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TWISTING LEMMA FOR A-ADIC MODULES*

SOHAN GHOSHT, SOMNATH JHAt}, AND SUDHANSHU SHEKHART

Abstract. A classical twisting lemma says that given a finitely generated torsion module M
over the Iwasawa algebra Z,[[T'] with I 2 Z,,, there exists a continuous character 6 : I' — Z, such

that, the I'P"-Euler characteristic of the twist M(6) is finite for every n. This twisting lemma has
been generalized for the Iwasawa algebra of a general compact p-adic Lie group G. In this article,
we consider a further generalization of the twisting lemma to 7[[G]] modules, where G is a compact
p-adic Lie group and 7 is a finite extension of Zy[[X]]. Such modules naturally occur in Hida theory.
We also indicate arithmetic applications by considering the ‘big’ Selmer (respectively fine Selmer)
group of a A-adic form over a p-adic Lie extension.
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Introduction. In this article, we discuss some topics in non-commutative Iwa-
sawa theory for modules over T[[G]]; the completed group ring of a compact p-adic
Lie group G with coefficients in the ring 7, where 7 is a finite extension of Z,[[X]].

We fix an odd prime p throughout. Let B be any commutative, complete,
noetherian local domain of characteristic 0 with finite residue field of characteris-
tic p. For a profinite group G, recall the Iwasawa algebra of G over B is defined
as B[[G]] := lim B[G/U], where U varies over open normal subgroups of G and the

U

inverse limit is taken with respect to the canonical projection maps.

Let G be a compact p-adic Lie group with a closed normal subgroup H such that
I':= G/H = Z,. We will denote by O, the ring of integers of a finite extension of Q,,.
For a left O[[G]] module M and a continuous character 6 : I' — Z, denote by M (6)
the O[[G]]-module M ®z, Z,(#) with diagonal G-action. We will assume throughout
that G has no p-torsion element. Recall that for a compact p-adic Lie group G with
no element of order p, the Iwasawa algebra O[[G]] has finite global dimension [Br, La).

DEFINITION. Let G be a compact p-adic Lie group without any element of order
p. For a finitely generated O[[G]]-module M, we say that the G-Euler characteristic
of M exists if the homology groups H;(G, M) are all finite and we define it as

X(G, M) = [[(#H(G, M) D"

i>0

Given an O[[G]]-module M, x(G, M) is an invariant attached to M. A natural ex-
ample of O[[G]] modules in arithmetic comes from Selmer group attached to a motive
over p-adic Lie extension of a number field, with G being the corresponding Galois
group. The Euler characteristic of a Selmer group naturally carries arithmetical in-
formation. For any number field K, let K.y denote the cyclotomic Z, extension and
set I' = Gal(Kcye/K). Let E/Q be an elliptic curve with good, ordinary reduction
at p and let X (E/Q.y.) denote the dual p>-Selmer group of E over Q... Then it
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is known that, under suitable condition, the p-adic valuation of x(I', X (E/Qy.)) is

related to the p-adic valuation of the special value LSS) (#E(F,)(p))? of the complex
L-function of E over Q. (see [JS, Introduction])

On the other hand, consider a p-adic Lie extension K C K¢y C Ko of a number
field K which is unramified outside a finite set of places of K and set G = Gal(K/K)
and H = Gal(Ks/Kcy). Then T' := G/H = Z,. For such a general p-adic Lie
extension Ko, /K, the twisted Euler characteristic of Z,[[G]] modules M, such that
M/M (p) is finitely generated over Z,[[H]], has been discussed in [CFKSV]. Also
for an elliptic curve E/Q, the conjectural relation between x (G, X(E/K)(#)) and
twisted L-values are studied (cf. [CFKSV, Theorem 3.6], [JS]).

For G =T, following classical twisting lemma is well known in Iwasawa theory
and can be found in the works of Greenberg [Gr] and Perrin-Riou [Pr]: For any finitely
generated torsion O[[I']]-module M, there exists a continuous character ¢ : I' — Z
such that the largest T'"-coinvariant quotient Ho(T'?", M(0)) = (M(6))re~ is finite
for every n € N. Note that Ho(T'?", M (0)) is finite if and only if x(T'?", M(6)) is finite.

Let R be a ring and M be a left R module. Define, M(p) := |J M[p"], where

r>1
M][p™] is the set of p” torsion points of M. Unless stated otherwise, when we consider
a module M over a ring R, we mean M is a left module over R.

The twisting Lemma in the non-commutative setting was established in [JOZ]:

THEOREM(JOZ). Let G be a compact p-adic Lie group and H be a closed normal
subgroup of G such that ' := G/H = Z,. Let M be an O[[G]] module which is finitely
generated over O[[H]]. Then, there exists a continuous character 6 : I' — Z) such
that M (0)y = Ho(U, M(0)) is finite for every open normal subgroup U of G.

Note that for a general compact p-adic Lie group G and an O[[G]] module M,
Hy(G, M) is finite does not necessarily imply x(G, M) exists (i.e. finite) [JS, see
Remark 1.5]. In [JS], Theorem(JOZ) was extended to the following result on the
twisted Euler characteristic.

THEOREM(JS). Let G be a compact p-adic Lie group without any element of order
p and H be a closed normal subgroup of G such that T := G/H = Z,. Let M be
a finitely generated O[[G]] module such that M/M(p) is a finitely generated O[[H]]
module. Then there ezists a continuous character 0 : I' — Z)° such that x(U, M(0))
exists for every open normal subgroup U of G.

Moreover, it is shown that for a given M, there is a countable subset Sj; of all
continuous characters from I' to Z, such that for any choice of a continuous 0 : I" to
Z, outside Syr, Theorem(JOZ) and Theorem(JS) hold.

Congruence of modular forms is an important topic in number theory and it
naturally leads to the study of modules over ‘two variable’ Iwasawa algebra where
the coeflicient ring of the Iwasawa algebra is a certain universal ordinary deformation
ring (cf. [Hi], [Wi]). These universal ordinary deformation rings are typically finite
extensions of Z,[[X]]. Thus it is natural to ask for a generalization of twisting Lemma
for modules over T[[G]], where G is a compact p-adic Lie group and 7T is finite over
Z,[[X]]. The main result of the article is the following:

THEOREM 0.1. Let G be a compact p-adic Lie group without any element of
order p and H be a closed normal subgroup of G with I' := G/H = Z,. Let T be a
commutative, complete local domain which is finite over Zy[[X]]. Let M be a finitely
generated T[[G]] module such that M/M (p) is finitely generated over T[[H]].
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Then there exists a continuous character 6 : T’ — Z; and a countable set Cpr 9 of
height 1 prime ideals of T such that if we choose any height 1 prime ideal QQ & Chir,g,
then X(U, %(9)) is finite for every open normal subgroup U of G.

DEFINITION 0.2. Define S := {0|0 is a continuous character from I' to Z)} and
set C =CT :={Q: Q is a height 1 prime ideal of T,Q 1 (p)}.

REMARK 0.3. In fact, in the proof of Theorem 0.1, we will establish a slightly
stronger result by showing there exists a countable subset Sj; of S such that for any
choice of 6§ € S\ Sy, Theorem 0.1 holds.

REMARK 0.4. In Theorem 0.1, we consider finitely generated 7[[G]] modules M
such that M /M (p) is finitely generated over T[[H]]. This comes from the formulation
of non-commutative GLo Iwasawa main conjecture in [CFKSV], where it is suggested,
many arithmetic modules, including the dual Selmer group of an elliptic curve over a
p-adic Lie extension would satisfy this condition.

REMARK 0.5. Let us keep the setting and hypotheses of Theorem 0.1. Also for
simplicity, take 7 = OJ[[X]]. Then, from Theorem 0.1, one may naturally ask the
following questions:

Question 1: Is it possible that for all but finitely many height 1 prime ideals in
O[[X]], (5—1{4)[] = Hy(U, Q%) is finite, for every open normal subgroup U of G ?
Question 2:  Does there exist a continuous character 6 : I' — Z;* and a finite set

C’ of C such that if we choose and fix any Q € C'\ C’ then (Q%(H))U is finite for

every open normal subgroup U of G 7

Question 3: Does there exist a countable subset S’ of S and a countable subset

C’ of C such that for any choice of § € S\ S” and for any choice of a height 1 prime
€ , (A5 is finite for every open normal subgroup U of G 1
QecC\C Q%GU'ﬁ'f 1 sub UofG?

Question 4: Does there exist a countable set S’ x C’ C S x C, such that for any
gl??ice of (6,Q) & 5" x C’, (gi7(h)),, is finite, for every open normal subgroup U of

Let S’ and C’ be countable subsets of S and C respectively. We observe that
(S\S) x (C\C") C (SxC)\(S"xC"). From this it follows that a negative answer
to question 3 gives a negative answer to question 4.

For questions 1 and 2, we will find O, G, H, an O[[X]][[G]] module M and for every
6 € S, a countably infinite subset C’ of C such that for every Q € C”, (%(9))% is
infinite for some open normal subgroup Uy of G. This will provide a negative answer
to both question 1 and question 2. Further, we will show the same module M will
give a negative answer to question 3 (and hence question 4).

EXAMPLE. Let G =T =<~y >, H = {1} and O = Z,. Let M = W ;
where 1+T corresponds to 7. Let @ # (p) be a height 1 prime ideal of Z,,[[X]]. Write
Q = (g(X)), where (g(X)) is an irreducible Weierstrass polynomial.

For a continuous character 6 : I' — Z, we can write O(y~1) =1+ p\ for some

- Zp[[XN)[[T]]
(fixed) X € Z,. Then M (6) = (T+p\)(T+1) = (X +1))

. Now, if @ # (p) is a prime
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ideal of height 1 in Z,[[X]], then

(M gy s Z,(X)(T]
QM re (L+pN(TH+1) — (X +1),(T+1)P" —1,Q)

is finite if and only if (Q, (X 4+ 1)?" — (14 pA)?") has height 2. Let

M
(0)) e is infinite}.

C’gn :={Q is a height 1 prime in Z,[[X]] : @ # (p) and (Q—M

Then an = {(g(X)) | g(X) is an irreducible divisor of (X +1)?" —(14+pA)?" }. For
m > n, by Weierstrass preparation theorem, there exists an irreducible factor ¢¢(X)

of (())((J-rkll))pp”:gii i;: . Then, (£(X)) € Cpm \ Cpn and hence for m > n, C8. C C.
and Cj := | an is an infinite set. Now, for each @ € (Y}, there exists an integer

n>1
ng such that (év—]{/l(&))rpno is infinite. This shows that the answer to question 2 in
Remark 0.5 is negative.

Now recall the sets S and C' defined in Definition 0.2. If possible, assume that
the answer to question 3 in Remark 0.5 is true. Then, there exists a countable subset
S’ of S and C’ of C such that for § € S\ S and Q € C'\ C’, Ho(I'?", Q%(G)) is finite
for every n > 0.

For every 6 € S, we can write (1) = 1+p)g for some (fixed) A = A\g € Z,. Then

(QﬂM(Q))Fpn = ((X_H)p,nzp_[([f_a_}p/\)pn’@). Observe that if @ = (X —pA) then (%(9))“”
is infinite for every n € N.

Now let us choose a § € S\ S’. Then by our assumption in Statement 3,
(Q%M(O))Fpn is finite for every @ € C'\ C’. Thus the height 1 prime (X — pA) must be
in C’. Hence for every 6 € S\ S, we get an element Qp = (X +1—0(v)) € C’. Note
for 01,05 € S\ S" with 0y # 02, Qp, # Qop,. Since S\ S’ is uncountable, the set C” is
also uncountable. This is a contradiction and hence question 3 has a negative answer
as well.

However, the following variant of the Theorem 0.1 holds true.

PROPOSITION 0.6. Let G, H,T and M be as in Theorem 0.1. Let C' be a count-
able subset of C. Then there exists a countable set Sy; of S, such that for any choice
of 0 € S\ Sy and for any choice of Q € C’', x(U, Q%(@)) exists, for every open
normal subgroup U of G.

Proof. Let us enumerate C’ = {Q1,Q2, - }. For each Q;, note that Q%’T[[G]] =
O;[|G]] and Q—TT [[H]] = O;[[H]], where O is the ring of integers of a finite extension L°
of Q,. Then from Theorem(JS), there exists a countable subset Sg, 1 of all the con-
tinuous character from I' to Z,5, such that for any choice of 0 & Sq, m, x(U, QLM(H))

exists for every open normal subgroup U of G. Now choose and fix any 6 : I' — Z7

outside the countable set Sy; := |J Sg,,m. Then it follows that for any choice of
i=1
Q; €', x(U, @%(9)) exists for every open normal subgroup U of G. O

Let fip denote the group of p power roots of unity. Define a homomorphism
ke t Ly[[X]] = Q, by vie(l+ X) = ((1+ p)*, where ( € ppe and k € N.
Define Auitn(Zp[[X]]) = {Q|Q = ker(vi) for some k& > 1 and some ( € pupe }.

Clearly, elements of Aaitn(Z,[[X]]) are height 1 prime ideals of Z,[[X]]. Similarly,
we define A.,itn(7) as the set of those height 1 prime ideals of 7 which divide some
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height 1 prime ideal in Aapitn(Zp[[X]]). The elements of Auin(7) are called the
arithmetic primes or classical primes of 7 (see [Wi]). As an immediate corollary of
Proposition 0.6, we deduce the following:

COROLLARY 0.7. Let us keep the hypotheses and setting of Proposition 0.6. Then,
there exists a countable subset Sy; of S, such that for any choice of 6 € S\ Sy and
for any Q € Auritn(T), x(U, Cjv—]{/[(ﬁ)) exists for every open mormal subgroup U of G.

Significance in Arithmetic. We set up a necessary framework that is needed to
describe applications of our results in arithmetic. Consider a p-adic Lie extension K C
Ky C Ko of a number field K, such that K., is unramified outside finitely many
places of K and G = Gal(K/K) has no element of order p. Put H = Gal(Ko /Keyc)
and note I' := G/H = Gal(K,/K) = Z,. For any open normal subgroup U of G,
the fixed field Ky := KOU<> defines a finite extension of K inside K.

Let f be a p-ordinary newform of weight > 2. We denote by L, a lattice of
V¢, the p-adic Galois representation associated to f and O will denote the ring of
integers of the p-adic field defined by the Fourier coefficients of f.

Let 7 = Tx be the quotient of the universal ordinary Hecke algebra that corre-
sponds to an ordinary A-adic newform F (see [Hi]). The algebra Tr is a local domain
and is finite flat over Z,[[X]]. By a celebrated result of Hida ([Hi], [Wi]), there exists
a ‘large’ continuous irreducible representation pr : GQ — Auty, (Lr), where Lr is
a finitely generated, torsion-free module of generic rank 2 over 7r. We assume that
the residual representation pr associated to pr (see [Hi]) is absolutely irreducible.
For each Q € Aaien(7r), there exists a p-ordinary, p-stabilized newform fg, such
that the quotient £r/QLp is isomorphic to the (unique) lattice Ly, . To simplify the
notation, we will write Lo = Ly, and Og = Oy,,.

In this setting of p-ordinarity, the dual Selmer group X (L;/K) [JO, Definition
1.11] (vespectively X(Lr/Ks) [Jh, §3]) of f (respectively F) over K is defined
and is a finitely generated O([[G]] module (respectively 7[[G]] module). Similarly,
with f as above, for the twisted Galois representation V;(6), the dual Selmer group
X(Ls(#)/Kw) is also defined and it is a finitely generated O[[G]] module. A control
theorem, originally proved by Mazur, is a widely used tool in Iwasawa theory. In this
setting, under suitable condition, we deduce by a control theorem, that the kernel
and cokernel of X(L¢(0)/Ko)v — X(Lf(8)/Ky) are finite for every U (see [JO,
Theorem 0.1]).

(I) Finiteness of the twisted Selmer groups over Ky. Assume that

% is finitely generated over Oy[[H]]. Then Theorem(JOZ) along with a

control theorem shows there exists, 6 : I' — Z such that the twisted Selmer group
X(L¢(0)/Ky) is finite for every finite extension Ky inside K.

Now, our Corollary 0.7 in particular shows that there exists, § € S such that
for each Q € Auitn(T), (Q%M(H))U is finite for every U. Take M = X (Lr/K) and

assume % is a finitely generated 7z[[H]] module. Then by estimating the

kernel and cokernel of % — X(Lg/K) [Jh, §3], we can deduce the follow-
ing: For any chosen 6 € S\ Sx(£,/k.), the twisted Selmer groups X (Lq(0)/Kv)
of the congruent family of cuspforms fg, @ € Aain(7) are all simultaneously finite

when K, varies over every finite extension of K inside K.

Algebraic functional equation. For a given f, the finiteness of X (L(6)/Ky)
for a fixed 6, where Ky varies over every intermediate finite extension of K in-
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side K, can be useful in various arithmetical situations; for example, finiteness of
X(L¢(0)/Ky) is crucial in the proof of algebraic functional equation for X (Ls/K)
(see [JO, §5, Theorem 0.3]). Theorem(JS) was also used in the proof in [JO]. In-
deed, this is a generalization of the fact that the classical twisting lemma is crucial in
Greenberg’s [Gr, Theorem 2] and Perrin-Riou’s [Pr, Theorem 4.2.1] proof of algebraic
functional equation.

Similarly, the finiteness of X (L¢g(#)/Ky) where Q and U both vary, can be used,
for example, to establish an algebraic functional equation for the ‘big’ Selmer group
X(Lr/Ks) of F over K.

(IT) Fine Selmer group. The dual fine Selmer group Y (Ly/K.) (resp.
V(Lr/Kx)) of f (resp. F) over Ko, is a quotient of X (Ly/Ko) (resp. X(Lr/Kx))
[Jh, §2]) and is a finitely generated O([[G]] (resp. T[[G]]) module. It has interesting
arithmetic properties. Following conjectures of Coates-Sujatha [CS, Conjectures A &
BJ, it is believed that Y (L;/K.yc) is a finitely generated Z, module and if dim G > 1,
then Y (Ly/K+) is a pseudonull Of[[G]] module, for any f. For dim G > 1, it is not
easy to determine if x(G,Y (Ly/K~)) exists, even if we assume Y (Ly/K) is finite and
not much is known in the literature. Thus it is reasonable to discuss, if at least after
a twist, the Euler characteristic of the fine Selmer group exists and also makes sense
to consider the Euler characteristic of a twist of the fine Selmer groups in a congruent
family.

COROLLARY 0.8. Assume % is a finitely generated Tr[[H]] mod-
ule.  Then applying Corollary 0.7, we deduce that there exists a countable sub-
set Sy(cr/k.) of S such that for any chosen 6 € S\ Sy, k) and for every

Q € Aurien(Tx), x(U, %(9)) is finite for every open normal subgroup U of
G.

Let m be any p-power free integer. Now consider a particular example of a p-
adic Lie extension (‘false Tate curve’ extension) given by K = Q(u,) and Ko =
UQ(ppe )(m/P"). Assume that 7= = O[[X]]. Then the kernel and the cokernel of
n

the natural map % — Y (Lg/K) are finitely generated Og modules [Jh,

Remark 11]. Also assume for some Qo € Auwitn(7r), Y (Lg,/Q(pp=)) is a finitely
generated Og, module. Then Y(Lr/K) and Y(Lg/Ks) are finitely generated
modules respectively over Tx[[H]| and Og[[H]|, for every Q € Auien(Tx) [Jh, §2].
From the proof of Proposition 0.6 and Corollary 0.8, we obtain the following result
on the family of fine Selmer groups {Y (Lg/Kx) : Q € Aarien(TF)}-

THEOREM 0.9. Let K/Q(pp,) be the false Tate curve extension. Let F be a
A-adic newform. Assume that Tr =2 O[[X]] is a power series ring and there exists
Qo € Auritn(Tx) such that Y (Lg,/Q(up=)) is a finitely generated Og, module.

Then there exists a countable subset Sy, k) of S, such that for any chosen
0 € S\ Sy, k) and for every fq, Q € Auin(Tr), the U-Euler characteristic
X(U,Y(Lo/Ko)(0)) exists, for every open normal subgroup U of G. O

REMARK 0.10. A result similar to Corollary 0.8 and Theorem 0.9 respectively
for the usual ‘big’ dual Selmer group X(Lr/K) (see [Jh, §3]) and for the Selmer
group X (Lg/Ko) of fo for Q € Auign(7F) can also be obtained.

(III) Z,[[H]] free Selmer group. Let E be the elliptic curve of conductor
121 defined by the equation y? +y = 23 — 2% — 887z — 10143. Let us consider a
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particular false Tate curve extension by taking p =5 and m = 11. Then G = Zs x Zs.
Let X(FE/K) (respectively X(E/Ky.)) denote the dual of the 5°°-Selmer group
of E over K (respectively Kcyc). Then using the fact that X(E/K.,.) has p-
invariant zero together with [HV, Theorem 3.1], there exists an injective Zs[[H]]
module homomorphism f : X(E/Ky) — (Zs[[H]])!, for some integer ¢. In fact,
using E(F5)[5] = 0, from the proof of [HV, Theorem 3.1] we can show that f is
an isomorphism. We explain it here briefly. From [HV, Theorem 3.1(ii)], 4 :=
cokernel(f) is a Zs[[H]] module of finite cardinality. Taking coinvariance by H, we
get that Hy(H, A) is a subgroup of X(E/Ky)g. Now it follows from [HV, equation
3.6] and the assumption E(F5)[5] = 0 that X(E/Ks )y is a free Z,-module. This
implies that Hq,(H,A) = 0. Since, A is a finite and H is pro-cyclic, we deduce
Hy(H, A) = 0. Hence, by Nakayama’s Lemma, A = 0. Therefore X (F/K) is a free
Z,[[H]]-module.

Let Qo € Aaitn(7F) be such that the weight 2 specialization fg, corresponds
to E via modularity. Since E has CM, in this case 7 = Zs[[X]]. Then fol-
lowing an argument similar to [Sh, page 412], we can deduce that the natural
map X(Lr/Kw)/Qo — X(E/Ky) is an isomorphism. Now it is well known
that X(Lr/K) has no non-trivial pseudonull 7[[G]] submodule. In particular,
X(Lr/Kx)[Qo] = 0. Since X(E/K) is a free Zs[[H]]-module of finite rank, by
Nakayama’s lemma X(Lr/K) is also a free T[[H|]-module of finite rank. This
also implies that X (Lr/K«)/Q = X (Lg/K) is free Og[[H]]-module of finite rank
for every Q € Auien(TF). We notice that as the rank of E(Q) = 1, the U-Euler
characteristics of X (F/K,) does not exist for any open normal subgroup U of G.

Write M = X(Lr/Ks). Then applying Theorem 0.1, we get a countable subset
Sar of S and for each 6 € S\ Sy, there exists a countable subset Cas g of C' such
that the following holds: For every 6 € S\ Sy and for any @ € C'\ Ci9, the U-Euler
characteristic x(U, Q%M(G)) exists for every U. Further, by Lemma 1.10, it is given by

Now consider @ € Aarith(7x). Then by Corollary 0.7, there exists a countable
subset Sy of S such that for any § € S\ Sy, and for every Q € Auien(7T7), x(U, Q%(G))

exists for every U. Moreover, by Lemma 1.10, it is given by X(U,Q%(G)) =
#(%(0))[] = #(X(LQ/KOO)(G))U = #(X(E/Koo)(H))U. In particular, for every
Q € Awitn(TrF), X(U,X(LQ/KOO)(H)) is finite and = #(X(E/Koo)(G))U, for every
open normal subgroup U of G.

Now, we give a proof of Theorem 0.1. Also see Remarks 1.13 and 1.14.

1. Proof of Theorem 0.1. This proof of Theorem 0.1 is divided into several
remarks, lemmas and propositions. We begin with various reduction steps.

REMARK 1.1. Let G, H, T be as in Theorem 0.1. Let N be a finitely generated
T[[G]] module. Then consider the module N(p). Note that 7T[[G]] is noetherian
and hence N(p) = N[p"| for some r € N. Thus from the short exact sequence
0 — N[p"] — N — 2 — 0, we get another right exact sequence

Nip~]
N
Np"] N Nlp']
—_— = — — 0,
QN[p"] QN Qﬁ
for any Q € C. Now let Iy g be the image of QAJT\%% in QLN Then Iy,q is a finitely

generated p"-torsion Q—TT[[GH module and hence x (U, Iy ) exists for every U [Ho,
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N

Proposition 1.6]. Thus, x(U, 2%) is finite if and only if X(U, — ) is finite.
N{p7]
We can apply this observation for N = M (), with M, as in Theorem 0.1 and
without any loss of generality, we may assume that M in Theorem 0.1 is a finitely

generated T [[H]] module.

Next we consider finitely generated 7 [[G]] modules which are T-torsion.

PROPOSITION 1.2. Let G, H be as in Theorem 0.1. Let N be a finitely generated
T[[G]] module such that N is also T torsion. Also assume T is a regular (local) ring.
Then there exists a finite subset Cy of C such that for any Q € C'\ Cy, x(U, Q%)
exists for every open normal subgroup U of G.

Proof. By Remark 1.1, we may assume N is p-torsion free. Let N be generated by
the elements x1,---,x, as a T[[G]]-module. As N is T torsion, there exists r; € T
such that r;x; = 0. Set r := ryrs...r,, and notice that r being an element of T
commutes with the elements of T[[G]]. Thus we get that N = 0. As T is a UFD,
let r = pi*ph?...p;"* be the unique factorization of r where p;, 1 <1 < ¢ are height 1
primes in 7. Set Cn := {p1, pa, ...p+}. Then for any @Q € C\Cl, QLN is annihilated by
the height 2 ideal (r, Q). Now 7 is a regular local ring of dimension 2. Thus for some
ng € N, p™ € (r,Q). This shows p"OQLN = 0. Hence for any choice of Q € C'\ Cy,

x(U, QAN) exists for every U [Ho, Prop. 1.6]. O

COROLLARY 1.3. Let us keep the setting of Proposition 1.2. Then in the proof of
Theorem 0.1, we may assume that M is T -torsion free.

Proof. Take any 6 € S and write N = M(0). Let Ny denote the T-torsion
submodule of N. Consider the exact sequence 0 — Ny — N — N/Np — 0. Then
for any @ € C, we get the induced exact sequence

By Proposition 1.2, there exists a finite subset Cy = Cps9 of C such that for any
Qe C\Cn, x(U, %) exists for every U. Thus the statement of Theorem 0.1 holds
for M if and only if it holds for M /M0

Recall the following well known result, which can be conveniently found in [SS,

Lemma 6.15].

LEMMA 1.4. Let T be a commutative, complete local domain and let T be finite
over Z,[[X]]. Let Q be a height 1 prime ideal in T. Put q = Q N Zy[[X]]. Let
Q=Q1,Q2, - Qg be the height 1 prime ideals in T lying above q. If q is unramified
in T, then the kernel and cokernel of the natural map T/qT — @ T/Q:T are

1<i<d
finite of p-power order. O

Using Lemma 1.4, we further reduce Theorem 0.1 to the case T = Z,[[X]].
COROLLARY 1.5. Let us keep the hypotheses and setting of Theorem 0.1. Then
in Theorem 0.1, without any loss of generality, we may assume T = Zp[[X]].

Proof. Since the Kélher differential {27z [x7) is supported outside finitely many
height 1 prime ideals in Z,[[X]], it follows that only finitely many height 1 primes of
Zp[[X]] can ramify in 7. Let C’lz”[[XH’T be the finite set of height 1 prime ideals in
Z,[|X]] that ramify in 7. Let q € CZ X\ X7 and let Q = Q1, Qs+ Qq be
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the height 1 primes in 7 dividing q. Recall M in Theorem 0.1 is a finitely generated
T[[G]] module. By Lemma 1.4, for any 6 € S, there exists an exact sequence

— @D

1<i<d

0— K — — CK{ =0, (1)

Qz

where K{ and CK{ are finitely generated p-power torsion qlT[[G]] modules. In

particular, K g and CK g are finitely generated p-power torsion Z,[[G]] modules. Now,
as explained in Remark 1.1, x(U, Kg) and x (U, C’Kg) always exist for any open normal
subgroup U of G.

Now assume Theorem 0.1 holds for 7 = Z,[[X]]. Then there exists a count-
able subset Sy, of S and for any 6§ € S\ Sy there exists a countable subset

CZ”[[X” f CZ[X]l such that the following holds: For any § € S\ Sy and for
any Q € CZlIXI] \C’Zp [1x1] , the U-Euler characteristic X (U M (0)) exists for ev-

ery open normal subgroup U of G. Note C Xy C X7 i countable and hence
CM(a) ={QeCT :QNZ[X] € CIZV}’[Q Iy C’Z" (X3, T} is a countable subset of C7 .

Now from (1), for any 6 € S\ Sy and for any @ € C'\ C}; o, x(U, Qj\fw(ﬁ)) is finite for
every U. Thus Theorem 0.1 holds for a general 7. O

REMARK 1.6. As explained in [JS, Remark 2.3], we may also assume without any
loss of generality, that G is a compact, pro-p, p-adic Lie group without any element of
order p. It should be noted [JS, Remark 2.3] uses fundamental work of Lazard [La].

LEMMA 1.7. Let G, H be in the setting of Theorem 0.1 and assume T = Z,[[X]].
Let M be a finitely generated Z,[[X]|[[G]] module which is finitely generated over
Zy[[X)[[H]). Also assume there exists a height 1 prime ideal Qo in Zy[[X]] with
Qy # (p), such that #(QOLM)U is finite for every open normal subgroup U of G. Then
for all but countably many height 1 prime ideals Q in Z,[[X]], #(Q%M)U is finite for
every open normal subgroup U of G.

Proof. Let U be an open normal subgroup of G. As [G : U] < oo, My is a finitely
generated Z,[[X]] module. Now, from the structure theorem for finitely generated
Z,[[X]] modules, we know that there exists a Z,[[X]] module homomorphism:

My — Zy[[X]]

(2)

~

with finite kernel and cokernel, where ri7,n;, sy E N U {0} and Q;y’s are height
1 prime ideals in Z [[XH Note that (L)U = QoM . Hence using the fact that

the cardinality of ( L-)v is finite, we deduce from (2) that ry = 0. So, if we choose

Q@ € C such that ) &’ Cyuu = U Qi v, then #(QM) is finite. Since G is a profinite

group, it has countable base at 1dent1ty Thus we can take the set U of open normal

subgroups U of GG to be countable. Then for any @ € C' which does not belong to the

countable set Cy := UUMCM’U’ we get #(%)U is finite for every U. This completes
€

the proof of the lemma. O
We next prove the following proposition:

PROPOSITION 1.8. Let G, H be as in the setting of Theorem 0.1. Let M be
a finitely generated Z,[[X]][G]] module which is finitely generated over Z,[[X]][[H]].
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Then there exists a countable subset Sy of S and further, for each 0 € S\ Sy, there
exists a countable subset Cprg of C such the the following holds: If we choose any
0 €S\ Sy and any Q € C\ Cpr g, then #(Q%(@))U is finite for every open normal
subgroup U of G.

Proof. Note that Z,[[X]][[G]] = Z,[[G1 x G]], where G = Z,,. Let U be any open
normal subgroup of G. Then U’ := G x U is an open normal subgroup of G; x G that
maps onto U under the projection map 7 : G; x G — G. Now by Theorem(JOZ),
there is a countable subset Sy, of S, such that for any 6 € S\ Sys, we have (M (0))y =

(M(0))a, xu is finite for every U. Therefore, (M(0))y = (M(0)v)v /v = M(()?%U is

finite for every U.

So writing N = M (#) and Qo = (X), we have (55 ),, is finite for every U open
normal in G. Now applying Lemma 1.7, there is a countable subset Cys9 C C' such
that for any Q € C\ Cur9, we have (QLN)U = (QN—J{J(G))U is finite for every open
normal subgroup U. O

The next lemma is easy to prove and used later.

LEMMA 1.9. Let G,H be as in Theorem 0.1. Let G1 be a p-adic Lie group
isomorphic to Z,. Let K be an open subgroup of G1 x G such that Gy x H C K. Then
K =Gy x G°, where G° is an open subgroup of G. O

Using Lemma 1.9, we deduce the following result.

LEMMA 1.10. Let G be a compact, pro-p, p-adic Lie group without any p-torsion
element. Let H be a closed normal subgroup of G with T := G/H = Z,. Let M be a
finitely generated Z,[[X]][|G]] module which is also finitely generated over Z,[[X]][[H]].
Then, there exists an open subgroup GO of G with H C G° and a resolution

0= N, >Ny —--—=>N = M—=0

of M by finitely generated Z,[[X]][[G°]] modules N;, 1 <i <k such that each N; is
a free Z,[[X]][[H]] module of finite rank.

Proof. Note that Z,[[X]][[G]] & Z,[[G1 x G]], where G; = Z,,. Also gijg ~T.
Using [JS, Lemma 2.4], there exists an open subgroup G of Gy x G such that
G1 x H € G and a resolution

0Ny —=> N1 —=--—=>N =-M—=0

of M by finitely generated Z,[[G]] modules N;, 1 < i < k such that each N; is a
free Z,[[G1 x H]] module of finite rank. By Lemma 1.9, G** = G; x G°, where G is
an open subgroup of G containing H. O

REMARK 1.11. Let us again consider the false Tate curve extension given by
K = Q(up), Koo = UQ(pip)(m'/?") and G = Gal(K/K) = Z, x Z,. Then it

follows from a result of Zabrddi [Za, Lemma 4.3], that for this particular G, one can,
in fact take G° = G in [JS, Lemma 2.4] and hence we can also assume G° to be equal
to G in Lemma 1.10.

Next we calculate the Euler characteristic of a free Z,[[X]][[H]] module. Recall,
for any Q € CZ»[X], % = Og, the ring of integers of certain finite extension of

Qp'
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PROPOSITION 1.12. Let G be a compact, pro-p, p-adic Lie group without any
p-torsion element. Let H be a closed normal subgroup of G withT := G/H = Z,. Let
N be a finitely generated Z,[[X]][[G]] module which is also a finitely generated free
Zy[[X)[[H]] module of rank d. Then there exists a countable subset Sy of S and for
any 6 € S\ Sn there exists a countable subset Cn g of C' such that the following holds:

For any 6 € S\Sn and for any Q € C\Cn g, the U-Euler characteristic x (U, QLN(H))
exists for every open normal subgroup U of G. Moreover, X(U, Q]\J[\f( )) = #(QLN(H))U.

Proof. By Proposition 1.8, there exists a countable subset Sy of S and for any
0 € S\ Sy there exists a countable subset Cy g of C' such that the following holds:

For any 6 € S\ Sy and for any Q € C'\ Cn,0, Ho (U, Q%(Q)) is finite for every open

normal subgroup U of G. Now as QLN is a free Og[[H]] module of finite rank, the

result follows directly from [JS, Proposition 2.7]. O

REMARK 1.13. Let us keep the setting and hypotheses of Lemma 1.10. Then by

Lemma 1.10, there exists an open normal subgroup H C G° C G a resolution of M
by A(G°)-module,

0N, Lo N B N T o (3)

such that each N; is a finitely generated, free Z,[[X]][[H]]-module. Let U be an
open normal subgroup of G°. Take @ = (X + 1) — ((1 + p)¥ € Auien(Z,[[X]])-
By Corollary 0.7, we can choose a 8 € S such that for every @ € Aavien(Zp[[X]]),

x(U, QI\][V (0)), 1 <i<kand x(U, 5 24-(0)) are all finite. An easy computation shows
that for every Q € Aaien(Zy[[X ]}) the U-Euler characterlbtlcs M(0)[Q] also exists

and X (U, 24 (0))/x(U, M(0)Q)) = TT, (x(U, 2 (0)) "

We also have x( ,Q]\]f\",i 9)) = #(QA} (9)) = # <( (93)" , for every Q €
Aarien (Zp[[X]]). Let f(X) € Z,[[X]] denote the Z,[[X]] characteristic element of
(Ni(g))

i . U . . . .. 0
(N,(G))U. Since 7@(1\71'(0))[] is finite for every 4, ) does not divide ff(X) and we have

X(U: g5 (0)) = F2(Q) = F(C(1L ) — 1) = #7517 for every Q € Auian(Z,[IX])
Thus

XU, g3z (0) 1 (# Z,[1X)) )<—1>i+1 @

NEAIOIC S CRES) |
Now in this setting, if for some @, M[Q] = 0, then using (4) we can com-
pute x (U, é‘]@ (0)). On the other hand, it is also natural to ask if x(U, QO%(G)) =

X(U, M(0)[Qo]) for some Qo € Awitn(Zp[[X]]), then can we say x(U, gg;(9)) =
x(U, M(0)[Q)]) for every Q € Aaitn(Z,[[X]])? Unfortunately, we do not know the

answer of this. The reason being, we do not know if [, (fie(X))(’ly+1 € Z,[[X]] or
not.

REMARK 1.14. Let E/K be an elliptic curve with good, ordinary reduction at
primes of K dividing p. Let p-cohomological dimension cd,(G) of G = Gal(K/K) be
> 3. Also assume (i) for any prime v of K dividing p, ¢d,(G,) < cd,(G) and (ii) for
any prime v of K not dividing p, such that either u ramifies in K, or v is a bad prime
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of E, cd,(G,) > 2. Further assume, X (E/Kcy.) is a finitely generated Z, module.
Then by [OV, Proposition 5.2], the Z,[[G]] projective dimension of X (E/K) is
=cdy(G)—11if E(K)[p] # 0 and = cd,,(G) —2 if E(K)[p] = 0. Now, as X (E/Kgyc) is
a finitely generated Z, module, applying a control theorem, we can deduce X (E/K,)
is a finitely generated Z,[[H]] module. Since cd,(H) = cd,(G) — 1, Zp[[H]] projective
dimension of X (F/K) is cd,(H) — 1 if E(K)[p] # 0 and = cd,(H) — 2 if E(K)[p] =
0. In particular, if c¢d,(H) > 3, then X(E/K) cannot be a free Z,[[H]] module.
Nevertheless, there exists an open subgroup GY of G containing H and a Z,[[G"]]
resolution of X (E/K,) of length k by finitely generated Z,[[H]] modules [JS, Lemma
2.4]. Moreover, the length of the resolution is given by k = cd,(H) — 1 if E(K)[p] # 0
and k = cdp(H) — 2 if E(K)[p] = 0. A similar assertion holds for the ‘big’ Selmer
group X (7r/Ks) by using Lemma 1.10.

Now we are ready to prove Theorem 0.1.

Proof of Theorem 0.1. First of all, using Corollary 1.5, we can assume without
any loss of generality, that 7 = Z,[[X]]. Next, by Remark 1.1, we can assume M is a
finitely generated Z,[[X]][[H]] module. Further, as Z,[[X]] is regular, we can assume
using Corollary 1.3 that M is T-torsion free. Moreover, following Remark 1.6, we will
assume that G is a compact, pro-p, p-adic Lie group without any element of order p.

By Lemma 1.10, there exists an open normal subgroup G of G with H ¢ G and
a resolution

0— Ny, 5% Ny B2 B2 Ny I o (5)

of M by finitely generated Z,[[X]][[G°]] modules N;, 1 < i < k such that each N; is
a free Z,[[H]] module of finite rank.

Set T” := G%/H. Then as explained in the proof of [JS, Theorem 1.2], for any
given § € S, @ € C and any open normal subgroup U of G, if x(UNGY, QiM(Ghﬂo)) is
finite, then we can deduce x(U, Q%M(H)) is also finite. Thus, for the rest of the proof,
we will only discuss the finiteness of (U N G, %(9&0)); and further, to ease the
burden of notation, will write G° = G and I'’ =T for the rest of the proof.

We will proceed by induction on k in (5). For k = 1, M/QM is a free @[[HH =
Oql[H]] module of finite rank, for any Q € C'. Hence by Proposition 1.12, there exists
a countable subset Sy, of S and a countable subset Cjs ¢ of C, such that the following

holds: For any 6 € S\ Sy and for any @ € C'\ Cpr9, X (U, QLN(H)) exists for every

open normal subgroup U of G.

Next, pick any @ € C. Then Z,[[X]] being a regular local ring, we get Q = (¢)
and hence M[q] = 0 as M is T-torsion free. Thus (5) gives rise to another exact
sequence of Og[[G]] modules

0 — Img(fo)/QImg(f2) — N1/QN, L5 M/QM — 0. (6)

By induction, there exists a countable subset Sy of S and a countable subset C5 g
of C, such that the following holds: For any 6 € S\ Sy and for any Q € C'\ Csy,

X (U, %(0)) exists for every open normal subgroup U of G. Similarly, Ny /QN;

is a free Og[[H]] module of finite rank and hence there exists a countable subset S of
S and a countable subset Cy g of C, such that the following holds: For any 6 € S\ Sy

and for any @Q € C'\ Cy 9, x (U, %(9)) exists for every open normal subgroup U
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of G. Define Sy := S1 U S, and for any 6 € S\ Sy, set Cpr9 = C19 U Cap. Then
from (6), for any 6 € S\ Sy and any Q € C'\ Carp, X (U, Q%M(G)) is finite for every
U. This completes the proof of Theorem 0.1. O
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