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1. Introduction
As a corollary of our main theorem, we obtain the following easily stated result.

THEOREM A. Let G be a center-free, complex semisimple Lie group and I' a uniform

lattice in G. Then, I contains a surface group.

However, our main result is a quantitative version of this result.

By a surface group, we mean the fundamental group of a closed connected oriented
surface of genus at least 2. We shall see, later on, that the restriction that G is complex
can be relaxed: the theorem holds for a wider class of groups, for instance PU(p, ¢) with
q>p>0. This theorem is a generalization of the celebrated Kahn—Markovié¢ theorem
[14], [3] which deals with the case of PSL(2,C), and its proof follows a similar scheme:
building pairs of pants, gluing them and showing that the group is injective, however
the details vary greatly, notably in the injectivity part. Let us note that Hamenstadt
[13] had followed a similar proof to show the existence of surfac+-+e subgroups of all
uniform lattices in rank-1 groups, except SO(2n, 1), while Kahn and Markovi¢ deals with
reducible lattices for the case G=SL(2,R) xSL(2,R) in their Ehrenpreis paper [15].
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Also, in the non-uniform Kleinian case, a recent result of Kahn and Wright [16]
extends [14].

Finally, let us recall that Kahn—-Markovi¢ paper was preceded in the context of
hyperbolic 3-manifolds by (non-quantitative) results of Lackenby [24] for lattices with
torsion, and Cooper, Long and Reid [9] in the non-uniform case, both papers using very
different techniques.

For higher rank, notably for SL(3,R), let us also quote Long—Reid [25] and Long—
Reid-Thistlethwaite [26].

Kahn—Markovi¢ theorem has a quantitative version: the surface group obtained is
K-quasi-symmetric where K can be chosen arbitrarily close to 1. Our theorem also has
a quantitative version that needs some preparation and definitions to be stated properly:
in particular, we need to define in this higher-rank context what is the analog of a K-

quasi-symmetric map for K close to 1.

1.1. Sullivan maps

Given a semi-simple group G, we make the choice of an sly-triple in the Lie algbera g
of G, that is, an embedding of the Lie algebra of SLy(R) with its standard generators
(a,z,y) into the Lie algebra of G. For the sake of simplification, in this introduction,
we suppose that this triple has a compact centralizer. Such an sly-triple defines a flag
manifold F: a compact G-transitive space on which the hyperbolic element a acts with
a unique attractive fixed point (see §2 for details).

Most of the results and techniques of the proof involves the study of the following
geometric objects in F:

(i) circles in F which are maps from P*(R) to F equivariant under a representation
of SL2(R) conjugate to the one defined by the sls-triple chosen above;

(ii) perfect triangles which are triple of distinct points on a circle; such a tripod
7 defines—in a G-equivariant way —a metric d, on F; later we will introduce related
objects called tripods.

We can now define what is the generalization of a K-quasi-symmetric map, for K
close to 1. Let ¢ be a non-negative number. A (-Sullivan map is a map ¢ from P*(R)
to F, such that, for every triple of pairwise distinct points 7" in P(R), there is a circle
nr: PY(R)—F such that

1y (nr (), €(2)) ¢ for all z € PY(R).

We remark that circles are 0-Sullivan maps. Also, we insist that this notion is relative
to the choice of some sly-triple, or more precisely of a conjugacy class of slo-triple. This

notion is discussed in more details in §8.
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Obviously, for this definition to make sense, ¢ has to be small. We do not require
any regularity nor continuity of the map £. Our first result actually guarantees some

regularity. S

THEOREM B. (Holder property) There exist some positive numbers ¢ and « such
that any C-Sullivan map is a-Hélder.

If we furthermore assume that the map & is equivariant under some representation

p of a cocompact Fuchsian group I' acting on P!(R), we have the following result.

THEOREM C. (Sullivan implies Anosov) There exists a positive number ¢ such that
if T' is a cocompact Fuchsian group, p a representation of I' in G such that there exists a
p equivariant (-Sullivan map & from PY(R) to F, then p is F-Anosov and £ is its limit

curve.

When G=PSL(2,C), F=P!(C)=0,H?3, circles are boundaries at infinity of hyper-
bolic planes, and the theorems above translate into classical properties of quasi-symmetric
maps. We refer to [22] and [12] for reference on Anosov representations and give a short

introduction in §8.4.1. In particular recall that Anosov representations are faithful.

1.2. A quantitative surface subgroup theorem

We can now state what is our quantitative version of the existence of surface subgroup

in higher-rank lattices.

THEOREM D. Let G be a center-free, semisimple Lie group without compact factor
and ' a uniform lattice in G. Let us choose an sla-triple in G with a compact centralizer
and satisfying the flip assumption (see below) with associated flag manifold F.

Let ¢ be a positive number. Then, there exists a cocompact Fuchsian group I'g and a

F-Anosov representation p of Ty in G with values in I' and whose limit map is ¢-Sullivan.

We recall that a Fuchsian group is a discrete subgroup of PSL(2,R).
The flip assumption is satisfied for all complex groups, all rank-1 groups except
SO(1,2n), but not for real split groups. The precise statement is the following. Let

(a,x,y) be an sly-triple and ¢y be the smallest real positive number such that
exp(2i¢p-a)=1.

We say the (a, z, y) satisfies the flip assumption if the automorphism of G, Jg:=exp(i{y-a)
belongs to the connected component of a compact factor of the centralizer of a. Ursula

Hamenstédt also used the flip assumption for uniform lattices in [13].
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We do hope the flip assumption is unnecessary. However, removing it is beyond
the scope of the present article: it would involve in particular incorporating generalized
arguments from [15] which deal with the (non-flip) case of G=SL(2,R) xSL(2,R).

Finally, let us notice that Kahn and Wright [16] have proved a quantitative version
of the surface subgroup theorem for non-uniform lattice in the case of PSL(2,C), leaving

thus open the possibility to extend our theorem also for non-uniform lattices.

1.3. A tool: coarse geometry in flag manifolds

A classical tool for Gromov hyperbolic spaces is the Morse lemma: quasi-geodesics are at
uniform distance to geodesics. Higher-rank symmetric spaces are not Gromov hyperbolic,
but they do carry a version of the Morse lemma: see Kapovich-Leeb-Porti [17] and
Bochi-Potrie-Sambarino [4]

Our approach in this paper is however to avoid as much as possible dealing with the
(too rich) geometry of the symmetric space. We will only use the geometry of the flag
manifolds that we defined above: circles, tripods and metrics assigned to tripods. In this
new point of view, the analogs of geodesics will be coplanar path of triangles: roughly
speaking, a coplanar path of triangles corresponds to a sequence of non-overlapping ideal
triangles in some hyperbolic space such that two consecutive triangles are adjacent — see
Figure 4.1a. We now have to describe a coarse version of that. First we need to define
quasi-tripods which are deformation of tripods: roughly speaking these are tripods with
deformed vertices (see Definition 4.1 for precisions). Then, we want to define almost
coplanar sequence of quasi-tripods (see Definition 4.6). Finally, one of our main results
(Theorem 7.2) guarantees some circumstances under which these “quasi-paths” converge
“at infinity”, that is, shrink to a point in F.

The Morse lemma by itself is not enough to conclude in the hyperbolic case, and we
need a refined version. OQur Theorem 7.2 is used at several points in the paper: to prove
the main theorem and to prove the results about Sullivan maps. Although, this theorem
requires too many definitions to be stated in the introduction, it is one of the main and
new contributions of this paper.

While this paper was in its last stage, we learned that Ursula Hamenstadt has
announced existence results for lattices in higher-rank group, without the quantitative
part of our results, but with other very interesting features.

Fanny Kassel, Pierre-Louis Blayac and Olivier Glorieux deserve special and ex-
tremely warm thanks for their comments and crucial corrections on the writing up. Their
input was essential in improving the readability of the final version, as well as pointing

out some earlier and crucial mistakes. We also would like to thank the anonymous referee
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for very useful comments.
We also thank Bachir Bekka, Yves Benoist, Nicolas Bergeron, Marc Burger, Mahan
Mj, Dennis Sullivan for their help and interest while we were completing this project.

1.4. A description of the content of this article

What follows is meant to be a reading guide of this article, while introducing informally
the essential ideas. In order to improve readability, an index is produced at the end of
this paper.

(i) §2 sets up the Lie theory background: it describes in more details slo-triples, the
flip assumption, and the associated parabolic subgroups and flag manifolds.

(ii) §3 introduces the main tools of our paper: tripods. In the simplest case (for
instance, principal sl-triples in complex simple groups), tripods are just preferred triples
of points in the associated flag manifold. In the general case, tripods come with some
extra decoration. They may be thought of as generalizations of ideal triangles in hy-
perbolic planar geometry and they reflect our choice of a preferred sly-triple. The space
of tripods admits several actions that are introduced here and notably a shearing flow.
Moreover, each tripod defines a metric on the flag manifold itself and we explore the
relationships between the shearing flow and these metric assignments.

(iii) For the hyperbolic plane, (nice) sequences of non-overlapping ideal triangles,
where two successive ones have a common edge, converges at infinity. This corresponds
in our picture to coplanar paths of tripods. §4 deals with “coarse deformations” of these
paths. First, we introduce quasi-tripods, which are deformation of tripods: in the sim-
plest case, these are triples of points in the flag manifold which are not far from a tripod,
with respect to the metric induced by the tripod. Then, we introduce paths of quasi-
tripods that we see as deformation of coplanar paths of tripods. Our goal is now to
show that these deformed paths converge under some nice hypotheses, result that we will
achieve in §7.

(iv) For coplanar paths of tripods (which are sequences of ideal triangles), one see the
convergence to infinity as a result of nesting of intervals in the boundary at infinity. This
however is the consequence of the order structure on d,,H? and very specific to planar
geometry. In our case, we need to introduce “coarse deformations” of these intervals, that
we call slivers, and introduce quantitative versions of the nesting property of intervals
called squeezing and controlling. In §5 and §6, we define all of these objects and prove the
confinement lemma. This lemma tells us that certain deformations of coplanar paths still
satisfy our coarse nesting properties. These two sections are preliminary to the following

one.
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(v) In §7, we prove one of the main results of the papers, the limit point theorem that
gives a condition under which a deformed sequence of quasi-tripods converges to a point
in the flag manifold as well as some quantitative estimates on the rate of convergence.
This theorem will be used several times in the sequel. Special instances of this theorem
may be thought of as higher-rank versions of the Morse lemma. Our motto is to use the
coarse geometry of path of quasi-tripods in the flag manifolds, rather than quasi-geodesics
in the symmetric space.

(vi) In §8 we introduce Sullivan curves, which are analogs of quasi-circles. We
show extensions of two classical results for Kleinian groups and quasi-circles: Sullivan
curves are Holder and if a Sullivan curve is equivariant under the representation of a
surface group, this surface group is Anosov— the analog of quasi-Fuchsian. In the case
of deformation of equivariant curves, we prove an improvement theorem that needs a
Sullivan curve to be only defined on a smaller set.

(vii) So far, the previous sections were about the geometry of the flag manifold and
did not make use of a lattice or discrete subgroups of G. We now move to the proof of
existence of surface groups, that we shall build by gluing pairs of pants together. The
following two sections deal with pairs of pants: §9 introduces the concept of an almost
closing pair of pants that generalizes the idea of building a pair of pants out of two ideal
triangles. We describe the structure of these pairs of pants in a structure theorem using
a partially hyperbolic closing lemma. In Kahn-Markovié original paper a central role
is played by “connected pairs of tripods” which are (roughly speaking) three homotopy
classes of paths joining two points. In §10, we introduce here the analog in our case, and
call them triconnected pair of tripods, then describe weight functions. A triconnected
pair of tripods on which the weight function is positive, gives rise to a nearby almost
closing pair of pants. We also study an orientation inverting symmetry.

(viii) We study in the following two sections the boundary data that is needed to
describe the gluing of pairs of pants. After having introduced biconnected pair of tripods,
related to “bipods” in [14], which amounts to forget one of the paths in the triple of
paths associated to the triconnected pair of tripods defining the pair of pants. In §11, we
introduce spaces and measures for both triconnected and biconnected pairs of tripods,
and show that the forgetting map almost preserve the measure using the mixing property
of our mixing flow. Then, in §12, we move more closely to study the boundary data: we
introduce the feet spaces and projections which is the higher-rank analog to the normal
bundle to geodesics in hyperbolic 3-manifolds, and we prove Theorem 12.4 that describes
under which circumstances a measure is not perturbed too much by a Kahn—Markovié

twist.
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(ix) In §13, we wrap up the preceding two sections in proving the even distribution
theorem, which essentially says that there are the same number of pairs of pants coming
from “opposite sides” in the feet space. This makes use of the flip assumption which is
discussed there with more details (with examples and counterexamples).

(x) As in Kahn—-Markovi¢ original paper, we use the measured marriage theorem in
814 to produce straight surface groups which are pairs of pants glued nicely along their
boundaries. It now remains to prove that these straight surface groups injects and are
Sullivan.

(xi) Before starting that proof, we need to describe in §15 a little further the R-
perfect lamination in the hyperbolic plane, and more importantly the accessible points in
the boundary at infinity, which are roughly speaking those points which are limits of nice
path of ideal triangles with respect to the lamination. This section is purely hyperbolic
planar geometry.

(xii) We finally make a connection with the first part of the paper which leads to
the limit point theorem. In §16, we consider the nice paths of tripods converging to
accessible points described in the preceding section, and show that a straight surface (or
more generally an equivariant straight surface) gives rise to a deformation of these paths
of tripods into paths of quasi-tripods, these latter paths being well behaved enough to
have limit points according to the limit point theorem. Then, using the improvement
theorem of §8, we show that this gives rive to a Sullivan limit map for our surface.

(xiii) The last section is a wrap-up of the preceding results and finally, in an ap-
pendix, we present results and constructions dealing with the Lévy—Prokhorov distance

between measures.

2. Preliminaries: sly-triples

In this preliminary section, we recall some facts about the hyperbolic plane, sly-triples in
a Lie algebra, and discuss the flip assumption that we need to state our result. We also
give the construction of the parabolic group and flag manifold whose geometry is going

to play a fundamental role in this paper.

2.1. slo-triples and the flip assumption

Let G be a semisimple center-free Lie group without compact factors, and let g be its
Lie algebra. In general, for a group H, we denote by Zy(M) the centralizer in H of the
subset (or the element) M of H. We say that a hyperbolic element a of g is reqular if
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its centralizer in g does not contain a subalgebra isomorphic to sl;. Equivalently, a is

regular if the semi-simple part of the centralizer in G of regular element is compact.
Definition 2.1. An sly-triple in g [21] is s:=(a, z,y) in g such that
[a,2] =2z, [a,y]=-2y and [z,y]=aq.

An sly-triple (a, z,y) is regular if a is a regular element. The centralizer of a regular
slo-triple is compact.
An sly-triple (a,z,y) is even if all the eigenvalues of a by the adjoint representation

are even.

An sly-triple (a,x,y) generates a Lie algebra a isomorphic to s[(2,R) such that

(10 (0 1) i (0 0) o

For an even triple, the group whose Lie algebra is a is isomorphic to PSLy(R). For a
triple which is not even, that group is isomorphic to SLy(R). Note that s might have a
compact centralizer, while a is not regular.

We say that an element Jo of Aut(G) is a reflection for the sly-triple (a,z,y) if the
following conditions hold:

e Jg is an involution and belongs to Zg(Zg(a));

e Jo(a,z,y)=(a,—x,—y), and in particular Jy normalizes the group generated by

sly isomorphic to PSL2(R), and acts by conjugation by the matrix

(b 5)

An example of a reflection in the case of complex group is Jg ::exp( %z( a) €G, where
¢ is the smallest non-zero real number such that exp(ia)=1. It follows that a reflection
always exists (by passing to the complexified group), but is not necessarily an element
of G.

Definition 2.2. (Flip assumption) We say that the slo-triple s=(a, z,y) in G satisfies
the flip assumption if s is even and there exists a reflection Jy which is an inner auto-
morphism, and which belongs to the connected component of the identity of Zg(Zg(a))

of an element a in g.
In the regular case, we have a weaker assumption.

Definition 2.3. (Regular flip assumption) If the even sly-triple s is regular, we say
that s satisfies the regular flip assumption if s is even and there exists a reflection Jg

which belongs to the connected component of the identity of Zg(a).
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The flip assumption for the slo-triple (a®,2°,9°) in g will only be assumed in order
to prove the even distribution theorem (Theorem 13.2).
In §13.2.2, we shall give examples of groups and sl-triples satisfying the flip as-

sumption.

2.2. Parabolic subgroups and the flag manifold

We recall standard facts about parabolic subgroups in real semi-simple Lie groups, for

references see [5, Chapter VIII, §3, paragraphs 4 and 5].

2.2.1. Parabolic subgroups, flag manifolds, transverse flags

Let s=(a,x,y) be an sly-triple. Let g* be the eigenspace associated to the eigenvalue A
for the adjoint action of a, and let

p=EPo*
A>0
Let P be the normalizer of p. By construction, P is a parabolic subgroup and its Lie
algebra is p.
The associated flag manifold is the set F of all Lie subalgebras of g conjugate to p.
By construction, the choice of an element of F identifies F with G/P. The group G acts
transitively on F and the stabilizer of a point — or flag— x (denoted by P,) is a parabolic
subgroup.
Given a, let now
=P
A<0
By definition, the normalizer Q of q is the opposite parabolic to P with respect to a. Since
in SL3(R), a is conjugate to —a, it follows that in our special case opposite parabolic
subgroups are conjugate.
Two points x and y of F are transverse if their stabilizers are opposite parabolic
subgroups. Then, the stabilizer L of the transverse pair of points is the intersection of
two opposite parabolic subgroups, in particular its Lie algebra is gy,, for the eigenvalue

Ao=0. Moreover, L is the Levi part of P.
PROPOSITION 2.4. The group L is the centralizer of a.

Proof. Let p and q be the Lie algebras of the two opposite parabolic subgroups
preserved by a. When G=SL(m,R), the result follows from the explicit description of

L as block diagonal group. More generally, it is enough to consider the case when G is
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center-free and simple, since both L and Zg(a) contain the center of G. Let p=dim(p),
let us consider E=AP(g) and A the induced representation of G on E. Let (e1,...,ep,) be
a basis of p and (f1,..., fp) a basis of q such that (f1,..., fi) is a basis of gqNp. Let us
considering the line

ui=(e1A...\ep)

in F, as a well as the hyperplane
V={veE:vAfpt1A..Afp,=0}

Then, observe that the element exp(a) acts as a non-trivial homothety on u and V. Let
L, be the stabilizer of u and V in SL(E). Then,

AL) =LpNA(G) = Zsi () (A(a)) NA(G) = A(Zs(a)).

Since A is faithful, L=Z¢(a). O

2.2.2. Loxodromic elements

We say that an element in G is P-loxodromic, if it has one attractive fixed point and one
repulsive fixed point in F, and these two points are transverse. We will denote by A\~ the
repulsive fixed point of the loxodromic element A\, and by A\™ its attractive fixed point

in F. By construction, for any non-zero real number s, exp(sa) is a loxodromic element.

2.2.3. Positive a-chambers

Let C=Zg(L) be the centralizer of L in G. Since the 1-parameter subgroup generated by
a belongs to L=Z¢(a), it follows that CCL and C is an Abelian group. Let A be the

maximal (connected) split torus in C. We now decompose g as
s=Ppr,
where RCA*, and A acts on p* by the weight \. Let
R*={X\e€R:\(a) > 0}.
We define the positive a-chamber to be
W={beA:\b)>0if \e R"} CA.

Observe that W is an open cone that contains a.
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3. Tripods and perfect triangles

We define here tripods which are going to be one of the main tools of the proof. The first
definition is not very geometric but we will give more flesh to it.

Namely, we will associate to a tripod a perfect triangle that is a certain type of triple
of points in F. We will define various actions and dynamics on the space of tripods. We
will also associate to every tripod two important objects in F: a circle (a certain class

of embedding of P(R) in F), as well as a metric on F.

3.1. Tripods

Let G be a semi-simple Lie group with trivial center and Lie algebra g. Let us fix a group

Gg isomorphic to G.
Definition 3.1. (Tripod) A tripod is an isomorphism from Gy to G.

So far, the terminology “tripod” is baffling. We will explain in the next section how
tripods are related to triples of points in a flag manifolds.

We denote by G the space of tripods. To be more concrete, when one chooses
Go :=SL,(R)

in the case of G=SL(V), the space of tripods is exactly the set of basis of R”™. The space of
tripods G is a left principal Aut(G)-torsor as well a right principal Aut(Gg)-torsor where
the actions are defined respectively by post-composition and pre-composition. These two

actions commute.

3.1.1. Connected components

Let us consider the map from G to Aut(G) which associates to g in G, the inner auto-
morphism (by conjugation) Inn(g). Let us fix a tripod 79 in G, that is an isomorphism
70: Go—G. Then, the map defined from G to G by g—Inn(g)-7p, realizes an isomor-
phism from G to the connected component of G containing 9. Obviously, Aut(G) acts

transitively on G. We thus obtain the following result.

PROPOSITION 3.2. Every connected component of G is identified (as a G-torsor)
with G. Moreover, the number of connected components of G is equal to the cardinality

of Out(G).
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3.1.2. Correct slp-triples and circles

Throughout this paper, we fix an sly-triple so={(ao, zo,yo) in go. Let iy be a Cartan
involution that extends the standard Cartan involution of SLy(R), that is such that

i0(ao, 70, yo) = (—ao, Yo, o)- (3.1)

Let then

e Sy be the connected subgroup of Gy whose Lie algebra is generated by sg; the
group Sg is isomorphic either to SL2(R) or PSLy(R);

o Zg, be the centralizer of (ag,xo,¥o0) in Go;

e Ly be the centralizer of ag;

e P/ be the parabolic subgroup associated to ao in Gy and P; be the opposite
parabolic subgroup;

e Nj be the respective unipotent radicals of P§.

Definition 3.3. (Correct sla-triple) A correct sly-triple—with respect to the choice
of sy —is the image of sy by a tripod 7. The space of correct sla-triples forms an orbit

under the action of Aut(G) on the space of conjugacy classes of slo-triples.

A correct slo-triple s is thus identified with an embedding £° of 59 in G in a given
orbit of Aut(G).

Definition 3.4. (Circles) The circle map associated to the correct sly-triple s is the

unique &°-equivariant map ¢* from P1(R) to F. The image of a circle map is a circle.

Since we can associate a correct slo-triple to a tripod, we can associate a circle map
to a tripod.
We define a right SLy(R)-action on G by restricting the Gy action to So.

Definition 3.5. (Coplanar tripods) Two tripods are coplanar if they belong to the
same SLy(R)-orbit.

3.2. Tripods and perfect triangles of flags

This subsection will justify our terminology. We introduce perfect triangles which gen-

eralize ideal triangles in the hyperbolic plane and relate them to tripods.

Definition 3.6. (Perfect triangle) Let s=(a,z,y) be a correct sly-triple. The asso-
ciated perfect triangle is the triple of flags ts:=(t~,t",t°) which are the attractive fixed
points of the 1-parameter subgroups generated respectively by —a, a and a+2y. We
denote by T the space of perfect triangles.
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t° o+

—
Figure 3.1. A perfect triangle.

We represent in Figure 3.1 graphically a perfect triangle (t7,¢7,t%) as a triangle
whose vertices are (t7,t",t%) drawing an arrow from ¢~ to t*.

If G=SL3(R), then the perfect triangle associated to the standard sly-triple (ag, 2o, yo)
described in equation (2.1) is (0,00, 1), the perfect triangle associated to (ag, —xo, —yo)

is (0,00, —1). As a consequence, we can give the following definition.

Definition 3.7. (Vertices of a tripod) Let ¢, be the circle map associated to a tripod.
The set of vertices associated to 7 is the perfect triangle d7:=¢.(0, 00, 1).

Observe that any triple of distinct points in a circle is a perfect triangle and that, if

two tripods are coplanar, their vertices lie in the same circle.

3.2.1. Space of perfect triangles

The group G acts on the space of tripods, the space of sly-triples and the space of perfect

triangles.

PROPOSITION 3.8. (Stabilizer of a perfect triangle) Let t=(u,v,w) be a perfect tri-

angle associated to a correct sly-triple s. Then, the stabilizer of t in G is the centralizer
Zg(s) of s.

Proof. Let u, v and w be as above. Denote by L., the stabilizer of a pair of
transverse points (z,y) in F. Let also A, , =L, ,NS, where S is the group generated by s.
Observe that A; , is a 1-parameter subgroup. By Proposition 2.4, L, , is the centralizer
in G of A; . Now given three distinct points in the projective line, the group generated
by the three diagonal subgroups A, ,, Ay and A, ., is SLa(R). Thus, the stabilizer of
the perfect triangle ¢ is the centralizer of s, that is Zg(s). O

COROLLARY 3.9. (i) The map s—ts defines a G-equivariant homeomorphism from
the space of correct triples to the space of perfect triangles.
(ii) We have T=G/Zg, and the map 0:G—T is a (right) Zg,-principal bundle.
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A perfect triangle ¢, then defines a correct slp-triple and thus an homomorphism
denoted ¢ from SLy(R) to G.

It will be convenient in the sequel to describe a tripod 7 as a quadruple (H,t~,t*,t%),
where t=(t~,t",t%)=:07 is a perfect triangle and H is the set of all tripods coplanar to 7.

We write
or=@t",t"t%, o r=t, or=t", 3r=t°

3.3. Structures and actions

We have already described commuting left Aut(G) and right Aut(Gg) actions on G. Since
G and Gy embed as inner automorphisms in Aut(G) and in Aut(Gg), respectively, we
obtain by restriction actions of G and Gy on G.

Since Zg, is the centralizer of sy, we also obtain a right action of SLy(R) on T, as
well as a left G-action, commuting together.

We summarize the properties of the actions (and specify some notation) in the
following list.

(1) Actions of G and Gy coming from inner automorphisms.

(a) The transitive left G-action on 7 is given — in the interpretation of triangles

by triple of points in F—by

g(f1, f2, f3) == (9(f1), 9(f2), 9(f3))-

Interpreting perfect triangles as morphisms 7 from SLy(R) to G, sending the
canonical sly-triple of SLy(R) to a correct sly-triple, we have

g7(x) = (Inn(g)er)(x) = g-7(x) g~ "
(b) The (right)-action of an element gy of Gy on G is denoted by R, .
We have the relation

Ry, -T=1(g0) T

(2) The right SLy(R)-action on G and T gives rises to a flow, an involution and an
order-3 symmetry as follows.
(a) The shearing flow {ps}scr is given by @ :=Rexp(sae) 00 G (see Figure 3.2b).
If we denote by £ the embedding of SL(2,R) given by the perfect triangle
t=(t",t",t%), then

s (H,t~,t7,t%) ;= (H,t~,t", exp(sa)-t?)),

where a=T¢(a”) and Tf denote the tangent map to a map f. We say that
wRr(7) is R-sheared from 7 .
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o vs(T)
T w(T) w?(T) /
T
(a) Permutation of order 3. (b) Flow and involution.

Figure 3.2. Some actions.

(b) The reflection o:t—t is given on G by T=7-0, where 0 €SLy(R) is the in-
volution defined by (00, 0,1)=(0,00,—1). For the point of view of tripods
via perfect triangles

(Hv t+vt77t0) = (H7 t77t+,80),
where t~, t~, t° and s° form a harmonic division on a circle (see Figure
3.2b). With the same notation the involution on 7 is given by
(tHt=,t0) =(t",t",s%).
(¢) The rotation w of order 3 (see Figure 3.2a) is defined on G by w(7)=7-r,,
where 7, €PSLy(R) is defined by
Tw(07 17 OO) = (17 o0, O)
For the point of view of tripods via perfect triangles,
w(H, 5, 1%) = (H,t",1°,t7).
Similarly, the action of w on T is given by w(t™,t",t9)=(¢t",t%,¢").

(3) Two foliations U~ and U on G and T called respectively the stable and unstable
foliations. The leaf of U* is defined as the right orbit of, respectively, N} and
Ny (normalized by Z), and alternatively by

Ut = U*(7),

where U*(7) is the unipotent radical of the stabilizer of 9*7 under the left action
of G. We also define the central stable and central unstable foliations by the right

actions of P, respectively, or alternatively by
U :=u=r),

where U*9(¢) is the stabilizer of 9*7 under the left action of G. Observe that
U*0(¢) are both conjugate to Py.
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(4) A foliation, called the central foliation, £° whose leaves are the right orbits of Lo
on G, naturally invariant under the action of the flow {¢;}ser. Alternatively,
£=1°),
where L%(7) is the stabilizer in G of (077,07 7).
Then, we have the following result.

PROPOSITION 3.10. (i) The action of G commutes with the flow {ps}ser, the in-
volution o and the permutation w.

(ii) For any real number s and tripod T,

Ps(T) =p—s(7).

111 e foliations an ~ are invariant by the left action o .
iii) The foliati Ut and U ' jant by the [ ' G

(iv) Moreover, the leaves of Ut and U~ on G are, respectively, uniformly contracted
(with respect to any left G-invariant Riemannian metric) and dilated by the action of
{Rexp(tu) tter for u in the interior of the positive Weyl chamber and t>0.

(v) The flow {p¢}icr acts by isometries along the leaves of Ly.

A e have T€U,’ 1f ana only 1f 0 T=0 1.

i) We h L{,? if and only if 0 0

Proof. The first three assertions are immediate.

Let us choose a tripod 7, which then gives an identification of G with G=Gy. If d
is a left-invariant metric associated to a norm |- || on g, the image of d under the right
action of an element g is associated to the norm || - ||, such that |lu||,=|lad(g)-u||. The
fourth and fifth assertions follow from that description.

For the last assertion, we have U2~ =%~ if and only if the stabilizer of -7 and

0~ o are the same. The result follows. O

COROLLARY 3.11. (Contracting along leaves) For any left-invariant Riemannian
metric d on G, there exists a constant M depending only on G such that if € is small

enough then, for all positive R, the following two properties hold:
d(u,v)<e, d(pr(u),pr())<e = d(p:(u),p:(v)) <Me for all t€[0,R],
O u=0"v,d(u,v)<e = d(p:(u),p:(v)) <Me for all t<O0.

3.3.1. A special map

We consider the map K (see Figure 3.3) defined from 7 or G to itself by
K(z) :=w(Z).

Later on, we shall need the following property of this map K.
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/
/

Figure 3.3. The map K.

PROPOSITION 3.12. For any (z,y,z) in T, K(x,y,2)=(z,t,y) for some t in F. The
map K preserves each leaf of the foliation U%~.

Proof. This follows from Proposition 3.10 (vi). O

3.4. Tripods, measures and metrics

Let us equip once and for all G with a Riemannian metric d invariant under the left
action of G, as well as the action of w. We will denote by dy the metric on Gy such
that d(7-g,7-h)=do(g,h) for all tripods 7, and observe that dy is left invariant. The
associated Lebesgue measure is now both left invariant by Aut(G) and right invariant by
Aut(Go).

We denote by Sym(G) the symmetric space of G seen as the space of Cartan involu-
tions of g. Let us first recall some facts about the totally geodesic space Sym(G).

Let H be a reductive subgroup of G. There is a Cartan involution 4 in Sym(G) such
that i(h)=h. Then, the H-orbit of ¢ is a totally geodesic subspace of Sym(G) isometric
to Sym(H) —we then say of type H.

Any two totally geodesic spaces Hy and Hy of the same type are parallel: that is
for all z;€ H;, inf(d(z;,y):y€H,;+1) is constant and equal by definition to the distance
h(Hy, H2).

The space of parallel totally geodesic subspaces to a given one is isometric to
Sym(Zg) if Zg is the centralizer of H, and in particular reduced to a point if Zg is

compact.

3.4.1. Totally geodesic hyperbolic planes
By assumption (3.1), if 7 is a tripod, the Cartan involution

iy i=TodgoT 1,

sends the correct slo-triple (a,x,y) associated to the tripod 7 to (—a,y,x). It follows

that the image of a right SLo(R)-orbit gives rise to a totally geodesic embedding of the
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hyperbolic plane denoted by 7,, which we call correct and which is equivariant under the
action of a correct SL2(R).

Observe also that a totally geodesic embedding of H? in Sym(G) is the same thing as
a totally geodesic hyperbolic plane H in Sym(G), with three given points in the boundary
at infinity in H.

Let us consider the space H of correct totally geodesic maps from H? to the sym-

metric space Sym(G).

PROPOSITION 3.13. The space H is equipped with a transitive action of Aut(G) and
a right action of SLa(R).
We have also have SLa(R) X G equivariant maps

G—H—T,

TNy — 0T,

such that the composition is the map O which associates to a tripod its vertices. Moreover,
if the centralizer of the correct sla-triple is compact, then the map H—T is bijective and
we shall identify H=T .

Proof. We described above that map 7+7,. By construction, this map is SLy(R) x G
equivariant.The map 0 from G to T obviously factors through this map.

If the centralizer of a correct SLy(R) in G is compact, then all correct parallel hy-
perbolic planes are identical. The result follows. O

From this point of view, a tripod 7 defines the following:

(i) a totally geodesic hyperbolic plane H? in S(G), with three preferred points de-
noted by 7(0), 7(c0) and 7(1) in O, HZ;

(ii) an SLy(R)-equivariant map &7 from d,H2 to F, such that

£ ((7(0),7(c0), 7(1)) = Or.

3.4.2. Metrics, cones, and projection on the symmetric space

Definition 3.14. (Projection and metrics) We define the projection from G to Sym(G)
to be the map
s> 8(7) :=n,(0).

In other words, s(7) is the orthogonal projection of 7(1) on the geodesic |7(0), 7(c0)[.

See Figure 3.4.
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T=(2,y,2)

-

T

Figure 3.4. Projection.

The metric on g associated to s(7) is denoted by d, and so are the associated
Riemannian metric on F—seeing F as a subset of the Grassmannian of g—and the

right-invariant metric on G defined by

d-(g,h) =sup{d-(g(x), h(z)):x € F}. (3.2)

As a particular case, a triple 7 of three pairwise distinct points in P1(R) defines
a metric d, on P!(R)—such that P1(R) is isometric to S'—that is called the visual
metric of 7. The following properties of the assignment 7+ d., for d, a metric on F will

be crucial:

(i) for every g in G, dyr(g(2), 9(y))=d-(x,y);
(ii) the circle map associated to any tripod 7 is an isometry from P*(R) equipped

with the visual metric of (0,1, 00) to F equipped with d.

3.4.3. Elementary properties
PRrOPOSITION 3.15. (i) For all tripod T, d;=d.
(ii) If the stabilizer of s is compact, d, only depends on OT.

Proof. The first item comes from the fact that d, only depends on s(7). For the

second item, in that case the map 7.+ 0; is an isomorphism by Proposition 3.13. O

PROPOSITION 3.16. (Metric equivalences) For every positive numbers A and e, there

exists a positive number B such that, if 7,7/ €T are tripods and g is in G, then
d-(g9,1d)<e and d(1,7") <A = d,(g,1d) < B-d,/(g,1d).
Similarly, for all u,v in F and g€G,
dir,7) <A = d.(u,v)<B-d(u,v), (3.3)
d(r,g1)<e = d,(g9,1d) < B-d(r,g7), (3.4)
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Proof. Let U(e) be a compact neighborhood of Id. The G-equivariance of the map
d: 7+ d, implies the continuity of d seen as a map from G to C'(U(e)xU(e)) equipped
with uniform convergence. The first result follows. The second assertion follows by a

similar argument. For the inequality (3.4), let us fix a tripod 79. The metrics
(g,h)r—>d,.0(g,h) and (gah)}—)d(hil"]—Oagil'Tﬂ)a

are both right-invariant Riemannian metrics on G. In particular, they are locally biLip-

schitz, and thus there exists some B such that
d(19,970) <e = dq,(g,1d) < B-d(gy*70,70) = B-d(10,9-70)-

We now propagate this inequality to any tripod using the equivariance: writing 7=~h-7,

and assuming d(7, g-7)<e, we get that
d(t0,h"*gh-19) =d(h-10,gh-7) =d(1,9-T) <&.
Thus, according to the previous implication,
dro (R~ gh,1d) < B-d(7o, h™ ' gh-o) = B-d(7, g-T).
The result follows from the equalities
dry (Wt gh,1d) = d, .., (gh, h) = d.(g,1d). O

As a corollary, we have the following.

COROLLARY 3.17. (w is uniformly Lipschitz) There exists a constant C such that,

for all T,
1
6d'r g dw(r) g CdT

3.4.4. Aligning tripods

We explain a slightly more sophisticated way to control tripod distances.
Let 79 and 71 be two coplanar tripods associated to a totally geodesic hyperbolic
plane H? and a circle C identified with 0,.H? such that z;, z0€C. We say that

(20770,T1»2’1)

are aligned if there exists a geodesic v in H?, passing through s(m) and s(71), starting
at zp and ending in z1. In the generic case where s(7p) is different from s(71), z1 and zg
are uniquely determined.

We first have the following property which is standard for G=SL(2,R).
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20
Figure 3.5. Aligning tripods.

PROPOSITION 3.18. (Aligning tripods) There exist positive constants K, ¢ and ag
depending only on G such that, if (20,70,71,21) are aligned and associated to a circle
CCF the following holds: if w in C satisfies dr, (’LU,Zl)S%ﬂ', then we have

dr, (w,u) <ag, dry (W, v)<ag =  dp(u,v) < %KeiCd(TO’“) “dr, (u,v). (3.5)

Proof. There exists a correct sla-triple s=(a,x,y) preserving the totally geodesic
plane H%O such that the 1-parameter group {\;}:cr generated by a fixes C and has z;
as an attractive fixed point and zg as a repulsive fixed point in F. Let ¢; the positive
number defined by A, (s(79))=s(m1).

Recall that, by construction, d, only depends on s(7). Let BCC be the closed ball
of center z; and radius %71' with respect to d, . Observe that B lies in the basin of
attraction of H, and so does a closed neighborhood U of B. In particular, we have that
the 1-parameter group H converges C'-uniformly to a constant on U. Thus, there exist
Koy, d>0 such that

dry (Mo (u), M (v)) < Koe™%-d;, (u,v)  for all u,v € U and all £ >0.. (3.6)
Recall that, for all u,v in F, since s(A_¢, (11))=5(70),
dT1 (>‘t1 (u)7 )‘t1 (u)) = d>\—t1 (11) (u7 7)) = d’ro (’LL, ’U). (3'7)

Finally, there exists a>0 depending only on G such that, for any w in B, the ball B,, of
radius « with respect to d., lies in U. Thus, combining (3.6) and (3.7), we get

dqry (u,v) < Ko-e~%d,, (u,v).

This concludes the proof of statement (3.5), since there exists constants B and C' such
that
d(To,Tl)gBtl‘FC. O
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3.5. The contraction and diffusion constants

The constant K defined in Proposition 3.18 is called the diffusion constant and k:=K ~*

is called the contraction constant.

4. Quasi-tripods and finite paths of quasi-tripods

We now want to describe a coarse geometry in the flag manifold; our main devices will be
the following: paths of quasi-tripods and coplanar paths of tripods. Since not all triple
of points lie in a circle in F, we need to introduce a deformation of the notion of tripods.
This is achieved through the definition of quasi-tripod (Definition 4.1).

A coplanar path of tripods is just a sequence of non-overlapping ideal triangles in
some hyperbolic plane such that any ideal triangle have a common edge with the next
one. Then, a path of quasi-tripods is a deformation of such a coplanar path which can
also be described as a model, deformed by a sequence of specific elements of G.

Our goal is the following. The common edges of a coplanar path of tripods, consid-
ered as intervals in the boundary at infinity of the hyperbolic plane, defines a sequence
of nested intervals. We want to show that, in certain circumstances, the corresponding
chords of the deformed path of quasi-tripods are still nested in the deformed sense that
we will introduce in the following sections.

One of our main result is then the confinement lemma (Lemma 6.1) which guarantees

nesting.

4.1. Quasi-tripods

Quasi-tripods will make sense of the notion of a “deformed ideal triangle”. Related notions

are defined: swished quasi-tripods and the foot map.
Definition 4.1. (Quasi-tripod) An e-quasi-tripod is a quadruple
0=(0,0",6",6°) € GxF>
such that
d;(070,07))<e, dz(070,07))<e and dg(0°0,0°)<e.

The set d0:={0*,0~,0°} is the set of vertices of §, and 6 is the interior of 6 . An

e-quasi-tripod 7 is reduced if 0*7=r1*.
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Obviously, a tripod defines an e-quasi-tripod for all e. Moreover, some of the actions
defined on tripods in §3.3 extend to e-quasi-tripods. Most notably, we have an action of

a cyclic permutation w of order 3 on the set of quasi-tripods, given by
w(B,67,67,6°) = (w(f),0%,6°,07).

By Corollary 3.17, we have the following result.

PROPOSITION 4.2. There is a constant M depending only on G such that, if 6 is
an e-quasi-tripod then, w(0) is an Me-quasi-tripod.

4.1.1. A foot map

For any positive 3, let us consider the following G-stable set:
Wg:={(r,a*,a”):7€G,a* €F,d,(a*,077) < B} CGxF2.

We equip Wp with the Riemannian metric which is d, for every fiber {7} x F? and d on
the first factor.

LEMMA 4.3. There exist positive numbers  and My, and a smooth G-equivariant
map V:Wg—G such that the following statements hold:

(i) 05V (r,a*,a")=a*;

(ii) d(r,¥(1,a*,a”))<M sup(d,(a*,0*T));

(iii) ¥ 4s M;y-Lipschitz.

Moreover, the choice of ¥ only depends on the choice of a G-invariant metric on G.
We choose ¥ in such a way that given a finite group of isometries F of G, if f in F is
such that for all tripods T we have 0* f(1)=0% T, then

\I/(f(T)7.’1?,y):f(\I/(T,y7.’E)). (41)

Proof. For a transverse pair a=(a*,a”) in F, let G, be the set of tripods 7 in G such
that 0*r=a*. Let G, the stabilizer of the pair (a™,a™). Let us choose a left-invariant
metric on G invariant by the finite group F. Let us fix (in a G-equivariant way) a small
enough tubular neighborhood N, of G, in G for all transverse pairs a=(a*,a”), as well
as a Gg-equivariant projection Il, from N, to G,.

Observe that, fixing 79, for all « there exists ¢ such that, if b=(b*,b7) is such that

d,o(0*70,b%) is less than €, then there exists 71 in G such that

d(Tl,T()) gOL.
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Thus, using the G-equivariance of the metric, there exists 8 such that
d,(0*T,a*)<B implies 7€ N,.

We now define
U(r,a*,a”):=1L,(7).
By G-equivariance, ¥ is uniformly Lipschitz. O

Definition 4.4. (Foot map and feet) A map W satisfying the conclusion of the lemma
is called a foot map. For ¢ small enough, we define the feet 11(0), 12(0) and 13(0) of the
e-quasi-tripod 0:(9, 6=,0%,0°) as the three tripods which are respectively defined by

Gi1(0):=W(0,07,07), a(0):=v1(w(9)) and 3(0):=1n(w?(0)),

where V¥ is the foot map defined in the preceding section.

By the last item of Lemma 4.3, for an e-quasi-tripod 6, we have
d(i(8),w" " (8)) < M, (4.2)

Observe also that, for € small enough, there exists a constant My depending only on G
such that, for € small enough, if 8 is an e-quasi-tripod, then

d(w(¥1(0)),12(0)) <Mae  and  d(w(e2(0)), 13(0)) < Mae. (4.3)

Using the triangle inequality, this is a consequence of the previous inequality and the

assumption that w is an isometry for d.

4.1.2. Foot map and flow

The following property explains how well the foot map behaves with respect to the flow

action.

PROPOSITION 4.5. (Foot and flow) There exist positive constants 1 and Mz with
the following property. Let e<f1, ©o€G and x1:=¢Rr(xo) for some R. Let a=(a*,a™)
be a transverse pair of flags F such that d,,(a*,0%x;)<e. Then,

d(y1, ¢r(Y0)) < Mg,

where y; =V (z;,a",a7).
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Proof. In the proof, N; will denote a constant depending only on G.

It is enough to prove the weaker result that there exist zg and 2z, with z1=pg(z0),
in G, such that d(z;, x;) <Nje. Indeed, it first follows that d(z;, y;) <Nae, by the triangle
inequality. Secondly, G, is a central leaf of the foliation, and the flow acts by isometries
on it (see property (v) of Proposition 3.10). As a consequence, d(y1,¢¥r(y0))<Nse, and
the result follows.

Observe first that d(x;,y;)<Nyue, by definition of a foot map. Assume R>0. Let
x*=0Fx9=0%x,. Let us first assume that 2™ =a". Thus, by the contraction property

(see Proposition 3.10),
d(pr(20), pr(y0)) < Nje.

It follows by the triangle inequality that

d(¢r(yo),y1) < Nee.

Thus, this works with zg=yo and z1 =¢r(20).
The same results hold symmetrically whenever z~=a~ by taking

z1=1y1 and zop=¢_g(z1).

The general case follows by considering intermediate projections. First (as a conse-

quence of our initial argument) we find wy and wi=¢gr(wo) in G+ ,- with
d(w;, ;) < Nre.

Applying now the symmetric argument with the pair (wg,w;) and projection on
Ga+ 2, We get zp and z1:=¢Rg(20) such that d(w;, z;) <Nge.
A simple combination of triangle inequalities yields the result. O

4.1.3. Swishing quasi-tripods

Definition 4.6. (Swishing quasi-tripods) The e-quasi-tripod ¢’ is (R, ) -swished from
the e-quasi-tripod 6 if the following conditions hold:

(i) 0*0=070;

(ii) the tripods v, (") and @x (¢ (0)) are a-close.

Being swished is a reciprocal condition.

PROPOSITION 4.7. If 0" is (R, «)-swished from 0, then 0 is (R, «)-swished from 6'.
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Zit1
Zq
Ti
o
(a) Coplanar path of tripods. (b) Path of reduced quasi-tripods.

Figure 4.1. A deformation of a path of quasi-tripods.

Proof. We have
d(o(pr(0)),0") =d(er(0),0(6)).

Since 9*0=070', we have o(0')=(6)g for some g€ Ly. Since, by Proposition 3.10 (v), pr

acts by isometries on the orbits of Ly, we get

d(o(pr(0)),0") = d(pr(6),0(6")) =d(0, o-r(a(6")))-

But, by Proposition 3.10 again, ¢_geoc=0c°pg. The result follows. O

4.2. Paths of quasi-tripods and coplanar paths of tripods
4.2.1. Swished paths of quasi-tripods and their model
Let R(N)=(Ry, ..., Rn) be a finite sequence of positive numbers.

Definition 4.8. (Coplanar path of tripods) An R(N)-swished coplanar path of tripods
is a sequence of tripods 7(N)=(79, ... 75 ) such that 7,41 is R;-swished from w™i7;, where

n;€{1,2}. The sequence (nq,...,ny) is the combinatorics of the path. See Figure 4.1a.

We remark that a coplanar path of tripods consists of pairwise coplanar tripods
and is totally determined up to the action of G by R(IN) and the combinatorics. These

coplanar paths of tripods will represent the model situation and we need to deform them.

Definition 4.9. (Path of quasi-tripods) An (R(N),e)-swished path of quasi-tripods
is a sequence of e-quasi-tripods 8(N)=(6p, ... ) such that ;1 is (R;,e)-swished from
w"i0;, where n;€{1,2}. The sequence (ny,...,ny) is the combinatorics of the path.

A model of an (R(N), €)-swished path of quasi-tripods is an R(N)-swished coplanar
path of tripods with the same combinatorics. See Figure 4.1b.
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Let us introduce some notation and terminology: 06;, 00;1 and 00;_1 have exactly

one point in common denoted z; and called the pivot of 6;.

Remarks. Observe that, given a path of quasi-tripods, the following hold.

(i) There exists some constant M such that any (R(N),e)-swished path of quasi-
tripods give rise to an (R(N), Me)-swished path of quasi-tripods with the same vertices,
but which are all reduced. In the sequel, we shall mostly consider such reduced paths of
quasi-tripods.

(ii) From the previous items, in the case of a reduced path, the sequence of triangles

(6o, ..., 0n) is actually determined by the sequence of (not necessarily coplanar) tripods
(B, .., On).

One immediately has the following.

PROPOSITION 4.10. Any (R(N),e)-swished path of quasi-tripods admits a model

which is unique up to the action of G.

4.2.2. Coplanar paths of tripods and sequence of chords

To a reduced path of quasi-tripods §(IN) we associate a path of chords
h(N)=(ho, ..., hAn),

such that h;:=h; has z; and x' as extremities. Observe, that the subsequence of triangles
(0o, ....,0n—1) is actually determined by the sequence of chords (ho, ..., hn).

In the sequel, by an abuse of language, we shall call the sequence of chords h(N) a
path of quasi-tripods as well.

Observe that, for a coplanar path of tripods, the associated path of chords is such
that (hi, hiy1) is nested.

4.2.3. Deformation of coplanar paths of tripods

Let 7=(79, ..., 7n) be a coplanar path of tripods.

Definition 4.11. (Deformation of a path) A deformation of T is a sequence

U= (903 "'agNl)

with g; €P,,, the stabilizer of x; in G, where z; is the pivot of 7;. The deformation is an

e-deformation if furthermore d,, (g;,Id)<e.
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Given a deformation v=(go, ..., gn—1), the deformed path of quasi-tripods is the path
of quasi-tripods 8" =(6g, ..., 0%,) where

0;}:(biTiabiTi_;biT;—7bi+lTi0)7 fOI‘i<N,
9})\/:(bNTN,bNTK[,bNTX,,bNTJ%), fOI‘i:N,
where bp=Id and b;=ggo...o0g;_1.

From the point of view of sequence of chords, the sequence of chords associated to

the deformed coplanar path of tripods as above is
hl = ( 8, ceny th> = (bo-ho, ceey bN~hN),

where (hg, ..., hy) is the sequence of chords associated to 7.

4.3. Deformation of coplanar paths of tripods and swished path of

quasi-tripods
We want to relate our various notions and we have the following two propositions.

PROPOSITION 4.12. There exists a constant M depending only on G such that, given
an (R(N), e)-swished path of reduced quasi-tripods 0 with model T, there exists a unique

Me-deformation v such that 8=g-1° for some g in G.

Proof. Given any path of quasi-tripods §. Let z; be the pivot of 8;. We know that
0;41 is (R;,€)-swished from w™ ;.

Let then 7; be such that ¢ (6;41) is R;-swished from 7;, and symmetrically let 7,41
be the tripod R;-swished from w™i (6;).

Since G acts transitively on the space of tripods and commutes with the right SLy(R)-

action, there exists a unique g¢; in P, such that
gi(w" 1 (0:;)) =7 and  gi(Tit1) =1(0it1)-

We have thus recovered 6 as a (go, ..., gy —1)-deformation of its model. It remains to show
that this is an Me-deformation, for some M.
Since 6,41 is (R;, €)-swished from w™6;, we have d(7;, 91 (w™6;))<e. Moreover, since

6; is a quasi-tripod, by inequality (4.3), we have
d(wniwl (HZ), ¢1 (w""' 01)) S Mge’:‘.
Thus, from the triangular inequality

d(gi(W"1(0;)),w™ 1 (0;)) <d(Ti, Y1 (w"0;)) +d(w" 1(6;), 11 (W™ 05)),
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we get
d(gi(wW™ ¥1(0;),w™ 1 (0;)) < (Ma+1)e.
Then, inequality (3.4) and Corollary 3.17 yield

dyy (0:) (93, 1) < C®dyyniyp, (0, (93, 1d) < Boe

for some constant By depending only on G. Using Proposition 3.16, this yields that there
exists M depending only on G such that

dg (9i,1d) < Me.

Hence the result. O

5. Cones, nested tripods and chords

We will describe geometric notions that generalize the inclusion of intervals in P*(R)
(which corresponds to the case of SL2(R)): we will introduce chords which generalize
intervals, as well as the notions of squeezing and nesting which replace —in a quantitative
way — the notion of inclusion for intervals. We will study how nesting and squeezing is
invariant under perturbations.

Our motto in this paper is that we can phrase all the geometry that we need using
the notions of tripods and their associated dynamics, circles and the assignment of a
metric to a tripod. These will be the basic geometric objects that we will manipulate

throughout all the paper.

5.1. Cones and nested tripods

Definition 5.1. (Cone and nested tripods) Given a tripod 7 and a positive number «,
the a-cone of 7 is the subset of F defined by

Co(r):={ucF:d (0°7,u) <a}.
Let o and k be positive numbers. A pair of tripods (79, 71) is («, k)-nested if

Ca(Tl) - Cﬁ-a(TO)a (51)
dry(u,v) < K-dry (u,v)  for all u,v e Cy(my). (5.2)

We write this symbolically as

Co(11) < k- Cy.a(70).
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The following immediate transitivity property justifies our symbolic notation.

LEMMA 5.2. (Composing cones) Assume (79, 71) is (- ke, k1)-nested and (71, 72) is

(a, ko)-nested, then (19, 72) is (o, k1-k2)-nested. in other words,

Co(12) < 62C,a(T1) and Cryo(T1) < K10k k00 (T0) = Cul(72) < k16205, k00 (T0)-

5.1.1. Convergent sequence of cones

We say that a sequence of tripods {Ti}ie{l N} — Wwhere N is finite of infinite — defines

a (a, k)-contracting sequence of cones if, for all i, the pair (7;, 7;+1) is («, £)-nested and
1
r< 3-

As a corollary of Lemma 5.2, one gets the following result.

COROLLARY 5.3. (Convergence corollary) There exists a positive constant as such
that, if {7;}ien defines an infinite (o, k)-contracting sequence of cones, with li<% and
a<as, then there exists a point x€F called the limit of the contracting sequence of cones
such that

m Co() ={x}.

Moreover, for all n, all ¢ and all u,v in Cy(Tn1q), we have

We then write

= lim 7;.
1—00

Proof. This follows at once from the fact that

1
Ca(Tntp) < 27001/21’ (Tn)- O

5.1.2. Deforming nested cones

The next proposition will be very helpful in the sequel by proving that the notion of

being nested is stable under sufficiently small deformations.

LEMMA 5.4. (Deforming nested pair of tripods) There exists a constant By depending
only on G such that, for all B< By, if

o the pair of tripod (19,71) is (ﬂ, %n) -nested,

o the element g in G is such that dr, (Id,g)g%ﬁ.@
then, the pair (10,9(71)) is (B, k)-nested
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Proof. Let 2=87y. It is equivalent to prove that (¢~ (), 1) is (3, k)-nested. Let
u€Cp(11)CCy.5/2(0). In particular, dr,(u, z)<3r-S. It follows that

dg=1(r0) (1, 97 (2)) = dry (g(w), 2) < dry (g(u), ) +dry (u, 2) < §5-B+5k-B=k-p.
Thus,
Cs(11) C Cropy2(70) € Croplg ™' (70))-

Moreover, for 8 small enough, by Proposition 3.16, we have d., <2dy-1(5,). Thus, for all
(u,v)€Cs(m),
dg-17,(u,v) <2d7, (u,v) < Kd7, (u,v).

It follows that (g~ !(79),71) is (B, k)-nested. O

5.1.3. Sliding out

LEMMA 5.5. There exist constants k and g depending only on the group G such
that, if 19 is a tripod R-swished from Ty, then

dry(u,v) <k-dr (u,v)  for all u,v e Cs,(1).
Proof. This is an immediate consequence of Proposition 3.18, with (for R>0)
20=0"1, z=0"7 and w=0"n.

The case R<0 being symmetric. O

5.2. Chords and slivers

A chord is an orbit of the shearing flow. We denote by h. the chord associated to a tripod
7, and denote BT::hU(T). Observe that all pairs of tripods in A, x h, are coplanar. We
also say that h, goes from 0~ 7 to "7 which are its endpoints.

The «-sliver of a chord H is the subset of F defined by

):=|J Calr)CF

TeH

In particular, So(H)={8%r:7€ H}. Observe that two points a and b in the closure of
So(H) define a unique chord H,p, which is coplanar to H and is such that Sy(H, ) is a
subinterval of So(H) with endpoints a and b.
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(a) Squeezed chords. (b) Controlled chords.

Figure 5.1. Controlled and squeezed chords.

5.2.1. Nested, squeezed and controlled pairs of chords

We shall need the following definitions.

(i) The pair (Hy, Hy) of chords is nested if Hy#H;, Hy and H; are coplanar and
So(H1)CSo(Hyp). Given a nested pair (Hy, H1)— with no endpoints in common — the
projection of Hy on Hy is the tripod 79€ Hy such that s(7g) is the closest point in the
geodesic joining the endpoints of Hy, to the geodesic joining the endpoints of H;. Observe
finally that, if (Ho, H;) is nested, then every pair of tripods in HyUH; is coplanar.

(ii) The pair (Ho, H;) of chords is (a, k)-squeezed if there exists 79 € Hy such that

(70,71) is (o, k)-nested for all 7 € H;.

The tripod 7 is called a commanding tripod of the pair.
(iii) The pair (Ho, H1) of chords is (o, k)-controlled if, for all 71 € Hy, there exists
70 € Hy such that
(70, 71) is (o, k)-nested.

(iv) The shift of two chords Hy and Hj is

(S(Ho,Hl)) Z:inf{d(’r(),’]’l) 170 € Hy and 11 EHl}.

5.2.2. Squeezing nested pair of chords

In all the sequel K is the diffusion constant defined in Proposition 3.18 and k=K ' is
the contraction constant.
The following proposition provides our first example of nested pairs of chords in the

coplanar situation.
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PROPOSITION 5.6. (Nested pair of chords) There exists 1 depending only on G,

and a decreasing function
¢ ]07 Bl] — R7

such that, for any positive number B, with < f1, any nested pair (Hy, Hy) with
6(Ho, H1) = €(B)

is (K3, k%)-squeezed. The projection 19 of Hy on Hy is a commanding tripod of (Ho, Hy).

Observe in particular that So(H1)CSks(H1)CCusp(To). The choice of k9 is rather

arbitrary in this proposition, but will make our life easier later on.

Proof. Let 71 €H;. Let then 7€ Hy, with 0%7=0"7. As in §3.4.4, let sq, 51, 2o
and z; be constructed from 7, and 7;. One notices that d., (z, zl)géﬂ. Then, given ¢,
for 6(Hop, Hy) large enough the second part of Proposition 3.18 yields that (7, 71) is
(a, €)-nested.

Observe now that, for any 3, there exists 01 such that §(Hy, H1)>9; yields

d(T()v%O) gﬁa

where 7q is the projection of H; on Hy. Thus, using Proposition 3.16 for 8 small enough,
we have that the pair of tripods (7y,71) is (e, 2-g)-nested. In other words, since 7 is
independent from the choice of 71, we have proved that the pair of chords (Hy, Hy) is

(ar, 2-¢)-squeezed for 6(Hy, Hy) large enough. O

5.2.3. Controlling nested pair of chords

Our second result about coplanar pair of chords is the following lemma.

LEMMA 5.7. (Controlling diffusion) There exists a positive number s, with B2< s,
depending only on G, such that, given a positive < B2 and a nested pair (Hy, Hy), then
(Ho, H1) is (&8, K)-controlled for all £<1.

Assume furthermore that £o>06(Ho, Hy), where £y>€(B). Then, given 11 € Hy, there
exists Ho such that

o (Hy, Hs) is nested,;

e 0<d0(Hy, Hy)<lo;

o (10,71) is (k?B, K)-nested, where 1y is the projection of Hy on Hy.

Let us first prove the following proposition.
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<7
>
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xT
Xl y
Z0

Figure 5.2. Aligned points and angle.

PROPOSITION 5.8. There exists oy with the following property. Let (Ho, Hy) be two
nested chords and let 1€ Hy and 7 € Hy be such that, for some a<ay,

Co(m0)NCo(m) # 2.

Then, (19,71) are (a, K)-nested.

Proof. Observe first that, if (zo, 79,71, 21) are aligned, then dTl(aoﬁ,zl)géﬂ'. See
Figure 5.2.
Let u,veCy (1) and weCy(79)NCy(11). Then, by Proposition 3.18.

dry (u,v) < 2 Kd-, (u,v), (5.4)
dry (1, 8°10) < dry (u, ) +dry (w, 0°70) < 1 K dy, (u, w)+a < Ka. (5.5)
Thus, from the second equation,
Co(m1) < Cral(m1).
This concludes the proof of the proposition. O

Let us now move to the proof of Lemma 5.7.

Proof of Lemma 5.7. Let 7y € H;. Let H? be the hyperbolic associated plane to the
coplanar pair (Hy, H1). Then, there exists 79 in Hp such that 0%79=08°71. In particu-
lar, 3°7°€Cep(m1)NCep(T0) is non-empty, since it contains 9°7. Using Proposition 5.8,
(10,71) is ({6, K)-nested, and this concludes the proof of the first assertion which is that
(Ho, H1) are nested.

Assume now that 6(Hop, H1)<{y. Let H3 be such that

So(Hz) = Cy2p5(m1) NI H.
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We have two cases.
(1) If 6(Ho, Hs)<{p, we can take Hy=H3, and let 7y be the projection of Hs on Hj.
Thus,
9°7° € C2p5(m1)NClr2p(10) # 9,
and we conclude by Proposition 5.8: (79, 71) is (k28, K)-nested.
(2) If 6(Ho, H3)>0y>4(B), a continuity argument shows the existence of Hs such
that the pairs (Hi, Hs) and (Hs, H3) are nested, and 0(Hy, Hy)={y. Let 79 be the

projection of Hy on Hy. Then, we have,
(OnQB(Tl)ﬁHQ) :So(Hg) C So(HQ) - (C,{BB(T())QHZ) C (CK2B(T0)QH2),

where the first inclusion follows from the definition of Hj, the second by the fact of
(Ha, H3) is nested, and the last one by Proposition 5.6, since 6(Hg, Ha)>/4(5). In par-
ticular,

Cr2p(11)NC25(10) # 2.

Again, we conclude by Proposition 5.8: (19, 71) is (k?3, K)-nested. O

6. The confinement lemma

The main results of this section are the confinement lemma and the weak confinement
lemma that guarantee that a deformed path of quasi-tripods is squeezed or controlled,
provided that the deformation is small enough.

We say that a coplanar path of tripods associated to a path of chords (h;)ogi<n is
a weak (¢, N)-coplanar path of tripods if

(S(h(),hz)ég for i< N.

A coplanar path of tripods associated to a sequence of chords (h;)o<i<n is a strong

(¢, N)-coplanar path of tripods if furthermore
0(ho,hn) =L

The main result of this section is the following,

LEMMA 6.1. (Confinement) There exists B3 depending only on G such that, for
every «, with a< s, there exists £o(a) such that, for all lo=Llo(a), there is ng such that,
for all N,

o for all weak (g, N)-coplanar paths of tripods T= (79, ...,Tn), associated to a path
of chords h(N)=(hg,...,hn),

e for all £/N-deformation v=(go,...,gn—_1) with e<np,
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the following statements hold:

(i) the pair (hY,hY,) is (k2a, K?)-controlled;

(ii) 4f furthermore h is a strong coplanar path of tripods, then (hg,h%) is (o, Kk7)-
squeezed; moreover, (hy, h%;) and (ho,hn) both have the same commanding tripod,

(iii) if, finally, h is a strong coplanar path with 6(ho, hx)="~o, then Ty, the projection
of hn on hg, is a commanding tripod of (h{,hY).

In the sequel, we shall refer the first case as the weak confinement lemma and the

second case as the strong confinement lemmea.

6.0.1. Controlling deformations from a tripod

We first prove a proposition that allows us to control the size of deformation from a

tripod depending only on the last and first chords.

PROPOSITION 6.2. (Barrier) For any positive £y, there exist positive constants k and
m such that,

e for all integers N,

o for all weak (Lo, N)-coplanar paths of tripods T=(79,...,Tn), associated to a path
of chords h(N)=(hg,...,hn),

o for all chord H such that (hy, H) is nested with 0<d(hg, H) </,

e for all (¢/N)-deformation v=(go,...,gn_1) with e<ny,
we have

ds# (Id, by ) < ke, (6.1)

where by=go ...gn_1 and Ty is the projection of H on hg.

In this proposition, the position of hy plays no role.

6.0.2. The confinement control
We shall use in the sequel the following proposition.

PROPOSITION 6.3. (Confinement control) There exists a positive g9 such that, for
every positive Ly, there exists a constant k with the following property.

e Let (H,h) be a pair of nested chords, associated to the circle CCF such that
0<d(h, H)<{ly, and let 1o be the projection of h on H.

o Let (X,Y) and (x,y) be the extremities of H and h, respectively.

o Let u,v,weCCF be pairwise distinct such that (X, u,v,z,y,w,Y) is cyclically
oriented — possibly with repetition —in C, and 7 be the tripod coplanar to H such that

o= (u,w,v).
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X

Figure 6.1. Confinement control.

o Let geP,, with d-(g,1d)<eo.
Then,
dr(g,1d) < k-d;(g,1d).

Figure 6.1 illustrates the configuration of this proposition.

Proof. 1t is no restriction to assume that d(h, H)=¢y. Let 7 and 79 be as in the
statement and 7; be the tripod coplanar to H, such that 973 =(u,w, z). Observe that,
there is a positive ¢ such that ¢ (7)=71. Let a=T7(ap)€g. Then, we have

dy,(+)(9,1d) = dexp(ta)(+) (9, Id) = dr (exp(—ta)g exp(ta),Id).

Let p, be the Lie algebra of P, :=Pg+,=P,, that we consider also equipped with the

Euclidean norm || - ||-. By construction, P, =7(P}), and thus
sup [lad(exp(—ta))|| |p, < oo.
t>0

For € small enough and independent of 9% 7, exp is ki-biLipschitz from the ball of radius
¢ in p, onto its image in P, for some constant k; independent of 7. Thus, for ep-small

enough, there exists a constant k; such that
dTl (gvld) <k1d‘r(g,1d)~ (62)

Now, the set K of tripods o coplanar to 7o, with do=(u,w, z), where z is fixed, and u
and w are as above, is compact. In particular, there exists ko depending only on ¢y such
that, for any tripod o in K,

d(71,70) < k3.

Thus, by Proposition 3.16, there exists k4 such that
dTl (ga Id) < k4'd0(g7 Id)

The proposition now follows by combining with inequality (6.2). O
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H

ho\ H

Tit1

x;
ho\H Ti

Figure 6.2

Proof of Proposition 6.2. Let (x;,x%) be the extremities of h; where z; is the pivot.
Let #;,1 the vertex of 7; different from x; and z°.
Let 79 be the projection of H on hy. Observe that x; lies in one of the connected
component of ho\ H, while z° lies in the other (see Figure 6.2).
Thus, according to Proposition 6.3 for € small enough there exists k, depending only
on ¢ such that
ey (9:,1) < k-d, (9:,1d) <h—

Thus, using the right-invariance of d,,

N N N N
7—0 Id bN de <nga H gj) :Zdﬂ)(giald) <ke
i=1 =1

j=i  j=i+l
This proves inequality (6.1) and concludes the proof of Proposition 6.2. O

Proof of Lemma 6.1. Let 81 be as in Proposition 5.6. Let then « be such that a<3;.
According to Proposition 5.6, there exists £={y(a) such that if (Hy, H1) is a nested pair
of chords with 6(Hy, H1) >/, then for any o1€ Hy, the pair (m9,01) is (Ka, k?)-nested,
where 79 is the projection of Hy; on Hy. Let now fix £y >£p(«).

First step (Strong coplanar). Consider first the case where d(hg, hn)>¢p. By conti-
nuity, we may find a chord Ay such that the pairs (hn—1, 7LN) and (fLN, hn) are nested,
and such that 6(hy, ho)="o.

Let 7y be the projection of Ay on hg. Then, by Proposition 5.6, for any o in Ay,
we have that (79, 01) is (Ko, k?)-nested.

By Lemma 5.7, for any oy in hy, there exist oy in iy such that (o1, 0x) is (o, K)-
nested, and thus (7, on) is (o, k%)-nested.

By the barrier proposition (Proposition 6.2) applied to h(N) and H=hy, we get
that

dz (Id, by ) < ke,
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for k depending only on G and where £ and by are defined in the barrier proposition.

We now furthermore assume that o<y, where 5y comes from Proposition 5.4. For
¢ is small enough, Proposition 5.4 shows that, for any oy in hy, we have that (7, by (07))
is (o, 2k%)-nested. Thus, (ho,bn(hx)) is (o, 2k%)-squeezed, and hence («a, K7)-squeezed,
since 2k <1, with 7y as a commanding tripod.

This applies of course if the deformation is trivial and we see that (hg,hy), and
(h§, hY%) both have 7y as a commanding tripod.

This concludes this first step and the proofs of the second and third statements in

Lemma 6.1.

Second step. Let us consider the remaining case when d(hg, hy)<f. Let us apply
Proposition 5.7 to (Ho, H1)=(ho,hn) and 71 in hy. Thus, there exists Hy such that
(hn, Hy) is nested, 0<§(Hoy, Hy)</, and (79,71) is (k2a, K)-nested, where 7 is the
projection of Hy on hg.

Applying the barrier proposition to h=H> and H = H yields that
dq(Id,by) <k-e.

Thus, for £ small enough, then Proposition 5.4 yields that (7o, by (71) is (k?a, 2K )-nested,
and hence (k2a, K?)-nested.

This shows that (ho, by (hy)) is (k2a, K?)-controlled. This concludes the proof of
Lemma 6.1. O

7. Infinite paths of quasi-tripods and their limit points

The goal of this section is to make sense of the limit point of an infinite sequence of
quasi-tripods and to give a condition under which such a limit point exists. The ad-hoc
definitions are motivated by the last section of this paper, as well as by the discussion of
Sullivan maps.

One may think of the main theorem of this section, Theorem 7.2, as a refined version
of a Morse lemma in higher rank: instead of working with quasi-geodesic paths in the
symmetric space, we work with sequence of quasi-tripods in the flag manifold; instead
of making the quasi-geodesic converge to a point at infinity, we make the sequence of
quasi-tripods shrink to a point in the flag manifold. This is guaranteed by some local
conditions that will allow us to use our nesting and squeezing concepts defined in the
preceding section.

Theorem 7.2 is the goal of our efforts in this first part.
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7.1. Definitions: Q-sequences and their deformations

Definition 7.1. (1) A Q-coplanar-sequence of tripods is an infinite sequence of tripods
T={T}men such that the associated sequence of coplanar chords ¢={c;};cn satisfies
the following: for all integers m and p we have

‘m_p| < Q&(Cm, C;D)+Qa

where §(-, -) is the shift defined in §5.2.1.

(ii) A sequence of quasi-tripod 7={7;;}men Is a (Q,e)-sequence of quasi-tripods
if there exists a Q-coplanar-sequence of tripods T={T,,}men such that, for every n,
{Tm }me[o,n] is an e-deformation of {7y, }mefo,n]-

(iii) The associated sequence of chords to a (Q, £)-sequence of quasi-tripods is called

a (Q,e)-sequence of chords.

7.2. Main result: existence of a limit point

Our main theorem asserts the existence of limit points for some deformed (Q, )- sequence

and their quantitative properties.

THEOREM 7.2. (Limit point) There exist some positive constants A and q depending
only on G, with q<1, such that for every positive number 5 and fy with B<A, there
exist a positive constant €>0 such that, for any R>1:

For any (¢yR,e/R)-deformed sequence of quasi-tripods 0={0., } men, with associated

sequence of chords T={T, }men, there exists some 6>0 such that

M) S5(T) = {£(0)},

with
£(0)= lim (870,,) for je{+,-,0}.

m—o0

Moreover, we have the following quantitative estimates:
(i) for any T in Ty, and m>(ly+1)?R,

d-(£(8),070,,)) <q™B  for j € {+,-,0}. (7.1)

(ii) Let 7 in Tg. Assume that {0, }men is the deformation of a sequence of coplanar

tripods T={Tm } men with T0="00. Then,

d-(£(8),¢(7)) < B (7.2)
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(iii) Finally, let {0’y }men be another (boR,e/R)-deformed sequence of quasi-tripods.
Assume that {0, }men and {0y }men coincide up to the n-th chord with n>(fo+1)?R.
Then, for all T€T,

d-(£(8)),(0)) <q"B. (7.3)

The limit point theorem will be the consequence of the following more technical one.

THEOREM 7.3. (Squeezing chords) There exists some constant A, depending only
on G, such that, for every positive number 6 with <A, there exist positive constants Ry,
Lo and e with the following property:

If T is an (¢gR, e/ R)-deformed sequence of chords of the coplanar sequence of chords
c with R>Ry, and if j>i are such that §(c;,c;) =y, then (T;,T;) is (0, K)-squeezed.

7.3. Proof of the squeezing chords theorem

As a preliminary, we make the choice of constants, then we cut a sequence of chords into
small more manageable pieces. Finally, we use the confinement lemma (Lemma 6.1) to

obtain the proof.

7.3.1. Fixing constants and choosing a threshold

Let a3 be as in Corollary 5.3, and let 83 be as in the confinement lemma. We now choose

« such that
a <inf(f3, asg).

Then, let ¢y=¢¢(c) be the threshold, and let ny be obtained by the confinement lemma.
Let finally

Mo

L<—F——r.
c fo(ﬁo-ﬁ-l)

7.3.2. Cutting into pieces
Let ¢ be a sequence of coplanar chords admitting an £y R-coplanar path of tripods.

LEMMA 7.4. We can cut T into successive pieces T :={Tp}p, <p<pny, for n€{0, M}
such that the following statements hold:

(i) for ne{0, M —1}, 7" is a strong ({y, N)-coplanar path of tripods;

(ii) 7™ is a weak (Lo, N)-coplanar path of tripods.
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In both cases,
N<L:=|(l+1)(bR)|+1,

where |x] denotes the integer value of the real number x.

Proof. Let ¢ be the corresponding sequence of chords. Recall that the function
q—6(cp, ¢q) is increasing for ¢>p. Thus, we can further cut into (maximal) pieces such
that

0(CpnsCpnii—1))<lo and 0(cp,,Cp, 1)) = Lo

This gives the lemma: the bound on N comes from the fact that 7 is a fyp R-sequence. In

particular, since d(cy, , ¢p, ., —1)<lo, then

|pn+1_pn|_1< (KOR)<£0+1) O

7.3.3. Completing the proof

Let 6 be an (¢pR,e/R)-sequence of quasi-tripods, with R>Ry. Let I be the associated
sequence of chords. Assume @ is the deformation of an £y R- coplanar sequence of tripods

7, cut in smaller sub-pieces as in Lemma 7.4.

PROPOSITION 7.5. (i) For n<M, (T',,,T ) is (o, k7)-squeezed.

(i) Moreover, (Tp,,,Tpys,) is (k2a, K?)-controlled.

Pn+1

Proof. It n<M, 7™ is a strong ({o, L)-path. Then, according to the confinement
lemma (Lemma 6.1) and the choice of our constants (T, ,Tp, ;) is (o, k7)-squeezed.

Since 7M is a weak (£, L)-path, it follows by our choice of constants and the con-
r is (k2a, K?)-controlled. O

finement lemma that (T

PM PM+1)

We now prove the squeezing chord theorem (Theorem 7.3) with §=r?«

PROPOSITION 7.6. Assuming, §(c;,c;)>ly and j>i, the pair (T;,T;) is (k*a, K)-

squeezed.

Proof. We will use freely the observation that (a, k™)-nesting implies (kPq, k?)-
nesting for p, =0 with p+q¢<n.

Recall that, due to the composition proposition (Proposition 5.2), if the pairs of
chords (Hy, Hy) and (Hy, Hs) are both (a, k7)-squeezed (in particular (Hy, Hy) is (o, k°)-
squeezed), then (Hg, Hs) is (o, k7)-squeezed.

We cut 7 as above in pieces and control every sub-piece using Proposition 7.5.

Thus, by induction, (T'p,, T

since k K =1.

oar) 18 (a, K7)-squeezed and thus (K?(k2a), k7)-squeezed
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Finally, since (Tp,;,Tp..,) is (k2a, K?)-controlled, the composition proposition

(Proposition 5.2) yields that (I'y,,T 2

pars1) 18 (k%2a, KT K?)-squeezed, and thus (k2a, k)-
squeezed. This finishes the proof. O

7.4. Proof of the existence of limit points, Theorem 7.2

Let {0, }men and {7, }men be sequences of quasi-tripods and tripods as in Theorem 7.2.
Let I be the sequence of chords associated to {€, }men, and similarly ¢ associated

to {Tm}men as in Theorem 7.2, then, according to Theorem 7.3, if j>i are such that

d(ci, ¢j) =L, then (T';,T;) is (6, k)-squeezed. Since ¢ is Qop-controlled (with Qo=~,R), we

have

li—j|

(circj) = TR

1.

Thus

)

j—iz2L — 5(Ci,Cj)2€0,

We can summarize this discussion in the following statement:

j—izL — Sg(Fj)CS,Q(;(Fi), (7.4)

7.4.1. Convergence for lacunary subsequences

We first prove an intermediate result.

COROLLARY 7.7. There exists a constant M depending only on G, with q<1, such
that, for & small enough, if 1={lm}men is a sequence such that ly,11>lm+L and lo=0,
then

Sé (Flwz+1 ) C SN5(Flm,)a

and furthermore there exists a unique point £(1)€F such that
ﬂ Ss(T'e,,) ={£(D)} € Cs(7o),
m=1

where Ty is a commanding tripod for (o, Ty,).
Finally, if T€Tq then, for all u in Ss(T';, ) with m>1, we have

- (u, £(1)) <27"M. (7.5)
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Proof. From the squeezed condition for chords, we obtain that there exists 7, in
TI';,, such that
85(Tt,1) € Crs(Tim) C Sws (T, )-

This proves the first assertion. As a consequence, Cs(7m+1) CCys(7m). Combining with

the convergence corollary (Corollary 5.3), we get the second assertion, with

{€W}:= () Cs(Fm)= ) Ss(Fm)-

m=1

Using the second assertion of the convergence corollary, we obtain that, if u,ve
S(s(Flm)CC‘s(i'm_l), then
dry (u,v) <2277,

and in particular u, £(1) €Cs(7p) and
Aoy (1, £(1)) <2°7™8. (7.6)

We now extend the previous inequality when we replace 79 by any 7€C,,. We use
Lemma 5.5 which produces constants dy and k depending only on G such that, if J is
smaller than Jg, then, since u, (1) €Cs(7),

dr (u, (1)) < Kedyy (u, E(D)- (7.7)

This concludes the proof of the corollary, since we now get from inequalities (7.7) and
(7.6) that
dr(u, £(1) < k.227™6. O

7.4.2. Completion of the proof

Let {l;n}men and {I';;, }men be two subsequences. It follows from inclusion (7.4), that

M Ss(Tu)= () Ss(Tu,)-
m=1 m=1

As an immediate consequence, we get that

Ss(Tm) ={E(V)},

1

ﬁjg

where A={ A, }men, with A, =m.L. Thus, we may write £(A\)=:£(L'). The existence of
&(c) follows form the fact that ¢ is also a (¢oR, e/ R)-deformed sequence of cuffs.
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By construction — and see the second item in the confinement lemma (Lemma 6.1) —
the commanding tripod 7y of (I'g,I'z) is the commanding tripod of (¢, cy,).

It follows that both £(I) and () belong to Cs(7p). Thus, using the triangle inequal-
ity and Lemma 5.5, for all 7€T,

d (€(1),€(N)) < ko, (78)

where k only depends on G. By inequality (7.5), if {l,,}men is a lacunary subsequence,
for any 7€~, for ueSs(I'y,,) with m>1,

Ao (€(N), u) <27"M. (7.9)
In particular, taking [, =mUL, one gets
d:(£(A), 0, 1) <27"MG. (7.10)

Let now n=(m+1)L+p, with p€[0,L]. The inclusion (7.4), gives the first inclusion

below, whereas the second is a consequence of the fact that, for k<1,
S(S (Fn) C Sné (FHLL) C S(S (Fm.L)- (711)

Thus, combining the previous assertion with assertion (7.9), for all u€ S5(I',,), with n>L,

we have
d-(E(N),u) <27™MO < (27 V)M aMe.
Taking q=2"1/L, f=4MJ6 and u=6/, yields the inequality
d-(€(X), 67,) <q"B.

This completes the proof of inequality (7.1) for n> L.
The second item comes from inequality (7.8), after possibly changing £.
The third one comes form the first and the triangle inequality, again after changing S.

8. Sullivan limit curves

The purpose of this section is to define and describe some properties of an analog of the
Kleinian property: being a K-quasi-circle with K close to 1.

This is achieved in Definition 8.1. We then show, under the hypothesis of a compact
centralizer for sly, three main theorems of independent interest: Sullivan maps are Holder

(Theorem 8.2), a representation with a Sullivan limit map is Anosov (Theorem 8.3), and
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finally one can weaken the notion of being Sullivan under some circumstances (Theo-
rem 8.14).
In this section, as usual, G will be a semisimple group, s an sly-triple, F' the associate

flag manifold. We will furthermore assume in this section that
The centralizer of s is compact. (8.1)

We will comment on the case of non-compact centralizer later.

Let us start with a comment on our earlier definition of circle maps (Definition 3.4).
Let T=(x",z%,z0) be a triple of pairwise distinct points in P1(R)—also known as a
tripod for SLo(R)—and 7 a tripod in G. Such a pair (T, 7) defines uniquely

e an associated circle map 1 from P!(R) to F such that n(T)=0T;

e an associated extended circle map, which is a map v from the space of triples of
pairwise distinct points (z,, z) in P1(R) to G whose image consists of coplanar tripods
and such that

aV((E,y7 Z) = (n(x)7n(y)vn(2)) and V($7,$+71'0) =T.

8.1. Sullivan curves: definition and main results

Definition 8.1. (Sullivan curve) Let ¢(>0. We say that a map & from P*(R) to F is
a (-Sullivan curve with respect to s if the following property holds.

Let T=(x,2",2°) be any triple of pairwise distinct point in P*(R). Then, there
exists a tripod 7 — called a compatible tripod — a circle map 7, with n(T)=07, such that,
for all ye P1(R),

d-(&(y),n(y)) <¢. (8.2)

Obviously if ¢ is large, for instance greater than diam(F'), the definition is pointless:
every map is a (-Sullivan. We will however show that the definition makes sense for ¢
small enough.

We also leave to the reader to check that in the case of G=PSLo(C)—in which case
F is P1(C)—the following holds: for K>1 and any compact interval C' containing —1,
there exists a positive ¢ such that, if £ is e-Sullivan, then, for all (z,y, 2,t) in P*(R) such
that [z,y, z, t] belongs to C,

1 | (=), E(y), £(2), €(1)]
K = [y, 2,1]

This readily implies that & is a quasicircle. Thus, in that case, an e-Sullivan map is

<K.

quasi-symmetric for e-small enough. The following results of independent interest justify

our interest of (-Sullivan maps.
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THEOREM 8.2. (Holder property) There exist some positive numbers ¢ and « such
that any C-Sullivan map is a-Hélder.

We prove a more quantitative version of this theorem with an explicit modulus of
continuity in §8.3. This modulus of continuity will be needed in other proofs, for example
in §8.5 and §16.6.

The existence of (-Sullivan limit maps implies some strong dynamical properties.

We refer to [22] and [12] for background and references on Anosov representations.

THEOREM 8.3. (Sullivan implies Anosov) There exists some positive (1 with the
following property. Let S be a closed hyperbolic surface and p be a representation of

m1(S) in G. Assume there exists a p-equivariant (i-Sullivan map
£:0pom (S) =P'(R) — F.

Then, p is P-Anosov and & is its limit curve.

Recall that P is the stabilizer of a point in F. We recall that a P-Anosov represen-
tation is in particular faithful and a quasi-isometric embedding and that all its elements
are loxodromic [22], [12] . Recall also that, in that context, the parabolic is isomorphic
to its opposite. We prove this theorem in §8.4.

The following result is worth stating, although we will not use it in the proof.

PROPOSITION 8.4. Let p, be a family of P-Anosov representations of a cocompact
Fuchsian group, whose limit maps are (,-Sullivan, with {, converging to zero. Then,

after conjugation, p, converges to a representation whose limit curve is a circle.

Proof. Let &, be the limit curve of p,. By definition, there exists a tripod 7,, and

an associated circle map 7, such that
M (0,1,00) =07, and d., (M, &) <Cn-

After conjugating p,, by an element g,, we may assume that 7,, and 7,, are constant and

equal to 7 and 7, respectively. Thus, we have
7(0,1,00) =07 and d,(n,&,) < (n-

In particular, it follows that &, converges uniformly to 7). Let py be the cocompact Fuch-
sian representation associated to 1. Let now ¥* be generators of I'. The same argument as
above shows that &,o7;=pn(7")°&, converges to noy;=po(7;). It follows that, using the
fact that the centralizer of a circle is compact, we may extract a subsequence such that
pn (i) converges for all i to p(y?), where p is a representation in Hx K of the form (pg, p1),

where H the group isomorphic to SL2(R) associated to 7, and K its centralizer. O
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In §8.1.1, we single out the consequence of the “compact stabilizer hypothesis” that

we shall use.

8.1.1. The compact stabilizer hypothesis
Our standing hypothesis will have the following consequence.

LEMMA 8.5. (i) There exists a positive constant ¢ such that, for every positive real
number M, there exists a positive real number N such that, if £ is a ¢-Sullivan map, if
Ty and Ty are two triples of distinct points in P1(R) with d(Ty,T2)<M, and if 71 and

To are the respective compatible tripods with respect to &, then
d(Tl, 7—2) < N

(ii) For any positive € and M, then for ¢ small enough, for any ¢-Sullivan map &,
if Ty and Ty are two triples of distinct points in PY(R) with d(Ty,Ts)< M, and if 71 and
vy are, respectively, the compatible tripod and the extended circle map of T1 with respect

to &, then we may choose a compatible tripod T for To such that

d(’]’z7 I/1(T2)) <€.

Actually, this lemma will be the unique consequence of our standard hypothesis
which will be used in the proof. This lemma is itself a corollary of the following propo-

sition.

PROPOSITION 8.6. (i) There exist positive constants A and {, such that, if 7 and

To are two tripods and X is a triple of points in F, then we have the implication
d-(X,0m1)<¢y and dr(X,0m2)<¢, = d(n,m2)<A.
(ii) Moreover, given a>0, there exists € >0 such that
d (X,0m)<e and d,(X,0m2) <e

= there exists T3 with O3 =012 and d(11,73) < .

We first prove Lemma 8.5 from Proposition 8.6.

Proof. Let ¢, and A be as in Proposition 8.6. Let first vy be an extended circle map
with associated map 1. By continuity of 79, there exists M such that

AT, To) <M = dyyr)(no(Th), mo(T2)) < 3¢
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The equivariance under the action of G then shows that the previous inequality holds for
all v=guy.

Let C:%Co and £ be a ¢-Sullivan map.

Proof of the first assertion. Let Ty and T be two tripods with d(T1,T2) <M. Let
us denote by 7; and 7 the corresponding compatible circle maps, by 71 and 75 the
corresponding compatible tripods, and by v and v the corresponding extended circle
maps such that 7,=v;(T;). Let X=¢(T»).

Then, the ¢-Sullivan property implies that d., (X, 71(72))<¢. Then,

dTl (X7 87—1) < dT1 (X7 nl(TQ))+dV1(T1)(n1(T2)a 771<T1)) < QC = CO-

From the ¢-Sullivan condition, we get

dry (X, 072) = dr, (§(T2), v2(T2)) < ¢ < Co-

Thus, Proposition 8.6 implies d(72,71)<A. This proves the first assertion with N=A.

Proof of the second assertion. Let £ be a (-Sullivan map, and let T;, n; and 7; be
as above. Let again X=¢(Ty)€F? and m9=n;(T2). Using the definition of a (-Sullivan
map, we have

dr (X,0m0)<¢ and d.,(X,0m) <.

Moreover, d(79,71)=d(T1,T2) <M. Thus, by Proposition 3.16, d,, and d,, are uniformly

equivalent. It follows that, for any positive S, for ¢ small enough we have
dro (X,010) <P and d,(X,0m)<p.

The second part of Lemma 8.6 guarantees us that, for any positive «, for ¢ small enough,

we may choose 73 with the same vertices as 75 such that
d(r3,m(T2)) = d(73,70) < cv.

Observe finally that 73 is a compatible tripod, recalling that in the case of the compact
stabilizer hypothesis d, and the circle maps associated to 7, only depends on 07, by

Proposition 3.15. Thus, choosing 73 concludes the proof of the lemma. O

Proof of Proposition 8.6. Let us first prove that G acts properly on some open subset
of F3 containing the set V of vertices of tripods.

We shall use the geometry of the associated symmetric space S(G). Let = be an
element of F, let A, be the family of hyperbolic elements conjugate to a fixing x; observe

that A, is a Stab(z)-orbit under conjugacy.
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The family of hyperbolic elements in A, corresponds in the symmetric space to an
asymptotic class of geodesics at +o0o. Thus, A, defines a Busemann function h, well
defined up to a constant. Each gradient line of h, is one of the above described geodesic.
The function h, is convex on every geodesic v, or in other words D2 h, (u,u)>0 for all
tangent vectors u. Moreover, D2 h,(u,u)=0 if and only if the 1-parameter subgroup
associated to the geodesic 7 in the direction of u commutes with the 1-parameter group
associated to the gradient line of H, through the point w. If now (z,y, z) are three points

on a circle C, then the function
C:=hgy+hy+h,

is geodesically convex. If H% is the hyperbolic geodesic plane associated to the circle C,
then z, y and z correspond to three points at infinity in H2C7 and all gradient lines of
hy, hy and h, along HZ are tangent to HZ. There is a unique point M in HZ which
is a critical point of H restricted to H2. Every vector u normal to H? at M is then
also normal to the gradient lines of h,, h, and h, which are tangent to H?, and, as a
consequence, Dy H(u)=0. Thus, M is a critical point of H. By the above discussion,
D2 H (v,v)=0, if and only if the 1-parameter subgroup generated by u commutes with the
SLo(R) associated to HZ. Since, by hypothesis, this SL2(R) has a compact centralizer,
M is a non-degenerate critical point.

The map G:(z,y,z)—M is G equivariant and extends continuously to some G-
invariant neighborhood U of V in F3 with values in S(G): to have a non-degenerate
minimum is an open condition on convex functions of class C?2. It follows that the action
of G on U is proper, since the action of G on the symmetric space S(G) is proper.

We now prove the first assertion of the proposition. let us work by contradiction,
and assume that, for all n, there exist tripods 7{* and 7, and triples of points X,, such
that

1
drp (Xp,011') < =, dT;(Xn,aT;)<E and n<d(t,13).

S|

=

We may as well assume that 7, is constant and equal to 7, and consider g, €G such that

3

gn(T1)=72. Thus, we have

dr(Xp,07) =0, dr(gn(Xp),07) =0 and d(7,gn(7)) = 0.

However, this last assertion contradicts the properness of the action of G on a neighbor-
hood of T €F3.

For the second assertion, working by contradiction again and taking limits as in the
proof of the first part, we obtain two tripods 71 and 79 such that d., (071,972)=0 and,
for all 73 with O13=07%, d(m1,73)>0. This is obviously a contradiction. O
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8.2. Paths of quasi-tripods and Sullivan maps

Let in this subsection £ be a (-Sullivan map from a dense set W of P!(R) to F. To make
life simpler, assuming the axiom of choice, we may extend £ — a priori non-continuously —
to a ¢-Sullivan map defined on all of P1(R). We choose, for every element z of P1(R)\W,
a sequence (wy)nen in W converging to z such that (w,) converges, and for £(z) the
limit of (&(wn))nen-

Our technical goal is, given a point zy in H? and two (possibly equal) close points
r1 and x5 with respect to zp in P1(RR), we construct paths of quasi-tripods “converging”
to &(x;). This is achieved in Proposition 8.9 and in its consequence Lemma 8.10. This
preliminary construction will be used for the main results of this section: Theorems 8.2
and 8.3

8.2.1. Two paths of tripods for the hyperbolic plane

We start with the model situation in H? and prove the following lemma which only uses
hyperbolic geometry and concerns tripods for SLo(R), which in that case are triple of

pairwise distinct points in P(R).

LEMMA 8.7. There exist universal positive constants k1 and kg with the following
property.

Let 2y be a point in H2, 21 and x5 be two points in PY(R), such that d,,(x1,2)
is small enough (possibly zero), then there exists two 2-sequences of tripods T and T?,
where zy belongs to the geodesic arc corresponding to the initial chord of both T' and
T2, with the following properties (see Figure 8.1):

(i) we have that imT;=x;;

(ii) the sequences Ty and To coincide for the first n tripods, for n greater than
—k1logd,, (z1,2);

(iil) two successive tripods T, and T}, | are at most Ko-swished;
(iv) defining the SLa(R)-tripods xt,:=(0~T:,, 07T, x%), one has d(xi,, T ) <Ko.

In item (iii) of this lemma, we make several abuses of language: firstly, since we are
on SL2(R), we write K-swished instead of (K, 0)-swished, as in Definition 4.6. Secondly,
we say that T and T" are K-swished whenever actually w?r and w9T” are K-swished for
some integers p and gq.

In the proof of the Anosov property for equivariant Sullivan curve, we will use the
“degenerate construction”, when x1 =xs=:20, in which case T' =T?=:7, whereas we shall

use the full case for the proof of the Holder property.
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20

Figure 8.1. Two paths of tripods.

Proof. The process is clear from Figure 8.1. Let us make it formal. Let x; and x5
be two points in P1(R) and assume that d,,(z1,22) is small enough. If z1#x2, we can
now find three geodesic arcs 7y, 71 and 7, joining in a point Z in H? with angles %7‘(’
such that their other extremities are respectively zg, 1 and x2. The arc -y is oriented
from zy to Z, whilst the others are from Z to x;, respectively. The tripod 7° orthogonal
to all three geodesic arcs g, y1 and yo will be referred in this proof as the forking tripod,
and the point of intersection of v; with 79 is denoted by ;.

Observe now that there exists a universal positive constant x; such that
length(vo) = duz= (20, Z) = —2k1 log(d,, (21, 22)), (8.3)

where dggz is the hyperbolic distance. We now construct a (discrete) lamination I" with
the following properties:

(i) T contains the three sides of the forking tripod, and 2y is in the support of T

(ii) all geodesics in T intersect orthogonally, either g, 71 or y2; let X be the set of
these intersection points;

(iii) the distance between any two successive points in X (for the natural ordering
of 70, 71 and 72) is greater than 1 and less than 2.

We orient each geodesic in I" such that its intersection with =y, y1 or 72 is positive.
We may now construct two sequences of geodesics I'' and I'? such that I'? contains all
the geodesics in I" that are encountered successively when going from zg to x;.

For two successive geodesics ~; and ;41 —in either I'! or I'?—we consider the
associated finite paths of tripods given by the following construction:

(i) in the case «; and 7,41 are both sides of the forking tripod, the path consists of
just one tripod: the forking tripod;

(ii) in the other case, we consider the path of tripods with two elements 7; and 7;,
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where

T = (’Vi(_oo)v ’YZ‘('FOO), ’7i+1(+oo))7
Tit1 = (7i(=00), Vit 1(+00), Yit1(—00)).

Combining these finite paths of tripods in infinite sequences, one obtains two se-

quences of tripods T*={T? }nen, with i€{1,2} which coincides up to the first

—K1 log(dzg (xla .’EQ))

tripods. Moreover, the swish between 77, and T}, is bounded by a universal constant
ko —of whose actual value we do not care, since obviously the set of configurations
(T}, T¢, . ) is compact (up to the action of SLy(R)).

An easy check shows that these sequences of tripods are 3-sequences. The last

condition is immediate after possibly enlarging the value of ko obtained previously. [J

8.2.2. Sullivan curves as deformations

Let 2o, 21, 22, T and T? be as in Lemma 8.7. Let ¢ be an ¢-Sullivan map. The main
idea is that & will define a deformation of the sequences of tripods. Our first step is the

following lemma.

LEMMA 8.8. For every positive €, there exists ( such that, for every i€{1,2} and

meN, there exists a compatible tripod T for TE, with respect to &, with associated circle
i

maps 0%, and extended circle maps vi,, such that, denoting by dt,

the metric d.: , we

have
O, =E(0°T,), (8.4)
di, (& m,) <e, (8.5)
A(1y,, Vy1 (Th,)) <. (8.6)

1 2

Moreover, for all m smaller than —k1logd,,(x1,x2), we have T,,=T5,.

Proof. Let us construct inductively the sequence ;. Let us first construct 78 =73.

We first choose a compatible tripod for Ty, with associated circle maps ni =n2 and ex-
tended circle maps vg=v7. Let 75=n}(To) be such that, denoting by df the metric d,
we have the inequality

di(€.mb) <C. (8.7)

In particular,

dy (0775, £(0%T3)) <.
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we may thus slightly deform 7§ (with respect to the metric dj)) such that assertion (8.4)
holds. Then, for ¢ small enough, the relation (8.5) holds for m=0, where e=2(.

Assume now that we have built the sequence up to 7%, ;. Let then
n=mh_1, T=T,_,, Tr=T,
and finally 14 :an_l. Recall that, by the construction of 77 and Tb,
d(Th,To) < ke=:M and d(vi(T1),71)<e.

We may now apply the second part of Lemma 8.5, which shows that, given € and ¢ small

enough, we may choose a compatible tripod 75 for Ty with respect to £ such that
d(TQ, 1%} (Tg)) < %E.

We now set 7% =:75, possibly deforming it a little such that assertion (8.4) holds. Then,
by the definition of compatibility, assertion (8.5) holds, while assertion (8.6) holds by
construction. The last part of the lemma follows from the inductive nature of our con-

struction and some bookkeeping. O

8.2.3. Main result

Let € be a ¢-Sullivan curve. We use the notation of the two previous lemmas. Our main
result is the following.

PROPOSITION 8.9. For all positive € and for { small enough, the following state-
ments hold.

(i) The quadruples 6i :=(7¢ £(OTL)) are reduced c-quasi-tripods.

(ii) If T}, and T}, are R: -swished, then 0%, and 6: ., are (R:,,€)-swished.

(iit) The sequences 8 and 0* are e-deformations of the sequence vo(T") and vo(T?),
respectively.

(iv) The n first elements of 8* and 6* coincide for n=—k1log(d, (z1,z2)).

(v) For all m, &(z;) belongs to the e-sliver S.(t.)) (see definition in §5.2).

Proof. Equation (8.7) guarantees that 67, is a (-quasi-tripod and reduced by condi-

tion (8.4). Furthermore, since T7, is at most ko-swished from T},

_1 by Proposition 8.7,

inequality (8.6) implies that 07, is at most (R!,,e)-swished from 6,, and thus 7° is a
model for §°. Statement (iii) then follows from Proposition 4.12. The coincidence up to
—kq log(d,, (21, z2)) follows from the last part of Lemma 8.8. Let us prove the last item

in the proposition. By the (-Sullivan condition, we have

dy, (€("), 1y (2%)) <€
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Let ¢, be the SLy(R)-tripod as in Proposition 8.7, let o, =v¢ (z¢) and dfn::dgfn. By

m\*m

construction, of and 7/ are coplanar. By statement (iv) of Lemma 8.7 , d(x?,,T¢) is
bounded by a constant ks, and hence, by Proposition 3.16, d¢, and din are uniformly

equivalent by constants depending only on G and k5. Thus, for { small enough, we have
d,, (E(2"),8°07,) = i, (E(2"), () <.

In other words, £(z°) belongs to the cone C.(c?,), and hence to the sliver S.(7!,) as

required, since 0!, and 7/ are coplanar and §*c!, =9* 7! . O

8.2.4. Limit points

Let then I'? | be the chords generated by the tripods 63 . and let us consider the sequences

2m>»

of chords I'; ::{Fin}meN. The final part of our construction is the following lemma.
LEMMA 8.10. The sequence of chords I are (1,¢)-deformed sequences of cuffs for
¢ small enough. Furthermore, these two sequences coincides up to

N> 7!@103.,-(2’1, 22).

Finally, .
N T ={&()}. (8.8)

Proof. The first two items of Proposition 8.9, together with Proposition 4.12, imply
that, for ¢ small enough, the sequences §° are e-deformations of the model sequences
vo(T*). This implies the first two assertions. Equation (8.8) follows by Theorem 7.2
(taking p=R=1 and S=A) and the last item of Proposition 8.9. O

8.3. Sullivan curves and the Holder property
We prove a more precise version of Theorem 8.2 that we state as follows.

THEOREM 8.11. (Holder modulus of continuity) There exist positive constants M,
Co and « such that, given a Co-Sullivan map & from PY(R) to F, for every tripod T in
PL(R), with associated G-tripod T, with respect to &, we have

d‘r(f(x)’g(y)) < M'dT(xvy)a'

Proof. Since d; has uniformly bounded diameter, It is enough to prove this inequality
for T such that dr(z, y) is small enough. Let then 1 =2 and 3=y be in P'(R), zo=5(T),
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¢ be a ¢-Sullivan map (for ¢ small enough), T and 7; be the sequences of SLy(R)-tripods
and G-tripods constructed in the preceding section, and ['; be the sequence of chords

satisfying Lemma 8.10. Let
T0i=T0 =Tg, Voi=vy=v3 and To:=T,;=T¢.

Let N>—klog(dr,(71,72)) be such that 7! and 72 coincide up to the first N tripods.

By Theorem 7.2 and using Lemma 8.10, we have

dry (€(21),€(22)) QY- A< Bedsy (w1, 22)* = Bedp, (21, 22)%, (8.9)

for some positive constants B and « depending only on g, A and k1.
Here, 79 is associated to Tp. But since d(Tp,T) is uniformly bounded, by the first
assertion in Lemma 8.5, d(79,7) is uniformly bounded (for ¢ small enough). Thus, by

Proposition 3.16, d. and d,, are uniformly equivalent. In particular,

dr(&(2),E(y) <F-dry (£(2), E(y)) < M-dr(z,y)".

This concludes the proof. O

8.4. Sullivan curves and the Anosov property

In this section, let £ be a (-Sullivan map equivariant under the action of a cocompact

Fuchsian group I for a representation p of I' in G.

8.4.1. A short introduction to Anosov representations

Intuitively, a Gromov hyperbolic discrete subgroup of G is P-Anosov if every element is
P-loxodromic, with “contraction constant” comparable with the word length of the group.
To be more precise, let P™ be a parabolic subgroup and P~ be its opposite associated
to the decompositions
g=n"®len" and pF=nTPL

For a hyperbolic surface S, let US be its unit tangent bundle equipped with its geodesic
flow {hi}ier. Let p be a representation of m1(S) into G. Let &, be the flat Lie algebra
bundle over S with monodromy Adep. The action of {h;}.cr lifts by parallel transport
the action of a flow {H;}.cr on g,. We say that the action is Anosov if we can find a

continuous splitting into vector sub-bundles

G, =N"dleN",
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, invariant under the action of { H;}¢cg, such that the following conditions hold:

e at each point x€US, the splitting is conjugate to the splitting g=p*®IEp~;

e the action of {H,;}cr is contracting towards the future on 9" and contracting
towards the past on 91~

Equivalently, let F pi be the associated flat bundles to p with fibers G/P*. The action
of hy lifts to an action denoted H; by parallel transport. Then, the representation p is
Anosov, if we can find continuous p-equivariant maps £* from 9o (S) into G/P* such
that the following conditions hold:

o for x#y, £+ (x) is transverse to £ (y);

e the associated sections =*

of F* over US by p are attracting points towards the
future and the past, respectively, for the action of {H;}:cg on the space of sections

endowed with the uniform topology.

8.4.2. A preliminary lemma

For a tripod 7, let 7+ be the coplanar tripod to 7 such that 71 is obtained after a
%ﬂ' rotation of 7 with respect to s(7). In other words, 7+ =(07,2,0%7), where x is
the symmetric of 9°7 with respect to the geodesic whose endpoints are 8~ 7 and 0*r.
Observe that s(7)=s(r+), and thus d,=d., ..

Our key lemma is the following.

LEMMA 8.12. There exists ¢ with such that, if & is a ¢-Sullivan map, then there
exist positive constants R and ¢ such that, if T is a tripod in SLy(R), then for any T
and o compatible tripods (with respect to &) to T and @r(T) satisfying

Oto=0"r=£(0'T),

we have
dTL(a"ay)S%'do’i(mvy) fOT all x,yECC(O'L)-

In this lemma, £ does not have to be equivariant. Also note that, with the notation
of the lemma, we have 9°(o1)=¢£(0"T).

Proof. We will use the confinement lemma (Lemma 6.1). Using the notation of that
lemma, let b:=f3, let ¢y be an integer greater than £(53) and let 79 be as in the conclusion
of the lemma.

Let zp:=s(T) be the orthogonal projection of °T on the geodesic joining 0~ T to
O*T. Let 1 =x2:=0%T. Let us now construct, for e<ny/(2¢y) and ¢ small enough as in
Theorem 8.2 and Proposition 8.9, the following objects.

e The sequence of SLy(R)-tripods T:=T"=T?, with T, =T, associated to the copla-

nar sequence of chords h.
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e The tripods 7,,:=7}, =72

-, and the corresponding sequence of reduced e-quasi-

tripods #:=0"=6?, which is an e-deformation of v (1) —according to Proposition 8.9 —
and associated to the deformed sequence of chords I.

e We also denote by v; the extended circle map associated to T; that satisfies
v(T;)=;. Let us also denote by p; the SLy(R)-tripods which is the projection of ho(;y1)

on hs;, and

i =200 ity )-

It follows that Thpgm., .- Toro(m+1) 15 @ strong (fo, 2fp)-coplanar path of tripods.
Thus, according to the confinement lemma and our choice of constants, (I'zzym, I'2e, (m+1))
is (b, k")-squeezed, and its commanding tripod is the projection of vagym (haeymt1) on
Vatgm(P2egm), that is A,,. In other words, since Ay11€So(Varym (h2eom)), we have, for

all m,

Cb()\m) =< K/?Cn7b()\m+1)~

Thus, by Corollary 5.3, using the fact that B3<as, where a3 is the constant in the

proposition, we have
1
dx, (u,v) < %d% (u,v) for all u,v e Cy(Ap). (8.10)

We now make the following claim.

CLAIM 1. There ezists a constant N only depending on G such that, for any tripod
B compatible with pane, (T), one has

d(B*, M) < N. (8.11)

Elementary hyperbolic geometry first shows that there exist positive constants Ny
and M, such that

d()\"’ 7_2”[0) = d(:uné(ﬁ TQTLKO) < Nla
A(Y2ne, (T), Tone,) < M.

By Lemma 8.5, there exists a constant Ny such that
d(B, T2ne,) < Na.

Since there exists a constant N3 such that d(3, 3+)< N3, the triangle inequality yields

the claim.
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Inequality (8.11) and Proposition 3.16 yield that there exists a constant C' such that,
if 0, is compatible with @, (T), then

1
5d0# <dy, < Cda#- (8.12)

Then, taking ng such that 2" ~1>(C? and R=ngl, from inequality (8.10) we get
dri(z,y) < 3-dyr(z,y) forall z,y€ Ch(An,).

To conclude, it is therefore enough to prove the following.

CLAIM 2. There exists a constant ¢ depending only on G such that
Co(0h) CCh(Any)-

Recall that, by hypothesis, 0% (o)=¢£(z). By the last item in Proposition 8.9, for ¢

small enough, we have

9%(0+) =&(x) € Spya(hn),

for all n. By the squeezing property, it follows that £(z)€Ch/2(Am) for all m.
Since dy,, and d,. are uniformly equivalent by inequality (8.12), taking c=b(20) "1

we obtain
Celom)={ueF:d,. (u,&(x)) <c} C{ueF:dy, (u,&(x))<5b}=Ch(An,).

This concludes the proof of the Claim 2, and hence of the lemma. O

8.4.3. Completion of the proof of Theorem 8.3

The proof is now standard. Let p be a representation of a cocompact torsion-free Fuch-
sian group I'. Let S be the space of SLy(R) tripods, U=I\S be the space of tripods in
the quotient equipped with the flow ¢. The space U with its flow {¢;}ier is naturally
conjugate to (a multiple of) the geodesic flow {h;}er of the underlying hyperbolic sur-
face. Let finally F, be the p-associated flat bundle over U with fiber F. This fiber bundle
is equipped with a flow {®;};cg lifting the flow {¢;}+cr by parallel transport along the
orbit. This flow is a multiple of the {H;}cr in §8.4.1.

Let £ be a p-equivariant (-Sullivan map for ¢ small enough such that Lemma 8.12

holds. Observe that £ gives now rise to two transverse ®;-invariant sections of F:

o (T):=¢&0"T) and o (T):=&(0°T).
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These sections are transverse for ¢ small enough, and more precisely for ¢ <%k, where
k=d,(0%T,0 T) for any tripod 7.

We now choose a fiberwise metric d on F as follows. For every T€S, let 7(T) be
a compatible tripod. We may choose the assignment T+ 7(T) to be I'-invariant. We
define our fiberwise metric at 7" to be dr:=d (). This metric may not be continuous
transversely to the fibers, but it is locally bounded: locally at a finite distance to a
continuous metric, since the set of compatible tripods has a uniformly bounded diameter
by Lemma 8.5.

Now, Lemma 8.12 exactly tells us that o* is an attracting fixed section of {¢; }:er
towards the future, and by symmetry o~ is an attracting fixed section of {¢; }ter towards

the past. By definition, p is F-Anosov, and this concludes the proof of Theorem 8.3.

8.4.4. Anosov and Sullivan lemma

As another relation of the Anosov property and Sullivan curves, let us prove the following

lemma of independent interest.

LEMMA 8.13. Let pg be an Anosov representation of a cocompact Fuchsian group T
Assume that the limit map & is (-Sullivan. Then, for any positive €, any nearby repre-

sentation p is Anosov with a ((+¢)-Sullivan limit map.

Proof. By the stability property of Anosov representations [22], [12] any nearby
representation p is Anosov. Let £, be its limit map.

By Guichard-Wienhard [12]| (see also [6]), £, depends continuously on p in the
uniform topology. More precisely, for any positive ¢, for any tripod 7 for G, there exists
a neighborhood U of pg such that, for all p in U and all 2€0,.H?,

d-(€p(2), Epy (7)) <. (8.13)

Instead of fixing 7, we may as well assume that 7 belongs to a bounded set K of G, using
for instance Proposition 3.16.

Let us consider a compact fundamental domain D for the action of I on the space
of tripods with respect to H2. For every tripod T in D, we have a compatible G-tripod
7p with circle map vp with respect to ;. Then, by Lemma 8.5, the set

D¢ := {TT ZTEZ)}7
is bounded. Thus, inequality (8.13) holds for all 7 in D¢ . It follows that, for all T€D,
drp (§(2), 7 (2)) < (e (8.14)

Using the equivariance under I, the inequality (8.14) now holds for all tripods T for H2.
In other words, &, is ({(+¢)-Sullivan. O
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8.5. Improving Holder derivatives

Our goal is to explain that under certain hypothesis we can can promote a Sullivan curve
with respect to a smaller subset to a full Sullivan curve. We need a series of technical
definitions before actually stating our theorem.

(i) For every tripod T for H?, let dr be the visual distance on 9., H? associated
to T. We say that a subset W of O,,H? is (a,T)-dense if

for all 2 € 0, H? there exists y € W such that dr(z,y) <a.

(i) Let a and ¢ be positive numbers and Z be a dense subset of 9., H2. We say that
a map & from O, H? to F is (a, ()-Sullivan if, given any tripod T in H?, there exist a
circle map &7 and an (a, T)-dense subset Wr of Z such that, writing 7:=£7(T), we have
d,(ér(x),&(x))<( for all x in Wr.

(iii) Let T" a be cocompact Fuchsian group and let p be a representation of T" in G.
Let £ be a p-equivariant map from 0., H? to F. We say that & is attractively coherent
for p if, given any y point in d,H?, there exists a sequence {7y, }men of elements of T
such that the following conditions hold:

e the limit of {7} }men is y;

o {(y) is the limit of {2z, }men, where z,, is an attractive fixed point for p(v,,).

The improvement theorem is the following.

THEOREM 8.14. (Improvement theorem) Let T' be a cocompact Fuchsian group.
Then, there exists a positive constant (o such that, for every ( less than (s, there exists
a positive ag satisfying the following property. Suppose that we are given

(i) a continuous family {pt}iepo,1) of representations of T' in G,

(ii) a family {&:}iepo,1) of (ao, €)-Sullivan maps,
and assume that every & is pi-equivariant and attractively coherent, and that the map &
1s 2C-Sullivan. Then, for all t, & is a 2¢-Sullivan map.

8.5.1. Bootstrapping and the proof of Theorem 8.14
Let us first start with a preliminary lemma.

LEMMA 8.15. Let p be an Anosov representation of a cocompact Fuchsian group.
Let & be a map from O H? to F which is attractively coherent for p. Then, & is the
limit map of p.

Proof. Let n be the limit map of p. Let y€0,,H? and let {,, }men be as in the
definition of attractively continuous. Since «; is the attractive fixed point of =, it follows
that n(vy;")=zm. The continuity of 7 shows that n(y)=£,(y). O
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We may now proceed to the proof. Let {& }icp0,1], {Pt}ecpo,1] and I' be as in the
hypothesis of the theorem that we want to prove. Let (5, M and « be as in Theorem 8.11.
Let (3 be such that Theorem 8.3 holds. Let finally ngi min(¢1, (o) and (< (.

Let us consider the subset K of [0, 1] of those parameters ¢ such that &; is 2¢-Sullivan.
LEMMA 8.16. The set K is closed.

Proof. Let {tm}men be a sequence of elements of K converging to s. For all n,
{&,, }men forms an equicontinuous family by Theorem 8.11, as 2(3<{y. We may extract a
subsequence converging to a map é which is ps equivariant and (o-Sullivan. In particular,
since 2(>< (1, it follows that ps is Anosov and é is the limit map of p,. By hypothesis,

&, is attractively continuous, and thus 5325 by Lemma 8.15. This proves that se K. [
We prove that K is open in two steps.

LEMMA 8.17. Assume that & is 2C-Sullivan. Then, there exists a neighborhood U
of t such that, for scU, & is (o-Sullivan.

Proof. Our assumptions guarantee that p; is Anosov and, by the stability condition
for Anosov representations [22], [12]|, the representation ps is Anosov for s close to t.
Lemma 8.15 implies that &, is the limit curve of ps. Lemma 8.13 then shows that, for s
close enough to t, & is (p-Sullivan since 2¢ <2(3<(p. O

We now prove a bootstrap lemma.

LEMMA 8.18. (Bootstrap) Given (, there exists some constant A such that, for
ag<A, if & is (o-Sullivan, then &5 is 2¢-Sullivan.

Proof. This is an easy consequence of the triangle inequality together with Theo-
rem 8.11. Since &, is (ag, ¢)-Sullivan, for every tripod T for H?, there exist an ag-dense
subset W and a circle map 7 such that, for all ye W, d,(&(y), n(y))<¢, where 7=n(T).
Let then x€9,,H? and y€W be such that dr(x,y)<ag. Then,

dr (&s(2),1(2)) < d- (§(2), €(y) +dr (n(x), n(y)) +dr(£(y), n(y) < Mag® +ao+(.

The last quantity is less than 2(, for ag small enough. This concludes the proof. O

Thus, K is open. Let t€ K. Then, by Lemma 8.17, for any nearby s in K, & is
(o-Sullivan, and hence 2¢-Sullivan by the bootstrap lemma (Lemma 8.18). Since K is

non-empty, closed and open, K =0, 1] and this concludes the proof of the theorem.
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9. Pair of pants from triangles

The purpose of this section is to define almost closing pairs of pants. These almost closing
pairs of pants will play the role of almost Fuchsian pair of pants in [14]. §13 will reveal
they are ubiquitous in I'\G.

These almost closing pair of pants are the building blocks for the construction of
surfaces whose fundamental group injects. Themselves are built out of two tripods using
symmetries, a construction reminiscent of building hyperbolic pair of pants using ideal
triangles.

Our main results here will be a result describing the structure of a pair of pants
(Theorem 9.5), whose proof relies on the closing lemma (Lemma 9.4). We will also prove

Proposition 9.9 that gives information onf the boundary loops.

In all this section, € and R are positive constants.

9.1. Almost closing pair of pants

Let I" be a subgroup of G. We will consider not only the case of a discrete I', but also
the case I'=G.

Given a tripod 19, the R-perfect pair of pants associated to 7y is the quintuple
(o, B,7,70,71) such that 7o and 7y are tripods, «, 8 and v are elements of G such that
ayB=Id, and moreover the pairs (79, w?7), (w(70),wB(71)) and (w?(79),a"17) are all
R-sheared.

We also consider alternatively an R-perfect pair of pants to be a quadruple of tripods
(T, So, S1,S2) such that

So=KopT, So=wKor(wT) and S;=w?K¢r(w?T),

with the boundary loops «, 8 and «y such that So=a.S7, So=8S5y and S1=+.S55, and such
that («, 8,7,T, So) is a perfect pair of pants with respect to the previous definition.
More generally, we will navigate freely between quadruple of tripods (7, Sy, S1, S2)
with boundary loops a, B and 7 such that Sy=aS;, So=pSy and S;=~S53, and quin-
tuple («, 8,7v,T,Sp), where «, 8 and  are elements of G such that ay8=Id, using the
construction described above in the particular case of R-perfect pair of pants.

We now wish to deform that perfect situation.

Let K be the map x—w(Z) defined in §3.3.1.
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Figure 9.1. Pair of pants from triangles.

Definition 9.1. (Almost closing) (i) Let T and S be two tripods in G, a be an
element in G and p be a positive constant. We say that (T, S) is (i, R)-almost closing

for « if there exist tripods v and v such that
d(u, T) < d(v,S) < p, (9.1)
d(Kopr(u),S)<p,  d(Keopr(v),a(T)) < p. (9-2)

(ii) Let P=(«, 8,7, 70, 71) such that «, 3,7€G with ay8=1, and 79, 7 are tripods,
we say P is a (u, R)-almost closing pair of pants if
(a) 10 and 7 are (u, R)-almost closing for «,
(b) w?ry and wa~t(71) are (i, R)-almost closing for +,

(c) wro and w?B(m) are (u, R)-almost closing for 3.
Let us first make immediate remarks.

PROPOSITION 9.2. If (T, S) is (u, R)-almost closing for «, then (S, a(T)) (and then

(a=1(S),T)) is also almost closing for a.

Proof. For the first item, observe that, if (u,v) is the pair of tripods working in the
definition for (T),5), then (v, a(u)) works for (S,«(T)). For the second item, observe

1

that the pair (a~!7y,79) is (i, R)-almost closing for a: we use (ajl7y,7¢) for (u,v) in

the definition. We apply the first item to get that (79, 71) is (u, R)-almost closing. The

other results for other pairs follows from symmetric considerations. O
We observe also the following symmetries.

PROPOSITION 9.3. (Symmetries) If (a,8,7,70,71) is an (u, R)-almost closing of
pants, then both

w(a, ﬂa’%TOle) = (ﬂ777 O‘aw(TO)va(ﬁTl)) and (057B710‘717B77-17 O[(T())),

are also (u, R)-almost closing.
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Proof. Using the definition of almost closing, we have the following.

(i) (m1,a(m0)) is (u, R)-almost closing for «, from the first item in the previous
proposition.

(ii) After taking the image by «, we have that (w2a(7),w(r1)) is (i, R)-almost
closing for aya™'=p"ta~!, and thus, from the first item in the previous proposition,
(w(T1),w?B7 (1)) is also (u, R)-almost closing for 3~ ta~1,

(iii) (wro,w?B(m1)) is (¢/R, R)-almost closing for 3, and thus, from the first item in
the previous proposition, (w?7,wTy) is (¢/R, R)-almost closing for 3.

This proves the result. O

9.2. Closing lemma for tripods
The first step in the proof of the closing pant theorem is the following lemma.

LEMMA 9.4. (Closing lemma) There exist constants Mas, €5 and Ry such that, as-
suming that (T, S) is (1, R)-almost closing for «, for R>Rs and p<ea, then the follow-
ing statements hold:

(i) « is P-lozodromic;

(i) dr(T*,a*)<May(u+eF);

(iii) moreover, if To=9Y(T,a ,a’) and 0,="(S,a,a"), then

d(soZR(Ta)v a(Ta)) < M2(/~L+6_R)7 (93)
d(pr(Ta), 0a) <Ma(ute™"); (9-4)
(iv) d(T,S)<2R.

In the sequel, M;, R; and ¢; will denote positive constants depending only on G.
As an immediate consequence and using Proposition 9.3, we get the following struc-

ture theorem for almost closing pair of pants.

THEOREM 9.5. (Structure of pair of pants) There exist positive constants My, g
and Ry, depending only on G, with the following property. Let e<eg and R>Ry. Then,
for any (e, R)-almost closing pair of pants (a, 8,7, 7o, T1), we have the following:

(i) «, B and ~ are all P-lozodromic;

(ii) the two quadruples (1o,2,y, ), with v€{a",7v"}, ye{a™, 57} and ze{y~, 5},
and (11,u,v,w), with ue{a™, B}, ve{at, 371 (y7)} and we{B~,B871(y")}, are both
My (e +e~ 1) -quasi-tripod;

(iii) moreover, if T,=" (19, ,a’) and 0,=Y(m,a”,a"), then

d(p2r(Ta), (Ta)) < Mg(e+eB), (9.5)
d(0r(Ta), 04) < Mg(e+e~B). (9.6)
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Proposition 9.9 will give further information on the boundary loops.

9.3. Preliminaries
Our first lemma is essentially a result on hyperbolic plane geometry.

LEMMA 9.6. There exist constants Rz and M3 such that, for R>Rg3, the following
holds. Let u be any tripod. Then, vi=p_or((Kop)?(u)) satisfies

d(v,u) < Mge™ &,
d(pr(v), Koppr(u) < Mge™F,
0 v=0 u.

Proof. There exists a constant M such that, for all w,
d(w, K(w)) < M. (9.7
Recall that w and K (w) are coplanar. In the upper half-plane model where
0" w=0 K(w)=o00,
K (w) is obtained from w by an horizontal translation. Thus, for R large enough,
d(o-r(w), p-r(K (w))) < Mze™F.

Applying this inequality to w=pr(Ke-pr(u)) gives

d(Keopr(u), pr(v))=d(Kopr(u), o-r(Kopr)?(u)) < Mze™ ¥, (9-8)

and thus the second assertion. Proceeding further, for R large enough, the previous

inequality and (9.7), together with the triangle inequality, give

d(pr(u), p-r(Kopr)*(u) <2M. (9-9)
Then, for R large enough,

d(u, o_op(Keopr)?(u)) < Mze E. (9.10)
This concludes the proof. O

The second lemma gives a way to prove an element is loxodromic.
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LEMMA 9.7. There exist constants My, Ry and 4 depending only on G such that,

for any e<eyq and R>= Ry, given a€G and assuming that there exists a tripod v such that
d(p2r(v), a(v)) <e,

then « is loxodromic.

Proof. Let £ be the isomorphism from Gy to G associated to v, it follows that, for

some constant B depending only on G, by inequality (3.4),
do(¢7 (), exp(2Rag)) < Be.

Thus, « is P-loxodromic and d,(a*, 8*v)<e for R large enough. O

9.4. Proof of Lemma 9.4

We now start the proof of the closing lemma (Lemma 9.4), referring to “(7T', S) is (u, R)-

almost closing for a7 as assumption (x).

9.4.1. A better tripod

PROPOSITION 9.8. There exist constants Ma, €3 and Ry such that, assuming (x),
u<ey and R> Ry, there exist

(i) a tripod ug such that ug, Kopgr(ug) and (Kopgr)?(ug) are respectively Mapi-
close to T, S and o(T);

(ii) a tripod uy such that uy, pr(uy) and par(u1) are Mo(u+e~)-close respectively
to T, S and o(T).

Proof. Let u and v be associated to S and T by assumption (x). Recall that Ko,
is contracting on U for positive ¢ (large enough)—see Proposition 3.10. Similarly,
by Proposition 3.12, K preserves each leaf of 4% ~, and thus ¢_;oK~! is uniformly
k-Lipschitz (for some k) along U~ for all positive .

By hypotheses (9.1), (9.2) and the triangle inequality,
d(Kepr(u),v) <2pu.

Thus, if p is small enough, L{%(;R () intersects U, in a unique point w which is 4u-close
to both v and Kopg(u) —and hence 5u close to S—as in Figure 9.2.
Recall that K preserves each leaf of 4%~ by Proposition 3.12. Thus,

0,— _ 0,—
UK ) = B U )
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KUg: )
Ko¢r(w)
w %
| SN -»ﬂ;l}‘ , KO¢R(U)
. -
uo r //,’ '/,‘,. KO¢R(U) u+
o T v
o
u

Figure 9.2. Closing quasi-orbits.

Let now ug be such that Keopr(up)=w. According to our initial remark that p_go
K~ is k-Lipschitz, since

d(Kepr(uo), Kopr(u) <2p,

we get that
d(ug,u) <x(2p) and d(ug,T) < (26+1)p,

where the second inequality used hypothesis (9.1).
Symmetrically, using now that Koppr is contracting for R large enough along the

leaves of U™, it follows that
d((Kepr)*(uo), (Kopr)(v)) < .
Combining with hypothesis (9.2), this yields
d((K pr)*(uo), o(T)) < 2p.

Thus, with M =2k+1, we obtain a tripod ug such that ug, Ko@gr(ug) and (Kopr)?(u)
are M p-close to T, S and «(T), respectively.

Now, according to Lemma 9.6, it is enough to take u;=¢_sr(Kopr)?(ug), then
apply the triangle inequality. O

9.4.2. Proof of the closing Lemma 9.4

Combining Proposition 9.8 and Lemma 9.7, we obtain that, for £ small enough and R

large enough, « is loxodromic, and moreover

duy (07 ur, 07 ) < Ma(p+e™ ).
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Since u; is My (u+e~#)-close to T, applications of Proposition 3.16 yields
dr (07T, ™) < My(u+e™ ). (9.11)
Observe that (T, S) is (1, —R)-almost closed with respect to a.. Thus, reversing the
signs in the proof, one gets symmetrically that
A (0T, 0*) < Ma(u+e ™),
and thus
dr(0FT, ") < Ms(u+e™®). (9.12)
It remains to prove the last statement in the lemma. Since
d(T,u) <My(u+e B and  d(a(T), par(u) < Ma(pu+e ), (9.13)

+

it follows that u;, o™ satisfies the hypothesis of Proposition 4.5. Thus, setting

Uq = \Ij(ulv O[77 O[+),

one has
d(¥(p2r(ur), 0, a"), par(ua))) < Me(p+e ™). (9.14)
Using inequalities (9.13) a second time and Lemma 4.3, we obtain that
d(P(par(ur),a ,at), a(ts)) < Mg(u+e™ ), (9.15)
d(p2r(Ta), P2r(Ua)) = d(Ta, ua) < Mr(ute™ ), (9.16)

where the equality in the line (9.16) comes from the fact that the flow acts by isometry
on the leaves of the central foliation (cf. property (v)). The triangle inequality yields,
from inequalities (9.14) and (9.15),

d(p2r(uq), (7)) < Ms(pte™ ™).
Combining finally with (9.16), we get

d(2r(Ta), @(7a)) < My(ute™ ). (9.17)
This proves inequality (9.3). A similar argument shows inequality (9.4).

The last statement is an obvious consequence of the previous ones.

9.5. Boundary loops

We show that the boundary loops of an almost closing pair of pants are close to be perfect
in a precise sense.

Let us say that a triple of tripods (S},T*,S() is R-perfect it T*=K¢r(S1) and
Sg=K¢rT*. Observe that there is a unique o, such that S§=a.(S7). As a shorthand,
we say then that (S7,7*,S5) is R-perfect for ..

We finally say « is R-perfect if it is conjugate to exp(Rayp).
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PROPOSITION 9.9. (Boundary loop) There exists a constant C' such that, given €
small enough, and then R large enough, the following holds.

For all (g, R)-almost closing pair of pants W=(T, Sy, S1,S2) with boundary loop «,
B and -y, there exists an R- perfect triple (S7,T*,Sg) for a. such that

d(S5.50) <O d(ST,81)<Cp, d(T".T)<C,

and, if k is such that a=ay -k, then k is in Lo, and

sup(ds; (k, 1d), dr- (k, 1d), dg; (k, 1d)) < C%. (9.18)

If furthermore « is R-perfect, then k=Id. Similar results hold for B and -y, for different
R-perfect triples.

In the next proofs, C; will denote constants depending only on G.

Proof. Since W is an (Me/R, R)-almost closing pair of pants, let (Sg,T™,ST) be
the perfect triple obtained by the first item in Proposition 9.8, and let a, be such that
Sg =0 S1. Let then

T=U(Sp,a ,a’), o=¥(S1,a",a?), u=¥(T,a ,a"),
T =V(S5,a,,a;), o' =U(ST, o, a)), u=U(T" a,,q;).

Recall that a(c)=7 and a,(c*)=7*. For ¢ small enough, and hence R large enough, by
the structure theorem (Theorem 9.5), we obtain that the four points o, o*, S; and ST
are all C1(e/R)-close, and thus dy, do-, ds, and dg: are all 2-Lipschitz equivalent, for
¢/R small enough. The same holds for 7, 7*, Sy and Sg, as well as for u, v*, T and T™*.

Let g in G such that c=g-o*. Since o and o* are Cy(g/R)-close, it follows that
ds; (9,1d) < 2d, (9,1d) < Ca - (9.19)

Applying the third item of Theorem 9.5 and then the first one, we obtain that, for some

constant C3 depending only on G,

& 19

d(p2r(0),a(0)) < Cs d(2r(0"), cu(0™)) <Caps
& 9]

d(pr(o),u) SCP,E, d(pr(c*),u") SC:;E.

Since par(0)=g-par(c*), we have

d(gr,7) < d(9(7), 9p2r(0)) +d(gp2r(0), 77)+d(T", T)

(1, 02r(0))+d(par(c™), 7*)+d(7*,7) < (26’3—&—6‘1)i

R?
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and thus, as above,

dss (9,1d) < 2d(g,1d) < 04%. (9.20)
Similarly
d(gu,u) <d(g(u), gpr(0))+d(ger(o), u")+d(u”, u)
< d(u, (o)) +dlpr(o™) u) +d(w u) < (205 +C1) .
and thus, as above,
dr+(g,1d) < 2d, (9,1d) < Cu . (9.21)

Inequalities (9.19)—(9.21) prove the inequality
€
Sup(dsa‘ (gv Id)a dT* (gv Id)v de (97 Id)) < CE

We can thus replace Sg, T* and S} by ¢~1Sg, g~ 'T*, g~ 157, respectively, so that, for
this new perfect triple, one has g=1.

Let us write now k=(c.) 'a. Then,
d(ko*, ") = d(a(0), ax (™)) = d(r,7*) < (203+201)%.
This implies that
ds: (k,1d) < 2d,- (k, 1d) < 205%. (9.22)

Finally, since 0*=0, one has af=a*. Thus k(af)=af, and in particular k commutes

with a,. We deduce that
dsf (kv Id) = de (ka;17 a*_l) = de (04*_1]{,‘7 a;l)

€ (9.23)
= da*(SI)(kv Id) = ng (kv Id) < 2C5E

We then deduce that
€ €
dy+(k,Id) < CGE and d«(k,1d) < CﬁE.

Since k belongs to L, , ¥ commutes with a?. But u*=at/? (7*), and thus the equation
above yields
€
dyr(k,1d) < C6E'

From this, we deduce that

do(k, 1d) < 07%. (9.24)

Inequalities (9.22)—(9.24) prove inequality (9.18).
Assume finally that « is perfect, such that o= fo, f~!. Then,
ak=ha,f -1
Since k is small, a,k is P-loxodromic. As k fixes af and a.k has o' as unique attracting
fixed point and .~ as unique repulsive fixed point, o,k also has at as unique attracting

fixed point and o~ as unique repulsive fixed point. It follows that f(af)=af. Thus, f

belongs to L, , and as such commutes with «,. It follows that k=Id. O
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9.6. Negatively almost closing pair of pants

In this section, we have only dealt with positively almost closing pair of pants. Perfectly
symmetric results are obtained for negatively almost closing pair of pants, once they have
been defined correctly — which we have not done yet. We postpone this discussion to

§10.5 after the discussion of the “inversion”.

10. Triconnected pairs of tripods and pair of pants

We define in this section triconnected pairs of tripods. These objects consist of a pair of
tripods together with three homotopy classes of path between them. One may think of
them as a very loosely almost closing pair of pants.

We then define weights for these tripods, and show that, when the weight of a
triconnected pair of tripod is non-zero, this triconnected pair of tripods actually defines
an almost closing pair of pants.

Apart from important definitions, and in particular the inversion of tripods discussed
in the last section, the main result of this section is the closing up tripod theorem
(Theorem 10.9).

This section will make use of a discrete subgroup I' of G, with non-zero injectivity
radius — or more precisely such that I'\ Sym(G) has a non-zero injectivity radius. When

T is a lattice, this is equivalent to the lattice being uniform.

10.1. Triconnected and biconnected pair of tripods and their lift

Definition 10.1. (Triconnected and biconnected pairs of tripods)
(i) A triconnected pair of tripods in T\ G (see Figure 10.1a) is a quintuple

W= (t,S,Co,Cl,CQ),

where ¢ and s are two tripods in T'\G, and ¢p, ¢; and ¢y are three homotopy classes
of paths from ¢ to s, from w?(t) to w(s) and from w(t) to w?(s), respectively, up to
loops defined in a Kg-orbit. The associated boundary loops are the following elements of
m1(T\G /Ko, s)~T"

a=copec;! B=coecy! and y=crecy .

The associated pair of pants is the triple P=(«, 3,7v). Observe that « v f=1.
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Figure 10.1. Triconnected pairs of tripods and their lifts.

(ii) A triconnected pair of tripods in the universal cover is a quadruple (T, Sy, S1, S2)
such that T, Sy, S1 and Sy are tripods in the same connected component of G. The

boundary loops of (T, Sp, S1,S2) are the elements «, 5 and 7 of G such that
Soza(Sl), 52:5(51) and Sl 27(52).

Similarly, we give the following definitions.

(i) A biconnected pair of tripods is a quadruple b=(t, s, co,c1), where ¢t and s are
tripods, and ¢y and ¢; are homotopy classes of paths from ¢ to s and from w?t to ws,
respectively, in T\ G (up to loops in Kg-orbits). Its boundary loop is a=coec; .

(i1) A biconnected pair of tripods in the universal cover is a triple (T, Sp,S1) such
that T', Sp and S; are tripods in the same connected component of G. The boundary loop
of (T, Sy, S1) is the element « of G such that Sy=a(S7).

A triconnected pair of tripods g=(t, s, co, ¢1, ¢2) defines a triconnected pair of tripods
(T, So, S1,S2) in the universal cover, up to the diagonal action of T', called the lift of a
triconnected pair of tripods, where T is a lift of ¢ in G, and Sy, S; and S5 are the three
lifts of s, such that Sy, wS; and w?S, are the endpoints of the paths lifting respectively
co, c1 and ¢y starting respectively at T, w?T and wT, as in Figure 10.1b. Observe that

80204(51)7 51:’}/(52) and 5226(50)7

where «, 8 and y are the three boundary loops of g.

Conversely, since G /K is contractible, we may think of a triconnected pair of tripods
as a quadruple of tripods (T, Sy, S1,52) in the same connected component of G well
defined, up to the diagonal action of I', such that S; all lie in the same T-orbit. In

particular, we define an action of w on the space of triconnected pairs of tripods by

W(T, So,Sl,SQ) = (wT,szg,wQSO,szl). (101)
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On triconnected pairs of tripods ¢=(t, s, co, c1, ¢2), the corresponding rotation is

W(t, S, Co, C1, 02) = (w<t),0.)2(8),62,00,01).

10.2. Weight functions

We fix a positive g less than half the injectivity radius of I'\G. Let us fix a smooth
positive function = from R to R, with support in |—1,1[, and define for every tripod T

and real € the bell function O, , by

1 = 1 T, T
 Js(re) Eld(y, 7)) du(y)u<€d( ’ ))'

The following proposition is straightforward.

O,.()

PROPOSITION 10.2. The function ©, has its support in an € neighborhood of T, is

positive and of integral 1. For any isometry g of G,
Oy(r),c°9=0Ore.
Finally, there exists a constant D, independent of € and T, such that
10+ llck < De k=P, (10.2)

Proof. The technical part is to prove the inequality (10.2). Let G (z)=E(\d(x, 1)),
for A>1. An induction shows that, for an auxiliary connection V on I'\G, the kth
derivative of Gy, V)G, is a polynomial of degree at most k in A, the derivatives of
d(xz,7) and the derivatives of =, and whose coefficients only depend on T'\G. Since,

moreover, this polynomial vanishes when d(z,7)>1, we obtain that
VR Gy || < K-AF, (10.3)

where K only depends on I'\G. Let us also consider the function

s= [ =(Gawn ) au= [ =(Zan))

Taking a lower bound of the function = to be a step function equal to A on the interval

]—C, C[ and zero elsewhere. Then,

du(y) = K(l)dim(g), (10.4)

foza [ ;

B(r,C/\)

where K only depends on G and =. The proposition now follows at once from inequalities
(10.3) and (10.4). O
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As a consequence, the family of functions ©; . also makes sense on I'\G, and the
same property holds: notice that this is the point where we make use of the fact that the

lattice is uniform.

Definition 10.3. (Weight functions) Let e<eg and let R be a positive real greater
than 1. The upstairs weight function is defined on the space of pairs of tripods (7', S) in
g by

Acr(T,S) = /g 1 1) (@) O, 1 (K o () dit. (10.5)
The downstairs weight function is defined on the space of pairs of tripods (¢,s) in T'\G
by

oo n(t,s) = / O O (o)

Mg
Let t and s be tripods in I'\G. Let ¢y be a path from ¢ to s. The connected tripod weight
function is defined by
aE,R(ta 57 CO) = AE,R(Ta SO)?

where T is any lift of £ in G, and Sy is the lift of s which is the endpoint of the lift of ¢
starting at 7.

Remarks. (i) For R negative, we define
A r(T,S):= /g Orc/ k(%) Og.c/r (K cpr(z))dz,
where K~ (z)=woK (r)=w?(z). Similarly, we define a. g.
(ii) By construction, for any g€G we have
Ac r(9T, gS) =Acr(T, S).

(iii) The value of a. r(t, s, c) only depends on t, s and the homotopy class of c.
(iv) Let (¢, s) be the set of homotopy classes of paths from ¢ to s. Then,

S anlts,0) = /F OOy (K oonla)) der=acalt. ). (106)

cem(t,s)

Definition 10.4. (Weight of a triconnected pair of tripods) Let R be a positive real.
Let W=(T, Sy, S1, S2) be a triconnected pair of tripods in the universal cover. The weight
of W is defined by

B.r(W)=A_ r(T, So)-Ac r(W*T,wS1)-Ac r(wT,w?Sy). (10.7)
Similarly, the weight of a biconnected pair of tripods B=(T, Sy, S1) is defined by
D. r(B):=A. r(T,So) Ac r(wT,wSy). (10.8)
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The functions B, g and D, g are I'-invariant, and thus descend to functions b, g
and d g for triconnected pairs of tripods and biconnected pairs of tripods in I'\G,

respectively. Using the definition of b, r and equation (10.1),
baRow Zb&R7 (10.9)
Z be.r(t, s, co,c1,c0) =ac r(t, s).ac r(wW? (1), w(s)).az r(w(t), w?(s)), (10.10)

€0,C1,C2

where the last equation used equations (10.7) and (10.6),
As an immediate consequence of the definitions of the weight functions, we have the

following.

PROPOSITION 10.5. Let («, 8,7,70,71) be an (¢/R, R)-almost closing pair of pants
and let W:=(19, 71,0 (11), 8(71)). Then, B. r(W) is non-zero.

One of our main goals is to prove the converse.

For R<0, for reasons that will become clear in Proposition 10.13, we define

BE R(W) AE R(T w Sl) e R(wT,wSo)-AE,R(wQT, Sg),
D8 R(W) AE R(T w Sl) A57R(MT,WSO).

We have the following result.

PROPOSITION 10.6. (Symmetry) We have, for R>0,

AL r(S,T)=A. p(WT,wS),
DE,R(B) = AE,R(T7 SO) 'AE,R(Slv T)

Proof. By definition, we have
A nlS.7) = /g O5.e/11)(2)-Or e/ 1y (K = o (2)) d
- / Os.c/ /(oK™ (2))-Or )y () da
/ Os.e/ /(- (@) Or.cy ) () do
/ O e/ 1 (PR (@) - O/ 1y ()
- /g Os.0/ (PR (@) Or) 1y (w()) da

=/g@ws,s/3(KowR(w))@w?T,e/R(ff) dzx

:A&R(wQT, wS),
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where we used the following facts:
(i) in the first equality, the fact that K and ¢g preserve the volume form;
(ii) in the second equality, the fact that K(z)=w(Z);
(iii) in the third equality, the fact that pr(Z)=p_g;
(iv) in the fourth equality, the change of variable y=w?(r);
(v) for the fifth equality, the fact that w is an isometry.

The second equation in the proposition is an immediate consequence of the first. [

10.2.1. Weight functions and mixing

Recall that a flow {@:}ier is exponentially mizing if there exists some integer k and
positive constants C' and a such that, given two smooth C* functions f and g, one has,

for all positive t,

oy dp— . <Ce k k. .
‘/Xf.g ordp </deu> (/ngu)‘<06 1l lgllo (10.11)

In Appendix B, we recall the fact that the action of {¢:}+er on I'\ G is exponentially
mixing when I is a lattice. As an immediate corollary, we have the following.

PRrROPOSITION 10.7. (Weight function and mixing) Given a uniform lattice T, there
exist a positive constant q=q(T') depending only on T’ and a positive constant K=K (e,T)
depending only on € and T such that, for R large enough and every t,s€T'\G, one has

|ac,r(t, s) —1| < K exp(—q|R|). (10.12)

Proof. This follows from the definition of exponential mixing and the definition of

the function a. g, by equations (10.6) and (10.2). O
Here is an easy corollary.

COROLLARY 10.8. For any positive €, for R large enough, the function a. p never
vanishes. Also, given any t and s, there exist (co, c1,c2) such that be g(t, s, co, c1,c2) is

not zero.

Proof. The first part follows from the previous Proposition 10.7, the second part
from equation (10.10). O

10.3. Triconnected pair of tripods and almost closing pair of pants

The main theorem of this section is to relate triconnected pairs of tripods to an almost

closing pair of pants, and to prove the converse of Proposition 10.5
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THEOREM 10.9. (Closing up tripods) There exists a constant M, depending only on
G, such that the following holds. For any positive €, there exists Ry such that, for any
triconnected pair of tripods W=(T, Sy, S1,S2) with boundary loops «, 8 and ~y satisfying
B r(W)#0 with R>Ro, (o, 8,7,T,S0) is an (Me/R, R)-positively almost closing pair
of pants.

The proof of Theorem 10.9 is an immediate consequence of the following proposition.

PROPOSITION 10.10. For u small enough and then R large enough, if B=(T, Sy, S1)
is a biconnected pair of tripod with boundary loop a such that D, r(B)#0, then T and
So are (pu/ R, R)-almost closing for «.

Proof. We have Sy=a(S1). Since Ag (T, So)#0, there exists u such that

O,/ r(1)-Osy,1/R(K @R (u)) #0.

Thus, from the definition of ©,

d(u,T) < % and  d(Kopp(u), So) < %. (10.13)
Similarly, since A, (w?(T),w(S1))#0, there exists a tripod z such that
d(w(2),T) <d(z,w(T)) < % and  d(Kopn(2),w(S1)) < %. (10.14)

Here, we used that w is an isometry for d (see the beginning of §3.4). Let

vi= a(wQOKogOR(Z)) =a(pr(2))-

Then, using the fact the metric on G is invariant by G and w, and using Corollary 3.17,

d(v,So) =d(v,a(S1)) =d(w?Kopr(2),S1) =d(Kopr(2),w(S)) < % (10.15)

Moreover, using the commutation properties (Proposition 3.10), we have

Kepp(v) =w(er(a(pr(2))) = acw(p-r(vr(2))) = a(w(2)).
Thus, by the right inequality in (10.14), and combining with inequality (10.15), we have

I

d(Koch(u),a(T)K% and d(v, So) < 7. (10.16)

The result now follows from inequality (10.16) and (10.13). O
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10.4. Reversing orientation on triconnected and biconnected pairs of tripods

We need an analogue of the transformation that reverses the orientation on pairs of
pants. Let Jg in Aut(Go) be a reflection for sy (see §2.1). Let o be the involution x+—Z
defined in §3.3. For an even sls-triple, Jy and o commute: this follows from a direct
matrix computation. Recall also that the automorphism Jg fixes Ly pointwise, since by
definition JoeZg,(Lo).

Definition 10.11. (Reversing orientation on G) The orientation-reversing involution
Iy is the automorphism of Gy defined by Iy:=Jge0.
We use the same notation to define its action on the space of tripods G=Hom(Gy, G)

by precomposition.

Remarks. (i) Ip commutes with o, and if s9=(ag, zo,yo) is the fundamental sls-

triple, then
Io(ao, 2o, yo) = (—ao, Yo, o). (10.17)

(i) We have Iyopp=_proly, and similarly wely=Ipow? and Iyo KoIly=woK.

(iii) For any tripod 7, we have d*I(7)=677 and §°(Io(7))=0(7).

(iv) Since the action of Iy commutes with the action of G and generates together
with w a finite group, we may assume that it preserves the left-invariant metric on G. In
particular, we may choose our foot projection such that it commutes with Iy according

to assertion (4.1):
U(Io(x),Io(y), Io(2)) =Ip(¥(x, y, 2)). (10.18)

(v) When G is isomorphic to PSLy(C), Iy corresponds to the symmetry J with

respect to a geodesic.

Definition 10.12. (Reversing orientation and rotation on Q) The reversing involution

Iy (see Figure 10.2) on the set of triconnected pairs of tripods Q, is given by
To(t, s, co, 1, c2) := (Io(t), wIo(s)),w?To(c1), w?To(co), w?Tn(ca)). (10.19)
On the set B of biconnected pairs of tripods, it is given by
To(t, s, co, c1) := (Io(t), wIo(s), w?To(cy1), w?To(co)). (10.20)

In order for this definition to make sense, we need to check that Iy sends a tricon-

nected pair of tripods to a triconnected pair of tripods.

Proof. Recall that a triconnected pair of tripods is a quintuple (¢, s, cg, ¢1, ¢2), where
e ¢y goes from t to s,
e ¢ goes from w?t to ws,

e ¢y goes from wt to w?s.
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(a) Before. (b) After.

Figure 10.2. Reversing orientation on triconnected pairs of tripods. Here, I=wly.

Let us check that (In(t),wIp(s)),w?Io(c1), w?Io(co),wlp(ca)) is a triconnected pair
of tripods. Indeed, denoting u=1Iy(¢) and v=wly(s), we have

(i) w?Ip(cy) goes from w?Tgw?(t)=Iy(t)=u to w?Iyw(s)=wly(s)=v,

(i) w?Ip(co) goes from w?Iy(t)=w?(u) to w?Iy(s)=w(v),

(iii) w?Iy(ce) goes from w?Ipw(t)=wly(t)=w(u) to w?Ipw?(s)=Iy(s)=w?(v),

Thus, the image by Iy of a triconnected pair of tripods is a triconnected pair of
tripods. O

Reversing orientation plays well with the weight functions and boundary loops:

PROPOSITION 10.13. Let g=(t, s, co, c1,¢2) be a triconnected pair of tripods.
(i) If the lift of q is W=(T, So, S1,S52), then the lift of Io(q) is

Lo(W):= (L(T), wIo(S1), wlo(So), wlo(S2)).

(i) If the boundary loops of q are (o, 3,7), then those of Io(q) are (a1, v~1 B~1).
In particular, Iy sends Q[q) to Qo1
(iii) Finally,

IOO(UZOJQOI(), b87ROIOZbE’_R and dg7ROIO:d5)—R- (10.21)

Proof. This follows either from squinting at symmetries in Figure 10.2 or from te-
dious computations that we officiate now.

For the first item, observe that

o the lift of w?Iy(cy) goes from w?Ipw?(T)=Iy(T) to w?Iow(S1)=wly(S1),

o the lift of w?Iy(co) goes from w?Iy(T) to w?Iy(Sp)=w(wlo(So)),

o the lift of w?Iy(c2) goes from w?Iow(T)=Io(T) to w?Iow?(Sy)=w?(wly(S2)).

The second item now follows from the first and the fact that I' commutes with Iy
and w.
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Let us now check the third item. For the sake of convenience, we use the abusive
notation O, . /g =0;. Thus, for R>0,

Ac r(To(T), To(8)) = /g Ory(7) ()-Ory(s) (Ko (v)) da
:/g@T(Io(x))~@s(Io°K°@R(x))dm
:/g@T(x).@S(IOOKowRoIo(x))dw
/g@T(a;).@S(woKoso—R(w))dfﬂ

= AE,—R(T7 S)v

where, for the second equality we use the equivariance of ©, for the third a change of
variables in G, and for the fourth the commuting relations (ii) following Definition 10.11.
Let g=(t, s, co, c1, c2), with lift W=(T, Sy, S1,52). Recall that

B. r(W)=Ac r(T,S0) Ac, p(w?T,wS1)- A, g (WT, w?Ss),
B._r(W)=A. r(wT,wSo)-Ac r(T,w*S1)-A g(W?T, S2).
Thus,
be r(Io(W)) = Ac r(Io(T), wIo(S1)-Ac r(w?To(T), w*Io(S0)) - Ac, r(wIo(T), To(S2))
= A r(Lo(T), To(w?S1))-Ac r(Io(wT), To(wSo)) - Ac, r(To(w?T), To(S2))
=A. _r(T, w?S)) Ag _p(wT,wSp) -AEJ:E(WQT7 Sa)
=B. _r(T, S0, 51,52)
=be —r(q)-

The commutations properties between w and I are straightforward. The relations for

d. r are obtained in the same way. O

10.5. Definition of negatively almost closing pair of pants

Let € and R be positive constants. If p=(a, 8,7,70,71) is an (e, R)-(positively-)almost
closing pair of pants. Then, by definition, we have that

L(p):= (a7, 871 Io(70), who(11)),

is an (e, —R)-(negatively-)almost closing pair of pants.
Then, Theorem 10.9 holds for R<0, as an immediate symmetry consequence of the

properties of Ij.
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11. Spaces of biconnected pairs of tripods and triconnected pairs of tripods

We present in this section the spaces of biconnected and triconnected pairs of tripods
that we shall discuss in the next sections. Our goals in this section are the following:
(i) the definition of the various spaces involved;
(ii) the equidistribution and mixing proposition (Proposition 11.7);
(iii) some local connectedness properties of the space of almost closing pair of pants.
Throughout this section, I will be a uniform lattice in G. Let a €I be a P-loxodromic

element. Recall that (see, for instance, [11, Proposition 3.5]) the centralizer
Fa = ZF (Oé)

of @ in T is a uniform lattice in the centralizer Z¢(a) of a in G.

11.1. Biconnected pairs of tripods
Let o be a P-loxodromic element and A be a uniform lattice in Zg(a). We define the
upstairs space of biconnected pairs of tripods B, as
B, := {biconnected pairs of tripods (T, Sy, S1) in the universal cover, with Sy =S},
and the downstairs space of biconnected pairs of tripods as
B2 :=A\B,.

We shall also denote by [I'] the set of conjugacy classes of elements in T, that we
also interpret as the set of free homotopy classes in '\ G/Kg, where Kj is the maximal

compact of Gg.

11.1.1. An invariant measure

Observe that B, can be identified with (GxG)* (that is the space of pairs of tripods in
the same connected component). From the covering map from B2 to (A\G) x (A\G), we
deduce an invariant form X in the Lebesgue measure class of B, and BA.

Let also D g and d. g be the weight functions defined in Definition 10.4 (with
respect to I'=A). By construction, D¢ g is a function on B,, while d. r is a function

on B2. We now consider the measures
Ver=Dc.r-A and v.gp=d. g\,

on BY and B2, respectively. The following assertion is obvious.
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PROPOSITION 11.1. The measure ve g is locally finite and invariant under
Co:=Zg(N).

We finally consider B. r(a) and BQR(OLL the supports of the functions D, p and
d. R, respectively. It will be convenient in the sequel to distinguish between positive and

negative, and we introduce, for R>0,
Bl p(a)={B€Ba:D.r(B)>0}  Bli(a)={BeB):d.r(B)>0},
B. p(e) ={B€By:D._r(B)>0}, Bl;(a)={BeB):d._r(B)>0}.

Recall that, by Proposition 10.10, if (7', Sy, «(So)) belongs to B r(«), then T and Sy are
(e/R, R)-almost closing for a.

11.1.2. biconnected pairs of tripods and lattices

Let T" be a uniform lattice in G and « be a P-loxodromic element in I'.  We may now
consider the set of biconnected pairs of tripods in I'\G whose loop is in the homotopy

class defined by a:
B[l;] := {biconnected pairs of tripods (t, s, co,c1) in T\G, with coec; ' € [a]}.
We have the following interpretation.
PROPOSITION 11.2. The projection from BLe to B[Fa] is an isomorphism.
In the sequel, we will use the following abuse of language:

BL.=pBLe.

11.2. Triconnected pair of tripods

We need to give names to various spaces of triconnected pairs of tripods, including their
“boundary related” versions. As above, let I' be a uniform lattice, « be an element in '

and A be a lattice in Zg(a). We introduce the following spaces:
Q:={(T, Sp, S1,52) €G*: 51,8, €T-Sp},
Ol :={(t, s, co, c1, o) triconnected pairs of tripods in T'\ G},
Qu:={(T, S0, 51,5)€Q:5 =aSy},
QA= A\ Q,,
Q[Fa] ={(t,s,co,c1,c0) €Q": coocl_l € [al}.

The following identifications are obvious.
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PROPOSITION 11.3. The space QY is isomorphic to T\ Q. Similarly, the space QFQ]

is isomorphic to QLe. Finally,

I _ I
Q"= || 9
[]€lT]

By a slight abuse of language we shall write

QL = Q"

11.2.1. Triconnected pairs of tripods in I'\ G

Parallel to what we did for biconnected pairs of tripods, let us introduce the following

spaces. First, let Q' be the set of triconnected pairs of tripods in I'\G and let
QL p={we Q" :b. p(w)>0}.
We will assume R>0 and write, accordingly, QS’E:QE, r and Qg’é:QF’_ - Let

(T\G)x (I'\G))*

be the set of pairs of points in I'\G in the same connected component. We first observe

the following result.

PROPOSITION 11.4. The (forgetting) map p from QF to ('\G)x(I'\G))* sending

(t,s,c0,c1,02) to (t,8) is a covering.

Proof. Let Q, be the space of quadruples (T, So, S1,.52), where all the S; lie in the
same I'-orbit. The map 7: (7T, Sp, S1,S2)— (T, Sp) is a covering. Let I'xT be acting on
Q. by

(v:m) (T, So, 51, 52) = (YT, nS0,1S1,nS2).

Then,
(IT'xD\Q, =9

and 7, being equivariant, gives rise to p. Thus, p is a covering. O

Definition 11.5. (Measures) The Lebesgue measure A is the locally finite measure
on Q associated to the pullback of the G-invariant volume form on I'\G.

Given positive R and ¢, the weighted measure p. r on Q is the measure supported
on Q. r given by

He,R = bE,RA'
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For the sake of convenience, we will assume that R>0 and write

+ I
Ms,R‘_,U’&R and /’I’E,R'_,u&fR'

PROPOSITION 11.6. For any positive €, and for R large enough, Q?R s non-empty,
relatively compact and pe r is finite. Moreover,
wiz g =pzep  and To.pZ p=plp.

Proof. By Corollary 10.8, b, r is not always zero, and thus Qg g is non-empty. Let
(T, So, S1,S2) be a lift of a triconnected pair of tripods w=(t, s, ¢g, ¢1, c2) satisfying

bE,R(w) 7é 0.

Then, by Proposition 10.10, d(7, S;) < R+¢. This implies that Q. g is relatively compact,
and thus p. g is finite. The invariance by w comes from the invariance of b, g by w
(equation (10.9)) and the invariance of the metric by w. The last assertion comes from
the fact that b r=b. _geIl by Proposition 10.13 and that A is invariant by I, since the

invariant measure on G is invariant by Aut(Gp) (see the beginning of §3.4). O

Let us finally define
Q: r(@)=0QL rRNQy,.

11.3. Mixing: from triconnected pairs of tripods to biconnected pairs of

tripods

We have a natural forgetful map 7 from QL to BL:
ﬂ-(Ta S07 Slv SQ) = (T7 SO; Sl)

We then have the following proposition which says that adding a third path is proba-
bilistically independent for large R.

ProPOSITION 11.7. (Equidistribution and mixing) We have the inclusion

7(Qe r(a)) C Be r(a).

Moreover, there ezists a function C. g depending on R and €, a constant g and a constant
K(e,T') such that m.(pe,r)=Ce rVe.r- The function C. g is a smooth almost constant

function: there exists a constant q and a constant K(e,T) such that
ICer—1lco < K(e, ') exp(—g|Rl). (11.1)

In particular, given €, for R large enough, the measure v, g is finite with relatively

compact support.
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Proof. By construction (for the second equality), and by assertion (10.6) (for the

third one), we have
o (pte,) = o (be i) = (Z e (w0 (1), w7 (5), cz>1) de A = e, r((t), w3 (5))A.
Thus, the result follows from exponential mixing: Proposition 10.7 and taking

Ce r(t,s) ZaER (8),c2) :ag,R(w(t),wQ(s).

Observe that C, r is smooth, since only finitely many terms in the sum are non-zero:

there are only finitely many homotopy classes of arcs of bounded length. O

11.4. Perfecting pants and varying the boundary holonomies

By aslight abuse of language, we will say that (T, Sp, S1, S2) with boundary loops («, 8,7)
is (¢/R, R)-almost closing if («,3,7,T,S0), where So=8(w?Sy) and Sy=a(w?S1), is
(¢/R, R)-almost closing.

Let us denote by P: r the space of (g, R)-almost closing pair of pants.

We say that a boundary loop of a triconnected pair of pants is T-perfect if it is
conjugate to exp(2Ta). Given R, recall that the boundary loops of an R-perfect pair of
pants are R-perfect (see [23, Proposition 5.2.2]).

Recall that, if « is a P-loxodromic element, we denote by L, the stabilizer in G of
the attractive and repulsive points o™ and o~ .

Our main result is the following.

THEOREM 11.8. (Varying the boundary holonomies) Let B be a positive number.
Then, there exist positive constants 9 and C such that, given e<eg, then for R large
enough the following assertion holds. Let Wo=(T, So, S1, S2) be a pair of pants in P: g
with boundary loops ag, Bo and ~o. Let {ki}icpo,1) be a smooth path in Lo, in the ball
of radius of length less than Be/R with respect to dr. Then, there exists a continuous
family {Wi}icjo,1) in Poe,r with boundary loops oy, B and vy such that Wo=W and the
following conditions hold:

(i) for all t, we have that B; and ~ are conjugate to By and o, respectively;

(ii) oy is conjugate to ag-ky.

11.4.1. Lifting holonomies

Let W=(T, Sy, S1,S52). For any h in G, let Wj,=(T, Sp, hS1,S52). Observe that, if h
belongs to the ball of radius €/R with respect to dr, then W is (Me/R, R)-almost

closing for some uniform M.
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The boundary loops of W}, are now ay,:=a-h™!, B,=03 and v,:=h-~.

Let G. g (resp. Lc g) be the ball of radius ¢/R in G (resp. Lo).

Let us consider, for this section, the following maps:

(i) the map A from the ball G, r of radius /R in G to the ball Lysc g such that ap
is conjugate to exp(Rag)-A(h);

(ii) the map C from G. g to Lase g such that ~y, is conjugate to exp(Rag)-C(h).

For ¢ small enough and M large enough, these maps are well defined by the boundary
loop proposition.

We need a succession of technical results.

LEMMA 11.9. (Horizontal distribution) There exist constants Ko and ey such that,
for ¢ less than ey and for any h in G g, there exists a linear subspace Hjp in TpG,
depending smoothly on h, such that the following conditions hold:

(i) TrC is zero restricted to Hp;

(ii) TrA is uniformly Ko biLipschitz from Hy to Typylo.

We will refer to H as the horizontal distribution.
Proof. Let us linearize the problem. Given a deformation {k;};c[o,1], we are looking

for {h¢}ief0,1) 1/t beepo,1) and {g¢}eejo,1) such that

a-ht=frakef;t and hey=giy-g;

Writing
. dv
H=
dt|,_o
we get the linearized equations
h=(Ad(a)—1)-f+k and h=(1—Ad(y))-g. (11.2)

Given k in the Lie algebra [, of L,, we want to find iL, f and ¢, depending linearly on k,
with )

k< ||R] <K |k,

7o IRl < [lAll <K [Ik]

for some constant K depending only on G, € and R, and where the norm comes from dp
such that furthermore the choice of h is smooth in A.

For peF, let M, be the stabilizer of p, and N, be its nilpotent radical.

As a consequence of the boundary loop proposition (Proposition 9.9), for R large
enough, Ad(a) both contracts N, by a factor less than %, and dilates N, by a factor at

least 2. A similar statement holds for Ad(v), since the same holds for a.. and ~,
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Since, by the structure pant theorem, (T, a~,a™,v7) is an (¢/R)-quasi-tripod, there

exists a positive constant C, for € small enough and R large enough, such that
dr(a”,a®)>C, dr(y ,a”)>C and dr(y ,a”)>C.
Indeed, noting that D:=d. (07,07 7) is a positive constant depending only on G, it
follows that, if 6~ is a p-quasi-tripod, then, for i#£7,
dg-((?iﬁ, >0) > dé(ﬁir, ) —dé(aiﬁ, ') —dé(8j9, 1) >D—-2p.

Thus, a~, at and 7~ are D—2u apart using dg,. Thus,
g=n,—+y- +0u+.

Then, denoting by n?_ the orthogonal in n - to (no-@®ng+ )Ny~ , we have
g=n-On,- Ongy+. (11.3)

Observe now that dimL,=dim n_, and that the projection from L, to n_ using the
above projection is uniformly biLipschitz by a function that depends only on h.
We now claim that Hh:nir solves our problem. Indeed, for k in G, let us consider

the decomposition of k using the above decomposition (11.3) of g as
=k +ko-+ko+,

where kf/,, ko- and k,+ belong to no_, - and n,+, respectively.
We now define f, h and g by

f=—(Ad(a)—1)"(kq- +ko+), h=k and §=(Ad(y)—1)"" (k).

Observe that h belongs to Hj, and 1, g and h solve equation (11.2). In particular,
ThA(h)=k and T,C(h)=0. O

An horizontal distribution (here H) for a submersion (here A) provides a way to
lift paths from Lg to G starting from any point in the fiber above the origin of the path.
Using this classical idea form differential geometry, we now prove the following result
that completes the proof of Theorem 11.8.

LEMMA 11.10. (Existence of a section) Let €9 and Ky be as in the previous lemma.
For ¢ less than £0(2Ko)~2 and then R large enough, given h° in G, r and k°:=A(h°),
there exists a continuous map E from Lr,e r) to Gugzer) such that the following
conditions hold:

(i) S(0)=h;

(ii) letting h=E(k), we have that «y is conjugate to «-k, while By and ~p are

conjugate to B and -y, respectively.
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Proof. Let h° in G. . Let us write k®=exp(u) and k=exp((1—t)u). Note that
the path {k° }icp0,1) has length less than Koe/R. Let {h%},c(0,1) be the path lifting

{kot}te[o,l] using the horizontal distribution H and starting from A°. In particular,
ALY =k =1d.

Since {h%}ie(0,1) has length less than KG(e/R), it follows that hi belongs to the ball of
radius 2K3¢/R.

For any k in L(2x,c,r), let us write k=exp(v) and k;=exp(tv). Let us lift {k;}ic(0,1
to a path {hs}e[,1] starting from hY, and define Z(k):=h;. The map = satisfies all of
the conditions of the lemma:

(i) by uniqueness of the lift, we have Z(k?)=h";

(ii) since all of the paths are tangent to the horizontal distribution, the holonomies
around ~ are all conjugate (since the horizontal distribution lies in the kernel of TC); by
construction, the holonomies around [ are fixed.

Observe that the path {k;};c[0,1] has length less than 2Koe/R, thus {h¢}¢e(o,1) has
length less than 2K32¢/R, and hence Z(k) is in the ball of radius 4K3¢/R. O

THEOREM 11.11. (Deforming into a perfect pair of pants) There erxists a positive
constant K such that, for € small enough and then R large enough, the following holds.
Let Wo=(T, So,S1,52) be an (e, R)-almost closing pair of pants. Then, there exists a
deformation path {Wi}iepo,1] with Wo=W such that, for each t, Wy is a (Ke, R)-pair of
pants, and W1y is R-perfect.

Moreover, if one of the boundaries is perfect, we may choose the deformation such

that this boundary stays perfect.
Let W=(T, Sy, S1,52) be an (¢, R)-almost closing pair of pants. Let
W*=(T, 55,51, 53)
be the R-perfect pair of pants based at T'. Let ¢} be the elements of G such that
Sp=QT, w?S3=CGwT and wS) =l w’Ty.

Then, the above theorem is the consequence of the following lemma.

LEMMA 11.12. The quadruple W is an (g, R)-almost closing pair of pants if and
only if there exist f; and g; in G, for i€{0, 1,2}, which are Ke/R-close to the identity
and such that

So=CT, w?So=CGuwT and wS;={wTs, (11.4)

where ¢;=fi( ;.
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Proof. We say that a pair (T,5) is (u, R)-almost closing if there exists a tripod u
such that w is p-close to T and Kpg(u) is close to S. Thus, u=¢T and K¢r(u)=¢'S,
where g and ¢’ are p-close to the identity with respect to dr and dg, respectively.

Let us consider ¢ and (* in G such that

S=(T,S" =KorT=C("T.

Let us consider h such that ¢’¢=Ch. Then, h is p-close to the identity with respect to
dr, as
dr(h,1d) =d(T,hT)=d((T,ChT)=d(S, ¢'S) =ds(g,g")-

Since
(W' T=g " (T=9g""'S=Kopr(u)=Kp(gT)=g(*T,

we thus have
¢=9gC"h.

It follows (using the notation above) that (T, S) is almost closing if and only if
¢=9¢"h,

with h and g p-close to the identity with respect to drp.
Repeating this argument for all of the pairs described in the lemma, the proof is

completed. O

11.4.2. Proof of Theorem 11.11

Assume now that one of the boundaries of W=(T, Sy, S1, S2) —say o —1is perfect. Let us
use the boundary loop proposition (Proposition 9.9), and let (ST, 7™, S§) be the perfect
triple associated to a*=a.

Let g be such that S;=¢S;. It follows that Sy=aga~1Sg. Then, g is close to the
identity with respect to ds,. Let then {g;}+c[0,1) be a path from g to Id, such that g; and
is close to the identity with respect to dg,. Let

St=g,S7 and S{=aga 1S;=as!.

Observe that
d(Sév SO) = d(OéSf, 0551) = d(Siv Sl) = dSl (gt7 Id)

As a first step in the deformation, we consider V[/t(l):(T7 S§, St,Ss) such that

WiV =(T,8;.85,52) and W =(T, 5, 1, 5).
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We remark that the first boundary loop does not change.
As a second step, we choose a small path {Tt}te[(),l] joining T to T™*, and define
W =(T*, Sz, St S,) such that

W =(T*,85,5¢,8,) and W =(T, S, S5, 8,).

Again, we remark that the first boundary loop does not change.

Let S5 be such that (7,53, S5, 55) is perfect. Finally, as in Lemma 11.12, we
write So=f(3hT™, with f and h close to the identity with respect to dr«. We find
paths {f'}icp0,1) and {h'}icp0,1) joining respectively f and h to Id. We finally write
St=ftCshtT*, and choose the final step as W) =(T*, S, S, S%) such that

W = (1%, 8:,57,83) and W =(T*, 85,57, ).

Again, we remark that the first boundary loop does not change.

12. Cores and foot projections

In this section we concentrate on discussing the analogues of the normal bundle to closed
geodesics for hyperbolic 3-manifolds in our higher-rank situation. Ultimately, in the next
section we want to show that pairs of pants with a common “boundary component” are
nicely distributed in this “normal bundle”. For now, we need to investigate and define
the objects that we shall need for this study.

More precisely, we define the feet space which is a higher-rank version of the normal
space to a geodesic in a 3-dimensional hyperbolic space. We also explain how biconnected
pairs of tripods and triconnected pairs of tripods project to this feet space.

We will also introduce an important subspace of this feet space, called the core. The
main result of this section is Theorem 12.4 about measures on the feet space.

In all this section « will be a semisimple P-loxodromic element in G, and A a uniform

lattice in Zg(«), the centralizer of « in G, such that a€A.

12.1. Feet spaces and their core

Definition 12.1. (Feet spaces of o) The upstairs feet space and the downstairs feet
space of «, denoted respectively by F, are

Fo:={1€G:0°1=0a"}, (12.1)

FA = AN\ F.. (12.2)

We denote by p the projection from F, to F2.
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If geG, the map Fj: 7+ g7, defines a natural map f, from F, to F,,,-1 which gives

gog
rise to a map
CFA L, pohe”!
fg~ ]:oz fgagfl ’

such that poFy= f,op, which is the identity if g€ A. We also introduce the groups

Coi=Z6"(A), (12.3)
Lo :={9€G:g(a®)=a"}. (12.4)

Let also consider K,, the maximal compact factor of L,. Below are some elementary
remarks.

(i) Any tripod in F, gives an isomorphism of L, with Lo, and the space F, is a
principal left L, torsor, as well as a principal right Lo torsor. It follows that 7~ (exp(tay))
does not depend on 7 in F,. Let then a€g be such that 77! (exp(tag))=exp(ta). As a
consequence, for all 7 in F,, we have o;(7)=exp(ta)T.

(ii) The group C, acts by isometries on F, and C,CL,.

12.1.1. The lattice case

When T is a lattice in G, we write by a slight abuse of language F. :=FL« where we

recall that I'y,=Zr(«). In that case, for a conjugacy class [a] in T', we let ]-'[2] be the set

L] 7
BE[c]

under the action of I' given by the maps f;. Since, for gel'y, f; gives the identity on

of equivalence classes in

FL the space ]-'[2  is canonically identified with .Fg for any given 8 in [a].

12.1.2. The core of the feet space
A (possibly empty) special subset of the space of feet requires consideration.

Definition 12.2. (Core) Given (g, R), the (g, R)-core of the space of feet is the closed
subset X, of F, defined by

X, = {T € Fo:d(2ar(),a(r)) <

oo

We denote by X be the projection of X, on F2.

We immediately have the following result.
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ProprosiTION 12.3. The sets X, and Xé\ are invariant under the action of C,.
Moreover, p~ ' X2 =X,. Finally, when non-empty, X2 is compact.

Proof. The first statement follows from the fact that Zg(«) acts by isometries on F,
commuting both with a and the flow {¢; }+er. The second statement comes from the fact
that X, is, in particular, invariant under the action of Zg(«). Let us finally prove the
compactness assertion, the action of the flow {(:}:er on F, is given by the left action
of the 1-parameter subgroup generated by a. Indeed, if 7 is in F,, then

d(par(7), (1)) =d(7,exp(—2Ra)a(T)).

Let B:=exp(—2Ra)a. Let 79 be an element of F,. Then, the core X, is the set of the

elements g1y, where g€l satisfies
_ €
d(70,9”" Bg-70) < -
Since « is semisimple and centralizes a, 3 is semisimple as well. Thus, the orbit map

LOZ/ZLa (5) —>ga
g+— 9~ Bg-o,

is proper. It follows that the set

=lo

{9 €La/ZL,(B):d(T0,9 ' Byg-10) <

}

=Z¢g(5) and A is a uniform

~—

is compact. The result now follows from the facts that Z¢(«

lattice in Zg(«) by hypothesis. O

12.2. Main result
The result uses the Lévy—Prokhorov distance as described in Appendix A.

THEOREM 12.4. There exists a constant M depending only on G such that, for
e small enough and then R large enough, the following holds. Let « be a loxodromic
element. Let p be a measure supported on the core X2

Let T be a compact torus in C,NK,. Let v be a measure on }"é} which is invariant
under Cqo and supported on X. Assume that we have a function C such that
€
R’

Then, for all j in Tq, denoting by dj the Lévy—Prokhorov distance between measures

p=Cr,  with |C—1||e < (12.5)

on Fg, we have

dLo*(gol)*(u),uKM%
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The difficulty here is that we want a relation involving the Lévy—Prokhorov distance.
We realize our goal by exhibiting tori T, containing T of controlled diameters, compare
o with its average along T, and apply Theorem A.1 in Appendix A. An extra difficulty
comes from the fact that we cannot guarantee in general that ¢; (which acts on the feet
space as an element of G) belongs to T,; however, on the core, it behaves pretty much
like an element of T,, (see Lemma 12.5). The fact that the core might not be connected
adds extra technical difficulties: the torus T, may depend on the connected component.

In the specific case of SL(n, C), or more generally complex groups, and the principal
slo, this difficulty disappears: the feet space is a torus isomorphic to C, and the action
of the flow (which is a right action) is interpreted as an element of C,. In this situation,
this whole section becomes easier and the theorem follows from Theorem A.1.

After some preliminaries, we prove Theorem 12.4 in §12.2.3. We then describe an
example where some of the hypothesis of the theorem are satisfied in the last subsection
§12.3 of this section.

12.2.1. A 1-dimensional torus

A critical point in the proof is to find a 1-parameter subgroup containing c.

LEMMA 12.5. There exists a constant My depending only on G such that, for € small
enough and then R large enough, the following holds. Let a be a loxodromic element.
Let A be a non-empty connected component of X2. Then, there exists a 1-parameter
subgroup ToCZg(Zg()) containing «, as well as an element f€T,, such that, for any

TEA,

diam(T,.7) <M R, (12.6)
d(p1(7), f(1)) < M1%~ (12.7)

A first step in the proof of this lemma is the following proposition where we use the

same notation.

PROPOSITION 12.6. There exists a constant My such that, for € small enough and
then R large enough, the following holds. Let a be a P-lozodromic element. Let A" be a
non-empty connected component of X,. Then, there exists u, in g invariant by Zg(a),
with exp(2Ruy)=«, such that, for all T€ AY,

(e (), exp(tug)(7)) < MQ% for all 0<t < 2R, (12.8)

d(1,exp(tua ) (1)) < MaR  for all 0 <t <2R. (12.9)
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Proof. If T belongs to the (e, R)-core of «, then

do(7~ (@), exp(2Rap)) < %

Since dy is right invariant, we obtain that, letting b:=7"!(a) exp(—Ray),
€
dp(b,1d) < =

Thus, for €/R small enough, there exists a unique v, (of smallest norm) in [y such that

b=exp(2Rv,) and  do(exp(tva), Id) g% for all ¢ € [0, 2R]. (12.10)
Let uq:=T&-(ap+v,). Since ag is in the center of [y, we get from the first equation that

a=¢&;(exp(2R(ag+vq)) =exp(2Ruy ).

The second inequality in assertion (12.10) now yields that, for all 7 in X,

dlipe(7), exp(tua)7) = do(exp(tva). 1d) < .
This proves inequality (12.8). Finally, inequality (12.9) follows from the fact that there
exists a constant A depending only on G such that d(p:(7), 7)< At for all ¢t and 7.

If /R is small enough, exp is a diffeomorphism in the neighborhood of v,,, and hence
of uy. It follows that u, only depends on the connected component of X containing 7.

Similarly, since u,, is a regular point of exp, it commutes with the Lie algebra 3(«)
of Zg(«). After complexification, it commutes with 3¢ (), and hence is fixed by

Zge (o) =exp(3c(a))
(since centralizers are connected in complex semisimple groups) and in particular with
ZG (Oé) O

We now prove Lemma 12.5 as an application.

Proof of Lemma 12.5. Let A" be a connected component of the lift of A to F,. The
hypotheses of Proposition 12.6 are satisfied for A, and let u, €[, be as in the conclusion
of this proposition. Let T,:={exp(tuq)}:. Since u, is fixed by Zg(a), we have

TaC Z(;(ZG(Oé)).

Let V,=exp([0,2R]u,) be a fundamental domain for the action of @ on V,. By

inequality (12.9), for all 7€ A we have
diam(V,7) < My R
for some constant M3 depending only on G. Since « acts trivially on FQ, we obtain that

Vor=Tgr.

This concludes the proof of the first assertion of Proposition 12.5. The second assertion

follows at once from inequality (12.8). O
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12.2.2. Averaging measures

Let u and v be as in the hypotheses of Theorem 12.4.
Let {X!};cr be the collection of connected components of X, Let us denote by 14

the characteristic function of a subset A. Let
pii=1lyip and vi:=1lyiv

be such that

N:ZM and y:ZUi.

icl i€l

Let Tg::Tg i be associated to Ap=2X as a consequence of Lemma 12.5. Let, finally,

consider the tori Q}, =Ty x T%,.

We first state and prove the following.

PROPOSITION 12.7. For a constant My depending only on G, and R large enough,

dL(ui,g*ui)<M5% for all g€ To, (12.11)

g
dr (i, P1.ti) <Ms . (12.12)

Proof. In the proof, M; will be constants depending only on G. Let f1, be the average
of p; with respect to Q,. By hypothesis, u,=Cv;, where ||C—1||<e/R?. Since Q}, CC,,

and since C, preserves v;, it follows that
w;=D-f;,

where ||[D—1||<2e/R?. We now apply Theorem A.1 to get that
€

dr(p;, fr;) < B-My RZ’

where M, only depends on the dimension of Ty and
B:=sup(diam(Q.,.7: 7€ X})).
By inequality (12.7), diam(T?7)<M;-R, for T€X,. Moreover, since ToCKp, we have
diam(Tg.7) < diam Ko,
and thus B<MsR. Therefore,

R €
dL(lJ’ia/"’i) < MSE-
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Observe now that g€Q?, acts by isometry on F,, and thus, for any measure A\; and A,
dL(g*/\mg*)\l) :dL(/\07 >\1)~
Using the fact that g.f,=f,, it then follows that
dr (B 9ett;) < AL (pis ) +dr (s, gepr) = 2d (1, 1) < 2M3%

This proves the first assertion.
For the second inequality, by inequality (12.8), there exists f€Q?, such that for any
7 in X! one has
d(f(r),1(r) <M .

Thus, from Proposition A.4,
€
dr(fabts, (1) xp;) < MoEo
Thus,

€
dr (i, (901)*%‘) < dL(f*IJ‘iv (‘Pl)*ﬂi)‘i'dL(f*Hia Ni) < MSE-

The last assertion of Proposition 12.7 now follows. O

12.2.3. Proof of Theorem 12.4

From Proposition 12.7
dr(pis p1.p) < M5’% and  dp(p;; goprs) < M5% for all g € To.
Thus, by Proposition A.2

dL(u7cp1*u)<M5% and dL(u,g*u)<M5% for all g€ Ty.

Then, if g€ Ty, using again that g acts by isometry on F2, and hence on its space of

a?

measures, we have

13
dr(p, 9«01, 0) < AL(gutt, Gup1.0) +dr(gupt, ) = dr (p, 1, 10) +dr(gept, p) < 2M; -

12.3. Foot projection of biconnected and triconnected pairs of tripods

For e small enough and then R large enough, thanks to item (ii) of Lemma 9.4, we can

define the foot projection ¥ from B r(a) to F, by

W(T, Sy, a(S0))=V(T,a";a7),
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Similarly, we define the foot projection ¥ from Q. r(a) to F, by
(T, So,51,92))=¥(T,a*;a7),
Let then v, r and p. r be as defined in §11.5 and §11.1.1, respectively:
ver=%v.r and p,p=Y"pu. R,

We now summarize some properties of the projection.

ProrosiTION 12.8. First, we have
Woly=1IpoW.

Moreover, assume € small enough and then R large enough. The foot projection ¥ is

proper. The measure V¢ g is supported on Xé\ and is finite. Finally,

He R = CE,RV&‘,R7

with
€

11=Cenlloe < 5

Proof. By construction, we have

Woly(t, s, co, c1,c2) =¥ (Io(t), Io(s), To(c1), To(co), To(c2))
U(Io(T),a ,a")
Ip

(U(T, 0", a7)),

where the last equality comes from the fact that Iy exchanges the vertices 9t7 and 07
of the tripod and assertion (10.18).
By Lemma 9.4 and Proposition 10.10, if B:=(T, Sy, a(Sp)) is in the support of D, g
and 7,:=%(B), then
d(T,74)+d(So,7a) < M (e+R)

for some universal constant M. This implies the properness of W.

Moreover, by Proposition 10.10, (T, Sy) is almost closing for «. Thus, by the last
assertion of the closing lemma (Lemma 9.4), 7, belongs to the (Me, R)-core X,. Thus,
V¢ r is supported on the core. Since X2 is compact (Proposition 12.3), Ve, R is finite.

The last assertion of this proposition now follows from Proposition 11.7. O
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13. Pairs of pants are evenly distributed

We will want to glue pairs of pants along their boundary components if their “foot
projections” differ by approximately a “Kahn—Markovi¢” twist. Given a pair of pants,
the existence of other pairs of pants which can admissibly be glued along a given boundary
component will be obtained by an equidistribution theorem.

Since we need to glue pairs of pants along boundary data, a whole part of this section
is to explain the boundary data which in this higher-rank situation is more subtle than
for the hyperbolic 3-space. We also need to explain what does reversing the orientation
mean in this context.

The main result is the even distribution theorem (Theorem 13.2), which requires
many definitions before being stated. Its proof relies on a Margulis-type argument using
mixing, as well as the presence of some large centralizers of elements of I'. This is the
only part where the flip assumption — revisited in this section —is used. This is of course
structurally modeled on the corresponding section in [14]. Let us sketch the construction.

(i) The space of triconnected pairs of tripods carries a measure u* coming from the
weight functions defined above. Similarly, we have a measure p~ obtained while using
the orientation-reversing diffeomorphism on the space of tripods (see Definition 11.5).

(ii) The boundary data associated to a boundary geodesic o with loxodromic holo-
nomy and endpoints at and o~ will be the set of tripods with endpoints a* and o™, up
to the action of the centralizer of . In the simplest case of the principal sl; in a complex
simple group, this space of feet is a compact torus.

We have now a projection ¥ from the space of triconnected pairs of tripods to the
space of feet F:=| | F~, just by taking the projection of one of the defining tripods (and
using Theorem 9.5). Our goal is to establish the even distribution theorem (Theore 13.2),
which says that the projected measures ¥,u* and W, pu~ do not differ by much after a
Kahn—-Markovi¢ twist. Roughly speaking the proof goes as follows.

(i) This projection ¥ factors through the space of “biconnected pairs of tripods”
(by forgetting one of the path connecting the tripods) which carries itself a weight and
a measure. The mixing argument then tells us that the projected measure from tricon-
nected pairs of tripods to biconnected pairs of tripods are approximately the same, or in
other words the forgotten path is roughly probabilistically independent form the others.

(ii) It is then enough to show that the projected measures from the space of bicon-
nected pairs of tripods is evenly distributed. In the simplest case of the principal sly in
a complex simple group, this comes from the fact these measures are invariant under the
centralizer of o which, in that case, acts transitively on the boundary data. The general
case is more subtle (and involves the Flip assumption) since the action of the centralizer

of o on space of feet is not transitive anymore.
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In this section I' will be a uniform lattice in G, « a P-loxodromic element in I', T,

the centralizer of o in I', which is a uniform lattice in Zg(«) (see [11, Proposition 3.5]).

13.1. The main result of this section: even distribution

We can now state the main result of this section. This is the only part of the paper
that makes uses of the flip assumption. The theorem uses the notion of Lévy—Prokhorov
distance for measures on a metric space which is discussed in Appendix A. We first need

the following definition.

Definition 13.1. (Kahn-Markovi¢ twist) For any a €T, the Kahn—Markovi¢ twist T,
is the element ;oo that we see as a diffeomorphism of the space of feet .. Similarly, we

consider the (global Kahn-Markovi¢ twist) product map T=]],.p Ta from F to itself.

Our main result is then the following.

THEOREM 13.2. (Even distribution) For any small enough positive e, there exists a
positive Ry such that, if R> Ry then pj,R are finite non-zero, and furthermore
€
R’
where T is the Kahn-Markovié twist, the constant M only depends on G, and dj, is the

dr(®ipl g, Tu®, ps g) <M (13.1)

Lévy—Prokhorov distance.

The notation ¥* and ¥~ in this theorem and the sequel of this section is for redun-
dancy: it means ¥ as considered from B p(a) and B_ z(a), respectively.

The metric on F is the metric coming from its description as a disjoint union, not
the induced metric from G. This whole section is devoted to the proof of this theorem.
We shall use the flip assumption.

13.2. Revisiting the flip assumption

We fix, in all this section, a reflection Jo. We will explain in this section the consequence
of the flip assumption that we shall use, as well as give examples of groups satisfying the
flip assumptions. Recall that, for an element « in I', we write I', =Zp ().

Let o be a P-loxodromic element. Let
Lo :={g9€G:g(a™)=a"}.

Observe first that, since Jo€Zg(Lo), Jo:=7(Jo) does not depend on 7, for all 7 with
O*r=a*, and belongs to Zg(L,). Thus, for all 7 in F,,

Jo-7=71-Jp.
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The element J,, of G is called the reflection of axis a.

Let also K, be the maximal compact factor of L.

Definition 13.3. (Weak flip assumption) We say that the lattice I in G satisfies the
weak flip assumption if there is some integer M depending only on G such that, given a
P-loxodromic element « in I, then the following conditions hold:

e there exists a subgroup A, of I',NZg"(«), normalized by Ty, with [Ty :Ay]<M;

e moreover, J, belongs to a connected compact torus T CZg(Ay)NK,.

Denoting by Zg(B) the centralizer in the group F of the set B, and by H° the
connected component of the identity of the group H, we now introduce the following

group for a P-loxodromic element « in I' satisfying the weak flip assumption

Co = (Zs(Aa))’ < La. (13.2)

13.2.1. Relating the flip assumptions

We first relate the flip assumptions (Definitions 2.2 and 2.3) to the weak flip assumption
(Definition 13.3).

PROPOSITION 13.4. If G and sq satisfy the flip assumption (Definition 2.2), or the
reqular flip assumption (Definition 2.3), then G, so and ' satisfy the weak flip assumption
(Definition 13.3).

Proof. Let us first make the following preliminary remark: as an easy consequence of
a general result by John Milnor [28], the following holds: Given a center-free semisimple
Lie group G, there exists a constant N such that, for every semisimple g€G, the number
of connected components of Zg(g) is less than N. In particular, [I'o:T'oNZg"()]) <N.

We have to study the two cases of the flip and regular flip assumptions. Assume
first that G and sy satisfy the flip assumption with reflection Jg. Let a be an element of
I’ which is P-loxodromic. Then, any element 8 commuting with « preserves a* and o™,

thus T', <L,. The flip assumption hypothesis thus implies that, taking A,=T,NZs" (),
Ja€ (ZG(La))O - (ZG(Fa))c> - (ZG<AQ))O-

Moreover, J, is an involution that belongs to the center of L., and thus to its compact
factor. Since, by [20, Corollary IV.4.47], the center of a connected compact subgroup is
included in any maximal torus, we may choose for TY a maximal torus in (Zg(A4)) NKqa
containing J,. This concludes this case.

Let us move to the regular flip assumption. In that case Lo=Ag xKg, where Aq is a

torus without compact factor, and K is a compact factor, accordingly L,=A, x K, with



182 J. KAHN, F. LABOURIE AND S. MOZES

the same convention. Let a be a P-loxodromic element in I', as above we notice that
', CL,. Since Ty, is discrete torsion-free, 'y NK,={e}. Thus, the projection of T, on
A, is injective, and I',, is Abelian. Let m be the projection of L, on K,, B=7n(Ty), and
B; be a maximal Abelian containing B in K,. Using again [28], there is a constant M
depending only on G such that, if C is maximal Abelian in Ko, then [C:C°]<M. Let

Ay =7 (B])NT, C Z6° ().

Then, [[4:Ay]<M. Moreover, setting TY to be a maximal torus containing Bj, we have

(since J is central in Kg)
Jo €T CZa(B3)NKy CZg(An)NKy.

This concludes the proof of the proposition. O

13.2.2. Groups satisfying (or not) the flip assumptions

Let us show a list of group satisfying the flip assumptions. Examples (iv) below were
pointed out to us by Fanny Kassel, who also pointed out earlier mistakes.

(i) If G is a complex semi-simple Lie group. Let s=(a,z,y) be an even s-triple.
Then, Jo=exp (3iCa), for the smallest (>0 such that exp(i¢a)=1 is a reflection that
satisfies the flip assumption: indeed, exp(ita) for ¢ real lies in Zg(Zg(a)).

(ii) The isometry groups of the hyperbolic space, SO(1,p), do not satisfy the weak
flip assumption when p is even, while they satisfy it for p odd.

(iii) The groups SO*(2,4) satisfy the flip assumption for some sla-triple with com-
pact centralizer. More precisely, embed SO (1,2)xS0O"(1,2) in SO (2,4) and consider
A, which is an even s-triple in SO*(1,2) embedded diagonally in SO™(1,2) xS0 (1,2).
Then, one can check that Zg(a)=GL(2,R)xSO(2) and, in this decomposition,

Jo = (Id, — Id).

Thus, although a is not regular, Jy belongs to the connected component of the identity
of Zg(Zg(a)). Finally, one notices that Zg(A) is compact.

(iv) The groups SU(p, q), with ¢>p>0, satisfy the flip assumption. We consider H
to be the irreducible SLy(R) in SO(p,p+1). Then, we see SO(p,p+1) as subgroup of
SU(p, q) in GL(p+¢q). Then, the centralizer of a in GL(p+q) is C*? x GL(g—p). It follows
that the centralizer Zg(a) in SU(p, q) is CP xSU(¢—p). Thus, a is regular and Zg(a) is
connected. It flows that H satisfies the regular flip assumption.

On the other hand, one easily checks that the groups SL(n,R) do not satisfy the flip
assumption for the irreducible SL(2,R).
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13.3. Proof of the even distribution theorem (Theorem 13.2)

Let A, the subgroup of I', of index at most M appearing in Definition 13.3.
Recall that
To=¢100=p1°do°Ig =p1°Js°I,

where J,, is defined in the beginning of §13.2.

The second equality comes from the fact that, as seen in the beginning of §13.2, the
right action of Jg and the left action of J, coincide on F,. Using Propositions 10.13,
11.6 and 12.8, we have

U, pe g =Y, To.pl p=To. ¥ 11/ p.

Let then

*

n= \Il+u€+’R and v= ‘IIII/;R.
Our goal is thus to prove that there exists a constant M5 depending only on G, such that

€
dL(@l*Ja*H7H)<M5Ea (13.3)

where we consider p as a measure on F.e. We perform a further reduction. Let p the
covering map from F2« to FLe. let u° and v° be the preimages of p and v respectively
on ]-'(’x\a. Since, p,u’=qu and p,v°=qv where ¢ is the degree —less than M — of the
covering p, it is enough by Proposition A.5 to prove that there exists a constant Mg
depending only on G, such that

g
di(pr.J 0 1) S Mg 7. (13.4)

But now this is a consequence of Theorem 12.4, taking v:=V,v, g, where v, g is defined
in paragraph 11.1.1 and its invariance under C, is checked in the same paragraph. The
main hypothesis (12.5) of Theorem 12.4—for instance the fact that v is supported on

the core—1is a consequence of Proposition 11.7.

14. Building straight surfaces and gluing

Our aim in this section is to define straight surfaces and prove their existence in Theorem
14.2. Loosely speaking, a straight surface is obtained by gluing almost Fuchsian pairs of
pants using Kahn—Markovi¢ twists. We also explain that a straight surface comes with
a fundamental group.

This section is just a rephrasing of a similar argument in [14] and uses as a central

argument the Even Distribution Theorem 13.2.
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14.1. Straight surfaces

Recall that in a graph, a flag adjacent to vertex v a is a pair (v, e) such that the edge e
is adjacent to the vertex v. The link L(v) of a vertex v is the set of flags adjacent to v.
A trivalent ribbon graph is a graph with a cyclic permutation w of order 3, without fixed
points, on flags such that w(v,e)=(v, f) and such that every link L(v) is equipped with
a cyclic permutation w, of order 3. If a graph is bipartite, so that we can write its set
of vertices as VUV ™, we denote by e* the vertices of an edge e that belong to V=,
respectively.

Let T" be a discrete subgroup of G.

Definition 14.1. (Straight surface) Let ¢ and R be positive numbers. An (g, R)
straight surface for T' is a pair X=(R, W), where R is a finite bipartite trivalent ribbon
graph whose set of vertices is V- UV™, and W is labeling of flags in R such that the
following conditions hold:

(i) for every flag (v,e) with veV*, W (v, e) belongs to Q;’;;

(ii) the labeling map is equivariant:
W (wy(v,€)) =w(W(v,e));
(iii) for any edge e,

AT (W(et,e)), T® ((W(e ,e))) < (14.1)

) o

We may now associate to a straight surface ¥ a topological surface given by the
gluing of pairs of pants (labeled by vertices) along their boundaries (labeled by edges),
surface whose fundamental group is denoted by 71 (X). The labeling of vertices of edges
will then give rise to a representation of 71 (X) into I' (see §16.1). The main theorem of

this section is the following.

THEOREM 14.2. (Existence of straight surfaces) Let s be an sla-triple in the Lie
algebra of a semisimple group G-satisfying the flip assumption, and let T' be a uniform
lattice in G.

Then, for every e, there exists Ro such that, for any R> Ry, there exists an (¢, R)-
straight surface for T.

14.2. Marriage and equidistribution

We want to prove the following lemma.
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LEMMA 14.3. (Trivalent graph) Let Y be a compact metric space. Let w be an
order-3 symmetry acting freely on Y. Let p be a w-invariant finite (non-zero) measure
on Y. Let a be a real number. Let f© and f' be two biLipschitz maps from Y to a

metric space Z such that
dp(fop fip) <a.

Then, there exists a non-empty finite trivalent bipartite ribbon graph R, whose vertex set
is VouVy, such that
e we have an w-equivariant labeling W of flags by elements of Y,

e if e is an edge from vy to vy such that v; €V, then

d(fOoW (vo,e), froW(vy,e)) < .

This will be an easy consequence of the following theorem.

THEOREM 14.4. (Measured marriage theorem) Let Y be a compact metric space
equipped with a finite (non-zero) measure p. Let f and g be two uniformly Lipschitz

maps from Y to a metric space Z such that

dr(fett, gupp) < .

Then, there exist a non-empty finite set Y, a map p from Y in'Y and a bijection ¢ from
Y to itself such that
d(fep,gope9) <28.

Assume now that we have a free action of an order-3 symmetry o on Y preserving the
measure. Then, there exists Y, ¢ and p as before, where Y is equipped with an order-3

symmetry ¢ and p is &-equivariant.

Proof. If u is the counting measure and Y is finite, this theorem is a rephrasing of
Hall marriage theorem (see [14, Theorem 3.2]). We reduce to this case by the following
trick: by approximation (See Proposition A.3), we may approximate (with respect to the
Lévy Prokhorov metric) p by a finitely supported atomic measure v.

Then, by Proposition A.5, f.v and f,u are very close and the same holds for g.
Thus,

dr(f+(v), 9:(v)) <2B. (14.2)

Since v is atomic, we can replace Y with the finite set Supp(v) of cardinality N. Then,
v become an element of RY. The inequality (14.2) now turns to be equivalent to the
following statement. Let £ be the set of pair of subsets (Zp, Z1) of Y such that

Zo=f"'(B) and Zy=g '(Bap)
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for some B in X. Then,
Z v({z}) < Z v({z}) forall (Zy,Z1)in E.
€2 €7y
In other words, it is equivalent to finitely many inequalities with integer coefficients and
linear in the weights of v.
Since we have a solution with real positive coefficients of this set of inequalities, we
also have a solution with positive rational coefficients, or in other words a measure A

with rational weights such that

dr(f+(A), g+(A)) <28.

After multiplication we may assume that all weights are integers. Note that multiplying
both measures by the same ¢>0 does not change the Lévy—Prokhorov distance. Then,
finally we let Y to be the set Y counted with the multiplicity given by A, and we can
conclude using the observation at the beginning of the paragraph. Finally, the procedure

can be made equivariant with respect to finite-order symmetries. O

14.2.1. Proof of Lemma 14.3

Let Y, & and h be as in Theorem 14.4. Let us write V=Y /(o) and let  be the projection
from Y to V. Let now R=V,LV; be the disjoint union of two copies of V; this will be
the set of vertices of the graph. An edge is given by a point y in }7, that we consider
joining the vertex vg:=7(y) to v1:=m(p(y)). The labeling is given by W=p.

14.3. Existence of straight surfaces: Proof of Theorem 14.2

We apply Lemma 14.3 to the following data:

(i) the set Y::QQ’E (which is non-empty by Proposition 11.6) and the set Z:=F;

(ii) the measure ,u::u;R (which is w-invariant and satisfy I*/Aj)R:u;R, by Propo-
sition 11.6);

(iii) the functions fO:=®"* and fl:=ToW =ToW¥ oI;

(iv) a:=Me/R.

Observe that we label vertices of Vy by W (v, e), while we label vertices of V; by
I(W(v,e)). For € small enough and then R large enough (depending on ¢), the following
statements hold:

e the set Q; r is non-empty, by Proposition 11.6;

e by Theorem 13.2, we have the inequality d(f°u, flu)<Me/R, using the fact that

+ _,F
I*ME,R - /'LE,R'
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Theorem 14.2 is now a rephrasing of the trivalent graph lemma (Lemma 14.3).
Namely, according to this lemma, we have a trivalent bipartite graph R such that every
flag (e*,e) is labeled by an element W(e*,e) of Qg’g and every flag (e, e) is labeled by
an element W(e™,e) of Qg”é, satisfying

d(TH(W(et,e), T® (W(e ,e)))<M (14.3)

£
7

In other words, (R, W) is an (Me, R)-straight surface.

15. The perfect lamination

In this section, we concentrate on plane hyperbolic geometry. We present some results
of [14] concerning the R-perfect lamination. This perfect lamination is associated to a
tiling by hexagons.

We also introduce a new concept: accessible points from a given hexagon. Apart
from the definition, the most important result is the accessibility lemma (Lemma 15.9),

which guarantees that accessible points are almost (in a quantitative way) dense.

15.1. The R-perfect lamination and the hexagonal tiling

Let us consider two ideal triangles in the (oriented) hyperbolic plane, glued to each other
by a swish of length R (with R>0) to obtain a pair of pants Py, called the positive R-
perfect pair of pants. Symmetrically, the negative R-perfect pair of pants Py is obtained
by a swish of length —R. Both perfect pairs of pants come by construction with ideal
triangulations and orientations.

The R-perfect surface Sg is the genus-2 oriented surface obtained by gluing the two
pairs of pants Py and P; with a swish of value 1. The surface Si possesses three cuffs
which are the three geodesic boundaries of the initial pairs of pants. These cuffs are
oriented, where the orientation comes from the orientation on Fj.

Let Ar be the Fuchsian group such that Az\H?=Sg.

The R-perfect lamination Lr of H? is the lift of the cuffs of Sk in H2.

Observe that each leaf of L carries a natural orientation. Connected components
of the complement of L are even or odd whenever they cover respectively a copy of Py
or P;.

We denote by £ the set of endpoints of Lg in 0..H?.
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15.1.1. Length, intersection and diameter

We collect here important facts about the R-perfect lamination from Kahn-Markovié
paper [14].

LEMMA 15.1. (Length control [14, Lemma 2.3]) There exists a constant K such that,
for R large enough and for all geodesic segments ~ in H? of length £, we have

H(YNL,) < K-R-L.

LEMMA 15.2. (Uniformly bounded diameter [14, Lemma 2.7]) There exists a con-
stant M independent of R such that, for all R, diam(Sg)<M.

As a corollary of the first lemma, using the language of §7.1, we have the following.

COROLLARY 15.3. There exists a constant K such that, for R large enough, any
coplanar sequence of cuffs whose underlying geodesic lamination is a subset of Lr is a

K R-sequence of cuffs.

15.1.2. Tilings: connected components, tiling hexagons and tripods

Let C be a connected component of H?\ Lg.

Observe that C is tiled by right-angled tiling hexagons coming from the decom-
position in pairs of pants of Sr. KEach such hexagon H is described by a triple of
geodesics (a,b,c) in Lg, whose endpoints (with respect to the orientation) are respec-
tively (a™,a"), (b7,b%) and (¢, ¢*), such that the sextuple (a=,a™,b™,b%,¢™,¢") is pos-
itively oriented. Let us then define three disjoint intervals, called sides at infinity in
0soH?, by 0, H:=[b",c"], 0.H:=[a",b"] and 9, H:=[c",a"]. Each such side corresponds

to the edge of the hexagon connecting the two corresponding cuffs.

Definition 15.4. (i) The successor of an hexagon H=(a,b, ¢) is the unique hexagon
of the form Suc(H)=(a,d,b).

(ii) The opposite of an hexagon H=(a, b, ¢) is the hexagon Opp(H)=(a,V’, "), such
that H and Opp(H) meet along a geodesic segment of length R—1.

(iii) Given a tiling hexagon H, an admissible tripod with respect to H is given by
three points (z,y, z) in O, H x OpH x 0. H.

We remark that
OppeSuce OppeSuc=1d.

We can furthermore color hexagons.
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PROPOSITION 15.5. There exists a labeling of hexagons by two colors (black and
white) such that H and Opp(H) have the same color, while H and Suc(H) have different

colors.

We denote by Tr(H) the set of admissible tripods with respect to a given hexagon
H and Ty the set of all admissible tripods. Elementary hyperbolic geometry yields the

following result.

PROPOSITION 15.6. There exists a universal constant K, such that for R large
enough, the following conditions hold:

(i) the diameter of each tiling hexagon is less than R+ K;

(ii) each hexagon has long edges (along cuffs) of length R, and short edges of length

¢ 3R
e+1 1+e . RE/2 _ 4.
ef—1 \/ eflte2hR and Rh_rgoe =1;

(iii) the distance between any two admissible tripods with respect to the same hexagon
-R/2.

l, where

1s at most 2e

15.1.3. Cuff groups and graphs

The cuff elements are those elements of the Fuchsian group Ar whose axis are cuffs, a
cuff group A is a finite-index subgroup of Ag containing all the primitive cuff elements:
equivalently, A\ H? is obtained by gluing R-perfect pairs of pants by swishes of length 1.
We will identify oriented cuffs with primitive cuff elements.

To a cuff group A, we can associate a ribbon graph R. Observe that S:=A\H? is
tiled by hexagons. We consider the graph R whose vertices are hexagons in the above
tiling of S, up to cyclic symmetry, and edges corresponding to pair of hexagons who lift
to opposite hexagons.

Observe that R is the covering of the corresponding graph for Sp and has thus
two connected components which correspond respectively to the 2-coloring in black and
white hexagons. The distinction between odd and even components (and thus between
odd and even hexagons) gives to R the structure of a bipartite graph.

Hexagons in S correspond to links of R. By construction, each hexagon H is as-
sociated to a perfect triconnected pair of tripods Wy(H) with respect to SLy(R), in
other words an element in Qg r. We have thus associated to each cuff group A a (0, R)-
straight surface £(A):=(R, Wp), which actually has two connected components. One eas-
ily checks that every connected (0, R)-straight surface ¥ is obtained from a well-defined

cuff group A, as a connected component of X(A).
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15.2. Good sequence of cuffs and accessible points
Let us start with a definition associated to a positive number K.

Definition 15.7. A pair (¢1,c2) of cuffs is K-acceptable if the following conditions
hold:

(i) there is no cuffs between ¢; and cs;

(ii) d(c1, )< K.

A triple (c1, ¢2,c3) of cuffs is K-acceptable if the following conditions hold:

(i) co is the unique cuff between ¢; and cs;

(i) d(cq,e3)<K.

Observe that, if a triple (c1,cq,c3) of cuffs is K-acceptable, then both the pairs

(c1,¢2) and (cg,c3) are K-acceptable

Definition 15.8. (1) A K-good sequence of cuffs is a sequence of cuffs {¢,,, }? _; such
that, for every m, whenever it makes sense, (¢, Cm+1, Cm+2) is K-acceptable.

(ii) A K-accessible point with respect to a tiling hexagon H is a point in ., H?
which is a limit of subsequences of endpoints of the cuffs of a K-good sequence of cuffs,

where ¢; and cp contain long segments of the boundary of H.

Observe that we have an associated nested sequence of chords, where the chord is
defined by the geodesic ¢,, and the half-space containing ¢, 1 and not containing ¢,,_1.

For a hexagon H (with respect to the lamination Lg), we denote by W (K) the set
of K-accessible points from H.

The main result of this section is the following lemma.

LEMMA 15.9. (Accessibility) Let Ky be a positive constant large enough. There
exists some function a: Rr>a(R) converging to zero as R—o00, such that WH(Ky) is
a(R)-dense for any tiling hexzagon H in H2, with respect to the visual distance from the

center of mass of H.

We also observe that, if R is greater than Ry, then there exists a positive real Cy
such that the visual distance from the center of mass of H is Cy-equivalent to the distance

associated to any admissible tripod with respect to H (see Definition 15.4).

15.3. Preliminary on acceptable pairs and triples
We need first to understand K-acceptable pairs.

PROPOSITION 15.10. For R large enough, let (c1,c2) be a K-acceptable pair. Then,
the following statements hold.
(i) We have 2e=R/2<d(c1, o) <2eF/2.



SURFACE GROUPS IN UNIFORM LATTICES OF SOME SEMI-SIMPLE GROUPS 191

(ii) There exist exactly two hexagons Hy and Hy whose sides are ¢1 and ca, respec-
tively; moreover, Hy=Suc(H1).
(iii) If (c1,7m) is K-acceptable, and furthermore n and co lie in the same connected

component of H?\cy, then there exists yEAR preserving ci such that n=-y-c.
We have also a proposition on K-acceptable triples.

PROPOSITION 15.11. There exists Ko such that, if (c1,c2) is a K-acceptable pair
with K> Ky, then the following statements hold.

(1) There exist exactly three K-acceptable triples starting with ¢i and co. Fizing
an orientation of ca, we can describe the last geodesic in the triple as c3:=(c1,c2)7,
and similarly ¢ and c3, where, if ©' is the projection of ¢4 on ca, then (z~,z% x™) is
oriented.

(2) If (c1,c2,c3) is a K-acceptable triple, then d(ci,c3) <Ky, and moreover, if x;
is the point in co closest to ¢;, then d(x1,x2)<3R.

(3) Moreover, if (Hy,Suc(Hy)) and (Ha,Suc(Hz)) are the pairs of hexagons bounded

by (c1,c2) and (ca,c3), respectively, then
Hy=~" Opp(Hy),
where 7 is the cuff element associated to co and pe{—1,0,1}.
(4) if ¢ is a geodesic not intersecting ¢1 and cq, such that co is between ¢; and ¢
and d(c,c1)< K, then there is a cuff c3 such that (c1,ca,c3) is a K-acceptable triple and
o cither c3 does not intersect ¢ and
— c3 lies between ¢ and ca,
— or c lies between c3 and ca,

® or c3 intersects c.

These two propositions have immediate consequences summarized in the following

corollary.

COROLLARY 15.12. (i) For all positive K1 and Ko greater than Ky, there exists Ry
such that, for all R>Ry and all hevagons H, one has WE(K,)=WE(K>).
(i) Any finite K-good sequence of cuffs {cm}t,_, can be extended to an infinite

K-good sequence {¢m}men-

15.3.1. Proof of Proposition 15.10

If there is no cuffs between ¢; and 7, then ¢; and 1 are common bounds of the universal
cover of a pair of pants. Then, for R large enough, the following holds:
e either d(c1,n)>1R,

e or they bound two hexagons with a common short edge that joins ¢; to cs.
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By construction of the shear coordinates, the pair of pants obtained by gluing two
ideal triangles using an R-swish has 2R as length of its boundaries. Thus, the two
hexagons have opposite long sides of length R and short side of length approximately
e~ /2 by the last item of Proposition 15.6. The result now follows.

This shows the first assertion.

Finally, all K-acceptable pairs (c¢1,77) —if n and ¢ are in the same connected com-

ponent of H?\¢; —are equivalent under the action of Ag, and the first item follows.

15.3.2. Controlling distances to geodesics

We will denote in general by [c, d] the geodesic arc passing between ¢ and d, where ¢ and

d could be at infinity. We first need a statement from elementary hyperbolic geometry.

PROPOSITION 15.13. If a and b are two non-intersecting geodesics, if x is the point
on a closest to b, and if y is a point on a such that d(z,y)> Ry, then

d(y,b) > inf (& d(a, b))/ Ld(z,y)—d(a,b)).

Proof. Let w and z be the projections on b of z and y, respectively. Let A:=d(x,y).
(i) Assume first d(z, w)<2A. Then,

d(ya Z) 2 d(y7 Qj‘)*d(l‘, w) 7d(wa Z) 2 Aid(av b) - %A 2 iAid(a’a b)7
(ii) If now d(z,w)>2 A, then
1 3A/4
d(y, z) = Tod(x,w)e .

This concludes the proof of the inequalities. O

15.3.3. Proof of Proposition 15.11

Let (c1,c2) be a K-acceptable pair. Let ¢J be the unique cuff such that (co,c)) is a
K-acceptable pair and, if z is the projection of ¢§ on ¢y and y is the projection of ¢; on
ca, then d(z,y)=1.

Let v be the primitive element of Ag preserving co, and for peZ we set
E=172(f) and 2P =A"(z).

Observe that 2 is the projection of ¢ on ¢y and that d(z, 2P)=pR.
Obviously, (c1,ca,c}) is K-acceptable, since d(c1,c])<2 for R large enough.
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C1

Figure 15.1. K-acceptable triples.

Observe now that the configuration of five geodesics given by 3, ¢, ca, ¢1 and y(ey)
converges to a pair of ideal triangles swished by 1. Thus, there exists a universal constant

K such that, for R-large enough,

d(ey,c3) < Ko, (15.1)
d(c1, c5t) < Ko, (15.2)

where the second inequality is obtained by a similar argument.

As a consequence, for K>2, (¢1,c2,c}) is K-acceptable for pe{+1,0,—1} and K >
Ko. We want to show that these are the only ones. Let us write to simplify c; =c3' and
z*=2*1. We introduce the following notation:

e let D, be the connected component of H?\ ¢ not containing c;;

e let n* be the geodesic arc orthogonal to ¢, passing though z* and lying inside D;

e let D* be the convex set bounded by n* and the geodesic arc [z*, ca(+00)],

Observe that the following conditions hold:

(i) EcD* for all p>3;

(ii) the closest point m to c; in D lies on ca (geodesic arcs orthogonal to n* never
intersect co and ¢q).

It follows that, for all p>1, one has
d(ch,c1) = d(D*,c1)=d(m,c1) > inf(l—lod(cl, 02)63‘4/4, iA—d(cl, 02)),
where A=d(m,y) and the last inequality comes from Proposition 15.13. Observe that

d(m’y) = d(ziay) = d(zia Z)id(zvy) =R-1.
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—R/2

Since d(c1,c2) = 5e %7 we obtain from the previous inequality that

1
2

d(ch,c1) > d(D*, ¢1) > inf (e * 1 1R -2).

Thus, for R large enough,

d(Cg, Cl) 2 d(Di, Cl) 2 éR

It follows that (c1,co,ch) is not K-acceptable for R large enough and p>1 (and a sym-
metric argument yields the case p<1). This finishes the proof of the first point.

The second point follows from inequalities (15.1) and (15.2). The third point is an
immediate consequence of the previous construction.

We use the notation of the previous paragraph to prove the last point. Let ¢ be such
that d(c1,c)<K. Since d(D*,c1)> %R, it follows that

cg DTUD".

Let furthermore Dy (resp. D7) be the hyperbolic half-plane not containing ¢; bounded
by [c5 (+00), c3(—00)] (resp. [c3(+00), ¢ (—o0)]). Observe that

d(DmCQ)}R and d(Dl,CQ)ZR.
Thus,
C§ZDO|_|D1.

Thus, the result now follows from the examination of Figure 15.1.

15.4. Preliminary on accessible points
The following proposition is obvious and summarizes some properties of accessible points.

PROPOSITION 15.14. A K-good sequence of cuffs {Ymtmen admits a unique acces-
sible point which is also the Hausdorff limit of {Ym }men in the compactification of HZ,

as well as the limit of the nested sequence of associated chords.
We can explain our first construction of accessible points.

PROPOSITION 15.15. There exists a function a(R) converging to zero as R goes to
infinity with the following property. Given K, there exists Ry such that, for all R> Ry,
the following holds: let (c1,c2) be a K-acceptable pair, let a be an extremity at infinity

of cy. Then, there exists an accessible point 3 in O,H? such that, for all x on c;,

dz(8,a) < (R).
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Proof. Tt is enough to prove this inequality whenever z is the projection of a on ¢;.
Let us consider the K-good sequence {c,, }men, starting with ¢; and ¢s, characterized by
the following induction procedure.

First we choose an orientation on ¢y such that a=cy(+00), let also b=c;(—o00) when
¢y inherits the orientation form csy.

Assume {c1,...,c,} is defined. We choose the orientation on ¢; compatible with cy.
Then, we choose c,11:=(cp—1,¢p) ", where the notation is from Proposition 15.11.

Let 3 be the accessible point from this sequence. We will now show that

lim d,(B,a)=0.

R—o0

This will prove the result setting a(R)=:d,.(8,a). Let us start by the following construc-
tion and observations:

e let z the projection of c3 on co;

e let 1 the geodesic arc orthogonal to ¢y starting at z and intersecting cs;

e let D be the convex set bounded by 7 and [y, a.

Observe that, for all p>3, ¢, CD. It is therefore enough to prove that D converges

to {a}, whenever R goes to infinity. Since
d(z,D)=d(z,z),

it will be enough to prove that d(x, z) converges to co. Then, let y be the projection of
c1 on ¢cg. We know that
A:=d(y,z) > R-1.

It then follows from Proposition 15.13 that
d(z,z) 2d(c1,2) > inf(%d(cl, 02)€3A/4, iA—d(cl, cz)).

e~R/2 for R large enough, it follows, again for R large enough, that

Since d(c1,c2)> 14

d(z,z) > % R.

In particular,

ngr;o d(z, z) = c0.

This concludes the proof. 0

15.5. Proof of the accessibility lemma (Lemma 15.9)

Let z be the center of mass of H.
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Let us work by contradiction. Then, there exist >0 and, for all R, an interval
Ir in O,H? of visual length with respect to = greater than 243, such that W# does not
intersect . As a consequence, there exist a non-empty closed interval I of length 8 and

a subsequence {R,, }men going to infinity such that
Wi (K) == Wi (K)

never intersects 1.

Let v be the geodesic connecting the extremity of I, and Dy be the closed geodesic
half-plane whose boundary is v and boundary at infinity /. We may as well assume — at
the price of taking a smaller §—that Dy does not intersect H.

Let then K be the distance form ~ to x. Assume that m is large enough (that is,
R,, is large enough) so that

Wm(K) = Wm(KO)'

Let also n be a geodesic inside Dy such that d(n, 2)=2K and d(n,v)=K. Let D1 CDg be
bounded by 7. Let also ¢ be the geodesic segment joining x to 77. This segment intersects
finitely many cuffs, and let ¢ be the closest cuff to , non-intersecting Dy. Let us consider
all the cuffs {c1, ..., ¢, } intersecting ¢ between x and ¢=c,. Then, {c1,...,¢,} is a K-good
sequence of cuffs.

We can now work out the contradiction. According to the last item of Proposi-
tion 15.11, there exists a cuff ¢p1 such that (cp—1, ¢p, cpt1) is a K-acceptable triple and
either

e 7 intersects cpy1,

e or 7 is between ¢, and cp41.

Indeed, cp41 cannot be between ¢, and vy, by the construction of c,.

In both cases, cp+1 has an extremity —call it a—inside D;. Then, according to
Proposition 15.15, we can find an accessible point with respect to a sequence starting
with (cp, cp41) —hence starting with (c1,c2) —such that the corresponding accessible

point y satisfies, for any € and R large enough,
dZ (yv a) < Ea

where z is the intersection of ¢, with ¢. Hence, since a lies in Dy,

d:c(yv CL) <e.

But this implies that y€ Dy for € small enough, and thus the contradiction.
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16. Straight surfaces and limit maps

We finally make the connection with the first part of the paper and the path of quasi-
tripods. Our starting object in this section will be a straight surface as discussed in the
previous section, or more generally an equivariant straight surface (see Definition 16.2).
Such an equivariant straight surface comes with a monodromy p and our main result,
Theorem 16.7, shows that there exists a p-equivariant limit curve which is furthermore
Sullivan. This implies the Anosov property, and in particular the fact that the represen-
tation is faithful.

The proof involves introducing another object: unfolding a straight surface gives
rise to a labeling of each hexagon of the fundamental tiling of the hyperbolic plane by
tripods, satisfying some coherence relations (see Proposition 16.8).

Then, we show that accessible points with respect to a given hexagon can be reached
through nice paths of tripods. The labeling of hexagons gives deformations of these paths
into paths of quasi-tripods. We can now use the limit point theorem (Theorem 7.2), and
thus associate to an accessible point a point in F: the limit point of the sequence of
quasi-tripods.

Using finally the improvement theorem (Theorem 8.14) and the explicit control on

limit points in Theorem 7.2, we show that we can define an actual Sullivan limit map.

16.1. Equivariant straight surfaces

We extend the definition of straight surfaces (which require a discrete subgroup of G) to
that of an equivariant straight surface that you may think as of a “local system” in our
setting, similar in spirit to the definition of positive representations in [10].

Recall that an almost closing pair of pants for G is a quintuple
T= (Ot,ﬂ,’y, TOyTl)

such that «, 8 and «y are P-loxodromic elements in G, and Ty and T} are tripods satisfying
the conditions of Definition 9.1. We denoted by P the space of (¢/R,+R)-almost
closing pairs of pants.

Also, if T=(«, 8,7, To,T1) is an (¢/R, R)-almost closing pair of pants, we defined
U(T)=9(Tp,at,a7),

where ¥ is the foot map for quasi-tripods defined in Definition 4.4. We now give the

following.
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Definition 16.1. (Configuration spaces and gluing)
(i) The configuration space of pairs of pants is defined as

;R = G\P;R.

(ii) The configuration space of gluing is Z. r:=G\ Z. r where Z. g is the set of pairs
(T*,T7)e P!y x P_ p such that

T* = (as, B, v+, Ty, TT), a;=(a)"! and d(®(TH), TE(T)) <

o

Observe that we have obvious G-equivariant projections m*: Z. Rl—)P:R, and also
denote by 7* the resulting projection Z. r—P> ;. An element of Z. g is called a gluing.
(iii) A perfect gluing based at an element g of 73; g is given by the class of a pair
(w, p1IoIow), where w=(a, 8,7,t, s) is a representative in P;R of the class g, and J, is

the reflection of axis « defined in the beginning of §13.2.
With this definition at hand, we can now introduce the main object of this section.

Definition 16.2. (Equivariant straight surfaces) Let € and R be positive numbers.
An (g, R)-equivariant straight surface is a pair (R, Z), where R is a bipartite trivalent
ribbon graph whose set of vertices is VLIV ™, such that the following conditions hold:

(i) Every edge e is labeled by an element Z(e) of Z. g. For convenience, we define

the corresponding label of flag
W(e*,e):=n"Z(e) e P . (16.1)

By an abuse of notation, we will talk about equivariant straight surfaces as triples
(R, Z,W), even though W is redundant.
(ii) The labeling map from the link of a vertex v is equivariant with respect to the

order-3 symmetries:

W(wy (v, €)) =w(W(v,e)).

Given a discrete subgroup I', and given ¢ small enough and then R large enough, a
straight surface for I' gives rise to an equivariant straight surface whose underlying graph
is finite.

Observe that, given a bipartite trivalent graph R, there is just one (0, R)-equivariant

straight surface, that we call the perfect surface for R.
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16.1.1. Monodromy of an equivariant straight surface

The fundamental group (as a graph of groups) 71 (%) of ¥=(R, Z, W) is described as
follows.

First let R* be the universal cover of the trivalent graph R and 71 (3X") be the group
with the following presentation:

(i) one generator for every oriented edge, such that the element associated to the
opposite edge is the inverse;

(ii) one relation for every vertex: the product of the three generators corresponding
to the edges is 1, using the orientation at each vertex.

Observe that the fundamental group of R acts by automorphisms on 71 (X*). We
now define

m1(X) =7 (Z") 171 (R).

Then, we have the following result.

PROPOSITION 16.3. When the underlying graph is finite, the group 71 (%) is isomor-
phic to the fundamental group of a surface whose Euler characteristic is the (opposite)

of the number of vertices of R.

Let us denote by [(v, e)] the flag in R which is the projection of the flag (v, e) in R™.
The following follows at once from the fact that G acts freely on the space of almost

closing pair of pants.

PROPOSITION 16.4. There exist a map Z* from the set of oriented of edges of R™
into Z;R, and a map W from the set of flags edges of R™ with values in P;R, such
that

(W¥(v,e)]=W([v,e]) and 7 Z"(e)=W"(e*,e).

Moreover, (W™, Z%) is unique up to the action of G.

A pair (R*,Z") is called a lift of (R,Z). As a corollary of this construction, we
obtain from W* a representation p* of 71(X*) in G, where the image by p* of the
element represented by the flag (v,e) is o, when W*(v,e)=(a, 8,7, To,T1). Moreover,
by uniqueness of W* up to the action of G, we obtain also a representation pg of 7 (R)
into G such that, if a€m;(3") and bem (R), then

p(b-a-b™") = po(b)-p*(a)-po(b™").

Definition 16.5. (Monodromy—Cuff elements) The monodromy of ¥=(R,Z, W) is
the unique morphism p from 71(X) to G extending both p* and pg. The cuff limit map
is the map &’ which, for every cuff element a, associates to the attractive point a™ of a

the attracting fixed point £'(a™):=p(a)" in F of the P-loxodromic element p(a).
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16.2. Doubling and deforming equivariant straight surfaces

Let R be a bipartite trivalent tree, v be a vertex in R and N be an integer. The N-
doubling graph at v is the finite bipartite trivalent graph R(? obtained by the following
procedure. We consider the ball B of radius N based at a lift of v in the universal cover
of R. Then, R is the graph obtained by taking two copies of B® and B!, and adding
two edges between the identified extreme points of B. Moreover, the cyclic order on the
edges of B! is reversed from the cyclic order for B'.

Let now ¥=(R, Z) be an (e, R)-equivariant straight surface over a tree, and v be a

vertex of R. The N-doubling equivariant straight surface at v is the surface
n(2) — (R@), Z(2))

whose underlying graph is the N-doubling graph at v. Let us now describe the label-
ing Z®). Let us denote by F the bijection between B°(v, N) and B'(v,N), and by m
the projection from B°(v, N) to R.

(i) If w is a vertex of B°(N,v), then we define

(i) If w is a vertex of B1(N,v), then we define
2 (w) = Lo Z(w(F(w)).
(iii) If e is an edge of B°(N,v), then we define
Z@(e)=Z(n(e).
(iv) If e is an edge of B'(N,v), then we define
Z@(e)=Z(n(e).

(v) If e is an edge joining w in BY to F(w) in B!, such that e=w(f) where f is an
edge joining w to a point in BY, then we define Z(Q)(e) to be the perfect gluing based at
WV (w, f),

(vi) Finally, if e is an edge joining w in B® to F(w) in B!, such that e=w?(f) where
f is an edge joining w to a point in B, then we define Z(®(e) to be the perfect gluing
based at w?W (w, f).

We may deform equivariant straight surfaces. Let us say that a family of (g, R)-
equivariant straight surfaces ¥;,=(R, Z;, W;), with t€[0, 1], is continuous if W} is contin-
uous in ¢t. The corresponding family of representations is then continuous as well. Our

main result in this section is the following.
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PROPOSITION 16.6. (Deforming the double) There exist €9, Ry and a constant C
depending only on G such that, if e<eg and R> Ry, the following holds. Let ¥=(R, Z)
be an equivariant (e, R)-straight surface, whose underlying graph is a tree. Let v be a
vertex of R and N be a positive integer. Then, there exists a continuous family Egz) of
(Ce, R)-equivariant straight surfaces, with t€[0, 1], such that E?) is the (v, N)-doubling
of ¥ and E(()Q) is the perfect surface for R(2).

Proof. Thanks to the doubling procedure, it is equivalent to show that we can have
a deformation of any labeling of the ball of radius N in a trivalent tree.
In this proof, B; will denote constants depending only on G.

We first prove that the fibers of the projection
mi=(n", 7" ): 2R —>'PE+7R><’PE_’R

are connected, for £ small enough and R large enough. These fibers are described in the
following way: given p=(p°, p!)€P* x P~, where p*=(c., s, Vs, 7¢, 71 ), then there exist
a unique element ge€Zg(«) such that

‘I'(T(())7O‘0+’ 046) :gT‘IJ(TOla airv O‘I)

This element g which is uniquely defined will be referred to as the gluing parameter.
Observe now that g is (B1e/R)-close to the identity with respect to the metric d+.
This follows from the definition of Z. g and assertion (3.4) in Proposition 3.16.

Step 1. Our first step is to deform the gluing parameters to the identity such that
all gluing are perfect.

Let us use the tripod 74 as an identification of G with Gg. Let then go=7, (¢) and
ap=7y (). Then, g is (B2e/R)-close to the identity with respect to dy. Thus, for €
small enough, write g=exp(u) with u€lp of norm less than Bse/R. Moreover, u is the

unique such vector of norm less than By. We now prove that u€jg(ag). Observe that
exp(ad(ao)-u) = aogoq ' = go-

By assertion (9.5), we have ap=exp(2R-ag)h, where h is (Me/R)-close to the identity
for some constant M. Thus, for & small, the linear operator ad(ag)—acting on lp—is

close to the identity and has norm less than 2. Thus,
€
Jad(ao)-ull < Bs <.

It follows, by the uniqueness of u, that ad(ag)-u=u. Thus, u€jc(ap). Then, we can
deform ¢ to the identity through elements (Bge/R)-close to identity with respect to dTgr.
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Then, as a first step of our deformation, we deform each gluing parameter for every
edge to the identity.

Observe now that an equivariant straight surface with trivial gluing parameters is
the same thing as a labeling of each vertex with an element of 77: » With the constraints
that boundary loops corresponding to opposite edges are conjugate. More formally, if
(v, e) is a flag corresponding to the oriented edge e in the graph, and € is the edge with the
opposite orientation, if W(v,e)=(«, 8,7, 70, 71) and we write «(e)=[«], the constraint is

that a(e)=a(€). From now on, we keep the gluing parameters trivial.

Step 2. We now describe the second step of the deformation. Let V'=(T, Sy, S1, S2)
be the pair of pants labeling v with boundary loops (o, 80,70). Using Theorem 11.11,
we obtain a deformation of (K¢, R) pair of pants V,=(T"%, S, St, St) with boundary loops
(ait, Be,vt) to an R-perfect pair of pants; observe that the conjugacy classes (o, Bt,v¢) of
the boundaries may change. However, since V; is a (Ke, R)-pair of pants we may write

that at:gtozoktgfl, where k; belongs to the ball of radius Ke/R in L, .

Step 3. For the third step, let w be a vertex at distance 1 from v whose common
boundary with v is, say, a. We use Theorem 11.8 to deform the pair of pants associated
to w, following the deformation of the (unique) common boundary between v and w,
while keeping the other boundary loops of w in the same conjugacy class. As a result,

the “inner” boundary loop of w is now R-perfect.

Step 4. As a fourth step, we deform the pair of pants labeling w to a perfect pair

of pants keeping the inner boundary loop of w R-perfect.

Then, we repeat inductively this procedure, namely third and Steps 3 and 4.
We have thus deformed our doubled equivariant straight surfaces to an equivariant
straight surface with perfect pair of pants for each vertex and perfect gluing parameters,

or in other words a perfect surface. O

16.3. Main result

Our main result is the following theorem that shows the existence of Sullivan curves.

THEOREM 16.7. (Sullivan and straight surfaces) We assume that s has a compact
centralizer.

For any positive (, there exist positive numbers eqg such that, for e<eq, there exists
Ry such that if R>Ro and X is an (g, R)-equivariant straight surface with monodromy
p and cuff limit map &', then there exists a unique p-equivariant ¢-Sullivan map & from
0s71(SR) to F extending £'.
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In this section, we will always precise when we use the hypothesis that s has a

compact centralizer.

16.4. Hexagons and tripods

We need to connect our notion of equivariant straight surfaces to the picture of tiling by

hexagons.

16.4.1. Labeling hexagons by tripods

Let us consider X the perfect surface for R, that is the unique (0, R)-straight surface of
the form (R, Zp). Gluing perfect R-pairs of pants associated to the vertices of R along
sides corresponding to edges of R by a 1-swish, we obtain a covering S of the perfect
surface Sp. We now consider p as a representation of the cuff group A, which is such
that A\H?=S.

We recall (see §15.1.3) that, conversely, R is obtained as the adjacency graph of the
tiling of S by (let us say) white hexagons.

Taking the universal cover of this perfect surface, one obtains a map w from the set
of tiling hexagons to the flags of R, such that w(Suc(H))=w(H), if w(Opp(H)) is the
opposite flag to w(H).

PROPOSITION 16.8. (Straight surfaces and equivariant labeling) Let ¥=(R,Z, W)
be an equivariant (¢, R)-straight surface, with monodromy p and cuff limit map &'. Then,
there exists a labeling T of tiling hexagons by tripods such that the following conditions
hold:

(1) 7(a,b,c)=w(r(b,c,a));

is an (g, R)-almost closing pair of pants;
(iii) for a white hexagon, W(w(H))=[P(H)];
(iv) for all yeA, T(v(H))=p(v)-7(H).

We will refer to 7 and P as equivariant labelings associated to the straight surface 3.

Proof. From the definition of ¥=(R, Z, W), we have a map from the set of white
hexagons to P given by H—W (w(H)).
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We are now going to lift Wow to a map P with values in P;R: Let us choose a

white hexagon Hj, and fix a lift
P(Ho) = (a0, Bo, 70, 7(Ho), 1 (Ho))
of Wor. For any white hexagon H, let us lift Wew(H) to
P(H)=(an,Bu,Tn,7(H), 1 (H))

by using the following rules:

(i) if H'=Opp(H), then P(H’) is uniquely defined from P(H) by requiring that
(P(H),P(H')) is a lift of Z(e) in Z. g, where e is the edge in R associated to the pair
(H,H');

(ii) if H'=Suc*(H), then P(H')=ayP(H).

We leave to the reader to check that these rules are coherent. We finally choose a
labeling of the black hexagons using the following rule: if H'=Suc(H) and H is labeled
by

P(H) = (v, Ba1, Ty, 7(H), 7 (H)),

then the labeling of H' is given by

P(H")=(au, By v Br, B, 1 (H), oy m(H)).

Our labeling by tripods is finally given by the maps 7: H—7(H), where

P(H)=(au,Bn,va,7(H),m1(H)). O

16.5. A first step: extending to accessible points

Our first step will not use the assumption that s has a compact centralizer and will be
used to show a weaker version of the surface subgroup theorem in that context.
Let us denote by W# the set of accessible points from a tiling hexagon H and let

us define the set of accessible points as
W= Jw§,
H

the union set of all accessible points with respect to any hexagon. Observe that W is
71 (S)-invariant, and thus dense.
Our main result in this subsection is the next lemma that unlike Theorem 16.7 will

not use the compact stabilizer hypothesis.
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LEMMA 16.9. (Extension) For any positive (, there exists a positive number ey such
that, for e<ey, there exists R. such that for R>R., the following holds.

Let ¥ be an (e, R)-equivariant straight surface with monodromy p and cuff limit
map &'. Then, there exists a unique p-equivariant map & from the set of accessible points
WE to F such that, if {cm}men is a nested sequence of cuffs converging to an accessible
point yeW}, then

lim (¢/(c5)) =£(y).

m—00
Moreover, if n is the circle map associated to T1o=7(H), then, for any T coplanar to

7(H) such that 7% =15, we have

d-(&(y),n(y)) <.

We furthermore show that the dependence of £ on the straight surface is continuous.

COROLLARY 16.10. Let {X;}ier be a continuous family of (e, R)-equivariant straight
surfaces, and {& }er be the family of maps produced as above. Then, for every accessible

point z, the map & (z) is continuous as a function of t.

We first construct a sequence of quasi-tripods associated to an accessible point and
an equivariant labeling, then show that this sequence of quasi-tripods converges and
complete the proof of the extension lemma (Lemma 16.9).

16.5.1. A sequence of quasi-tripods for an accessible point

Let ¥ be an equivariant straight surface with monodromy p and cuff limit map &', let 7
be an equivariant labeling obtained by Proposition 16.8.

Given K, choose Ry such that Proposition 15.11 holds and R>Ry. Let y be an
accessible point which is the limit of a sequence of cuffs {¢,, }men-

As a first step, we associate to {¢;, }men @ sequence of coplanar tripods {77, }men
associated to a K-good sequence of cuffs {¢,,}men: first we orient each cuff such that
Cm+1 1s on the right of ¢,,, then we associate to every K-acceptable pair (¢, ¢pmy1) the

pair of tripods (T2y—1, Tom) defined by
Tom—1=(Cpps ij C;n-l-l?) and Ty, = (C;n+1: ij C:;H-h )-

Let then A,, be the swish between T;,, and T}, 41.
Our second step is to associate to our data a sequence of quasi-tripods. Recall that

Cm and ¢p,41 are the common edges of exactly two hexagons

H2m—1 = (Cm+175m>bm) and HQm:(Cm+ladm75m):SUC(HQm—1)7
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where we denote by ¢ the cuff ¢ with the opposite orientation.

Let us consider the sequence {0, } men of quadruples given by 6,,,=(7(H,,), &' (Tin))-
Then, it follows by the second item of Theorem 9.5 that, for R. depending only on ¢ and
R>R., 0,, is an My(e/R)-quasi-tripod, for some constant My depending only on G.

We can now prove the following result.

PROPOSITION 16.11. There exists a positive constant My depending only on G such
that the sequence {0m}men is an ({Am tmen, Mie/R)-swished sequence of quasi-tripods

whose model is {Tpn }men-

Proof. Let us first consider the pair (62,,—1,62,,). From the definition, the (¢/R)-
quasi-tripod
Bom—1:= (Tam—1,€ (y1), € (), € (b))
is (R, e/R)-swished from

w(B2m) = (W(72m), € (c), € (emy1), € (dr))
for m odd, and (—R, e/R)-swished for m even. Since, by construction,
ﬂQim = 92im? 0‘1(52m—1)i :w(92m_1)i and Bm = ém.

it follows that 0a,, is (R, e/ R)-swished from w(f2,,—1) for m odd, and (— R, e/ R)-swished

for m even. Then, since

m

o w(Tom) is (2¢/R)-close to ta,=(c},, 41, dyy,) by Proposition 15.6, and similarly

o Thy 1 is (26/R) close t0 to—1=(Cpy15 Chrs brn)s
it follows that A,, is (2¢/R)-close to R, for m odd, and to —R for m-even. Thus, 6, is
(A, Mae/R)-swished from w(fa,,—1) for some constant M.

Let us consider now the pair (02,,—1, 02p,). Since (¢m—1, Cm, ¢m+1) is & K-acceptable

triple, it follows by item (3) of Proposition 15.11 that
H2m+1 =MNm Opp(HQm—1)7

where 7, =7, vm is the cuff element associated to ¢, and pe{—1,0,1}.

By the definition of a labeling, 1,,}(62,,) is (1,&/R)-swished from 65,, 1. By con-
struction (see Proposition 16.8) P(Ha,—1) is an (¢/R, R)-almost closing pair of pants,
and thus, by the last item of Theorem 9.5,

g
d(n(62m)7 SDQR(eQm)) < MSE

for some constant M3 depending only on G.

It follows that 6, is (14+pR, Mye/R)-swished from 6s,,_1 for a constant M, de-
pending only on G. Since A,,=1+pR, the quasi-tripod 0a,, is (A, M4e/R)-swished
from 6y,,_1 for a constant M, depending only on G.

This concludes the proof of the proposition. O



SURFACE GROUPS IN UNIFORM LATTICES OF SOME SEMI-SIMPLE GROUPS 207

16.5.2. Proof of Lemma 16.9 and its corollary

We first prove the following result which is the key argument in the proof.

PROPOSITION 16.12. (Extension) For any positive ¢ and K, there exist positive
numbers g, q<1, B and L such that, for e<eg, there exists R. such that, for R>R,,
we have the following. Suppose that we are given

e an (g, R)-straight surface 3,

e a nested sequence {¢m tmen of cuffs,
and assume furthermore that {cm tmen converges to an accessible point y with respect to
a tiling hexagon H for . Then, {£(cE)}en converges to a point Y such that, for any T
coplanar to T(H) such that 75 =75 and m>L,

dr (Y, &(c)) <q™B. (16.2)

Moreover, if n is the circle map associated to To=7(H), then, for any 7 coplanar to
T(H) such that T*=15,

d-(Y,n(y)) <¢. (16.3)

Proof. Let ¢ be a positive constant. The sequence of tripods {1, }men is a 2K R-
sequence of tripods, by Corollary 15.3. From Proposition 16.11, it follows that {6,, }men
is a (KR, e/R)-deformed sequence of quasi-tripods. In particular, using Theorem 7.2
with S=(, both {£{(c¢},) }men and {£(c;,) }men converge to a point y(6)=:Y in F.

Then, inequality (16.2) is a consequence of (7.1).

Since y(7)=n(y), inequality (16.3) also follows from Theorem 7.2. O

The proof of Lemma 16.9 now follows immediately. The proof of Corollary 16.10
follows from the fact that, due to inequality (16.2), the convergence of {£(67,)}men is

uniform.

16.6. Proof of Theorem 16.7

We now make use of the compact stabilizer hypothesis using in particular the improve-
ment theorem (Theorem 8.14).

It is enough (by eventually passing to the universal covering) to prove the theorem
when the underlying graph of ¥ is a tree and that is what we do now.

Let us start with an observation. Let 7 be any tripod in H?. Since the diameter of

the hyperbolic surfaces Sg is bounded independently of R (Lemma 15.2). It follows that
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there exists some constant C such that, given any tripod 7, we can find a tiling hexagon
H such that

d(r, i) < Co, (16.4)

where 75 is an admissible tripod in H? for H. It follows that there exists a universal

constant C; such that, for any extended circle map v,
du(‘r) < Cl'dV(TH)' (165)

Given a positive number (7, let us fix € and Ryp=R. such that Lemma 16.9 holds for
(=(1/C1. Let then R>Ry.

Let X=(R, Z) be an (e, R)-equivariant straight surface with monodromy p and cuff
limit map & such that R is a tree.

Then, according to Proposition 16.6, for any vertex v in R and integer N, we can
find a continuous family {252)}t€[0,1] of (g, R)-equivariant labeling under {pgmhe[o,u
deforming the (v, N) double £() of .

It follows by the extension lemma (Lemma 16.9) and Corollary 16.10 that we can
find a continuous family {ft(z)}te[o,u defined on the dense set of accessible points W
such that the following conditions hold:

(1) f£2) is equivariant under p,@;

(ii) 5(()2) is a circle map;

(iii) for any tiling hexagon H and all y in W,

dr, (v (), €7 (y)) <C = o (16.6)

where v is the circle map such that
vl (tp) =1 =7 (H).

We now make the following remarks.

(i) By Lemma 16.9, 552) is attractively continuous: for all y€W which is the limit
of elements ¢ , t(2)
attractive element of the cuff element pgz)(cm). Applying this for t=1, we get that £(2)
extends the cuff maps (&),

(ii) By the accessibility lemma (Lemma 15.9), and the remark following, there exists

(y) is the limit of §t(2)(c,+n) as m goes to infinity, where 5,52)(0;) is the

some positive a(R), where a(R) goes to zero when R goes to infinity, such that W# is

a(R)-dense with respect d,.
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We thus now choose Rj such that, for all R greater than Ry, one has a(R)<ay,
where ag is given from (; by Theorem 8.14.

Using the initial observation (inequality (16.5)), we now have that, for any tripod 7
and any t€[0, 1], we can find a circle map vy=v{ such that, for any y in some ag-dense

set, one has
du, () (1), 67 (9)) < C1 =G,

where we have used both inequalities (9.7) and (16.2). In other words, we have that 552)
is (ag, ¢1)-Sullivan.

We are now in a position to apply the improvement theorem (Theorem 8.14). This
shows that ft(z), and in particular £€®), is 2¢;-Sullivan. By construction, we have that
€@ extends (¢/)2).

Remember now that the doubling construction depends on the choice of a parame-
ter N, and we now write 51(3) and (f/)g\?) to mark the dependency in N.

Let us consider the universal cover of both the original surface ¥ and the double X(?).
By construction, the labeling are identical on the large ball B(v, N). This large ball
corresponds to a free subgroup of m1 (X ) with limit set A(IN). Thus, for any cuff element

¢m with endpoints in A(N),

(€)W (ch) =€ (ch)- (16.7)
It follows that, if M >N,
(2) (2)
&t lany =EN" Ay (16.8)

Recall now that all limit maps 51(\3) being (;-Sullivan admits a modulus of continuity by
Theorem 8.11. We may thus extract form the sequence {fj(é) }amren a uniformly converging
subsequence to a (;-Sullivan map &.

Let finally A:={J, A(N) and observe that A is dense and contains the endpoints of
all cuff elements. Then, the ¢;-Sullivan map £ coincide with £ on A, by equations (16.7)
and (16.8)

This completes the proof of Theorem 16.7 (reverting to (=(;).

17. Wrap up: proof of the main results

This section is just the wrap up of the proof of the main theorems obtained by combing

the various theorems obtained in this paper.

THEOREM 17.1. Let G be a semisimple Lie group of Lie algebra g without compact
factors. Let s=(a,x,y) be an sla-triple in g. Assume that s satisfies the flip assumption

and that s has a compact centralizer.
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Let T be a uniform lattice in G. Let € be a positive real number. Then, there exist
a closed hyperbolic surface Se and a faithful (G, P)-Anosov representation p. of m1(Se)
in I, whose limit curve is e-Sullivan with respect to s, where P is the parabolic associated

to a.

As a corollary, considering the case of the principal SLy(R) in a complex semisimple

Lie group, we obtain the following result.

THEOREM 17.2. Let G be a complex semisimple group and let T’ be a uniform lattice

in G. Then, there exists a closed Anosov surface subgroup in T .

Proof of Theorem 17.1. From Theorem 14.2, for any positive ¢ there exists Ry such
that, for any R> Ry, there exists an (e, R)- straight surface ¥ in I" associated to s. This
straight surface is equivariant under a representation p of a surface group I'g in I'.

By Theorem 16.7, for any (, for € small enough, there exists Ry such that, for R> Ry,
an (g, R)-straight surface equivariant under a representation p of a surface group I'g in T’
is such that we can find a (-Sullivan p-equivariant Sullivan map from 0.,y to F. By
Theorem 8.3, for {-small enough, the corresponding representation is Anosov, and in

particular faithful. O

17.1. The case of the non-compact stabilizer

In that context, we obtain a less satisfying result. Recall that we denote by ¢* the
attractive point in d,om1(S) of a non-trivial element ¢ of 7 (5).

Let Gy, ..., G,, be semisimple Lie groups without compact factors. Let G:=[]"_; G;,
with Lie algebra g. Let T' be a uniform lattice in G such that (up to finite cover) its
projection on G; is an irreducible lattice. Let (a,z,y) be an SLy(R)-triple in g such that
the following conditions hold:

e 5 satisfies the flip assumption;

e the projections on all factors g; are non-trivial.

Let P be the parabolic associated to a.

THEOREM 17.3. Let € be a positive real number. Then, there exists some R and the
following objects.
o A faithful representation p:I'r—T, where I‘R:m(gR) is the fundamental group
of a finite covering §R of the surface Sg defined in §15.1, such that the image
of every cuff element of I'r has an attractive fized point in F.
o A p-equivariant £ from OxI'r to ¥ such that the following conditions hold:
— for a cuff element c, £(c") is the attractive fized point of p(c);
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— if {em}men is a sequence of nested cuff elements such that {c] }men con-

verges to y, then {&(c]) }men converges to &(y).

Proof. The proof runs as before, except that we replace the use of the Theorem 16.7
by Lemma 16.9, from which we obtain the existence and properties of the application
¢ which is equivariant under a representation p. Let us now show that p is injective.
We already know that the image of any cuff element in I'g is non-trivial. Let v be such
that p(y) is the identity and assume by contradiction that -y is not the identity. Let ~*
and 7~ be respectively the attracting and repelling points of v in 9-.I'g. Let ¢/, be the
endpoint of a cuff. Then, {(v"¢/,)=¢&(c),). Tt follows, by taking the limit when n goes
to infinity, that £(c},)=£(7"), since ¢, is different from ~. Thus, £ would be constant,
but this is a contradiction: £(c},) is different from £(c;,,). O

Appendix A. Lévy—Prokhorov distance

Let 1 and v be two finite measures of the same mass on a metric space X with metric d.
For any subset A in X, let A. be its e-neighborhood. Then, we define

dr(p,v)=inf{e >0:v(A;) > pu(A) for all AC X}.

This function dy, is actually a distance (see [14, §3.3|) related to both the Lévy—Prokhorov
distance and the Wasserstein-oo distance. By a slight abuse of language, we will still call
this distance the Lévy—Prokhorov distance.

We want to prove the following result which is an extension of a result proved in

[14] for connected 2-dimensional tori. The proof uses different ideas.

THEOREM A.1. Let X be a manifold. Assume that a connected compact torus T —
with Haar measure v — of dimension n acts freely on X preserving a bi-invariant Rie-

mannian metric d and measure . Let ¢ be a positive function on X. Let
6= [ 6-9) (o
T

be its T-average. Assume that e "¢p<p<e"¢p. Then,

dr(¢-p, - p) < 2e"k sup diam(T z).
zeX

A.1. Elementary properties

The following properties of the Lévy—Prokhorov distance will be used in the proof.



212 J. KAHN, F. LABOURIE AND S. MOZES

PROPOSITION A.2. Let {pintnen and {v,}tnen be two families of measures such that

) o0
H:ZH'rz and V:ZVn
n=1 n=1

are finite measures. Assume that dr(u;,v;)<e for all i. Then, dr(u,v)<e.

Proof. Assume that e >dp, (u;,v;). Then, v;(Ac)>pi(A) for all 4 and all ACX. Thus,
v(A)=zp(A). It follows that v>=d(u, v). O

PROPOSITION A.3. Let u be a finite measure on a compact metric space X. Then,

for all positive e, there exists an atomic measure u. with finite support such that

dr(p, pe) <e.

If p is invariant by a finite group of isometries H, then we may choose p. which is

invariant by H.

Proof. One can find a finite partition of X by (measurable) sets U, ..., U™ together
with a finite set of points 1, ..., 2, such that ;€U C B(x;,€).

We then choose the atomic measure
He i= Z p(U")o,
i=1

such that pu.(U)=p(U?). Let ACX and A'=ANU®. Let I be the set of indices i such
that A’ is non-empty. Then, for i1,

U'C B(zy,e) C Ab_.

Thus,
Ac| Ui =| |(U'nA,) C As..
iel iel
It follows that, for all (measurable) subset A,
iy <u o) = (o) = (L0 ) < etz
iel iel iel

In particular, d(p, pe)<2e.
To obtain the invariance by the finite group H, one just averages by H, using
Proposition A.2. O
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PROPOSITION A.4. Let f and g be two maps from a measured space (Y,v) to a
metric space X. Assume that, for all y in Y, one has d(f(y), 9(y))<k. Then,

dr(f«v, g«v) < K.

Proof. Observe that, by hypothesis, f(B)C(g(B)), for any subset B of Y. Let A
be a subset of X, and let C=f"1(A) and D=g~!(A). Then, f(D)CA,. It follows that

Lv(Ag) = fur(f(D)) = V(f_l(f(D)) >v(D) = g.v(A).
The assertion follows. ]

PROPOSITION A.5. Let w be a K-Lipschitz map from X to Y, and let p and v be

measures on X. Then,
dp (e (p), me(v)) < Kod(p, v).

We will actually apply this proposition when 7: X =Y is a finite covering.

Proof. By renormalizing the distance, we may assume that the map 7 is contracting.
Let e>d(u,v) and let BCY. Observe that 7=1(B).C7m~1(B.). Then,

rou(B2) = p(r~ (B) > u(n(B).) 2 v(x " (B)) = m.u(B).

Then, by definition, e >d(m. (1), 7« (v)) and the result follows. O

A.2. Some lemmas
We need the following lemmas.

LEMMA A.6. Let X be a metric space equipped some metric d. Let m: X — Xy be

a fibration. Let d, be the restriction of d to the fiber 7=1(z). Let v° and v' be two
measures on X such that m,°=m, v =:\, where X is a measure on Xg. For every x€ X,
let V0 (resp. v}) be the disintegrated measure on w1(x) coming from p (resp. v). Then,
dr, (W0, vh) < sup d, (V2 v}). (A1)

z€Xo

Proof. Let A be a subset of X and let A%:=AN7w~!(z). Let (A%), be the k-
neighborhood of A% in 7=1(z). By construction, (A%),C(A,)®. Thus, for any set A,

if k>d,(v0,v}) for all x, then

) N@) > [ A7) aN@) >0 ()
Xo

VO(A"):/XO VQ((AQ”)dA(a:)}/

Xo

Thus, £>d(v°,v!). Inequality (A.1) follows. O
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LEMMA A.7. Let T' be the connected compact torus of dimension 1 equipped with a

bi-invariant metric d and Haar measure p. Let ¢ be a positive function on T'. Let

- 1
b= | ola) dnto)

be its T'-average, that we see as a constant function. Assume that ¢<e"¢. Then,

d(¢p, op) < s diam(T™),

where ¢u is the measure with density ¢ with respect to p.

Proof. We may as well assume after multiplying the distance by a constant that
diam(Tl):%. We may also reduce to the case where y is the probability measure on T!.
Let A be a non-empty subset of T'. Assume first that A, /5 is a strict subset of T*. It
follows that T\ A contains an interval of diameter greater than r, and thus

1(Ag) = p(A)+r  and  p(A)<1-k.

Then,

() (Ay) > e / Fdu> e~ (u(A) +r)b

AK/

Finally if A,=T",
(On)(An) = [ =03 ().
This concludes the proof of the statement. [
These two lemmas have the following immediate consequence.

COROLLARY A.8. Let X:=T!'xX,. Let d (resp. u) be a £1 product metric (resp. a
measure) on X invariant by T'. Let ¢ be a function on X. Let Q_S::f.rl pogdu(g) be its
T!-average. Assume that p<e*$. Then,

d(¢p, $p) < ki diam(T™).

Proof. Observe that, by hypothesis, for every x€ Xy, 15 is the Haar measure on T''.
Let 1°=¢u and v'=¢p. By Lemma A.7, we know that, for every z in X,

d(v?,v}) < k diam(T").

T x
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Let 7 the projection on the second factor, and let x a point in Xg. Let
F(z):= [ ¢(g,2)dps(9)= | ¢(g,2)pa.
T1 Tl

Then, we have

m )l =mol = Fm.p.
Thus, we may apply Lemma A.6 to get
d(pp, pp) = d(V°, ) < k diam(TH). O
Proof of Theorem A.1. Observe that the hypothesis implies that
e P < p< el (A.2)

We first treat the case of X =T x X with a product metric, where T=(T!)" with the ¢,
product metric d; which is of diameter 1 on each factor.

In this case, we prove, by induction on n, that

dp(¢-p, ¢-pp) < 2e"k.

We know that the result is true for n=0. Assume that the result is true for n—1. Let
& be the average of ¢ along Ty, which is the product of n—1 first T! factors. Then,
averaging the inequality (A.2) by Ty, we get

" p< < et (A.3)
Then, applying Corollary A.8 using the action of the last T' factor, we get
d(dp, o) < k. (A4)
Now, reusing inequality (A.2) again, and combining with inequality (A.3), we get
e H < p< e . (A.5)
By the induction hypothesis, we obtain

d(p, pp) < rde™ . (A.6)

Using inequalities (A.6) and (A.4), the triangle inequality for the Lévy—Prokhorov dis-

tance yields

d(pp, o) < d(pp, dp)+d(dp, pp) < k(de™ ' +1) < K2e™.
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This proves the theorem in this initial case.

We now still consider the case X=T", but now equipped with a bi-invariant Rie-
mannian metric d. Observe that 71 (X) can be generated by translations of length smaller
than 2diam(X). Thus, there exists a bi-invariant ¢; product metric d; on this torus,

whose factors have diameter 1, such that
d < 2diam(T)d;.

The statement in that case follows from the following observation: let dy and dy be
two metrics whose corresponding Lévy—Prokhorov distances are, respectively, §; and ds.
Assume that do <K -dy. Then, do< K-0;. Combining with inequality (A.5), in this second
case we obtain

d(pp, du) < 2ke™ diam(T).

Finally, we apply Lemma A.6 to conclude for the general case. O

Appendix B. Exponential mixing

The following lemma is well known to experts as a combination of various deep results.
However, it is difficult to track it precisely in the literature. We thank Bachir Bekka and

Nicolas Bergeron for their help on that matter.

LEMMA B.1. Let G be a semi-simple Lie group without compact factor, and T' be
an irreducible lattice in G. Then, the action of any non-trivial hyperbolic element is
exponentially mizing.

When the lattice is not irreducible, we have to impose furthermore that the projection

of the hyperbolic element to all irreducible factors is non-trivial.

Proof. The extension to non-irreducible factors follow from simple considerations.
Thus, let just prove the first statement. Let Gy, ...,G,, be the simple factors of G. Let
7 be the regular representation, that is the unitary representation of G in L3(G/T), the
orthogonal to the constant function in L?(G/T).

By Kleinbock—Margulis [19, Corollary 4.5|, we have to show that the restriction m;
of ™ on G; has a spectral gap (see also Katok—Spatzier [18, Corollary 3.2|).

In the simplest case when G is simple and I' uniform, this follows by standard
arguments; for instance, see Bekka’s survey [2, Proposition 8.1].

When G is simple but I' non-uniform, this now follows from Bekka [1, Lemma 4.1].

When finally G is actually a product, by Margulis arithmeticity theorem [27], T" is
arithmetic. For I' uniform, the spectral gap follows from Burger—Sarnak [7] and Clozel [§].
For T" non-uniform, this is due to Kleinbock—-Margulis [19, Theorem 1.12]. O
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Co(7), see Cone
d-, 99

0, 102

or, 94

F, 89

Fa, 171

g, 91

H, 98

H2, 98

K, 96

K, 102

Lo, 92

Lo, 172

N, 181

P, 89

@-sequence , 120
50, 92

So , 92

slo-triple, even, regular, 88
Srg, 187

So(H), 111

s(7), 98

T, 92

T, 180

U, 95

Zg,, 92

Zy(M), 87

Zr(a), 172

(a, £)-nested, 109
0(Ho, Hy), see Shift
e-quasi-tripod, 102
N7y 98

6, 102

Index

0, 154
K, 102
AR, 187
&%, 92
o, 95
Vs, 94

U, see Foot map

Admissible tripod, 188
Almost closing, 144

Chord, 111

Circle map, Circle, 92
Combinatorics of a path, 106
Commanding tripod, 112
Cone, 109

Contracting sequence of cones, 110
Contraction constant, 102
Controlled pair of chords, 112
Coplanar path of tripods, 102
Coplanar tripods, 92

Correct sly-triple, 92

Cuff elements, cuff group, 189
Cuff limit map, 199

Deformation of a path, 107

Diffusion constant, 102

Equivariant straight surface, 198

Extended circle map, 126

Feet space, 171

Flag manifold, 89

Flip assumption, 88

Foot map, 104

Foot of an e-quasi-tripod, 104
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Interior of an e-triangle, 102

Kahn-Markovié twist, 180
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Quasi-tripod, 102

Reduced e-quasi-tripod, 102

Lift of a triconnected pair of tripods, 153  Shear, 94
Limit of a sequence of cones, 110 Shift, 112
Loxodromic, 90 Sliver, 111

Lévy—Prokhorov, 211
Model of a path, 106

Nested pair of chords, 112
Nested tripods, 109

Parabolic subgroup, 89
Path of chords, 107
Path of quasi-tripods, 106

Stable and unstable foliations, 95
Straight surface, 184
Strong coplanar path of tripods, 115

Sullivan curve, 126

Transverse flags, 89
Triconnected pair of tripods, 152
Tripod, 91

Perfect lamination, 187
Perfect surface, 187
Perfect triangle, 93

Vertices of a tripod, 93

Vertices of an e-quasi-tripod, 102

Weak coplanar path of tripods, 115

Pivot, 107 Weight functions, 155
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