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TAUTOLOGICAL SYSTEMS UNDER THE CONIFOLD TRANSITION
ON G(2,4)*

TSUNG-JU LEET AND HUL-WEN LIN?

Abstract. Via a natural degeneration of Grassmannian manifolds G(k,n) to Gorenstein toric
Fano varieties P(k,n) with conifold singularities, we suggest an approach to study the relation
between the tautological system on G(k,n) and the extended GKZ system on the small resolution

P(k,n) of P(k,n). We carry out the simplest case (k,n) = (2,4) to ensure its validity and show that
the extended GKZ system can be regarded as a tautological system on P(27 4).
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0. Introduction.

0.1. Motivation. Mirror symmetry from physics makes numerous beautiful pre-
dictions in algebraic geometry, not only on the enumerative geometry (curve counting
theory) but also some intrinsic structures of certain moduli spaces. For a Calabi-
Yau manifold X, the theory connects symplectic geometry (A model) and complex
geometry (B model) of its mirror. More precisely, given a Calabi-Yau X, there exists
another Calabi-Yau X’ such that A(X) = B(X') and B(X) = A(X’). Here, the A
and B model theories are taken to be the genus 0 Gromov—Witten theory and the
variations of Hodge structures.

Many examples are known. The first explicit mirror pairs were written down by
Greene and Plesser [14], the Fermat quintic. Batyrev generalized their construction
to the case of Calabi—Yau hypersurfaces in toric varieties, which relies on the use of
the reflexive polytope [2]. Later, Batyrev and Borisov gave a construction in the case
of Calabi-Yau complete intersections in toric varieties using nef-partitions [3].

Ried proposed a conjecture in 1987 that all connected components of moduli
spaces of Calabi—Yau 3-folds can be connected via extremal transitions. An extremal
transition is defined by the following diagram:

Y

p
X "ox0ox=X

where 7 is a crepant resolution and ¢ is a smoothing of singularities. Note that there is
a “topological surgery” from Y to X and their topological types may change. Among
them the conifold transition is the most fundamental one, in which the singularities
on X are only ODPs (=ordinary double points). In terms of a conifold transition
Y — X, we got the chance to find the mirror of X by means of the mirror of Y.
Explicitly, Batyrev, Ciocan-Fontanine, Kim and van Straten [4, 5] provided a
way to study the mirror symmetry of Calabi-Yau complete intersection 3-folds in
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the Grassmannian manifolds G(k,n) (or more generally, the partial flag manifolds).
In their construction, G(k,n) can be degenerated to a certain Gorenstein Fano toric
variety P(k,n) with mild singularities and then we take a specific small resolution
P(k, n) — P(k,n). Now, if we pick a Calabi—Yau complete intersection 3-fold X in
G(k,n), then we get a complete intersection 3-fold X in P(k,n) and its resolution Y’
in P(k, n). We thus have a conifold transition

P(k,n) DY

|

P(k,n) DX ' XD X =X CGlkn).

Since P (k,n) is semi Fano, the mirror construction of Batyrev-Borisov can be applied
to it. Let Y’ be the mirror of Y and it is possible to find an appropriate specialization
of Y’ to conifolds, that is, Y’ can be degenerated to a conifold Yj. When we take
a small resolution X’ — Y and X' is conjecturally to be the mirror of X and the
corresponding diagram is the following:

X/

|

Yy Y.

We are interested in the study of a mathematical proof for the mirror symmetry
between X and X', i.e., A(X) = B(X’) and B(X) = A(X'). The Gromov—Witten the-
ory has been well-established for smooth toric varieties and has also been formulated
for Grassmannian manifolds ([6]). The statement A(X) = B(X’) is somehow easier
and a version of it had been studied before in the literature. However the Gromov—
Witten theory on X’ (crepant resolution) is harder and the statement B(X) = A(X’)
is completely new. Our strategy is to make a detailed study on B(Y) together with the
relationship between B(X) and B(Y). Since the toric mirror symmetry shows that
B(Y) = A(Y'), we can achieve the goal by a further study on the relation between
A(Y’) and A(X").

Recently, a closely related work has been done by Lee, Lin and Wang.

THEOREM 0.1 ([19]). Let X /Y be a projective conifold transition of Calabi-
Yau threefolds such that [X|] is a nearby point of [X] in M. Then
(1) A(Y) can be reconstructed from a refined A model of X° := X \ Ule S
“linked” by the vanishing spheres S;’s in B(X).
(2) B(X) can be reconstructed from a refined B model of Y° := Y \ Ule C;
“linked” by the exceptional curves C;’s in A(Y).

The proof given in [19] is non-constructive. Nevertheless, inspired by (2), we
devote ourselves to the study of B(Y') and try to restore the difference between B(Y)
and B(X) by some contribution from the exceptional curves C;’s.

0.2. Statements of main results. B models were studied for toric varieties
by using GKZ systems [12] and for Grassmannian manifolds by using Tautological
systems developed by Lian, Song and Yau [20, 21].

Gel’fand, Kapranov and Zelevinski introduced the construction of GKZ systems to
govern the period integrals of toric hypersurfaces. The idea was to use a natural basis
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of H%(X, — K x), which is indexed by the integral points of A_ -, and the relations of
the integral points to write down the GKZ type binomial differential operators that
can govern the period integrals. Also, the torus action on X gives us additional first
order operators. These operators form a holonomic system. For homogeneous spaces
X, the standard monomial theory for representations of a reductive group gives a
natural way to write down bases of cohomology of line bundles on X explicitly. Hence
it is natural to expect that there exists a parallel approach to construct GKZ type
systems on X. However, unfortunately, the D-modules one constructs this way are
almost never holonomic. There would not be enough binomial differential operators
to determine the period integrals. Thus, from our point of view, the mechanism of
tautological systems can be used to resolve this problem effectively.

More precisely, let G be a fixed connected algebraic group. For every G-variety
X equipped with a very ample G-equivariant line bundle L, Lian, Song and Yau
attached a system of differential operators defined on H°(X, L)*, depending on a
given group character and showed that the system is holonomic when X has finitely
many G-orbits. Using representation theory, a generating set of the system can be
written down explicitly and the constructed holonomic system governs the period
integrals of Calabi—Yau hypersurfaces in a partial flag variety. (More generally, also
for Calabi—Yau complete intersections in a partial flag variety.)

We observe that the parallel construction gives rise to a kind of generalized GKZ
system for Calabi—Yau hypersurfaces in a toric variety X when G is taken to be
Aut(X), and show that it coincide with the extended GKZ system introduced in
[15, 16].

From now on, the notations X and Y are used to denote ambient spaces, instead
of hypersurfaces or complete intersections in them.

The main purpose of this project is to determine explicitly the relation between
the tautological system on G(k,n) and the extended GKZ system on P(k,n). In this
paper we carry out the simplest yet highly non-trivial case of k = 2, n = 4.

From the extended GKZ system on P (2,4), we can single out its subsystem which
corresponds to the tautological system on G(2,4).

THEOREM 0.2 (=Theorem 4.2). The tautological system on X := G(2,4) degen-
erates, as a P-module, to the variant tautological (sub-)system on'Y := P(2,4), that
is, there exist a finite dimensional vector space V' and a one parameter family of left
ideals in 9 = Dy, the Weyl algebra of V', such that Z/1I;, t # 0, is equivalent to the
tautological system on X and 2/1y is equivalent to the extended GKZ system on'Y.
Here we say that two Z-modules are equivalent if their solution spaces are isomorphic

as vector spaces.

This variant tautological system is introduced in Section 3.2 and is proved to be
equivalent to the extended GKZ system in Thereom 3.2. Moreover, from the extended
GKZ system on P(2,4), we can reconstruct the tautological system on G(2,4), which
gives an explicit example of the statements (2) in Theorem 0.1.

THEOREM 0.3 (=Theorem 4.3). The tautological system on X is completely
determined by the variant tautological system on Y. Indeed, it is determined by the
open part Y° :=Y — Z, where Z is the exceptional locus of the resolution Y — X :=
P(2,4).

Furthermore, since the extended GKZ system can govern the period integrals only
for toric hypersurfaces, in Section 3.3 we construct a general version of the extended
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GKZ system to take care of the period integrals for toric complete intersections.

As an ongoing project based on this work, we will treat the general case of arbi-
trary (k,n) in subsequent papers.

The paper is organized as follows. In Section 1, we review some basic facts
about extended GKZ systems, tautological systems and the special conifold transition
considered here. In Section 2, we construct an explicit coordinate transformation from
the moduli space of Calabi-Yau hypersurfaces in G(2,4) to the one for P(2,4) so that
we may identify the (different) group actions of G(2,4) and P(2,4). In Section 3, we
give a detailed study of the possible “variant tautological systems” on P(k,n). In
Section 4, we prove the main theorems and give remarks on certain rigidity issues to
ensue the complete result for B models.

Acknowledgement. We are grateful to Chin-Lung Wang for sharing with us
his insights on this problem. We are grateful to Bong Lian for his course Topics
in algebraic geometry when he visited National Taiwan University in 2011. We also
thank the referees for many useful suggestions. H.-W. Lin is partially supported by the
Ministry of Science and Technology in Taiwan and Taida Institute of Mathematical
Sciences (TIMS).

1. Preliminaries. In this section, we set up the notations and recall some re-
lated well known properties.

1.1. Extended GKZ systems.

1.1.1. Automorphisms of Toric varieties. Only necessary material is re-
called here, and readers are referred to [9, 10] for details. Let N = Z™ with the
standard basis {ej, -+ ,e,} and M := homz(N,Z). Let ¥ be a complete fan in
Nr(:= N ®@R) and Y, be the associated toric variety. We shall assume that ¥ is sim-
plicial, i.e., Yy is Q-factorial. Denote by 2(k) the collection of all k-dimensional cones
in 3. Put S := Clw, : p € ¥(1)], which is a commutative ring graded by the (Weil)
divisor class group Cl(Yy). We also use the same notation p to denote the primitive
generator of the 1-cone p. For a simplicial complete toric variety, we have the (geo-
metric) quotient construction C*M) — Z(X)/H = Yx,. Here H := homz(Cl(Yy),C*)
and Z(X) is the zero locus of the irrevalent ideal I(X) of the fan X.

To determine the automorphism group of Yy, we recall that the set of the roots
of ¥ is defined to be

R(E,N):={me M :3lp € £(1) s.t. (m,p) =—1, and (m, p’) > 0 for p’ # p}.

It’s exactly the set of the interior integral points lying on the codimension one faces of
A_ky, (:= the polytope in Mg (:= M ® R) determined by the anti-canonical divisor
—Ky,,). Actually, each o« € R(X, N) gives a one-parameter subgroup of automor-

phisms of Yy, as follows. Let p, be the unique 1-cone such that {(«, p,) = —1 in the def-

iition. Then, in S x S, we can associate a with the pair (w,,, , w” (:=[],,. wi™Y).

Note that w,, # w” and deg(w,,) = deg(w”). We define, for A € C,
ya(/\)(wpa) = Wp,, + AP and ya()\)(wp) = Wp, for p # pa-

This induces a graded automorphism on S and thus induces an automorphism on
c=);

ya(/\)*(xpaax) = (Ipa + /\XDaX)7
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where x is a vector indexed by 3(1) — {p4 }. This automorphism preserves the Zariski
open set C¥1) — Z(%) since X is assumed to be simplicial and commutes with H and
thus it induces an automorphism on Yy. Together with the torus action, it is possible
to describe the automorphism group of Yx.

THEOREM 1.1. Let Ys, be a complete simplical toric variety. Then Auty(S), the
graded automorphism of S, is generated by the torus (C*)*) and the one-parameter
subgroups Yo (A) for o € R(X, N). Furthermore, we have an isomorphism

Aut,(S)/H = Aut’ (Ys).
Here AutO(Yg) 1s the connected component of the identity of the algebraic group
Aut(Yg).

We remark that for the big torus Ty = (C*)™ in Y, the action (as a one-parameter
subgroup with variable \) on it is given by

t; — ti(l + )\toz)(ei,pa}

for each root . Here we adapt the multi-index convention ¢ := ¢ - - - t0".

1.1.2. Extended GKZ systems. Let ¥ be a smooth fan, that is, let Y := Y5,
be nonsingular. We assume that — Ky is base point free and fix a global holomorphic
top form Q on Y. The space H(Y, —Ky)* parametrizes Calabi-Yau hypersurfaces
inY. Put A :=A_kg, . A general element in H°(Y, —Ky) is of the form

f = Z but#u

HEA

which defines the Calabi—Yau hypersurface Yy := {f = 0}. For o € R(X,N) and
A € C, the automorphism y, () induces an action on f and dm := A" dt; /t; explicitly
by:

e D buth (L M) Hpe) =2 f(b, ), (1)
I
Nodt oy [ dt; 1 . dt;
— — + Mes, po) ——— o =L | = dm. 2
i:/\lti '—>i:/\1 y + <e,p)1+/\ta ;aj . ma (2)

We fix a smooth section fy and a cycle v € H,_1(Y},,Z). Let 7() be a small
topological S'-bundle of v around Y,. The period integral

ARQS% - /T(v)¥

should be invariant under Aut”(Y')-action and the scaling action. Denote by

1
IL, (b, \) == /7(7) mdmA.

By the invariant property, we have

d

ol MmN =0 (3)

A=0
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The differentiation can be taken into the integrand since for a cycle v, 7(y) is homol-

ogous to g.7(7) for g € Aut’(Y) close to identity.
From the equation (3),

/ _f/(ba /\) dm
7(v) (f(b5 /\))2

The first term is simplifies to

/ Z,u _bﬂ<p‘7 pa>tﬂ+0¢ dm
7(v) (f(b5 0))2

For the second term, substituting

o,
~Loam
A=0 7(v) f(bv >\) I g

idm,\

EB) = Z Oéi<€i, pa>tadm = <CY, pa>tadm7

A=0 =1

we obtain, since v is a cycle,

Zu _b#<,u —Q, pa>ta+'u
7(7v) f(bu 0)2

where the operator Z,, is defined to be

(4) = = Zally(b)

0
Zo =) {paspt = a)bumy——,
HEA 6b“+a

and thus it annihilates the period integral. Note that the expression on the right
hand side is well-defined. Indeed, if y+ o ¢ A, then there exists a p € X(1) such that
(n+ a,p) < —1, 50 (1, p) = {, p) = —1. We must have p = p, and {(u — «, p) = 0.

DEFINITION 1.2 (cf. [16]). For a smooth projective toric variety Y, the extended
GKZ system on Y consists of the original GKZ system and the Z, operators, a €
R(,N).

REMARK 1.3. It has been proved that the solution space of the original GKZ
system is finite-dimensional with an explicit dimension formula [1]. In fact, this
number is usually much larger than the expected dimension. It has been conjectured
that the solution space to the extended GKZ system has the expected dimension, i.e.,
the solutions are exactly the period integrals. Recently, Huang, Lian, Yau and Zhu
construct the full set of solutions to the GKZ system [17]. Also the main result of this
paper together with Remark 1.5 can imply that the conjecture should be modified by
some contribution from the primitive cohomology.

1.2. Tautological systems. Let G be a complex connected Lie group and X be
a smooth projective G-variety. A very ample G-equivariant line bundle L — X gives a
natural G-representation V := H?(X, L)*. It gives rise to a G-equivariant embedding
X < PV. Let C* act on V by scaling and then V becomes a G(:= G x C*)-module.
Denote by Z : § — End(V) the corresponding Lie algebra homomorphism. Let X
be the cone over the image of X under the embedding and I := I(X,V) C C[V] be
its homogeneous ideal. For each ¢ € V*, we define the derivation by d¢(a) := (q, (),
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a € V. Here (—,—) is the canonical dual pairing. Finally, let 8 : § — C be a Lie
algebra homomorphism.
The tautological system is defined to be the quotient D-module

7x (G, L, B) := Dy~ /Dv+(p(9¢) : p(C) € I) + Dv-(Z(z) + f(z) : x € g).

When L = —Kx, 8 = (0;id) and G C Aut(X), 7x(G, L, ) annihilates the period
integrals. One may use a further embedding to simplify the polynomial operators
p(0¢). The pay is that we have to introduce some new degree one operators. The
details can be found in [20, 21]. Here is the simplest example.

EXAMPLE 1.4. X = G(2,4), G = SLy. Let L = —Kx and 8 = (0;id). The

tautological system 7y is generated by the following operators.

1. Z(x) + B(x), z € sly x C.

2. J¢, where ¢ € (HY(X,—Kx)*)* € H(P?, 0(4)).

3. O¢, ¢, —0¢, O¢,, where u,v,p,q € £ and u+v =p+q.
Here € = {(io,i1,02,3,14,05) € 28y : oo oir = 4}. In fact, —Ky = O(4)|y
under the Pliicker embedding. We can determine the degree one operator explicitly.
Let Q4 be the degree 4 part in the ideal generated by the Pliicker relations. Then
HYX,-Kx) = HP5 0(4))/Q4 and ¢ € (H°(—Kx)*)* if and only if ¢ € Q4. In
this case, G is semi-simple and H*(X, C)pim = C.

REMARK 1.5. In case G is semi-simple and X is a homogeneous G-variety, it’s
shown that the tautological systems govern exactly the period integrals modulo some
solutions coming from the primitive cohomology of the ambient space [7, 18].

1.3. Degeneration to toric varieties. Batyrev, Ciocan-Fontanine, Kim and
van Straten gave an explicit construction for the degeneration of the partial flag
manifolds to toric varieties in [5]. We restrict ourselves to the case G(2,4) and give a
quick review of this construction. First, consider the following “ladder diagram” A.

»

o L1 v OO

A €9 C
o €3 P 4.5
. B €5 6,
: D
S P 5

Oo

All edges e;’s are oriented downward or to the right. Let E be the set of all edges.
We consider the free abelian group generated by the edges of this diagram, L(F), and
the free abelian group generated by the black dots, L(D).

The boundary map ¢ : L(E) @ R 2 R® — L(D) ® R = R* is the usual boundary
map in homology theories. We construct a complete fan ¥ in R* as follows. Let
(1) ={0(e;) :i=1,...,6}, explicitly,

5(er) = (1,0,0,0), d(es) = (=1,0,1,0), d(es) = (—1,1,0,0),
§(es) = (0,0,—1,1), d(es) = (0,—1,0,1), d(eg) = (0,0,0,—1).
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The fan structures are given by the positive paths from O to Oy. A positive path is
to start from O and go either downward or go to the left at each corner until reaching
the vertex Op. There are 6 positive paths. Let’s denote by w2 the positive path
crossing only ej, 713 the one passing through ey and es, w14 the one passing through
e2 and es, me3 the one passing through es and ey, mo4 the one passing through ey
and es, and finally 734 the one passing through eg only. The correspondence between
positive paths and cones in ¥ is given as follows, where w; stands for the variable

corresponding to the 1-cone §(e;) for i =1,...,6.
. Maximal cones in ¥ and the 5
Positive paths corresponding 1-cone generators v Hf’g"(l) v

T12 5(62), 5(83), 5(64), 5(85), 5(66) w1
713 5(61), 6(64), 5(65), 6(66) w2 W3
14 5(61), 5(83), 5(64), 5(86) W2 Ws
23 5(61), 6(62), 5(65), 6(66) w3 Wy
24 5(61), 5(82), 5(63), 5(86) W4 Ws
T34 5(61), 6(62), 5(63), 6(64), 5(65) We

Let X := P(2,4) be the associated toric variety with ¥, which is a singular
Gorenstein toric Fano variety. In general, the toric variety P(k,n) is singular with the
singular locus consisting of codimension 3 conifold strata. More explicitly, in this case,
there are two singular maximal cones, namely {e1, 2, €3, €4, €5} and {eq, €3, €4, €5, €6}
The refinements

{817 €2, €3, €4, 65} = {613 €2, €3, 64} U {617 €2, €4, 65}3

{627 €3, €4, €5, 66} = {627 €4, €5, 66} U {627 €3, €4, 66}

give the canonical small resolution. Denote by Y := P(2,4) the resolution and by ¥’
the refined fan.

We shall denote the (Weil) divisor associated with f € E by Hy. The roof R of
a ladder diagram is defined to be the set of all edges on the upper right buondary,
e.g., the roof of A is {e1, ea,e4,e6}. For each e € R, denoted by U(e) the subset of F
consisting of the edge e, together with all edges f € E which are either directly below
e if e is horizontal, or directly to the left, if e is vertical.

The divisor £ := >y, Hy is Cartier and independent of the choice of e. From
the construction, the line bundle £ is very ample. Also, we have —Kp(; 4) = 4.2 in
Cl(P(2,4)). The global sections of ., which are the integral points in the polytope
A, can be parameterized by the positive paths [5].

Positive paths | Integral points in A | Vertices in A :=A_g, C M
12 (0,0,0,0) =: vy (3,2,2,1)=4-v9+(3,2,2,1)
13 (— 1000)_1;1 (— 1,2,2,1)—4 v +(3,2,2,1)
14 (-1,— 100) (-1,-2,2,1) =4 v+ (3,2,2,1)
723 ( 1,0, )— V3 ( 1,2, 2,1)—4 ’03+(3,2,2,1)
o4 (-1,— 1 O)— (- 1,—2 —2,1)—4 ve+(3,2,2,1)
T34 ( 1, )— Vs ( 1, 2,—3):4'U5+(3,2,2,1)

There are two coordinate systems for the toric variety X. One comes from the
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projective embedding X < P° induced by .%, which corresponds to the epimorphism:
Clz12, 213, 214, 223, 224, 234] = Cl212, 213, 214, 223, 224, 234] / (214223 — 213224).
The other one comes from the (almost geometric) quotient presentation:
X=C'-2%) ) H,

where H = {(A, A, 1, A, g, M) = A, € C*} € (C*)8 and the irrelevant ideal is given
by

I(Z) - <'UJ1, WaW3, W2Ws5, W3W4, W4Ws5, 'UJ6> - (C[wlv w2, W3, W4, Ws, U]G]-

From the map C*(Y) — Z(X) — X < P° we have the natural transformation between
these two coordinates:

212 = W1, 213 = WaWs3, 214 = WaWs, 223 = W4W3, 224 = Waws, and 234 = we.
Recall that the Pliicker embedding of G(2,4) into P° is given by
(C[le, 213, %14, 223, 224, 2’34] - (C[Zu, 213, 214, 223, 224, 2’34]/(214223 — 213224 + 2’12234)-
Hence the degeneration of X := G(2,4) to X can be constructed through
Clz12, 213, 214, 223, 224, 234, 1] / (214223 — 213224 + t212234). (5)

Now we get the diagram

2. Symmery operators between G(2,4) and 15(2, 4). To compare the tauto-
logical system on X with the extended GKZ system on Y, the first job we have to do is
to find a good transformation between their parameter spaces, namely, H°(P°, 0'(4))*
and H(Y,—Ky)*. And then under such transformation, we are able to connect the
symmetry operators in the tautological system on X with the ones in the extended
GKZ system on Y.

2.1. The moduli coordinate transformation. Let £ =3, ;) H; which

is a very ample divisor on X. To look for a natural transformation from H Y, —Ky)*
to HO(P?, 0'(4))*, we start with the Z-embedding ¥ : X — P° | —K ¢ = 4. and
the natural map

U HOY(PP, 0(4)) = H'(P?, 0(1))®* — HO(X,-Kg) = H(Y, -Ky). (6)

The last equality holds because 1 : Y = 15(2, 4) — X = P(2,4) is a small resolution.

Observe that ¥'(1) = ¥(1) and thus we have the (Weil) divisor class group iso-
morphism CL(Y) = CI(X). Hence, S := Clw, : p € ¥(1)] can be regarded as the
homogeneous coordinate ring for both X and Y. More explicitly, the resolution Y is
a geometric quotient of C® — Z(X') by the same group H with the irrelevant ideal

i
I(Y") = (v ws, wiws, Waws, WaWs, WaW3, WaWs5, WeW3, WeWs).
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In fact, they all fit into the diagram

Co—Z(2)—— 55— Z(%)

| L ™~

C°—Z()/H=Y ——C°—Z(5) | H=X ——P".

and the base-point free line bundle ¥*.Z on Y determines the morphism
Yoz = g orp: C = Z(S)/H =Y — PH(Y, £)" = P,

which is Aut, (S)-equivariant. Note that we also denote the pull-back ¢*.Z by .Z when
no confusion is caused. If d = £ € CI(Y), then H(Y,.¥) = S;, the homogeneous
part of d-grading in S. Thus it is fixed by the graded automorphism group Auty(S)
of S and we get the following proposition.

PROPOSITION 2.1. The line bundle £ is Auty(S)-linearizable.

In fact, it follows from the following lemma with r = 4 that H°(Y, 2)®* —
HO(Y, —Ky) is surjective, that is, ¥ is surjective.

LEMMA 2.2. The polytope A associated with £ in M is normal, i.e., TAe N
M =r(Age N M) for all v € Z7°.

Proof. We have the well-known exact sequence
0— M —7Z° = CI(X) — 0.

The first map is given by m — ((m, p;))%_,, where p;’s are the corresponding 1-cones
inY or Y. Let D; := D,,. It’s not hard to see that the image of Dy, D3 generate the
group CI(X). Since the smooth toric variety Y comes from a fan containing a cone
of maximal dimension, Pic(Y) = Cl(Y) = CI(X) is torsion-free. Using the relation
Dy = D5+ D3, D3 = D5, Dy = Dy and Dg = Dy + D5, we see that the homogeneous
coordinate ring S is graded by Z2%,, with

deg(ws) = deg(ws) = (1,0
deg(ws) = deg(ws) = (0,1
1,1

By the coordinate transformation zio = wy, £ = Ox(D1). Set d = [D;]. We claim
that the ring @, , Ska is a C-algebra generated by Sg. Indeed, let © € Siq and then
deg(z) = (k, k). Suppose x is a monomial. After removing w; and wg, we may assume
x contains no variable wy and wg, i.e., = wy'wi?wyws*. By degree reason we have
a1 + a3 = as + a4. Since Sy contains all the variables of degree d = (1,1) in S, z is a
multiple of elements in S;. This implies that A ¢ is normal. O

Moreover, we have to write down ¥ explicitly. According to the relation
(mentioned in section 1.3) between the integral points in Ag and the vertices in
A= A_g, C M, we define a map:

5
O:EANM, T i+ (3,2,2,1),
k=0
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where & = {I = (g, i1,42,43,%4,1i5) € Z%, : 22:0 i, = 4}. Then we obtain a (sur-
jective) C-linear map ® : H°(P%, 0(4)) — H°(Y,—Ky) by 2! — t*(). The dual
(injective) map HO(Y, —Ky)* — HO(P*, 0(4))* gives the transformation ®* from the
“moduli” of Calabi-Yau hypersurfaces in Y to the parameter space for tautological
system on X by

Pl (by) = Z ar, J is an integral point in A. (7)
I€g,(I)=J

Here Y- ;c aqpy bat” stands for a general section in H(Y, —Ky) and Y, ¢ arz’ stands
for a general section in HO(P%, 0'(4)).

2.2. Equivalence of symmetry operators. Recall that for the tautological
system on X, the differential operators in the first type are given by

Z(x) + B(x), forxesly @ C.

We consider the operators generated by sly and note that § = (0;id). Since these
operators are generated by group actions, it suffices to understand how the group
action degenerates. We divide them into several cases.

2.2.1. Diagonal actions. Suppose that

1 0 00
_fo -1 oo)_,
T=1o 0o o0 of =
0 0 0 0
It’s easy to get that for P° = P(V := A2CH),
000 0 0 ON° /000 0 0 0
010 0 0 0 010 0 0 0
001 0 0 0 001 0 0 0 i
Z@ =10 00 -1 0 o] =]o 0o 0 -1 o of€EdV
000 0 —10 000 0 —10
000 0 0 0 000 0 0 0

so the corresponding operator Z(x) + () in the tautological system is given by

o 0
Z(Zl + 19 — 13 — 24)(118—.
e a

Put A = e and then the corresponding actions on z;;’s are given by
> A A = AT = ATt >
Z12 > 212, 213 213, 214 214, %23 223, 224 %24, %34 F> 234,
so it corresponds to the action on w;’s via
-1
(w1, w2, w3, wa, ws, we) = (W1, Awa, Wz, A~ wa, Ws, We).

Let Ay = )\4_1 =\, A\j = 1 for other j. In terms of the coordinates on Ty, this action
corresponds to

6
ti H Ak<fi16(ek)>ti
k=1
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where f;’s stand for the standard basis of M, that is,
ty = Al to e to, t3 > N2ta, tg > ATy
The corresponding GKZ-system is

. . . 0
Z (=j1+2j3 — ]4)5JW-
JeANM 7

Recall our identification between I and J:

i i 3 iy —ip — 5 —ig— b5 3 io—1

B =, 2| iy —ig—is o |2y —is—is

s =D vkt | 5] = i — iy — s o T 2mis—iy—is

. k=0 . .

74 1 —1i5 1 1—15
Then

—j1+ 23 — ja = —ig + 1+ 4 — i3 — 2y — 25 +i5 — 1
=4 — i — 2i3 — 204 — U5 = 11 + g — i3 — i4.
Under *(by) = > rce a()=s @1

o _ 0
8@1 6b¢(1)

and the operator

9 d
> (i +ig—is—is)ar 5 — = Y (i +iz — iz — ia)ars :
Iee Dar 7% Oba(n)

Note that if ®(I) = ®(I’), then we must have i5 = if and

4
> ik — ig)ve = 0.

k=1

The only relation among vy, ve,vs,v4 iS v1 — v2 — v3 + v4 = 0, so we must have
ihn=1d) +1,ia =15 —1,i3 =14 — [, and 44 = i} + [ for some | € Z. This also implies
io = 16 Thus,

!

Qv iz — iz —ig = (i + 1)+ (15 — 1) — (5 — 1) — (i +1) = i) + iy —i5 — i}

Hence under the transformation ®¢, for J € AN M,

. ) ) . 0 . . ) ) 0
Z (11 +1i2 — i3 —ia)ar = (i1 +1i2 — i3 — i4) Z ar

I€E,d(1)=J 0 ba 1) Ieg,o(I)=J Oben
0
T N S
(—J1 + 23 — Ja) JabJ
and finally we get
0 0

(i +is—iz—idarz—= D (—j1+2js— ja)bss—.
Iee Oar ;52 0bs

For the other two generators, we may check them similarly.
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2.2.2. Off diagonal actions (A). Suppose that

S 5[4.

o O OO
SO O
o O OO
o O OO

The induced action of exp(zs) on the coordinates z;; is given by
212 F 212, 213 > 213, 214 © 214, 223 F 223 + 5213, 224 > 224 + 8214, 234 Fr 234

and thus the action on the monomial is given by
10 U1 02 43 ,l4 05 i 01 02 i3 i4 05
2137157137574 733 > 219215713 (223 + 5213)" (224 + s214)" 237
To compute the Lie algebra homomorphism, it suffices to keep the coefficient of s,
that is, we only need to consider the homomorphism
10 41 Ji2 i3 _i4 15 . _do i1+l _io _iz—1 _ig _is - _do i1 Jie+1 iz _ta—1 _is
Z12713714%23%24%34 77 13712713 Z14%23 %4734 T 14212213714 293724 %34
To simplify the notation, we write

2Ly gz HO10,-100) 4 14(0,0,1,0,-1,0)

and thus the corresponding operator Z(z) is given by

. 0 ) 0 . .
o (s ) e

da
o 0,1,0,~1,0,0) 1+(0,0,1,0,-1,0) o

317<1>(1r)+o¢7

where o = (0,0, 1,0). Here, just as before, if ®(I) = ®(K), then iz + iqs = ks + k4.
Since « satisfies (o, d(eq)) = —1, (o, d(e2)) = 1, and («a, d(e;)) = 0 for other 4, it is a
root with p, = d(e4) = (0,0, —1,1) and the corresponding differential operator in the
extended GKZ system is

0 0
Zo= Y {pa,J —a)b; = > (1—js+jabs :
JeANM 0byta JeEANM 9bsta

Also, 1 —js+ja=1—(2—i3—iqg —i5) + (1 —i5) = iz + is. Hence the operator
Z« in the extended GKZ system on Y becomes the operator Z(z) in the tautological
system on X under the transformation ®°.

We remark that the action of exp(zs) on X degenerates to the action on X by
the same formula. In terms of coordinate w;’s, it is given by

Wy > Wy + Swo, w; — w; for other 7,

which corresponds to the root (0,0,1,0).
2.2.3. Off diagonal actions (B). Suppose that

0

€ sly.

o O O

o o oo
o o oo
o O O
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It’s easy to compute the induced action of exp(sx) on z;; is given by
Z12 F> 212, 213 V7 213, 214 FF 214, 223 FF 223, Z24 b Zo4 — SZ12l, 234 F> 234 — SZ13.

Here ¢ is the degeneration coordinate from G(2,4) to P(2,4). The key point is that
in order to make the SL4-action to be invariant on each fiber, we have to adjust the
action by the factor t. On way to do this is to fix an isomorphism X; =2 X; = X and
then use the induced SLg-action on X;.

We compute the Lie algebra homomorphism as before and get

10 41 Ji2 13 _i4 15 - _do+1 i1 io i3 ta—1 _is . i i1+l _ie i3 _i4 is—1
219213214793 %00 %3) ' —HlaZ)y' Z13214%93%00  Z3a — 15212213 214%93%94%34
Again we write
z1 = —t142711(1,0,0,0,—1,0) — #5214(0,1,0,0,0,—1)
and the corresponding operator is given by

) 0 , 0
E ary —tl4 9 — 15 9 .
Tee a1+4(1,0,0,0,—1,0) a1+4(0,1,0,0,0,—1)

The operator degenerates to

_Za i N

e aa1+(0,1,0,0,0,—1)

as t — 0. Note that ®(I+(0,1,0,0,0,—1)) = ®(I)+(0,1,1,1). Also, if (1) = ®(K),
then i5 = k5. So the operator becomes (under ')

0
- Zimlabi, a=(0,1,1,1).
7T ®(I)+a
Since « satisfies (o, d(eg)) = —1, (a,d(e2)) = (a,d(e3)) = 1, and {«,d(e;)) = 0 for
other i, it is also a root with p, = d(eg) = (0,0,0, —1) and the corresponding operator
in the extended GKZ system on Y is

0
Zo= Y (paJ —a)b;
JEANM 9b+a
o ) . 0
= Z <(O’O7O’_1)a(.]15.]2_15.]3_17]4_1)>b(]ab .
JEANM Jta

Note that 1 — j4 = i5 and thus the operator Z, is equivalent to the operator Z(z)
under the transformation ®* and ¢ — 0.
Again, we remark that as t — 0, the action becomes

Z12 F> 212, 213 7 213, 214 © 214,223 7 223, 224 bt 224, 234 F7 234 — SZ213
and in terms of the coordinate w;’s, it is given by
We — Wg — Swows, w; +— w; for other 7,

which corresponds to the root (0,1,1,1).
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2.2.4. Table for equivalence. We can check all generators z € g = sl(4,C)
similarly and get the correspondence between the symmetry operators in the tauto-
logical system on X and the operators in the extended GKZ system on Y as follows.

sly-actions | Corresponding Torus actions/Root actions
E11 — Esy | Torus action (—1,0,2,—-1) € M

Eq1 — E33 | Torus action (1,—1,1,1) € M

E11 — Eyy | Torus action (0,1,1,0) € M

Eis Root action (0,0,1,0)
E13 Root action (0,0,1,1)
FEi4 Root action (0,1,1,1)
Eos Root action (0,0,0,1)
FEoy Root action (0,1,0,1)
Esy Root action (0,1,0,0)
Eoq Root action (0,0,—1,0)
Es3 Root action (—1,0,—1,0)
o Root action (—1,—1,—1,0)
Es3o Root action (—1,0,0,0)
Eyo Root action (—1,-1,0,0)
Ey3 Root action (0,—1,0,0)

REMARK 2.3. For Y, there are 14 roots:

(=1,0,0,0), (=1—1,0,0), (=1,0,—1,0), (=1 —1—1,0), (=1,—1,—1,—1)
(07_17070)5 (0707_170)5 (0707170)5 (0717050)
(0517151)7 (0517051)7 (0703171)3 (0703071)3 (1715171)

and among them, the roots (1,1,1,1) and (—1,—1,—1,—1) are not in the table.

2.3. Characterization of the missing roots.

LEMMA 2.4. The root automorphisms of Y corresponding to the roots ay =
(1,1,1,1) and ag := (-1,-1,—-1,-1) are characterized by those root automorphisms
which do not leave the fibers of ¥ : Y — X over the mazimal singular cone invariant.

Proof. Recall that the quotient construction of Y is C® — Z(X/)/H where H is
the character group of the cokernel of M < Z>() and

Z(¥') = the zero locus of (wyws, wiws, Waws, Waws, W3y, WaWs, WeW3, Wels ).
The root (1,1,1,1) corresponds to the one-parameter automorphism (on S)
wGHwﬁ—/\wl, w; — W, 2756

Since Y is a geometric quotient, the pre-image of the exceptional locus in C® — Z (/)
is given by the equation we = wy = 0 and the set given by wy = wy = wg = 0 is
exactly the fiber over the point {§(ez2),d(e3),d(es),d(e5),d(eg)} in X. This locus is
moved by the action corresponding to (1,1,1,1).

One can check that the automorphism given by (—1,—1,—1,—1) does not fix
the locus w; = wy = wy = 0 and all the other automorphisms leave these fibers
invariant. O
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In fact, a1, as are also characterized by “moving” the singular locus of X. Hence
we can restate the lemma as follows.

COROLLARY 2.5. The root automorphisms of Y corresponding to the roots ay :=
(1,1,1,1) and ag := (—1,—1,—1,—1) are characterized by those root automorphisms
which do not leave the fibers of ¥ invariant.

REMARK 2.6. For a € R(3,N) — {a1,az}, let go be the corresponding (one
paramter) automorphisms on Y and Z be the exceptional locus of the resolution
Y — X. For a smooth section fo in H°(Y, —Ky) and a cycle v € H3(Yy,, Z N Yy,).
Let 7(7) be a small topological S'-bundle of v around Yy,. The relative periods

/'YRGS? - /"'(’Y) %

is go-invariant. Here f € H°(Y, —Ky). As we point out earlier,

Za/ResQ:Za/ Q:/ ZQQ
v f roy b Sy

since g, fixes Z.

3. Tautological systems on smooth toric varieties. We try to propose a
construction of the tautological system on a smooth toric variety with the base-point
free anti-canonical divisor such that it is possible to study the B-model for Calabi—
Yau complete intersections in the toric variety P(k,n) In this section, Y will be a
projective smooth toric variety defined by a fan ¥ with — Ky being base-point free
(or big and nef).

3.1. Tautological system 7y (Aut’(Y), —Ky, ). Let G = Aut’(Y) and 8 =
(0;id). The G-equivariant base-point free anti-canonical line bundle —Ky — Y gives
a natural G-representation V := H°(Y, —Ky)* and thus gives rise to a G-equivariant
map Y — PV. Let C* act on V by scaling and then V becomes a G'(:: G x C*)-
module. Denote by Z : § — End(V') the corresponding Lie algebra homomorphism.
Let Y be the cone over the image under the map and I := I(Y,V) c C[V] be its
homogeneous ideal. The tautological system is defined to be the quotient D-module

Ty(G, —Ky,ﬁ) = Dv*/Dv* <p(a<) Zp(<) (S I> + Dv* <Z($) + ﬁ(m) 1 xr e ﬁ>

PROPOSITION 3.1. The tautological system 1y (G,—Ky, 3) is equivalent to the
extended GKZ system on'Y .

Proof. Recall that H°(Y,—Ky) has a natural basis given by t* in the torus
coordiantes with 1 € A_g, and g € G acts on 0 € H°(Y,—Ky) by (g-0)(x) =
g(o(g71z)), x € Y. Hence, for s = (s1, -+ ,5,) € Tn C G,

s-th = sTHH

and thus the infinitesimal version of T-action gives the PDEs

o .
- <:u7€j>b,u ajzlv"'anv
2 ab,
o
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which are the operators of order one in the GKZ system on Y.

Next, let « € R(X,N) be a root and A € C. For convenience, we put 7, =
t;(1 4+ At@){€irad and use t;(9/t;) as our Ty-invariant frame. For A sufficiently
small, one computes

-Sugrs,

Yot O,
B 0 Aailei, pait® 0 A (ej, pa)t™ 0
_7713771-—’— 14 Ate m[)m—i—z 14 Ate 79,

Then, we obtain

where

A 3 1y M . .
(kx) =1+ Z 0‘1 j_ )f)ta + higher order terms in \.

For a section t#, ga.x - t* = (ka )t (1 + At®)~(HPe) 5o the infinitesimal version is

n
e Z aiei, pa)t ot — (u, pa )t = —(u — a, pa)t"*,
1=1

and thus gives us the operator

0
- Z(M - aapa>bHM7

©w

which coincides with Z, in the extended GKZ system on Y.

For the polynomial operators in 7y (Aut®(Y), — Ky, 3), we recall that the ideal of
the image of Y under the morphism determined by — Ky is generated by its lattice
relations. More precisely, put & = {(u,1) : p € A_g, } and ¢ = |&/|. Via e; —
(i, 1) € o C M X Z, it gives an exact sequence 0 — L — Z9 — M X Z. For [ € L,
we have Y 1; = 0 and Y lju; = 0. We write | = [T — [~ with [* € (NU{0})9. The
(homogeneous) ideal of the image of Y under the morphism determined by —Ky is
generated by PN Hence, the box operators in the extended GKZ system and
the polynomial operators in the tautological system are the same.

Finally, note that the Euler operator comes from the scaling action. Hence the
proof is complete. O

3.2. Tautological system 7y (Auty(S), —Ky,By). For the flexibility (since in
general .Z is not Aut®(Y)-linearizable, e.g., @(1) — P" is not PG Ly-linearizable), we
consider G = Aut,(S) and V = H(Y, —Ky)*. Recall that for the smooth projective
toric variety Y, if D = > vy a,D, is a Ty-invariant Weil divisor with d = [D] €
Cl(Y), then the map

HO(Y, Oy (D)) = Sa, t" — [Jwi-rte
P
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establishes an isomorphism. Hence, instead of Aut’(Y), there is a natural G-action
on H(Y, Oy (D)), in particular for D = —Ky. Let 7 := |£(1)|. We can define an
equivalence relation on X(1):

p~p & deg(w,) = deg(wy) € Ap_1(Y).

It gives a partition (1) = X1 U--- U Xy, where X; consists of the variables of degree
d;. Write S; = Sg, = Sd &S] s Where Séli is the space spanned by w, for p € 3;
and S’l'i’i is spanned by the remalnlng monomials. Recall that we have a (split) exact
sequence of groups (Equation (ET7), [10]):

h
0—1+N — Auty(S) — HGL(S‘) — 0.

i
i=1

Let x : Auty(S) — C* be the pull-back of the product of determinant functions on
GL(S}), which, when restricts on the maximal torus (C*)" C Aut,(S5), is given by

X|((C><)7‘ : ()‘17"' 7)\7‘) — )\1 )"r‘

Let 3y : § — C be a Lie algebra homomorphism given by (dx;id) on g x C.

THEOREM 3.2. The tautological system 1y (G,—Ky,By) is equivalent to the ex-
tended GKZ system on'Y .

Proof. For a root @ € R(X, N), the induced one-parameter automorphism on V*
is given by
Wp,, — Wy, + A H wéo"'m, wp > Wy, for p # pa
PFPa
and its infinitesimal version on basis is given by
Hw[()mp)ﬂ — (1 — o, pa) Hw[()u+a7p>+1'
P

In terms of matrices, it can be represented by (t#) — B(t*) with By, = (L—a, pa)
and B;; = 0 for other entries. Taking the dual representation, we have (b,) = B*(b,,).
Hence this gives the operator

0
> (u—a, Pabugr—
u pta

as expected. Note that if E, C g is the corresponding root subspace, then 3y (Ey) = 0
by construction. Hence Z(E,) + By (Eq) = Za.

For the torus actions, put z; = (1,0,...,0) € C". The one-parameter subgroup
gives wy — e w; and w; — w; for i # 1. Tt induces

oy+1 M (1, 1 o) +1
wa)u P+ (e )(u p1)+ Hw[()u p)+
P P
and the corresponding infinitesimal version is

kup (s p1) + 1) kup +1

p
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It gives the operator

0
Z(W,Pﬁ + 1)%@-

" 1
Since By (x1) = 1 by construction,

o 0 0
"

Iz Iz

Hence together with the Euler operator, Z(x1) 4+ 8(x1) generates the operator

1o}
Z<M7P1>bu3—b#-

m

Similarly, we can produce

o .
</Lapi>b,u77 L= 17" T
2 ab,
m

Since p;’s span the full lattice IV, these can generate all operators

g .
Z<M,ej>bua—b‘u, J = 17 , 1,

©w

which are the operators of order one (except for the Euler operator) in the GKZ
system.

The polynomial operators can be checked as in Proposition 3.1, so we complete
the proof. O

REMARK 3.3. For the case Y = P(2,4), since p;’s have relations, namely p1 4 pa+
pa+pe = 0, the auxiliary action of C* is redundant. Indeed, we take (A, A\, 1, A\, 1,\) €
(C*)¢ and

D> )+ 1)bu(% = 4%:1)”(%.

i=1,2,4,6 pu

Also, 8((1,1,0,1,0,1);0) = 4. This action already generates the Euler operator.

3.3. Period integrals of CY complete intersections in P(k,n) Via the
toric degeneration, we will propose a way to study the B-model of a Calabi-Yau
complete intersection in P(k,n) (See [5] for the general construction of P(k,n).)

Tautological systems were constructed to govern the period integrals of Calabi—-
Yau complete intersections in a Grassmannian X = G(k, n) (more generally, a partial
flag variety). Suppose that —K x admits a decomposition —Kx = Lj + -+ -+ Ly such
that L;’s are G(= SL,)-linearized base-point free line bundles. Let V; = H(X, L;)*.
We have a G-map X — PV; x --- x PV,. Let X be the cone over the image in
V:=Vix---xVyand I := I(X,V). Let G — Aut(V) be the associated representation.
We extend this representation to G := G x (C*)* — Aut(V) by letting i-th C*
act on V; via scaling. Let Z : g = g x C* — End(V) be the corresponding Lie
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algebra homomorphism and §: § — C be a Lie algebra homomorphism. The general
tautological system is defined to be the quotient D-module

(G, L1, , Ls, B) := Dv+ /Dv+(p(0¢) : p(C) € I) + Dv+-(Z(z) + B(z) : € §),  (8)

which will govern the period integrals of the Calabi—Yau complete intersections in X
defined by L;’s. Note that X has Picard number one and Kx = 0x(—n), so we can
write L; = Ox(n;) with >0 n; = n.

To get an analogue for Y = P(k,n), let G = Aut,(S) and » = [£(1)|. By
Proposition 2.1, H(Y, %) is a G-space. Let .%; = n;.%. By the fact that —Ky = n.%,

we have
-Ky =2+ + %

Also, HY(Y, %) is a G-space (It is the reason why we have to pick the group Aut,(S) in
Section 3.2 instead of Aut®(Y’).) and we can choose integers a;; so that .%; ~ > aijD;
and ). a;; =1 for all j. Based on these choices, the natural multiplication map

HO(Y, 1) x -+ x H(Y, %) = H°(Y,—Ky)

is just the multiplication in S and is G-equivariant when we identify H°(Y,.%;) with
its corresponding graded piece of S.

Put G = G x (C*)* and let i-th C* act on HO(Y,.%;) via scaling. Let 8, =
(dx;id,--- ,id) : § — C be given as in Section 3.2. Now we can get the tautological
system v (G, 21, -+, Zs, By) as above.

PRrROPOSITION 3.4. 7v (G, A, -, %, By) governs the period integrals of the
Calabi—Yau complete intersections in'Y cut down by H(Y,.%Z,).

Proof. Here, V; = H*(Y,.%;)* and V = V; x --- x V. The period integral of the
complete intersections is given by

1N oat )
IT, :/Resi N\ -+ N =dimP(k,n)
v o1 i t’L

Os

and o; € H°(Y,.%;). In terms of torus coordinates, we write o; = dopeny buth
Starting from the torus actions, we consider the action g;(A): t; — At;, t; — t; for

1 # j and associate it with a period integral:
N N
1 dt; 1 dt;
= [ o (AT [ e ()N
95 (N7() o100 )iyt Jrey 10 /:\1 ti

where the later equality holds if A is close to 1. Now applying the operator A\(9 /9 \)
and taking A = 1, we have

0/(_ZiﬂijUin;ﬁiU’€) & @7 Z (pi, e;)b i 11
= g (0_1“.0,8)2 tz - Hi s 7 #iabui v

i=1 i€l g,

Clearly, they should also be annihilated by the Euler operators

B
> bugy— + 1|y =0, i=1, s

Hi€EA g, i
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For =y = (1,0,---,0) € C" C g. The homogenization of o; is
> b [y wj<-“i"pj>+a”. Similar to the proof in Theorem 3.2, we have
Z($1)+ﬁ($1) = Z </J,i p1>b i'ﬁ‘ Z ailb i'ﬁ‘l
) ’ "ob,, " ob,,
i, €A, ! i, EA g, N
and thus
(Z(z1) + B )y = | > (i, pr)b A > aub 2 ) =0
Y . ) I»Lq,abui Y . 1223 abM 2l )
L €A g, ° LU EA g ‘

since ) . a;1 = 1 by choice. Also, (Z(z;) + B(x;)Ily =0, j=1,---,r
For a root «, we just notice that the one-parameter subgroup, denoted by ga(A),
is given by t* s t#(1 + \t®)#Pe) and thus o; — Doy butt (1 + M) (Hiva) Tt

N N
dt; 1 dt;
dmy = — + Xei, pa) ——— e —
m l:/\l ‘. + Mei, p >1+)\t0‘ ;a] L
Then
N N
0 dt;
—dm,, = E i€, po)t®dm = {a, po)t*dm, dm = —.
oA A=0 =1 i1 B

Also, by the product rule,

0 i} 1
mga(/\) (0,1 "'Us)

Suppose p, = pg. Similar to (4), we have

- Zi(ZMEAEi blti <:ui7 pa>t#i+a) Hk#i Ok

=0 (0'1 .. .05)2

0
S>> i aikaapk>bmm I, =0.

i €Ay,

Note that here we also use the fact ZZ a;r = 1. Indeed,

S e b (s ) T o
/ ( pi€A g, On k# +Z%M dm = 0.
(v)

(Ul"'os)Q - (Ul"'os)Q

The integrand is simplified to

> (Zui bu (i o) [ ok — @i ([T, ok ) (@, Pk>ta)

(01 05)2
_ >i(ITkri ok) (Zm bps (s VT — aig (e, Pk>ta(”)
- (01 05)2
_ 21 (H}g;ﬁi Uk) (Z#l (bm </1*i7 pk>t#i+a - aikbm <O¢, Pk>t°‘+“i))
- (01 05)2

0
= Z Z <Ui—aika,pk>b#im I,

1 pui€Ag,
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and the operator

0
S>> (pi = ke, )by gy

i €Ay,

is exactly the one generated by the root o action on V.
It is easy to check that the polynomial operators also kill IL,. O

4. Tautological system on G(2,4) <& Extended GKZ system on ]5(2,4).
Both on G(2,4) and 15(2, 4), we have the similar ways to construct their tautological
systems, so we are able to study the degeneration of tautological systems under the
conifold transition on G(2,4) now.

4.1. Tautological system on ]5(2,4) for further embedding. Recall that
there is no canonical choice of bases for H°(G(k,n), —Kg(,n))- By using Borel-Weil
theorem, we get a natural injection

HO(G(k,n), —Kgom)® = HO @) 0(n))*

and thus we use the later space as the parameter space to construct the tautological
system via the change of variable formula ([21]) (See Example 1.4 for the simplest
case G(2,4)).

To compare the tautological systems on X (:= G(2,4)) and Y (:= P(2,4)), we
have to use the good transformation ®* : HO(Y, -~ Ky)* — H°(P*, €(4))*, which was
introduced in Section 2.1. Note that it falls to be an Aut’(Y")-module homomorphism
because .Z is not Aut”(Y)-linearizable. However it is Aut,(S)-equivariant, so we
prefer to use Aut,(S) to construct its tautological system as in Section 3.2.

Together with the fact that £ is Aut,(S)-linearizable, we are able to write down
the generators for the tautological system 7y (Auty(S), —Ky, By) on Y.

THEOREM 4.1. Let Z be the composite Lie algebra homomorphism
7 : Lie(Auty(S)) -2 End(HO(Y, =Ky )*) — End(H°(P5, 0(4)))*).

The tautological system Ty (Auty(S), —Ky, By) is equivalent to a system generated by
the following operators:
1. Z(x) + By(x), = € Lie(Auty(S)).
2. O¢, where ¢ € (HO(Y,—Ky)*)* C HO(P5, 0(4)).
3. ¢, ¢, — 0¢, Oc,, where u,v,p,q € € and u+v =p+q.
Here & = {(io,i1,i2,i3,i4,05) € Z8 = Son_yix = 4}
Proof. Let V.= H(Y,—Ky)* and W = H°(P°, ©/(4)))*. Recall the maps

) pw).

Y L4 p(v)
Let Y be the cone over the image of Y under the map ¢ and Iy := I(Y, V) c C[V].
Also, let Y be the cone over the image of Y under the map P(®?) o 1he and
Iy = I(Y,W) C C[W]. For the given 8, together with two canonical represen-
tations Auty(S) — Aut(V) and Aut,(S) — Aut(W), we can construct two associated
tautological systems on Y. By the change of variable formula in [21], these two sys-
tems are equivalent to each other.
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The system 7y (Auty(S), =Ky, By) is equal to the first one and we have to replace
the polynomial operators in the second one with the operators in type 2 and 3, that
is, by the following commutative diagram

% X( Y PS( 4-Uple
P
N

P

we have to compare the polynomial operators for Y in P*?* with Y in PY. The map
W < V gives the isomorphism (Note that Y — X is surjective.)

125
P,

P(o)

(C[X] =) C[V]/Iy = C[W]/Iw

and thus the ideal Iyy = I(X,W). By Lemma 9.4 in [21], (X, W) is generated by
the Veronese binomials and the space of linear forms vanishing on X in P(W). Hence
the polynomial operators with respect to Iy is generated by
1. d¢, where ( € Wt C V*.
2. 0¢, O¢, —0¢, O¢,, where u,v,p,q € £ and u+v =p+q.
a

4.2. Main theorems. We can reconstruct the tautological system on X from
the extended GKZ system on Y.

THEOREM 4.2. The tautological system on X degenerates, as a Z-module, to the
tautological (sub-)system on'Y under the coordinate transformation ®¢.

Proof. Let’s recall these two systems. For X, it is generated by

1. Z(x) + B(z), z € sly x C.

2. J¢, where ¢ € (H(—Kx)*)* ¢ H(P5, 0(4)).

3. 0¢, O¢, —0¢, 9¢,, where u,v,p,q € £ and u+v =p+q.
and for Y, it is generated by

1. Z(z) + By(z), = € Lie(Auty(95)).

2. J¢, where ¢ € (H(—Ky)*)t c HY(P, 0(4)).

3. 0¢, O¢, —0¢, O¢,, where u,v,p,q € £ and u+v =p+q.
The degeneration is given by the coordinates (5) and thus, over ¢, the fiber X; has its
own tautological system with the operators of type 2 being given by

¢ = (214223 — 213224 + t212234) - (degree two polynomials),

which is clearly equal to the type 2 operator on Y when ¢ — 0. Type 3 operators are
the same.

The Euler operator (induced by scaling) in type 1 for X corresponds to the type
1 operator given by H for Y (also see Remark 3.3). Finally, the symmetry operators
for the type 1 have been done in Section 2.2 and summarized to the table in Section
2.2.4. Hence we complete the proof. O

THEOREM 4.3. The tautological system on X is completely determined by the
tautological system on'Y (= the extended GKZ system on'Y ). Indeed, it is determined
by the open part Y° : =Y — Z, where Z is the exceptional locus of the resolution
Y = X.

Proof. We are given the tautological system on Y, which is generated by
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1. Z(z) + By(x), = € Lie(Auty(9)).
2. O¢, where ¢ € (HY(—=Ky)*)* € HO(P, 0(4)).
3. 0¢, O¢, —0¢, O¢,, where u,v,p,q € £ and u+v =p+q.
For the operators in 1, we first remove the operators generated by the roots (1,1,1,1)
and (—1,—1,—1,—1), since these operators “move” the extremal rays in the contrac-
tion as we said in Corollary 2.5. For the other roots, we are going to extend them to
the automorphisms of the general fiber X;.
If the root « is semi-simple, i.e., —« is also a root, then there is nothing to do
since the action can be extended into the general fiber directly.
Suppose we are given a non semi-simple root automorphism (0,0, 1,1). It acts on
S via

We H—r Wg — )\’wg’wg,, w; > Ws, 1 75 6.
Using the identification between z;;’s and w;’s, this corresponds to
234 — 234 — AZ14, Zij — %y, for other i, j.
To extend this action to general fiber, we consider the equation of the general fiber
Z14%23 — 213224 + 1212234 = 0.
We can extend this action into the general fiber via
234 > 234 — /\2’14, 293 > 223 + t/\Zlg, Zij & Zij, for other ’L,j

Repeat the same process to get all the extensions of the roots other than (1,1,1,1)
and (—1,-1,—-1,-1).

To recover the torus symmetry on X, we consider the abelian part of the Lie
bracket [t €] of ¢ := Lie(Auty(S)), which is a 3-dimensional vector space over C.
It’s generated by (—1,0,2,—1), (1,—1,1,1) and (1,0,0,1) in torus coordinates. We
remark that these are generated by the Lie brackets of the semi-simple roots in &.

Hence we obtain 3 +4 + 4 + 4 = 15 symmetries for general fiber. These generate
the full symmetry operators for X when we set t = 1.

For the operators in 2, we just put the term tz12234. For example, if ( €
(H°(—Ky)*)+ c H°(P°,0(4)) is such a linear form, then ¢ = (214223 — 213224) X
(degree two terms). We just put

Ct = (214223 — Z13%24 + t2’12234) X (degree two terms).

Then (; gives the type 2 operator for X.
The type 3 operators are the same and thus there is nothing to do. O

REMARK 4.4. Let Xy, be a Calabi-Yau threefold with only four ODPs as be-
fore and U := X, — Sing(Xy,). The (infinitesimal) deformations are classified by
H'(U,0y) [11]. The corresponding resolution is Yy,. Put V := Yy — ZNYy,. We
have H'(U,Oy) = HY(V, Oy ). Therefore, R(X, N) — {a1, az} should be regarded as
an embedded symmetry on V or a Gauss—Manin connection on open varieties.

On the other hand, the “dual” of H'(V,0y) is H3(Y},,Z NYy,) and

dimHS(}/foa ZN on) - dlmH3(Yf0) = 3’

so one would expect the relative periods are the coordinates of the moduli space
around [Xy,]. This is exactly how we establish the correspondence. Moreover, the
three missing operators could be viewed as the “monodromy operators” in the sense of
variation of Hodge structures near the point [X ] on the moduli space. The original
periods are invariant under the monodromy actions.
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4.3. Remarks on rigidity. We would like to show that the Calabi—Yau hyper-
surfaces in X and Y are deformation complete, i.e., all deformations can be realized
as the ones in X and Y. Hence we have the full information of B model on hand.

4.3.1. The moduli of CY hypersurfaces in Y. For a smooth Calabi—Yau
hypersurface Yy in Y with f € H°(Y, —Ky), we claim that the natural map

HO(Yy, Ny, y) = H (Y5, Ty,) (9)
is surjective. From the canonical splitting ([2],[22])

Hl(Yf’ TYf) = H}ioly(}G‘?TYf) D Hnon poly(}/f’ TYf)5

whose polynomial part is identified with the image of (9), it is sufficient to show that

Hgon_poly(Yf, Ty,) = 0. Indeed, the dimension of the non-polynomial part is given by

dim Hy o ooy (Ve Ty, Zz

where the summation is taken over all codimenson two faces © in A := A_g, . Here,
©' is the corresponding dual face in A’ which is the dual polytope of A and is equal
to the convex hull of {d(e1), - ,d(es)} by construction. And, I*(©) is the number of
relative interior lattice points in ©. In our case, © is a one-dimensional face on A’.
It contains at least two points in {d(e;)}, say d(ex), d(e;). Let H be the supporting
hyperplane of ©'. If d(e;) and d(e;) form the left-right corner of some box in the
ladder diagram,

u d(ep) C
d(ex) d(eq)
é(er)

B
D

then we have d(ex) + 0(e;) = d(ep) + d(eq). Thus H is zero on d(es) for s = k,1,p,q
and it is not a supporting hyperplane. This leads to a contradiction, so d(e;) and
d(e;) are contained in a smooth cone in ¥'. There are no integral points other than
d(ex) and d(e;) on ©'. Hence we finish the proof of the claim.

4.3.2. The moduli of CY hypersurfaces in X. Recall that X = SLy/P,
where P is a parabolic subgroup, From Bott’s theorem [8], H4(X,Tx) =0 for ¢ > 1.
For a smooth hypersurface 7 : Xy — X, we have the normal bundle exact sequence

0—=Tx, —i"Tx — Nx,/x — 0.

Since X is an anti-canonical hypersurface and thus %y, = 0(Kx), by Serre duality
and Hodge theory, H?*(X, #x, ® Tx) = H?*(X,Qx)* = 0. By the exact sequence

0= Ix;, = Ox —ix0x;, — 0

and i.i*Tx = Tx ®i.0x,, we get that HY(X;,i*Tx) = HY(X,i.i*Tx) = 0. Hence
the connecting homomorphism

H(Xy, Nx,/x) = H' (X5, Tx,)

is surjective.
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