · · · , G, j = 1, · · · ,M . The test
statistic is

FM = maxK
1√
2M

K∑
j=1

G∑
g=1

{
Ng

s2g
∗(j)

[ȳ∗g(j)− ȳ∗(j)]2 − 2K

}
.

(9)

The idea behind the test statistic is similar to the F-
statistic in the ordinary analysis of variance (ANOVA). Here
the term [ȳ∗g(j)− ȳ∗(j)]2 is a generalization of the between-

group sum of squares, and s2g
∗
(j) is a generalization of the

within-group sum of squares. Thus the test statistic still
represents the proportion of between-group sum of squares
out of the total sum of squares.

When M → ∞, the asymptotic distribution [30] of the
test statistic is

P (F̃M < x) → exp{− exp(−x)}(10)

where

F̃M =
√

2 log logM)FM

− [2 log logM + 0.5 log log logM − 0.5 log(4π)].

Thus, the asymptotic p-value for the hypothesis testing
problem with a calculated statistic F is

P (F̃M > x) → 1− exp{− exp(−x)}(11)

The asymptotic p-value can be directly used to approxi-
mate the true p-value when the number of measurements is
large enough. When the number of measurements is smaller,
the true p-value should be determined using a random sim-
ulation.

3. APPLICATION

3.1 Real data analysis

We tested and validated the usefulness of the HANOVA-
based mapping model by analyzing a real dataset of leaf
shape in a woody plant, mei (Prunus mume Sieb. et Zucc.).
Two commercially used mei cultivars differing in morpholog-
ical traits, selected from the Qingdao Mei Garden, Qingdao,
China, were crossed to generate a full-sib family composed
of 228 hybrids, grown in the Xiao Tangshan Horticultural
Trial, Beijing, China [35, 36]. A total of 1484 SNPs were
generated from this full-sib family, including 261 intercross
markers and 1223 testcross markers segregating in the hy-
brids. Sun et al. [35] provided a procedure for testing genetic
effects of these two types of markers.

We collected three representative leaves on the main stem
for each hybrid and took their photos. Then we delimited
the contour of a shape into 360 equally-angled semiland-
marks and recorded their coordinates, from which the ra-
diuses from the centroid to semilandmarks were measured
[37, 38]. In order to minimize variance caused by scale and
pose, we performed shape alignment on the original radius
measures [37, 38]. We first normalized the radius vectors for
each leaf by setting the Euclidean norm as a fixed value.
Then we used the average of all normalized contours as the
reference shape for shape alignment. The idea of shape align-
ment is to rotate each contour and find the pose most similar
to the reference shape. The result of shape alignment of each
leaf contour is a rotation of the normalized shape contour
that achieves the minimum Euclidean distance between the
reference shape and any rotations. After shape normaliza-
tion and alignment, we obtained a vector of 360 values for
each leaf and use this vector for further data analysis.

The normalized radius values were first processed using
a discrete Fourier transformation. Fourier bases are suit-
able for approximating the radius values because the ra-
dius values are symmetric about the center. To verify that
the Fourier bases provide good approximations for the ra-
dius values, we used both Fourier bases and the 3rd order
B-spline bases to approximate the mean radius vector of
all leaves. Table 1 gives the mean squared error of the ap-
proximation result under various degrees of freedom. The
result shows that Fourier basis provides a good approxima-
tion even at very small degrees of freedom. When the degree
of freedom is 2, the mean squared error using Fourier bases
is 7.69× 10−7, while the mean squared error using B-spline
bases is 1.22× 10−6.

A discrete Fourier transformation turns the data to
be approximately independent along different measurement
points (degrees 1 to 360). To verify the approximate in-
dependence, we performed hypothesis tests on the Pear-
son correlations between measurement points of simulated
data sets with AR(1) covariance structure and different
auto-correlations. The hypothesis tests are performed us-
ing Fisher’s Z-transformation. Similar to the real data, each
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Table 1. Summary of the approximation results using Fourier
bases and 3rd order B-spline bases. DOF is the degree of
freedom, i.e. the total number of bases used for the ap-
proximation. MSE is the mean squared error of the ap-

proximation. The range of the original data is 0.015 – 0.021

DOF MSE: Fourier MSE: B-spline

2 7.69× 10−7 1.22× 10−6

3 6.59× 10−7 1.10× 10−6

4 5.62× 10−7 8.11× 10−7

5 4.99× 10−7 5.09× 10−7

10 3.55× 10−7 1.24× 10−7

20 3.10× 10−7 1.94× 10−8

50 3.07× 10−7 1.11× 10−9

100 3.06× 10−7 7.11× 10−11

Table 2. Summary of the test of pairwise correlation.
Auto-correlation is the correlation value used to generate the
AR(1) random error for simulation. Max Cor. Est. and Min
Cor. Est. are the maximum and minimum correlation value
estimations of all pairwise correlations of the transformed

data. Min P-value is the minimum p-value for the hypothesis
test of no correlation. The total number of tests performed is
64620 and Min Adjusted P-value is the minimum p-value of
the hypothesis test adjusted using Bonferroni correction

Auto Max Min. Min Min Adjusted
-cor Cor. Cor. P-value P-value

0.9 0.256 -0.268 4.000× 10−5 1.000
0.7 0.267 -0.264 4.580× 10−5 1.000
0.5 0.283 -0.275 1.438× 10−5 0.919
0.3 0.265 -0.284 1.285× 10−5 0.821
0.1 0.269 -0.270 3.654× 10−5 1.000
−0.1 0.252 -0.269 3.804× 10−5 1.000

simulated data sets contains 228 vectors of dimension 360.
Each simulated vector is the average of all leaf contour vec-
tors in the real data, plus an AR(1) error vector with stan-
dard deviation estimated from the real data, and different
auto-correlations including the auto-correlation value esti-
mated from the real data. Table 2 and Table 3 gives the
testing result, where the null hypothesis is independence,
i.e. correlation equals 0. Table 2 gives the result of pairwise
tests on the correlations between any two of the measure-
ment points (degree 1 to 360), where the total number of
tests is 360×359/2 = 64620. Table 3 gives the result of tests
on adjacent measurement points, where the total number of
tests is 360-1=359. Adjusted p-values were calculated using
Bonferroni correction. Table 2 and Table 3 show that all
adjusted p-values are greater than 0.05, indicating that the
transformed data has no significant deviation from indepen-
dence.

After the discrete Fourier transformation, a HANOVA
test was performed for each marker. First, we calculate an
original p-value for each single test using the simulation re-

Table 3. Summary of the test of adjacent correlation (time
lag=1). Auto-correlation is the correlation value used to
generate the AR(1) random error for simulation. Max Cor.
Est. and Min Cor. Est. are the maximum and minimum

correlation value estimations of all pairwise correlations of the
transformed data. Min P-value is the minimum p-value for
the hypothesis test of no correlation. The total number of
tests performed is 359 and Min Adjusted P-value is the
minimum p-value of the hypothesis test adjusted using

Bonferroni correction

Auto Max Min. Min Min Adjusted
-cor Cor. Cor. P-value P-value

0.9 0.190 -0.219 8.482× 10−4 0.301
0.7 0.185 -0.217 9.707× 10−4 0.345
0.5 0.207 -0.195 1.693× 10−3 0.601
0.3 0.197 -0.215 1.071× 10−3 0.380
0.1 0.179 -0.174 6.858× 10−4 1.000
−0.1 0.186 -0.208 1.625× 10−3 0.577

Figure 1. The Manhattan plot of test statistics for individual
loci across the genome of mei, Prunus mume Sieb. et Zucc

(containing six chromosomes). Ten representatives of
significant SNPs (labeled by A − J) are highlighted in red.
The broken horizontal line is the critical threshold at the 5%

significance level after Bonferroni correction.

sult of 100,000,000 simulation runs described in the section
Simulation 1, with the covariance and autocorrelation pa-
rameters estimated from the real data. Then we use a Bon-
ferroni correction to adjust for multiple testing. Figure 1
illustrates a Manhattan plot of test statistic values for all
loci across six different chromosomes. It was found that a
total of 281 loci each display a significant effect on the leaf
shape (adjusted p-value < 0.05 after Bonferroni correction).
Furthermore, 54 of the significant markers have (simulated)
original p-values less than 10−8, indicating that the testing
method is very powerful. The detected significant loci tend
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Table 4. Summary of ten representative significant QTLs
(labeled by A − J) detected from Figure 3.1. The adjusted
p-values are calculated using Bonferroni correction. The
simulated p-values are computed using results from

Simulation 1, where we had 100,000,000 runs. Adjusted
p-values < 1.48× 10−5 means the corresponding test statistic
is larger than the maximum test statistic in the simulations

QTL LG Type Name P-value R2

A 1 2 fheter 106496 1.65× 10−13 0.00798
B 1 2 fheter 105087 1.10× 10−11 0.00678
C 2 2 mheter 117411 < 10−16 0.07075
D 2 2 mheter 110968 < 10−16 0.06230
E 2 3 hk hk865 < 10−16 0.06763
F 2 2 fheter 102985 < 10−16 0.00772
G 4 2 mheter 111568 3.19× 10−8 0.01417
H 5 2 mheter 116168 2.52× 10−46 0.00458
I 6 3 hk hk2360 4.77× 10−6 0.02698
J 6 3 hk hk1140 7.50× 10−8 0.07064

Table 5. Estimated recombination rate of representative
QTLs that belong to the same linkage group

Linkage group QTL 1 QTL 2 Recombination rate

1 A B 0.0219
2 C D 0.0263
2 C E 0.0833
2 C F 0.4517
2 D E 0.0965
2 D F 0.4430
2 E F 0.3465
6 I J 0.3684

to congregate, which probably results from the genotype
dependence of adjacent linked genes. Most of the significant
SNPs locate on chromosomes 1, 2, 4 and 6 (Figure 1). Ta-
ble 4 gives the location, genotype number, name, adjusted
p-value and R2 for the 10 representatives, where R2 is gen-
eralized from ordinary ANOVA and calculated by

R2 = 1−
∑M

j=1

∑G
g=1

∑
gn=g[yn(j)− ȳg(j)]

2∑M
j=1

∑N
n=1[yn(j)− ȳ(j)]2

(12)

These loci are highly significant in impacting on the over-
all difference of leaf shape. They each explain 0.68 – 7.08%
of the phenotypic variation in leaf shape. Table 5 gives the
estimated recombination rate of the representative loci that
belong to the same linkage group. Representative loci A, B
in linkage group 1, and C, D, E in linkage group 2 are highly
related indicated by a small recombination rate.

To explain the results by our nonparametric approach,
we chose 10 representative significant loci, labelled by A –
J, from the chromosomes that are likely to harbor impor-
tant loci (Figure 1). Some of these chosen SNPs belong to
testcross markers each with two genotypes, whereas the rest

Figure 2. The profiles of the radius values from the centroid
to semilandmarks on the contour of leaf shape for different
genotypes (solid, broken or dotted) at ten representatives of

significant SNPs chosen from Figure 1.

are intercross markers each with three genotypes. At each
locus, we drew the profile of genotypic means for radius
values the centroid to semilandmarks over a range of 0 –
360◦ (Figure 2). It can be seen that some SNPs possess
larger across-genotype differences in the overall radius pro-
file than the other, suggesting the stronger genetic control
by the former than latter. It is also interesting to see that
different genotypes at the same loci vary, depending on the
region of the radius profile. This provides detailed infor-
mation about which part of the leaf shape a genetic locus
determines.

To visualize the detail of genetic control over leaf shape,
we transformed the radius profiles back to leaf shape for each
genotype at each chosen loci (Figure 3). Although different
genotypes for many significant loci appear to be visually
similar in leaf shape, they do differ from each other signif-
icantly. This shows a powerful capacity of our approach to
discern subtle differences controlled by individual genes.

3.2 Simulation

To further study the statistical properties of the proposed
method in real application, we have conducted several sim-
ulations based on the mei dataset.

3.2.1 Simulation 1

To study the null distribution and false discovery rate in
real application, we have conducted the following simulation
based on the real data:
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Figure 3. Average leaf shape of each genotype at ten
representatives of significant loci chosen from Figure 1,
transformed back from the radius profiles in Figure 2.

Assuming the null hypothesis, i.e. the leaf contours come
from a homogeneous population with a fixed probability
distribution. Let yn = (yn(1), · · · , yn(M)) denote leaf con-
tour radius values for individual n (n = 1, · · · , N) mea-
sured at degree 1, · · · ,M , and let f = (f(1), · · · , f(M)) be
the population mean vector of the leaf contour, M = 360.
yn(j) ∼ N(f ,Σ) where Σ is the covariance matrix for the
AR(1) model with error variance σ2 and autocorrelation pa-
rameter ρ.

We first calculate the maximum likelihood estimator
(MLE) of parameters f , σ2 and ρ using the real data con-

taining 228 mei leaf samples, and denote the MLE as f̂ , σ̂2

and ρ̂.
For the first part of the simulation, we generate 228 ran-

dom samples of genotype and contour radius vector with
length 360, same as in the original data. The genotype is
generated as a random vector of AA, Aa, and aa with prob-
abilities 0.25,0.5,0.25, respectively. The simulated contour
radius vector is the estimated mean vector f̂ plus a random
error vector generated from an AR(1) process:

ε = (ε(1), · · · , ε(M)), ε(t) = ρ̂ε(t− 1) + η(t)(13)

Here η(t) ∼ i.i.d N(0, σ̂2), ρ̂ = 0.914, σ̂ = 0.00113.
We have also included simulation results for different auto-
correlation values ρ = 0.7, 0.5, 0.3, 0.1,−0.1.

For the second part of the simulation, we generate 228
random samples of genotype and contour radius vector with
lengths 60, 90, 120, 180, 360, 720, respectively. The geno-

Figure 4. Plots of simulated p-value versus the theoretical
asymptotic p-value in the −log10 scale based on 1,000,000
simulation runs (that is, a value of 2 on the graph means
p-value=10−2). The solid lines are the simulated p-values
versus theoretical asymptotic p-values, and the dashed lines
are the reference line y = x. Simulations are performed using

different auto-correlation values
ρ = 0.914, 0.7, 0.5, 0.3, 0.1,−0.1. The auto-correlation value

is marked at the top-left corner of each plot.

type is still generated as a random vector of AA, Aa, and aa
with probabilities 0.25,0.5,0.25, respectively. The simulated
mean contour radius vector is generated using the original
data. When generating a simulated contour radius vector
with a length smaller than 360, this simulated mean vec-
tor is a sparsification of the estimated mean vector f̂ from
the original data. For example, a simulated mean vector of
length 60 is f sim,length60 = (f̂(6), f̂(12), f̂18), · · · , f̂(360)).
When generating a simulated contour of length 720, we have
f sim,length720 = (h(1), h(2), h(3), · · · , h(720)), where h(2t) =
f̂(t), h(2t + 1) = (h(2t) + h(2t + 2))/2, t = 1, 2, 3, · · · , 360.
The simulated contour radius vector is the simulated mean
vector plus a random error vector generated from an AR(1)
process:

ε = (ε(1), · · · , ε(M)), ε(t) = ρ̂ε(t− 1) + η(t)(14)

Here η(t) ∼ i.i.d N(0, σ̂2), ρ̂ = 0.914, σ̂ = 0.00113.
Figure 4 is the graph of simulated p-value versus the

theoretical asymptotic p-value in the log10 scale based
on 100,000,000 runs for different auto-correlation values
marked at the top-left corner of each plot. This result shows
that when the sample size is 228, the simulated p-value and
the theoretical asymptotic agrees with each other quite well

392 H. Hao et al.



Figure 5. Plots of simulated p-value versus the theoretical
asymptotic p-value in the −log10 scale based on 1,000,000
simulation runs (that is, a value of 2 on the graph means
p-value=10−2). The solid lines are the simulated p-values
versus theoretical asymptotic p-values, and the dashed lines
are the reference line y = x. Simulations are performed using

different contour radius vector length values
M=720,360,180,120,60,30. The contour radius vector length

value is marked at the top-left corner of each plot.

in the range 0.0001 to 0.01 for all the auto-correlation values.
However, when the autocorrelation value is large and the
theoretical asymptotic p-value goes below 0.0001, the sim-
ulated p-values can be different from the theoretical ones.
Thus we need to be careful about small p-values in real ap-
plication when the number of measurement points is limited.
In the real data analysis all p-values are calculated using the
simulation result.

Figure 5 is the graph of simulated p-value versus the
theoretical asymptotic p-value in the log10 scale based on
100,000,000 runs for different contour radius vector lengths
marked at the top-left corner of each plot. The result shows
that with a larger sample size, the simulated p-value be-
comes closer to the theoretical p-value. When the vector
length increases to 720, the simulated p-value agrees with
the theoretical p-value in the whole range from 10−6 to 0.01.
When the vector length decreases to 180, the simulated p-
value deviates from the theoretical p-value, and such dif-
ference becomes larger as the vector length continue to de-
crease. This result verifies the theoretical conclusion that
the distribution of the test statistic has an asymptotic theo-
retical distribution when the vector length approaches infin-

Figure 6. Plot of the simulated power (true positive rate)
versus θ based on 1,000 runs. θ goes from 0 to 1.2 with a step
of 0.01. The five curves are corresponding to auto-correlation

values ρ = 0.914, 0.7, 0.5, 0.3, 0.1, respectively.

ity. Also, together with Figure 4, the difference between the
simulated p-value and the theoretical p-value also depend
on the covariance matrix. Thus, whether the sample size is
enough for the theoretical p-value to be reliable should still
be verified by simulation with each real data set.

3.2.2 Simulation 2

To study the power the proposed method, we have con-
ducted the following simulation:

Take QTL location E in the real data analysis as an ex-
ample. Let fg = (fg(1), · · · , fg(M)), g = 1, 2, 3 be the mean
vectors of samples with QTL type hh, hk, kk, respectively.
We then generate 228 random samples of genotype and mea-
surement vector. The genotype is generated as a random
vector of hh, hk, and kk with probabilities 0.25,0.5,0.25, re-
spectively.

The simulated measurement vector is a mean vector plus
a random error vector. The mean vector of samples with
genotype hk is set to be f2. For several choices of 0 < θ <
1.2, the mean vector of samples with genotype hh is set to be
f2 + θ(f1 − f2), the mean vector of samples with genotype
kk is set to be f2 + θ(f3 − f2). The random error vector is
again generated from an AR(1) process:

ε = (ε(1), · · · , ε(M)), ε(t) = ρ̂ε(t− 1) + η(t),(15)

Here η(t) ∼ i.i.dN(0, σ̂2).
Same as in Simulation 1, the auto-correlation and vari-

ance are set as the maximum likelihood estimators using
the original data, where ρ̂ = 0.914, σ̂ = 0.00113. We have
also included results with different auto-correlation values
ρ = 0.7, 0.5, 0.3, 0.1.

Figure 6 is the graph of the simulated power (true
positive rate) versus θ based on 1,000 runs on θ chang-
ing from 0 to 1.2 with a step of 0.01 with five different
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Figure 7. Plot of the simulated power (true positive rate)
versus θ based on 1,000 runs. θ goes from 0 to 1.2 with a step
of 0.01 using ρ = 0.914. The four curves are corresponding to

significance levels α = 0.1, 0.05, 0.01, 0.001, respectively.

auto-correlation values, with auto-correlaion values ρ =
0.914, 0.7, 0.5, 0.3, 0.1, respectively. Figure 6 shows that for
this particular marker and at significance level 0.05, the
power with auto-correlation value 0.914 (estimated from
the real data) reaches 0.8 when θ = 0.82, thus the marker
can be detected with an adequate power even if the differ-
ence across different marker types slightly decreases. If the
auto-correlation value decreases (e.g. to 0.7), the power can
reach 0.8 even if the difference across different marker types
decreases by half. These results indicate that HANOVA is
quite powerful in detecting significant SNPs that affect the
leaf shape.

Figure 7 is the graph of the simulated power (true positive
rate) versus θ based on 1,000 runs. θ goes from 0 to 1.2
with a step of 0.01 using ρ = 0.914. The four curves are
corresponding to significance levels α = 0.1, 0.05, 0.01, 0.001,
respectively. Figure 7 shows that for this particular marker,
the power with auto-correlation value 0.914 (estimated from
the real data) reaches 0.7 when θ = 1 and α = 0.001, thus
using the original data, the marker can be detected with
an adequate power even with significance level as small as
0.001.

3.3 Method comparison

At each single marker, hypothesis testing problem 2 is
a multivariate analysis of variance (MANOVA) problem
of testing the difference in mean between several groups
of vectors. When the dimension of the vector is larger
than the sample size, the MANOVA problem becomes high-
dimensional and cannot be solved using classical MANOVA

Table 6. Comparison of the detected significant SNPs using
HANOVA, Moore-Penrose inverse (MP), Dempster’s trace

and PCA

# of significant SNP # overlap with HANOVA

HANOVA 280 280
M-P 0 0

Dempster 129 80
PCA 55 54

approaches, because the sample covariance matrix of the
measured vectors, as the estimation of the covariance ma-
trix, is singular.

Apart from the HANOVA approach we have used in
this paper, other approaches have been developed to treat
the high-dimensional MANOVA problem. These approaches
mainly fall into two types: 1) constructing test statistics that
avoid the usage of sample covariance matrix, and 2) per-
forming dimension-reduction on the original data before a
classical MANOVA testing procedure.

The HANOVA approach introduced in this paper is sim-
ilar as the first type of approach. The data is first trans-
formed in order to build up the test statistic on the trans-
formed data, and dimension reduction procedure is carried
out through the adaptive testing procedure. To further il-
lustrate the power of the HANOVA approach, we compare
this approach with three different previous approaches de-
veloped for the high-dimensional MANOVA problem. The
first one is a testing procedure developed by Srivastava [32]
using the Moore-Penrose inverse of the sample covariance
matrix. The second one is a testing procedure developed by
Fujikoshi et al. [33] using the Dempster’s trace of the sam-
ple covariance matrix. The third one is a testing procedure
developed by Kong et al. [34], where a principle component
analysis (PCA) is first conducted on the original data for
dimension reduction, then a classical MANOVA procedure
is carried out after the dimension reduction.

The methods were compared on both the real data and
simulated power. Table 6 is the summary of significant
markers detected using the four different approaches. The
HANOVA approach detected 280 out of 1484 significant
markers. The approach using Dempster’s trace detected 129
significant markers, where 80 of them were also detected by
HANOVA. The approach using PCA detected 55 significant
markers, where 54 of them were also detected by HANOVA.
The approach using Moore-Penrose inverse failed to detect
any significant marker. This result shows that for the shape
analysis using the mei data, HANOVA is the most powerful
one, detecting more than twice number of markers than any
of the rest approaches. Also, a large percentage of the mark-
ers detected by the other approaches (62% of the Dempster’s
trace approach and 98% of the PCA approach) were also
detected by HANOVA, indicating the method to be quite
reliable.

Table 7 is the summary of power simulation. Same as
in Simulation 2 in the previous part, the QTL E is used
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Table 7. Comparison of simulated power using HANOVA,
Moore-Penrose inverse (MP), Dempster’s trace and PCA

ρ 0.9 0.7 0.5 0.3 0.1 -0.1

HANOVA 0.961 0.999 1.000 1.000 1.000 1.000
M-P 0.001 0.007 0.005 0.014 0.013 0.014

Dempster 0.425 0.389 0.540 0.561 0.664 0.658
PCA 0.134 0.170 0.152 0.148 0.136 0.142

to generate radius values corresponding to 3 different geno-
types. Here we only consider mean curves corresponding to
the original data, i.e. θ = 1 in Simulation 2. The result
shows the HANOVA method is quite powerful, with simu-
lated powers greater than 0.961 with auto-correlation values
ranging from 0.1 to 0.9. The power of the Dempster’s trace
approach varies around 0.5, with a higher power when the
auto-correlation is smaller. The power values of the PCA
and Moore-Penrose inverse approach are less than 0.2, indi-
cating they are not so powerful for detecting SNPs in this
situation.

4. DISCUSSION

An important challenge we face in genetic mapping is
how to increase its biological relevance and statistical power
to detect significant SNPs given that complex traits involve
multiple stages of development. One way to increase the
power of genetic mapping is to adopt a strategy of measuring
the same trait repeatedly over time and space. When such
repeated measurements span a developmental space, the si-
multaneous analysis and synthesis of multiple measurements
can provide new insight into the biological mechanisms un-
derlying trait formation. Thus, it has become crucial to in-
tegrate function-valued traits with a hypothesis testing pro-
cedure to unravel additional part of the genetic machineries
which may be easily ignored by traditional approaches.

Wu and his group are among the first who have recog-
nized the use of mathematical equations to model the tem-
poral pattern of genetic effects by individual genes and their
interactions [7, 8, 9, 19, 20]. In this article, we describe
a more flexible approach based on HANOVA [30] to pro-
vide simple but powerful solution into testing differences
between trait curves of different genotypes. The model-free
testing procedure can be reasonably applied to any situation
where the trait values are believed to be continuous curves
along the measurements, although its power increases with
the number of measurements. Before performing the test,
we first perform a discrete Fourier transformation on the
data to manipulate the possibly dependent error structure
along measurements. The transformation will also help to
locate large absolute values in the first few components of
the transformed data, thus a lower dimension will be used in
the adaptive testing procedure, leading to further increase
of the power. Fourier bases are most suitable for approxi-
mating symmetric curves, but the application can be eas-
ily extended to asymmetric curves by adding a reflection

of the original vector and making a new symmetric vector.
The Fourier transformation can also be applied to unbal-
anced design situations, since it does not require the time
or space points to be the same, and we can always perform
the transformation on the union of all measurement points.
The adaptive HANOVA testing procedure is very power-
ful in itself, such that even with a conservative Bonferroni
correction, the statistical significance is still high enough to
reveal a moderate number of significant SNPs.

The adaptive HANOVA test procedure is applied to ana-
lyze a real dataset of genetic association studies in a full-sib
family of an ornamental woody plant, mei (Prunus mume
Sieb. et Zucc). The new model is very powerful to detect
significant loci for leaf shape variation from a pool of SNPs.
Increased power of gene detection by the new model results
from its capacity to detect cumulative subtle effects of phe-
notypic values over time. For example, for significant gene
C (Table 3), the adjusted p-value is less than 1.48 × 10−5,
whereas a minimum p-value is 8.05 × 10−3 from a point-
wise t-test on each single measurement. We also performed
a simulation to study the power when the difference between
mean trait values of different genotypes is further decreased.
The result (Figure 6) shows that at significance level 0.05,
even when the difference between mean trait values is dimin-
ished by half, the power of each single test can still reach
0.8. Also, the power of each single test can reach 0.7 with the
original data, even at significance level 0.001 (Figure 7). It
is found that the proportion of variance in the transformed
trait values explained by a significant SNP (R2) is generally
large [39, 40, 41]. This may be because the variance struc-
ture of the original trait values is also transformed into the
space of Fourier frequencies after the discrete Fourier trans-
formation, thus revealing more inner structure that has been
explained by the SNP. In other words, the significant SNP
essentially explained a large part of variation hidden in the
trait values.

The HANOVA method is compared with three other ap-
proaches designed for the high-dimensional MANOVA prob-
lem, including approaches using the Moore-Penrose inverse,
the Dempster’s trace and PCA. Both real data analysis and
simulation results show that the HANOVA method is very
powerful in detecting markers that significantly affect the
leaf shape. Also, HANOVA and the other approaches share
a large percentage of detected significant markers, indicat-
ing the testing result is quite consistent across different ap-
proaches, and the HANOVA approach is quite reliable.

This approach will find its immediate implications for
genetic mapping and GWAS related to both biology and
medicine. First, it is possible and sometimes essential in
practice to take multiple measures for the same complex
trait or disease. For example, blood pressure is an impor-
tant predictor of human health, but it is also sensitive to
many stochastic factors, such as emotion. Thus, any single
measures of blood pressure may be imprecise, rather than
repeated measures are crucial. By analyzing multiple mea-
sures at the same time using the new model, a more detailed
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picture of the genetic control mechanisms for blood pressure
can be illustrated. Second, many genetic mapping or GWAS
are subject to missing heritability, since each significant SNP
can only explain a tiny portion of the phenotypic variance.
The new model can discern genetic variation in the accu-
mulation of subtle differences over multiple measures, con-
siderably enhancing the statistical power of gene detection.
Third, statistical properties of the new model have been well
studied by statisticians [30, 31], thus any application of it
can assure the interpretability, generality and utility of the
results obtained.
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