ASIAN J. MATH. (© 2021 International Press
Vol. 25, No. 3, pp. 393-412, June 2021 004

GLOBAL PERTURBATION POTENTIAL FUNCTION ON
COMPLETE SPECIAL HOLONOMY MANIFOLDS*

TENG HUANGT

Abstract. In this article, we introduce and study the notion of a complete special holonomy
manifold (X,w) which is given by a global perturbation potential function, i.e., there is a function
f on X such that w’ = w — Lyfw is sufficiently small in L°°-norm. We establish some vanishing
theorems on the L? harmonic forms under some conditions on the global perturbation potential
function.
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1. Introduction. Let X be a smooth Riemannian manifold equipped with a
differential form w. This form is called parallel if w is preserved by the Levi-Civita
connection: Vw = 0. This identity gives a powerful restriction on the holonomy
group Hol(X). The structure of Hol(X) and its relation to the geometry of a man-
ifold is one of the main subjects of Riemannian geometry of the last 50 years. In
Kahler geometry the parallel forms are the Kéhler form and its powers. The algebraic
geometers obtained many topological and geometric results on studying the corre-
sponding algebraic structure. In Gs- or Spin(7)-manifold the parallel form is the
Go- or Spin(7)-structure. In [29], Verbitsky had generalized some of these results
on Kéhler manifolds to other manifolds with a parallel form, especially the parallel
Go-manifolds. The results obtained in [29] can be summarized as Kéhler identities
for Go-manifolds.

The theory of G-manifolds is one of the places where mathematics and physics
interact most strongly [22, 24]. In string theory, Ga-manifolds are expected to play
the same role as Calabi-Yau manifolds in the usual A- and B-models of type-II string
theories. There are many results on the construction of Gy-manifolds [1, 17, 18,
23]. In [7], Corti-Haskins-Nordstrom-Pacini constructed many new topological types
of compact Ga-manifolds by applying the twisted connected sum to asymptotically
Calabi-Yau 3-folds of semi-Fano type studied in [6]. Joyce-Karigiannis also given a
new construction of compact Riemannian 7-manifolds with holonomy G (See [19]).
Hitchin constructed a geometric flow [13] which physicists called Hichin’s flow. This
has turned out to be extremely important in string physics.

The study of L? harmonic forms on a complete special holonomy manifold is a
very interesting and important subject; it also has numerous applications in the field
of Mathematical Physics, see for example [12]. In Kéhler geometry (holonomy U(n))
the parallel forms are the Kéhler form w and its powers. Studying the corresponding
algebraic structures, the algebraic geometers amassed an amazing wealth of topologi-
cal and geometric information. There are many vanishing results on Kahler geometry.
The first general result in the non-compact case is due to Donnelly-Fefferman [9]. If
X is a strongly pseudoconvex domain in C", they showed in [9] that H?Q")Z(X ) =0,
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p+q # n, if w is the Bergman metric. In [10], Gromov introduced the notion of
Kahler hyperbolicity and established the vanishing of Hé’)J(X ), outside the middle
dimension, for any (X,w) which is Kéhler hyperbolic and which covers a compact
manifold. In [5, 16], Cao-Frederico and Jost-Zuo proved that H?Q")](X) =0,p+qg#n,
if w = da with ||| o (x) growing slower than the Riemannian distance associated to
w. Assume that w is given by a global potential function, i.e., there is a A € C?(X)
such that

w =100\ = %ddc)\,

where d° = [L,,,d*] = —i(0 — 9). In [25, 26], McNeal proved two vanishing theorems
on 7—[{’2’()1 (X) when p + g # n, under some growth assumptions on the global potential
function f.

For the case of complete G- or Spin(7)-manifold X, it well-known that 7—[22) (X) =
0,7 = 0,1, since X is Ricci-flat. The author in [14] proved that H(QQ)(X) = 0 if the
structure form w = da with ||a||z~x) grows slower than the Riemannian distance
associated to the metric g, induced by w.

We define a ¢-plurisubharmonic function on a calibrated manifold (X, ¢) where

deg(¢) = p. Harvey and Lawson [11] introduced a second order differential operator
H? : C®(X) — AP(X), the ¢-Hessian given by

H?(f) = Ag(Hessf),

where Hessf is the Riemannian Hessian of f and Ay : End(TX) — AP(X) is the
bundle map given by \yA = D~ (¢) where Da« : APT*X — APT*X is the natural
extension of A* : T*X — T*X as a derivation. When the calibration ¢ is parallel
there is a natural factorization

H? = dd?,
where d is the de Rham differential and d? : C*°(X) — AP~1(X) is given by
d°f =ivso.

Inspired by Kahler geometry, a parallel differential k-form w on a complete manifold
X may be given by a function f, i.e., there is a f € C?(X) such that

w=Lyjw.

where we denote by Ly the Lie derivative of the vector field V f which is the metric
dual of the 1-form df.

REMARK 1.1. Suppose that (X,w) is a complete manifold with holonomy G5 or
Spin(7), and w is the structure form and there is a smooth function f on X such that
the Lie derivative Ly jw = w on X. Then the only possibility for (X,w) is R” or R®
with the Euclidean Gy or Spin(7) structure. Since on a G2 and Spin(7)-manifold,
the structure form w determines a metric g, Lyyw = w implies that Lyrg = g.
Following the flow of V f backwards, one can see that it shrinks the manifold down
to a point in finite distance (though infinite time). As (X,w) is complete, this must
be a nonsingular point, so (X,w) must be Euclidean R” or R8.
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In this article, we will study the case where the k-parallel form w given by a global
perturbation potential f, i.e, there is a function f € C?(X) such that

Wimw—Lyjw=w— (—1)éddcf

is sufficiently small in L°°-norm. One also can see Proposition 3.1 and Definition 3.2.
The main purpose of this article is to prove some vanishing results of the harmonic
forms on X if f is a convex function.

ExaMPLE 1.2. (i) Let (X,w, ) be a nearly Kéhler 6-fold [27, 28]. There is a
(3,0)-form Q with [Q] = 1, and

dw = 3\ReQ, dImQ = —2\w?,

where )\ is a non-zero real constant. For simplicity, we choose A = 1. Denote by
C(X) the Riemannian cone of (X,g). The Riemannian cone (C(X),dr? + r?g) is a
Go-manifold with torsion-free Ga-structure ¢ defined by

¢ = r%w A dr + 3 Ref.

We denote f = %137 thus Vf = %r%. In a direct calculation,

[:quﬁ = divfng = d(érgw) = d)

Therefore the Riemaniann cone C'(X) is given by a global potential %rz.
(ii) Let (X, ¢) be a nearly parallel Go-manifold [15]. There is a 3-form ¢ with |¢|> =7
such that

dp =4 % ¢.

Then the Riemannian cone (C(X),dr* + r?g) is a Spin(7)-manifold with Spin(7)-
structure ® defined by

O :=r3dr Ao +rtxo.

We denote f = %r2, thus Vf = i’l‘%. In a direct calculation,
. 1y
Ly;® =div;® = d(Zr o) = .

Therefore the Riemaniann cone C'(X) given by a global potential %7“2. The Rieman-
nian cones (C(X),dr? + g) are not complete manifolds.

Karigiannis in [21, Definition 2.33] defined an asymptotically conical G5 manifold
with cone C' and rate v < 0 if all of the following holds:
(a) The manifold N is a Ga-manifold with torsion-free Ga-structure ¢y and metric
gnN-
(b) There is a Ga-cone (C, ¢c, gc) with link X.
(c) There is a compact subset L C N.
(d) There is an R > 1, and a smooth function h : (R,00) X ¥ — N that is a
diffeomorphism of (R, c0) x ¥ onto N\L.
(e) The pull back h*(¢x) is a torsion-free Gao-structure on the subset (R, 00) X o of
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C. We require that this approach the torsion-free Go-structure ¢¢ in a C*°, with rate
v < 0. This means that

VLR (o) — ¢¢)lge = O("77), ¥j > 0,

in (R,00) x X.

If h is identity map, then N = LU (R, 00) x X. Therefore, ¢ = ¢¢ := [%T% ON
on (R,00) x X. We can choose a smooth positive function f such that f = %7"2 on
(R,00) x X. Then there is a 3-form ¢y such that ¢ = Lyjon + @)y. Since L
is compact, |V f| has a upper bound on L. The function [ satisfies the convexity
condition, see Definition 3.4. One can also obviously consider asymptotically conical
Spin(7)-manifolds.

At first, we give an estimate on L?-harmonic form as follows.

THEOREM 1.3. Let (X,w) be a complete Riemannian manifold equipped with a
non-zero parallel differential k-form w. Suppose that there exist a smooth ezhaustion
function X > 1 on X and a k-form o' on X such that w = (—1)%ddcf + w'. Also
assume that the function [ satisfies the convexily condition on X, i.e., for some

A, B >0, |df|> < A+ Bf. Then for any h € H?Q)(X), we have

lwAhll2(x) < llw’ AR L2x)-

We call the map on QF(X),

L, :OP(X) — QFP(X)
at— wA o

the general Lefschetz map.

REMARK 1.4. (1) If (X,w) is a Kéhler manifold with real dimension 2n, w is the
Kéher form, then the map L, is bijective for all k < n [30].
(2) If (X,w) is a Gy or Spin(7)-manifold, w is the structure form, then the map L,
is bijective for £k = 0,1, 2 (see Lemma 2.6, 2.9).

COROLLARY 1.5. Let (X,w) be a complete Riemannian manifold equipped with a
non-zero parallel differential k-form w. Suppose that there exist a smooth exhaustion
function X > 1 on X and a k-form o' on X such that w = (—=1)%ddcf + w'. Also
assume that the function f satisfies the convexity condition on X, i.e., for some
A, B >0, |df|? < A+ Bf and the k-form w' obeys

||| Loe(x) < e,

If e = e(n) € (0,1] is sufficiently small, then
(1) if X is a Kdhler manifold, then for k # n,

My (X) = {0},
(2) if X is a G or Spin(7)-manifold, then for k =0,1,2,

Mz (X) = {0}
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A differential form « on a complete non-compact Riemannian manifold (X, g) is
called d(sublinear) if there exist a differential form § and a number ¢ > 0 such that
o =dp and

la(z)|g < ¢ and |B(z)|y < c(1+ p(z,70)),

where p(x,x¢) stands for the Riemannian distance between z and a base point xg
with respect to g. One can see that w’ is closed on X. We then prove that

THEOREM 1.6. Let (X,w) be a complete Riemannian manifold equipped with a
non-zero parallel differential k-form w. Suppose that there exist a smooth exhaustion
function X > 1 on X and a k-form w on X such that w = (—=1)“ddcf + ' on
X. Also assume that the function f satisfies the convezity condition on X and W' is
d(sublinear). Then for any h € H(z)( ), we have

wAh=0.

We could prove an other vanishing result if the k-form w’ is d(sublinear). In this
condition, the form w’ may be infinite in L°°-norm which is slightly different to the
hypotheses in Corollary 1.5.

COROLLARY 1.7. Let (X,w) be a complete Riemannian manifold equipped with a
non-zero parallel differential k-form w. Suppose that there exist a smooth exhaustion
function X > 1 on X and a k-form o' on X such that w = (—=1)%ddcf + w'. Also
assume that the function f satisfies the convexity condition on X and the k-form '
is d(sublinear). Then,

(1) if X is a Kahler manifold, then for k # n,

Mz (X) = {0}.
(2) if X is a Go or Spin(7)-manifold, then for k =0,1,2,

H{z)(X) = {0}.

Suppose that X is a Gy or Spin(7)-manifold. If the gradient of f less than f, i.e.,
|df|> < A+ Bf, where A, B > 0 are constants; and B, w’ are small enough, then we
obtain a lower bound on (Au,u) for u € Q(z)( ), k=0,1,2.

THEOREM 1.8. Let (X,w) be a complete Go- (or Spin(7)-) manifold. Let k =
0,1,2. Suppose that there e:mst a smooth function X > 1 on X and a k-form w on X
such that w = (—1)%ddc f +w' on X. Also assume that the function f satisfies the
convexity condition on X, i.e., for some A, B > 0, |df|> < A+ Bf. Then there is
a positive constant § € (0,1] with the following significance. If B < 6 and |w'| < 6,
there exist constants m, M depending only on universal constants and the constants
A, B such that

1
m/X [ M|U|2 < (ldull® + [[d*ul?), Yu € AF(X), (1.1)
In particular,
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As we derive estimates in our article, there will be many constants which appear.
Sometimes we will take care to bound the size of these constants, but we will also
use the following notation whenever the value of the constants is unimportant. We
write a < 3 to mean that o < C'f5 for some positive constant C' independent of certain
parameters on which a and 8 depend. The parameters on which C'is independent will
be clear or specified at each occurrence. We also use 8 < o and « = (§ analogously.

2. Preliminaries.

2.1. L?-harmonic forms. We recall some basic facts on L? harmonic forms
[3, 4. Let M be a smooth manifold of dimension n, let A¥(M) and A%(M) denote
the smooth k-forms on M and the smooth k-forms with compact support on M,
respectively. We assume now that M is endowed with a Riemannian metric g. Let (,)
denote the pointwise inner product on A¥(M) given by g. The global inner product
is defined by

(@6) = [ tas)ava,
M
We also write |a|? = (a, @), |lo|* = [, |a[*dVoly, and let
Ay (M) = {a € A*(M) : ||af* < co}.

The operator of exterior differentiation is d : AF(M) — AETI(M) and it satisfies
d? = 0; its formal adjoint is d* : AST (M) — Af(M); we have

Va € AK(M), VB € AEH (M), /I<da,ﬂ>:/M<a,d*5>.

M

We consider the space of L? closed forms
Z(kQ)(M) ={ac A?Q)(M) tda = 0},
where it is understood that the equation da = 0 holds weakly, that is to say
VB € Af(M), (a,d*B) = 0.
That is we have
2 (M) = (4 (AF (M)

Define the space Bé) (X) as follows:

By (X) = {du:u e AfTH(X)} C Ay (X).
Then, the L?-reduced cohomology of X is defined as

)
Bl (X)

H(’*;) (X)

We can also define
Hby) (M) = (d" (A1 (A))* 1 (d(A* (M)
= Z{(M) N{a € Afyy (M) : d*a = 0}
={ae A](“2)(M) tda=d*a = 0}.
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Because the operator d + d* is elliptic, we have by elliptic regularity: H?Z)(M ) C

AF(M). The space A’(CQ) (M) has the following of Hodge-de Rham-Kodaira orthogonal
decomposition

Alyy (M) = Hiy) (M) @ d(Ag~H (M) @ d*(AgH (M),
where the closure is taken with respect to the L? topology. Therefore,
Hiy) (X) = Hy)(X).

2.2. Riemannian manifolds with a parallel differential form. In this sec-
tion, we recall some notations and definitions in differential geometry [29]. Let X be
a smooth Riemannian manifold. Given an odd or even from a € A*(X), we denote
by @ its parity, which is equal to 0 for even forms, and 1 for odd forms. An operator
f € End(A*(X)) preserving parity is called even, and one exchanging odd and even
forms is odd.

Given a C°-linear map A'(X) & A°%(X) or A'(X) & A°v"(X), p can be
uniquely extended to a C*°-linear derivation p on A*(X), using the rule

plaoxy =0,

P|A1(x) =D

pla A B) = pla) A B+ (=1)"%a A p(B).
Then, p is an even (or odd) differentiation of the graded commutative algebra A*(X).
Verbitsky gave a definition of the structure operator of (X, w) [29, Definition 2.1] .

DEFINITION 2.1. Let X be a Riemannian manifold equipped with a parallel
differential k-form w. Consider an operator C : A1(X) — A*1(X) mapping a €
AY(X) to #(*w A «). The corresponding derivation as above is

C: A" (X) = ATF2(X)
is called the structure operator of (X,w). The parity of C is equal to that of w.

LEMMA 2.2. Let X be a Riemannian manifold equipped with a parallel differential
k-form w, and L, the operator o +— a A w. Then

de = Lod* — (=1)d* Ly, = {Ly,d*},
where d¢ is the supercommutator {d,C} := dC — (—l)éCd.

We recall some Generalized Kéhler identities which were proved by Verbitsky [29,
Proposition 2.5] .

ProproOSITION 2.3. Let X be a Riemannian manifold equipped with a parallel
differential k-form w, dc the twisted de Rham operator constructed above, and df. its
Hermitian adjoint. Then:

(i) The following supercommutators vanish:

{d,dc} =0, {d,d5:} =0, {d*,dc} =0, {d*,d&} = 0.
(i) The Laplacian A = {d,d*} commutes with L, : « — aAw and it adjoint operator,
denoted as Ay, : AY(X) — A7F(X).

COROLLARY 2.4. ([29] Corollary 2.9) Let (X,w) be a Riemannian manifold
equipped with a parallel differential k-form w, and « a harmonic form on X. Then
a Aw is harmonic.
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2.3. Gs-manifolds. We begin with a crash course in Gs-geometry, touching
upon the basic concepts and facts relevant for this article. For a more thorough and
comprehensive discussion we refer to Joyce’s book [18].

Let V' be a 7-dimensional vector space equipped with a non-degenerate 3-form ¢.
Here by non-degenerate we mean that for each non-zero vector v € V' the 2-form i, ¢
on the quotient is V/(v) is symplectic. Then V carries a unique inner product g and
orientation such that

Lo, @ N, d N ¢ = 6g(v1,v2)dvol,Yu; € V.
An appropriate choice of basis identifies ¢ with the model
b0 = d'? 4 dae™ 4 dr'OT 4 da1S — a7 — daPT — g3

where dz* = dz' A dx? A dx® and {x1,..., 77} are standard coordinates on R”. The
stabiliser of ¢ in GL(R") is known to be isomorphic to the exceptional Lie group Gs.

DEFINITION 2.5. A Gy-manifold is a 7-manifold X equipped with a torsion-free
Go-structure ¢, that is

Vg0 =0,

where g4 is the metric induce by ¢.

Under the action of Gy, the space A?(X) splits into irreducible representations,
as follows:

A(X) = A2 (X) & AL (X),

where A’ is an irreducible Ga-representation of dimension j. These summands can
be characterized as follows:

A%(X) ={ac AQ(X) | #( A @) =20} = {x(u A x¢) : u € AN (X)},
A2 (X) ={ac A} (X) | #(aAp) = —a} = {a € A*(X) | aAxp = 0}.

We will show that the map Lg : AP — AP*2 on the complete G-manifold is injective
forp=0,1,2.

LEMMA 2.6. Let (X,¢) be a complete Go-manifold. Then any o € A¥(X),
k=0,1,2, satisfies the inequalities

ledlzzcx) = la A dllezx)-
Proof. Let a, 3 € A°(X), we observe that:
(aNO)Ax(BAG) =Taf *1.
We take § = a, then
llZ2(x) = %Ha A&7z x)-
Let o, B € AY(X), we also observe that:

(NP N(BAG) =4xalp,



POTENTIAL FUNCTION ON SPECIAL HOLONOMY MANIFOLDS 401

where we use the identity *(a A @) A ¢ = —4 % «, See [2]. We take 8 = «, then

1
lellZ2x) = 1”04 A ll7e(x)-
Let a € A%(X), we can write a = a7 + a'%, then a A ¢ = 2 x a7 — xa!*. Hence

[ A ¢||%2(X) = 4||a7||2L2(X) + ||0l14||%2(x) ~ Ha”%ﬁ(X)'
0

2.4. Spin(7)-manifolds. In this section we approach Spin(7)-geometry by
thinking of the 4-form ®, and not the metric, as the defining structure.

DEFINITION 2.7. A 4-form ® on an 8-dimensional vector space W is called
admissible if there exists a basis of W in which it is identified with the 4-form ®y on
R?® defined by

By = da' 23 4 421256 4 @127 4 1357 _ g 1808 _ g 1458 _ g, 1467
_ da?358 _ 0T _ g5 | g2408 4 33456y 1 3ATS | g, 5678
where dr* = dz' Adx? Adx® Adx! and {z1,..., 28} are standard coordinates on RS.
The space of admissible forms on W is denoted by o7 (W).

A Spin(7)-structure on an 8dimensional manifold X is an admissible 4form ® €
I'((TX)) c A*(X). It follows that a manifold with Spin(7)-structure is canonically
equipped with a metric g¢ and an orientation.

DEFINITION 2.8. A Spin(7)-manifold is a 8-manifold X equipped with a torsion-
free Spin(7)-structure ®, that is

Vga® = 0.

Under the action of Spin(7), the space A?(X) splits into irreducible representa-
tions, as follows:
A (X) = AZ(X) © A3, (X).
These summands can be characterized as follows:
A2(X) ={a € A*(X) | *(a A ®) = 3a},
A2, (X) = {a € A%(X) | x(a A ®) = —a}.

We will also show that the map Lg : AP — AP on the complete Spin(7)-manifold
is injective for p = 0,1, 2.

LEMMA 2.9. Let (X, ®) be a complete Spin(7)-manifold. Then any o € A¥(X),
k=0,1,2, satisfies the inequalities

lallrzx) & [l A @ p2(x).-
Proof. Let a, B € A°(X), we observe that:

(aAND)A*(BAD)=14af * 1,
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then
||a||2[ xX) = —1 ||a A <I>||2[ X
2( ) 14 2( )

Let a, 3 € A*(X), we also observe that:
*(aANDP)A(BAD)=Txa B,

where we use the identity *(a A ®) A ® = 7x «, See [20, Lemma 3.2]. We take 5 = a,
then

1
”O‘H%Z(X) = ;”04 /\(I)H%Z(X)'
Let a € A%(X), we write a = a” + o?!, then a A ® = 3% o — xa?!. Hence
[l A ‘I’HQL?(X) = 9HCY7H%2(X) + Ha21||2L2(x) ~ ||a||2L2(x)-

|

3. Vanishing theorems. In this section, we will prove some vanishing theorems
on ’H(Q)( ), Theorem 1.3, 1.6 and 1.8, along with some related results.

3.1. A global perturbation potential function. We denote by d¢ is the
twisted de Rham operator of (X,w). We then have following identity.

PROPOSITION 3.1.

Lyjw = (—1)*ddcf = —dd*(fw). (3.1)

Proof. Since w is harmonic, the operator d* = iy sw can be expressed in the terms
of the Hodge d*-operator as iy jw = —d*(fw), See [11, Remark 2.12]. We now give a
detailed proof for the above identity. First noting that

ivw = (=1)mOED (g Asxw) = (=1)POED 4 q(f A xw)
( )(n k)(k— 1)*d*(fw)
1)

and since d* = (—1)"**"*1 x dx, we conclude that iy jw = —d*(fw). We also observe

that do f = —(—1)kd*(fw). Therefore we obtain the identity (3.1). O

We can define the complete manifolds (X, w) which are given by a global pertur-
bation potential function f.

DEFINITION 3.2. Let (X,w) be a complete manifold equipped with a non-zero
parallel differential k-form w. If there is a function f € C?(X) such that

W' i=w— Lysw.

is sufficiently small in L°°-norm, we call (X, w) a complete manifold given by a global
perturbation potential.

PROPOSITION 3.3. Suppose that the structure form w on a complete G- (or

Spin(7)-) manifold is w = (=1)%ddcf + w'. Then there exists a positive constant
0 € (0,1] with following significance. If |w'| < 0, then

—d*df > ',
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where C" is a uniform positive constant.

Proof. First, we observer that w = —dd*(fw) +w’ = (=1)"*"d % (df A *w) + w'.
By the hypothesis of Ga-manifold, (n,k) = (7,3). Then the Ga-structure form ¢
satisfies

7 =x(¢p A\ x¢)
= x((d * (df N\ *¢) + w') A x¢)
= xd(x(df A x§) N x¢) + x(w' A x)
= *d * (3df) + *(w' A *¢)
= =3d"df + *(w' A *¢).

Here we use the identity *(a A %) A x¢ = 3 % o for a € AL(X), See [2] (3.4).

By the hypothesis of Spin(7)-manifold, (n,k) = (8,4). Then the Spin(7)-
structure form ® satisfies ¢ = *® and

14 =%(® A D)

x((dx (df AN®) +w') A D)
*d(x(df A ®)) +w' A D)
wd * (Tdf) + *(w' A @)
= —7d*df + *(w' A P).

Here we use the identity *(a A ®) A ®) = 7« for a € A}(X). Therefore, in all cases,
we get

—d*df > Cy — Co % (W' A *w)
> C — Cy|w'| - |w]
Z Cl - 0367

where C1, Cy, C3 are positive constants. We can choose § small enough to ensure that
Cy—C36>0.0

McNeal [25] defined a class of complete Kéhler manifolds which he called Kéhler
convex. We extend this to any Riemannian manifold with a non-zero parallel differ-
ential form.

DEFINITION 3.4. Let f € C%(X) be a function on X, f > 1. We say that f
dominates its gradient, or f dominates df, if there exist constants A > 0 and B > 0
such that

|df|?(z) < A+ Bf(z), Vo € X. (3.2)

Suppose that B = 0, following the idea of Gromov [10], we can give a lower bound

on the spectrum of the Laplace operator A on Ag.

PROPOSITION 3.5. Let (X,w) be a Riemannian n-mcm%'fold equipped with a par-

allel non-zero differential k-form w. Suppose that w = (—1)“ddc f +w'. If |df|? < A,
for some A > 0, then any o € A?Q)(X) satisfies the inequality

(C1 = Ca|o[| oo (x| T2 x) < A{A, @) £2(x).
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where Cy and Cs are positive constants depending only on g,n

Proof. Since w is a parallel differential form, then V|w|?> = 0, i.e. |w| = constant.
Letting u € A°(X), we observe that:

luw|? = *((uw) A (u* w)) = |ul*|w|® = constant|ul?,
and
Aluw) A #(uw) = ((Au)w) A (u * w) = constant(Au A *u).
These imply that
lull 2 (x) = constant||uwl|12(x), (A(uw),uw)r>(x) = constant{Au,u)r2(x)-.

Now, we write § =wA«a =dn+a, for p = (—1)édcf/\a and & = dof ANda+w Aa
and observe that

Inllz2x) S lde flloecollallzzx) S Allallzzx),

and
ld*v]| 2 (x) < (Av,v) o ), o € Q°(X).
Next, since
||54HL2(X) N ||da||L2(X)HdCfHL°C(X) + Hw/||L°°(X)||a”L2(X)
S AlAa, a) ity + 1w | ol 22 x)
S AAB,BY oty + 16 [l 30 o] 22 ),
we have

181172 x) < 1B, dn)r2cx)| + (B, @) L2 (x|
< Kd*B,m 2| + [{B: &) L2 (x|
< |ld*Bll2xylInllz2x) + (18]l 22 X)||5‘||L2(X)
S A(AB, B) oy a2y + ALAB, BY 4% ) 18] L2 x)
+ [ ll 2o ) lleell 22 (x) 181l 22 )
S A(da, a) i I8l + 116l ) 18132 -
This yields the desired estimate
(C1 = Col|o | o= () el 72 (x) < AlAa, a)r2(x).-
where C1, Cy are positive constants depending only on g,n. O

Suppose that w’ is small enough in L. Then following Proposition 3.5, the first
eigenvalue of the Laplace operator A is nonzero. In [8], Cheng and Yau proved that
the first eigenvalue of A is zero on a complete Ricci-flat manifold. We then have

PROPOSITION 3.6. Let (X,w) be a complete G- or Spin(7)-manifold. Suppose
that w = (—1)%ddc f + w'. Also assume that the function f satisfies the convexity
condition on X, i.e., for some A, B >0, |df|> < A+ Bf. If W' is small enough in
L>, then B > 0.
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3.2. Vanishing theorems. The main result of this subsection is a vanishing
theorem for H?z) (X), under the additional condition that w’ is small enough.
Recall that a function f is an exhaustion function on X if

Xp=A{xeX:flx)<k}CX, VEER

has compact closure.

Proof of Theorem 1.3. Let x : R — R be smooth, 0 < y < 1 with

1 z>1,
M@:{

0 =<0,
and define, for £ € N,

Yr(r) = x(k — f(2)).

Note that suppyr C Xi and ¥ =1 on Xj_;.
Suppose h € H:EJ?)(X)' Then by Corollary 2.4, wAh € 'H?;)p(X) and so it implies

that w A h is co-closed. Let h = (—1)édcf A h. Since 9 - h has compact support, an
integration by parts gives

Since w = (—1)éddcf +w’ and dh = 0 on X, we have
d(r-h) = =X'(k = f)-df Ndcf Nh+ - (w—w') AR, (34)

We now substitute (3.4) into (3.3) and consider the two terms coming from the right-
hand side of (3.4) separately. For the first term, the Cauchy-Schwarz inequality and
the fact that w is bounded in the (,) inner product imply

|wAm—x-#A@ﬁAhn5/‘ \df A def] - |2
X\ Xr-1

S e
Xp\ Xk -1

5/ (A+ Bf)hP?
X\ Xp—1

sm+B@/ IhP?,

X\ Xk-1

for constants independent of k and A, B as in Definition 3.4. The third inequality
follows from our hypothesis on df.
We claim that the assumption that h € 7—[1()2) (X) implies that there exists a

subsequence {k;} such that

m/ |h|? = 0 as 1 — occ. (3.6)
Xlk\Xlk—l
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Otherwise, for some ¢ > 0,

h? = / hJ?
/X ]; X\ X1
>
k=1
o0,

Y2
T =

a contradiction.
For the term coming from the second term on the right-hand side for (3.4),

(WA Y- (w—w)AR) = [[wAh|? = (wAh, AR). (3.7)

lim
k—o0
Substituting (3.5)—(3.7) into (3.3), it follows that
[lw A h”%z(x) = (wAh, w' A h) <lw A h”Lz(X) Hw/ A h”Lz(K). (3.8)
Therefore, we complete this proof. O

Proof of Corollary 1.5. If X is G5 or Spin(7)-manifold, following Lemma 2.6, 2.9,
then for £ =0,1,2,

ol = [|a A wl|?, Yo € QF(X).
Following Theorem 1.3, for any L?-harmonic 2-form «, we then have
lallzzx) S ||W'||Lac(x)||04||L2(x) < Cellallrz(x),

where C' is a positive constant depending only on n. We can choose ¢ small enough
to ensure that Ce < 1. Hence a = 0. O

LEMMA 3.7. Let (X,w) be a complete Riemannian manifold equipped with a non-
zero parallel differential k-form w. If W' := df is a d(sublinear) k-form, then for any
h € Hiy(X), we have

<w/\h7w’/\h>Lz(X) =0.

Proof. Let n: R — R be smooth, 0 <n <1,

and consider the compactly supported function

fi(@) = n(p(zo, ) — j),

where j is a positive integer.
Let h be a harmonic p-form in L?. Observing that d*(w A h) = 0 since w A h €

’Hf;;k(X ) and noticing that f;(6 A h) has compact support, one has

0= (d"(wAh), f;(@AR))

= (wA h,d(f;0 AL)) (3.9)
= (wAh, f;w AR)+ (wAh,dfj NO A D).
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Since 0 < f; < 1 and limj_ o fj(2)(w A h)(z) = (w A h)(z), it follows from the
dominated convergence theorem that

lim (w A h, fjw' AR)) = (wA h,w' AR). (3.10)

J—00

Following the idea in Theorem 1.3, we can also prove that there exists a subsequence
{ji}i>1 such that

lim (j; + 1)/ |h(z)|?dz = 0. (3.11)
Bj;+1\By;

71— 00

Using (3.11), one obtains

lim (w A by df; AOAR) =0 (3.12)

i— 00
It now follows from (3.9), (3.10) and (3.12) that (w A h,w' Ah)=0.0

Proof of Theorem 1.6. The conclusion follows from Lemma 3.7 and Equation
(3.8). O

3.3. The L? estimates. PROPOSITION 3.8. Let X be a complete Riemannian
manifold, dim X = n. Suppose that there is a function f € A°(X), f > 1 such that

~Af>C>0, |df|> <A+ Bf, B<C,

where A, B,C' are positive constants. Then

1
m [l < laul?, vu € 3(0) (3.13)

where M, m are positive constants depending on A, B. Furthermore, if X is Ricci-flat,
then

1 *
m [ gl < lull + P, Vo e YY)

Proof. If X\ is smooth function on X, we have an inequality
ldu — udA||? = ||dul|® + |[ud\|* — (du?,d)\) > 0.
Thus
(u?, d*d\) < ||dul]® + |JudA||*. (3.14)

Suppose now that f dominates df. Replacing f by f =tf+1,t >0 and small, we
may assume

() f=2lzeX

(ii) |[df|]* < Bf, z € X,

where B in (ii) above is the constant appearing in Definition 3.4. Fix a ¢ such that
(i) and (ii) hold. For notational convenience, we will continue to denote f as just f,
but unravel this abuse of notation at the end of the proof.
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For £ > 0 to be determined, let A = —clog f. Note that

g — S (xdf A df)

f f?
eC  eldf]?
> fJ; (3.15)
< e(C — B).
- f
Hence, (3.15) implies that
(u?, d*d\) > / MW. (3.16)
x f
Note also that
2
B
A\ = S |df)? < 2. 3.17
A" = ldf|” < &” (3.17)
Substituting (3.16)—(3.17) into (3.14), we obtain
e(C - B)—¢°B
[ AR < (3.18)

As C— B > 0, choose € so that C — B —eB = k > 0. It follows from (3.18) that (3.13)
holds with f in place of f when M = 0 and m = re. Recalling that f = tf + 1, it
follows that (3.18) holds for f with m = %% and M = %, which completes the proof.

Suppose that X is Ricci-flat. We consider the form u € A}(X), then the

Weitzenbock formula gives
ldull® + ||d*u|* = [Vl

Following the Kato inequality |V|u|| < |Vu| and (3.13), we have

1
m/X erMlU|2 <IVIulll? < [Vull* < [ldull® + [ld*ul|*.

We complete this proof. O

LEMMA 3.9. Let (X,w) be a complete Ga- (or Spin(7)-) manifold. If u € A?(X),
we denote u = uy +ua, where u; € A?(X), then Au; € A?(X). Furthermore, we have
identity

(Au,u) = (Aug,ur) + (Aug, us).

Proof. Let u; € A?2(X), i.e., u; Aw = ¢; * u;, where ¢; is constant, See Subsection
2.3, 2.4 . Following Proposition 2.3, the Laplacian A = {d,d*} commutes with L.
Thus

Au; Aw = A(u; Aw) = Ak cu; = xc;Auy,

ie., Au; € A2(X). O
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Proof of Theorem 1.8. First consider the &k = 0,1 cases.
Following Proposition 3.3, the function f on X satisfies

—d*df > C >0 and |df|* < A+ BYf.

Noticing that Ricci curvatures on Ga- and Spin(7)-manifold are flat. If B < C, then
by Proposition 3.8

1
m [ gl < ul® + ), v e AFCY), (319)
Now consider the k = 2 case.

Over a complete Go- (or Spin(7)-) manifold, u € A?(X) is decomposed into u =
up + ug, where u; € A2(X), ug € A2,(X) or us € A3,(X). Moreover, we have
identities *(u; A w) = ¢;w, where ¢1, ¢ are constants.

Suppose now that f dominates df. Replace f by f =tf +1, ¢ > 0. Fix a ¢ such
that the conditions (i) and (ii) in the proof of the Proposition 3.8 hold. For notational
convenience, we will continue to denote f as just f.

We denote u; = u; f ~2. Since u; has compact support, an integration by parts
gives

(W Aw,d(u; ANdeo f)) = (d"(u; Aw),u; Ade f). (3.20)
Since w = (—1)éddcf + W', we get

d(w; Adef)) = du; Adof + (=1)%u; A (w — ). (3.21)

Note that d*(u; Aw) = —¢; * du;. We now substitute (3.21) into (3.20), it gives that

(—1)é(ui Aw,u; Aw)

= —(w Aw,du; Adef) + (dF(w; Aw),u; Adef) + (=1) (u; Aw,u; Aw'). (3.22)

= —(¢; *u;,du; Nde f) — c;(xdu;,u; Ade f) + (—1)é(ui Aw,u; Aw')
=1 +1

Note that
ldc f| = |df A*w| < |df].

For the first and second terms coming from on the right-hand side of (3.22), the
Cauchy-Schwarz inequality implies

[11] = [ei(xdui, u; Ade f) + (¢ wi, du; Ade f)]
S| [ wndu ndes]
X
1 1 3
= | [ A Edu = 5 dp) ndof]
X

o I (3.23)
SAfMMMMWﬁémeM

< / dusl? + / £ Pl 2
X X

s/ \dui|2+B/ 2,
X X
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for constants independent of A, B as in Definition 3.4.
For the third term coming from on the right-hand side of (3.22), we get

L] = [(w; Aw,u; AW')| < ||w’HLoo(X)/ w2 (3.24)
X
For the term coming from on the left-hand side of (3.22), we have

2 |ui|?
(W Aw,u; Aw) = ¢; . (3.25)
x [

Substituting (3.23)—(3.25) into (3.22), it follows that

|ui|®
f
where C is a positive constant independent of A, B. Provided that C(B +
|w'|| e (x)) < %, rearrangement gives

2 2 2

x f x [ x f
< 20(||dwr|* + [|duz|?)

< 20(||dul|® + [|d*ul®)

UJZ‘Q
/"LifSCMWW+wXB+mumw@w/‘ (3.26)
X f X

where we use the Lemma 3.9. 0

The inequalities (1.1) on differential forms have an important application in the
following problem:
The L?-existence theorem and L?-estimate of the Cartan-De Rham equation

dv=u
where u € L2(A*(X)) is a given (k + 1)-form satisfying
du = 0.

ProrosiTioN 3.10. Assume the hypotheses of Theorem 1.8. Suppose that f
dominates df and that the constant B in Definition 3.4 is small enough. Then for
any u € A¥(X) with k = 0,1,2 such that (i) du = 0 and (i) fu € A&)(X) there exists
a solution to dv = u which satisfies the estimate

MFSQLWPU+ML

where the positive constant C' depends only on A, B.

Proof. Note that |u|? < flu|? < f?|u|? since f > 1. Hence

JAEN NG WATE

Our proof here use McNeal’s argument in [25] for the d-equation. Let N = {a €
A’(CZ)(X) :da =0} and S = {d*B: B € Af N N}. On S consider the linear functional

d*f — (B, u).
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Using (1.1), we obtain

1
|(B,u)| = Kﬁﬁ’ \/f—i—Mu)’

< (/X ﬁ\5|2)% : (/X(f+M)IU\2)% (3.27)
10l [ (¢ +dnl).

Thus the functional is bounded on S. However we also have (3,u) = 0 if 3 € S+
since du = 0, so (3.27) actually holds for all 3 € A(X). Since A%(X) is dense in

Dom(d*) :={u € AI(CQ)(X) cd'u € A](“Q_)l(X)}

in the norm |[ul|? + ||d*u||?, (3.27) holds for all 3 € Dom(d*). The Hahn-Banach
theorem extends the functional to all of A’(‘”'Q) (X) and then the Riesz representation

theorem gives a v € A’(CQ_) 1(X) such that
(d*B,v) = (B,u),VB € Dom(d").

This is equivalent to dv = u, and
1
Joll 5 ([ 1l (F+20)%,

which is the claimed norm estimate. O
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