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DEFORMATIONS OF CR MAPS AND APPLICATIONS*

GIUSEPPE DELLA SALAT, BERNHARD LAMEL!, AND MICHAEL REITERS}

Abstract. We study the deformation theory of CR maps in the positive codimensional case.
In particular, we study structural properties of the mapping locus E of (germs of nondegenerate)

holomorphic maps H: (M,p) — M’ between generic real submanifolds M ¢ CN and M’ C CNI,
defined to be the set of points p’ € M’ which admit such a map with H(p) = p’. We show that this
set F is semi-analytic and provide examples for which E possesses (prescribed) singularities.
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1. Introduction. A classical counting argument due to Poincaré [22] shows
that for "most” germs of real-analytic submanifolds (M, p) C (CV,p) and (M’,p’) C
(CN,p), it is impossible to move one into the other by means of a germ of a holomor-
phic map H: (CV,p) — (CV,p). This rigidity phenomenon is by now well understood
in the context of real submanifolds of the same dimension by means of jet parametriza-
tion results; we mention here e.g. the paper [15] for a thorough discussion of those.

An extension of the techniques developed in that paper allowed us to study in
[8] the equivalence locus E(p) of p € M, which is defined as the set of points ¢ € M
for which there exists a biholomorphism taking (M, p) into (M,q) and show that
this set is locally a real-analytic submanifold of M. In the present paper, we are
interested in studying the positive codimensional case, and extending results ob-
tained in [9, 10]. Observe the following general rigidity phenomena for mappings
H: (CN,p) — (CN',p') where N’ > N: Given a germ of a real-analytic submanifold
(M,p) C (CN,p) and a subvariety M’ ¢ CN', only few points p' € M’ allow for a
(nondegenerate) holomorphic map H: (CV,p) — ((CN',p') satisfying H(M) C M’.
The general mapping locus is defined as

E= {p’ e M': 3H: (CV,p) — (CV',p) holomorphic, H(M) C M’,H;ép'} ;

for our results, we shall have to restrict ourselves to the mapping locus defined for
classes of maps for which we have so-called jet parametrization results. We will see
that in the positive codimensional setting, these mapping loci can only be shown to be
semi-analytic and that there exist examples for which we actually obtain a mapping
locus with singularities.

Before we proceed, we need to introduce some definitions. We denote the ideal
associated to M’ at the point p’, consisting of all germs of real analytic functions
vanishing on M’, by Z,,(M') € C{w — p’,w — p'}, and the set of all germs of real-
analytic CR vector fields tangent to M near p by I',(M). We say that such a map H
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is £-finitely nondegenerate at p if

dime {El e Ly (H (2), H(2)|sp: L; € To(M),k < 0, o € IH(p)(M’)} — N

Given M and M’ as above, and ¢ € N, we define the (¢-finitely nondegenerate)
mapping locus B, C E C M’ consisting of all points p’ € M’ with the property that
there exists an ¢(-finitely nondegenerate map H: (M, p) — M’ with H(p) = p'.

The rigidity properties of real objects with respect to holomorphic maps already
alluded to above lead to interesting structural properties of this set. Apart from
this, there are several reasons motivating the study of E. One of the main possible
applications is in the study of the moduli space of CR maps with respect to the actions
of the automorphism groups of M and M’ from the right or the left, respectively. This
is particularly interesting (and has been studied a lot) in the case where M and M’
are spheres. We refer the interested reader to the survey of Huang and Ji [14] on this
matter, and also note that there is a notion of homotopy equivalence in this setting
introduced by D’Angelo and Lebl [7].

Another motivation is that when one studies deformations of proper maps be-
tween domains with real-analytic boundaries, then the existence of such maps finds
obstructions in the existence of maps between the boundaries very naturally, as all
such maps extend holomorphically across the boundary in many settings (see e.g. the
paper by Mir [21]). Let us now state our first theorem:

THEOREM 1. If M is real-analytic CR manifold and M' C CN'isa real-analytic
subvariety, then for every £ € N the mapping locus Ey C M’ is locally a semi-analytic
set.

In particular, we recover one of the main results of [8] for the equivalence locus
E(p): since it is also homogeneous (by definition), F(p) C M is necessarily a locally
closed submanifold. We remark that the level of generality obtained in the equidi-
mensional case remains currently out of reach in the positive codimensional case; i.e.
our paper makes no claim (and offers no conjectures) regarding the full mapping locus
E.

One might wonder whether the mapping locus Ey, in contrast to the equidimen-
sional case, can have singularities if the codimension N’ — N is positive. We construct
an example showing that this is actually the case (even if the source manifold is
assumed to be very nice).

THEOREM 2. Let M be the unit sphere in CV. Then there is a real hypersurface
M' C CN*L such that the mapping locus Ey, for any £ > 2, is a singular real-analytic
subset of M'.

Our approach to studying the mapping locus is to consider the variation of the
image point p’ € M’ as a deformation of M’ and to deduce the semi-analyticity result
from a more general semi-analyticity result valid for general deformations of M’.

This approach allows us to shed additional light on the mapping locus in some
interesting cases. We point out one instance of this here: the degeneration of the
mapping locus to a point can be checked by a sufficient linear criterion, which allows
us to recover a statement already implicit in results of [11] from our considerations of
deformations.

We recall the necessary definitions: Assume that H: (M,p) — (M',p’) is an
(-finitely nondegenerate map. We say that Y(z) € C{z — p}" is an infinitesimal
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deformation of H if Y(p) = 0 and if

Re (0w(H(2), H()) - Y(2)) |00y = 0

We note that we shall see later that the set of infinitesimal deformations of H is a
(finite-dimensional) real subspace hol(H) of C{z — p}"¥', which is tightly related to
the tangent space of the set of possible maps of (M, p) into M’.

THEOREM 3. Let M be a real-analytic CR manifold and M' C CcN' a real-
analytic subvariety. Assume H is (-finitely nondegenerate and that there exist no

nontrivial infinitesimal deformations of H, i.e. dimg hol(H) = 0. Then there exists
a neighborhood U of p’ such that B, NU = {p'}.

Theorem 1 and Theorem 3 are obtained by a more general study of analytic de-
formations of the target manifold M’ together with the jet parametrization technique
for CR maps, see Section 2 for all relevant definitions. Their proofs are given in Sec-
tion 3 and Section 4. The proof of Theorem 2 is given in Section 5. Finally, Section 6
contains a list of examples illustrating various properties of the mapping locus.

Acknowledgment. The authors would like to thank 3 anonymous referees for
their careful reading of the paper and pointing out many places where we could
improve it as well as for the numerous typos caught by them.

2. Preliminaries and further results. This section introduces all the relevant
notions and notations used throughout the paper; we also state the more general
theorems from which we will deduce the theorems stated in the introduction.

2.1. Manifolds, maps and deformations. Let 7((CV,p),CY") be the set of
germs at p of maps from CV to CV ". This space is endowed with the inductive limit
topology with respect to the Banach spaces H((Br(p),p), (CNl), where Br(p) denotes
the ball of radius R > 0 in CV centered at p. In the following every subspace of
H((CN, p),CN') will be equipped with the induced topology.

We define H((CN,p),(CN',p)) < H((CN,p),CN') as the subset of
H((CN, p),CN') of maps H satisfying H(p) = p/.

Let M C CV be a generic real-analytic submanifold and M’ c CVN " a real-analytic
subvariety. A holomorphic map H : M — M’ can be considered as the restriction of
a holomorphic map H defined on a neighborhood of M. We denote by H(M, M') the
collection of all holomorphic maps sending M into M.

If (M,p) € CV is a germ of a real-analytic submanifold and (M’,p') ¢ CV' is a
germ of a real-analytic subvariety we denote by H((M,p), (M’,p’)) the collection of
holomorphic maps H sending (M, p) into (M’,p’) (in particular H(p) = p').

Often we need to consider subsets of H(M,M’) or H((M,p),(M’,p")) satisty-
ing certain in some sense good geometric and analytic properties, especially those
admitting a jet parametrization. An example is given by the class of finitely nonde-
generate maps (see Section 4). We will generically denote such a subset of maps by
F CH(M,M'") or F CH((M,p), (M, p)).

In the paper we will need to treat not only the case of a fixed target set M’, but
also the case of a deformation of M’; that is a family of subvarieties M/ including
M’. More precisely, we extend a definition taken from [8]; we assume that the reader
is acquainted with the basics of semi-analytic geometry, but refer to Section 2.6 for a
discussion of the notions we use here.
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DEFINITION 4. Let X be a semi-analytic compact set in some R™. Let (M’,p’)
be a germ of a real-analytic subvariety of CN'. A deformation ® = (M!,p)cex
of (M',p’) is given by a family of subvarieties M! C CV ", depending analytically on
¢ € X in the sense that there exist g1 (w, w,€), ..., gq(w,w,e) € C¥(X){w—p',w —p'}
such that

Ip'(Mel) = (Ql (’LU7 w, 6)) B Qd(wv w, 6)) s

and M/ = M’ for some ¢¢ € X. We write Z(D) for the set of all o(w,w,e) €
CY(X){w —p',w — p'} satistying o(, -, €) € I (M]) for every e € X.

A base-point-type deformation of M’ is a deformation obtained in the following
way: We choose r > 0 small enough, take X = M'NB,.(p’), and for all ¢ € X we define
the germ (Mg, p') as (M’ +p' —¢',p'), where M’ +w’ = {v'+w" : v" € M'}, which is
a deformation in our sense, as we can use g;(w, w,q") = oj(w— ' —¢),w— P —¢))
for any generating set o1, ..., 04 € Iy (M').

It is useful to study the infinitesimal notion corresponding to deformations of
maps.

Let H : M — CN' be a real-analytic CR map satisfying H(M) C M’. We denote
by Ty = Tor(H*(CT(CN"))) the space of real-analytic CR sections of the pull back
bundle of CT(CN") with respect to H, cf. [11].

DEFINITION 5. Let (M,p) and ® = ((M))cex,p’) be as above with M! =
{o(,-,e) = 0}. Let ¢ € X™ and H, : (M,p) — (M/,p") be in F. We say
that an element (v,Y) € T, X x I'y, is an infinitesimal deformation of H, into ©
if Y(p) = 0 and the following equations are satisfied:

2Re (Qw (HGO(Z),ETEO(Z),eO) . Y(Z)) + 0e (HEO(Z),I:ISD(Z),eO) v =0,

for all p € Z(®) and Z € M. We denote the space of all infinitesimal deformations of
H,, into © by hol(H,,,D).

REMARK 6. If we consider a curve (e(t), H(t)) with H(t) : (M,p) = (M. p')

for e(t) € X then (v,Y) = (€'(0), £ |i=0H(t)) (note that (%h:oH(t))(p) = 0) belongs
to hol(H(0),®). The proof is the same as [10, Lemma 21].

DEFINITION 7. Let H(t) € H(M,CN') be a smooth curve such that H(0) €
H(M, M) and €(t) a smooth curve in X with €(0) = ¢o. We say that (e(t), H(t)) is
tangent to H(M, M!) to order r at (ep, H(0)) if for any local parametrization Z(s) of
M we have that o(H(Z(s),t), H(Z(s),t),e(t)) = O(t"+) for any o € Ly (o) (M!). We
denote the set of such parametrized curves by B" (or ‘13?60) H) if we need to emphasize
that €(0) = ¢g and H = H(0)).

DEFINITION 8. Let (M,p) and ® = ((M!)cex,p’) be as above. Let (e, H) €
Xree x F. We say that (w,Y) € (T.,X)* x T'%,, where 'Y, = Ty x --- x 'y, is an
infinitesimal deformation of H of order k, and write (w,Y) € hol*(H,®) if 7, (w,Y) ==
(e +twy + - thwy, H+ Y1 + -+ t"Y) € Hie ) [t] VP )

Note that for k = 1 we recover hol(H,D) given in Definition 5.

Next, we want to make the connection of infinitesimal deformations of a map
H: M — M, introduced and studied in [6, 9, 10, 11], to infinitesimal deformations
into base-point-type deformations.
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DEFINITION 9. Let H € H((M,p),(M’,p’)). A CR section V € I'y is called an
infinitesimal deformation of H if the real part of V is tangent to M’ along H(M).
More precisely, this means that for every real-analytic function ¢ = o(w,w) defined
in a neighborhood of H(p) and vanishing on M’ we have

v
Re Y V;(Z)ow,(H(Z),H(Z)) =0, YZeMnU,
j=1

for some open neighborhood U of p. Here, 0., = (0w, - - -, 0w,,) denotes the complex
gradient of g. The space of infinitesimal deformations of H is denoted by hol(H).

We will use the following identity in the next lemma: If ¢ is a real-valued function
on C" = R?" we can write o(p) = 6(p,p) for p € C*. Then for any v € C" we have
Op -V = Gp- v+ 0p - U, where the first - denotes the inner product in R?" (hence
v has been written as a vector in R?") and the second and third - are given by
a-b=ab +---+ayb, for a=(ay,...,a,) € C" and b = (by,...,b,) € C".

LEMMA 10. Let (M, p) be as above, and consider the base-point-type deformation
of M' and H : M — M’ a holomorphic map. Then (v,Y) € hol(H,D) if and only
if Y + v € hol(H). Moreover, the map hol(H,D) > (v,Y) — Y +v € hol(H) is an
isomorphism.

Proof. Assume p = 0 and p’ = 0 and denote by p1,..., 04 a set of generators of
To(M'). By definition p;(Z',Z',€) = 0j(Z' +€¢,Z' +¢€) fore € M and 1 < j < d is
a set of generators for Zo(M/). Since p;,, = 0j, and p;_ = 2Re(p;,,) it holds that
(v, Y) € hol(H,D) if and only if for 1 < j <d

2Re (p; 5 (H(Z), H(Z),€) - Y(2)) +p;. (H(Z), H(Z),€) -v =0, Z €M,
< 2Re(0j, (H(Z),H(Z)) (Y(Z)+v)) =0, ZeM1<j<d.

The last equation is satisfied if and only if Y 4+ v € hol(H). The last statement follows
from the fact that hol(H) > W — (W (0), W +W(0)) € hol(H,D) is an inverse to the
map given in the hypothesis. O

COROLLARY 11. If 7y is the projection on the first factor, then w1 (hol(H, D)) =
bol(H)(p) = {X(p) : X € bol(H)}.

We will be particularly interested in studying the set of deformation parameters
e for which a map between M and M/ exists. We will call this set the mapping locus,
more precisely we have the following definition, cf. the definition of equivalence locus
from [8] for the equidimensional case.

DEFINITION 12. Let (M, p) be a germ of submanifold of CV, and let (M/,p')cex

€

be a deformation of (M',p") = (M! ,p’) € CN'. Let F. ¢ H((M,p), (M., p')) and

€

F = (Fe)eex. We define the F-mapping locus as the set Ex C X given by
Er = {6 S X|]:5 75 (Z)}

In other words, € € Ex if and only if there exists a holomorphic map H : M — M!
with H(p) = p’ and H € F.. In particular if we consider base-point-type deformations,
then Ex C M'.
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2.2. Jet spaces. We will work with maps by means of their jets through
suitable parametrization results. The following definitions are very standard and
here we mainly aim at establishing the notation used later in the paper. For all
p = (p1,...,pn) € CN we define the space of k-jets at p of holomorphic maps
CN — CN as follows:

’

v C{Z —pV
Jp: { P} /m,;+1’

where m, = (Z1 — p1,...,Zny — pn) is the maximal ideal of the ring of power series
centered at p, and j;f denotes the natural projection. For a given k, we will denote

by A the coordinates in JI’f.

2.3. Jet parametrization. It turns out that our structural results hold in
higher generality than the setting discussed in the introduction. The methods ap-
ply equally well to understanding the structure of F if we assume that F satisfies the
following jet parametrization property JPP (see Definition 13).

Jet parametrization results can be proved in a variety of different contexts and
have been used widely in the study of the structure of CR mappings, see e.g. [2, 3,
15, 18, 19]. In the following definition we abstractly define what we need from such a
parametrization to obtain the desired structural results. In Section 4 we are going to
consider classes of maps which satisfy the jet parametrization property.

DEFINITION 13. Let (M,p) be a germ of submanifold of CV, and let ® =
(M/,p")eex be a germ of real-analytic deformation of (M’,p") = (M ,p') € c,
where ¢ is a distinguished parameter in X. For all € € X let F. C H(M, M!) be
an open subset of maps. We say that F = (F¢).cx satisfies the jet parametrization

property of order tg € N if the following holds.

JPP: There exists an open neighborhood V' of p in CV, an open neighborhood
W of g in X, a finite index set J, real-analytic functions q; : W x J;U —R,jeJ
such that g;j(e, A) is polynomial in A, and a holomorphic map ®; : U; — cN (where
Uy =V x Uj and Uj = {q;(e, A) # 0} C W x J°) of the form
pi(eA)

D,;(Z,e,\) = -
’ qj(e’jx)da

aENg

z%, pyeC{e}Al, & €Ny, jeJ, (1)

such that for every map t — (e(t), H(t)) belonging to (o) (o)) there ewists j € J
such that the following holds for all t close enough to 0:
(a) (e(t), 0 H(1)) € Uy,
(b) H(Z,t)lv = ®;(Z,€(t),jp H(t)) + O(t™+1).
In particular, there exist real-analytic functions CZ W ox J;O — R, 7 € N,
polynomial in A such that

Ac =gl (F) = [ J{A € P qi(e, A) #0, ¢l(e, A, A) = 0}. (2)
jeJ
Define A C X x Ji° as A= ({e} x Ac) and set A; = ANU;. Then A is the ko-jet
of a map F. > H: (M,p) — (M.,p') if and only if (e, A) € A.
Furthermore for any (e(t), H(t)) € B, gy with A(t) = G H(t) we have for small
enough t:

c(e(t), M), A1) =0("),  ijeN. 3)
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REMARK 14. Since F C J.cx H(M, M) C X xH(M, CN') we can equip F with
the induced topology. Similarly as in [10] one can show that ®; : A; — F is locally a
homeomorphism. For more details we refer to [10, Lemma 19].

REMARK 15. Let (e,A) € AF® and w € T a)A;® and consider a curve
c(t) = (e(t),A(t)) in A} with ¢(0) = (¢,A) and ¢/(0) = w. Then a similar com-
putation as in Remark 6 applied to (e(t), H(t)) with H(t) = ®;(.,e(t), A(t)) shows
that D<I>j(T(6’A)A;-eg) C hol(H,D) for any (e, A) € A;eg.

REMARK 16. In a similar way as in [11, Remark 18] one can deduce a jet
parametrization for hol* (H,®), which for k¥ = 1 implies that hol(H, D) is finite dimen-
sional. As in [10, Cor. 32] one can deduce that X x F. 3 (¢, H) — dim(hol(H, D)) is
upper semicontinuous. Applying this fact to a base-point-type deformation and using
the last statement of Lemma 10 shows that p — dim hol(H)(p) is upper semicontinu-
ous.

2.4. Further results. The results in the introduction actually hold in a more
general setting. In particular Theorem 1 can be formulated for mappings which satisfy
JPP.

THEOREM 17. Let (M,p) C CN and M’ c CN' be generic real-analytic subman-
ifolds and assume that F satisfies JPP. Then Ex is locally a semi-analytic subset of
M.

Theorem 1 now follows from Theorem 17 and Theorem 28, which shows that the
class of /-finitely nondegenerate maps satisfies JPP. Note that Theorem 17 can be
regarded as a result for base-point type deformations and hence can be considered as
a special case of the following more general result:

THEOREM 18. Let (M,p), (M.,p") and F be as in Definition 13. Then Er is
locally a semi-analytic subset of X.

Theorem 18 is a partial generalization of [8, Theorem 2], its proof is given in
Section 3 below.

The parametrization method can also be used to provide a sufficient linear crite-
rion to show that a given map is isolated in F. The following theorem is a general-
ization of Theorem 3 from the introduction:

THEOREM 19. Let M,® and F be as in JPP. Fix H : M — M| with H € F,.
Suppose that dim hol(H, D) = 0, then H is isolated in F.

The following corollary is an immediate consequence of Theorem 19 and Corol-
lary 11.

COROLLARY 20. If dimbhol(H) = 0, then H is isolated in H(M,M").

The result can be proved as a consequence of Remarks 15 and 16 in an analogous
way as in [10]. In the following we are only outlining the main steps and refer to [10,
Lemma 23]. We need the following Lemma:

LEMMA 21. Let (e9,Ao) € Aj, and suppose that dimbhol(®;(ep, o), D) = L.
Then there exists a neighborhood U of (€0, Ao) € X x J° such that, if N C Aj is a
submanifold with N N U # (), then dim N < /.



672 G. DELLA SALA, B. LAMEL AND M. REITER

Proof. Let U be a neighborhood of (e, Ag) such that dimbol(®;(e,A)) < ¢
for all (e,A) € U. The existence of U is guaranteed by the upper semicontinuity
property given in Remark 16 and the continuity of ®;. Let N be a submanifold of A;
intersecting U. Using the rank theorem for Banach spaces as in [10, Lemma 23] we
conclude that D®;(e, A) is injective on T(. 5)N for (¢, A) belonging to a dense open
set in N. By Remark 15 we obtain the following inequalities:

dim N = dim D®;(e, A)(T(c,a)N) < dimhol(®;(e, A)) < 4,

which concludes the proof. O

Proof of Theorem 19. Define Ay = th,OH. There exists j € J such that
(e0,Ao) € Aj. By Lemma 21 there exists a neighborhood U of (ey, Ag) such that
for any submanifold N in U N A; it holds that dim /N = 0. Then the dimension of
U N A; is zero, and thus U N A; consists of isolated points. By Remark 14 the proof
is concluded. O

2.5. CR geometry. In this subsection we briefly introduce some standard no-
tation from CR geometry; more details can be found e.g. in [4]. Let M be a generic
real-analytic CR submanifold of CV. Tt is well known (see [4]) that one can choose
normal coordinates (z,w) € C" x C? = C¥ in such a way that M is written as

w=Q(z,z,w), (orequivalently: w = Q(z,z,w)),

where @ is a germ of a holomorphic map @ : C*"*¢ — C9 satisfying Q(z,0,w) =
Q(0,z,w) = w and Q(z,%,Q(z, z,w)) = w.

In the proof of the parametrization results, the notion of Segre maps is also needed.
For j € N let (z1,...,2;) be coordinates of C" (z; € C" for £ = 1,...,7); we also
write x5 .= (x;,...,x1). The Segre map of order ¢ € N is the map Sg : C"¢ — CN
defined as follows:

So(x1) := (21,0), Sg(m[l;q]) = (ml,Q (xhgg_l(x[zﬂl]))) .

We say that M is minimal at p € M if it does not contain any germ of a CR sub-
manifold M C M of CV through p having the same CR dimension as M at p. The
minimality criterion obtained in [1] states that if M is minimal at 0, then Sg is
generically of full rank for sufficiently large ¢, and moreover, in this case, for every
neighborhood U € C29" there exists 2° € U sucht that S3%(0) = 0 and such that Sg¢
is of full rank at z° (see e.g. [3]).

2.6. Real-analytic geometry. In order to prove our theorems we work within
the framework of subanalytic and semi-analytic sets; to this end, we recall some basic
notions and results.

A set A C R" is called semi-analytic if it is a finite union of intersections of sets
defined by real-analytic equations and inequalities:

k N(i)
A= U ﬂ Aij, (4)

i=1 j=1

where A;; is either of the form {h;; = 0} or {h;; > 0} for some real-analytic h;; €
R{z1,...,z,}. The notion of semi-analytic set is modeled on the notion of semi-
algebraic sets, which are defined in a similar way (with polynomial functions instead
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of analytic ones) and are closed under projections (Tarski-Seidenberg theorem). On
the other hand, semi-analytic sets do not enjoy the same property, and therefore we
will need some more subtle results.

If R is any ring of real functions over a set F, a subset A C E is called definable
over R if it can be expressed as in (4), with A;; being either of the form {f;; = 0} or
{fij > 0} for some f;; € R. We have the following (see e.g. [5]):

TuEOREM 22 (Lojasiewicz). Let X be an analytic manifold, let A C X x R* be
definable over the ring C*(X)[z1,. ..,z and let 7 : X x R¥ — X be the projection
on the first factor. Then w(A) is semi-analytic, i.e., definable over C*(X).

The family of semi-analytic sets and maps (which are defined as maps whose
graphs are semi-analytic sets) is not closed under projections. If one wants to work
with images of semi-analytic sets, one encounters the subanalytic sets.

A set A C R™ is called subanalytic if locally A is a projection of a (relatively
compact) semi-analytic set B C R™. Similar as for semi-analytic sets, subanalytic
sets enjoy the following properties: Finite unions and intersections of subanalytic
sets as well as the complement of a subanalytic set are subanalytic. In fact, the
class of subanalytic sets agrees with the class of sets obtained by taking finite unions,
intersections and complements of closed images of proper, real-analytic maps of closed
real-analytic sets. A map f: A — R™, where A C R" is a subanalytic set, is called
subanalytic if its graph is a subanalytic subset of R x R™. For more information on
subanalytic sets we refer the reader to [5].

A (subanalytic) cell decomposition of a subanalytic set A is a finite collection of
subsets {C]‘?} such that each Cj'-] is subanalytically homeomorphic to the ball B =
{z € R?: [z < 1} (€Y is then called a cell of dimension q) and satisfies the following
properties:

(1) A=U,,C5

(2) The closure 6? is the union of C’Jq and cells of strictly smaller dimension.

In this case we say that the sets CJ‘? form a stratification.

We will need the following local triviality result of Hardt [13] for bounded suban-

alytic maps.

THEOREM 23 (Hardt). Let X andY be bounded subanalytic sets and f : X —Y
be a continuous subanalytic map. Then there exist a finite subanalytic stratification
{Y1,....Yi} of Y, a collection {Fy,...,F} of bounded subanalytic sets, and subana-
lytic homeomorphisms g;: [~'(Y;) = Y; x Fj, such that f|s-1(y,) = 7o g;, where 7
denotes the projection m:Y; x Fy; — Y.

3. Basic properties of the mapping locus. In this section we describe in
more details some main properties of the mapping locus. In particular we are going
to provide the proof of Theorem 18.

Proof of Theorem 18. We follow the same steps as in [8]. By [12], for any
bounded semi-analytic set B C X the ring C*(B) is Noetherian. It follows that the
ring C¥(B)[A] is also Noetherian. To prove that Er is locally semi-analytic for any
p € Ex we consider an open, bounded semi-analytic neighborhood B of p. We will
show that E'r N B is semi-analytic.

Let A be as in (2). Notice that by construction, it holds that Ex N B is precisely
equal to the projection of AN (B x J3°). Write now A = J;; A;, where A; = ANU;.
Then since Ex N B is the union of the projections of A; N (B x Ji°) and the finite
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union of semi-analytic sets is semi-analytic, it is enough to prove that each projection
of A; N (B x J;U) is semi-analytic. In the following we fix j € J and omit the

dependence on j notationally. Furthermore ¢; € C¥(B) for all i € N. Hence there
exist finitely many indices iy, ..., 7, such that

AQ(EXJ;D):{Cil:Ci2:~'~:ci(:0}'

It follows that AN (B x J;O) is definable in the sense of Lojasiewicz. By Lojasiewicz’s

Theorem (cf. [8]), the projection of AN (B x Jt) onto X is a semi-analytic subset of
X.O

The next result gives more information about maps H, : (M,p) — (M., p’) with
e € Ex. More specifically, such maps can be (at least generically) selected to de-
pend on € in an analytic way. The following result holds, cf. [8, Lemma 8] for the
equidimensional case:

LEMMA 24. Suppose Ex contains a real-analytic submanifold R C X. Then, on
an open dense set of R, the jet of the maps Hs can be taken to depend analytically on
é.

More precisely, the following holds: let e € R and fix a neighborhood U C R of €.
Then there exist 1 € U, a neighborhood V' of 61, a real-analytic map L : VN R — Jéo
and maps F > H®: (M,0) — (M},0) such that ji* H® = L(8) for all§ € V.

Proof. Denote by m: X x JSO — X the projection onto the first factor, and define
R = 7 '(R) N A. Then R is a semi-analytic subset of X x J§°. Let R™8 be the
regular part of R, which is an open dense smooth semi-analytic subset of R. For any
point a € R™8 define r(a) := rank(n|grs(a)) and let 7o := maxgegres r(a). Define
R = {a € R™ :r(a) = 1o}, then R is an open dense subset of R, and thus of R.
Since m(R) = R by assumption, we note that it holds that R := 7(R) is open and
dense in R. Let 6; € UN R and let a; € R such that m(ay) = 01, i.e. a; = (01,4A1)
for a certain A € J(t,". By the constant rank theorem there is a neighborhood V
of a; € R, a neighborhood V of §; in R, a ball B in some R™ and an analytic
diffeomorphism 1 : V — V x B, such that ¢ (a1) = (41,0), and such that 7 o) = 7.
Define N := V x {0} C V x B and consider L := mp0t)~!|y, where 3 is the projection
on the second factor, the jet space. Then L is a real-analytic map and the proof is
concluded by setting H? := ®(§, L(§)) for all § € V where ® is given by (1). O

The previous selection lemma can be used to generically estimate the dimension
of the mapping locus by means of the space of infinitesimal deformations, cf. [8,
Theorem 6] for the equidimensional case.

THEOREM 25. Let (M.,0), € € X be a deformation of (M',0) as before. Let S
be a semi-analytic subset of Ex and S*°® be the set of reqular points in S. Then the
tangent space of S*°® at § is contained in the space of infinitesimal deformations of a
map realizing 9§, for almost all § € S*°8.

More precisely, there exists an open dense subset D of S™& with the following
properties:

(i) For every e € D there exists a neighborhood U of € in S*® and an analytic

map ¢ : U — F such that for every 6 € U we have ¢(8) : (M,0) — (Mj,0)
(note that U as an open subset of S™8 is an analytic submanifold).
(i) For all 6 € D we have:

T55% C m(hol(¢(9),D)).
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(iii) If M! is a base-point-type deformation (in particular X = M'), then for all
0 € D we have

T55"™ C bol(1)(3))(0)
where we define ¥(8) = ¢(d) + 9.

Proof. Note that since S is semi-analytic, by [5, 20] S™® is a dense semi-analytic
subset of S. Let D be the set of the points satisfying (i) and (ii): We will show that
D is an open, dense subset of S™&. Let ¢y € S™® and let O be a neighborhood of
€0, and let §; € X be the point given by Lemma 24 (with R = O N S™8): we will
show that §; € D. Indeed, take U = V, where V is given by Lemma 24. To show
that property (i) is satisfied, define ¢ as ¢(6) = H® for all § € U, where H? is the
one from Lemma 24. To establish (ii) let v € T, S™2. Let 6(t) be a smooth curve in
(a neighborhood of 4; in) D such that §(0) = ¢; and ¢'(0) = v. We define a smooth
curve of maps ¢; : (M,0) — (Mj(t),0) as ¢; = ¢(6(t)). Let Y be the derivative
dct L]i=0 of ¢; at t = 0, then (v,Y’) € hol(co,D) = hol(¢(6(0)),D) = hol(¢(01),D) (cf.
Remark 6). Thus v = m(v,Y) € m(hol(¢(d1),D)). Since v is an arbitrary vector
of Ts, 58, we conclude that T, 5™ C 71(hol(¢(61),D)). In the case of the base-
point-type deformation, (iii) is a direct consequence of Corollary 11. This shows that
01 € D. Repeating the same arguments for any § € U shows that § € D, hence D is
an open subset of S™&. 0

It is worth noting that a stronger selection lemma than in Lemma 24 can be
proved using more advanced results of real-analytic geometry. The following lemma
is the analogous of [8, Lemma 6].

LEMMA 26. A generic map H% : (M,0) — (Mj,,0) with 69 € EF can be
deformed continuously to a family of maps H® : (M,0) — (M},0), for § close to &.

A more precise formulation can be given as follows: Let ¢ € Er, and fix a
neighborhood U of €. Then there exists 6o € Exr N U such that for every map
F > H%: (M,0) — (Mg, ,0) and every neighborhood W of JECH® there exists a
neighborhood V' of g such that the following holds: For all § € V N Ex there exists a
map F > H® : (M,0) — (M},0) such that jo°H® € W.

Proof. Let A be as in (2). It is enough to show the conclusion for each A;, which
we denote by A by an abuse of notation. Just as in the proof of Theorem 18, for a
small ball B C U we can write AN (B x Jf°) as the intersection of the vanishing set
of finitely many ¢;. Using the same argument as Hardt (see [13], Step I of the proof
of the main theorem) we can reduce to the case of bounded subanalytic sets, by a
fibrewise projectivization of A; this is possible since A is defined by functions which
are polynomial in the jet variable. By the version of Hardt’s theorem for subanalytic
sets (see [13], in particular the remarks starting at the end of page 291), there exists
a partition of 7(A N B) into subanalytic sets C1, ..., Cp, in such a way that 7|1 (¢
is trivial for 1 < j < m. Furthermore we can find a stratification C’j’: of m(AN B)

by smooth subanalytic sets respecting {C1,...,Cy,} (i.e. 6;- is the union of C]’: and
strata of strictly smaller dimension): see [20]. Let d = max{d’' : 30 € Er N B s.t. 0 E
C’Z and dlmCz = d'}. Let o € Ex N B such that §y € C’O with dlmCZO =

Then by the btratlﬁcatlon property, there exists a nelghborhood V' of &g such that
ErnV' C C;g (see for instance [8, proof of Lemma 6]). By Hardt’s theorem there exist

a subanalytic set Y C J&° and a subanalytic homeomorphism ) : wfl(C’;g) — C’;g xY
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such that mo ¢ = m. Let H be a map (M,0) — (Mj ,0) and W a neighborhood
of jE°H%. Define O = ((V' x W) N 77_1(0;2)), which is an open neighborhood of
(80, je0 H%) in C’;g x Y. Then there is an open set V' C V' such that for every 6 € V
it holds that (4,j¢° H%) € O. Then (9,75) = 1~ (6,j¢° H%) has the property that
js € W and setting H° := ®(6, j5), where ® is from (1), shows the claim. O

4. A class of maps satisfying JPP. We are now going to define a class of maps
satisfying JPP from Definition 13, namely the finitely nondegenerate maps ([17]). The
following definition is taken almost verbatim from [11]; since some adaptations to the
setting of this paper are needed we state the definition again for the convenience of
the reader.

DEFINITION 27. Let M’ be a real-analytic subvariety of CV', p/ € M’ and
01,-..,0q generators of Z,,(M'). Let (Lq,...,Ly) be a basis of CR vector fields of

(M,p). For a multiindex @ = (o, ...,q,) € N” we write L% = LT --- L2, Given
a holomorphic map H = (Hy,...,Hn/) € H((M,p),(M',p")) with H(p) = p’, and
a fixed sequence ¢ = (i1,...,tn+) of multiindices ¢,,, € Nj and N’-tuple of integers
G ,EN/) with 1 < % < d’, we consider the determinant
S#(Z) = det <<LLJ 003 7, (H(Z)’H(Z)))1§j7k§1v/) . (5)
We define the open set Fi((M,p), (M',p")) C H((M,p),(M',p’)) as the set of
maps H for which there exists such a sequence of multiindices ¢ = (t1,...,tn/) sat-
isfying k = maxi<,;<n’ |tm| and N’-tuple of integers ¢ = (¢1,... ,EN/) as above such
that s}’le(p) # 0. We define Jy, as the set of all pairs j = (¢, ), where ¢ = (t1,...,tn7)
is a sequence of multiindices with ko = maxj<m<n: |tm| and £ = (£',... V') is

as above. We will say that H with H(M) C M’ is kg-nondegenerate at p if kg =
min{k: H € Fi((M,p), (M',p'))} is a finite number. We write Fy, ((M,p), (M’,p"))
for the (open) subset of H((M,p), (M’,p’)) containing all kyp-nondegenerate maps. A
holomorphic map H with H(M) C M’ is called ¢-finitely nondegenerate if for each
p € M the map H is k(p)-nondegenerate at p and ¢ = max{k(p) : p € M}.

Let us stress that the distinction between k-nondegeneracy and /-finite non-
degeneracy is important: A map is (-finitely nondegenerate if and only if it is k-
nondegenerate for some k < ¢. Our next two results show that both k-nondegenerate
and (-finitely nondegenerate maps satisfy the JPP.

THEOREM 28. Let (M,p) C CN be a germ of a generic minimal real-analytic
submanifold of (CN,p) and (M!,p')ccx be a deformation. Fiz ko € N and let t be the
minimum integer, such that the Segre map Slt, of order t associated to M is generically

of full rank. Then Fi, ¢ = Fr,((M,p), (M., p")) satisfies Definition 13 with to = 2tk.

The following corollary is immediate from the definition of the JPP and the
preceding theorem.

COROLLARY 29. Let (M,p) C CN be a germ of a generic minimal real-analytic
submanifold of (CN,p) and (M!,p')ccx be a deformation. Fix ¢ € N and let t be the
minimum integer, such that the Segre map S; of order t associated to M is generically
of full rank. Then the family (F').cx, where Ff = Ui:o Fi.e, satisfies Definition 13
with tg = 2t/.
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In order to show Theorem 28 we follow the same line of thought as in [11]. The
next Lemma is an immediate consequence of [17, Prop. 25, Cor. 26] and of standard
parametrization techniques. The key fact we need to use is that in the basic identity
of [17, Prop. 25] the map ¥ will depend analytically on €, since the ®; appearing in
the proof depend polynomially on finitely many derivatives of the defining function
of M’. Furthermore the implicit function theorem used to obtain ¥ from the ®;
preserves analyticity in €; using [11, Prop. 37] allows to prove the following.

LEMMA 30. Under the assumptions of Theorem 28 the following holds: For
all £ € N and j € Jy, there exists a holomorphic mapping ¥ : X x CN x CN x
CHkotON" _ CN' such that for every curve (e(t), H(t)) € Bl with H € Fig.e

such that qu(p) # 0, where szq is given as in (5), we have for sufficiently small t
O'H(Z,t) = Wy (e(t), 2,6, 0" H(¢, 1)) + O(t™), (6)

for (Z,¢) in a neighborhood of (p,p) in M, where O° denotes the collection of all
derivatives up to order €. Furthermore there exist polynomials P "5 Qe,; and integers

eﬁfﬁ such that

P (e, W
\I/g,j(C,Z,C,W) Z #ZQCB (7)

a,BeNY Q[”(e w)

The next step is a well-used technique in the study of CR maps, see [11, section
5]. In order to use the minimality criterion from [1], we need to evaluate (6) along
the image of the Segre map of order ¢ and perform an iteration. We proceed as in
the proof of [11, Corollary 41] to obtain the following result. Notice that the Segre
maps involved do not depend on ¢, so the analytic dependence on ¢ is preserved, when
equations of the form (6) are evaluated along the image of the Segre map of order g.

COROLLARY 31. For fizred j € J,q € N with q even there exists a holomorphic
mapping @} : X x CI" x CKako)N" 5 CN" such that for every curve (e(t), H(t)) €
Bl pry with H € Fi, e such that sg(p) # 0, where sgq is given as in (5), we have for
sufficiently small t

H(Sp(!B),8) = @i (e(t), a0, i H(t)) + O(t™). (8)

Furthermore there exist (holomorphic) polynomials R?Y’j ,Sq.; and integers mg’j such
that

‘I’j(e A)

Lpfz'(e,x[h‘I],A) —
~yeNZ™ S ,' (6 A)

(b7, (9)

Proof of Theorem 28. The following is an adaptation of the proof as given in [11,
proof of Thm. 36]. By the choice of t < d 4 1, the Segre map S’t is generically of
maximal rank. By Lemma 4.1.3 in [3], the Segre map S2¢ is of maxunal rank at p.
Using the constant rank theorem, there exists a nelghborhood Vof S2%in (C{zB2HN
and a map T : V — (C{Z})?*" such that AoT(A) = Id for all A € V. We now define
the holomorphic map

¢V x (CLIHY = (C{Z)Y, ¢(A9) = $(T(A)). (10)
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Thus we have that ¢(A,ho A) = h(A(T(A))) =hforall AcV forall h e (C{zZ}HN".
We define ®;(e,-,A) = (b(S}%t,(p;t(e, -,A)). Note that ®; depends analytically on e,
applying ¢(Sz¢,-) to both sides of equation (8) with ¢ = 2t we get

H(t) = ¢(S3%, H(t) 0 S5%) = &(S5¢, 0 (e(t), -, G5 H(2)) + O(™))
=B (e(t), -, jo ™ H(t)) + O™,

which gives (b) in JPP. By setting g;(e, A) = Sa (€, A), where Sat ; is given in (9), a
direct computation using (9) and (10) allows to derive the expansion in (1). Let U/; be
a neighborhood of {p} x U; in C¥ such that ®; is convergent on U;. By applying the
usual procedure of plugging the form (1) into the mapping equation (after choosing a
parametrization ¢ — X(t) of M) and developing in powers of ¢ we obtain (2). The ¢}
appear as coefficients of the powers of ¢ in the expansion and depend analytically on
€, because ®; and every generator of Z,, (M) do. The remaining fact about ¢] follows
in the same way as in [11, proof of Thm. 36]. O

5. Construction of a singular mapping locus. In this section we are going
to provide an example of a mapping locus whose irreducible components are singu-
lar. This phenomenon cannot happen in the equidimensional case and highlights one
difference with the positive codimensional case.

Let N,N’ € N with 2N > N’. We write coordinates on C¥*! as (Z,w) with
Z = (21,2,...,25), and on CN'*1 as (2 w') with Z’ = (2},2b,...,2),). For any
J,k € N, we denote by D(j, k) the number of monomials in j variables of order less
than or equal to k.

Let M = {Imw = |z1|> + |22 + ... + |2n]2} € CVFL. Let 35 be the space of
k-jets at 0 of real maps p/ : CN'** — R? such that p'(0) = 0, and let JJ be the space
of k-jets of holomorphic maps 1 : CN'+1 5 CN'*+1! such that 1(0) = 0. We can define
a real-algebraic action of JF on Jlg’d in the natural way: if ¢ € JF and p’ € 318"1,
then ¢ - p = j5(p' 0 ).

Our construction is based on the following crucial observation, which gives strin-
gent conditions on possible submanifolds containing the holomorphic image of a unit
sphere. We mention here the related paper of Kossovskiy and Xiao [16] which shows
a similar restriction holds ”the other way round”: only few submanifolds of CV can
be embedded into a hyperquadric in CN'.

LEmMMA 32. There exists kg € N and a semi-algebraic subset B C Jlgo’d of
positive codimension such that if p' : CN'+1 5 R is q local defining function, having
the property that M admits a holomorphic embedding in {p’ = 0} passing through 0,
then jkop' € B.

(With an abuse of notation, we will identify with B the analogous set B, contained
in the space J’;“’d of jets about p # 0.)

Proof. For any k € N, consider the subset B; C 3§’d consisting of the k-jets of
functions p’ : CN 1, Re satisfying the relation

0(Z,0,u+1i|Z||*) = Ok + 1). (11)

For any multi-indices J € N*"*! and K € NQNLH, where J = (j,7,¢) with
i = Ui, -sin)y 3 = (U1y---5Jn) and K = (k,k,m) with k& = (k1,...,kn/),
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E = (El, ce ,EN/) let
oy
BYALYAL VAT YA

Applying the D derivative (with |J| < k) to the left hand side of (11), using the
chain rule and evaluating at 0 we obtain

Dy =

"0 (0) + (algebraic expression in lower order derivatives) = 0 (12)

The system of equations in J&% given by (12) (with |J| < k) has a Jacobian of full
rank at 0, as can be easily verified by taking in account the triangular structure of
the system. Hence Bj, is a smooth algebraic submanifold of 3§’d, of codimension
d-M(2N + 1,k).

Note that the image H (M) of any holomorphic embedding of M into CN'*! can
be turned into the manifold

{Zhy1 = =2y =0, Imw' = 21> +... + |2} (13)

by a local change of coordinates. Indeed, if H : M — H (M) is such an embedding, we
can first apply a change of coordinates in CV "+1 which sends H (CN+1) to the complex
(N +1)-plane {2y, = ... = 2y, = 0}. After this, we can apply a new coordinate
change involving only zi,...,z) which sends H(M) to the manifold described by
(13).

Thus, for any k € N the set By, := JJ - Bj, (i.e. the orbit of B}, by the action of
J&) contains all the k-jets of local defining functions p’ such that {p’ = 0} admits a
local embedding of M. Moreover, By, is a semi-algebraic subset of 3§’d because it is
the image of a (real)-algebraic map defined on (real)-algebraic manifolds. Since the
dimension of J§ is 201(N’ + 1, k), the dimension of By, is at most dim(B},) +29(N' +
1,k), and its codimension is at least d0(2N + 1, k) — 291(N’ + 1, k). Since 2N > N’,
there exists ko such that d(2N +1, ko) —20UN'+1, ko) > 0. The proof of the lemma
is concluded by putting B = By,,. O

Proof of Theorem 2. Write n = N — 1. Let u,Z = (21,...,2,), T be coordinates
IMRxC"xCwith Z = (z1,...,2y), 2j = xj+iy;, T = s+it. Let Y C C be a singular
real-analytic subset defined as Y = {r(s,t) = 0} with r vanishing at 0. For certain
(real) polynomial functions oy, ..., a,, 3,7 : RxC" x C — C, to be determined later,
we define the following map ¢ : R x C* x C — CN*1;

o(u, Z,7) = (zl,...7zn,zf+...+z721+7,u+i|Z|2)—I—T(Tﬁ) (a1, ...y, B,7).

Then d¢ has (real) rank 2n+3 (at least around the origin) and M’ = ¢(RxC"* xC) C

CN*1 s a real-analytic hypersurface (at least around the origin). We denote by p’ the

(uniquely determined) defining function of M’ of the form p’ = Imw’ — f(Z’',Rew’).
For any 79 € Y, the map v, : CV — CV*! defined as

Vro(Zyw) = (21, ..oy 2ny 20 + oo+ 22 + 70, w)

is an embedding of M into M’. Define
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Note that C' is a real-analytic subset of M’ of dimension 2N and C =Y x M. Let
E C M’ be the mapping locus, i.e. the set of the points of M’ admitting a local
holomorphic mapping of M. By construction and the homogeneity of M it holds that
C C E. We want to show that for a suitable choice of ay,...,ay, 3,7 the set E is
contained in a proper semi-analytic subset E of M’ of dimension 2N. This proves the
theorem, since if C C E C E, where the dimension of E is equal to the dimension of
C, then FE is a singular semi-analytic subset having C' as an irreducible component.
Let E be the set of the p € M’ such that jSO p' € B, where B is given in Lemma 32

with d =1 and N’ = N; then Eisa semi-analytic subset of M’, as a preimage of the
semi-algebraic set B under the analytic map p j{;o p'. Moreover, by definition E C

E. Note that, since B is semi-algebraic and of positive codimension, it is contained
in the union of finitely many proper algebraic subvarieties By, ..., B, (this can be
seen by disregarding the inequalities in the definition of B). To show that Eisa
semi-analytic subset of positive codimension, then it will be enough to check that for
a suitable choice of aq, ..., ay,, 3,7 and of 79 close enough to 0, putting ¢(0,79) = po
we have j;,fgp’ ¢ Bj for all j =1,...,¢. In this case E is contained in the union of the
real-analytic sets X; = {p € M’ : j;fop’ € B,}, each of them proper since py & X,
and hence it has positive codimension.

To show the claim, choose 79 = sg + ity close enough to 0 such that 79 € Y,
consider the change of coordinates s’ = s — sg,t’ = t — tg, and let ¢ be such that
q(s',t") = r(s,t). We have ¢(0,0) # 0, so that we can consider the real power series
centered at 0 defining 1/¢. Let § be any complex-valued power series in the variables

u, Z, 7 = s +1it’, and let a = jko(éé): then « is a polynomial in u, Z, 7" and

75 (qa) = j*o (j’“"qj’% (6;)) — jko (j’“ﬂ(fS)j’fO(q)jko (2)) _ jhos,

In other words we can obtain any prescribed jet of ¢ at (0,79), and hence any pre-
scribed jet of p’ at ¢(0,79) = po, by the appropriate choice of aq,...,a,,3,7: in
particular we can choose them in such a way that j;fg o e U§:1 B;. 0

REMARK 33. More specifically, the proof of Theorem 2 shows that any given
singular set Y of C can be realized in the following sense: We can construct a hyper-
surface M’ C CN*1 such that there exists an irreducible component C' of Er with
the property that C =Y x M.

6. Examples. We wish to present a list of examples showing the various phe-
nomena that can appear in the geometric structure of the mapping locus. Similar
behaviors can be seen in the (equidimensional) case of the equivalence locus, cf. [8,
87]. Indeed that one is a special case of our setting. However we would like to
construct examples in the positive codimensional case.

EXAMPLE 1. Let (M, 0) be the germ at 0 of M = {Imw = |2|?} C C?, and M’ =
{Imw’ = |21 |*+]25|*}. In this case we take F = Fy, as the set of k-nondegenerate maps
from M into M’. Then the mapping locus Ex is equal to M’ \'Y, where Y = ({21 =
0} U{z2 = 0}) N M’. Indeed, there are no k-nondegenerate maps H from M into M’,
such that H(0) € Y. This follows from the fact that M’ is not finitely nondegenerate
at the points of Y and that the image of k-nondegenerate maps is contained in the
set of points of M’ at which M’ is at most k-nondegenerate, cf. [17, §3]. Moreover
M'\Y C Ez: Let p/ = (8,25, @') € M’ \'Y and (2}, 25, w') = (2}, 23>, w'). Denote
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H5 = {Imw' = |z]]?> + |#|?}. Since p’ ¢ Y there is a neighborhood U’ of p’ such
that ¢ : U’ — V' = 4(U’) is a biholomorphism and ¢(U’ N M') = H>NV’'. A map
H: M — M’ with H(0) = p’ can then be constructed by choosing a 2-nondegenerate
map F from M into H® such that F(0) = ¢ (p') and taking H = ¢ 1o F.

This example shows that the mapping locus need not be an analytic variety, but
in general it is just semi-analytic, that is, inequalities can indeed occur. The following
example illustrates the situation of Theorem 25.

EXAMPLE 2. Let (M,0) be the germ at 0 of M = {Imw = |2|? + |z|*} C C?
and M' = {Imw’ = |2}|* + [21]* + (Re(2]))?Im(24)} € C3. Let F = F,. The map
Hgy: (z,w) = (2,t,w + s) sends (M,0) into M’ for all (s,t) € R?* and belongs to F,
hence S = {(0,t,s) : (s,t) € R?} C Ex and T,S C hol(H,,)(0), where p = (0,t,s),
cf. Theorem 25. Indeed, a computation shows that T,,S = hol(Hj,)(0).

EXAMPLE 3. Let M, M’ , Hy, and F be as in Example 2. For a closed subset
Y C R choose a C° function ® : R — R vanishing exactly on Y. Define the C°°
submanifold M’ by

Imw’ = |21[* + |21 + (Re(2]))* Im(23) + ®(Re(25)) K (21, 25, Rew’),

where we set U = M’ N {Re(z}) ¢ Y} and choose K a C°°-function in such a
way that U does not contain any analytic subvariety. Then for ¢ € Y it holds that
Ho (M) C M’, which implies that Y’ := (J,cy{Ho,:(0)} C Er. We would like to
argue that Ex = Y’: Indeed any holomorphic embedding of M into M’ has the
property that its image has empty intersection with U, because U does not contain
any analytic submanifold.
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