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LAGRANGIAN FLOER HOMOLOGY ON SYMPLECTIC BLOW UPS∗

ANDRÉS PEDROZA†

Abstract. We show how to compute the Lagrangian Floer homology in the one-point blow up of
the proper transform of Lagrangians submanifolds, solely in terms of information of the base manifold.
As an example we present an alternative computation of the Lagrangian quantum homology in the
one-point blow up of (CP 2, ωFS) of the proper transform of the Clifford torus.
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1. Introduction. Lagrangian Floer homology (LFH for short) is a powerful tool
developed by A. Floer [8, 7] to solve the Arnol’d Conjecture about the minimal number
of fixed points of a Hamiltonian diffeomorphism on a closed symplectic manifold.
Nevertheless, LFH is important in its own right due to its rich algebraic structure and
for its interference in the classification of Lagrangian submanifolds under Hamiltonian
equivalence, among other things. Unfortunately, it is extremely difficult to compute
the LFH of a pair of Lagrangian submanifolds.

The aim of this article is to understand how the LFH changes after symplectically
blowing up a point that does not lie in the Lagrangian submanifolds. Further, we show
how to compute the differential in the blown up manifold from the differential in the
base manifold and hence the LFH in the symplectic one-point blow up using solely
data from the base symplectic manifold. We used LFH for monotone Lagrangian
submanifolds as defined by Y.-G. Oh in [15, 16] and also the quantum homology of a
Lagrangian as defined by P. Biran and O. Cornea in [4] that was previously defined
also by Y.-G. Oh in [17]. Hence, (M,ω) will stand for a symplectic manifold that is
either closed or convex at infinity and the Lagrangian submanifolds will be assumed
to be monotone with minimal Maslov number greater than or equal to two.

As for the Lagrangian submanifolds, beside the monotonicity condition we impose
another condition which is directly related to the definition of the symplectic one-point
blow up. Recall that L ⊂ (M,ω) is called monotone if there exists a positive number
λ such that μL = λ · ω on H2(M,L). In order to remain in the context of monotone
Lagrangians, the weight ρ of the one-point blow up must be equal to

ρ =

√
n− 1

(λ/2) · π . (1)

Accordingly we focus on symplectic manifolds whose Gromov’s width is such that
c(M,ω) > 2(n−1)/λ. Thus, if ι : (B2n(ρ), ω0)→ (M,ω) is the symplectic embedding

used to define the symplectic one-point blow up (M̃, ω̃ρ), we restrict our analysis to
monotone Lagrangian submanifolds L ⊂ (M,ω) such that L∩ι(B2n(ρ)) is empty. Here
B2n(ρ) ⊂ (R2n, ω0) is the closed ball of radius ρ centred at the origin. This means that
the Lagrangian submanifold that we consider are such that c(M \L, ω) > 2(n− 1)/λ.
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This condition is quite restrictive. Here is an example that shows our limitation.
Consider (CPn, ωFS) where the symplectic form is normalized so that the symplectic
area of the line is π. Then RPn ⊂ (CPn, ωFS) is a monotone Lagrangian submanifold
with minimal Maslov number n+1. For n > 2, the LagrangianRPn fails the condition
to be away from the prescribed embedded ball. For, according to P. Biran [2, Theorem
1.B], the image of any symplectic embedding (B2n(ρ), ω0) → (CPn, ωFS) with ρ2 ≥
1/2 intersects the Lagrangian RPn. On the other hand, the value of the weight
of the blow up, in order to obtain a monotone Lagrangian, must be equal to ρ2 =
(n− 1)/(n+ 1). Hence, for n > 2 the monotone Lagrangian RPn ⊂ (CPn, ωFS) fails
the condition to be disjoint from the embedded ball used to define the symplectic
one-point blow up.

Let π : (M̃, ω̃ρ) → (M,ω) denote the blow up map. From now on, we always

assume that the weight of the blow up is such that (M̃, ω̃ρ) is monotone and the
Lagrangian submanifolds are such that the Gromov’s width of their complement is
greater than 2(n − 1)/λ. Recall that away from the preimage of the embedded ball
ι(B2n(ρ)), π is a symplectic diffeomorphism. Hence if L ⊂ (M,ω) is a Lagrangian
submanifold such that L ∩ ι(B2n(ρ)) = ∅, then the proper transform π−1(L) is a La-

grangian submanifold in (M̃, ω̃ρ). Let L̃ ⊂ (M̃, ω̃ρ) denote the Lagrangian subman-

ifold π−1(L). If L is monotone, it follows from Lemma 4.5 that L̃ is also monotone.
However their minimal Maslov number do not have to coincide. In general the min-
imal Maslov number of L̃ decreases in comparison with the minimal Maslov number
of L, NL̃ ≤ NL.

For instance consider L = RP 2 in (CP 2, ωFS). Thus L is monotone and
its minimal Maslov number is three. Further, there is a symplectic embedding
of (B4(1/

√
3), ω0) into (CP 2, ωFS) whose image does not intersect L. Let A ∈

H2(CP
2,RP 2) be such that μL(A) = 3 and Ã ∈ H2(C̃P

2, L̃) the proper transform of

A. By the definition of the Maslov index if follows that μL̃(Ã) = 3. If LE ∈ H2(C̃P
2)

is the class of the exceptional line, then c1(C̃P
2)(LE) = −1 and

μL̃(Ã#LE) = μL̃(Ã) + 2c1(C̃P
2)(LE) = 1.

That is N
R̃P 2 = 1. In particular its LFH is not well-defined in this case.

Definition 1.1. Let (M,ω) be a symplectic manifold of dimension 2n ≥ 4 that
is either closed or symplectically convex at infinity. A collection of closed Lagrangian
submanifolds L0, . . . , Lk ⊂ (M,ω) is called admissible in (M,ω) if

a) the Lagrangians are monotone with the same monotonicity constant λ,
b) c(M \ (L0 ∪ · · · ∪ Lk), ω) > 2(n− 1)/λ and
c) NL̃j

≥ 2 for j ∈ {1, 2 . . . , k} where the one-point blow up of (M,ω) is taken

with respect to any symplectic embedding of the ball in M \ (L0 ∪ · · · ∪ Lk)
whose radius is given by (1).

Consider L0, L1 ⊂ (M,ω) Lagrangians submanifolds that are admissible. The

goal of this note is to compute HF(L̃0, L̃1) in terms of the based manifold (M,ω),
the Lagrangians L0 and L1, and the Floer complex (CF(L0, L1), ∂). (As mentioned
above, the pearl complex will also be considered.) The first step is to understand
the role played by the blown up point. The blown up point not only has to lie in
the complement of the Lagrangian submanifolds, it must be a generic point. The
reason been that any pair of points in the complement of L0 ∪ L1 ⊂ (M,ω) can be
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mapped one to the other by a Hamiltonian diffeomorphism that leaves the Lagrangian
submanifolds fixed.

Theorem 1.2. Let L0, L1 ⊂ (M,ω) be admissible Lagrangian submanifolds.
Assume that there exists J ∈ Jreg(L0, L1) such that ι∗J = J0 where ι : (B2n(ρ), ω0)→
(M,ω) is a symplectic embedding that avoids the Lagrangian submanifolds and ρ is

given by Eq. (1). If πj : (M̃j , ω̃j) → (M,ω) are the monotone one-point blow up of
(M,ω) at xj ∈M \ (L0 ∪ L1) for j = 1, 2, then

HF∗(π
−1
1 (L0), π

−1
1 (L1)) � HF∗(π

−1
2 (L0), π

−1
2 (L1))

as Λ-modules.

Remark. The hypothesis on the almost complex structure, ι∗J = J0, is required
in order to move holomorphic information from the based manifold to the blow up
manifold and vice versa. Here, J0 stands for the standard complex structure on Cn.
Actually, is not hard to obtain an almost complex structure J such that satisfies
ι∗J = J0. The problem is to guarantee that such almost complex structure is regular.
Although, Jreg(L0, L1) is a dense set in J (M,ω) the set {J ∈ J (M,ω)|ι∗J = J0}
is closed and has a dense complement. On the other side, most known examples
of symplectic manifolds that at the same time are complex manifolds, the complex
structure happens to be regular.

Hence HF∗(L̃0, L̃1) is independent of the blown up point of (M,ω) in the comple-
ment of L0∪L1. Now that the lack of relevance of the blown up point has been settled,
we focus con the comparison of the LFH on the based manifold and the one-point blow
up. By the observation that the blow up map is a symplectic diffeomorphism away
from the embedded ball, heuristically HF∗(L0, L1) is isomorphic to HF∗(L̃0, L̃1) if the
blown up point is not implicated in the data involved in the definition of HF∗(L0, L1).
The precise statement is the following.

Theorem 1.3. Let L0, L1 ⊂ (M,ω) be admissible Lagrangians. If there exists
x0 ∈M \ (L0∪L1) and J ∈ Jreg(L0, L1) such that ι∗J = J0; where ι is the symplectic
embedding of the ball, and x0 does not lie in any J-holomorphic strip of Maslov-Viterbo
index 2n− 1, then

HF∗(L̃0, L̃1) � HF∗(L0, L1).

as Λ-modules.

Remark.

• A straightforward class of examplea of the above result is the case when
the symplectic manifold is non compact. For instance (Cn, ω0) and any pair
of compact Lagrangian submanifolds that meet the hypothesis of Theorem
1.3. That is, after blowing up one point in (Cn, ω0), the induced compact

Lagrangian submanifolds in (C̃n, ω̃0) will continue to be displaceable.
• The reason of the value of 2n − 1 of the Maslov-Viterbo index of the holo-
morphic strip is the following. The image of R × [0, 1]

√−1 under the set of
all J-holomorphic strips in the same class of Maslov-Viterbo index 2n − 1,
generically is 2n-dimensional and after blowing up it could induced a holo-
morphic strip on the one-point blow up of Maslov-Viterbo index 1. This
claim is proved in Proposition 4.6. Basically, this is the only possibility to
alter the differential of the Floer complex of the blow up in comparison with
the differential of the based manifold.
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• By Theorem 1.2, the LFH is independent of the blown up point, thus some
uniformity on the complement of L0 ∪ L1 is required in order to alter the
Floer differential. This will be done below by assuming a uniruled condition
in the context of quantum homology.

From Theorem 1.2, HF∗(L̃0, L̃1) is independent of the point in (M,ω) that is
blown up. Further, from Theorem 1.3 holomorphic strips of Maslov-Viterbo index 2n−
1 are the strips that can affect the differential in the blown up manifold in comparison
with the differential in the base manifold. Thus a necessary condition for HF∗(L̃0, L̃1)
to be non isomorphic to HF∗(L0, L1) is the following: for any x0 ∈ M \ (L0 ∪ L1)
there exists a dense set Jreg(L0, L1) of regular almost complex structures such that for
every J ∈ Jreg(L0, L1) there exists a J-holomorphic strip u : R× [0, 1]

√−1 → M of
Maslov-Viterbo index 2n−1 such that x0 ∈ u(D) with the usual boundary conditions.
In this paper we do not explore this condition in general. Instead we consider the case
L0 = L1. Thus from now on, we only consider the case HF∗(L,L). Further, in order
to avoid the Hamiltonian perturbation that is involved in the calculation of HF∗(L,L)
and present a clear picture of the phenomenon implicated in our computation we used
quantum homology QH∗(L) instead of HF∗(L,L). Thus Λ stands for two different
rings depending it HF∗(L,L) or QH∗(L) is being used.

From Theorem 1.2, QH∗(L̃) is independent of the point in (M,ω) that is blown
up. Further, the condition that x0 does not lie in any J-holomorphic strip of Maslov-
Viterbo index 2n − 1 of Theorem 1.3 is replace by the condition that x0 does not
lie in any J-holomorphic disk of Maslov index 2n. In this case, QH∗(L̃) � QH∗(L).
Henceforth, pearly trajectories that contain a J-holomorphic disk of Maslov index 2n
induced new pearly trajectories in the one-point blow up. That is, the only possibility
to for QH∗(L̃) to be distinct from QH∗(L), or at least to have new pearly trajectories
on the blow up is if all points in complement of L ⊂ (M,ω) are look-alike from the
Floer homology perspective.

This naturally leads to the concept of uniruled introduced by P. Biran and O.
Cornea [4, Definition 1.1.2]. The pair (M,L) is said to be (p, q)-uniruled of order k
if for any p distinct points pj ∈ M \ L and any q distinct points qj ∈ L, there exists
a subset Jreg ⊂ J (M,ω) of second category such that for each J ∈ Jreg there exists
a J-holomorphic map u : (D, ∂D) → (M,L) such that pj ∈ u(D), qj ∈ u(∂D) and
μL([u]) ≤ k. Although the uniruled condition is very restrictive, it is the class of
examples where the LFH on the the blow up can differ from the LFH on the base
manifold.

The next result summarise how the pearly differential changes in the pearl com-
plex blow up manifold compared with the differential of the pearl complex in the base
manifold. For simplicity of the statement we state the result for four-manifolds.

Theorem 1.4. Let L be an admissible Lagrangian in (M,ω) that is (1, 2)-uniruled
of order 2, x0 ∈ M \ L a generic point and suppose that dim(M) = 4. If p and q in
L are critical points of a generic Morse-Smale function f with respect to a generic
Riemannian metric g on L such that ind(p)− ind(q)− 1 = −2, then

〈d̃(p), q〉 = 〈d(p), q〉+Z2
k

where k is the number, mod 2, of classes A ∈ H2(M,L;Z) such that for some J ∈
Jreg(M,L), such that ι∗J = J0 where ι is the symplectic embedding of the ball, the
moduli space of pearly trajectories P(p, q, A; g, f, J) is non empty, μL(A) = 4 and
there is a J-holomorphic disk u such that x0 ∈ u(D) and A = [u].
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Our technique gives an alternative proof of the fact that the Lagrangian induced
by the Clifford torus in the one-point blow up of (CP 2, ωFS) is wide. Since the induced
Lagrangian torus on the one-point blow of (CPn, ωFS) is a toric fiber, this fact follows
from the theory of K. Fukaya, Y.-G. Oh, H. Ohta and K. Ono of [11]. It was also
proved by M. Entov and L. Polterovich in [6]. Recall from [4, Cor. 1.2.12] that the
Clifford torus TCliff ⊂ (CP 2, ωFS) is (1, 1)-uniruled of order 4. The prof of the next
result is given in Section 6.

Theorem 1.5. After blowing up one point the proper transform of the Clifford

torus TCliff ⊂ (CP 2, ωFS) in (C̃P 2, ω̃ρ) is also a wide Lagrangian.

It is also interesting to study the same problem with the possibility of varying
the weight of the blow up. However in order to do this, it will be required to use
the theory of Kuranishi structures of K. Fukaya, Y.-G. Oh, H. Ohta and K. Ono
[9, 10] for LFH and to consider unobstructed Lagrangian submanifolds. No attempt
to understand such phenomenon is presented here.

Recently, S. Venugopalan, C. Woodward and G. Xu [18] generalized the results
presented here. The monotonicity is no longer required.

Acknowledgements. The author thanks the support and guidance of Prof. L.
Polterovich He is also grateful to Profs. B Corena and L. Buhovsky for explaining
different aspects of the pearl complex and Maslov index. Finally the author thanks
the hospitality of Department of Mathematics at Tel Aviv University where part of
this project was developed.

2. Review of HF∗(L0, L1) and QH∗(L).

2.1. Lagrangian Floer Homology. Throughout this note (M,ω) will denote
a symplectic manifold that is either closed or convex at infinity, J = {Jt}0≤t≤1 a
family of ω-compatible almost complex structures, and L0 and L1 compact connected
Lagrangian submanifolds that intersect transversally. Let X (L0, L1) denote the set
of intersection points. Then for p and q in X (L0, L1) and β ∈ π2(M,L0 ∪ L1) denote

by M̂(p, q, β, J) the set of smooth maps u : R× [0, 1]→M such that:
• satisfy the boundary conditions

u(s, 0) ∈ L0, and u(s, 1) ∈ L1, for all s ∈ R

and

lim
s→−∞

u(s, t) = q and lim
s→+∞

u(s, t) = p;

• represent the class β, [u] = β and
• are J-holomorphic,

∂J(u) :=
∂

∂s
u(s, t) + Jt

∂

∂t
u(s, t) = 0.

The moduli space M̂(p, q, β, J) admits an action of R, given by r.u(s, t) =
u(s − r, t). Denote by M(p, q, β, J) the quotient space of the action. Elements of
M(p, q, β, J) are called holomorphic strips; they also received the name of holomor-
phic disks since R×[0, 1]i is conformally equivalent to the closed disk minus two points
on the boundary.

In some cases the space M̂(p, q, β, J) is in fact a smooth manifold. To that end,

take into account the linearised operator D∂,u of ∂J at u ∈ M̂(p, q, β, J). Then for
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integers k and p such that p > 2 and k > p/2 we have the Sobolev space of vector
fields whose k-weak derivatives exist and lie in Lp, and with boundary restrictions;

W p
k (u

∗TM ;L0, L1) :={ξ∈W p
k (u

∗TM) |ξ(s, 0)∈ TL0, ξ(s, 1) ∈ TL1 for all s ∈ R}.

There exists Jreg(L0, L1), a dense subset of ω-compatible almost complex structures
in J (L0, L1) such that for J ∈ Jreg(L0, L1) the linearised operator

D∂(J),u : W p
k (u

∗TM ;L0, L1)→ Lp(u
∗TM).

is Fredholm and surjective for all u ∈ M̂(p, q, β, J). Elements of Jreg(L0, L1) are
called regular. In this case the index of D∂(J),u equals the Maslov index μL0,L1

([u])

of the homotopy type of u in π2(M,L0 ∪L1). Note that in the case when J is regular

the dimension of the moduli space M̂(p, q, β, J) is independent of the regular almost
complex structure.

Let CF(L0, L1) denote the Λ-vector space generated by the intersection points
X (L0, L1). Here Λ stands for the Novikov field

Λ :=

⎧⎨⎩
∞∑
j=0

ajT
λ
j

∣∣∣∣aj ∈ Z2, λj ∈ R, lim
j→∞

λj =∞
⎫⎬⎭ .

In the case when [u] ∈ M(p, q, β, J), μL0,L1
([u]) = 1 and J is regular the moduli

space M(p, q, β, J) is 0-dimensional and compact, thereby a finite set of points. Set
#Z2

M(p, q, β, J) to be the module 2 number of points of M(p, q, β, J). The Floer
differential ∂J : CF(L0, L1)→ CF(L0, L1) is defined as

∂J(p) :=
∑

q∈X (L0∩L1)
[u]:index([u])=1

#Z2
M(p, q, [u], J)Tω([u]) q. (2)

If the Lagrangian submanifolds L0 and L1 are monotone and the minimal Maslov
number of L0 and L1 is greater than or equal to three, then ∂J ◦ ∂J = 0. In this case
the Lagrangian Floer homology of (L0, L1) is defined as

HF(L0, L1) :=
ker ∂J
im ∂J

.

Is important to note that the homology group HF(L0, L1) does not depend on the
regular ω-compatible almost complex structure. When L0 and L1 are Hamiltonian
isotopic and the minimal Maslov number is two, the differential also squares to zero
and the Lagrangian Floer homology is also defined in this case.

The role played by the coefficient field Λ becomes essential in the definition of
the differential ∂. In principle the sum in Eq. (2) can be infinite, but by Gromov’s
compactness there are only finitely many homotopy classes whose energy is below a
determined value. Hence Λ assures that Eq. (2) is well-defined.

For further details in the definition of Lagrangian Floer homology in the monotone
case see [15]; and also [1] and [9] for a more broader class of symplectic manifold where
Lagrangian Floer homology is defined.
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2.2. Lagrangian quantum homology. The Lagrangian quantum homology
is an invariant of a single Lagrangian submanifold. Consider L ⊂ (M,ω) a closed
monotone Lagrangian submanifold of minimal Maslov number greater than or equal
to two. Further, fix a Riemannian metric g on L and Morse-Smale function f : L→ R.
And on (M,ω) fix an ω-compatible almost complex structure J ∈ J (M,ω).

In the setting of quantum homology of L ⊂ (M,ω), Λ stands for Z2[t, t
−1] where

the degree of t is −NL. Since from the context it will be clear if we are considering
LFH or quantum homology; we make no distinction on the notation of Λ.

Consider the Λ-module generated by the critical points of f

C(g, f, J) := Z2〈Crit(f)〉 ⊗ Λ.

So far, only information about L has been used. The ambient manifold (M,ω) enters
in the definition of the differential. Let HD

2 (M,L) denote the image of the Hurewicz
homomorphism π2(M,L) → H2(M,L). Fix x, y ∈ Crit(f) and A ∈ HD

2 (M,L) with
A �= 0. An A-pearly trajectory from x to y, denoted by (u1, . . . , ur; l0, . . . lr)A, is by
definition a collection of

• uj : (D, ∂D)→ (M,L) non constant J-holomorphic disks for j ∈ {0, . . . , r},
• l0 : (−∞, b0]→ L and lr : [ar,∞)→ L flow rays of −∇f ,
• lj : [aj , bj]→ L flow cords of −∇f for j ∈ {1, . . . , r − 1}.

These objects are related by the following conditions:
• A = [u1] + · · ·+ [ur],
• x = limt→−∞ l0(t),
• y = limt→∞ lr(t),
• lj(bj) = uj−1(−1) for j ∈ {0, . . . , r − 1}, and
• lj(aj) = uj(1) for j ∈ {1, . . . , r}.

Two A-pearly trajectories (u1, . . . , ur; l0, . . . lr)A and (u′
1, . . . , u

′
s; l

′
0, . . . l

′
s)A are

said to be equivalent if r = s and for every j ∈ {1, . . . , r} there exists σj ∈ Aut(D)
such that σj(−1) = −1, σj(1) = 1 and u′

j = uj ◦ σj . The collection of all equivalence
classes of A-pearly trajectories is denoted by P(x, y, A; g, f, J). In the case when
A = 0, by definition, the space P(x, y, 0; g, f, J) consists of unparameterised flow lines
of −∇f that connect x to y. That is, Morse trayectories.

The space P(x, y, A; g, f, J) is a smooth manifold of dimension

δ(x, y, A) := indf (x) − indf (y)− 1 + μ(A),

where indf (·) stands for the Morse index with respect to f of the critical point. Recall
that the Riemannian metric g and f : L→ R are subject to the condition that f is a
Morse-Samale function. If follows from [3, Prop. 3.2], see also [4], that there is dense
subset Jreg(M,L) in the space of ω-compatible almost complex structures J (M,ω)
such that for J ∈ Jreg(M,L) if δ(x, y, A) = 0 then P(x, y, A; g, f, J) is a finite set.

Fix J ∈ Jreg(M,L). Then for x ∈ Crit(f) the differential is defined as

dJ(x) :=
∑

y∈Crit(f), A∈HD
2
(M,L)

#Z2
P(x, y, A; g, f, J)T μ(A)/NL y

where the sum is over all y and A such that δ(x, y, a) = 0. Further, dJ extends Λ-
linearly to C(g, f, J). (C(g, f, J), dJ) is called the pearl complex of (M,L, g, f, J). It’s
homology is called the Lagrangian quantum homology of L ⊂ (M,ω)

QH∗(L) := H∗(C(g, f, J), dJ) = kerdJ
imdJ

.
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Further details about the definition of the Λ-module QH∗(L), as well as the in-
variance of the Riemannian metric g, the Morse-Smale function f and J ∈ Jreg(M,L),
can be found in [3, 4].

3. Review of the symplectic one-point blow up. The symplectic one-point
blow up plays a fundamental role in this note. Hence we review the definitions of the
complex and symplectic one-point blow up. To that end, consider the complex blow

up of Cn at the origin Φ : C̃n → C
n, where n > 1. That is

C̃n = {(z, �) ∈ C
n × CPn−1 | z ∈ �}

and the blow up map is given by Φ(z, �) = z. For r > 0, let L(r) := Φ−1(int(B2n(r)))
where B2n(r) ⊂ Cn is the closed ball and int(·) stands for the interior of the set.

If (M,J) is a complex manifold and ι : (intB2n(r), J0) → (M,J) is such that
ι∗J = J0 and x0 = ι(0), then the complex blow up of M at x0 is defined as

M̃ := (M \ {x0}) ∪ L(r)/ ∼ (3)

where z = ι(z′) ∈ ι(int(B2n(r))) \ {x0} is identified with the unique point (z′, �z′) ∈
L(r) and �z′ is the line determined by z′. So defined, M̃ carries a unique complex

structure J̃ such that the blow up map π : (M̃, J̃) → (M,J) is (J̃ , J)-holomorphic.
The preimage of the blown up point π−1(x0) = E is called the exceptional divisor.

Further, the blow up map induces a biholomorphic map M̃ \ E →M \ {x0}.
The next task is to define the symplectic one-point blow up. The symplectic blow

up relies on the complex blow up. However there is not a unique symplectic blow up;
there is a whole family of symplectic forms on the one-point blow up.

As a first step we look at (Cn, ω0) and define a symplectic structure on C̃n. Here
ω0 is the standard symplectic form on euclidean space. For ρ > 0, consider the
symplectic form

ω(ρ) := Φ∗(ω0) + ρ2pr∗(ωFS)

on C̃n where pr : C̃n → CPn−1 is the canonical line bundle and the Fubini-Study
form (CPn−1, ωFS) is normalised so that the area of every line is π. Note that on the

exceptional divisor the symplectic form ω(ρ) restricts to ρ2ωFS. Hence in (C̃n, ω(ρ))
the area of any line in the exceptional divisor is ρ2π.

Next, the symplectic form ω(ρ) is perturb in such a way so that in the complement
of a neighbourhood of the exceptional divisor agrees with the standard symplectic form
ω0. Once this is done, following the definition of the blow up manifold (3) it will be

possible to define a symplectic form on M̃ .
For r > ρ let β : [0, r]→ [ρ, r] be any smooth function such that

β(s) :=

{ √
ρ2 + s2 for 0 ≤ s ≤ δ

s for r − δ ≤ s ≤ r,

and on the remaining part takes any value as long as 0 < β′(s) ≤ 1 for 0 < s ≤ r− δ.
Then Fρ : L(r) \E → int(B2n(r)) \B2n(ρ) defined as

Fρ(z) := β(|z|) z

|z|
is a diffeomorphism such that ω̃(ρ) := F ∗

ρ (ω0) is a symplectic form. So defined ω̃(ρ)
is such that
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• ω̃(ρ) = ω0 on int(L(r) \ L(r − δ)) and
• ω̃(ρ) = ω(ρ) on L(δ).

We call (L(r), ω̃(ρ)) the local model of the symplectic one-point blow up.
In order to define the symplectic blow up of (M,ω) at x0, it is requiere a symplectic

embedding ι : (B2n(ρ), ω0) → (M,ω) and an almost complex structure J on (M,ω)
such that ι(0) = x0 and ι∗J = J0. Notice that the symplectic embedding ι extends
to int(B2n(r)) for r such that r − ρ is small.

Finally, using the symplectic embedding as a symplectic chart and the local model
(L(r), ω̃(ρ)) defined above, the symplectic form of weight ρ on M̃ is defined as

ω̃ρ :=

{
ω on π−1(M \ ιB2n(

√
ρ2 + δ2))

ω̃(ρ) on Lr.

For further details and the dependence of the symplectic blow up on the choices that
we made see [12], [13] and [14]. The above observations are summarised in the next
proposition.

Proposition 3.1. Let (M,ω) be a symplectic manifold, ι : (B2n(r), ω0)→ (M,ω)
a symplectic embedding and J a ω-compatible almost complex structure such that
ι(0) = x0 and ι∗J = J0. If ρ < r, then the symplectic blow up π : (M̃, ω̃ρ) → (M,ω)
of weight ρ satisfies:

(1) π : M̃ \E →M \ {x0} is a diffeomorphism,
(2) π∗(ω) = ω̃ρ on π−1(M \ ιB2n(r)), and
(3) the area of the line in E is ρ2π.

(4) J̃ is ω̃ρ-compatible.

From now on assume that J on (M,ω) satisfies the condition ι∗J = J0, where
J0 is the standard complex structure on Cn. It is well known that this condition
induces a unique almost complex structure J̃ on (M̃, ω̃ρ) such that the blow up map

π : (M̃, ω̃ρ)→ (M,ω) is (J, J̃)-holomorphic. In particular π : M̃ \ E →M \ {x0} is a
biholomorphic map.

However note that is possible that the set Jι := {J ∈ J (M,ω)|ι∗J = J0}
might not contain a regular almost complex structure. For the map ι∗ : J (M,ω) →
J (ι(B2n(ρ)), ω) that restricts an almost complex structure to the image of the em-
bedded ball is continuous. Hence Jι = (ι∗)−1(J0) is closed.

Lemma 3.2. Let ι : (B2n(r), ω0)→ (M,ω) be a symplectic embedding and Jι :=
{J ∈ J (M,ω)|ι∗J = J0}. Then Jι ⊂ J (M,ω) is closed and its complement is dense

4. Lagrangian submanifolds and holomorphic disks.

4.1. Lift of holomorphic disks. Fix a symplectic embedding ι : (B2n(ρ), ω0)
→ (M,ω) and set x0 := ι(0) to be the base point. Consider L ⊂ (M,ω) a Lagrangian
submanifold such that L ∩ ιB2n(ρ) is empty. Then by part (2) of Proposition 3.1 it

follows that L̃ := π−1(L) is a Lagrangian submanifold in (M̃, ω̃ρ). However if L is such

that L ∩ ιB2n(ρ) is not empty, then L̃ is not necessarily a Lagrangian submanifold,
even if x0 /∈ L.

Let J be a ω-compatible almost complex structure on (M,ω) as in Section 3 and

J̃ the unique ω̃ρ-compatible almost complex structure on (M̃, ω̃ρ) such that the blow

up map π : (M,ω)→ (M̃, ω̃ρ) is (J, J̃)-holomorphic. Hence π : M̃ \E →M \{x0} is a
biholomorphic map, therefore any J̃-holomorphic disk ũ : (D, ∂D)→ (M̃, L̃) projects
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to a J-holomorphic disk π ◦ ũ on (M,L). And vice versa, if u is a J-holomorphic disc

on (M,L) such that x0 /∈ u(D), then ũ := π−1 ◦ u is a J̃-holomorphic disc in (M̃, L̃).
Recall that we are assuming that the Lagrangian submanifold L ⊂ (M,ω) does not
contain the base point x0.

It only remains to analyse the lift of the J-holomorphic disk u : (D, ∂D)→ (M,L)
in the case when x0 ∈ u(D). Since the base point x0 is not on the Lagrangian
submanifold L ⊂ (M,ω) and the almost complex structure satisfies ι∗J = J0, in order

to define the lift of u to (M̃, ω̃ρ) we ignore the submanifold L and consider the case
(M,ω) = (Cn, ω0) blown up at the the origin. Thus x0 = 0 and u : D → Cn is
holomorphic with respect to the standard complex structure and 0 ∈ u(D).

For let u : D → Cn be a non constant holomorphic map such that u(0) = 0. Then
each non constant component function uj : D → C of u can be written as uj = zkjhj

where kj is the order of the zero of uj at 0 ∈ D. Thus kj is a positive integer and hj

is holomorphic function that does not vanish at 0. Except if uj ≡ 0, in this case we
set kj to be equal to ∞. Thus the holomorphic map u can be expressed as

u(z) = zk(ĥ1(z), . . . , ĥn(z)) (4)

where k := min kj and at least one coordinate function ĥj does not vanish at 0 since

we assumed that u is non constant. The lift ũ : D → C̃n of u is defined as

ũ(z) := (u(z), [ĥ1(z) : · · · : ĥn(z)]). (5)

So defined, ũ is holomorphic and projects to u under the blow up map. Notice that if
ũ0 is another J̃-holomorphic lift of u, then ũ and ũ0 agree on D \ ũ−1(E). Since the

maps are J̃-holomorphic they agree on all D, thus the holomorphic lift of u is unique.

Remark. If ψ : Cn → Cn is a biholomorphic map such that ψ(0) = 0 and
u : D → C

n is as above then the factorisation of ψ ◦ u as in Eq. (4) gives the same
value of k as that of u. Thus k is independent of the coordinate system.

Now that we have defined the lift of u : (D, ∂D) → (M,L) to (M̃, ω̃ρ), there is
one more consideration that needs attention; the behaviour of u at the blown up point
x0. If u : (D, ∂D) → (M,L) is a non constant J-holomorphic disk and z ∈ D \ ∂D
is such that u(z) = x0, then we define the multiplicity of u at z has the integer
k ∈ {0, 1, . . . ,∞} that appears in Eq. (4). Also we define the multiplicity of u at x0

as k1 + · · ·+ kr where u−1(x0) = {z1, . . . , zr} and the multiplicity of u at zj is kj . In
the case when x0 is not in the image of u, we say that u has multiplicity zero at x0.
Recall that since u is J-holomorphic, the preimage of a point under u is a finite set.

Proposition 4.1. Let J be an almost complex structure on (M,ω) as above,

such that ι∗J = J0 and J̃ the unique almost complex structure on (M̃, ω̃ρ) such that

π is (J̃ , J)-holomorphic. If u : (D, ∂D) → (M,L) a non constant J-holomorphic

disk, then there exists a unique J̃-holomorphic map ũ : (D, ∂D) → (M̃, L̃) such that
π ◦ ũ = u. Moreover if u has multiplicity k at x0, then ũ ·E = k.

Proof. It only remains to prove the relation ũ · E = k. Since the underlying
manifold (M̃, ω̃ρ) agrees with the complex blow up and the exceptional divisor E is a

J̃-holomorphic submanifold of real codimension two of (M̃, ω̃ρ). Now the multiplicity
of u at x0 is k, therefore ũ ·E = k.

Recall from Theorem 1.2 the invariance of the blown up point. Thus, the holo-
morphic disks that will by considered in the framework of LFH would have k = 0,
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that it the case when the blown up point is irrelevant for the LFH; or k = 1 that
appears in the presence of some form of uniruled condition.

4.2. Monotone Lagrangians on blow ups. For a Lagrangian submanifold L
of (M,ω), there exist two classical morphisms

Iμ,L : π2(M,L)→ Z and Iω,L : π2(M,L)→ R;

the Maslov index and symplectic area morphisms respectively. A Lagrangian sub-
manifold is said to be monotone if there exists λ > 0 such that Iμ,L = λ · Iω,L. The
constant λ is called the monotonicity constant of L. As mentioned in Section 2, in
order to define Lagrangian Floer homology one restricts to monotone Lagrangians.
Thus if L ⊂ (M,ω) is a monotone Lagrangian submanifold we need to guarantee that

L̃ is a monotone Lagrangian on the one-point blow up (M̃, ω̃ρ).
If L is a monotone Lagrangian submanifold of (M,ω) with monotonicity constant

λ, then (M,ω) is monotone symplectic. That is Ic = (λ/2)Iω. In this case Iω is defined
on π2(M) and the morphism Ic : π2(M)→ Z is given by evaluating at the first Chern
class of (M,ω) with respect to any almost complex structure. Here α := λ/2 is the
monotonicity constant of (M,ω).

The first Chern classes of (M,ω) and the one-point blow (M̃, ω̃ρ) are related by
the equation

c1(M̃) = π∗(c1(M))− (n− 1)PD
M̃
(E), (6)

where E is the class of the exceptional divisor. Recall that if LE stands for the complex
line in the exceptional divisor in (M̃, ω̃ρ), then ω̃ρ(LE) = πρ2 and PD

M̃
(E)([LE ]) =

−1. Since the underlying manifold for the symplectic blow up is independent of the
weight it follows from Eq. (6) the symplectic one-point blow up (M̃, ω̃ρ) is monotone
if and only if

ρ2 =
n− 1

απ
=

2(n− 1)

λπ
. (7)

Furthermore if Eq. (7) holds, then (M̃, ω̃ρ) and (M,ω) have the same monotonicity
constant.

Throughout the paper we make the following assumptions. If the condition of
monotonicity on (M,ω) is required, we will assume that the Gromov’s width of (M,ω)
is greater than n− 1/α, where α is its monotonicity constant; and the weight ρ of the

one-point blow up (M̃, ω̃ρ) is subject to Eq. (7).

The two homotopy long exact sequences of the pairs (M̃, L̃) and (M,L) are related
by the blow up map, in the sense that the diagram

→ π2(L̃)
ĩ∗→ π2(M̃)

j̃∗→ π2(M̃, L̃)
δ̃→ π1(L̃) → π1(M̃) →

↓= ↓ π∗ ↓ π∗ ↓= �↓ π∗

→ π2(L)
i∗→ π2(M)

j∗→ π2(M,L)
δ→ π1(L) → π1(M) →

is commutative.

Lemma 4.2. If L is a Lagrangian submanifold in (M,ω) then the map π∗ :

π2(M̃, L̃)→ π2(M,L) is surjective and

ker {π∗ : π2(M̃, L̃)→ π2(M,L)} = j̃∗ker {π∗ : π2(M̃)→ π2(M)}.
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Proof. As smooth manifolds M̃ � M#CPn. Therefore π∗ : π2(M̃) → π2(M) is
surjective. Hence four of the vertical maps in the above diagram are surjective, hence
so is the map in the middle π∗ : π2(M̃, L̃)→ π2(M,L).

Now we show that the kernel of π∗ : π2(M̃, L̃) → π2(M,L) is contained in

j̃∗ker {π∗ : π2(M̃) → π2(M)}; the reverse inclusion follows by the commutativity
of the diagram.

For, let u ∈ π2(M̃, L̃) be an element that maps to the identity element e ∈
π2(M,L). Since π1(L) = π1(L̃) then δ̃(u) = e and by exactness of the top sequence

there is w ∈ π2(M̃) such that j̃∗(w) = u. Note that π∗(j̃∗(w)) = e. Thus by exactness

and the fact that π2(L) = π2(L̃), there is w′ ∈ π2(L̃) such that π∗(̃i∗(w
′)) = π∗(w).

Therefore j̃∗(w − ĩ∗(w
′)) = u and w − ĩ∗(w

′) maps to e ∈ π2(M).

If follows from Lemma 4.2 that elements of the kernel of π∗ : π2(M̃, L̃)→ π2(M,L)

are induced by absolute classes. Therefore any [ũ] ∈ π2(M̃, L̃) can be expressed as

[ũ] = [u0#w] where [w] ∈ im {π2(M̃) → π2(M̃, L̃)} and u0 : (D, ∂D) → (M̃, L̃) does
not intersect the exceptional divisor.

Lemma 4.3. If L is a Lagrangian submanifold in (M,ω) and [u] ∈ π2(M̃, L̃),

then there exist � ∈ Z and u0 : (D, ∂D)→ (M̃, L̃) such that u0 does not intersect the
exceptional divisor and

[u] = [u0#j̃(�[LE])].

Proof. First assume that [u] is such that π∗[u] = e. Then by Lemma 4.2 there

exists [w0] ∈ π2(M̃) such that [u] = j̃∗[w0] = [̃j ◦w0]. Let [v] := π∗[w0], thus j∗[v] = e.

Then by the commutativity of the above diagram and the fact that π2(L̃) = π2(L),

there is [v0] ∈ π2(L̃) such that π∗ ◦ ĩ∗[v0] = [v]. Therefore [w0] − ĩ∗[v0] ∈ π2(M̃) is

such that j̃∗([w0]− ĩ∗[v0]) = [u] and maps to e under π∗. Thus the result holds in this
case.

Now for arbitrary [u] ∈ π2(M̃, L̃), let [u0] := π∗[u] ∈ π2(M,L). Since x0 is not
in L, there exist a continuous map u′

0 : (D, ∂D) → (M,L) such that x0 is not in

u′
0(D) and [u0] = [u′

0]. In particular, the map u′
0 lifts to a map (M̃, L̃) that does

not intersect the exceptional divisor. Let ũ0 be such a map, thus [ũ0] ∈ π2(M̃, L̃)
and [π ◦ ũ0] = [u′

0]. Notice that [u] − [ũ0] maps to e under π∗. Hence there exists

[w] ∈ π2(M̃) such that π∗[w] = e and

[u] = [ũ0] + j̃∗[w] = [ũ0#(j̃ ◦ w)].

Further since π∗[w] = e then as a homology class [w] is a purely exceptional class.

This means that [w] = �[LE ] for some � ∈ Z. Therefore [u] = [u0#j̃(�[LE ])].

With these results is now possible to show that the lift to the one-point blow up
of a monotone Lagrangian submanifold is also monotone.

Lemma 4.4. Let L be a Lagrangian submanifold in (M,ω). If ũ : (D, ∂D) →
(M̃, L̃) is a smooth map, then

μL̃[ũ] = μL[π ◦ ũ] + 2(n− 1)�

for some � ∈ Z.
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Next, we see that the condition of monotonicity of a Lagrangian submanifold is
preserved by the proper transform.

Lemma 4.5. Let L be a Lagrangian submanifold in (M,ω), then L̃ is monotone

Lagrangian submanifold of (M̃, ω̃ρ) with the same monotonicity constant as L.

Proof. Let λ and α := λ/2 be the monotonicity constants of L ⊂ (M,ω) and

(M,ω) respectively. Recall that the value of ρ =
√

n−1
απ is such that (M̃, ω̃ρ) is

monotone with monotonicity constant α.
For [ũ] in π2(M̃, L̃), by Lemma 4.3 we have that [ũ] = [u0#j̃(�[LE])] where

u0 : (D, ∂D)→ (M̃, L̃) does not intersect the exceptional divisor and � ∈ Z. Therefore

Iμ̃,L̃([ũ]) = Iμ̃,L̃([u0]) + 2c1(M̃)(�[LE ]).

Since u0 does not intersects the exceptional divisor, we can assume that its image lies
in M̃ \π−1(ιB2n(ρ)). By Proposition 3.1, (M̃ \π−1(ιB2n(ρ)), ω̃ρ) is symplectomorphic
to (M \ ιB2n(ρ), ω) under the blow up map. The Maslov index is invariant under
symplectic diffeomorphisms, thus Iμ̃,L̃([u0]) = Iμ,L([π ◦ u0]) and

Iμ̃,L̃([ũ]) = Iμ,L([π ◦ u0]) + 2�c1(M̃)([LE ]).

Recall that ω̃ρ([LE ]) = πρ2 and

c1(M̃)[LE ] = π∗(c1(M))[LE ]− (n− 1)PD
M̃
(E)[LE ] = n− 1.

Thus

Iμ,L([π ◦ u0]) + 2�c1(M̃)([LE ]) = Iμ,L([π ◦ u0]) + 2(n− 1)�

= λIω([π ◦ u0]) + 2(n− 1)�

= λIω([π ◦ u0]) + (2α)πρ2�

= λω([π ◦ u0]) + λIω̃ρ
([w]) = λIω̃ρ

([ũ]).

That is, Iμ̃,L̃([ũ]) = λIω̃ρ
([ũ]) for all [ũ] ∈ π2(M̃, L̃) and L̃ is a monotone Lagrangian

submanifold.

Notice from the above proof, that the Maslov index of ũ : (D, ∂D) → (M̃, L̃)
can be written in terms of the Maslov index of π ◦ ũ. In particular, in the case of a
J-holomorphic disk, we have a precise description of the integer � that appears in the
above formula.

Proposition 4.6. Let (M,ω) and L as in Lemma 4.5 and J a ω-compatible

almost complex structure on (M,ω). If ũ : (D, ∂D) → (M̃, L̃) is J̃-holomorphic and
[ũ] · E = � ≥ 0, then

μL̃[ũ] = μL[π ◦ ũ]− 2(n− 1)�.

Hence the holomorphic disks ũ and π ◦ ũ have the same Maslov index if and only
if ũ does not intersect the exceptional divisor, or equivalently π ◦ ũ does not contain
the base point x0.

Finally recall that the minimal Maslov number NL of a Lagrangian submanifold L
in (M,ω) is defined as the the positive generator of the image of Iμ,L : π2(M,L)→ Z.
Then under the considerations of Lemma 4.4, NL̃ ≤ NL.

Remark. The statements presented in this section regarding the Maslov index
μL of a Lagrangian submanifold L, also apply to the relative Maslov index μL0,L1

of
the pair of Lagrangian submanifolds L0 and L1.
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5. Lagrangian Floer homology on the blow up. Let (M,ω) be a symplectic
manifold that is either closed or convex at infinity, and L0 and L1 closed Lagrangian
submanifolds that intersect transversely and NLj

≥ 3 for j = 0, 1. For the moment,
the Lagrangian submanifolds do not have to be monotone. As above, we assume that
L0 and L1 do not intersect the image of the embedded ball. Finally we also assume
that there exists a ω-compatible almost complex structure J in Jreg(L0, L1) such that
ι∗J = J0.

Proposition 5.1. Let (M,ω), L0, L1 and ι : (B2n(ρ), ω0)→ (M,ω) as above. If

J is a regular ω-compatible almost complex structure for (L0, L1) and J̃ the unique

ω̃ρ-compatible almost complex structure on (M̃, ω̃ρ) such that π is (J̃ , J)-holomorphic,

then J̃ is regular for (L̃0, L̃1).

Proof. Let ũ : (D, ∂D) → (M̃, L̃0 ∪ L̃1) be a J̃-holomorphic disk that joints
the intersection points p̃ and q̃. Since the blow up map is holomorphic, π ◦ ũ is a
J-holomorphic disk that joints the intersection points p = π(p̃) and q = π(q̃) and its
boundary lies in L0 ∪ L1, π ◦ ũ(·, j) ∈ Lj for j = 1, 2. Since J is regular for (L0, L1),
then the operator

D∂(J),π◦ũ : W p
k ((π ◦ ũ)∗TM ;L0, L1)→ Lp((π ◦ ũ)∗TM)

is surjective.
The blow up map induces an operator between the spaces of sections Lp(ũ

∗TM̃)
and Lp((π ◦ ũ)∗TM) as follows. In the case when ũ does not intersect the exceptional
divisor, the map

πL
ũ : Lp(ũ

∗TM̃)→ Lp((π ◦ ũ)∗TM)

is defined as πL
ũ (ξ) := π∗(ξ). Note that it is well defined and surjective. Now in the

case when ũ(D)∩E is not empty, then since ũ is holomorphic we have that ũ−1(E) is
a finite set in D. So in this case πL

ũ (ξ) is defined in the same way as in the previous
case on D \ ũ−1(E) and equal to zero on ũ−1(E). Also in this case πL

ũ is well defined
and surjective. That is, for every ũ holomorphic disk the map πL

ũ is surjective. The
same reasoning shows that the map

πW
ũ : W k

p (ũ
∗TM̃ ; L̃0, L̃1)→W k

p ((π ◦ ũ)∗TM ;L0, L1)

defined as πW
ũ (ξ) = π∗(ξ) on D \ ũ−1(E) and zero on ũ−1(E) is well defined and

surjective.
Notice that we have a commutative relation

πL
ũ ◦D∂(J̃),ũ = D∂(J),π◦ũ ◦ πW

ũ .

Since D∂(J),π◦ũ is surjective, then D∂(J̃),ũ is surjective and J̃ is regular for (L̃0, L̃1).

A similar argument applies to the case of regularity of the almost complex struc-
ture in the case of the pearl complex.

For p̃ and q̃ in L̃0 ∩ L̃1, J a regular ω-compatible almost complex structure on
(M,ω) and β ∈ π2(M̃, L̃0 ∪ L̃1) there is a smooth map

Mπ :M(p̃, q̃, β, J̃)→M(p, q, π∗(β), J)
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induced by the blow up map. This map is not necessarily surjective. For, suppose
that u a J-holomorphic disk such that [u] = π∗(β), π∗(β) ∈ π2(M,L0 ∪ L1) is non
trivial and u(z0) = x0 for some z0 ∈ Int(D). Then by Propositions 4.1 and 4.6, u has
the unique holomorphic lift ũ is such that μL̃0,L̃1

(ũ) < μL0,L1
(u). Hence if the class β

does not have an exceptional part, we get that the lift ũ does not lie in M(p̃, q̃, β, J̃).
However if we ignore the homotopy class and consider the whole moduli space,

then by Propositions 4.1 and 5.1, the map Mπ is surjective.

Proposition 5.2. Let L1and L2 as in Proposition 5.1. The map

Mπ :M(p̃, q̃, J̃)→M(p, q, J)

given by Mπ(ũ) = π ◦ ũ is surjective.

Next we give the proof of some of the results that where stated at the Introduction
which are related to Lagrangian Floer homology.

Theorem 1.2. Let L0, L1 ⊂ (M,ω) be admissible Lagrangian submanifolds. As-
sume that there exists J ∈ Jreg(L0, L1) such that ι∗J = J0 where ι : (B2n(ρ), ω0) →
(M,ω) is a symplectic embedding that avoids the Lagrangian submanifolds and ρ is

given by Eq. (1). If πj : (M̃j , ω̃j) → (M,ω) are the monotone one-point blow up of
(M,ω) at xj ∈M \ (L0 ∪ L1) for j = 1, 2, then

HF∗(π
−1
1 (L0), π

−1
1 (L1)) � HF∗(π

−1
2 (L0), π

−1
2 (L1))

as Λ-modules.

Proof. The one-point blow up is defined on symplectic manifolds of dimension
greater than two. Therefore there exists a path connecting x1 to x2 that does not
intersect the Lagrangian submanifolds. Hence there is a Hamiltonian diffeomorphism
ψ on (M,ω) such that ψ(x1) = x2 and its support does not intersects L0 ∪ L1.

Since the image of ι : (B2n(ρ), ω0)→ (M,ω) misses the Lagrangian submanifolds,
then ψ ◦ ι1 is also a symplectic embedding of the ball such that ψ ◦ ι(0) = x2 and its

image also misses the Lagrangians. For j = 1, 2, let (M̃j , ω̃j) be the corresponding
symplectic one-point blow up at xj . Note that (ψ−1)∗(J) is regular and (ψ ◦ ι)∗ ◦
(ψ−1)∗(J) = J0. Then by Proposition 5.1, J and (ψ−1)∗(J) induced regular almost
complex structure on the their respective one-point blow up. Moreover, J-holomorphic
strips that go thru x1 are mapped to (ψ−1)∗(J)-holomorphic strips that go thru x2

preserving the Maslov-Viterbo index and vice versa. Hence HF∗(π
−1
1 (L0), π

−1
1 (L1))

in (M̃1, ω̃1) is isomorphic as Λ-modules to HF∗(π
−1
2 (L0), π

−1
2 (L1)) in (M̃2, ω̃2).

The Floer differential ∂ : CF(L0, L1) → CF(L0, L1) only involves holomorphic
strips of Maslov-Viterbo index 1. From Proposition 4.6, we know that a holomorphic
strip of Maslov-Viterbo index 1 in (M,ω) lifts also to a holomorphic strip of index 1

in (M̃, ω̃ρ). But also, from Proposition 4.6, a holomorphic strip in (M,ω) of Maslov-
Viterbo index 2n − 1 lift also to a holomorphic strip of Maslov-Viterbo index 1.
Further if J is regular for (L0, L1), from Proposition 5.1 we know that J̃ is also
regular. Therefore if on M \ (L0 ∪ L1) there exists a point that is not contained in a
J-holomorphic strip of Maslov-Viterbo index 2n− 1, then

HF∗(L̃0, L̃1) � HF∗(L0, L1).

This arguments proves the following proposition of the Introduction.
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Theorem 1.3. Let L0, L1 ⊂ (M,ω) be admissible Lagrangians. If there exists
x0 ∈M \ (L0∪L1) and J ∈ Jreg(L0, L1) such that ι∗J = J0; where ι is the symplectic
embedding of the ball, and x0 does not lie in any J-holomorphic strip of Maslov-Viterbo
index 2n− 1, then

HF∗(L̃0, L̃1) � HF∗(L0, L1).

6. Proof of Theorem 1.4 and Computation of QH∗(T̃Cliff). First we give
a proof of Theorem 1.4.

Theorem 1.4. Let L be an admissible Lagrangian in (M,ω) that is (1, 2)-uniruled
of order 2, x0 ∈ M \ L a generic point and suppose that dim(M) = 4. If p and q in
L are critical points of a generic Morse-Smale function f with respect to a generic
Riemannian metric g on L such that ind(p)− ind(q)− 1 = −2, then

〈d̃(p), q〉 = 〈d(p), q〉+Z2
k

where k is the number, mod 2, of classes A ∈ H2(M,L;Z) such that for some J ∈
Jreg(M,L), such that ι∗J = J0 where ι is the symplectic embedding of the ball, the
moduli space of pearly trajectories P(p, q, A; g, f, J) is non empty, μL(A) = 4 and
there is a J-holomorphic disk u such that x0 ∈ u(D) and A = [u].

Proof. Since the Lagrangian is admissible, there is an embedding ι : (B4(ρ), ω0)→
(M \ L, ω) such that ι(0) = x0 and ι∗J = J0 for some J ∈ Jreg(M,L). Further by

Proposition 5.1, the induced almost complex structure J̃ in (M̃, ω̃ρ) is regular. Thus

J̃-holomorphic disk with boundary in L̃map under the blow up map to J-holomorphic
disk with boundary in L, and vice versa.

In order to compute 〈d̃(p), q〉 where p and q in L = L̃ ⊂ (M̃, ω̃ρ) are given as in the

statement, we must count all pearly trajectories in (M̃, ω̃ρ) that go from p to q that

contain a single J̃-holomorphic disk of Maslov index 2. By Proposition 4.6, a pearly
trajectory in (M,ω) that goes from p to q that contains a single J-holomorphic disk

of Maslov index 2 lifts to a desire pearly trajectory in (M̃, ω̃ρ). Note that since the
Maslov index is two, generically the image of the (D, ∂D) under the whole collection
of J-maps in such a class is 3-dimensional in M . Thus, generically it avoids the generic
point x0. Moreover if the pearly trajectory contains a J-holomorphic disk in the class
A ∈ H2(M,L), the lift contains a J̃-holomorphic disk in the class Ã ∈ H2(M̃, L̃).

Again by Proposition 4.6, it follows that a pearly trajectory in (M,ω) that goes
from p to q that contains a single J-holomorphic disk of Maslov index 4, say in the
class A, and moreover there is a J-holomorphic disk such that x0 ∈ u(D) and A = [u],

lifts to a desire pearly trajectory in (M̃, ω̃ρ). That is, to a pearly trajectory in (M̃, ω̃ρ)

from p to q that contains a single J̃-holomorphic disk of Maslov index 2 in the class
Ã− LE .

Note that this are the only possibilities of pearly trajectories in (M̃, ω̃ρ). Hence
the theorem follows.

As an application of our results we compute the pearly differential of T̃Cliff ⊂
(C̃P 2, ω̃ρ). Recall from the work of Fukaya, Oh, Ohta and Ono [11]; and Entov and

Polterovich in [6], that T̃Cliff is a wide Lagrangian. We present an alternative approach
of this fact.
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Theorem 1.5. After blowing up one point the proper transform of the Clifford

torus TCliff ⊂ (CP 2, ωFS) in (C̃P 2, ω̃ρ) is also a wide Lagrangian.

Proof. Assume that TCliff is equipped with a generic Riemannian structure and
a Morse-Smale function f with four critical points p0, p

a
1, p

b
1 and p2. Here the index

notation in the critical point indicates the Morse index of the critical point. It is know
from [4] that the standard complex structure J on (CP 2, ωFS) is regular and that the
pearl differential d is identically zero.

Further in order to compute the pearl differential d̃ on the one-point blow up,
we need to know the pearly trajectories that contribute to d. To that end, consider
the generators A0, A1, A2 ∈ H2(CP

2,TCliff;Z) such that A1 and A2 when restricted
to TCliff go to c1 and c2 respectively and generate H1(TCliff;Z). Thus, A0 + A1 +
A2 represents the absolute class of the line in H2(CP

2,TCliff;Z) and μTCliff
(A0) =

μTCliff
(A1) = μTCliff

(A2) = 2.

According to the dimension of the moduli space of pearly trajectories there are
exactly four instances where the pearly trajectories are formed by non constant J-
holomorphic disks. Namely 〈d(p0), pa1〉, 〈d(p0), pb1〉, 〈d(pa1), p2〉 and 〈d(pb1), p2〉. More-
over, in each case there are exactly two the pearly trajectories each containing a single
J-holomorphic disk of Maslov index 2. For example, there are two pearly trajectories
from p0 to pa1 , 〈d(p0), pa1〉 = 0. Both trajectories start with a J-holomorphic disk thru
p0 follow by a flow line that goes to pa1 . In one case the J-holomorphic disk lies in the
class A0 and in the other case we can assumed to be A1. That is we assume that the
class c1 ∈ H1(TCliff;Z) intersects the unstable submanifold at pa1 . For the other three
cases the pearly trajectories that appear are similar to the case the was described.

Additionally let x0 = [1 : a : b] be a generic point in CP 2 \ TCliff such that

0 < |a| < |b| < 1. Hence C̃P 2 will stand for the blow up of CP 2 at x0. Moreover by [4,

Cor. 1.2.5] there is a symplectic embedding of (B4(1/
√
3), ω0) into (C̃P 2\T̃Cliff, ωFS).

Hence by Lemmas 4.5 and 4.4, T̃Cliff ⊂ (C̃P 2, ω̃ρ) is a monotone Lagrangian subman-
ifold with minimal Maslov number equal to 2. Henceforth, the Lagrangian quantum

homology of T̃Cliff ⊂ (C̃P 2, ω̃ρ) is well defined.

Recall that (CP 2, ωFS) is (1, 1)-uniruled of order 4. Hence we cannot conclude

directly that QH∗(TCliff) and QH∗(T̃Cliff) are isomorphic. In order to compute d̃

and QH∗(T̃Cliff) we use the same Riemannian structure and Morse-Smale function
on the Lagrangian submanifold. Since J is a complex structure on CP 2, then it

induces a complex structure J̃ on C̃P 2. Further, by Proposition 5.1, J̃ is regular for

(C̃P 2, T̃Cliff).

Now we compute the pearly trajectories in C̃P 2 that connect p0 to pa1 and show

that 〈d̃(p0), pa1〉 = 0. More precisely, the value of k of Theorem 1.4 is two. The

two pearly trajectories described above still exist; each having J̃-holomorphic disks
in the classes B̃ and Ã1. Note that μ

T̃Cliff
(B̃) = μ

T̃Cliff
(Ã1) = 2. However there are

two new pearly trajectories that are induced by J-holomorphic disks in (CP 2,TCliff)
with Maslov index 4. For this, we rely on the classification of J-holomorphic disks on
(CP 2,TCliff) given by Cho in [5, Theorem 10.1]. There are six classes of J-holomorphic
disk with Maslov index 4, Aj+Ak for j, k ∈ {0, 1, 2}. Of those only the classes A1+A2

and A0 + A2 contain J-holomorphic disks that go thru x0 and when restricted to
TCliff intersect the unstable submanifold at pa1 . Hence the new pearly trajectories

that contribute to 〈d̃(p0), pa1〉 star with a J̃-holomorphic disk thru p0 in the class

Ã1 + Ã2 − LE and a flow line to pa1 ; the other also stars with a J̃-holomorphic disk
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thru p0 in the class Ã0 + Ã2 − LE and a flow line to pa1 . Hence 〈d̃(p0), pa1〉 = 0.

A similar argument applies to the other cases to conclude that 〈d̃(p0), pb1〉 =

〈d̃(pa1), p2〉 = 〈d̃(pb1), p2〉 = 0. Hence QH∗(T̃Cliff) = H∗(T̃Cliff;Z2) ⊗ Λ and T̃Cliff is a

wide Lagrangian in (C̃P 2, ω̃ρ).
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