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THE GENERICITY OF ARNOLD DIFFUSION IN NEARLY
INTEGRABLE HAMILTONIAN SYSTEMS*
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Abstract. In this paper, we prove that the net of transition chain is §-dense for nearly integrable
positive definite Hamiltonian systems with 3 degrees of freedom in the cusp-residual generic sense in
C"-topology, r > 6. The main ingredients of the proof existed in [CZ, C17a, C17b]. As an immediate
consequence, Arnold diffusion exists among this class of Hamiltonian systems. The question of [C17c]
is answered in Section 9 of the paper.

Key words. Dynamical instability, Arnold diffusion.

Mathematics Subject Classification. 37J40, 37D05.

1. Introduction. After he constructed the celebrated example of a priori unsta-
ble systems in [A64], Arnold raised the conjecture in [A66] on the dynamical instability
of nearly integrable Hamiltonian

H(p,q) = h(p) + €P(p,q), (p,q) € R™ x T". (1.1)

CONJECTURE. The “general case” for a Hamiltonian system (1.1) with n > 3
is represented by the situation that for an arbitrary pair of neighborhoods of toruses
p =179, p=9p" in one component of the level set h(p') = h(p”), there exists, for
sufficiently small €, an orbit intersecting both neighborhoods.

The research on the conjecture has two stages: a priori unstable and a prior:
stable cases. After the problem in a priori unstable case was solved, one has to study
how to cross double resonance. It was pointed out by Arnold in [A66] that in order
to take the final step in the proof of the above conjecture, it is necessary to eramine
the transition from single to double resonance. Indeed, one was able to establish the
existence of global transition chain (Theorem 5.1 in [C17b]) after the double resonance
problem was solved there. A positive answer to the conjecture for smooth and positive
definite Hamiltonian with n = 3 is an immediate consequence, see Section 9.

The main part of the paper is to prove the existence of the §-dense transition
chain (Theorem 2.1), a slightly stronger form of Theorem 5.1 in Section 5 of [C17b].
The main ingredients of the proof are included in [CZ, C17a, C17b].

To study the problem, one needs to specify what is the genericity. Mather used
the cusp-residual genericity [M04], we follow him.

DEFINITION 1.1. Let Bp = {p € R®: ||p|| < D}. Let &,,B, C C"(Bp x T3,R)
denote the sphere and the ball about the origin of radius a > 0 respectively: F € &,
if and only ||F'||cr = @ and F € B, if and only || F||c¢» < a. They inherit the topology
from C"(Bp x T3, R).

Let R, be a set residual in &,, each P € R, is associated with a set Rp residual
in the interval [0, ap] with 0 < ap < a. A set &€, is said to be cusp-residual in B, if

¢, ={\P:PeR, A€ Rp}.
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A function h is called positive definite if its Hessian matrix 92h is positive definite.

THEOREM 1.1. Assume h € C"(Bp,R) is positive definite, r > 6. For any small
§ >0, E > minh with h~Y(E) C Bp and any two points p*,p* € h=Y(E), there erists
a cusp-residual set €., C C"(Bp x T3, R) such that for each eP € €, there exists an
orbit (p(t),q(t)) of @, which intersects the §-neighborhood of p* and of p*, namely,
some t*,t* € R exist such that ||p(t*) — p*|| < § and ||p(t*) — p*|| <.

This theorem proves the conjecture for positive definite Hamiltonian systems with
three degrees of freedom in the cusp-residual generic sense in C"-topology with r > 6.
We apply the variational method for the proof, it is based on Mather’s theory and the
weak KAM theory [M91, M93, Fa]. Since we study the dynamics on the energy level
set {H1(E)}, we can modify h outside of a neighborhood of {h~!(E)} such that h
is Tonelli. A Hamiltonian H(p, ¢,t) is called Tonelli if it satisfies the conditions:

(1) its Hessian matrix 8;ij in p is positive definite everywhere;

(2) for each (g,t) it holds that H(p,q,t)/||p|| = oo as ||p|]] = oo;

(3) each solution of the Hamilton’s equation has all of R as its domain of defini-

tion.
For autonomous system, the third condition is automatically satisfied since each orbit
lie on compact energy level set.

The definition of transition chain is recalled and the theorem of global transition
chain is stated in Section 2 (Theorem 2.1). In Section 3, we derive the normal form
of H when it is restricted in a neighborhood of double resonant point. In Section 4,
we show that as a path, the candidate of transition chain is covered by discs around
double resonances with controlled periods. In each disc, one Hamiltonian normal
form holds. In Section 5, we distinguish strong from weak double resonances and
prove that there are only finitely many strong double resonances. The weak double
resonance can be reduced to a priori unstable case such the problem is reduced to the
finite number of strong double resonances. In Section 6, we construct transition chain
crossing strong double resonances by applying the main results of [CZ, C17a, C17b].
By preparing some technical estimates for the nearly integrable system including the
deviation of the rotation vectors, the location of the flat and the estimate of orbits
in the Aubry sets in Section 7, we prove Theorem 2.1 in Section 8. As an immediate
consequence, Theorem 1.1 is proved in Section 9.

A lot of works have been contributed to the topic since the conjecture was raised
half a century ago. Normally hyperbolic invariant cylinder is assumed by the a priori
unstable condition, along which the diffusion is well understood, by variational method
and geometric methods, cf. [B08, CY1, CY2, DLS1, LC, Tr, Zhl]. There are also
many works for the problem, for instance, see [Bs, BCV, DH1, DH2, DLS2, FM, GL,
GRI1, GR2, KL1, KL2, X].

Nearly integrable Hamiltonian is also called a priort stable system. Unlike a
priori unstable system, multiple resonant points destruct the cylinder into many small
pieces. Away from the multiple resonant points, some piece of invariant cylinder was
found in [B10] and the method for a priori unstable system was applied in [BKZ]
to obtain local diffusion. Restricted in a neighborhood of multiple resonant point
P’ {llp — vl < K/} with K > 1, the normal form is non-integrable. So, it is
a challenge to construct cylinder in such a disc. The condition n = 3 allows us to
apply a variational method to construct cylinder which extends o(1/€)-close to double
resonant point, see [CZ, Cl7a]. Because of the result and by a new cohomology
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equivalence, we found a way in [C17b] to pass through the small neighborhood by
turning around the strong double resonant point and joining two cylinders.

Earlier than us, Mather suggested a way to cross the double resonance [MO04],
which is based on an observation that the periodic orbits of the averaged system
(6.3) may approach two homoclinics simultaneously. He suggested to move the first
cohomology class in the channel determined by the prescribed homology class and
switch it to the channel determined by one of the homoclinics when it is getting close to
the double resonance. From geometric point of view, one expects to construct diffusion
orbit that moves along the cylinder with the prescribed homology class, jumps to the
cylinder with hole and passes through the neighborhood of double resonance in a way
similar to a priori unstable case, as it was announced in [KZ2], see [KZ1, Mar] also.
For this approach one needs to prove that the cylinder is C'-differentiable.

2. The definition of the transition chain. The terminology (generalized)
transition chain used in the paper is defined in [CY1, CY2, LC], borrowed from [A64]
where it is defined by geometrical language. Definition in our setting is in a variational
language.

For the definition, let 7 : M — T™ be a finite covering of T", let (¢, M), A(c, M)
denote the Mané set, Aubry set with respect to M. The condition (HA) (hypothesis
of Arnold) is a variational version of Arnold’s condition, the stable manifold of a circle
intersects its unstable manifold transversally. Such intersection points lie in the Mané
set, but not in the Aubry set.

(HA): there exists a finite covering 7 : M — M such that
(1) in time-periodic case: 7N (¢, M)|i=o\(A(c, M)|i=o + ) # @ is totally discon-
nected, where A(c, M)|;—o + 0 = {z : dist(x, A(c, M)|i=o) < 6};
(2) in autonomous case: 7N (¢, M)|s\(A(c, M) + §) # @ is totally disconnected,
where X is a section of M.
It is not necessary to work always in nontrivial finite covering space. If the Aubry set
contains more than one class, one can choose M = T™.

To state the definition of transition chain, we also need the concept of cohomology
equivalence. The first version was introduced in [M93], however, it does not apply to
interesting problem in autonomous systems (cf. [B02]). A new version of cohomology
equivalence was introduced for autonomous system in [LC]. For a Tonelli Lagrangian
defined on TT", it is defined not with respect to the whole T™ as in [M93], but to a
section. For n-torus T, the section is chosen as a non-degenerately embedded section
(n—1)-dimensional torus. We call ¥, non-degenerately embedded (n—1)-dimensional
torus by assuming a smooth injection ¢: T?~! — T™ such that X, is the image of ¢,
and the induced map ¢.: Hi(T""1,Z) — H;(T",Z) is an injection.

For a first cohomology class ¢, we assume that there is a non-degenerate embedded
(n — 1)-dimensional torus ¥, C T™ such that each c-semi static curve «y transversally
intersects .. Let

Ve = ﬂ{iU*Hl(U, R) : U'is a neighborhood of N'(c) N X},
U

here i;: U — M denotes inclusion map. Vi is defined to be the annihilator of V.,
ie. if ¢ € HY(T",R), then ¢’ € V& if and only if (¢/, h) = 0 for all h € V... Clearly,

Vi = U{ker iy : Uis a neighborhood of N'(¢) N 2.}
U



404 C.-Q. CHENG

There is a neighborhood U of N (¢) N, such that V. = iy H; (U, R) and V+ = keri;.

DEFINITION 2.1. In autonomous case, ¢, ¢’ € HY(T",R) are said to be cohomo-
logically equivalent if there is a continuous curve I': [0,1] — H'(T",R) such that
I'0) = ¢ I'(1) = ¢, a(I'(s)) keeps constant along I', and for each sg € [0, 1] there
exists § > 0 such that I'(s) — T'(sg) € V#(SO) whenever s € [0,1] and |s — so| < 0.

With the terminologies introduced as above, we are able to state the definition of
transition chain for autonomous system.

DEFINITION 2.2. Two cohomolgy classes ¢,¢’ € HY(M,R) are joined by a gen-
eralized transition chain if a continuous curve I': [0,1] — H'(M,R) exists such that
a(I'(s)) keeps constant and for each s € [0, 1] at least one of the following cases takes
place:

(1) the condition (HA) holds for I'(s), A(I'(s")) lies in a small neighborhood of

A(T(s)) provided |s" — s| is small;
(2) thereis ds > 0, for each s’ € (s—ds,5+05), I'(s") is cohomologically equivalent
to I'(s).

It is proved in Theorem 3.1 of [LC] for autonomous case that A(T'(0)) is dy-
namically connected to A(T'(1)), namely, there is an orbit of the system which takes
A(T'(0)) and A(T'(1)) as its a-limit and w-limit set respectively.

A Tonelli Lagrangian L is uniquely related to a Tonelli Hamiltonian H through
Legendre transformation L(q, ¢,t) = max,{(qd,p) — H(p, ¢,t), which determines a map
Ly T*T" x T — TT" x T: (p,q,t) — (¢,q,t) with ¢ = 0,H(p, ¢, t).

DEFINITION 2.3. An orbit (p(t),q(t),t) C T*T™ x T is said to be ¢-semi-static
(static) if Ly (p(t),q(t),t) = (¢(t),q(t),t) is é-semi-static (static). If the system is
autonomous, we skip the component of ¢ (see [Man, M93]).

Since H'(T3,R) = R?, we treat the first cohomology class ¢ € H*(T? R) as a
point & € R3. In this case, the choice of diffusion path relies on the observation as
follows. It holds along each ¢-semi-static orbit of the integrable Hamiltonian h(p) that
p(t) = ¢. Since Mané set is upper semi-continuous with respect to the perturbation
(see Lemma 2.3 of [CY2] and follow the proof there), ||p(t) — ¢|| < 1 holds along any
¢-semi static orbit for the perturbed system.

Given two points p*, p* € h~1(E) and small § > 0, 3 points p*, p* € h~!(E) and
vectors k*, k* € Z3\{0} such that |[p* —p*|| < &, |lp* —p*|| < §. (k*,0h(p*)) = 0 and
(k*,0h(p*)) = 0. One can choose (p*, k*) and (p*, k*) such that &* and k* are totally
irreducible. A vector k = (kq, ko, k3) € Z\{0} is said to be totally irreducible if the
greatest common divisor of k; and k; is equal to 1 for any ¢ # j and 7,57 = 1,2,3. It is
based on the observation that, for any k € Z3\{0}, one can choose totally irreducible
k' € 7Z3\{0} such that (k,k")/||k||||%"| is close to 1. For a point p = (p1, p2, p3) € R3,
we adopt the following notation for its maximum and Euclidean norm respectively

3 1

2

ol = max{lpal, ool Ipsl}, ol = (3opF)"
i=1

An integer k € Z3\{0} determines a path of single resonance (a circle on a sphere)
Iy = {p € R®: h(p) = E > min h; (k, Oh(p)) = 0}.

As h is positive definite, Oh maps {p € R* : h(p) < E} to a ball containing the origin.
The circles 'y« and I'y« intersect at two points if k* is independent of £*, otherwise
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Ty« = T'k«. In both cases, one has a path I' connecting p* to p*. If T'x« intersects I'y«,
it starts from the point p*, moves along the circle I'y« until it reaches the intersection
point of ['y+ with I'y«, after that, it moves along the circle Iy« until it arrives at the
point p*. If Ty« = ['g«, I' is just a piece of the circle, connecting p* to p*, see the
figure below.

Treating I' as a path in H!(T3,R), we have a candidate of the transition chain.
We shall show that the transition chain lies in a small neighborhood of T'.

The following theorem is a slightly stronger version of Theorem 5.1 of [C17b], the
main part of this paper is for the proof of this theorem.

THEOREM 2.1. Assume h € C"(Bp,R) is positive definite with r > 6. For
any small 6 > 0, E > minh with h='(E) C Bp, there is a cusp-residual set €., C
C"(Bp x T3,R) such that for each eP € €., and any two points p*,p* € h™1(E),
there is a transition chain that connects the class ¢ to the class ¢’ which satisfy the
condition a(¢) = a(¢') = E, [p* —¢| <6 and |p* — & < 0.

The definition of cohomology equivalence can be further extended to more gen-
eral version if we treat the time t as an angle variable and choose a section in the
extended configuration space T" T where the extra dimension is for t. If we write the
cohomology class in coordinates ¢ = (¢, —a(c)), the section ¥z is chosen for T*H1, V;
and V# are defined in H;(T"*! R) and H!(T"*! R) respectively.

DEFINITION 2.4. In time-periodic case, ¢,¢’ € H!(T",R) are said to be cohomo-
logically equivalent if there exists a continuous curve I': [0,1] — H(T"*! R) such
that T'(0) = (¢, —a(c)), T(1) = (¢, —a(¢)), and for each sq € [0,1] there exists § > 0
such that T'(s) — I'(so) € V%‘(SO) whenever s € [0,1] and |s — so| < 0.

3. Normal form. Given an irreducible integer vector k¥’ € Z*\{0}, one has a
path of single resonance 'y = {p € H™Y(E) : (K, 0h(p)) = 0}. A point p” € Ty is
said to be double resonant if there is an additional vector k" € Z3\{0} independent of
k" such that (k”,0h(p")) = 0. Along each resonant path I'y/, there are many double
resonant points.

We assume that &’ = (K, kb, k) € Z3\{0} is totally irreducible. In this case, there
exist k*, k* € Z? such that the matrix M} = (k’, k*, k*) is uni-modular. Indeed, if &’
contains two non-zero entries, e.g. ki, k5 # 0, we set k* = (0,0,1) and k* = (k},k3,0)
such that ki ks — kbki = 1. If K/ = e, we set k* = ey and k* = e3, where we use the
notation that all other entries of e; are equal to zero except for the i-th entry, which
is equal to 1. Other cases can be handled similarly.

Under a linear canonical transformation 9My: (P, q) — (p, q) such that ¢ = M(;l(j,
p = M!p, we obtain the Hamiltonian H = h + P where h = .#{h and P = .4} P.
It holds along the path Ty = My Ty, that Oh(p) = (0,ws,w3).
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In this case, the first and the second resonant condition are M 'K =k = e and
My 'k" = k" = (0,kY, k) respectively. If we introduce the canonical transformation
of coordinates .Z' (u,v) — (p,q) further

Gg= M, p= M, (3.1)
where
1 0 0] 1 0 0 ]
Mt=10 10 M~ =0 1 %
E;’;’ ) ké’
R 00 1]
if k| > |k| and
1 0 0] 10 0
M=o 1 k= M-1—10 1 0
k‘é’ 4 _E/z/
0 0 1] RO

if |k%| < |k%|. The function .#* H is 27-periodic in (u1,us), 2|/k” |7 in us if |KY| > kY|
and it is 27-periodic in (uy,u3), 2|k" |7 in ug if |kY| > |kY|.

By the construction of M which may not be uni-modular, we see that the function
M H respects two symmetries in u.

DEFINITION 3.1. Let M be a non-degenerate matrix. A function f(u) €
C"(R™,R) is said to respect the symmetry M if

flu+2rMe;) = f(u), VueR" e €Z".

~ Since ./*H is 2m-periodic in (u1,uz), 2|k”|7-periodic in ug in the case that |ky| >
|E%| and 2m-periodic in (uy,us), 2|k” |7 in ug in the case that |k5| > |kY]

M H (u,v) = Z I?k(Mtv)e“k’M_lw,
keZ3
* H respects two symmetries in the variable u, M and diag{1, 1, |k”|} for |ky| > |k,
M and diag{1,|k"|, 1} for |ky| < |k} respectively.

At a double point p”, the rotation vector @ = (0,@9,@s) = Oh(p") is rational,
ie. 3T > 0 so that Tw € Z"\{0}. Iftw ¢ Z" V ¢t € (0,T), T = T(w) is called
the (minimal) period. Since kjwe + kfjws = 0, T = |k”|. We consider those double
resonant points {§” € Iy} such that 7' = T(9h(p")) < K*e 31735 with x € (0, )
and K* > 0 is independent of . In this case, [k”|\/e — 0 as € — 0.

"LEMMA 3.1.  Assume the second resonant condition at p” € Ty is k' =
(0,ky, k3), 6" € (0,1/2). Then, there exists a small number ¢g > 0 such that for
each € € (0, o], restricted on the level set H=Y(E) contained in X x T with

25 = {ﬁ |ﬁ7ﬁ”| < Kﬁl&n}a

where K = nT, n € (0,1] is independent of €, the Hamiltonian H is reduced, by a
symplectic transformation and an energetic reduction, to a time-periodic perturbation
of mechanical system with two degrees of freedom

1 - w
Gelary,0) = 5 (Byy) = Vs, [F'[e2) + Re (., 2

Hn [C17a], the matrix MoM is set to be uni-modular. It is not always possible and not necessary.

9), (3.2)
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where the 2 x 2 matriz B is positive definite, V € C" is 2mw-periodic in (1, |k"|x2),
Re(z,y,9) € C"=2(T? x X! x |k"|T,R), ¥ = w3ﬁ719 and Y. satisfies the condition

{yilyl S -)KTe 3} O3 C {y: fyl < (L+0)K e 3},

Restricted in T? x X! x |k"|T, some number ag = ag(h, E, k') > 0 exists, independent
of T and P, such that for each P € By one has

[ Rellor—2 (12 s, x vy < G0€”,

if it is treated as a function in (z,y,9). Finally, the remainder Re(x,y,V) respects
the symmetries M and diag{1, 1, |k"[} in (z,9) and the symplectic transformation is
uniformly bounded for any second resonant condition k" .

REMARK. Because V is independent of 1, the symmetries M and diag{1, 1, |k”|}
for V' are the same as the identity.

Proof of Lemma 3.1. To get the normal form, we introduce a coordinate transfor-
mation ®.r which is defined as the time-27-map ®.p = <I>§F|t:27T of the Hamiltonian
flow generated by the function eF(p,q). The function F solves the homological equa-
tion

oh . OF\  _ o
<875(p ),871> =—P(p,q) + Z(p,q)
where

]_ T — — . .1 = .1 =
Z(p,q) = = / P(p,g+atydt =Y Py(p)erFare®na) (33
0 (€1,62)€22

Clearly, the function

IR
F(p,q) = 7/ P(p,q+ wt)tdt
T Jo
solves the homological equation and ||F|| < T'||P||.
Under the transformation ®.r we obtain a new Hamiltonian

. BT o oh, . Oh,, OF
2 H =h(p) + eZ(p.0) + {52 (0) = 52 ("), 5 )

op op aq
2 (3.4)
+ 5/ (1—t){{H,F}, F}o®.dt.

0

To simplify the situation further, we introduce another canonical transformation
of coordinates .#: (u,v) — (p,q) defined in (3.1). Although the norm ||| will be
large if the second resonant condition is weak, the linear coordinate transformation
(3.1) is uniformly bounded in the second resonant condition since |k% /k%| < 1 in the
first case and |ky /k%| < 1 in the second case.

We consider the case that |ky| > |k4|. In the new coordinates (u,v), the rotation
vector takes the form of (0,0,ws). Clearly, |ws| is uniformly lower bounded above zero
for all double resonant points on T'y/. Because (k4. k%) is irreducible, it follows from
(3.1) that .#*®?, H is 27-periodic in (u1,us) and 2|k”|r-periodic in us.
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By the construction, the function .# *®* . H possesses the symmetries of M and
diag{1,1, |k"”|}. We need to be careful when a perturbation is added, it should respect
the symmetries as well. By the relation (3.1) one has

(K',q) = (K, (MMy)~'u) = uy, (K",q) = (K", (MMo)~'u) = kyus.

It follows from Formula (3.3) and the transformation (3.1) that the resonant term has
the form of .27 M5 Z(p, (K, q), (K", q)) = Z' (v, u1, kyuz).
Let W = #*h, F' = #*F and H' = #*®!,H. Since the transformations (3.1)
is canonical, it preserves the Poison bracket. We obtain from Formula (3.4) that
on' on', ,. OF
(3@~ 3 50

2 1
+%%ﬁ/u—wHHJ%Fh@&%
0

H' =h'(v) +eZ' (v, uy, |k |uz) + €

where v = (MoM)~'p”. The function H' determines its Hamiltonian equation

du 0 _, dv 9 .,
E 8vH( )a dt - auH (U,U). (35)

For this equation we introduce another transformation
~ 1 1
G.=~-H, j=— (v - U”), T =, 5 = +/et, (3.6)
€ Ve

where we use the notation § = (y1,v2,¥3) = (y,y3) and & = (1, 22,23) = (z,2z3). In
the new canonical variables (Z, ) and the new time s, Equation (3.5) turns out to be
the Hamiltonian equation with the generating function as the following:

Ge = (W0 + V&) ~ K" = Vow, K1) + Rl 9), (3.7)
where V (1, |k"|xe) = —Z'(v", 21, |K"|22) and R. = REJ + Re)g + ]:3673 with
Rey = '(U" + ey, z) = Z'(v", %),

0 (o +va3) = G000

Res= %ff/ /0 (1 — ) {{H,F},F}od .dt.

jau]l
o

™)

I
/\

One step of KAM iteration makes the remainder R, lose two times of differentiability.
Since the Hamiltonian H is defined in 3, x T2 x |k |T, we see from (3.1), (3.6) and @5
that G is defined on the domain that is contained in {|j| < 2K ~'e"~2} x T2 x |k”|T.
Restricted in the domain, we claim that there exists a number as > 0, depending on
h, E, k' only, such that

|Reillcr2 < ase™,  i=1,2,3, (3.8)

for small € > 0. Indeed, let m’ be the upper bound of the largest eigenvalue of 9%h(p)
for all p € h=1(E). Since T < K*e~3(173%) one has

[Rea| < 2|[P'||civeK L % < 2|[P'||cn K~ ter,
|Rea| <m/\eKL e 3T || P |l < ' ||P|| e,

*\—1 1 € 1 * 1ok
|(27) " Reg| < SIP G2 H llon T2 = S (K| P c2)? | H | on e T2
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The estimate on the derivatives of the terms can also be done inductively.
We introduce another coordinate rescaling further

oY I (3.9)

w3 \/gy37

By expanding G, in O(K~'e") neighborhood of v” in Taylor formula, we obtain

), (1 E21)) = Ve, )

Y, —
w3

G’E(:E,y,l,ﬁ) =+ %<B<
(3.10)
w3

Ve

where B = %1’;/ (v") and term Ry, represents the following
! [h (v (Ve 1)) = [ + 1+ 5(B (s gjf), (1 w{jf)ﬂ] .

By the construction, all entries of B are of order O(1), independent of the period T
of the rotation vector dh(p”). We write

Y

—I—Rh(y, w£§]> +R5(l‘1,$2, 0,p" + (ﬁy,i]))

B/t B/l

where B is a 2 X 2 matrix, B’ is a vector with two entries and B” > 0.
. . . 1
Obviously, restricted on the domain {|y| < 2K ~te*~2, |I| < 2K ~Yws| ter~1},
there exists a constant az = az(h, E) > 0 such that

[ Rnllcr— < ase®. (3.11)

Let Q. be the image of ¥, x T? under the maps ®.p, (3.1), (3.6) and (3.9).
Since the transformation @ - is close to identity, |k5| > |k%| is assumed, each section
of Q. where (x,0) keeps constant lies in {|y| < 2K Ler~ 2, |I] < 2K |ws|ter1}.
Restricted in ., we find by direct calculation that oG =1+ O(€"). Therefore,
there exists a function G¢(x,y,0) solves the equation @E(x, y,—G,0) = 0.

Indeed, restricted in the domain {|y| < 2K "=z, |I| < 2K 'w; 'e*~'}, a con-
stant ay = as(h) > 0 exists such that [\/e(B',y)| < asK~te® and |e(By,y)| <
asK~2e2%. Tt guarantees that the solution I = —Gy(x,y) of the following quadratic
equation in [

Go=I+ %<B<y, g[), (y, L/—§I>> — V(zy, |E"|x2)

B// _
\Uf—j 52 el? —V(xy, |k |x9) =0
3

<B’,y>)1+ 1<By,y> +

=(1
(1 5

has the form of

Cwi(l+ £<B’7y>) (1 B (1  2B"e(3(By,y) — V(z1, IE”Ixa)))%)
0= B'e w§(1 + ﬁ(B’,y))Q

w3

1 _
=§<By’y> — V (21, [K"|x2) + Ro(z,y)
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and some as(h, E) > 0 exists such that restricted in the domain T? x {|y| <
2K ~1e"~2} one has ||Ro o2 < ase®, provided P € B;.
According to the estimates (3.8) and (3.11), one has

|Ge — Gollcr-2 = ||Rn + Re|lor—2 < (3a + ag)e”

when (z,9,y, I) is restricted in T2 x || T x {|y| < 2K ~'e"~ 2, |I| < 2K~ '|ws|Ler~1}
where 9 = \/Eflwgﬂ. It follows from the relations 9;G, = 14+0(e"), 0;Go = 14+0(€")
and the theorem of implicit function that some ag = ag(h,d) > 0 exists such that
|Ge — Gollcr—2 < age™ holds when |y| < 2K~ 'e"~ 2. Indeed, let z = (z,y,9), we get
from the equations Go(z, —Go) = 0 and G.(z, —G.) = 0 that

91Go(z,—Go + MG — Go))(Ge — Go) — (R, + R.)(2,Ge) = 0, (3.12)
where A = A(z, G — Gy) € [0, 1]. Tt follows from the relation 9;Gg = 1 + O(€") that
max, |G — Go| < 2(3az + a4)e”. For £ = 0, ¢, the derivative of G¢ in z satisfies the
equation

0.Ge(z,—Ge(2)) — 01Ge(2, —Ge(2))0.Ge(2) =

Because 92Go = wy 2B"¢, |0.G| = |0;G|0.G.| = O(1), by taking the difference
of these equations we obtain the estimate on first derivative of G. — G

10-(Ge — Go)(2)] <[91GColz, —Go)”I(IB”w;QE(Ge - Go)azGel

+10.Go(z, —Ge) — 0.Go(z, —Go)| + (Rh+R)( —-G.)

)

<2(3a + ay)e" ((2|w;23"|e+ )|0.Ge| + 2|B||w3 Ve + 1).

The estimate on higher order derivatives can be done similarly.

From the formula (3.2), we see that |G.(z,y,0)] < asK 2271 for |y
2K 'e"~2 if € > 0 is suitably small such that |V] + |R| < LasK2e*~1. Con-
sequently, the energy level set G- 1(0) intersects the domain {|y| < K~ 2,|I| <
K~ 'wyte" 1} x T? at the place Where 1] < age® 1.

Under the composition of ®.r, (3.1), (3.6) and (3.9), X x T? is mapped onto
Q.. If . is an identity map, each section of ). where (z, 6) keeps constant contains
the disk {|y| < K~te"~2,1 =0}, because |kY| > |k5| is assumed in (3.1). Since

approaches to identity and = agKwse®™ — 0 as € — 0, some €(d") > 0

K*lwg_le'”‘*l
exists such that, for any € € (0, €], the set {|y| < (1 — &) K 'e"~2,|I| < a462”_1} is
contained in each section of Q, where (z, 0) is fixed, i.e. ¥, D {|y] < (1—0")K e 2},
Similarly, we can show that X, C {|y| < (14 ¢')K te"~2}.

The transformation .# of (3.1) is uniformly bounded for all resonant conditions
along 'y, and all constants ay with 2 < £ < 7 can be set to be independent of the
second resonant condition. Let ag = ag+ar, we then complete the proof of the lemma,
in the case that |kJ| > |kj|.

If |k | < |k4|, in the new coordinates (u,v), the frequency at the double resonance
has the form of M'"*Oh(p") = (0,ws,0). From (3.1) one obtains

<k/aQ> = <k/’ (MM0)71U> = Ui, <kuaq> = <k”7 (MMO)il > k3U3
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By introducing the permutation us <> ug and vy <+ v3, we are again in the situation
we have handled. The rest of the proof is the same as above. 0

Let A= B~!. By the Legendre transformation,

Le(z,2,0) = myax{(a’:,y) — Ge(z,y,0)}.

one obtains from the Hamiltonian G. the Lagrangian (1.1) defined in [C17b].

Treated as the set in T*M, it is shown in [B0O7] that Mather set, Aubry set and
Maiié set are symplectic invariants. Denote by M (c) the Mather set of the Tonelli
Hamiltonian H : T*M — R in the cohomology class ¢ € H'(M,R).

THEOREM 3.1 ([BO7]). Let ® : T*M — T*M be a Hamiltonian diffeomorphism.
Then one has

@MH(C)ZMHoq)((I)*C), CEHl(M,R).

Similarly for Aubry set and Mané set.

Applying the theorem, we find that the map ®.r does not induce the change of
the structure of the Mafié sets and the Aubry sets. The transformations .#, and
(3.1) are linear, (3.6) and (3.9) are rescaling. Therefore, the conditions (1) and (2) in
Definition 2.2 remain unchanged under the coordinate transformations.

4. The covering property. We are going to show that the whole resonant path
Ty can be covered by the disks where one obtains the normal form of (3.2).

THEOREM 4.1 (Covering property). Some €y > 0 exists such that for each € €
(0, €] there exists a finite set of double resonant points {p; € 'y} with the properties

(1) the period T; of the frequency Oh(pY) is not large than T; < K*e3(1=3r)

where k € (0, %) and K* is independent of €;

(2) Ty is covered by the union of the disks {||p — p/|| < T; *e*}.

Proof. If Ty is a set in R™ the theorem is proved in Chapter 3 of [Lo] with the
condition £ < (3n+3)~!. We use their idea to prove the covering property under the
condition k < %. To do that, we use Dirichlet’s approximation theorem.

For real z, let [x] € Z denote the integer part and {z} € (0,1) denote the decimal
part. So, one has

w = [z] + {z},
We use notation
llz]lz = min{{z}, 1 — {z}} = dist(z, Z).
PROPOSITION 4.1 (Dirichlet). Let w € R and K > 1 be a real number. There
exists an integer k, 1 < k < K, such that
|kwllz < K1
For w = (wo,w3) € R?, let |w| = max{|ws|, |ws|}. Let S! = {w € R? : |w| = 1} be

the boundary of unit square, it has four sides. By applying Dirichlet’s approximation
theorem, for any w € S! and any integer K > 0 there exists 1 < k& < K such that
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|k min{ws, ws}||z < K~'. In other words, given any w € S', some rational vector w*
on the same side exists such that Tw* € Z? with T' < K and

dist(Tw, Tw*) = || Tw — Tw*|| < K. (4.1)

To apply the inequality, we notice that Oh(T'y/) is a circle lying on certain 2-
dimensional plane.

By the definition, '+ is a smooth circle. Under the transformation .#; introduced
in the last section, Mo_lah maps the circle I'ys to a smooth circle I'y, 1» = Mo_lﬁh(Fk/)
restricted on the plane {(wy,ws,ws) : wy = 0}.

Since h is positive definite and h(T'y/) = E > min h, each line {\(0,ws2,w3) : A €
R} intersects the circle T',, 5 transversally and each w € T, ;s determines a unique
Ao > 0 such that A\, (wo,ws3) € St. Therefore, some number d > 0 exists so that the
distance between any two points w = (0,ws,w3), w* = (0,ws,w;) € T'y x is upper
bounded by

lw — w*|| < d||[Aow — Aurw™|.

If w* is a rational vector with period T, the period of A\,~w* will be )\;ET.

The map Oh establishes a diffeomorphism between I'y, and I',, /. Given an integer
K >0, it follows from (4.1) that, for any rotation vector w € I'y, i/, there exists some
rational rotation vector w* € I'y, ;s such that A, w, Ay«w* lie on the same side, such

that

A
— W] < d||Apw — Apr*|| < =—=,
oo = | < dlAuw = Aure®|| < 22

where T > 0 is the period of w* such that A\J!T < K.
For the ball Bp C R3, there are positive numbers m’ = m/(D) > m = m(D) > 0
such that

m||v||* < (9*h(y)v,v) < m'||v]?, Vy e Bp, veR3

Because h is assumed strictly convex, there exist exactly two points y,y* € Bp such

that Oh(y) = w, Oh(y*) = w* and |ly — y*|| < m~!{|w — w*||. Because A 1T < K, the

covering property ||y — y*|| < T~ 1e" is guaranteed if we choose

A+
m

K =

—K

€

Again, because AT < K, one has T < K*e~5(173%) if K — ‘D‘Tw*e_’“ < KT*G_%“_?”“).
It holds for each e € (0, €g] if €g satisfies the condition

@ "< mi”
= dA2 b

where A = maxyer,, , Aw- For K < %, such ¢y > 0 exists. 0

5. The finiteness of strong double resonance. Because of Theorem 4.1, the
path of resonance 'y is covered by the discs {||p — p//|| < T, '€*}, where k < %,
T; < K*e=3(1-3%) ig the period of the double resonance at p//, K* is independent of
e. Therefore, the size of each disk is between O(e!/3) and O(e'/7). When the number

€ > 0 decreases, the number of the disks increases. We are going to distinguish strong
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double resonant points from weak resonant points by the second resonant relation,
and we will see that the number of strong double resonant points is finite, independent
of € in generic case.

We consider the resonant term (3.3) which takes the form

Z(p,q) = Zw (p. (K, @) + Zy 1y (0, (K @), (K] @) (5.1)

where k' = k* or k*, kI’ is the additional resonant condition

Zyv =Y Pu(p)e®™
J€Z\{0}
Zowr = ) Pjrgary (p)eld Ktk )i,
(4.1 €Z2,170

(5.2)

Because | Py| decrease fast as [|k|| increases | Px| < O(||k[|™"), the term Zj/ j» is treated
as a small perturbation to Zj provided ||k}'|| is large. /

Treated as a function of = (k/, q), we consider Z; (p, x) as a family of functions
Zw (p,-): T — R, where p € T'y/ is treated as a parameter. Such an observation allows
us to apply the result of [Zh2].

THEOREM 5.1 (Theorem 1.1 of [Zh2]). Let F) : T — R be a family of C*-smooth
functions so that Fy is Lipschitz in the parameter X € [0,1]. Then, there exists an
open-dense set B C C"(T,R) (r > 4) such that for each V € U and each X\ € [0,1],
every global minimal point of F\ — V is non-degenerate.

To apply the theorem here, we notice that the path I'y, induces a decomposition
C"(Bp x T3,R) = C"(Bp x T,R) & C"(Bp x T*,R)/C"(Bp x T,R)
via
Pp.q) = Zw (p, (K', ) + P'(p,q), (K" = k", k"),

where Zjs is defined in (5.2) consisting of Fourier modes of P in spanz{k’}, and
P' =P~ 7, € C"(Bp x T3,R)/C"(Bp x T,R).

Therefore, there exists an open-dense set U C C"(Bp x T,R) and consequently
an open-dense set B = U o C"(Bp x T3, R)/C"(Bp x T,R) C C"(Bp x T?) such
that for all P € B3, it holds simultaneously for each p € I'y, that the resonant term
Z(p,-), treated as a function of z, is non-degenerate at its maximal point, namely,
the second derivative 927 at its maximum is uniformly upper bounded below 0.

Let yo be a vector such that Byo = (0,1)*. A non-degenerate maximal point 1 ;
of Zy/(p},-) corresponds to a normally hyperbolic invariant cylinder (NHIC)

I = {(z,y) € T2 x {|ly| < K;7'e" 2} tay = 21,5,y = Ayo, A € R}

of the Hamiltonian system 3 (By, y) + Z (p/,x1). In the (p, g)-coordinates, the cylin-
der passes through a neighborhood of the double resonant point p/. Such a phe-
nomenon allows us to distinguish strong double resonant points from weak ones by
the existence of weakly invariant cylinder.

DEFINITION 5.1 (cf. [B10]). An open manifold is said to be weakly invariant for
a flow if its vector field is tangent to the manifold.
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Applying the theorem of normally hyperbolic invariant manifold (NHIM), we see
that, for the Hamiltonian = (By Y) + Zr + Zyr, ki, there exists some weakly invariant
cylinder IT} lying in a small neighborhood of II; N {||y|| < K; 'e®~2 — 1} provided |k
is large enough

Indeed, if we introduce a cut-off C*°-function x: [0,00) — R satisfying x(v) =0
for v > K len=2 and x(v) =1 for x < Kﬁ1 £=2 — 1. Then by applying the
theorem of NHIM to the Hamiltonian 1 5(By, y) + Zi (p} ;1) + x(Nl) Zy ey (P, ) we
see that the cylinder II; survives the small perturbation X(HyH)Zk' K (D x) if |kY| is
sufficiently large. Restricted on the region {||y|| < K;* "2 —1} the survived cylinder
is obviously weakly invariant. Since the normally hyperbohc splitting still exists on

the survived cylinder, we call it normally hyperbolic weakly invariant cylinder, or
NHWIC for short.

DEFINITION 5.2. A double resonance is said to be weak if the double resonant
term Zj pr is so small that can be treated as a small perturbation

<By y>+Zk’ — = <By y>+Zk/+Zk/ k”

such that one can apply the theorem of NHIM. In this case, the NHWIC survives the
perturbation. Otherwise, the double resonance is said to be strong.

Although the number of the disks {|[p — p/|| < T, *¢*} depends on ¢, we have

PRrROPOSITION 5.1. There exists a set B open-dense in &1 such that for each
P € B, the number of strong double resonances along Iy is finite and independent of
€.

Proof. For perturbation P, let z, be the maximal point of the single resonant
term Zy/(p,-) with respect to the variable 2. By Theorem 5.1, there exists an open-
dense set B’ € C"(Bp x T3, R), for each P € B’ there exists some dp > 0 such that
the second derivative 027y (p, z,,) < —dp holds for all p € T'ys. Since AP € P’ for any
A #£ 0if P €, the restriction of P’ to &; is clearly open-dense. Since the double
resonant term Zy » will be sufficiently small provided [|&'|| is sufficiently large, we
complete the proof. O

NOTATION 5.1. Let A, denote the set of the subscripts i such that the resonant
circles Uy» U Tk« is covered by the disks

T UTke C Usen {p € R® : p— pf|| < T, '€"}

where the period T; of the double resonant point pf is not larger than K*e~(1-3r)/3
with k € (0,%). Let Ay C A be the subset so that the double resonance at p!! is strong
if and only if i € Ag.

6. Dynamics around double resonance. Let us apply Lemma 3.1 to the
double resonant point p/, where the second resonant condition is denoted by k', let
kil = My 'k} = (0,k]'y, k/'3). We denote by G.; the normal form reduced from H in
a nelghborhood of p, /. which takes the form of (3.2)

Ge,i(x’y79) = Gi(may) +Re,i(z7y719(9))7 (61)
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= L(Biy,y) — Vi(a1, |k |z2), Vi € C" is 27-periodic in (21, k] |z2) such that
maxV; =0, ¥ = w\l/g 0, R.; € C"2(T? x Z’Eﬂ- x |k |T,R) with

{lyl < (1 =8 T) "2y C 20, € {Jyl < (L+8) (T He 2,

n € (0,1) is independent of the period T;, the remainder R, ; is bounded by age” in
CT—2-topology if it is considered as a function of (x,y,v).

Because the normal form (6.1) is obtained by the transformation (3.1) where the
matrix is denoted by M;, the function R, ; respects the symmetry M;. So we have

Gs,i(xl,fﬂg + ]:};/73/;3;/72,’[9 + ].) = Geﬂ'(l'l,l’g,'&) (62)

Pull back to the original space of (p, q), we have V;(z1, |k |z2) = Vi((K', q), (K, q)).
Let ae; and f; denote the a- and S-function for G ; respectively, with which
one defines the Fenchel-Legendre transformation .%,: H;(M,R) — H'(M,R) by

c€ Zy(w) <= ale)+ B(w) = (c,w).

By the definition, the S-function is the Fenchel-Legendre dual of the a-function. By
adding a constant to G ;, we can assume min a. ; = 0.

To understand the dynamics around strong double resonances, we apply the re-
sults obtained in [C17a, C17b, CZ].

THEOREM 6.1. There exzists a residual set 0; C C"(T? R) with r > 2. Each
Vi € 0, is associated with some positive numbers Ay, , €; such that for any & € (0, Ay,),
€ € [0, ¢] the circle a;il (&) establishes a transition chain (of cohomology equivalence).
These circles make up an annulus A; surrounding the set F; = {c: a. (c) = 0}.

Proof. If we are satisfied with the property that V' € 2, is 2m-periodic both in z;
and in x9, it is just an application of Theorem 1.1 of [C17b]. We are going to show that
the set ; is residual in the space of C"-functions which are 27-periodic in (21, [k!|22).
For the purpose, we introduce a canonical transformation .7: (z1, |k |x2) — (¢1, $2),
(y1, |k |7 ty2) — (I1, I2) and get the Hamiltonian from (6.1)

G = 7.C= J(BLI) ~Vi(e),  (6.1) €T xR, (63)

where B! = diag(1, |k!'|) B;diag(1, |k!'|). The theorem holds for G/, under the condition
that ; is residual in C"(T?, R).

Pull G back to the space of (z,7), we see that the theorem holds because G. ;
is a small perutrbation of 7*G/: Gei = TG+ R ; and Mané set is upper semi-
continuous with respect to small perturbation. O

Given an irreducible class g € Hy(T? Z)\{0}, let C;y = Uy»0Za.,(rg). To
consider the Aubry set of G, for ¢ € C; ;, we consider the truncated Hamiltonian G/
of (6.3) and let &; be the a-function for G. For ¢ € %5,(\g), each c-minimal orbit is
periodic. To stress its topological information, we also call it Ag-minimal orbit. The
parameter )\, is called bifurcation point, if there are two or more Ayg-minimal orbits.
Applying Theorem 2.1 of [CZ], Theorem 3.1 and the argument of Section 4 of [C17a]
we have

PROPOSITION 6.1. Given an irreducible class ¢ € H1(T?,Z)\{0} and Ao > 0,
there exists an open-dense set 0; C C™ (T2, R) with r > 5 such that for each V; € 5,
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it holds simultaneously for all A\ € [\o,00) that the Mather set of G’ for each c €
L5, (Ag') consists of hyperbolic periodic orbits. Indeed, except for finitely many {A\¢}

the Mather set is made up two hyperbolic periodic orbits, for all other A € [Ag,00) the
Mather set contains exactly one hyperbolic periodic orbit.

Therefore, for each V; € U, there are finitely many bifurcation points Ay <
A} < --- < X, the number m is independent of e. At each bifurcation point A},
there exist exactly two A)¢g/-minimal orbits of G%. So, for X' > Mg, all X'¢’-minimal
orbits make up m + 1 pieces of NHIC. Let l:I;’Z denote the cylinder made up of
X g/-minimal orbits of G; for all X' € [\, A, ] for £ < m, let II} , be the cylinder
made up of \'¢g/-minimal orbits of G; for all \' € [\, \] where \. is chosen such
that maxg |(I, |k”|12)(0)] = (1 — 8')(yT;)"*e" "2 holds for the X.g’-minimal orbits
(1(0), (0)). .

Return back to the coordinates (x,y), each orbit of G} is pulled back to the orbit
of 7*G! in the way

1 _
(x1,72,y1,92) = (¢17 W(@ + 20m), I, |k§/|f2)
i
for £=0,1,---,[k}| — 1. Consequently, each cylinder II} , is pulled back to a cylinder

II; ¢ of G, modulo a shift (z,y) — (z + (0,27/|k”|),y). Each cylinder is made up of
Ag-minimal orbits of G; with \g = %(|l§g'|gl,g2) it Mg = XN(q1,92).

Let E;, be the energy such thatl)\gg—minimal orbit lies in the energy level set
G;l(Eg). Since each Agg-minimal orbit is hyperbolic, each cylinder II; , can be ex-
tended by the hyperbolic orbits lying in the level set G *(E) with E € [Epy 1, Epyq +
2d) U [E, — 2d, Ey]. Since there are finitely many bifurcation points, such a number
d > 0 exists.

Under the time-periodic perturbation G.; = G; + R, major part of these
cylinders survives, weakly invariant for the Hamiltonian flow ®% . Notice that
¥ = w¢73ﬁ710 and G.; is 27 in x, 2|kY|7 in ¥ and symmetric for M;, see (6.2),
we introduce a shift

oi: (x,y,0) = (a: + (0,2771:%{3),3/,9 + ﬁ), (6.4)

kil Wi,3
then U;Gs,i = Geﬂ‘. Let ﬁi,E@—d,EHl—i-d = (ﬁ@g X %T) N {Gz S [E@ —d, Er -‘rd]}

PROPOSITION 6.2. For sufficiently small €, there is a cylinder ﬁ;Ekd’EH&d
modulo the shift o;, which is weakly invariant and normally hyperbolic for the flow
@%Qi. The cylinder lies in a small neighborhood of 11; g,—a,5,,,+d-

Proof. We modify the Hamiltonian G ;. Let p be a C2—fun(ition such that p(u) =1
for p > 1 and p(p) = 0 for p < 0. By defining pi(z,y) = p((Gi(z,y) — E, + 2d)/d),

p2(z,y) =1— p((Gi(x,y) — Ery1 — d)/d) we introduce
Gi —+ PlRe,ia if G‘Z(x,y) S [EZ_ —2d,E, — d],

G/e,'i = Gz + pgRE’i, if C;'Z(ac, y) S [Ez+1 +d, By + 2d], (65)
G, elsewhere.

Because ||GL; — Gillc2 < Lif [y] < O(e"~2) and € < 1, it follows that the NHIC IT, ,
survives the perturbation G; — G’ ., denoted by 1:15’4.

€,1)
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Let ﬁ;EWd’EH&d = f[ie N{G; € [Ev —d, Eg41 +d]}, which is a weakly invariant
for <I>%m_ because G ; = G ; when they are restricted in the region {(z,y) : Gi(r,y) €
[E¢ — d, Epy1 +d)} % %T The normal hyperbolicity is obvious.

Due to the symmetry (6.2), the Hamiltonian vector field of CI%M, is invariant

under the shift o;. It guarantees the invariance of I:If Bo—d,Bys1+d under the shift o;. 0

Notice that A, > 0 is set such that maxg |y(0)| = (1 — &')(nT;)~ "2 holds for
the Acg-minimal orbits (y(0),z(0)). By applying Theorem 1.2 of [C17b], we have

THEOREM 6.2. Given a class g € Hi(T? R) and small Ey > 0, there is an open-
dense set U; C C™(T?,R) (r > 5). For each V; € U, there exists eg > 0 such that for
each € € (0,¢€p)

1) there are finitely many NHWICs for the flow Ge;: ﬁg,Eﬁd,Euler (¢
0,---,m) and ﬁE,E,,ﬁd,Eg modulo the shift o;, where the integer m, the numbers
E1 < Ey < --+ < Ep, d > 0 and the normal hyperbolicity of each cylinder are all
independent of €, E. = @;(Acg) = O(e**71) for small € > 0;

2) some Ey . — E; as € — 0 exists such that for each ¢ € C, 4

(1) if aei(c) € (Epe, Evsa,e), the Aubry set lies on fI;Ee_d’EHH_d modulo o;;

(2) if aei(c) = Epe, the Aubry set contains at least two connected components,

one is on ﬁg,Eg,l—dE,;-s-d and the other one is on f[;Ez_dE“ﬁd modulo o;;

(3) if ag,(¢c) € (B, E.), the Aubry set lies on g, _q.p, modulo o;.

REMARK. Because of the symmetry M;, all shifts of the cylinder 1:[§7El_d7EH1+d
are projected to the same cylinder, if we pull them back to the space of (p, q).

At a strong double resonant point p, i € Ay, we consider two classes g; , gj
which determines two channels (Czi = C; 4+. The choice of g~ g+ depends on where
pY is. There are three possible locations of a strong double resonant point p} along
e Ul

(1) the point p is on the path I'y+ where I'y« does not intersect with I'js;

(2) the point p is on the path I'y« where I'y« does not intersect with I'j+;

(3) p;’ € N,

After the linear coordinate transformations .#, and .#; defined in (3.1), we have that
the first two components of the frequency 0h(p), i.e. the frequency of the system G ,,
is proportional to (0,1) along I'y, k = k*, k* in the first two cases. In the third case,
Oh(p) is proportional to (0, 1) along I'x+ and to (1,0) along I'j-.

At a double resonance pY, the first two components of the frequency Oh(p}) vanish
after the linear transforms. So by crossing a strong double resonance, we mean that
there exists an orbit of the system G¢;, such that along the orbit, its “frequency”
changes from being in the set {(0,v), v > 0} to the set {(0,v), v < 0} in the first
two cases, and changes from being in the set {(0,v), v > 0} to the set {(v,0), v > 0}
in the third case. Since G.; is not nearly-integrable, here the role of “frequency” of
the system G.; will be played by the rotation vector of the Mather sets shadowed by
the orbit.

We introduce the homology classes gijE € Hy(T?,Z) as follows:

(1) g = (0,1) and g; = (0,—1) in the first two cases,

(2) g7 = (0,1) and g; = (1,0) in the third case.

By adding a constant to G¢; we assume minca,.; = 0. Applying Theorem 6.1
and 6.2 we obtain the following result for the dynamics around the strong double
resonance.
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THEOREM 6.3. There ezists an open-dense set 0; C C"(T? R) (r > 5) such that
for each V; € U, there exist 0 < E; o < Ay,, A} > 0 and ¢; > 0 such that ¥V € € (0, €]
the following holds.

1) there is an annulus A; around a double resonant point p}, made up of the circles
{ce a;il (E): E € (0,Ay,)}, each of which is a path of cohomology equivalence;

2) the following two channels are connected by the annulus A;

Ci = U,\E[A?,X?]gae,i(/\gf)v g9 € Hy(T?,2),

where NF,NE > 0 satisfy aci(ZLa. ,(\gF)) = Eio < Ay, and

(1) for ¢ € L, ,(\EgE) it holds for every orbit {(x(6),y(0)), 6 € R} in A(c)
that

(1= &) (T3) e 2 — AL < [y(0)] < (1— &) (nT3) "2,

(2) for each ¢ € CF except for finitely many classes {¢;}, the Aubry set A(e)
lies in certain cylinder Hz Eo—d,Epsr+d’ modulo the shift o;, while .A(c]) lies

in two of the cylinders. For each orbit {(x(0),y(0)), 6 € R} in the Aubry set
one has

Oscly(6)| = max [y(6) — y(0')] < A

Proof. We only need to verify the estimate on the oscillation of y(6) if (z(0),y(¢))
is an orbit in the Aubry sets. Let us consider the problem for G; first.

We claim that some constant A, > 0 exists such that it holds along any Ag-
minimal orbit (§(0),z(0)) of G; that

(0)] < 5L (6.6)

9(0) —

<

Indeed, each Ag-minimal orbit is entirely contained in certain energy level set G’; ! (E).
The higher the energy increases, the shorter the period becomes. Let F4 be the energy
that the set G; ' (E;) contains Ag-minimal orbit with period 1. One obtains from the
equation = OVi(x) that |(68) — §(6")] < max,crs {10a, Vi((8))], [K 1100, Vi((B))]} if
(2(0),y(0)) € G; '(F) with E > E;. Let m; be the smallest eigenvalue of B;, one has
lyll < mi E +V;(z) if (z,y) € Gi(E). Therefore, the estimate (6.6) holds if we set

A = max {2max{ |0, Vi (@(O). |0, Vi@(O)]}, B+ max Ve | (67)

Next, we consider G, which is a O(e")-perturbation of G;. Each 6-section of
NHIC of G.; is located in O(e")-neighborhood of NHIC of G;. By Proposition 5.2 of
[C17a], the Aubry set A(c) does not hit the level set GZ}(E + €3%) if ¢ € a;il (E)N
UrZa. ,(Ag) and E — mina; > O(1). Because the Aubry set A(c) for G, ; stays in
the cylinder, it falls into O(e3%)-neighborhood of the Aubry set for G;. For any y(6)
there exists §(6*) such that [y(6) — 5(6*)| < LA} provided € > 0 is suitably small and
it holds for any orbit ((0),y(6)) € A(c) with ¢ € CF that

1 3
Oscly(6)] = maxy(6) — y(0')] < max|5(6) — §(6")] +20(c5") < A,
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If we set A such that max |7(0)] = (1 — YTy)ter—z — 1A% holds along AEgE-
minimal orbit of GG;, one obtains that

(1= 8)0T) e % = AL < [y(0)] < (1 - &)(nT;) e 2
if (2(60),y(0)) lies in A(c) with ¢ € Z,_,(\fg). O

For weak double resonant point p}, the truncated part of G ; is

_ 1 7.
G = 5(Biy,y) = Vi (w1) = V' (w1, [ R 2), (6.8)

where V/(x1) = —Zi (p!, x1), V' (21, |k |22) = *Zkf,k;'(P;/’Ih |k!|z2) and the term
V! is treated as a small perturbation.

THEOREM 6.4. There exists an open-dense set Uy, C C"(By x T,R) (r > 5), for
each Zy € By, there exist A > 0 and €, > 0 which are independent of k! such that
for each € € (0, €] and each i € A\As there is a channel

(C;U = UAE[—/\i,Xi]gOée,i()‘g) C Hl(T2>R)7 g = (07 1) (6'9)

with the properties that
(1) for each ¢ € C¥, the Aubry set A(c) lies on some NHWIC entirely contained
in the region ¥ ;, modulo the shift o;. Along each orbit {(x(0),y(0)), 0 € R}
in the Aubry set one has

Oscly(0)| = max [y(0) — y(0')] < A,

(2) the numbers N\; and \; > 0 are chosen such that for ¢ € fae,i(j\ig) U
L. ;(=Xig) it holds for c-minimal orbit {(x(0),y(0)), 0 € R} that

(1=8)Y(T) "7 — AL < |y(0)] < (1 — &) (yT}) e~ 3.

Proof. According to Theorem 5.1, there exists an open-dense set Uy C C"(By X
T,R), for each Zy, € Yy it holds simultaneously for all p € T'ys that the maximal
point of Zy/(p,-) in z is non-degenerate, namely, the second derivative of Zy/ (p,-) in
x at the maximal point is uniformly upper-bounded below zero for all p € T'y.

In this case, the Hamiltonian system %(By,y) — V;(21) admits a normally hy-
perbolic invariant cylinder made up of the minimal periodic orbits of type (0,1). As
the second resonant term V' (x1, |k!|z2) and the remainder R, ; are small, the weakly
invariant cylinder survives the perturbation 1 (By, y)—V/ — 3(By,y)—V/—V/ +R. ;.

To study the oscillation of y(), we also consider the truncation G = %(By, y) —
V! (21) =V (x1, |k} |x2) first. Let (Z(0),7(0)) be the Ag-minimal orbit, then the second
component of §(6) satisfies the following relation

6/
72(0') — 72(0) :/ B 102V (1(0), [k |22(0))db.
0

Although the number |k!| approaches infinity if the second resonant condition becomes
weaker, it does not make trouble to control the oscillation of %(#). Indeed, the term
V/ (w1, [k |2g) = Zys ey (piy 1, |k!'|72), which is defined in (5.2). Because | Py| decrease
fast as || k|| increases: |Py| < O(||k||~"), one has |k[|02V]"| = 0 as ||k — oo.

The rest of the proof is similar to the proof of Theorem 6.3. O
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7. The estimate of the deviation of Aubry set. For integrable Hamiltonian
h, the location of its c-minimal orbits is clear. Each c-minimal orbit is nothing else
but the orbit (p(t) = ¢, q(t) = Oh(c)t + qo). We want to know the deviation of Aubry
set when h is under small perturbation h - H = p 4 €P.

For nearly integrable Hamiltonian H = h + e¢P with convex h, one has (see
Formulae (4.3) and (4.4) of [C11])

@ (2) = an@| < el P, 1Bulp) = Bulp)l < €llP| (7.1)

where ||P|| = max(, g)e5,x12 | P(p, q)| denote the C%-norm of P, ay and &y, denote

the a-function for H and h, By and 3, denote the S-function for H and h respectively.
Since H(T3,R) = R3, we treat ¢ € H!(T3,R) as a point in R3. Since h is positive
definite, there exists m > 0 such that

h(p") = h(p) > (Oh(p),p" —p) + %Hp’ - pl*.

LEMMA 7.1. Let p = Oh(w) € Bp, then the set La, (w) falls into Cs\/e-
neighborhood of p with Cs < 2+/||P||/m, namely

diSt("g&H (W),p) < CVS\/E

Proof. Assume ¢+ p € L5, (w), then by the definition one has
(w,é4p) = Br(w) +anE+p) > Brlw) + an(@+p) — 2||P|le
> Buw) + an(p) + (. + 112l — 2| Pl
= (w,e+p) + &> 2| Plle

from which one obtains ||¢]| < Csv/e. O

Small perturbation may induce small rescaling of the rotation vector when both
h and H are restricted on the level set with the same energy.

LEMMA 7.2. Given a rotation vector w # 0, let h(Oh™(w)) = ap(La, (vw)),
then some constant C. > 0 exists such that v — 1| < Cp4/e.

Proof. Let v be a number close to 1. For each rotation vector w, 3 unique p, p,
such that w = Oh(p) and vw = Oh(p,). It follows that

p—po=0-v)B w, lp—p <[1-vllwm™,

where B, = 9*h(A\,p + (1 — \,)p,) is positive definite, A\, € [0,1]. For p, + ¢ €
Za,, (vw), one obtains from the relation |ay — an| < €||P|| and ||¢|| < Cs+/€ that

e|P|| > |am (py + ¢) — an(py + ¢)| = |h(p) — h(p, + ©)]
_ m’ .
> [{w,py =P+ = - llp —py — é|?
1 m/ <112
Z |1 - V|<B; w7w> - CSHWH\/E* ?HP*PV - C” .

Therefore, some number C,. = C,.(w, Cs) > 0 exists such that |1 — v| < Cpy/e. O
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Let F, denote the Fenchel-Legendre dual of a rotation vector w, i.e. F, =
L5y (). The following lemma establishes the location of Cg, it lies in O(y/€)-
neighborhood of T'y.. The rescaling w — vw is bounded by Lemma 7.2.

LEMMA 7.3. For E > min h, there is a constant Cgy > 0 such thatV p € h™(E),
w = Oh~(p), the set F,, C aj (E) lies in Cy/e-neighborhood of p, i.e. F,, C

Proof. By Lemma 7.1, one has F,.,, C Be, /e(pv). Since [[p—p, | < [1—v|[Jw[m™?,
by Lemma 7.2 and setting Cy = Cs + C, maxper, ||w(p)||m ™, we finish the proof. O

LEMMA 7.4. Some number Dy > 0 exists such that each orbit (p(t),q(t)) of ®t;
can not be ¢-minimal if ||p(t) — é|| > Dyg+/€ for all t € R.

Proof. Let L(q,q) be the Lagrangian related to the Hamiltonian H = h + eP
through the Legendre transformation, then L(q,q) = (p,q) — H(p,q) where ¢ =
OpH(p,q). If (p(t),q(t)) is é-minimal for ¢ € a,'(FE), one obtains from the iden-
tity H(p(t),q(t)) = an(c)

L(4(1),q(t)) = (¢, 4(t)) + au(e) = (p(t) — & 4(t)).
One obtains from Taylor’s formula that for certain A € [0, 1] the following holds
- - 1 . - - -
h(@) = h(p(t)) = (¢ = p,0h(p)) + 3 (*h(Ae+ (1 = (e = p)E—p). (G = p))-
Since h is positive definite and ¢ = 9,h + €0P, we get from the formula as above that

{p(t) = ¢,4(t)) = (p(t) — ¢ 0n(p)) + (p(t) — ¢, €0 P)
2 %Ilé = PO = 2¢| Pll - €8, P|

where m > 0 is the lower bound of the eigenvalues of 9%h for p € h=1(E). We set

Dy > /2m=1(2I|P|| + 18,P]).

if [|p(t) —¢|| > Du+v/eV t € R, then L(4(t),q(t)) — (¢, q(t)) + am(¢) > 0 holds along
the whole orbit (p(t), ¢(t)). It contradicts the minimality of the orbit. O

8. The construction of global transition chain. We come to the stage to
construct a global transition chain that connects a small neighborhood of ¢* = p* to
a small neighborhood of ¢* = p*.

8.1. Invariance of the a-function. Let & ; be the a-function for ée,i with the
form of (3.7). The isoenergetic reduction from systems with three degrees of freedom
to two and half establishes the relation between d;il (0) and the graph of a. ;:

THEOREM 8.1. For the Hamiltonian G (x,2n,y,yn), we assume that d,, G # 0
holds on (T™ x B) N {G;'(E)} where E > mind., B C R" is a ball. Let y, =

—AG(z,y,t) be the solution of G(x, %t,y7 —AG.) = E where A > 0 is a real number.
For a class c € HY(T" 1, R), if the c-minimal curve x(t) of G, satisfies the condition

(z(t), N, y(t), —AG(2(t),y(t), 1)) € T" x B, VteR

then one has ¢ = (¢, —Aae(c)) € a_ (E).
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It was proved in [C17b] (Theorem 3.3 there). Let & = (2, A1), § = (y, —AG<)
and 7 denote the time of G, the theorem follows from the identity

[ (&) -corato)i= [ ((F5-¢) -G+ E)ar

For the application of the theorem in the paper, one has n = 3. If we regard the
graph of a. ; over A; UC; UC] as a set in R,

{(c,—aei(e)) :c€ A;UC; UC]}

it precisely lies in the surface d;il (0). The graph of A;, C; and C; are denoted by A,
C; and C; respectively. Formula (3.1) induces a linear transformation in H'(T?,R)
under which the sphere &, undergoes a linear transformation

Ul &= M. (8.1)

Let aq:, n be the a-function for the Hamiltonian @} H, where eF} is the gen-
erating function for the KAM iteration. Because the rescaling (3.9) induces

/ﬁdi; — 7y Hdt = \/E(/gd:i: — ém-ds),

one obtains the rescaling of the first cohomology class, from d;il(O) to d;}F_H(O)

Ul c—c; — Vele—ci), €3 —Ciz— (c3—ci3), (8.2)

w3 i

where ¢ = (¢;,¢;3) = (cin,ci2, ci3) = pll if we treat both as the points in R3.
Because ®.p, is a Hamiltomorphism, it does not change the Mather set, Aubry
set and Mané set, due to Theorem 3.1.

8.2. Construction of the global transition chain . In this section, we show
how to construct a global transition chain from the local transition chains.

Recall the circle I'y« and 'y« constructed in Section 3. For generic perturbation P,
due to Proposition 5.1, the number of strong double resonant points is independent
of e. For each i € A, the composition of \Ilf and V7 maps A; to an annulus of
cohomology equivalence A; C d&l (E) where &y denotes the a-function of H. It also
maps C} for all i € A, to a local channel @; C d;II(E) (1 = £+, w), namely

Ai=TiUi(A),  Ci=TUi(C), 1=zxw

Since H is a small perturbation of h, the sphere aj;' (E) lies in O(e)-neighborhood
of &, '(E) = h™!(E) if we treat both as the set in R®. Let

Cr={¢eay (BE): (kw)=0Vwe L (e)},

Under generic perturbation eP, it looks like a channel made up of flats. A subset is
said to be a flat of ay if @y is affine when it is restricted on the set, no longer affine
on any set properly containing the set. Since H is autonomous, £/ > min ay and each
we .i”a_Hl((Ck) is resonant, F,, = .Z5,, (w) is a flat of dimension one or two.
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The set Cpr U Cp- obviously contains the flats F; (i € Ay) for strong double
resonance we are concerned about
F;={¢eay (BE): (kj,w) = (k,w) =0, Yw € L 1(¢), kj = k* or k*}.
Let F; 4+ d;/e = {¢ € a5 (E) : dist(¢,F;) < dj/e} with d; < A;, the set
@:(CWU@M\MEMFr+@¢Q)U(we%AO

is path-connected (Theorem 6.3 and Lemma 8.1 below). According to Lemma 7.3,
Cy, lies in Cy Veneighborhood of T'y. The rescaling of the corresponding frequencies
is bounded by Lemma 7.2.

For any ¢ > 0, there exists ¢y > 0 such that V € < ¢p there exist totally irreducible
k*, k* € Z3\{0} such that Cj» UCy~ contains two points ¢*,&* € C with ||&* —p*|| <3

and ||&* —p*|| < . Let I'. = I'.(eP) be a path lying inside C, connecting & to ¢* It

ag'(E)

keeps away from the boundary of C and moves along a circle of cohomology equivalence
when it turns around the strong double resonance. By definition, ay(¢) = E > minh
for all ¢ € C. We are going to show that I'; is a global transition chain.

8.3. The covering property. According to Theorem 4.1, the path Mo_lI‘k. is
covered by the disks Ujea, 2¢ i where

Sei={p:lp— My 'p}| < (nT;)"'e", n e (0,1]}.

We assume the subscripts {i € A.} are well-ordered such that ie,i is adjacent to ie’iil.
Restricted on the energy level set H~!(E) contained in 3. i x T3, the Hamiltonian
H = h + €P is reduced to the normal form G.,; defined on E’ . as shown in Lemma
3.1. The corresponding channels (Cl and C}" are described in Theorem 6.3 and 6.4.
Since T_1 K> €3 , by replacing 1 with 2, we can assume some p’ € MO_IFk exists,
between p; and p/, |, such that the disc {|[p —p'|| < &\/€} is contained in YeiNYein
and is mapped into X[ ; and into ¥ ., by the transformations to get the normal
form (6.1), as shown in Section 3. The number & > 0 can be large if € > 0 is small.
Let T'y,; = M(;le N ENJE,Z». As T, is smooth and ¢ is small, T'y; is o(e)-close
to a straight line. For each disk ie,i we have local channel ((sz made up of the flats
L&y (VpOh(p)) for p € Ty i, where vy, is close to 1 such that &y (Za, (1p0h(p))) = h(p).
If Ct and C! 11 overlap, each flat Zan(Wp0h(p)) C CLUC 41 either entirely lies in the
intersection C: N C} 41, or completely stays outside.

LEmMMA 8.1. There exist two numbers: a suitably small g > 0 and a suitably
large £ > 0, such that for each e € (0, g, the adjacent channels (C (CH_1 overlap over
a channel

(CZ N (CZ+1 2 UPEFk iNT, L+1$5t1-1 (Vpah(p))7
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the length of the segment I'y, ; NIy 41 is not shorter than %ﬁ

Proof. We study the case that the double resonance at both adjacent points
P}, pi,, are weak. Other cases can be treated similarly.

Because of Lemma 6.4, the oscillation of y(6) is bounded by A’ if (z(6),y(0)) is
an orbit lying in A(c) with ¢ € C¥. Since |k/||0,V;"| — 0 as [k}| — oo, we find from
(6.7) that A’ is uniformly bounded for all j. In the original coordinate, because of
the three steps of coordinate changes, ®.p, (3.1) and (3.6), there exists a constant
Cy > 0 such that Osc||p(t)|| < Cy /e if (p(t), q(t)) is an orbit in A(¢) for ¢ € @;"

Let us investigate the location of p(t) if (p(t), ¢(t)) is a é¢-minimal orbit. If both ¢é
and p are treated as points in R3, one has the relation &, = h. It follows from Lemma
7.3 that the channel Cy, (k = k*, k*) is entirely contained in Cg+/e-neighborhood of
['. It follows from Lemma 7.4 that (p(t),q(t)) would not be ¢-minimal orbit of ®%;
if p(t) entirely keeps away from Dj,\/e-neighborhood of ¢. Since Osc|p(t)| < Oy A+/e
if (p(t),q(t)) C A(@) for & = WEWT(c), each Aubry set A(@) is entirely contained in
(Cv + Dy, + Ci)+/e-neighborhood of & € T', if we treat both as the points in R3.

The parameters £ and ¢ in the lemma are set such that

1 1
&> 4(Cy + Dy, + Cr), §Veo < 5603~

Then, there exists a segment I} ; of I'y, between p;/ and~p§/+1 vi/ith the length %ﬁ such
that for each p’ € T’} ; one has {[lp —p'| < §Vel C© B USe41. Indeed, p' € I
implies that the distance between p’ and the boundary of X ; is not smaller than g\ﬁ
for j =i,i+ 1. )

For each p" € I} ;, let ¢ € L5, (v Oh(p')). Then, the Aubry set A(¢') for H lies
in the disc {|lp — p'|| < g\ﬁ} Under the composition of the maps ®.p, (3.1), (3.6)
and (3.9), for X ; — 3 ; for j =4,i+1 the domain {[lp—p'|| < %ﬁ} is mapped onto
a domain entirely contained X{ ;. The Aubry set of (\Ilﬁlllg)_lé’ for G ; is contained
in the domain T? x DA |E§’\T. It implies that ¢’ € @}” for j=4,i+1.0

Since C;” and C; are joined by W/¥7(A,), the whole path T is covered by

r.c (\Pf\lf{(Ai)UC; u(@j) u J cv. (8.3)

i€A, PEANA,

8.4. The genericity. Before the proof of Theorem 2.1, we focus on a prescribed
path. The following theorem is Theorem 5.1 of [C17Db].

THEOREM 8.2. There exists a set €, cusp-residual in B, C C"(Bp x T3,R)
with r > 6 such that for each eP € €, the path L. is a transition chain.

Proof. To check if T'; is a transition chain under generic perturbation eP, one
only needs to check, for generic perturbation eP, the condition of transition chain for
each c € A; UC; UC;] if i € A, and for each ¢ € C¥ if A \As.

As the first step, we show the cusp-residual property that, for every ¢ € C; U (Cj'
with i € A, and for ¢ € C¥ with i € A \A,, the Aubry set A(c) lies on some NHIC
(candidate of transition chain):

(CT: i € A). There is an annulus of cohomology equivalence A; connecting
channel C; to C;, and A(c) lies on some NHIC for ¢ € C; UC] .

7 7

(CT: i€ AN\A,). The Aubry set A(c) lies on certain NHIC for each ¢ € C¥.
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At strong resonant point p!, one has a decomposition C"(Bp x T3 /R) =
(T2, R) ® C"(Bp x T2, R)/C"(T%,R) via P(p,q) = Vi((K',q), (') + P"(p,q)
where the resonant term V;((k', q), (k). q)) = Z(p!, (K, q), (k!,q)) is defined in (5.1),
P'=P -V, € C"(Bp x T3, R)/C"(T?,R) is the non-resonant term and k" = k*, k*.

LEMMA 8.2. Let U; be the residual set used in Theorem 6.1, Proposition 6.1,
Theorem 6.2 and Theorem 6.3. Then, the following set

B ={Vi+P':V; €U, (CT:i€As) holds for h+€(V; + P/")}
is cusp-residual in B .

Proof. According to Lemma 3.1, the Hamiltonian H is reduced to the normal form
G..i(r,y,0) of Formula (6.1) when it is restricted on the energy level set H~!(E) lying
in T3 x {|p—p!/| < (nT;)~'e"}, the neighborhood of double resonant point p/. In such
a normal form, the main part is independent of € and the remainder R, ; is uniformly
bounded in the sense that || R i||cr—2 < age” holds for all P € B, if we consider it as
the function of (z,y,?d) where ¥ = w3|k§'|flﬁ719.

By applying Theorem 1.1 and 1.2 of [C17b] to the Lagrangian obtained from
G, we find that there exists an open-dense set 2; in C"(T?,R), each V; € U; is
associated some small ey, > 0 such that the condition (CT: i € A;) holds for each
R € B, C C””*Q(Z’m- x T3, R). Because || R i||cr—2 < ape”, for P =V, + P! € B,
with V; € 9;, the condition (CT: i € Ay) holds for each € € (0, (ay 'ey;)'/*]. O

Next, we consider NHICs away from strong double resonance. The path I'y
induces a decomposition C”(Byx T3, R) = C"(Bp x T}, R)&C"(Bp xT3,R)/C"(Bp x
T, R) via P(p,q) = Zw (p, (K',q)) + P'(p,q) (K = k*,k*) where Z/ is defined in
(5.2) consisting of Fourier modes of P in spanz{k'}, and P’ = P — Z» € C"(Bp X

3,R)/C™(Bp x T, R). Treating (k’,q) as a scalar variable x defined on T, there
exists an open-dense set 3; of C"(T'y x T, R) such that for each Zy € 3; it holds
simultaneously for all p € I'y» that the second derivative of Zj, in x at its maximal
point is uniformly upper bounded below zero, because of Theorem 1.1 of [Zh2]. In
this case, the number of strong double resonant points is independent of e.

Given Zy € 3, let {p} € T'y»} denote the set of bifurcation points, i.e. Zy/ (p}, x)
has two maximal points in z. Let N,, denote the cardinality of {p} € T'y+}, it is finite.
Let Hy = h(p) + €Zi (p, (k,q)), then ®%; admits N,, + 1 pieces of NHIC consisting of
minimal periodic orbits of (I)%, Because of the presence of strong double resonances,
the NHICs may break into more pieces of NHICs if we take the second resonant term
into account. However, outside of the neighborhoods of strong double resonances,
the number of NHICs will be not more than N < Ng + N,, + 2, where Ny = #(Ay).
Indeed,

LEMMA 8.3. In B the following set
LB = U{Zk/ + P Z;C/ € 3, (CT 11 € AE\AQ) holds for h + E(Zk/ + Pl)}

s cusp-residual.

Proof. The normal form around weak resonant point p/ takes the form of (6.1)
where Vi(z) = V/(x1) + V/" (21, |k"|22) with small V", the NHIC for the Hamilto-
nian flow of (B;y,y) — V/(z1) survives the perturbations V;” and R, ; if the second
derivative of V/ at its minimal point is positive and some e is sufficiently small.

We notice V/(z) = —Z},(p],x). Although the number #(A\A;) increases to
infinity as € | 0, it does not cause trouble. There is an open-dense set 35 C C"(By X
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T,R), for each Zj/(p,z) € 34, the second derivative of Zy/ (p,z) in x at its maximal
point is uniformly upper bounded below zero. So, the normal hyperbolicity of all
NHICs of G ; is uniformly bounded from below as e decreases to 0. Consequently,
some €z, , > 0 exists such that for each i € AN\A; the NHIC for G ; persists provided
[Reillce < €z,

By Lemma 3.1 again, given P = Z;, + P/, € B, with Z;, € 3;/, the condition
(CT: i € A \A,) holds for each € € (0, (ag 'ez,, )/*].

For the coordinate transformation (3.1) the matrix M; is set according to whether
|ki'y] > |k}'5| or not. The path dh(I'ys) admits a partition of four arcs. The condition
k5] > |k}'5| holds on two arcs and |k, < [k]'s| holds on other two arcs. O

Let Bp = Uper{vP : P € P} N By and PB; = U,er{vP : P € PB;} N By, then
the set P+ NP+ N (NP;) is residual in B;. Applying the Kuratowski-Ulam theorem
(categorical analogue of the Fubini theorem, c.f. Chapter 15 of [Ox]), one obtains a
residual set |8 C &4, each P € R is associated with a set Ip residual in [0, 1] such
that U)\EIP)\P C ;ﬁk* ﬂi;k* n (ﬂlsﬁﬁ

Each P € R determines finitely many strong double resonant points {p},i €
A4(P)}. For each i € A4(P), one obtains the potential V; = V;(P) which determines
a number ey, > 0. Let ap = min{ep, e, ev,,7 € As(P)} where ege,ex» > 0 are
determined by the first resonant conditions k* and k* respectively (see Lemma 8.3).
For any € € (0,ap), the flow ®%, with H = h+ eP admits the conditions (CT:i € Ay)
and (CT:i € A\A). Therefore, a cusp-residual set € exists such that for each
eP € & the conditions (CT: i € Ay) and (CT:i € A\Ay) hold.

Some cohomology equivalence exists around each class ¢ lying in the channels
if A(c) is not a 2-dimensional torus, as it was shown in [CY1]. To finish the proof
of Theorem 8.2, we need to verify the condition (HA) for each class ¢ lying in the
channels if A(c) is a 2-dimensional torus. For each Hamiltonian of normal form G ;,
it has been proved in Theorem 1.2 of [C17b]. However, we shall not apply that result
since the residual set obtained there is for C"~2-topology instead of C"-topology.
One step KAM iteration for the construction of ®.r makes G’E,i lose two times of
differentiability.

We apply the following lemma to finish the proof of Theorem 8.2. The proof of
the lemma will be presented afterward.

LEMMA 8.4. Each perturbation eP € & is associated with a set B p residual
in a ball Bs.py C C"(Bp X T3, R) with small radius 5(eP) > 0, such that for each
eP’' € P!, the Hamiltonian h+ e(P + P’) possesses the property: the condition (HA)
holds for each first cohomology classes ¢ € Crr U Cpe\(Usen, Fs + din/e) if the Aubry
set fl(E) consists of a two-dimensional torus.

Obviously, Uepeqo(eP + Bsep)) 2 €. Let R = Uepeer, (eP 4+ PLp), because
of the Kuratowski-Ulam theorem, it contains a cusp-residual set: there is a set SR’
residual in &4, each P € &, is associated with a set R, residual in (0, ap) such that
eP € R holds for all € € R,,.

For P € RN, A,(P) is a finite set. Therefore, a set Rp residual in (0, ap) exists
such that for each € € Rp, the conditions (CT:i € Ay), (CT:i € A\A;) and (HA)
hold, namely, the flow ®%, with H = h + eP admits a transition chain. It verifies
the cusp-residual property of the transition chain I'.. The proof of Theorem 8.2 is
completed. O

Proof of Lemma 8.4. For eP € €, the Hamiltonian h + eP behaves like an
a priori unstable system when it is restricted in neighborhood of ¢-minimal orbits
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with é € Cp» U @k*\(uieAS]Fi + d;\/€). Although e is small, it is treated as a fixed
number since eP is fixed. There exists a small number § = §(eP) such that for any
eP’" € B5py the condition (CT: i € A) and (CT: i € A:\A,) holds for h+e(P+ P’).

Due to the covering property (8.3), we only need to check the condition (HA) for
[.NCE and T, NCY. Restricted in ¥, ; N {H(E)}, we reduce H(p,q) to a system
with two and half degrees of freedom so that we can apply the result of ([CY1, CY2]).

We consider the case I'. N (C , the proof for the cases I'. N (C and ', N @f is the
same. Restricted on (X.; x T3) ﬁ {H~Y(E)}, the Hamiltonian = h(p) + €P(p,q)
is reduced to the normal form G.; of (6.1), due to Lemma 3.1. Because of Theorem
6.2, there exist finitely many normally hyperbolic weakly invariant cylinders, denoted
by I, = H17Ez_d7EHl+d, modulo the shift o;. For each ¢ € Cj = (W/w!)~'C/,
the Aubry set lies in these cylinders. Denoted by II, the time-O-section of Hg, ie.
Iy = Iy]o—o-

Similar to the argument in Section 4.1 of [C17b], the cylinder II, can be treated as
a part of the image of a standard cylinder IT = {(x,y) : (z2,y2) = 0,21 € T,y € [0,1]}
under a map : II — II,. This map induces a 2-form *w on II

V*w = Dipdxy A dyy

where D1 is the Jacobian of 1. Since the second de Rham cohomology group of II
is trivial, it follows from Moser’s argument on the isotopy of symplectic forms [Mo]
that there exists a diffeomorphism 1 on II such that

(Y o) 'w = dxy Ady.

Let 604 2|k I‘[ﬂ Since Il is invariant for the time-periodic map ®¢, ;, = CI%}E o and
(I>G w=w, one has
((@[JOQZ}l)_l O(PG'6 o (’(/)O’(/Jl))*d.’l,'l /\dy1 :d.’L'l /\dyl (84)

(Y op1)™t o @, o (1 0 4h1) preserves the standard area. Each invariant circle
I'; C II, is pulled back to the standard cylinder, denoted by I'; which is Lipschitz.
The parameter o is set to be the algebraic area bounded by the circle and a prescribed
one, |[T% —T% |lco < boy/|o — 0’| (see [CY1]). Since the maps 1,1y are smooth,
back to the current coordinates one has ||I'y — I'y/||co < b1y/|o — o’|. We notice
that the cylinder II, may be crumple and slanted, the constant b; might approach
infinity if the crumpled cylinder extends to the homoclinics. However, since the
cylinder is kept away from the double resonance for certain distance (see Lemma 6.3,
ei( Lo, .(\EfgF)) = d; > 0), the cylinders are moderately crumpled. The constant
b1 is therefore uniformly bounded for o if we are restricted on the cylinder II,.

Recall the rescaling (3.9), (3.6) and let v;’ = (v{’;, v}y, v'3) be the double resonant
point, we have a transformation %;

Replacing (x,y, ) in the normal form G.; of (6.1) by (u, v1,v2) defined as above, we
obtain a Hamiltonian with two and half degrees of freedom

G7 i (u1,uz, uz,v1,v2) = €Ge i (x(ur, u2),0(us), y(v, v2)) (8.5)
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where u3 plays the role of time. Because of (8.5), the function G ; solves the equation
MO MG H (1, 01,09, =G ) = B, see Formula (3.10).

Obviously, H = 11, is weakly invariant for the flow of G7 ;. Let II} = * 7 lus=0-
Compared with Hg, it shrinks in the coordinate v by the scale Ve The cylin-
der may become more crumpled, but it is controlled by the factor 1/y/e. Let
I'? . denote the invariant circle in II}, one has [T — I'%/ ||co < %\/\a —o'|. Let

T — _ us *
FU = UUSG[O’lk;/‘]q)G;iFO., one has

- b .
I0s ~Tirller < 2 mas 109 Vo=

Let H* = #;®!p.#;H. Corresponding to the cylinder IT}, there is a cylinder T}
modulo the shift o;, lying in the energy level set {H*~*(E)}

I = {(u,v) € T3 x R3: (u,v1,v0) € 1T}, v = G?i(u,v1,v2)}.

Those invariant 2-tori {T'% } lying in the cylinder. Under the inverse of .#; and ®.p, the
tori {F*} and the cylinder Hz are mapped to the invariant tori and weakly invariant
cylinder for the flow of the Hamiltonian .Zj H

M, = &_} .27 ', T, = 2 'T%.

Since ® g is a diffeomorphism close to identity and .#; is linear, there exists a number
bs > 0 such that

) ) by
[ S \%x/|a—a’|. (3.6)

Because 0.4;h(p]) = @ = (0,d;,3) satisfies the resonant condition k! =
(0, k5, k'3), we construct another canonical transformation .Z;: ¢ = M;'q and
I = M;p, where

. ) ) o
M; = diag(1,M;2),  with M;, = [kt;Q ‘7.2}
i3 J3
the integers jo, j3 are chosen such that l%gf2j3 — l%;fsjg = 1. Clearly, M; is uni-modular

and the first derivative of ;" h in I is not equal to zero at the point I}' = M;p/.
Therefore, there exists a C"-function G7 ; which solves the equation

'//Zi*%JH(QSvIl’IQ?_G:,i(d)’ 117[2)) =F (87)

when it is restricted in a neighborhood of I!” which covers the domain ie ; X T3 under
the map .#;. The function G, defines a Hamiltonian system with two and half
degrees of freedom where ¢3 plays the role of time, there is a normally hyperbolic and
weakly invariant cylinder Hz for G¢; such that

ﬂ[ = %_1{(¢7I) € TS X RS : (¢,11712) € ﬁZa I3 = G:,z((rbv IlaIQ)}'

Let fj; = t//[_i_lfa, they lie in the cylinder 12[25 for which the modulus of continuity of
(8.6) still holds, probably with a larger coefficient b3 > bs.
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Let 0; } 0 be a countable sequence. Because of the modulus of continuity of (8.6),
it is proved in [CY1, CY?2] that, for any small § > 0, it is an open-dense condition for
Gy, in C"-topology that the diameter of each connected component of the set

N (e(0), M) g0 \(A(c(0), M) + )] 95~0 (8.8)

is not larger than ¢; (For the convenience of reader, we shall present the proof of this
property in the appendix). The residual set is obtained by taking the intersection of
the countably many open-dense sets. Since G} ; solves Equation (8.7), the perturba-
tion G}, — G7,; + G5 can be achieved by the perturbation .#; . H(Iy, I3, I3, ¢) —
MFMEH (I, I, I3 + G, ¢). Therefore, a set R; ¢ residual in B; is correspondingly
obtained for H such that for each eP’ € B; the condition (HA) holds for cylinder
ﬁg. Taking the intersection NM; , which is still residual in Bs. O

Proof of Theorem 2.1. Given ¢ > 0 there exists an integer K = K(J) such
that any point p € h=1(E) falls into §-neighborhood of some resonant path I';, with
|k] < K. Since there are finitely resonant circles, we take the intersection of finitely
many cusp-residual sets obtained in Theorem 8.2 which is still a cusp-residual set. O

9. Proof of Theorem 1.1. The proof of Theorem 1.1 is simple once one has
Theorem 5.1 of [C17b] (Theorem 8.2 here) and Theorem 3.1 of [LC] as follows.

THEOREM 3.1 OF [LC]. Suppose that there is a generalized transition chain T':
[0,1] = H'(T",R) joining ¢ to ¢’. Then, there exists an orbit of the Lagrange flow ®f
dy: R — TT™ that connects the two Aubry sets: a(dy) C A(c) and w(dy) C A(c).

Proof of Theorem 1.1. If both p and ¢ are treated as point in R®, p(t) = ¢
holds along each ¢-minimal orbit (p(t),¢(t)) of ®}. By Lemma 2.1 of [CY2], the set
of minimal orbits is upper-semi continuous with respect to perturbation. Therefore,
along each orbit (p(t),q(t)) in the Aubry set A(é) one has |[p(t) — ¢|| < Sife>0
is suitably small. So, an orbit connecting A(é*) to A(¢*) with ||¢* — p*|| < ¢ and
[|[¢* — p*|| < & satisfies the condition: some t*,t* € R exist such that ||p(t*) — p*|| < &
and [|p(t*) — p*[| <.

According to Theorem 5.1 of [C17b], for each eP € €, there is a transition chain
that connects the first cohomology classes ¢*,&* € H(T?,R) satisfying the condition
ale?) =a(c*)=E, |pr—¢*| < % and |[p* — & < g. In this case, one obtains from
Theorem 3.1 of [LC] an orbit connecting the Aubry set A(¢*) to A(¢*). It completes
the proof of the theorem. O

Theorem 1.1 is the elaboration and justification of the sentence in the end of
Section 5 of [C17b]: the conjecture of Arnold diffusion for positive definite Hamiltonian
turns out to be a theorem for n = 3. It is an immediate consequence of Theorem 5.1
of [C17D].

Theorem 2.1 leads to the existence of certain d-dense of the diffusion orbits,
slightly stronger than Theorem 1.1. A diffusion orbit is said to be d-dense if it passes
through d-neighborhood of any point p € H~(E).

Appendix A. The proof of genericity. For the convenience of reader, we
present a proof of the property (8.8) by applying the ideas and the techniques of
[CY1, CY2]. Another version appeared in [BKZ].

Given a Tonell C"-Hamiltonian H(p,q,t) where (p,q,t) € R? x T3, r > 3, we

have a Tonelli Lagrangian L(q,q,t) = max,(d,p) — H(p,q,t). Let <I>§_’Itl denote the
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Hamiltonian flow of H, it maps the initial value at the time-t-section to the time-t'-
section. For @ﬁq’t/ we assume that
(1) there exists a normally hyperbolic and weakly invariant cylinder II, which is
a deformation of a standard cylinder {(p,q,t) € R x T2 x T : (p1,q1) = 0.};
(2) there is a continuous path I'.: [0,1] — H'(T?,R) such that for any ¢ € T,
the Aubry set entirely lies in the cylinder II;
(3) for ¢ € T, if A(c) is an invariant 2-dimensional torus Y, lying in II, it is a
deformation of the torus {(p,q,t) € R x T%: (p1,q1) = 0, pz = const.}
Let 70: M = {q q1 mod 47, go mod 2w} — T? be a finite covering space of T2. The
lift of IT to T*M x T consists two copies, denoted by II; and II,. For ¢ € T, if the
Aubry set Ale ) is an invariant torus T. - I1, its lift also consists of two components,
T. v C I, and T” C II,. Let Ho, 11, 0 Hr 0, TC 0, Tcz o and Tcro denote the time-
0-section of H H[, Hr, TC, Tcg and TC » respectively. Denote by 7 the projection
such that 7(p,q,t) = (¢,t), let T = 7Y. Let I'* ¢ T such that

¥ ={ceTl.: Alc)is an invariant torus}.

Let Bp € R? denotes a ball about the origin of radius D. We assume that D > 0
is suitably large, such that for all ¢ € T'. the c-minimal orbits of H entirely stay in
Bp x T3, Let B, C C"(Bp x T3, R) denote a ball about the origin of radius € > 0.

THEOREM A.l1. For any small dy > 0, there exists a set O open-dense in B
such that for each Hs € O, it holds for H 4+ Hs and simultaneously for all ¢ € I'} that
the diameter of each connected component of the set

N (e, M)|e=o\(Alc, M) + )| # @

is not larger than d;.

Before the proof, we review some properties of the barrier functions. Starting
from every point & = (q,7) € T3 there exists at least one backward minimal curve
Ve (—00, 7] = T2, namely Yer(T) = q and

/ " LG (8) 1 (9)25) — (e A () ds
</ " LE(s).£(5). 5) — (e E(s))ds + (¢ — #)ale)

holds for any absolutely continuous curve &: [t',7] — T with {(7) = 7. ,.(7), £(t) =
Ver(t) with ¢ = ¢ mod 27. It produces an orbit (., (t)), 7., (t)) which approaches
the Aubry set for ¢ as t — —oo. Similarly, starting from every point x = (¢,7) € T3
there exists one forward minimal curve v, : [r,00) = T?, the orbit (57, (¢)), v, (¢))
approaches the Aubry set for ¢ as t — co.

According to the weak KAM theory, for almost every point (¢, t) € T3, the forward
and backward orbit is uniquely determined by the forward and backward weak KAM
solution respectively. The initial condition of the orbit is determined by the solution
£ such that 4%, (1) = 9, H (0quF (¢, 7) + ¢,q, 7).

Given an Aubry class for ¢ € I'. we can define its elementary weak KAM solution.
In the covering space M, there are two Aubry classes for ¢ € T, chg and TC,T. To
define the elementary weak KAM solution ufz for Tc,g, we construct a perturbation
L(¢,q.t) — L(4,q,t) + Ve(q,t), where V; > 0 and Y., C suppVy C (Y., +0) =
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{(g,?) : dist((g,t), Te,r) < 0} For Vi # 0, there exists a unique weak KAM solution
ugy, modulo constant. For almost every point (¢,t) € M x T, the function uci)w

determines a unique forward and backward minimal orbit (4E,(t)),7Z,(t)) such that
YiE (1) = 0,H (9, uciw(q, 7) 4 ¢,q,7) and the orbits approaches T, as t — +oo
respectively. Let V., | 0, the function uiv converges to a function ut c¢ Which is
obviously a weak KAM solution for H, it is called elementary weak KAM solution
for ch. The elementary weak KAM solution for chr is defined in the same way,
denoted by upir

For almost every point (q,t) € M xT\Y,,, the initial condition (d,u, (¢, t)+c, g, t)
determines a forward (backward) c-minimal orbit that approaches TC,T as t — £oo.
For points (q,t) € M x T\ Y., ufz determines c-minimal orbit approaching T, .

DEFINITION A.1. The barrier functions for ¢ € I',. are defined as follows

Bf(qv t) - u;é(q’ t) - uir(Qa t)? B:(qv t) - u(:r(qa t) - UZ@((], t)

In the following, we only study B‘. The arguments for B are the same. Since
the backward weak KAM is semi-concave and the forward weak KAM is semi-convex,
the barrier function is semi-concave. Therefore,

LEMMA A.1. At each minimal point of BY, both u

- and uze are differentiable.

Proof. By the definition, semi-concave function admits a local decomposition as
the sum of a smooth function and a concave function. For a concave function u, one
can define its sup-derivative D u(z) at a point = such that u(z + ') — u(x) < (p,z’)
holds for any p € D" u(x) which is a convex set. The function u is differentiable at x
iff DT u(x) is a singleton.

Since BZ is a sum of two semi-concave functions, its sup-derivative is the sum
of the sup-derivatives of u_, and u+ Therefore, D B is a single point iff both

Dtu_, and D¥(—uf,) are singleton [CaC]. O

LEmMMA A.2. If(q,t) € M xT\((YeoUYe,)+6) is a global minimal point of BY,
then (q,t) C N(c, M), namely, passing through the point (q,t) there is a c-semi-static
curve in the covering space M x T.

Proof. By the definition, du_, = Buir holds at a global minimal point of B,
denoted by x = (¢,t). Therefore, the backward minimal curve ., is joined smoothly
to the forward minimal curve vj’ .- They make up a c-semi-static curve for M. O

For a class ¢ € I'}, the covering space M x T is divided into two annuli A,
and A.g, bounded by Y., and Y.,. Clearly, one has 7A., = 7A.,. The set
N (c, M)\A(c, M) contains c-minimal curves which cross the annulus from one side
to another side or vice versa. Each of the curves produces a homoclinic orbit to the
torus Y.

LEMMA A.3. There is a finite partition of I'c: T'. = Uly, each Iy is a segment
of Tc. For each Iy there is an annulus Ny C A¢|i=0, two numbers 6 >0 and d > 0
such that for each c € I; NI}
(1) dist(Ng, YereUYc,) >06;
(2) each curve (y(t),t) lying in (N (c, M)\ A(c, M)) N A, passes through Ny;
(3) for each backward (forward) c-minimal curve vy, let {q; = v(2iw) € Ny}, then
lgi —qj| > d ifi#j.
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Proof. Because I'. is compact, the speed of each c-minimal orbit is uniformly
upper bounded for all ¢ € I'}. Given an integer m > 0, there will be small §. > 0
such that the period for each c-minimal curve to cross the annulus N, = A, \((T¢ U
Y.r)+ dc) is not shorter than 4mm. Because of the upper semi-continuity of Mané
set in ¢, there exists some ¢/ > 0 such that Yo o U T, does not touch N, and the
period for each ¢-minimal curve to cross the annulus N, is not shorter than 2ms
provided |c — ¢/| < §/ and ¢ € T'}. The first two items are then proved if we notice
I'} is compact.

For the third one, we notice that the condition ~(2im) = v(2j7) for i # j implies
that v is a curve in the Aubry set. It contradicts the assumption. Since both Ny and
I, are compact, such a constant d > 0 exists. O

By the definition, the Aubry set A(c) is an invariant torus if ¢ € T'*. Tts time-
2m-section is an invariant circle lying in the cylinder. Fix one of the circles, we
are able to parameterize other circle by the algebraic area bounded by the circles.
Let us consider the twist map on the standard cylinder first. It is well-known that
all invariant circles are Lipschitz with the constant C; which depends on the twist
condition only. Treating each circle as the graph of some periodic function and fixing
one as TO’O one can parameterize another circle by the algebraic area bounded by these
two circles. The annulus bounded by the circle Ta,o and T o’,0 contains a diamond,
the height of the vertical diagonals is maxq To.0(q) — Tor ,0(¢)| and the length of the
horizontal diagonal is not shorter than C max, | To.0(q) — Tor.0(q)|- So, one has

m(?x \Ta,O(Q) - Ta/,o(fI)| < v2CLlo —d'|.

A non-standard cylinder can be regarded as the image of the standard cylinder under
some diffeomorphism. So, the %—Hélder continuity still holds, refer to the argument
for Formula (8.4).

Each invariant circle corresponds to a unique ¢ € I'. such that the Aubry set is
the circle. The parameter o is usually defined on a Cantor set, denoted by X. Because
of the normal hyperbolicity of the cylinder, we have

LEMMA A.4. For o,0’ € X, let ¢ = ¢(o), ¢ = c(d’). If ¢, € Iy and ¢ € Ny,
then

|Bf(cr)(Q70) ('((7'/) (¢,0)] < C(/]o —a'| +|c— |

Proof. For ¢ = ¢(o) with o € ¥, the minimal measure is uniquely ergodic. There
is only one pair of weak KAM solutions u} for the configuration space T?. With
respect to the covering space M, we have introduced the elementary weak KAM
solutions uiz and uX,. Since the projection 7 is an injection when it is restricted in
the nelghborhood Tc .+ 0 for » = £, r respectively, for (¢,t) € Y.+ ¢ one has

ey (7@, 8) 0 (Yo +6)) = ug, (77 Hg, ) N (Teyr +6)) = g (g, 1). (A1)

By the definition of weak KAM solutions, for any ¢’ < ¢ one has

tg o (Y(1), 1) = ug , (v(t), ') < / (L(Y(5),7(s), 8) = (e, 4(s)))ds + (t — t')a(c)



ARNOLD DIFFUSION IN NEARLY INTEGRABLE HAMILTONIAN SYSTEMS 433

which becomes an equality when v is a backward c-semi static curve. Assume v, is
a backward c-minimal curve such that ., (0) = ¢, we have

0

Ug (¢,0) = ug (Ve y(=2K7),0) :[2K (L(e,q(8): Verg(8):8) = (€, 7e4(8)) ) ds
+ 2Kma(c),
0
Uer 0(4,0) = ug o (7eq(=2Km),0) SLQK (L(Ferq(5): Ve (8):8) = (¢ A g (5)))ds
+ 2Kmal(d).

Since NNy, keeps away from Y., some K > 0 exists such that for each ¢ € Ny, c € I,
and g € Ny one has v, (=2Kn) € (Y., + ). Since c and ¢’ are located in a compact
set I'¢, the a function is convex and finite everywhere, there is some constant C such
that |a(c') — a(c)| < Cile —|. Let 4., be the lift of 7., to the universal covering
space, one has |7.,(0) — 7. ,(—2Kn)| <20, K.

u;,z(%o) - U;E(Q,O) - (u;,é(%;q(_2K7T)70) - u;E(’yc_’q(—QKW%O))
<2K7w(Cy + Cy)|e— (.

In the same way one can also obtain

Ug(4,0) —ug (4, 0) = (ug (7o o(=2K7),0) = ug 4 (v o (=2K7),0))
<2K7(Cy + Cy)|e — ().

For u7,, ul, we also have similar inequalities. Therefore, it follows from (A.1) that

c,ry Yelr

some points (g, 0), (¢r,0) € T, + 0 exist such that
Be(q,0) = Ber (¢, 0)| < 4K7(Cy + Ca)e — (|
+[ue (g6,0) = ug(ge, 0) = uf (gr, 0) + ul (gr, 0)].

By the assumption, both u; and ul are C'! when they are restricted in Y. + 6.
Due to the normal hyperbolic property, each (p,q) € IIy has its stable and unstable
fiber which is C"~!-smoothly depends on the point (p,q). The fibers are defined by
dquE + c and one has that

|0guE — dgus + ¢ — | < C3/]o — 0|

holds for some constant C3 > 0, independent of ¢, ¢’. Combining above two inequali-
ties, one finishes the proof of the lemma. O

We consider the ¢-minimal curves for ¢ € Ij,. Because Iy, is compact, there exists
a constant D > 0 such that |¥(¢)| < D holds for any c-minimal curve with ¢ € Ij. Let
Q, ={(qd,q) € R? xR?: |¢’ — q| < 2D7 with 7 > 0}. We consider the action

0
S_.(¢,q)= min / L(E(s),E(s), 5)ds.

&(-my=q" J_
£(0)=q ¢

For suitably small 7 > 0, there exists a unique minimal curve if (¢/,q) € Q.. Indeed,
because L is Tonelli, the second derivative of any solution ¢(t) of the Euler-Lagrange
equation is bounded by |G| < [04qL~"(0,L — 0}, Ly — 4 L)|. Recall the Taylor formula

at) = alt) + A0 — 1) + L + (L= V) — 1)
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holds for small |t/ — ¢|, where both entries of A € R? takes value in [0, 1]. Therefore,
for small |¢/ — ¢|, there is an one to one correspondence the initial speed () and the
end point v(¢'). In this case, S_,(¢’,q) is C"-differentiable in both ¢’ and ¢. By the
definition of weak KAM, for ¢ € I}, one has
u, (¢,0) = min S_+(d,q) —{c,qg— ) +u_ (¢, —7)).
¢ (4,0) . \q/_q|gwr( (¢,q) —{c,qa— ) +u. (¢, —7))
We extend S_, smoothly to the whole R% x R? such that it satisfies the twist condition.

Recall the quantities defined in Lemma A.3 such as the annulus N and the number
d>0.

LEMMA A.5. Let Ss(q) be a C"-function such that max{|q¢—¢’| : ¢,q’ € suppSs} <
d, suppSs C Ny and ||Ss||cr is sufficiently small. Then, restricted on Iy, there exists
a perturbation H — H' = H + Hs such that ||Hs||c- is small and the barrier function
is subject to a translation

Bc(Qa 0) — Bc(qvo) + Sﬁ(q) Vce Ik7 q¢c SUPPS&
Proof. The function S_,(¢’,q) induces a symplectic map between the time —7
section and the time-0-section ®: (p’,¢') — (p, q)

95,
b= dq

B 0S_,
aq’

(d,9) 1= (d', ).

We introduce a smooth function « such that x(¢’,q) = 1if |¢' —¢q| < K and k(¢’,¢) =0
if |¢—¢q| > K+1. Let ® be the map determined by the generating function S_,+£Ss,
the symplectic diffeomorphism ¥ = ® o ®~! is close to identity if S5 is C"-small. We
choose a smooth function p(s) with p(—7) =0, p(0) = 1 and let @/, be the symplectic
map produced by S_, + p(s)kSs and let ¥y = &, o &=L Clearly, ¥, defines a
symplectic isotopy between the identity map and ¥. Thus, there is a unique family
of symplectic vector fields X,: T*T? — TT*T? such that

d
ds
By the choice of perturbation, there is a simply connected and compact domain D
such that W|p.r2\p = id. It follows that there exists a Hamiltonian H;(p, g, s)
such that Xy = JVHi(p,q,s). Re-parametrizing s by ¢, we can make X smoothly
depend on ¢ and smoothly connected to the zero vector field at ¢ = —7,0. To show
the smallness of dH' we apply a theorem of Weinstein [W]. A neighborhood of the
identity in the symplectic diffeomorphism group of a compact symplectic manifold
can be identified with a neighborhood of the zero in the vector space of closed 1-forms
on the manifold. Since Hamiltomorphism is a subgroup of symplectic diffeomorphism,
there is a function H’, sufficiently close to H, such that @I}T’O = @I}:’O o @;IT’O.
For all ¢ € T, by the assumption, any backward (forward) c-minimal curve will
not return back to suppS_ if its initial point falls into the support. Let uf;sfs denotes
the elementary weak KAM solution for the perturbed Hamiltonian

U, = X;0U,.

u(:;,Sé (qa 0) = min (S—T(q/a Q) + S5(Q) - <Ca q— q/> =+ u;z(qlv _T))
l¢’—q|<2DT

=S + mi S_- /7 —\64 = )+ cn ,7_
s(q) \ququnzm( (¢ q) = (c,a—d) +u.,(d,—7))

=55(q) + uc,(q,0).
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Obviously, one has uj";sﬁs (¢,0) = uf,(q,0). The lemma is proved because the barrier
function is the difference of the two functions. O

Proof of Theorem A.1. Given ¢* € T2, let Sy, (¢*) = {|l¢ — ¢*| < d1} denote a
square. Given a function B € C°(Sy, (¢*),R), let

Argmin(Sq, (¢*), B) = {q € S4,(¢") : B(¢q) = min B}.

Let 7; be the projection so that m;(g1,92) = ¢; (i = 1,2). A connected set V' is said to
be non-trivial for Sy, (¢*) if 7V NSy, (¢*) = m;S4, (¢*) holds for i =1 or 2. Otherwise,
it is said to be trivial for Sy, (¢*). Let va s be the barrier function for the Hamiltonian
H + Hs and the class ¢, we have

LEMMA A.6. For any small € > 0, there is a set O open-dense in B, such
that for each Hs € O, it holds simultaneously for all ¢ € I, NI that the set
Argmin(S,, (q*),Bf,a) is trivial for Sa,(q*) provided S4,(¢*) C Ny and di < d/3
is suitably small.

Proof. The openness is obvious. To show the density, we construct the pertur-
bations Hs € B, such that the barrier function is under a translation B.(g,0) —
B.(q,0) + Ss5(q) for all ¢ € I), NT* and ¢ € suppSs. Because of Lemma A.5, it works.

Recall the number d > 0 defined in Lemma A.3. Given a square Sq, (¢*) C Ng
with 3dy; < d, we consider the space of C"-functions &1, a function S € &, if it
satisfies the conditions that suppS C Bg/2(¢*) and S is constant in gz when it is
restricted in Sy, (¢*). Similarly, we can define Gy such that S € &5 implies that
suppS C Bg/2(q*) and it is constant in ¢; when it is restricted in Sq, (¢*).

In &; we define an equivalent relation ~, two functions S; ~ Sy implies S; — S5 =
constant when they are restricted on Sy, (¢*). Obviously, &,/ ~ is a linear space with
infinite dimensions. For S, S5 € &;/ ~, ||S1 — S2||, measures the C"-distance if they
are regarded as the functions defined on Sg, (¢*). We also use B; . to denote a ball in
S,/ ~, about the origin of radius € in the sense of the C"-topology.

We claim that there exists a set ©; . open-dense in B; . such that for each S5 €
91 ¢ it holds simultaneously for all ¢ € I, N I'} that

m Argmin(Sq, (¢°), BE + S5) G [qf — du, ¢ + du]. (A.2)
Let §. = {B%(q,0) : ¢ € T} be the set of barrier functions. For i = 1,2 we set
3i ={B € C%(S4,(¢"),R) : miArgmin(Sq, (¢7), B) = lgf — dv, g} + ]},

where ¢* = (g7, ¢5). If the density does not exist, there would be small € > 0, for each
Ss € By, some c € I'} exists such that Bg + S5 € 31. Let %Ifle be the intersection of
B, . with a k-dimensional subspace. The box-dimension of %’f,e in C%-topology will
not be smaller than k.

For any Bf € §. there is only one S5 € B; . such that Bf + S5 € 31. Otherwise,
there would be S; # Ss such that BS + S5 € 31 also. As we have Bf + S} =
Bt + S5 + S5 — S5 where B!+ S5 € 31 and S5 ~ S5, which contradicts the definition
of &;. For S5 € By, let &g, = {Bf € F.: B.+Ss € 31}. If the density does not
exist, &, is non-empty. For any Ss, S5 € Bf , each B! € &g, and each Bf, € &
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one has

d(vaBf/) = max |B£(q,0) 7B£’(q30)|

q€Sa, (¢%)

> max min  B(q,0) — min  B%(q,0 A3
T lai—qi1<di | gz—aq3|<dy ((] ) l[g2—q3|<d1 (q ) ( )
= max [Ss(q) — S5(q)| = d(Ss, S5)

lg1—q}|1<d1

where ¢ = (q1,¢2) and d(-, -) denotes the C%-metric. It implies that the box-dimension
of the set §. is not smaller than the box-dimension of ‘B’f,e in C%-topology. Guaranteed
by the modulus continuity of Lemma A.4, the box dimension of the set §, is not larger
than 3. Therefore, we will obtain an absurdity if we choose k > 4.

In the same way, we can show that there exists a set O3 . open-dense in B5  such
that for each S5 € O3 ¢ it holds simultaneously for all ¢ € I, N I"} that

moArgmin(S, (¢*), BE + Ss) & (g3 — d1, g5 + da). (A4)

Therefore, 3 arbitrarily small S; 5 € 9B, . such that m; Argmin(Sy, (¢*), Bf—l—SL(; +52.5)
is trivial for Sq, (¢*) and for all ¢ € I;;NI";. Due to Lemma A.5 we obtain the density. O

To finish the proof of Theorem A.1, we split the annulus Ny equally into squares
{S; =g—qj| < %} For each S;, there exists an open-dense set Oy, ; C B, for each
Hj € Oy,; it holds simultaneously for all ¢ € I, N T'; that the set Argmin(S;, Bf,) is
trivial for S;. The intersection NOy, ; is still open-dense in B.. For each Hs € Ny ;O 5,
it holds simultaneously for all ¢ € I'} that the diameter of each connected component
of the Mané set is not larger than %dl if it keeps away from the Aubry set. O
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