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HODGE FILTRATION AND HODGE IDEALS FOR Q-DIVISORS
WITH WEIGHTED HOMOGENEOUS ISOLATED SINGULARITIES
OR CONVENIENT NON-DEGENERATE SINGULARITIES*

MINGYI ZHANGH

Abstract. We give an explicit formula for the Hodge filtration on the Zx-module Ox (xZ) f1 =
associated to the effective Q-divisor D = a - Z, where 0 < o« < 1 and Z = (f = 0) is an irreducible
hypersurface defined by f, a weighted homogeneous polynomial with an isolated singularity at the
origin. In particular this gives a formula for the Hodge ideals of D. We deduce a formula for the
generating level of the Hodge filtration, as well as further properties of Hodge ideals in this setting.
We also extend the main theorem to the case when f is a germ of holomorphic function that is
convenient and has non-degenerate Newton boundary.

Key words. Hodge Ideal, V-filtration, weighted homogeneous singularities, Newton non-
degenerate singularities.
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1. Introduction. Let D be an integral and reduced effective divisor on a smooth
complex variety X. Let Ox(xD) be the sheaf of rational functions with poles along
D. This is also a left Zx-module underlying the mixed Hodge module j.Q [n], where
U= X\D and j : U < X is the inclusion map. Any Zx-module associated to a
mixed Hodge module has a good filtration F,, the Hodge filtration of the mixed Hodge
module [Sai90].

To study the Hodge filtration of Ox (xD), it seems more convenient to consider a
series of ideal sheaves, defined by Mustatd and Popa [MP19a], which can be considered
to be a generalization of multiplier ideals of divisors. The Hodge ideals {I;(D)}ken
of the divisor D are defined by:

F,Ox(*D) = I(D) ®o, Ox((k+1)D), ¥V k € N.

It turns out that Io(D) = _# ((1 — €)D), the multiplier ideal of the divisor (1 — €)D,
0<ex 1.

Recently, in [MP19b] and [MP20a], the authors extend the notion of Hodge ideals
to the case when D is an arbitrary effective Q-divisor on X. Hodge ideals {I;(D)}ren
are defined in terms of the Hodge filtration F, on some Zx-module associated with
D (see definition in Section 2.1; cf. [MP19b, §2-4] for more details). When D is
an integral and reduced divisor, this recovers the definition of Hodge ideals Iy (D)
mentioned above.

The Hodge filtration F, is usually hard to describe. However, it does have an
explicit formula in the case when D is defined by a reduced weighted homogeneous
polynomial f that has an isolated singularity at the origin, which is proved by Morihiko
Saito [Sai09]. To state Saito’s result and to clarify the notations for this paper, we
denote:

e O =C{xy,...,x,} the ring of germs of holomorphic function for local coor-
dinates z1,...,Zy,.
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642 M. ZHANG

f:(C"0) — (C,0) a germ of holomorphic function that is quasihomoge-
neous, i.e., f € J(f) = (%, e %), and with isolated singularity at the
origin. Kyoji Saito [KSai?l} showed that after a biholomorphic coordinate
change, we can assume f is a weighted homogeneous polynomial with an
isolated singularity at the origin. We will keep this assumption for f unless
otherwise stated.

e w=w(f)=(wy,...,w,) the weights of the weighted homogeneous polyno-

mial f.
e g:(C™"0) — (C,0) a germ of a holomorphic function, and we write

9= Z gAxAv

AeNn

where A = (ay,...,a,), ga € C and 22 = z{* - 280,
e p(g) the weight of an element g € O defined by

— (Z w> +inf{(w, A) : ga # 0}. (1)

i=1
The weight function p defines a filtration on O as
F={uecO:pu) >k}

0zF ={uecO:p(u) >k}

Throughout the paper, we consider Zx-modules locally around the isolated sin-
gularity, so we can assume X = C" and identify the stalk at the singularity to be that
of Zx-modules on C". For example, we replace FyOx o(*D) by F,Ox (*D).

Now we can state the formula proved by M. Saito (see [Sai09, Theorem 0.7]),
namely:

021'—0—1
fi+1

Since we can now construct a Hodge filtration on analogous Zx-modules associated
to any effective Q-divisor D, it is natural to ask if it satisfies a similar formula in the
case when D is supported on a hypersurface defined by such a polynomial f.
From now on, we set the divisor to be D = «aZ, where 0 < a < 1 and
= (f = 0) is an integral and reduced effective divisor defined by f, a weighted
homogeneous polynomial with an isolated singularity at the origin. In this case, the
associated Zx-module is the well-known twisted localization Zx-module M(f1~%) :=
Ox (xZ) '~ (see more details in [MP19b] about how to construct the Hodge filtra-
tion Fu M(f'~%)). With new ingredients from Mustatd and Popa’s [MP20a], where
this Hodge filtration is compared to the V-filtration on M(f'~%), we can generalize
Saito’s formula and prove the following theorem:

F,.Ox (+D) ZFk z%( ) YV keN. (2)

THEOREM A. If D = aZ, where 0 < a < 1 and Z = (f = 0) is an integral
and reduced effective divisor defined by f, a weighted homogeneous polynomial with
an isolated singularity at the origin, then we have

1— a O>a+i 11—
FkM f ZFk z@X ; f )
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where the action - of Px on the right hand side is the action on the left Zx-module
M(f1=%) defined by

(1 - a)D(f)

D-(wf'™®) = (D(w) +w 7

) 1=, for any D € DercOx.

Notice that if we set « = 1, Theorem A recovers Saito’s formula (2) mentioned
above.

For any polynomial f with an isolated singularity at the origin, it is well known
that the Jacobian algebra

.Af = (C{le, . ,l‘n}/(alf, .. .,&Lf)

is a finite dimensional C-vector space. Fix a monomial basis {vi,...,v,} for this
vector space, where y is the dimension of Ay (usually called the Milnor number of
f). With this notation, applying Theorem A, we can give a formula for the Hodge
filtration that is easier to use in practice:

COROLLARY B. If D = aZ, where 0 < a < 1 and Z = (f = 0) is an integral
and reduced effective divisor defined by f, a weighted homogeneous polynomial with
an isolated singularity at the origin, then we have

FaM(f'=2) =y~ oz pioe
and

FkM(flia) = (fil : Z (Cvj)flia -+ Flgx . Fk_lM(flia).

v;€OZk+1+a

Alternatively, in terms of Hodge ideals these formulas say that
Iy(D) = 0=*

and

La(D)= > Cy+ > Ox(foa—(a+k)adif).

Uj602k+1+a 1§i§n,a€lk(D)

In particular, the Hodge filtration is fully computable since it is good and hence
can be determined by finitely many terms. In order to do this effectively, Saito
[Sai09] introduced the following measure of the complexity of the Hodge filtration:
The generating level of any Zx-module (M, F,) with a good filtration is the smallest
integer k such that

E9x - FxM = F,yy M forall [ >0.

Note that such a k always exists by definition. In the case D is integral and reduced,
defined by a weighted homogeneous polynomial with an isolated singularity at the
origin, Saito proves that the generating level of Ox (xD) is [n — &y — 1], where &y is
the minimal exponent (see [MP20a, Section 6]) which is also called the microlocal log
canonical threshold (see [Sai09, Theorem 0.7]). Popa conjectured in [Popl8,; Question
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5.11] that a similar result should hold in the Q-divisor setup we considered here. Using
Theorem A, we prove this conjecture is true: !

COROLLARY C. If D = aZ, where 0 < a < 1 and Z = (f = 0) is an integral
and reduced effective divisor defined by f, a weighted homogeneous polynomial with an
isolated singularity at the origin, then the generating level of M(f1=%) is [n—ay —al.

Another application of Theorem A is to prove the inclusion
I;(D) C I 1(D), VkE>1 (3)

(see more details in Corollary 3.4). Notice that for any reduced integral divisor Z, we
have

I(Z) C L (2), V> 1

(as proved in [MP19a, Proposition 13.1]), but in general it is not clear whether an
inclusion like (3) should hold for arbitrary Q-divisors (see [MP19b, Remark 4.2] and
[MP20a, Remark 5.2]).

As a consequence of Corollary B, we also deduce that the roots of the Bernstein-
Sato polynomial can be related to the jumping numbers and coefficients associated to
ideals of the form I (cZ)/(0f) for varking k and ¢; for details see the end of Section
3.

One perspective for studying Hodge ideals, introduced by Saito, is to consider the
induced microlocal V-filtration on Ox associated to f (see more details about the
V-filtration in Section 4). When D is a reduced and integral divisor, Saito showed in
[Sail6] that

I,(D) = V¥ 0Ox mod (f).

When we consider an effective Q-divisor D = «oH, in [MP20a, Definition 3.1] the
authors define another series of ideal sheaves {I(D)}ren; see Section 4. In this
setting, when 0 < o < 1, it is easy to see that fk(D) = VkteOx. In the case
when D = o - Z, where 0 < o < 1, Z = div(f) reduced and f € Ox(X), the
authors [MP20a, Theorem A’] obtained a formula for It (D) in terms of the V-filtration
on M(f'=®), from which in particular it follows that (D) = I;(D) mod (f). It
is natural to wonder to what extent equality holds without modding out by (f).
Although Io(D) = Io(D) is always true, I;(D) and I;(D) are usually not the same
for k > 1 (see, e.g. [Sail6, Remark (ii) in §2.4] for a = 1; see also [Popl8, Remark
9.8] for examples of Q-divisors). However, if D = aZ with 0 < a < 1 and Z is defined
by a weighted homogeneous polynomial with an isolated singularity at the origin, we
can give a criterion for equality between Ip,(D) and I (D):

PROPOSITION D. If D = aZ, where0 < a < 1 and Z = (f = 0) is an integral and
reduced effective divisor defined by f, a weighted homogeneous polynomial with an iso-
lated singularity at the origin, then for any k € N, if I}(D) = fk(D) = (21,...,xp)"
for some m € N, then I 1(D) = I 1 (D).

When k = 0, we prove that the converse statement is true, i.e., if Io(D) = Iy(D) #
(x1,...,2,)™ for any m € N, then I (D) # I,(D). See details in Proposition 4.5. So
it seems plausible to make the following:

1Since this paper was written, it was shown in [MP20b, Theorem E] that the generating level is
bounded above by this quantity for arbitrary singularities.
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CONJECTURE E. If D = aZ, where 0 < a < 1 and Z = (f = 0) is an integral
and reduced effective divisor defined by f, a weighted homogeneous polynomial with
an isolated singularity at the origin, then for any k € N, I;y1(D) = Iy 1(D) if and
only if Iy(D) = I;,(D) = (x1,...,2,)™ for some m € N.

Finally, in Section 5 we extend Theorem A to the case that D = «Z, where
0<a<land Z=(f=0)is an integral and reduced effective divisor defined by f,
a germ of holomorphic function that is convenient and has non-degenerate Newton
boundary with respect to the local coordinates.

Acknowledgement. I would like to express my sincere gratitude and apprecia-
tion to my advisor Mihnea Popa for suggesting the problem, and for the continuous
support of this project. I had the benefit of comments from Morihiko Saito, to whom
I want to express my special thanks. Furthermore, I would like to thank Yajnaseni
Dutta, Mircea Mustata, Sebastian Olano, Claude Sabbah, Lei Wu, Stephen Shing-
Toung Yau and Huai-Qing Zuo for their great help.

2. Preliminaries.

2.1. Filtered Z-modules and Hodge ideals associated with Q-divisors.
Let X be a smooth complex variety, and D be an effective Q-divisor on X, locally
D = aH with support Z and H = div(h) for some nonzero h € Ox(X) and o € Q.
We denote 8 =1 — a.

In this setting one associates D the left Zx-module M(h?) := Ox (xH)h”, a rank
1 free Ox (xH)-module with the symbol h? as the generator. The left Zx-module
structure is given via the rule

p - D(h)

D(wh?) = (D(w) +w W

> h?, for any D € DercOyx.

A good filtration is defined on the Zx-module M(h?), written as (M (h?), F,), and
is called the Hodge filtration of M(h?) (see [MP19b, Definition 2.10]).

DEFINITION 2.1 ([MP19b, definition after Proposition 4.1]). For any k € N, we
define the kth Hodge ideal of D, denoted as I (D), by

EyM(LP) = I(D) @0, Ox(kZ + H)LP.

To study Fy M (h?), it is necessary to consider the following construction. Let
L: X = X xC, x> (z,h(z))

be the closed embedding given by the graph of h. For any Zx-module M, we consider
the Z-module theoretic direct image

L+M = M ®(C (C[at]

(see for instance [HTTO08, Example 1.3.5]). With this description, multiplication by ¢
is given by

tm®d)) =hm o8 — jme ol (4)
and the action of a derivation D € DercOx is given by

D(m®d])=D(m)®d — D(h)ym® d] " (5)
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The Hodge filtration on ¢y M is given by:

k
Frop M= @kaj/\/l ® 8§

=0

(see [Sai88, Lemma 3.2.4]).

In particular, for the special Zx-module M(h?) (H may not be reduced) men-
tioned in the beginning, every element in +y M(h?) can be written uniquely as a finite
sum

Zgjhﬁ ® &, with g; € Ox(xZ).
Jj=0

The Hodge filtration is written as
Fr  M(hP) = @Fk MY @ 8. (6)

The following lemma is probably well known to the experts, yet we include a proof
here for the benefit of the reader.

LEMMA 2.2. Let D = aH and H = div(h) for some nonzero h € Ox(X) and
1-f=a€Qsp. Let j: X x (C—={0}) = X x C be the natural inclusion. Then:

k
i Frop M(WP) = M(hP) @ ;.

i=0

Proof. Let U = X x (C — {0}). Since j: U — X x C is the natural inclusion, we
know

Gud* Friy M(BP) = {z € 1Ly M(WP) : x|y € Fruy M(BP)}.
This means, for any x € j,j* Fjt M(h?), locally, there exists p > 0 such that t?(z) €
Fyty M(hP). So by equation (6) we have

k
= Za:j ® 8], where z; € Fj,_; M(hP).
=0

Then by equation (4) we can easily get the inverse formula for the ¢ action, so we
obtain

k
rey Mm@ o

=0

Therefore

k
i Fria M(BP) € M(P) @ 0},
i=0
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Conversely,

(o)
h m>0, 0<s<k

k )
generates > M(h?) ® 0i. By equation (4) we have,

i=0
1 ORFTL 4SS
m-+s B s | _
t (hmh ®8t)_ hka‘+1< _j) 2.
j=0

Now, using the definition of the multiplier ideal .#(B) of a Q-divisor B (see [Laz04,
Definition 9.2.1]), we have:

Ox(—H) = g.0y(—g"H) C 9.0y (Ky;x — [(1 —€)g"H]) = I((1 — e)H) = Iy(H),
hence (h) C Io(H), which leads to h**! € I;,_;(H) for 0 < j < k since
Foox(*H) c---C FkOX(*H) C Fk+1OX(>I<H) e

L

is an increasing filtration. Thus for any m > 0 and 0 < s < k, we obtain tm+s( o

05) € Fpuy M(hP). Therefore
k
Jed* Frety M(RP) 2 Z M(hP) ® 9},
i=0

and we finish the proof. O

2.2. The rational V-filtrations on ((’)X(>t<H)7 F) and (./\/l (h1=2), F) For any
complex manifold Y, let X be a smooth hypersurface on Y, with a local coordinate t.

Malgrange [Mal83] proved that ¢y Ox admits an integral V-filtration along
X x {0}. Kashiwara [Kas83] extended the result to the case 1y M, for M regular
holonomic, while Saito [Sai88, Definition 3.1.1] considered the more general rational
V-filtration defined as follows:

DEFINITION 2.3. Let M be a coherent Zy-module. A decreasing filtration
(VIM),eq on M, indexed by Q, is called a rational V-filtration along X if the fol-
lowing conditions are satisfied:

(1) Each VM is a coherent module over Zx|t,0it] and |J VM = M.

7€Q

(2) t-VIM CVI¥HLM, for any v € Q (with equality if v > 0).

(3) &y -VIM CVY~IM, for any v € Q.

(4) For every v € Q, if we put V>7M = UV/>7V”/M, then 0;t — ~ is nilpotent on

Gry, M := VI M/V>7M.

Saito [Sai88, Definition 3.2.1] further consider the rational V-filtration compatible
with the increasing filtration F' defined as follows:

DEFINITION 2.4. Let (M, F) be a filtered coherent Zy-module, i.c. Grl are
coherent Grl’ 2y module. We say that (M, F') admits a rational V-filtration along X,
if:
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e M admits a rational V-filtration along X as defined in Definition 2.3.
o t-F,V*M = F,V**M for any a > 0.
e 0, F,Gry M = F,1Gr{ ! for any o < 1.

The rational V-filtration on (M, F') defined as above exists in the case when
(M, F) underlies a mixed Hodge module. It is well known that when the V-filtration
exists, it is unique. In the paper, we will mainly be concerned with the rational
V-filtration on filtered Zx «c-modules of the form (14 Ox, F,) or (14 M(hP), Fy).

First, we recall a useful result to compute the Hodge filtration on a Zx xc-module
from its restriction on U = X x (C — {0}) as follows:

LEMMA 2.5 ([MP20a, Remark 3.4]). Let D = oH and H = div(h) for some
nonzero h € Ox(X) and 1 — 3 =a € Qs¢. Let j: X x (C—{0}) = X x C be the
natural inclusion. We have

Fri  M(hP) = ZE)’ Ou  M(WP) M juj* Fr zLJr/\/l(hB)) for all k,
>0

where j : U — X x C is the inclusion.

The above lemma is a direct application of a more general result proved by M.
Saito (see [Sai88, Remark 3.2.3]), which applies since (.4 M(h?), F,) is a filtered direct
summand of a mixed Hodge module. Combining this with Lemma 2.2, we get:

k
FriaM(WP) =>"0; <V0L+M(h5) ZM(hﬁ)e@a;). (7)

i>0 i=0
The following result is also related to the fact that ¢, M(h?) is a filtered direct
summand of a mixed Hodge module.

LEMMA 2.6 ([MP20a, Lemma 4.5]). For every v € Q, we have
t- VI  M(RP) = VI M(RP).
Moreover, for every k € Z and every v > 0, we have

t- VY Ey M(BP) = VYL B, M(BP).

We will also make use of the following technical result:

LEMMA 2.7 ([Sai88, Lemma 3.1.7]). Let u: M — N be a morphism of coherent
Dx -modules equipped with filtration V. Let X* := X x (C—{0}). If u|x+ : M|x» —
N|x+ is an isomorphism, then u: VM 2 V*N for all a > 0.

When we work with a Q-divisor D, locally D = « - H where H = div(h) and
0 < a < 1, a key point is to express the V-filtration on ¢, M(h?) in terms of the more
common one on tyOx (xH). This was done in the following:

PROPOSITION 2.8 ([MP20a, Proposition 2.6 and Proposition 2.8]). There is an
Ox (xH)-linear isomorphism ® : 1, M(h?) — 1, Ox (xH) such that

k k
o (Z ¢ih? ® 8}5) =Y 6 ® 5,
=0

=0
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where
¢ = (j gj
v . (—R)ZL
v (ama.
Jj=t
with

Jala+1)-(at+ k1), if k> 1;
Qrler) = {17 ifk=0.

In particular, we have

SV M(RP)) =V P Ox(xH)  for every v € Q.

The above proposition will lead to an bijection between some set of sections of
certain type appearing in the equation (7),

k
ZM(hﬂ) ® 9! on the Zx xc-module 1, M(hP)

i=0
and a similar set of sections,

k
Z Ox (xH) ® 9} on the Zx xc-module 1, Ox (xH).
=0

Moreover, we will use the last statement for v =1, i.e.
(Ve M(P)) = Vi Ox (xH).
Also, Lemma 2.7 implies that
Ve, Ox(xH) =V Ox, V a>0.

Using the above two equations, we are able to improve the equation (7) and give a
better description of the Hodge filtrations on ¢, M(h?). The details are in the proof
of Proposition 3.1.

2.3. Weighted homogeneous polynomial with isolated singularities. We
choose and fix a local coordinate system (x1,...,x,) around an isolated singularity.
We say that f is a weighted homogeneous polynomial of weights w = (wq, ..., w,) if
f is a linear combination of finitely many monomials z” such that

n
Zwiui =1, where w; € Q4.
i=1

We denote 0, f := % for any ¢, 1 <4 < n. Since f has an isolated singularity at
the origin, it is well known that the Jacobian algebra

Ap=Clar,...,zn}/(Of, ... 0nf)
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is a finite dimensional C-vector space. Denote a monomial basis for the Jacobian
algebra Ay as {v1,...,v,}, where p is the dimension of Ay (usually called the Milnor
number of f).

REMARK 2.9. When f is a weighted homogeneous polynomial with an isolated
singularity at the origin, we know more about p(v;) for 1 < i < v. Recall that p
is a function defined on O that assigns to each holomorphic function a weight by
adding the sum of weights w; to the minimum weight given by monomial terms of the
function (see the definition in (1) and the related notations). It is well known (see
e.g. [Sai94, remark after 2.8]) that

max p(v;) =n — E wj =n — ay.
7
=1

3. Proof of Theorem A. For the moment we continue to consider an arbitrary
Q-divisor D such that D = a.- H where o > 0 and H = div(h). We define the natural
projection ¢ : .y M(B?) — M(hP) by:

k
@(Zmi@)ﬁf) =mg, ¥V m; € M(h?), ¥V keN.

Recall that there is an action of ¢t on a rational V-filtration, and by Lemma 2.6
the t action is bijection on V71 y M(h?) for v € Q. We denote by t~! the action that
is inverse to such ¢ action.

ProroOSITION 3.1. For any effective Q-divisor D as above, the Hodge filtration
on M(RP) satisfies:

P
FpM(hﬁ) =po t~lodp ! (VOZL_,’_OX n (ZOX & 82)) s
i=0
where @ is defined as above and ® is the isomorphism in Proposition 2.8.

Proof. Applying the map ¢ to both sides of the equation (7), after simplifying
the sum, we get

E,M(WP) = ¢ <V0L+M(h5) N (ZP:M(hB) ® a;’)) .

=0

By Proposition 2.8, we obtain

k
[ON G;®ak Z()Qk i )h,k Zhﬁ®8z7

and



HODGE FILTRATION FOR TWO TYPES OF SINGULARITIES 651

Since @ is bijective, these two formulas imply that

ot (f: Ox(xH) ® a;‘) = EP:M(hB) ® 0}.

i=0 i=0
Letting v = 1 in Proposition 2.8, we get
Vi M(BP) = @71 (Ve Ox (xH)).
Moreover,
t: VO M(hP) = Vi, M(RP)

is bijective (by Lemma 2.6 with v = 0) and

P p
t:y M@B) @0 =Y MM @0
i=0 i=0
is bijective for any p € N (in fact we can write down the formula for +!). Thus we
obtain:

P
E,M(BP) = pot tod? <VQL+O)((*H) N ZOX(*H) ® 5;) .

i=0

Notice that V¥, Ox(xH) = V*,Ox for every @ > 0 by Lemma 2.7, so we can
replace Ox (xH) by Ox in the right hand side of the equation to get the desired
result. O

From now on, we denote ¥ := @ot~'o®~!. This is an Ox-module homomorphism
having the following property:

LEMMA 3.2.

U(P(a® df)) = Qula) P

a
e

hl_a), forany P € Px, V a € Ox,

where Qr () is the same as in (8).

Proof. When P € Fy9x, it is easy to check the desired equation is true.
Inductively, for some [ € N, we assume for any v = (v1,...,v,) with |v| = [, the
following equation is true:

U(9Y(a® ) = Qr(a)d” - (hkilhl—a)  YaeOx, VEk>0.

Then we get for any v with |v| =1,

v a —a v afﬂz‘a‘ —« (a + k")aiifa -
(0 0z,) - (hk+1 h! ) =0y (hk+1 h'=e — Whl >

1 a+k
=V ———0%(8,,a @ 0F) — ————8(0u,h ®ak+1)
(Qm) (9r0®0) = 5 @y O (Peiha © 07)
1

_ v a k )
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So by induction, we finish the proof. O

From now on, we focus on the case when H = Z = (f = 0) reduced, with f a
weighted homogeneous polynomial with an isolated singularity at the origin. In this
case we can obtain a formula for the Hodge filtration. The key ingredient for the proof
is the following result of Morihiko Saito. The lemma below gives an explicit formula
for the Hodge filtration on the V-filtration of the algebraic microlocalization of ¢4 Ox.
Here the so-called microlocal V-filtration on the algebraic microlocalization of ¢+, Ox,
i.e. Ox[0;,0; '] := Ox ®c C[0y,0; ], is defined as follows (see [Said4, (2.1.3)]):

Ve, Ox @ (0Ox @c Clo; Yo7 h) ifa <1,

. ) 9
0,7 VeTIOx [0, 0,1 ifa>1, a—je(0,1]. ©)

VeOx [0, 0, 1] = {

LEMMA 3.3 ([Sai09, (4.2.1)]). Assume H = Z = (f = 0) reduced, with [ a
weighted homogeneous polynomial with an isolated singularity at the origin. The graph
embedding v : X — X x C is defined by v(x) = (z, f(z)). Then we have

FpVeOx[0,,0; '] =Y FriDx (07T ).
i<k

It turns out that Vi Ox, the Zx«c-module involved in the expression of
FyM(h?) in Proposition 3.1 , can be related to the microlocal V-filtration; this leads
to:

Proof of Theorem A. By Lemma 3.3, letting i : Ox[0;] — Ox[0;,9; '] be the
natural inclusion, we have by definition that i~'(V*Ox[0, 9, ']) = Ve Ox[04], so we
obtain

FpVaL+OX = vaaOX [8,5,6;1] N OX [&]

Using the fact that 029t = Oy for i < —1, and (0, f, -+ ,0., f) C O C 0=«
since 0 < a < 1, we further get

P
FV*1,0x =Y F,iDx(07*" ).
1=0

Hence by Proposition 3.1, we obtain

P

E,M(f%) =w (Z F, ;Dx(0=*"" g a;)) ,
i=0

where ¥ := pot~! o ®~! is defined as above. Then Lemma 3.2 implies

Ozt

U(F,_iDx (02" ®0})) = F,_;Dx - ( fl_“) for any 0 < i <p,

fitl
which completes the proof. O

Proof of Corollary B. We first show the following statement (10) by induction:
for k € N,

Ii1(D) = Ozatk+l 4 Z Ox (fdia — (a + k)ad;if) (10)

1<i<n,a€l, (D)
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By Theorem A, for p = 0 and p = 1 we obtain
Iy(D) = 0=2
and

L(D) ' = f2- FOx(x2)f' "
— Ozt 4 (f)Io(D) + Z (’)X(fﬁia—aaaif).

1<i<n,a€ly(D)

So we get (f)Io(D) € OZ2F! and thus the statement (10) is true for k = 0.
Now assume the statement is true for k = [. Then

Il+1(D) = 02a+l+1 4 (f)]l(D) + Z Ox (f&'za — (Oz + l)a@lf)

1<i<n,a€Il;(D)

=0 (NO () 3 Ox(fOib = (atl=1hoy/)

1<j<n,bel;1(D)

P Ox(foa— (o + Dadif)

1<i<n,a€l;(D)

Since (f)O0=o+t c 0=+ and
FO;(fb) = (a+ 1) (f0)0; f = f(f0;b — (ar+1—1)b0; f),

we conclude that the statement is true when £ = [+ 1. So by induction the statement
(10) is true.
Then it suffices to show:

OZOHHL A (9 8. f) C Z Ox (f0ia — (o + k)ad; f).

1<i<n,a€l; (D)

Take any monomial b € OZ 1N (9, f, ..., 0, f), write b= B101f + BoOof + -+
B, 0, f. We claim that:

B0, f € > Ox(foia—(a+k)ad;f),V1<i<n. (11)
1<i<n,a€l, (D)

To prove the claim, we just show the case for i = 1, since for 2 < i < n the argument is
completely similar. If By = 0, then 9, fB; = 0. Now suppose 0 # By = ZAeJl bax?.
Take any A € Jy. If 01 (z?) = 0, then 0; fz** belongs to the right hand side of (11);
otherwise we have 01 (z) # 0, so we get p(d1 (%)) > a+k and hence 9, (24) € I;:(D).
We can easily check that

(a+k)z?01f = (a1 = 1) (for (2?) — (a+k)z2 01 f) —21 (01 (O12?) — (a+k)O1 f - Orz™?).
Thus

Bioif = > ba(zouf) € > Ox (fdia — (o + k)adif).

AeJy 1<i<n,a€ly (D)
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Similarly, we can show B;0;f belongs to the right hand side of (11) for 2 < i < n,
and hence the claim is true. Therefore

be Y. Ox(foa—(a+k)adf).
1<i<n,a€ly (D)
|
As an application of Theorem A, we prove the following property of Hodge ideals:

COROLLARY 3.4. If D = aZ, where 0 < o <1 and Z = (f = 0) is an integral
and reduced effective divisor defined by f, a weighted homogeneous polynomial with
an isolated singularity at the origin, then we have:

I+1(D) C I(D)  for any k € N.

Proof. When k = 0, by Corollary B, we easily get
I,(D) C Iy(D).

(In fact, even without the assumption for f, we always have I;(D) C Iy(D) when
D = aZ with o <1 by [MP20a, Corollary 5.5].)

Now we assume I;(D) C I;_1(D) for some [ € N. Then, for 1 < i < n and for
any a € I;(D) C I;_1(D), by Corollary B, we have f0;a — (o +1 — 1)a0;f € I;(D).
By adding —ad; f € I;(D), we know that f0;a — (a4 1)ad;f € I;(D). Then again by
Corollary B, we get [;11(D) C I;(D). So by induction the proof is complete. O

Proof of Corollary C. As mentioned in Remark 2.9, for any weighted homogeneous
function f with an isolated singularity at the origin,

max{p(v;)} =n—dy,

where {v1,---,v,} is a fixed monomial basis of Jacobian algebra C{xz1,...,z,}/(9f).
Let
I,_1(D
TP = g (BBl oo

By Corollary B, it is enough to show that

Z Oxv; CJp(D) <= p>[n—a;—a]+1.

v;€AZa+p

First, taking any ¢ < [n — &y — o, we have ¢ + o < n— ay. There exists v; such that
p(vj) =n — a;. Therefore v; € 029 and v; & (f1,-+ , fn).
Since

f= i w;x;0; f,
i=1

we obtain

Jy(D) = (f)I,-1(D) + > Ox (fdia— (g —1+a)adif) C (fi,-, fa)-

1<i<n, a€l,_1(D)
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Thus
> Oxv; ¢ Jy(D).

vje(920+p

On the other hand, for any p > [n—ay—al+1, we get p+a > [n—ar—a]+1+a >
n—ay—a+a=n-—as. Since max{p(v;)} =n—ay < o+ p, by definition there are
no such v;. O

EXAMPLE 3.5. Let f = 2% +y3. Then Ay = C1&Cy and p(1) = % and p(y) = .
Then:
e When 0 < o < &, Io(D) = C{z,y}, I1(D) = (y) + (0f) = (z,y) and I5(D) =
(22, 2y,y?). The generation level is [2—2 —a] = 1. We see that I (D) # J1(D)
and IQ(.D) = JQ(D)
e When } < a < 2, Iy(D) = C{a,y}, L(D) = (22,2, %) + (0f) = (w,9).
The generating level is 0.
e When 2 < a <1, [y(D) = (z,y), (D) = (23, 2%y, x>, y*) + ((1 — 20)2* +
y? xy? vy, 2? + (1 — 3a)y?) = (22, 2y, y*). The generating level is 0.
By using the birational transformation property, in [MP19b, Example 10.5], the au-
thors can compute I5(D) for a > %. It is not clear however how to apply the method
to obtain the calculation above for a < % But by using Theorem A and Corollary
C, we can compute it for all 0 < o < 1.

K

As another application of Corollary B, we illustrate how the roots of the Bernstein-
Sato polynomial associated to f relate to the jumping numbers and coefficients associ-
ated to ideals of the form I (cZ)/(0f) in the case when f is a weighted homogeneous
polynomial with an isolated singularity at the origin.

For a germ of holomorphic function f € Ox, = C{x1,...,2,}, there exists a
unique monic polynomial by(s) of smallest degree such that there exists P € Zx|s]
and

br(s)f* = Pf*t'  where s is a variable.

We call bs(s) the Bernstein-Sato polynomial associated to f.

It is usually hard to calculate the Bernstein-Sato polynomial. However, in many
cases, a good formula is known, e.g, f is a monomial or f = z{* +--- + 2% for some
integers a; > 1. Moreover, in the case when f has non-degenerate Newton boundary
with respect to the local coordinates or in the case when f is semi-quasihomogeneous,
a good algorithm has been found (see details in [BGMMS89]). In the case when f is
a weighted homogeneous polynomial with an isolated singularity at the origin, the
result is much easier to describe. The proof that bs(s) is written explicitly as follows
can be found for instance in Granger’s survey [GralO, Theorem 4.8]:

THEOREM 3.6. Let f be a weighted homogeneous polynomial with an isolated
singularity at the origin and with weight w = (w1,...,wy,). Let M = {v1,...,v,} be
a monomial basis of the Jacobian algebra C{z1,...,x,}/(0f) where (Of) denotes the
ideal (O1f,-- ,0nf). Let

E={pecQ]| I v, €M such that p(v;) = p}.

Then:
br(s) = (s +1) [T (s + ).

peEE
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In the case when f is a weighted homogeneous polynomial with an isolated sin-
gularity at the origin and Z = (f = 0) is the reduced integral divisor, by Corollary B,
we obtain that I,(A\Z)/(0f) = OZkT2/(df) for all k € N. By Remark 2.9, we obtain
further that I (cZ)/(0f) = 0 for all k > [n —as] + 1. So we could relate the elements
in the set E to the jumping numbers and jumping coeflicients defined as follows:

For any k& € N and k < [n — &y], there exists m € N and rational numbers
0<cp <cg<---<cg, <1suchthat forany 1 <i<m—1,

Ik()‘Z)/(af) :Ik(cklz)/(af)a ifAe [ckiVCki+1);

We call ¢, jumping numbers of I(cZ)/(0f) in (0,1). Note that jumping numbers
usually cannot be defined directly for Iy(cZ) when k > 1. This is because some gen-
erators of I (cZ) might have coefficients depending on ¢, so we may get incomparable
ideals. For example, let f = 22 + ¢° and 19—0 < a < 1. As we computed in Example
4.6, we cannot define jumping numbers for I;(cZ) since we get incomparable ideals
when we change ¢ in (35, 1) (see also [MP20a, discussion after Corollary 5.5]). Let Ej,
denote the set of all jumping numbers of I;(¢Z)/(9f) in (0,1) and call

N={reN:I.(2)/(0f) # I,+1(eZ)/(0f), where 0 < e < 1}

the set of jumping coefficients associated to Z. With these notations, by Theorem 3.6,
the jumping numbers and jumping coefficients of I (cZ)/(0f), for 0 < k < [n — ay],
determine the roots of Bernstein-Sato polynomial as follows:

COROLLARY 3.7. Let f be a weighted homogeneous polynomial with an isolated
singularity at the origin and Z = (f =0). Then

[n—ay]
be(s)=(s+1) [ ] Gs+p+k) [[Gs+r+1).
k=0 peEy reN

See also Remark 4.4.

4. Relation between Microlocal V-filtration and Hodge ideals. In this
section we assume that D is an effective Q-divisor and D = « - H, where a € Q¢
and H = div(h) with h € Ox(X) and denote Z = H,.q = Supp(D). We assume
[D] = Z = (f =0). Then we define another series of ideals as follows:

DEFINITION 4.1 ([MP20a, Definition 3.1]). For each k > 0, we define an ideal
sheaf

k
I,(D) = {v € Ox | Fvg,v1. -+ ,v = v € Ox such that Zvi ®0; € VO‘L+(’)X}.
=0

Recall the microlocalization of 1, Ox, i.e. Ox|[d;,d; '] has the microlocal V-
filtration defined in (9). Notice that it has an increasing filtration (see [Sai94, (1.2.3)])
given by

FLOx[0,0; '] =) Ox ® 9}, V k€ Z.
i<k
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So we get an induced microlocal V-filtration on Ox (identified with Ox ® 1), denoted
as

VeOx == V*Crl Ox[0,,0;, "]

When 0 < a < 1, by definition we have I,(D) = V¥t*Ox. We know the following
relationship with Hodge ideals, proved in [Sail6, Theorem 1] for @ = 1, and extended
to Q-divisors in [MP20a, Theorem A’]:

PROPOSITION 4.2. If D = aZ where Z is a reduced, effective divisor on X,
defined by f € Ox(X), then

Ik(D) = Ik(D) mod (f), V keN.

When f is a weighted homogeneous polynomial with an isolated singularity at the
origin, M. Saito gives an effective way of describing Iy,(D) using the lower level I, (D)
and a monomial basis {v1, - - - , v, } of the Jacobian algebra C{z1,...,z,}/(0f), where
1 is the Milnor number:

PROPOSITION 4.3 ([Sail6, Proposition in (2.2)]). If D = aZ, where 0 < o < 1
and Z = (f = 0) is an integral and reduced effective divisor defined by f, a weighted
homogeneous polynomial with an isolated singularity at the origin 2, then:

Iy(D) = 0=2
and

L(D)= > Oxvj+(df - ,0u/),-1(D), Vp>L1

’UjEOZa+p

REMARK 4.4. One consequence of Saito’s result is that the roots of the Bernstein-
Sato polynomial associated to f are related to the jumping numbers of V¢Oyx. In
the setting of Theorem 3.6, by Proposition 4.3, the microlocal V-filtration V*Ox
modding out (9f) determines the following jumping numbers: There exists rational
numbers &y =c¢; < cp < -+ < ¢y =n — ay such that for any 1 <i <m —1,

‘:/AOX/(af) = Vciox/(af% if A € [, ¢iq1);
VerOx [(0f) # Ve Ox /(0f).

With the above notations and by Theorem 3.6, the Bernstein-Sato polynomial is:

s

br(s)=(b+1)||(s+ci).

i=1

Notice that Iy(cZ) = Ix(cZ) mod (f) by Proposition 4.2, and we have f € (9f)
by the definition of weighted homogeneous polynomials. Thus I (cZ) = I(cZ)
mod (9f). So it is not surprising that the roots of the Bernstein-Sato polynomial
are also related to the jumping numbers and jumping coefficients associated to ideals
of the form Iy (cZ)/(0f) as in Corollary 3.7.

2Note the assumption for [Sail6, Proposition in (2.2)] that “f contains monomials of type xfl
for any ¢ € [1,n]” is not necessary, as confirmed by Saito [Sail8].
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Now we give the proof of Proposition D, which gives a criterion for equality
between Iy (D) and Ij(D):

Proof of Proposition D. Comparing Iy, (D) and I, (D) by Corollary B and by

Proposition 4.3, clearly it suffices to show that, if I},(D) = I,(D) = (x1,...,x,)™ for
some m € N, then

oY Ox(diaf —(a+k)adif) = (Dif,...,0nf) (@1, 20)™

=1 ac(z1,....xn)"

Fix k € N. Now suppose I(D) = (z1,...,2,)™ for some m € N and take any
element a € (z1,...,2,)™. Since f is a weighted homogeneous polynomial, we have
the formula

f=> wiz:d;f.
i=1
Then we get
faia = Z wjxjﬁjf&a.

Jj=1

Clearly z;0;a € (z1,...,2,)™, s0 fOia —adifa € (O f,...,0nf)(z1,...,x,)"™. Thus

oY Ox(0iaf —(a+k)adif) C(0if,. . Onf) (@1, )™

=1 a€(x1,...,Tn)™

On the other hand, for any A € N* with |A| = m — 1, and for any 7 € {1,--- ,n},
consider
Li(A) := 0i(an;) f — (a + k)i fa'
= ((04 + 1)11)1 - — k)xAxl&f + Z(az + 1)U)ijl’jajf.
J#i
After easy computation, we can express z2;0; f as

Mg f = DY wili(A)  Li(4)
O e B e —a— k) atk

Moreover, for any B € N* with |B| = k and b; = 0, 250, f = —a%_k(ai(xB)f — (a+
k:)xBaif). Hence, for any 4, and any a € (x1,...,2,)™, we obtain

ad; f € Z Z Ox (f;a — (o + k)ad; f).

1=1 a€ly(D)
Thus we proved the reverse inclusion of sets and finish the proof. O

Moreover we prove in the following that Conjecture E is true when k = 0:

PROPOSITION 4.5. We assume D = aZ, where 0 < o <1 and Z = (f = 0) is an
integral and reduced effective divisor defined by f, a weighted homogeneous polynomial
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with an isolated singularity at the origin. If Io(D) # (x1,...,2,)P for any p € N, then
1(D) # Ii(D).

Proof. We assume that Iy(D) is not equal to (z1,...,2,)? for any p € N. Notice
that Io(D) = OZ% is a monomial ideal. So there exists a nonempty set E of vectors
in N™ such that for any n = (n1,--- ,n,) € E, there exist two nonempty sets I,, Jj,,
and I, UJ, = {1,...,n}, such that

az; € Iy(D) = 0=, Vi€,
and
2z; ¢ Io(D) = O=*, ¥ j € J,.
For any n € E, we get 2" ¢ O=% because x"z; ¢ O=“ for any j € Jy. Then we know
22,00 f ¢ O forany t, 1 <t <n. (12)
Denote, for any ¢, 1 < ¢ <mn,
Ly(n) :=04(z"xq) f — (v + k)x"24,0,f.
We will show that: For any i € I,,, L;(n) € I;(D)\I,(D).
Fix any n € E and denote J,, = {ji1,...,js}. For any i € I, write
Li(n) = ((m: + Dwi — a— K)e"midi f + (5 +1) - Y wya"a;0 .
J#i

Now we suppose L;(n) € I;(D). Since 2x;0;f € I,(D) for any i € I,,, we obtain
Z wjtx"xjﬁjtf € I~1 (D) =zott 4 (81f7 R ,8nf)(920
t=1

Knowing (12), we consider the above sum modding out all the partial derivative of f
except 0j, f. Then we have

:c”leﬁjlf = lef - g mod (81f, ey 8j1_1f, 8j1+1f, NN ,&Lf), for some g e 0204'

The assumption that f has an isolated singularity at the origin implies that
{01f,...,0nf} is a regular sequence for Ox. This is possible only if

a"z; — g€ (Oify.. 0 -1F,041f, -, 0nf) C O

However, this contradicts to x"x;, ¢ OZ%. So we obtain L;(n) ¢ I,(D). Clearly
LZ(T]) S Il(D), hence Il(D) # Il(D) 0

The following example shows that, given a weighted homogeneous polynomial
with an isolated singularity at the origin, when changing the coefficient «, Ip(aZ)
may be equal to some power of the maximal ideal, which implies I1(D) = I,(D), or
equal to some ideal lacking symmetry so that I;(D) # I (D), which reflects the above
proposition.

EXAMPLE 4.6. Let f = 2%+ 3y° and Z = div(f), D = aZ where 0 < o < 1.
We get the weights are w = (w1, w2) = (3, £). Fix a monomial basis {1,y, 4% y*} of
the Jacobian algebra C{z,y}/(0f). We get p(1) = %, p(y) = =%, p(y?) = 15 and

p(y*) = 35
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e When 0 < a < &, we have Iy(aZ) = Ox by Corollary B. Then we see from

Corollary B and Proposition D that I;(D) = I;(D) = (z,y?) if 0 < a < =5
L(D) = (D) = (z,y*) if &5 < @ < 3; and (D) = (D) = (z,y) if
1% <a< %.

e When & < a < 2, similarly we have Iy(aZ) = (z,y) and I;(D) = I;(D) =

10°
(z, ") (2, y).
e When 2 < a < 1, similarly we have In(aZ) = (z,y?). We will see I;(D) #

I,(D). In fact, by Corollary B,
n(D)y=0>"4 N Ox(foia- aadif)
1<i<2,a€02
= (2%, 2%y 2yt y") + (1 - 20)2® +3°, ay?, 22%y + (2 — 5a)y°)
= ((1 —2a)2® +9°, ay?, 22y + (2 — 5a)y6),

and by Proposition 4.3,
L(D) = Z Oxvj + (0f)Io(D)

vjip(vj)Za+l

= (z,y")(@,9%) = (2, 29%,9°).

Clearly (1 — 2a)z? 4+ y° € I;(D)\I,(D) and z? € I,(D)\I,(D).

5. Non-degenerate case. In this section, we extend Theorem A to the case

that D = aZ, where 0 < o <1 and Z = (f = 0) is an integral and reduced effective
divisor defined by f, a germ of holomorphic function that has non-degenerate Newton
boundary with respect to the local coordinates and has an isolated singularity at the
origin. The proof is very similar. One only needs to point out that a version of Lemma
3.3 still holds. To state the results in this section, we denote:

e O =C{xy,...,x,} the ring of germs of holomorphic function for local coor-
dinates x1,...,T,.
e f:(C"0)— (C,0) a germ of holomorphic function, and we write

f=> faz?,

AeNn

Qn

where A = (ay,...,a,) and 24 = z{* --- 2%

N(f) = {A € N": f4 #0}.

e I' = I'(f) the union of compact faces of the convex hull of N(f) + N” in
(RH)".

F the set of faces in I' of dimension n — 1.

F' the set of faces of dimension n — 1 of the convex hull of N(f) + N™ in
(RT)™ that are not contained in any hyperplane (z; = 0) for any 1 < i < n.
Bp for F' € F', the unique vector of (Q)™ such that

(A,Bp) =1, YA€ F.
Denote Bp = (b1,p, -+ ,by,r) and

|Br| = bir.
i=1
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e ir(g) the weight of an element g = Y gaz? € O with respect to F € F’
defined by

pr(g9) = |Br|+inf{(A, Bp) : ga # 0}.
e p the weight of g with respect to I' defined by
plg) = inf{pr(g) : F € F'}.
The weight function p defines a filtration on O as

O>r = {ueO:plu) >pk

0= ={ue O:p(u) = p}.

e /r(g) the unshifted weight of an element g = > gaz? € O with respect to
F € F' defined by

pr(g) = nf{(A, Bp) : ga # 0}.

e p the unshifted weight of g with respect to I' defined by
plg) = inf{pr(g) : F € F'}.

Clearly, p(g) = p(gri2s ... 2p).

REMARK 5.1. Supposing f is a weighted homogeneous polynomial, under the
assumption that I' intersects with each coordinate axis at one point, i.e., for any
1 <i < n, there exists a; € N such that =]’ has nonzero coefficient in the expression
of f, the weight function p defined as above coincide with the weight function p defined
in (1); otherwise, these two weight functions may not be the same.

DEFINITION 5.2. We say that f is convenient if I intersects with each coordinate
axis at one point. We say that f has non-degenerate Newton boundary with respect
to the local coordinates if for any face F' € T' (of any dimension), the restriction of f
to I, i.e.,

fle =" faz?
A€EF
satisfies the condition:
0 0
o0x1 0xy,

We will use the following result which illustrates a property of the weight function p:

LEMMA 5.3 ([BGMMS89, Proposition B.1.2.3.(ii)*]). If we assume f is a germ
of holomorphic function that has non-degenerate Newton boundary with respect to the
local coordinates and convenient, then any element g € (0f) can be written as

g=g101f + -+ gnOnf
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such that
p(g505f) = p(g),

plg;) = plg) — 1+ plx;),

and

ASE) > o) —1

forany 1 <j<n.

By very similar methods we can extend Theorem A to the case when f is conve-
nient and has non-degenerate Newton boundary (see Definition 5.2). One of the key
results we need is the following lemma, very similar to Lemma 3.3:

LEMMA 5.4. If we assume [ is a germ of holomorphic function that is convenient
and has non-degenerate Newton boundary with respect to the local coordinates, then
we have

VA Ox[0, 0; Z LiPx (02T 29} for any a € Q.

i<p

Proof. Fix av € Q. We denote the sum on the right hand side of the equation to
be

Sp =Y FpiZx(0>*' 0 9])
i<p
for any p € Z. It is enough to show
Spm( Z OX@ati) C Sp1
i<p—1
for any p € Z. Take an arbitrary element a in the set
S ﬁ Z OX ®a) p 1
i<p—1
i.e.,

a= Y o, 00 ")

veNn

with a, € O=*tP=Ivl such that

2 (170N e, =0 (13)
veN”
where (Of)" : (ngl) L. (88;;) --~(88f ). We want to show that a € S,_;.
Define k( ) = min{|v| : a, # 0} for any such a ertten in the above expression.
We claim that for any a € S, N (3, 4 OX ® 9%) — Sp_1, there exists b € S,_; such
that k(a’) > k(a) + 1 for the new element a’ := a —b. Assume k(a) =k > 0. So

a= > Fla, @ ")

vilv|>k
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where a, € O=tP=IVl guch that

> (=1)"(0f) a, =0. (14)
vilv| >k
Then (14) implies that
Y () a, € (0"

vilv|=k

Since f is convenient and has nondegenerate Newton boundary, it is well known that
f has an isolated singularity at the origin (see [BGMMS89, Remark B.1.1.3]). Thus
we know (01 f,---,0nf) is a regular sequence. Followed by [Sai09, Remark (ii) after
4.2], we obtain a, € (0f) for |v| = k. Therefore by Lemma 5.3 we can write

= zn:(?if capg, [V =k
i=1

and have the inequalities p(a,,;) > pla,) — 1+ p(x;) and p(d;a.;) > p(a,) — 1. So we
know 0% (0;a,,; ® O V17Y) € B, 2x (02~ 1=k @ 9P71F) ¢ S, for v with || = k.
Consider

> ia;:(aiay,z@af*’“*)

vilv|=k i=1

S N (0 @~ dian) @) + Y (e wap )

vilv|=k i=1 viv>k
n
— E E v+1i/ ./ p—k—1 v p—|v|
- am (au+1i & at ) + E a:t (aV & at )
v:lv|=k =1 v:|v|>k+2
where aj, ;. = a,41, a,” € Otp=k=1 for |y| = k. Thus o' is also in the set

SpN(Xicp 1 Ox @0, ') — Sp—1 and k(a') = k+ 1. Therefore by induction, k(a) can be
assumed to be arbitrarily large. In particular, it is allowed to assume k(a) = N > a+p
and (9f)" € OZ“*P for any v with || = N — [a] — p — 1. Consequently, we have
0F)"~ 0" (a,) @ P~ € OzoFr=1l @ 9P~V where v/ # 0.

Observe that

Ozotrl=igab~1=t c § | for any i > 0. (15)
In particular, O @'~ '~" € S, for i > [a] + p. Hence we finish the proof since (15)
implies @ € Sp—1. O

Then we extend the formula for the Hodge filtration to the non-degenerate case.
The proof is the same as that of Theorem A, noting that we still have the property
that p(uf) > p(u) + 1 for any u € Ox.

THEOREM 5.5. If we assume D = aZ, where 0 < a« < 1 and Z = (f = 0) is
an integral and reduced effective divisor defined by f, a germ of holomorphic function
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that is convenient and has non-degenerate Newton boundary with respect to the local
coordinates, then we have

—« - @ZG—H —a
FpM(fl ):ZFpﬂ‘@X' Wfl
i=0

where the action - of Px on the right hand side of equation is the action on the left
Dx -module M(f1=%) defined by

(1=a)D(f)

S(wflte) = w) +w
D (wf=?) (D<>+ ;

) 1=, for any D € DercOx.

REMARK 5.6. Notice that Theorem A and Theorem 5.5 do not imply each other.
For example, f = (z1 + x2)? + 2173 + 23 is a weighted homogeneous polynomial,
but it degenerates on the face (1,0,0)(0,1,0). On the other hand, there exist many
polynomials having non-degenerate Newton boundary, but which are not weighted
homogeneous, e.g. f = 2%y? + 2° +1°.
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