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HARNACK ESTIMATE FOR MEAN CURVATURE FLOW ON THE

SPHERE∗

PAUL BRYAN† AND MOHAMMAD N. IVAKI‡

Abstract. We consider the evolution of hypersurfaces on the unit sphere Sn+1 by their mean
curvature. We prove a differential Harnack inequality for any weakly convex solution to the mean
curvature flow. As an application, by applying an Aleksandrov reflection argument, we classify
convex, ancient solutions of the mean curvature flow on the sphere.
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We consider convex hypersurfaces M0, n ≥ 2, without boundary, which are
smoothly embedded in S

n+1. Let F0 : Mn → S
n+1 be a smooth embedding of M0.

The mean curvature flow with initial data F0 is a family of hypersurfaces given by
embeddings F : Mn × [0, T ) → S

n+1, F (·, 0) = F0(·) that moves in the direction of
the unit normal vector ν with speed equal to the mean curvature H , the trace of the
second fundamental form A(V, V ) over the tangent vectors V , e.q.,

∂tF (·, t) = −H(·, t)ν(·, t).

Here, H(p, t) is the mean curvature of the hypersurface Mt := F (Mn, t) at the point
F (p, t) where the unit outer normal vector is ν(p, t). Let D denote the Levi-Civita
connection of Sn+1.

Theorem (Harnack estimate). Suppose Mt is a smooth, weakly convex solution
of the mean curvature flow on the time interval [0, T ). For t > 0 we have

∂tH +
H

2t
+ 2DV H +A(V, V )− nH ≥ 0

for all tangent vectors V .

Comparing this with Hamilton’s Harnack inequality [6] for the mean curvature
flow in R

n+1, here we gained a bonus term −nH through the ambient space Sn+1. This
allows us, by employing a parabolic Aleksandrov reflection argument first developed in
[7, 8, 9], a rather convenient classification of ancient, smooth, weakly convex solutions
of the mean curvature flow.

Theorem (Classification of ancient solutions). The only ancient, weakly con-
vex, embedded solutions of the mean curvature flow on the sphere are equators and
shrinking geodesic spheres.

Let us note that such a classification has been obtained already in [14, Theorem
6.1], with a relatively short proof applying the maximum principle to the quantity
(‖A‖2 − 1

n
H2)/H2. As usual for such arguments, the Codazzi equation is employed;

therefore, the result pertains to n ≥ 2. The first author and Louie [5] used a completely
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different argument to obtain the classification for n = 1. First, a Harnack inequality is
obtained, which ensures that the backwards limit as t→ −∞ is an equator. Then the
Aleksandrov reflection argument is employed to show maximal reflection symmetry,
immediately resulting in the classification. Our work here extends the techniques
of [5] from n = 1 to n ≥ 2 formally following the same procedure of obtaining the
Harnack inequality and then using the Aleksandrov reflection to show the maximal
reflection symmetry. We believe, that unlike the methods in [14], our argument is more
broadly applicable: once the Harnack inequality is obtained for a curvature flow, the
remainder of the argument holds with very little modification. This theme will be
explored for a range of curvature flows similar to those studied in [2] in a forthcoming
paper. In [2], to obtain Harnack inequalities, the Gauss map parametrization and
support function are used to great effect, considerably simplifying the computations.
A genuine difficulty on the sphere is obtaining a similar useful parametrization under
which we can perform the calculations.

Before moving on to the details, a few words about the broader context are in
order. It is well known that ancient solutions arise as singularity models for curvature
flows (e.g., [13]) and their study is of great importance. On the unit sphere, as opposed
to the Euclidean case studied in [14], where classification can be obtained only with
additional assumptions such as pinching, we find a complete classification and strong
rigidity: the only weakly convex, ancient solutions are the shrinking geodesic spheres.
The difference is the compactness and positive curvature of the sphere.

Classifications of ancient solutions have been obtained for the curve shortening
flow in the plane [10] and the Ricci flow of surfaces [11]. Both examples include self-
similar shrinkers (round circles for the former and constant curvature spheres for the
latter) and a unique Type II ancient solution with curvature blowing up faster than |t|
as t→ −∞ (the Angenent oval [paper clip] in the former case and the Rosenau in the
latter). In higher dimensions, classification results for ancient solutions in Euclidean
space are less complete, and a wider range of possibilities may occur. As mentioned
above, the results of [14] require additional pinching assumptions to deduce that such
ancient solutions are shrinking spheres. Wang [19] studied translating ancient solu-
tions and discovered the existence of non-rotationally symmetric translators (though
they blow down to spheres or cylinders). Furthermore, there are solutions asymptotic
to “ovals” in that the center looks like a cylinder, but the ends look like “bowls”
[1, 15, 20]. These solutions have similarities to the Angenent oval in the plane.
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helpful discussions and encouragement. He would also like to thank the second author
and the Institut für Diskrete Mathematik und Geometrie, TU Wien for hosting a
very enjoyable and productive visit to Vienna. The work of the second author was
supported by the Austrian Science Fund (FWF) Project M1716-N25.

1. Preliminaries. Let g = {gij}, A = {hij}, and Rmijkl denote, in order, the
induced metric, the second fundamental form, and the curvature tensor of Mn. The
mean curvature of Mn is the trace of the second fundamental form with respect to
g, H = gijhij . Let g and Rmαβγθ denote, respectively, the metric and the curvature
tensor of Sn+1. Greek indices run through {0, . . . , n} and Latin indices belong to the
set {1, . . . , n}.

Write ν for the outer unit normal to Mt. For a fixed time, we choose a local

orthonormal frame {∂0 = ν, . . . , ∂i =
∂F (·,t)
∂xi

, . . . , ∂n} in S
n+1. We use the following
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standard notation

hj
i = gmjhim

(h2)ji = gmjgrshirhsm

|A|2 = gijgklhikhlj = hijh
ij

C = gijgklgmnhikhlmhnj = hk
i h

l
kh

i
l.

Here, {gij} is the inverse matrix of {gij}.
The relations between A, Rm, and Rm are given by the Gauß and Codazzi

equations:

Rmijkl = Rmijkl + hikhjl − hilhjk

∇ihjk = ∇khij .

Moreover, ∇i and Δ commute as follows

(∇iΔ−Δ∇i)f = −Rcji∇jf

for all smooth functions on Mn. Therefore, in view of R̄αβγθ = λ(gαγgβθ − gαθgβγ),
λ = 1, and the Gauß equation we have

(∇iΔ−Δ∇i)H = ((h2)mi −Hhm
i − (n− 1)δmi λ)∇mH. (1.1)

2. Evolution equations. In this section, we assume that Mt is a strictly convex
solution of the mean curvature flow.

Lemma 1. The following evolution equations hold under the mean curvature flow:

(1) ∂tgij = −2Hhij

(2) ∂tg
ij = 2Hgimgjnhij = 2Hhij

(3) ∂th
j
i = ∇

j∇iH +H(h2)ji + λHδji
(4) ∂th

j
i = Δhj

i + |A|
2hj

i + λ{2Hδji − nhj
i}

(5) ∂thij = Δhij + |A|
2hij − 2H(h2)ij + λ{2Hgij − nhij}

(6) ∂tH = ΔH +H |A|2 + nλH
(7) (∂tΔ−Δ∂t)H = 2Hhij∇i∇jH + 2hij∇iH∇jH.

Proof. The computations for (1) − (6) are straightforward; see [12]. To obtain
(7), we note that

(∂tΔ−Δ∂t)H =
(
∂i∂jH − Γk

ij∂kH
)
∂tg

ij − gij∂kH∂tΓ
k
ij ,

where Γk
ij = gkl(∂igjl + ∂jgil − ∂lgij). Since ∂tΓ

k
ij is tensorial, using (1) and (2) we

may carry out our calculations in a normal frame to prove the claim.

Lemma 2. Under the mean curvature flow we have

∂t(∂tH) =Δ∂tH + 4Hhij∇i∇jH + 2hij∇iH∇jH

+ (|A|2 + nλ)(∂tH) + 2H2C + 2λH3,
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and

∇i∂tH = Δ∇iH +∇i(|A|
2H) + ((h2)mi −Hhm

i )∇mH + λ∇iH.

Proof. Using (3), (6) and (7) in Lemma 2, we calculate

∂t(∂tH) =∂t(ΔH +H |A|2 + nλH)

=Δ∂tH + 2Hhij∇i∇jH + 2hij∇iH∇jH

+ (|A|2 + nλ)(∂tH) +H(∂t|A|
2)

=Δ∂tH + 2Hhij∇i∇jH + 2hij∇iH∇jH

+ (|A|2 + nλ)(∂tH) +H(2hij∇i∇jH + 2HC + 2λH2)

=Δ∂tH + 4Hhij∇i∇jH + 2hij∇iH∇jH

+ (|A|2 + nλ)(∂tH) + 2H2C + 2λH3.

To obtain the second evolution equation, we use identity (1.1) and part (6) of
Lemma 2:

∇i∂tH =∇i(ΔH + |A|2H + nλH)

=Δ∇iH +∇i(|A|
2H) + nλ∇iH

+ ((h2)mi −Hhm
i − (n− 1)δmi λ)∇mH

=Δ∇iH +∇i(|A|
2H) + ((h2)mi −Hhm

i )∇mH + λ∇iH.

In the sequel, {bij} denotes the inverse of the second fundamental form.

Lemma 3.

∂t(b
ij∇iH∇jH) ≤− bimbjnΔhmn∇iH∇jH + 2bij∇jHΔ∇iH

+ 2hij∇iH∇jH + |A|2bij∇iH∇jH + 2Hbij∇i|A|
2∇jH

+ nλbij∇iH∇jH.

Proof. Observe

−λbimbjn{2Hgmn − nhmn}∇iH∇jH + 2λbij∇iH∇jH ≤ nλbij∇iH∇jH

and

∂tb
ij =− bimbjn∂thmn

=− bimbjn(Δhmn + |A|2hmn − 2H(h2)mn)

− λbimbjn{2Hgmn − nhmn}

=− bimbjnΔhmn − |A|
2bij + 2Hgij

− λbimbjn{2Hgmn − nhmn}.
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Therefore, using the second part of Lemma 2, we obtain

∂t(b
ij∇iH∇jH) =− bimbjn(Δhmn + |A|2hmn − 2H(h2)mn)∇iH∇jH

− λbimbjn{2Hgmn − nhmn}∇iH∇jH

+ 2bij(Δ∇iH +∇i(|A|
2H) + ((h2)mi −Hhm

i )∇mH + λ∇iH)∇jH

≤− bimbjnΔhmn∇iH∇jH + 2bij∇jHΔ∇iH

+ 2bimbjnH(h2)mn∇iH∇jH

+ |A|2bij∇iH∇jH + 2Hbij∇i|A|
2∇jH

+ 2bij((h2)mi −Hhm
i )∇mH∇jH

+ nλbij∇iH∇jH

=− bimbjnΔhmn∇iH∇jH + 2bij∇jHΔ∇iH

+ 2hij∇iH∇jH + |A|2bij∇iH∇jH + 2Hbij∇i|A|
2∇jH

+ nλbij∇iH∇jH.

Using the identities

∇mbij = −bikbjl∇mhkl

and

Δbij =− bimbjnΔhmn

+ {birbksbjl + bikbjrbls}gpq∇phrs∇qhkl,

we compute

Δ(bij∇iH∇jH) =− bimbjn∇iH∇jHΔhmn + 2bij∇jHΔ∇iH

+ 2{birbksbjl}∇iH∇jHgpq∇phrs∇qhkl

− 4gmnbikbjl∇mhkl∇n∇iH∇jH + 2bijgmn(∇m∇iH∇n∇jH).

Thus we have proved:

Lemma 4.

∂t(b
ij∇iH∇jH) ≤ Δ(bij∇iH∇jH)

− 2{birbksbjl}∇iH∇jHgpq∇phrs∇qhkl

+ 4gmnbikbjl∇mhkl∇n∇iH∇jH − 2bijgmn(∇m∇iH∇n∇jH)

+ 2hij∇iH∇jH + |A|2bij∇iH∇jH + 2Hbij∇i|A|
2∇jH

+ nλbij∇iH∇jH.

Lemma 5. Define Θ := ∂tH − bij∇iH∇jH. Then

∂tΘ ≥ ΔΘ+
2(Θ− nλH)2

H
+ (|A|2 + nλ)Θ

+ 2{gmqbnp −
gmngpq

H
}ηmnηpq + 2λH3,
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where

ηmn = ∇m∇nH +H(h2)mn − brs∇rH∇shmn.

Proof. Note that

2
(Θ− nλH)2

H
=2

(ΔH)2

H
+ 4|A|2ΔH − 4

ΔH

H
bij∇iH∇jH

+ 2|A|4H − 4|A|2bij∇iH∇jH

+
2

H

(
bij∇iH∇jH

)2

and

2{gmqbnp −
gmngpq

H
}ηmnηpq

=2gmqbnp∇m∇nH∇p∇qH − 2
(ΔH)2

H

+ 4Hhij∇i∇jH − 4|A|2ΔH

− 4gmqbnpbrs∇m∇nH∇rH∇shpq + 4
ΔH

H
bij∇iH∇jH

+ 2H2C − 2|A|4H

− 2Hbij∇iH∇j |A|
2 + 4|A|2bij∇iH∇jH

+ 2{birbksbjl}∇iH∇jHgpq∇phrs∇qhkl −
2

H

(
bij∇iH∇jH

)2
.

Now the claim follows from adding up these last two identities and considering Lem-
mas 2 and 4.

3. Harnack estimate and Backwards Convergence.

3.1. Harnack estimate. If M0 is not an equator, the strong parabolic maxi-
mum principle and the evolution equation of hj

i in Lemma 2 imply that for any t > 0,
Mt is strictly convex. For strictly convex hypersurfaces,

A(V, V ) + 2DVH

is minimized by V = (V 1, . . . , V i = −bij∇iH, . . . , V n) and thus to prove the main
theorem, it suffices to verify that for all t > 0

∂tH − bij∇iH∇jH − nλH +
H

2t
≥ 0.

Fix 0 < ε < T. We will apply the maximum principle to

Q :=
Θ− nλH

H
=

ΔH + |A|2H − bij∇iH∇jH

H

on the time interval [ε, T ). Using Lemmas 1, 5, and the inverse-concavity of the mean
curvature, we calculate

∂tQ = ∂t
Θ

H
≥ΔQ + 2〈∇Q,

∇H

H
〉+ 2Q2 + 2λH2

+ 2
{gmqbnp − gmngpq

H
}ηmnηpq

H

≥ΔQ + 2〈∇Q,
∇H

H
〉+ 2Q2.
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An ODE comparison with q(t) = − 1
2(t−ε) which satisfies d

dt
q(t) = 2q2(t) and

lim
t→ε+

q(t) = −∞ shows that Q(·, t) ≥ q(t) for any t > ε. Allowing ε → 0 completes

the proof of the Harnack estimate.

3.2. Backwards convergence.

Lemma 6. Any weakly convex ancient solution of the mean curvature flow satisfies

|A| ≤ c0 exp(nt)

for t ≤ 0 for some c0 depending only on M0.

Proof. By the strong parabolic maximum principle, any weakly convex ancient
solution of the mean curvature flow must become strictly convex, unless it is a non-
moving equator. By our Harnack inequality for strictly convex, ancient solutions we
have

∂tH − bij∇iH∇jH − nλH

H
≥ 0.

Since λ = 1, we get

∂t logH ≥ n.

Integrating both sides of this inequality against dt on the time interval [t, 0] gives

H(·, t) ≤ H(·, 0) exp(nt).

Lemma 7. Any weakly convex ancient solution of the mean curvature flow satisfies

|∇mA|2 ≤ cm exp(2nt)

for t ≤ 0, where cm depends only on M0 and m.

Proof. The proof follows by induction on m. Using the fourth evolution equation
in Lemma 1, ∂tΓ

k
ij = A ∗ ∇A and that the commutator [∇k,Δ]T is given by

[∇k,Δ]T =

k∑

j=0

∇jRm ∗ ∇k−jT

for any tensor T , we can compute the following evolution equations:
(1)

∂t|A|
2 = Δ|A|2 − 2|∇A|2 + 2|A|4 + 2λ(2H2 − n|A|2)

(2)

∂t|∇
mA|2 =Δ|∇mA|2 − 2|∇m+1A|2

+
∑

i+j+k=m

∇iA ∗ ∇jA ∗ ∇kA ∗ ∇mA

+ λ∇mA ∗ ∇mA.



172 P. BRYAN AND M. N. IVAKI

On the other hand, by Lemma 6 we get

∂t|A|
2 ≤ Δ|A|2 − 2|∇A|2 + c1 exp(2nt),

and

∂t|∇A|2 ≤ Δ|∇A|2 + c2|∇A|2 + c3 exp(2nt).

Here, c1, c2, c3 ≥ 0 are independent of t. Therefore,

∂t((t− s)|∇A|2 + b|A|2) ≤Δ((t− s)|∇A|2 + b|A|2)

+ (1 − 2b+ (t− s)c2)|∇A|2 + (c1b + c3) exp(2nt).

We want to apply the maximum principle on the time interval [s, s + 1]. We choose
b large enough, independent of t, so that the coefficient of |∇A|2 becomes negative.
Thus the maximum principle implies

(t− s)|∇A|2 ≤ c4 exp(2nt)(1− exp(2n(s− t))) + bc20 exp(2ns).

In particular for t = s+ 1 we have

|∇A|2(·, t) ≤ c5 exp(2nt).

This verifies the bound on |∇A|. Higher derivative estimates follow by induction and
using the auxiliary function (t− s)|∇mA|2 + bm−1|∇

m−1A|2 :

∂t|∇
m−1A|2 ≤ Δ|∇m−1A|2 − 2|∇mA|2 + c1 exp(2nt).

∂t|∇
mA|2 ≤ Δ|∇mA|2 + c2|∇

mA|2 + c3 exp(2nt).

Having established the higher derivative curvature bounds, convexity of Mt im-
plies that the backwards limit of Mt is independent of subsequences. Therefore we
have proved the following theorem.

Proposition 8. Let Mt be an ancient, embedded, weakly convex solution of the

mean curvature flow. Then Mt converges exponentially fast in C∞ to a unique equator

M−∞ as t→ −∞.

4. Classification of Ancient Solutions. In this section, we use Proposition 8
and the Aleksandrov reflection [5] to classify convex, embedded ancient solutions of
the mean curvature flow on S

n+1.
We will work relative to the limiting equator obtained in Proposition 8. Let E be

an equator that bounds the open hemispheres H± with centers ± p0, and let e =
−−→
Op0

be the unit vector in R
n+2 that points from the origin O to p0. Let ρ(x) = dSn+1(p0, x)

denote the spherical distance from p0 to x ∈ S
n+1. The radial projection onto E is

the map x ∈ S
n+1 �→ π(x) ∈ E, where π is the nearest point on E to x. If x = ± p0,

then π(x) is a single point. If x = ± p0, then π(x) = E. In any event, given y ∈ π(x),
there is a unique length minimizing geodesic joining x to y and this geodesic must
pass through ± p0.

It is convenient to make use of the ambient Rn+2 and define the height function
h(x) = 〈x, e〉. The radial distance is related to the height function via

h(x) = cos(ρ(x))



HARNACK FOR SPHERE MCF 173

which is monotonically decreasing in ρ.
For the Aleksandrov reflection, let V ∈ R

n+2 be any unit vector that 〈V, e〉 < 0.
Let PV = V⊥ be the hyperplane through the origin with the normal vector V. Let
H±

V = {±〈x,V〉 > 0} denote the halfspaces with the boundary PV. For any subset
S ⊂ S

n+1, write S±
V = S ∩H±

V . Lastly, let δ > 0 denote the angle V makes with E;
that is, δ = arcsin〈V,−e〉.

Definition 9. The Aleksandrov reflection across PV is the map defined by

RV : x ∈ R
n+1 �→ x− 2〈x,V〉V .

This map is an (orientation reversing) isometry of Rn+2 fixing PV and in particular
fixing the origin. Therefore, it induces an isometry of Sn+1. For x ∈ E, we have
〈x, e〉 = 0 and

h(RV(x)) = 〈e, x− 2〈x,V〉V〉 = 2〈x,V〉 sin δ.

In the case x ∈ E+
V , h(RV(x)) > 0, and in the case x ∈ E ∩PV, h(RV(x)) = 0.

Now we outline the proof of the main theorem and highlight the main steps.
We refer the reader to [4, 5] for details and generalizations to a large class of fully
non-linear curvature flows.

Theorem 10. Let Mt be a convex, embedded ancient solution of the mean cur-

vature flow on S
n+1. Then Mt is a family of shrinking geodesic spheres emanating

from an equator at t = −∞.

Proof. Let E = M−∞ = limt→−∞ Mt be the limiting equator. Since Mt smoothly
converges to E as t → −∞, we may write Mt as the graph of a smooth positive
function over E in the geodesic polar coordinates, Mt = {(ft(σ), σ) ∈ (0, π)×E}. We
have ft → π/2 smoothly and uniformly in Ck, for any k, as t → −∞. Moreover, for
δ ∈ (0, π/4), RV(E) = {(g(σ), σ)} is a graph over E. Note that RV(E) is not a graph
when δ = π/4 (it is an equator perpendicular to E), so let us fix a δ0 ∈ (0, π/4) to give
us a little room. Therefore, for S sufficiently small and independent of δ ∈ (0, δ0), both
(Mt)

−
V and RV((Mt)

+
V) are non-empty and are graphs for all times in t ∈ (−∞, S).

We will show that RV((Mt)
+
V) > (Mt)

−
V away from a strip. As noted above,

h(RV(x)) > 0 on E+
V and h(x) = cos(ρ(x)). Thus, continuity implies that for any

ε > 0 there exists an η > 0 such that ρ(RV(x)) < π/2 − ε provided x ∈ Eη :=
{x ∈ E : d(x,E ∩PV) > η}. Since Mt →C∞ E, we can choose Tδ < 0, such that
d(Mt, E) < ε/2 for all t < Tδ; that is, ρ(x) > π/2 − ε/2 for all x ∈ Mt. Now for
x ∈ (Mt)

+
V ∩π−1(Eη), since RV is an isometry, we have d(RV(x), RV(π(x))) < ε/2;

therefore, ρ(RV(x)) < π/2 − ε/2. Consequently, away from the strip E\Eη, we have

ρ(RV((Mt)
+
V)) < π/2− ε/2 and ρ((Mt)

−
V) > π/2− ε/2. That is,

RV((Mt)
+
V) > (Mt)

−
V away from the strip.

By [4, Proposition 6.4], we also have RV((Mt)
+
V) ≥ (Mt)

−
V on the strip E\Eη.

Thus we find that

RV((Mt)
+
V) ≥ (Mt)

−
V for all t ∈ (−∞, Tδ), (4.1)

where Tδ depends only on δ.
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We define Tδ so that (−∞, Tδ) is the largest interval on which the relation (4.1)
holds and T := infδ∈(0,δ0) Tδ. We want to show that T > −∞, and hence that the
relation (4.1) holds on the non-empty interval (−∞, T ). To show T > −∞, we apply
the maximum principle (see [4, Lemma 6.5]): Recall that both (Mt)

−
V and RV((Mt)

+
V)

are non-empty and are graphs for all t ∈ (−∞, S) with S > −∞ independent of δ.
Since the relation (4.1) is true on (−∞,min{Tδ, S}), the maximum principle applied
in the time interval [min{Tδ, S}/2, S) ensures that

RV((Mt)
+
V) ≥ (Mt)

−
V

for all t ∈ (−∞, S) and any δ ∈ (0, δ0). Hence T ≥ S > −∞.
To finish the proof, we use [5, Proposition 5.3] to conclude that Mt is a geodesic

sphere for all t ∈ (−∞, T ) and thus for all negative times by the uniqueness of
solutions.
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