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MODULI OF CURVES OF GENUS ONE WITH TWISTED FIELDS*

YI HUT AND JINGCHEN NIU#

Abstract. We construct a smooth Artin stack parameterizing the stable weighted curves of
genus one with twisted fields and prove that it is isomorphic to the blowup stack of the moduli
of genus one weighted curves studied by Hu and Li. This leads to a blowup-free construction of
Vakil-Zinger’s desingularization of the moduli of genus one stable maps to projective spaces. This
construction provides the cornerstone of the theory of stacks with twisted fields, which is thoroughly
studied in [8] and leads to a blowup-free resolution of the stable map moduli of genus two.
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1. Introduction. Moduli problems are of central importance in algebraic ge-
ometry. Many moduli spaces possess arbitrary singularities [12]. Among them, the
moduli M, (P", d) of degree d stable maps from genus g nodal curves into projective
spaces P" are particularly important. We aim to resolve singularities of Mg(IP’”, d),
that is, to construct a new Deligne-Mumford stack Mg(Pn7d) admitting a proper
morphism onto M 4(P", d) and having smooth irreducible components with at worst
normal crossing singularities such that the primary component of Mg(]ID", d) domi-
nates the primary component of Mg(]P’”, d) birationally, at least, when d is sufficiently
large. The problem of resolution of singularities is arguably among the hardest ones
in algebraic geometry [3, 4, 9, 10].

The stable map moduli are smooth if g =0 and singular if g >1 and n>2. For
g=1, a resolution was constructed by Vakil and Zinger [13], followed by an algebraic
approach of Hu and Li [5]. The latter is achieved by constructing a canonical smooth
blowup 97?‘1“ of the Artin stack 9" of stable weighted nodal curves of genus one.
The method of [5] was further developed in [7] to finally establish a resolution in the
case of g =2. The resolution of [7] is achieved by constructing a canonical smooth
blowup ‘i?g of the relative Picard stack 5 of nodal curves of genus two.

In higher genus cases, the construction of a possible resolution of the stable map
moduli may seem formidable. The constructions of the explicit resolutions in [13, 5, 7]
rely on certain precise knowledge on the singularities of the moduli. For arbitrary
genus, it calls for a more abstract and geometric approach. As advocated by the first
author, every singular moduli space should admit a resolution which itself is also a
moduli. Following this principle, we interpret the blowup stack 971{” of [5] as a smooth
algebraic stack of stable weighted nodal curves of genus one with twisted fields, and
consequently, the resolution M;(P",d) of M;(P",d) as a Deligne-Mumford stack of
genus one stable maps with twisted fields. The results in this paper are the first step
to tackle the arbitrary genus case.

The main theorem of this paper is the following:

THEOREM 1.1. There exists a smooth Artin stack ML parameterizing the weighted
nodal curves of genus one with twisted fields, along with a universal family C*f —
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M and a proper and birational forgetful morphism w : M — MYt Moreover,
ML /MYt is isomorphic to the blowup stack IV /Oy,

We remark that both 9 and M} are the disjoint unions of infinitely many
smooth components, each of which is of finite type and indexed by the total weight
of the weighted curves. By saying 9} — 9 is birational, we mean it is birational
on each connected component.

The outline of the proof of Theorem 1.1 is as follows. We first construct the
strata of Mt and the forgetful map = in §2; see (2.14). We then glue the strata of Itf
together using smooth charts in §3 and conclude that 904! is a smooth Artin stack and
is birational to M}t in Corollary 3.8. The universal family C* — 90! is described
in Proposition 3.12. We finally show that 90//9" is isomorphic to Y/ in
Proposition 4.4, which implies the properness of w. These results together establish
Theorem 1.1.

We remark that a direct approach to the properness of w (i.e. without the com-
parison with the blowup 971{” /) is provided in the proof of [8, Theorem 2.19(p1)],
in a more general setting.

We also point out that there should exist a groupoid, represented by DL, that
sends any scheme S to the set of the flat families of stable weighted nodal curves of
genus 1 with twisted fields over S as in (3.34); see Remark 3.13 for some details.

According to [5], the resolution M; (P™, d) of M1 (P",d) is given by

My (P",d) = M1(P", d) xgyy: T,
where
Mi(P"d) — M, [Cou] v [Cy e (u? Gen (1))] (L1)
and 97?1” — 9} is the canonical blowup. Analogously, we take
Mff(ﬂma d) := M, (P",d) X oyt my',

where MM — MY is the forgetful morphism aforementioned. Theorem 1.1 then leads
to the following conclusion immediately.

COROLLARY 1.2. Mff(]}’”, d) is a proper Deligne-Mumford stack and is isomor-
phic to My (P, d).

Via the above isomorphism and applying [5], one sees that the stack Mff(IP’”, d)
provides a resolution of Mi(P" d). Nonetheless, without relating to M (P™,d), we
can directly prove the resolution property of Mff(IP",d) by investigating the local
equations of M (P",d) in [5] and their pullbacks to ﬁ{f(P”, d); see Remark 3.9.

The methods and ideas of this paper are essential to the development in [8] and
forthcoming works. Based on the construction of 94!, we introduce the theory of
stacks with twisted fields (STF) in [8, Theorem 2.19]. To be somewhat more informa-
tive, we work on a smooth stack 91 that has a stratification indexed by a set I' of
graphs similar to (2.10); see [8, Definition 2.15]. The graphs in I" need not to come
from the dual graphs as in (2.10), but the stratification of 9t should resemble (3.2)
locally. Moreover, I' need not to consist of trees, but it should contain necessary
information on the notion of the (weighted) level trees in Definition 2.1 so that we
can add the twisted fields to the strata of 9t parallel to (2.13) and obtain a new stack



MODULI OF CURVES OF GENUS ONE WITH TWISTED FIELDS 685

9N see [8, Definition 2.17]. Such M enjoys desirable properties as in Corollary 3.8
and Remark 3.9. As an application of the STF theory, in [8], we construct a smooth
Artin stack B of genus 2 nodal curves with line bundles and twisted fields, along
with a proper and birational forgetful morphism B4 — Py, such that

M (P, d) = Mo (P, d) xoqp, BY — Mo(P", d)

provides a resolution. Further, we expect that they can be extended to arbitrary genus,
as far as the existence of moduli of nodal curves with twisted fields is concerned. This
is the main motivation of the current article.

In a related work [11], D. Ranganathan, K. Santos-Parker, and J.Wise provide a

different modular perspective of 1\71 (P™, d) using logarithmic geometry.

Acknowledgments. We would like to thank Dawei Chen, Qile Chen, and Jack
Hall for the valuable discussions. We also thank the anonymous referees for helpful
comments and suggestions.

Convention. The subscript “1” of the relevant stacks indicating the genus ap-
pears only in §1 and will be omitted starting §2, as we only deal with the genus 1 case
in this paper. In particular, we will denote by

vt and ot

the aforementioned stacks M}t and N4, respectively.

2. Set-theoretic descriptions. In §2.1, we discuss the combinatorics of the
dual graphs of nodal curves and introduce the notion of the weighted level trees.
They will be used to define 9" set-theoretically in §2.2.

2.1. Weighted level trees. Let v be a rooted tree, i.e. a connected finite graph
that contains no cycles, along with a special vertex o, called the root. The sets of the
vertices and the edges of v are denoted by

Ver(y)  and  Edg(y),

respectively. The set Ver(y) is endowed with a partial order >, called the tree order,
so that v>, v’ if and only if v#v" and v belongs to a path between o and v'. When
the context is clear, we drop the subscript v and simply denote by > the tree order.
We write v > v’ if either v > v’ or v =v’. The root o is thus the unique maximal
element of Ver(y) with respect to the tree order.

For each ee Edg(7y), we denote by v+ € Ver(v) the endpoints of e such that v} >v_ .
Then, every vertex ve Ver(y)\{o} corresponds to a unique

e, € Edg(7) satisfying v, = .

The tree order on Ver(vy) induces a partial order on Edg(y), still called the tree order,
so that

/

e>e — v zv;C.

e
We write e >¢’ if either e>¢’ or e=¢'.
We call a pair 7= (v, w) consisting of a rooted tree v and a function

w : Ver(y) — Zxo
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a weighted tree. For such 7, we write Ver(r) = Ver(y) and Edg(7) = Edg(y). The
set of all the weighted trees is denoted by J5"*, which will be used to index the
stratification 2.10.

Next, we introduce the extra structures needed for OMY. We call a map
£: Ver(y) —> R satisfying

71(0)={o} and  l(v)>£(v") whenever v>v'
a level map. For each i€ ¢(Ver(y))\{0}, let
i* = min {ket(Ver(y)) : k>i}, (2.1)

i.e. the level ¥ is right “above” the level i; see Figure 1. We remark that a rooted
tree along with a level map is called a level graph with the root as the unique top level
vertex in [1, §1.5].

DEFINITION 2.1. We call the tuple
t= (v, w: Ver(y)—Zxg, {: Ver(y) —Rgo)

a weighted level tree if (v, w)€.IR"" and ¢ is a level map.
For every weighted level tree t as above, we write Ver(t) = Ver(y) and Edg(t) =
Edg(y). Set
m = m(t) = max {{(v) : ve Ver(t), w(v) >0} (<0),
Edg(t) = {e€Edg(t) : £(v;})>m]} (< Edg(t)).

€

For any two levels 4, jeRg, we write
(i, 3D = £(Ver(t)) n (3, 5),  [i, 3D = £(Ver(t)) n[i, 7). (2.2)
For every ecEdg(t), let
{(e) = max{{(v;),m} (€ [m,0)).
For each level i€ [m, 0)¢, we set
¢ = ¢;(t) = { ecEdg(t) : £(e) <i<l(v}) }. (2.3)

Intuitively, &; consists of all the edges crossing the gap between the levels i and .

We point out that all the notions in the preceding paragraph depend on the
weighted level tree t, and we may hereafter omit t in any of such notions when the
context is clear.

REMARK 2.2. The weighted level trees will be used to label the strata Emff] of

M. Locally speaking, the edges in E/Jd\g(t) correspond to the normal directions of
the blowup centers of MYt — M in [5]; each level i (= m) corresponds to an
exceptional divisor EZ’ of the sequential blowup; &; correspond to the components
of E; ; the edges e€ &; with ¢(v.) =1 correspond to the non-zero components of E{,
the level m indicates when the sequential blowup terminates.
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Every weighted level tree t determines a unique index set
I(t) =1, (t) wln(t) wl_(¥), where I, (t)=[m,0)q,
I (t) = {eeBdg(t): £(v; ) <m},  I_(t) = (Edg(t)\Edg(t)).

The set I, (t) becomes empty if m = 0, i.e. the root o is positively weighted. As
mentioned before, we may simply write

I= H(t)a Hi = Hi (t)7 Im = Hm(t)

when the context is clear. We point out that I, consists of levels, whereas I, and I_
consist of edges.
For each I 1 (possibly empty), let

(2.4)

Im =TTy, Iy=InT..

The subset I determines a weighted level tree

tay = () bay) = (v, ways bary) (2.5)

intuitively as follows: the weighted level tree t(r) is obtained from t by contracting all
the edges labeled by I_, then lifting all the vertices v with e, € I, to the level m, and
finally contracting all the levels in I; see Figures 2 and 3 for illustration. Such t(
will be used to describe the local structure of M in §3.

Below we present the formal definition of t(j):
e the rooted tree () is obtained via the edge contraction

m(1) : Ver(y) — Ver(vy(r))
such that the set of the contracted edges is

Edg(t)\Edg(t, {ee (Edg( N )n_nlm: [[E(e),ﬁ(vj)[)tcbr}u]_; (2.6)
e the weight function wp is given by

wr): Ver(vy)) — Zso, w()(v) = 2 w(v');

v ETK‘(I)( v)
e the level map /( is such that for any ecEdg(v()) ( <Edg(t)),

min{iel\I: i>/(v) Vvew(_ﬁ(ve_)} if eeETd\g(t)\]Im,
Liy(vg) = { min(I\Iy) if e€ Iy,
max{/{(v): UEW(I)( )} if e€ (I\[m ) LI
It is a direct check that ;) is a weighted tree and £(;) satisfies the criteria of a level

map, hence (2.5) gives a well defined weighted level tree.
The construction of t(;) implies

H+ (tn)) = L\ Ly, (f(l ) = min ((I;\/5)u{0}),
Im (1) = {€€Im\Im: m (k) }. (2.7)
I-(t)) =T-\I- {BEHm\f () <m(t)}-

DEFINITION 2.3. Two weighted level trees t= (v, w,£) and t' = (v, w', £') are said
to be equivalent, written as t ~ t', if
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I o: vertex of weight O
I

|
|
I e: vertex of positive weight 1
| |

Fic. 1. A weighted level tree with chosen v_1,v_o, and v_3

(E1) (v, w)=(y,w') as weighted trees;

(E2) £~ [m(t),0]c=(¢)~* [m(t'), 0] ¢ ;

(E3) there exists a (unique) order preserving bijection a: [m(t),0]— [m(t'), 0]y so
that col=1" on £~ [m(t), 0].

It is a direct check that ~ is an equivalence relation on the set of weighted level
trees. Intuitively, this equivalence relation records the relative positions of the vertices
above or in the level m(t); see Figure 1 for illustration. We do not need to know
the relative positions of the vertices below m(t), because from the blowup point of
view, the level m(t) corresponds to when the blowup MWt —s vt stops locally;
c.f. Remark 2.2.

We denote by /™" the set of the equivalence classes of the weighted level trees.
There is a natural forgetful map

f : ‘%_Wt - <7Rth [’77wa€] - (’77W)a (28)
which is well defined by Condition (E1) of Definition 2.3.

2.2. Twisted fields. For every genus 1 nodal curve C, its dual graph ~¢ has
either a unique vertex o corresponding to the genus 1 irreducible component of C' or
a unique loop. In the former case, v can be considered as a rooted tree with the
root o; in the latter case, we contract the loop to a single vertex o and obtain a rooted
tree with the root 0. Such defined rooted tree is denoted by o and called the reduced
dual tree of C' (c.f. [5, §3.4]). We call the minimal connected genus 1 subcurve of C
the core and denote it by C,. Other irreducible components of C' are smooth rational
curves and denoted by C,,, ve Ver(yc)\{o}. For every incident pair (v,e), let

Quie € Cy (2.9)

be the nodal point corresponding to the edge e.

Let 9" be the Artin stack of genus 1 stable weighted curves introduced in [5,
§2.1]. Here the subscript “1” indicating the genus is omitted as per our convention.
The stack 9™ consists of the pairs (C,w) of genus 1 nodal curves C' with non-
negative weights we H?(C,Z), meaning that w(3) >0 for all irreducible ¥ < C. Here
(C,w) is said to be stable if every rational irreducible component of weight 0 contains
at least three nodal points. The weight of the core w(C,) is defined as the sum of the
weights of all irreducible components of the core.

Every (C, w)eIM™* uniquely determines a function

W Ver(rYC) - ZZO) U= W(Cv)v
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which makes the pair (7o, w) a weighted tree, called the weighted dual tree. Thus,
the stack 9"' can be stratified as

et = | ot = [ {(Cow)em™: (vo, w)=7}. (2.10)
‘I’ELZ-‘,"Vt Te%""t

If the sum of the weights of all vertices is fixed, the stability condition of 9" then
guarantees there are only finitely many 7€ J5"* so that 9¥" is non-empty.
Given 7= (v, w)e Z3"" and ecEdg(r), let

LEF — o
be the line bundles whose fibers over a weighted curve (C, w) are the tangent vectors
of the irreducible components C',+ at the nodal points g+, respectively. We take

Le=LIf®L, — M, LZ = (X) Lo — 2" (2.11)

€
e'eEdg(T), e’ >e

The line bundles L. describe normal directions of 9Y*; c.f. Lemma 3.1 and its proof.

REMARK 2.4. The motivation of LZ is twofold: one comes from the comparison
with the blowup construction Mt — MW, while the other from close examination
of the local equations of M7 (P",d). The former will be elaborated in (4.5) and the
paragraph after it; we now explain the latter. Given (C,u)e M, (P",d), we denote
by (C,w) its image in 9M™* under (1.1). By (2.10), there exists a unique 7€ JR"*
such that (C,w)eIM¥'. W.l.o.g. we assume that u|c, is constant (i.e. w(o)=0), for
otherwise M1 (PP", d) is already smooth near (C,u). As shown in [5, §5.2], over an affine
smooth chart ¥V — 9™ containing (C, w), one can identify an open neighborhood of
(C,u)e My (P, d) with the kernel of a homomorphism of the trivial vector bundles:
(ﬁ@d)®” — ﬁ@". Under suitable trivialization, the vector bundle homomorphism
can be written as a matrix. Each entry of the matrix is (up to a unit on V) in the
form [],., (e, where e € Edg(r) satisfies w(v, ) > 0, and the local parameters (.
correspond to the smoothing of the nodes (see (3.1) for exact definition).

To desingularize M (P",d), one needs to compare the products [, (e for
different edges e near MM** (where all (. =0). Given two edges e; and ep, the limit
of the ratio [([ ., Cer) © (I Terse, Cer)] at MY depends on the choice of the local
parameters (. in (3.1) unless e; and ey are comparable. Nonetheless, with 0., as
before Lemma 3.1, the limit of the ratio

[ & b, = @ ¢, |

e'>eq e’ >eo

at M does not depend on the choice of (.; c.f. (3.31). By Lemma 3.1, the restriction
of each J¢, to MY* is a nowhere vanishing section of L./(V nO¥"), which suggests
that LZ should be a key part of (2.13).

For any direct sum of line bundles V =@,, L/, (over any base), we write
P(V) := { (2, [vm]) €P(V) : vs #0 Vm}. (2.12)

For any vector bundle V' over the same base, by abuse of notation, we identify V'
with V@0 V@V’ and identify P(V') with its image in P(V@V”’). For any morphisms
My, ..., My —> S, we write

n (MZ/S) = M1 XsMg Xg - XsMk.

1<i<k
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o o
0 0 0
N a d
c
-1 -1 2
t-2p t-1p
—2 pmemmmem oo ‘
¢ : o: vertex of weight 0

|
I
I ®: vertex of positive weight 1
I I

Fia. 2. Weighted level trees in Example 2.6

With notation as above, given 7€ J*" and [t] = [7,¢]€ J*, let
ooy = ([T ((BC @ r2)) /o)) — e,
i€l (t) eeBEdg(t), £(v, )=i
&y = ( I1 [(E"(G—@) Lf))/fm‘ft]) —
eed;

1€y ()

(2.13)

where I (t), LZ, and €; are as in (2.4), (2.11), and (2.3), respectively. It is straight-
forward that both bundles in (2.13) are independent of the choice of the weighted
level tree t representing [t]. Since

{ecEdg(t): L(v,) =i} &  Viel,(t),

we see that E))Tff] is a subset of &7. In addition, since each stratum OY* is an algebraic
stack, so are DJTEf] and &pg.
Using (2.13) and (2.10), we define

m= | ] mpy = mv (2.14)
[e gt

This is the set-theoretic definition of the proposed stack 9 as well as the forgetful
map in Theorem 1.1. For any x € 9", the points of the fiber im’ff] ,, are called the
twisted fields over x.

REMARK 2.5. By (2.14), M{f(P”,d) in Corollary 1.2 consists of the tuples
(C.u, [t], n),

where (C,u) are stable maps in M;(P",d), [t] are the equivalence classes of
weighted level trees satisfying f[t] = (vc, c1(u*@pn (1)), and 7 are twisted fields over
(C,er(u*pn(1))).

2.3. Examples on the strata of 9. In this subsection, we use two examples
to illustrate the strata of MY, These two examples will be revisited in §3.3 to illustrate
how the strata are glued together by the twisted charts (3.16).

EXAMPLE 2.6. Let [t]=[7,¢]€.7"" be given by the leftmost diagram in Figure 2.
Then,

Edg(t)={a,b,c,d}, m=-2,  I=I,={-1,-2}, In=I_=¢.
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As illustrated in Figure 2, each I < I determines a weighted level tree t;), whose
underlying weighted tree is denoted by 77y as in (2.5). Each t ;) in turn gives rise to
a stratum of M as follows:

My = P(Ly) Xy P(La @ Lo®Le @ Lo®La), M, 1 =P(La ® Ly) /M7

tf wt tf _ wt
Mty = P(La®Lc® La)/Mm 1)’ M1z = Doy oy

In Example 3.10, we will demonstrate how to glue these strata by charts.

EXAMPLE 2.7. Let [t]=[7,{]€ Z"" be given by the leftmost diagram in the first
row of Figure 3. Then,

Edg(t)={a,b,c,d}, m=-2, I={-1,-2 a}, I,={-1,-2}, Im={a}, I_=¢.

As illustrated in Figure 3, each I < I determines a weighted level tree t;), whose
underlying weighted tree is denoted by 77y as in (2.5). Each t ;) in turn gives rise to
a stratum of M as follows:

= P(Ly) Xy P(Ly®Le ® Ly®Ly),
tf B
m*({ 23] _P(Lb)/ T({ 2}y’
o B
Mty _P(L @Ld)/mm 1)
M (1 = P(Lo) xomye  B(La ® Ly®Le ® Ly®La),
tf _ wt
[t(—2.ap] _]P(L ®Lb)/mm 2,a})’
tf wt
[t-1.ap] (L ® L @Ld)/fmm La})’
tf _ wt
[t—1,—2p] = 12y
mtf mwt

[t—1,—2.ap] = -1, -2.0p

In Example 3.11, we will demonstrate how to glue these strata by charts.

3. The stack structure of M. In §3, we show M is naturally a smooth
Artin stack and describe its universal family. To help understand the combinatorial
notation in §3.1 and §3.2, the readers may consult the examples in §3.3.

3.1. Twisted charts. We first fix [t]=[v, w,¢]€ """ and xefqu and write
Pl = (W) e T, (Cw) = m(a) e M.
Since M™* is smooth, we take an affine smooth chart
V=V — M

containing (C,w).
As in [5, §4.3] and [7, §2.5], there exists a set of regular functions

C.eT(0Oy) with eeEdg(y), (3.1)
called the modular parameters, so that for each ee Edg(y), the locus

Z, = {Ce:O} cV
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0 0 0
a b
—1 —1 -2
t-2p
—2
o o
0 0 0
N a ¢ d
—-1 -1 -2
t—2.ap) t—1,ap
—2
r--—-—---—=-=-=-"=-"=-=-=-====-= 1
o o I o: vertex of weight 0 !
a 0 e 0 ! ¢ . ieh !
. ; I
f t(—1,—2}) t((—1,-2,a}) : e : vertex of positive weight ‘

Fia. 3. Weighted level trees in Example 2.7

is the irreducible smooth Cartier divisor on V where the node labeled by e is not
smoothed. For any I cI=I(t), let

V(OI) = {Ce/ #0: € e (Edg(fy)\Edg(’y(I))) } cV,
Ve =V N {¢=0:ecEdg(vn) } Vi < V.

Then, V(OI) is an open subset of V. Shrinking V if necessary, we see that

Vi € mo (MY, V), (3.2)
where 7y denotes the set of the connected components. In particular, V;,, can be
considered as a smooth chart of the stratum xmy(t” Rigorously, the sets I and I
depend on the choice of the weighted level tree t representing [t], however, V(1) and
Vr;, are independent of such choice.

Given a set of the modular parameters as in (3.1), we may extend it to a set of

local parameters on V centered at (C,w):

{Ce}ecrdg(r)I{Sj }jes with (C,w)=0:=(0,...,0), (3.3)

where J is a finite set. We do not impose other conditions on g;.
For each eeEdg(v), let d¢, eT'(V; TIN™") be such that

(¢, dCey=1, (0, dCe)=0 Ve'eBdg(y)\{e},  (d.dg;)=0 Vje.

For Z. = {(. =0}, we denote by 0., the image of Jc,
ie.

z, in the normal bundle of Z.,

Oc.

si= 0ol + T2V 3eZ..

LEMMA 3.1. For every I <1 and every e € Edg(vy(r)), the restriction of O¢, to
Vr ., i a nowhere vanishing section of the restriction of the line bundle L. in (2.11)
to Ve, -
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Proof.  Since the restriction of d¢. to Z. (2 Vy,,) is identically zero, we ob-
serve that 0., is a nowhere vanishing section of the normal bundle of Z.. It is a
well-known fact of the moduli of curves that the normal bundle of Z, is L.; see [2,
Proposition 3.31]. O

For each level i€l =T, (t), we choose a special vertex
v; € Ver(v) s.t. 0(v;) =1. (3.4)

Recall that for every v e Ver(t)\{o}, the edge e, “above” v is given by v =v. We
then denote by e;, e, and v;" respectively the edges and the vertex satisfying

79

e, =ey,, v =l e =e,+; (3.5)

see Figure 1. We remark that e; is not defined if v;” = 0. Each i€l determines a
strictly increasing sequence

if0] =i < 1] :=L(v)) < i2] = L) < oo (3.6)
We would like to remark that i[1] and i* in (2.1) need not to be the same; see Figure 1
for illustration. This sequence is finite, as there is a unique step h satisfying i[h]=0.

REMARK 3.2. As mentioned in Remark 2.2, for each level i€l , the vertices v
with £(v) =1 (or equivalently the edges e with ¢(v_ ) =1) locally correspond to the non-
zero components of an exceptional divisor in the blowup MWt —> MW of [5]. Thus,
choosing v; (or equivalently e;) means selecting a standard chart for the exceptional
divisor. Such choices affect the expression (3.14), hence affect the twisted chart (3.16).
Nonetheless, Lemma 3.5 guarantees that they do not affect the stack structure of 9.

By Lemma 3.1, there exist A\. € A with eeE/d\g(t) so that the fixed x ei)ﬁ'ff] over
(C,w)=0€V;, can uniquely be written as

o= (05 [T (@ ) ) =1])
e Vexae i = [T ((BC @ 5 )/ V-] (3.7)

i€l (t) ecEdg(t), l(e)=1

where  A#0 VeeEdg(t)\Lm,  Ae, =1 Viel,, A.=0 Veely.

With the index set J as in (3.3) (which indexes the local parameters ¢; on V other
than the modular parameters (.), let

ux c A]Lr ~ Aﬁ_d\g(t)\{ei:ielbr} > AH, % AJ
be an open subset containing the point
Yo = (0, ()‘e)eeﬁ\@(t)\{emeh} ,0,0).
The coordinates on i, are denoted by

((&')1’6114. ) (ue)eeﬁ(t)\{ei:ieﬂ+}’ (Ze)ee]]_ ) (wj )jEJ)- (39)
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For any I <1, we set
il;;(I):{ e #0Viely ; ue#0Veely ; z.#0Veel_ } c Uy,
Yoty :le;(l)m{aizo Viel \; ue=0Veelp\Im; z.=0 VeeL\I,}.

This gives rise to a stratification

e = || Yoy (3.10)
Icl

We remark that neither 4, nor its stratification (3.10) depends on the choice of the
weighted level tree t representing [t], even though the sets T and I depend on such

choice. We also notice that ﬂ;,u) is an open subset of i, but the strata L(x;[tm] are
not open unless [ =1.
For each i€l , we take
Ue, 1= 1.
By (3.7), shrinking $f, if necessary, we have
u.el(6%) Y ecEdg(t)\Im. (3.11)
With the local parameters ¢, and g; as in (3.3), we construct a morphism
O, : Uy —V  (—> M)
given by
e el Yeliom o
03¢, = - [ & VeecBdg();
ue . u . u PR
o St delb(e) L)) (3.12)

0%C. = z. Vecl_=Edg(t)\Bdg(t); 0%, —w; Vjel.

The numerator and the denominator in the first line of (3.12) are both finite products,
because (3.6) is always a finite sequence.
For any I I, it follows from (3.11) and (3.12) that

where V(OI) and V

1, are described before (3.2).
Fix I<I (I may be empty). With

[ty] = [r). bn] €

as in (2.14), and the chart V.

(1)

as in (2.5), Mt

f W .
[t(I)] _’m.,-(tl) as 1n (32)7 let

) tf
Doy + Masfeen) — Ve X, m[*m]

n [(P( ) L?(”))/VTU)J (— E)thfm])

iely () e€Bdg(t(r)), £(r)(e)=i

be the morphism so that for any yeily; .,

Oy (y) = (Hm(y); I1 [ue;i;z(y)-( @3¢y, () 166@1’])’ (3.14)

i€l \ It exe, [£(e)LvE))ET
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where

JeiiiT = (U .ue;(w Yelion )( He>e“ﬂ4(e),l(v?)DC1 el >( H Eh)

Uet Ut 0 )\ Herses ey e 955 ) Negier.a

for all ¢ € I;\I, and e € &;. Similar to (3.12), the products in the first pair of
parentheses above are both finite products.
By (3.13), the description of V(1) above (3.2), and (2.6), we see that

el € r(ﬁu;m) VIcI iel,\I,, ec€;.

Moreover, by (3.11),

| =0 if g([) (v;) < i, (3 15)
fesil Helin) ) e F(ﬁﬁjm;[f(l)]> if E(I) (Ue_> =1 .
This, along with (3.13), Lemma 3.1, and (2.13), implies &,y is well-defined.
The morphisms ®,.(y), I <1, together determine
(I):n : ux — mtfv (I)az(y) = (I)a:;(I) (y) if Yy E i'[av;[t(l)]' (316)

We remark that ®,. ;) and @, are also independent of the choice of the weighted level
tree t representing [t]. Moreover, we observe that

Dy (Ys) = Pu()(Y) =2 Ve M, (3.17)

where y, €4l is given in (3.8).
A priori @, is just a map, for the set-theoretic definition (2.14) of 9% does not

describe its stack structure, although each smf{,] is a stack. In §3.2, we will show such

®,, patch together to endow I with a smooth stack structure. Each ®,, will hereafter
be called a twisted chart centered at = (lying over ¥V — OM™"), although rigorously it
becomes a chart of M only after Corollary 3.8 is established.

— ot

LEMMA 3.3. For every I <, @, p): Ly [ty

il
f
tnl”

Proof. For any i€l (t))=1,\I;, notice that every edge in &; of the weighted
level tree t is not contracted in the construction of t7y (c.f. (2.6)). Thus,

| of (3-14) 1is an isomor-
phism to an open subset of fm‘f

@iCEdg(f(I)) Vi6]1+(f(1)).

In particular, the edges e;, i€l (7)), can be used as the special edges of t(;). For
conciseness, let

Elt] = Edg(t)\({ei: i € L (tr)} U Ln(t(r)))
= || {eeBda(t): €y (vs) =i, e e} ( =Edalt(r) = Edg(®));

i€l (1))

see (2.7) for notation.
Let {Ce}eerdg(y) Y 1is)}jes be a set of the local parameters on V' centered at w(x)

as in (3.3). By the definition of V; , above (3.2),

{Ce}ecrdg(t\Bdg (1)) U {Si}ies (3.18)
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is a set of local parameters of V.

Recall that there exist A\, A*, eeETd\g(t), such that
v= (0 [T (@) 100 =i] )

i€l e>e

as in (3.7). Let Uyg[y,,) be an open subset of (A¥) Eltn] such that

(Ae)eeklt )] € Unkley © (A%)Elm],

The coordinates of Us B[t ;)] are denoted by

(He )eeE[t(I)] .

In addition, we set
e, =1V iE]Lr(’t([)), e =0V BEHm(t(I)).

Thus, the function p. is defined for all e € Iid\g(t(l)), and is nowhere vanishing
on Uk, for all ee Edg(t(r))\Lm ( )).
The smooth chart V;,, — MY in (3.2) induces a smooth chart

() (1)

e f
uﬂlv;[f(z)] T VT(I) X UI?E[‘(U] EIntf(l)]

given by
(3 (He)eemicry) = (5’ 1_[ [12e ( @ Bc.ls) : bave )= ])
iEH+(t(I>) 85Edg(t(1)) e>e

We will construct a morphism

Woyny ¢ M:/c;[t(l)] — Waife )] (3.19)

such that @, oW, ) and W, 1yo®,,(r) are both the identity morphisms, which will
then establish Lemma 3.3.
Given (3, (Me)eeE(tm)) EZ/{;;t(I), we denote its image by
Y= \I/:v;(l) (57 (N’e)eEE(t(I) ) € u L

which is to be constructed. With the coordinates on i, as in (3.9), we set

ze(y)=Ce(3) Veel_,  w;(y)=q;(3) Vje (3.20)

y (3.2), we see that

ze(y) =C.(3) =0 — ecl\I_ (< I_(tn))- (3.21)

The rest of the coordinates of y are much more complicated; we describe them by
induction over the levels in I, =1, (t). More precisely, we will show that &;(y) with

i€ly and u.(y) with eeE/](E(t)\{ei: i€l } are all rational functions in (e (3) and per,
satisfying

(ei(y)=0 < iel;\I4) and (ue(y)=0 < e€lm\Im). (3.22)
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In particular, (3.22) and (3.21) imply Yy 15
The base case of the induction is for the level

ie. W () is well-defined.

10 := max [ ().
We take

€io (1) = Cei(3)- (3.23)
By (3.2), we see that €;,(y) satisfies (3.22). We take

ue, (y) = 1.

For any e+#e;, with ¢(e)=ig, we set

Ll if joe T, (ie. e;, eEdg(t)\Edg(t)) (3.24)

He ifio¢]+ (16 i0€H+(f(1)), GEE(f(])))
ue(y) =
Cei(3)

If ig € I, then by (3.18) and (3.2), we have (.(3) = 0 if and only if (m =iy and)
e€ln\Im. Ifip¢ Iy, then p. =0 if and only if (m =iy and) e € [;,\I;m. We thus
conclude that wu.(y) satisfies (3.22) for all e€ ETd\g(t) with £(e) = ig. Moreover, such
iy (y) and u.(y) are obviously rational functions in (. (3) and p.s. Hence, the base
case is complete. -

Next, for any i€l , assume that all e;(y) with k>4 and all u.(y) with ee Edg(t)
and £(e) > i have been expressed as rational functions in (. (3) and per, satisfy-
ing (3.22).

For the level i, we first construct ¢;(y). The construction is subdivided into three
cases.

Case 1. If i¢ I, , then set

gi(y) = 0.

Obviously this satisfies (3.22).
Case 2. If iel; and [i,i[1]) E 1, then e;e E(t(y)), hence pe, #0. Let

~

o= min ([i, [N ) € L (k).

Intuitively, 7 is the level containing the image of v; in t ;). Thus,

~

Z(I) (ez) i.

Let ¢;(y) be given by

ue:r(y)~ue:[1](y) o 1_[e>eA7 [e(e),e(vH))ecr Ce

ue;(y) .ue;[l](y) e He/>-ei, [[l(e’),f(v eI Ce

H enly (3.25)

he(]z i

He; =& (y) :

The inductive assumption implies that all €, (y) with he (i, z[)t, as well as all u, et ](y)

and wu + (y) with h >0, are non-zero and are rational functions in (e/(3) and frer.

Lh

By (3. 18) and (2.6), we also see that all {.(3) and (.(3) in (3.25) are non-zero. There-
fore, such defined ¢;(y) is a rational function in (. (3) and e, satisfying (3.22).
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Case 3. If [i,i[1]) = I} (hence i€l ), then we see e;e Edg(t)\Edg(t(p); c.f. (2.6).
Intuitively, this means e; is contracted in the construction of t;). By the description
of Vr,, above (3.2), we see that (e, (3) #0. Let ;(y) be given by

Cei(3) = &ily) - 1_[ en(y)- (3.26)
he(i,i)
Mimicking the argument in Case 2, we conclude that €;(y) is a rational function in
Cer(3) and per, satisfying (3.22).
Next, we construct ue(y) for ee Edg(t) with £(e)=1. Set
'U/ei (y) = 1

For e+#e;, the construction is subdivided into two cases.
Case A. If [i, £(v})) & Iy, then

e € B(t(r) Ulm(tn) (=Edglto)\{e:: i€l (tn)}),

hence p. exists, and p. =0 if and only if e€lm(t7)). In Case A, since [i,£(v])) ¢ 1y,
(2.7) further implies

te=0 — e€lm\Im- (3.27)
Let
k= ke :=min ([i, (v )N\)  (€Li(tp)).
Since [[i, k) € I+, we have
{p(e) = k.
Let u.(y) be given by
Uer(y)-uer (y) -+

[1] . He)erﬁ [[Z(e),f(v:“)[)tcl Cc(ﬁ) . n 6h(y)~ (328)

ue+(y) 'ue:[l](y) R § [ecer) eI Ce3) helio

fre =1Ue(Y)

We observe that if i ¢ I, then x =i and hence Hhe[[i,nbt en(y) =1; if i€ Iy, then
the previous construction of ¢;(y), along with the inductive assumption, guarantees
[ Theginy, en(y) # 0. Mimicking the argument of Case 2 of the construction of &;(y)
and taking (3.27) into account, we see that wu.(y) determined by (3.28) is a rational
function in (. (3) and per, and it satisfies (3.22).
Case B. If [i,¢(v))) < I, then (2.6) gives
e€ Edg(tn) (ie ¢(3)=0) <= e€ly\Im. (3.29)
Let u.(y) be given by
U (y) Ut (y) -
L —- | enw (3.30)

Ue (Y) Ut (Y) U+ _
vl o) S hei,e(vd))

Ce(3) = ue(y)

Once again, mimicking the argument of Case A of the construction of w.(y), and
taking (3.29) as well as the description of V;,, right before (3.2) into account, we
see that u.(y) determined by (3.30) is a rational function in (.(3) and per, and it
satisfies (3.22).

The cases 1-3, A, and B together complete the inductive construction of W, ).
Moreover, comparing
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e (3.20) with the second line of (3.12),

e (3.23), the second case of (3.24), (3.26), and (3.30) with the first line (3.12),

e the first case of (3.24), (3.25), and (3.28) with the expressions of pi..; right af-
ter (3.14),

we observe that W,.(;) is the inverse of ®,.(y). O

COROLLARY 3.4. ®,: 8, — MY is injective.

Proof. This follows from Lemma 3.3 and the stratification (3.10) and (2.14)
directly. O

3.2. Stack structure. In this subsection, we will show the twisted charts &,
patch together to endow MY with a smooth stack structure; c.f. Proposition 3.7 and
Corollary 3.8. Note that a priori, ¢, depends on the choices of the special vertices
{Vi}ier, (3.4) and of the local parameters (3.3). Nonetheless, Lemmas 3.5 and 3.6
below will guarantee that such choices do not affect the proposed stack structure of
9, hence will make the proof of Proposition 3.7 more concise.

Let {w;:i€l;} be another set of the special vertices satisfying (3.4), and w;", d;,
and d be the analogues of v}, e;, and e in (3.5), respectively. As in (3.6), each

7 7

level i€l similarly determines a finite sequence

0y = i < i) = f(w}) < i(2) = l(wly) <
We take an open subset

82 Al x ABdB(OMdiiels} o AL o A

with the coordinates

((80)iet. + (42) g ey (et (w)se)-
as in (3.9), and then construct

02: 42—V, uz;i;,el‘(ﬁuzzn), P2 42— omtf
parallel to (3.12) and (3.14). Let U =2 (42) NP, (8L,).
LEMMA 3.5. The transition map
(@)1 o®s : N U) — (02)7'(U)

is an isomorphism.

Proof. Let g: ®;1(U)— (®2)~1(U) be the isomorphism given by

x

U+ U+ - --ud+.ud+

K Ud; " Ud, ¢y, if it ' .
g*(siZEi' ¢ [1] <1 <1 VZG]I+,
’LL + au + .. ud .udA .. u + .u + ...
S S if iy d; di<1>
U ———
*,.a € * 2 *, .2 :
g ud = VeeEdg(t)\{di}ier,, g%2i=2. Veel , g*wj=w; Vjel.

dg(e)

The fact that ¢ is an isomorphism can be shown by constructing its inverse ex-
plicitly, which is similar to the proof of Lemma 3.3, but is simpler. The key point of
the construction is that

1 ) g*u?
ug, = —— Vi€l Ue = = :
g~ Ue, g~ Ue,

7

V e Bdg(t) with £(e) =1,
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and each ¢; is a product of g*¢; and a rational function of u, with eeE/ld\g(t).
It is a direct check that the isomorphism g satisfies

009=0, and  g*uln, =" VICL i€l \LL, ec€,

,del i1
Thus, (#2)"1o®, =g and hence is an isomorphism. O

Let
{Co: eeBdg(7)}uiS: je )

be another set of extended modular parameters centered at x on the same chart

V—>93?Wt see (3.3). We use this set of local parameters to construct another twisted

chart <I> il — M, in particular, we have 9 Ll —V and [le;ig el"(ﬁﬁo ) as
3 (I)

n (3.12) and (3.14), respectively. Parallel to (3.9), the coordinates on £l are denoted
by

((é\i)ie]h. 3 (ae)eeﬁd\g(t)\{ei:ieﬂ+}’ (ge)eeﬂ_ 5 (ﬁ)\j)jEJ) .

Let U =3, (8,) n @, ().

LEMMA 3.6. The transition map

(&)w)_loq% : q);l(u) - (,15_1(2/0

x

s an isomorphism.

Proof. By Lemma 3.5, it suffices to use the same set of the special vertices {v;}er,
for both @, and ®,. For any e€ Edg(y), the local parameters (. and (. defines the
same locus Z. = {¢. =0} = {¢c =0}, hence there exists f.eI'(£}) such that

Ce = fe-Ce.
Since
Oc,lz. €eT(TZ2:) Ve'eEdg(y)\fe}, 0 lz. eD(T'2.) VjeJ
(where 0, are defined in the same way as d¢,, ), we have

9z = 7-0c, (3.31)

as nowhere vanishing sgctions of the normal bundle L, — Z..
Let g: @1 (U)—> @, (i) be the isomorphism given by

g*e—e;-0 <ffH> Viely, g¢*Z.=z-(0%f.) Veel , g*d;=0% Vjel,

feufe
’
g*ae _ ue'e;k( He’Zefe
He/Zez(e) fe'

Shrinking U if necessary, we see that such defined ¢ is invertible, because

) VeeBdg(t)\{e; : iel, }.

((&)1’6114.3 (ue)eeﬁi\g(t)\{ei:ieﬂ+}’ (Ze)eeﬂ_a (e;ké\j)jGJ)
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can be considered as coordinates on ®,1(U).
It is a direct check that ,09=6, and
9* Besis HeyisT .
2 = 2 VIC]I, ZEH+\I+, 6667;.
03 ( Hez& [e(e), b)) T fe) 03 ( HeZei7 [e(e),b(v)) T fe)

Taking (3.31) into account, we conclude that (®,)"Lo®, =g and hence is an isomor-

phism. O
Given Il and '€ ®,, (ilx;[tm]), let Vo () — IM™ be a chart containing w(z’)
and @, : U — MY be a twisted chart centered at 2’ over Vo (z)y — MWt Let
U= (I)z(ﬂz) ﬁ@m/(ﬂz/).
ProproOSITION 3.7. The transition map
Ol od, @MU — D (U)
s an isomorphism.

Proof. Since '€ ®, (ilw;t( 1)) < ®,.(4,), its underlying weighted curve satisfies

w(@') e Vi ( — {C.#0: eeBdg(t)\Edg(t))} < v).
Thus, replacing Vg 2y by Ve (a) mV(OI) if necessary, we may assume
w(x') € Voo © Vi
Moreover, the following modular parameters on V:
(., ec€ Edg(t(l)) < Edg(t)

also serve as modular parameters on Vg (,/y. Thus by Lemma 3.6, we may assume @,
is constructed using the local parameters on V(.

{Ce}ecrag(t ) U <{§j}jeJ u {Ce}eeEdg(t)\Edg(tu)))

as the analogue of (3.3).

Let the special vertices v; and edges e; of t be respectively as in (3.4) and (3.5).
By Lemma 3.5, we may further assume that the special vertices and edges of t(;) are
respectively

v, and e, iely (tn) =1 \I4.

For any i€l \I, and heZsy, let ', e;r, and i(h) be the analogues of ¥, e, and i[h],
respectively, for the weighted level tree t ;) instead of t; see (2.1), (3.5), and (3.6) for
notation.

Recall that I_ (t(r)) =I-\/_ Lu{e€lm\Im: {(v])<m(t))}. We denote by

((EDiernry (o) eemg(uor W eriernrsyr (F)eel(t)r (W))je s (Bag(\Ede(tr)))
the coordinates on 1, parallel to (3.9), and construct

0y s "Vw(a:’) and PJIe;i;I’ EF(ﬁué

x/5(1")

), I'c\I, iel,\(I; ul'), ce&;
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parallel to
995 : ﬂz — ) and eI € F(ﬁu;([)), i€H+\I+, ee in,

of (3.12) and (3.14), respectively. In this way, ®,: {, —> MY is constructed analo-
gously to ®,.
Let g: ;' (U)—> @' (U) be the isomorphism given by

* . e
y [ese;r 1oy i ecr OaCe Uer Ut
gt =¢;- n en) -

ES ’ .
netiaty . Lo D et e OGe et et

Kot oy 1 Het Latoy. 70
el it el it

Viel \l,
'u’ez;i(l);l ’ 'u’ez(l);i(Q);I T
and

*

g* 2l =u. Vee{eelny\Im: Lv})<m(ty)},  g*zl=z Veel \L,
grwf=w; Vjel,  g*w,=0%C VeeEdg(t)\Edg(tr)).

To see g is well defined, notice that V. CV(OI) implies that
O U) < 3, gy (3.32)

Thus, every pe.; above can be considered as a function on ®;!(U). By (3.32)
and (3.13), the function 6%(, with ¢ € Eag(t)\]lm is nowhere vanishing on ®;1(lf)
whenever [¢(e), £(v]))¢ < 1. Taking (3.11) and (3.15) into account, we conclude that
g is well defined.

Once again, the explicit expression of ¢ implies it is invertible; see the parallel
argument in the proof of Lemma 3.5. Moreover, it is a direct check that 6, 0g=10,
and

Q*M/e;i;p = Mesi;TuI’ ef(ﬁuo m@{l(u)) VI/CH\I, iG]I+\(I+LII/), €E€i.

2 (ILI’)
Thus, @;loéw =g and hence is an isomorphism. O

COROLLARY 3.8. 9 s a smooth Artin stack that is birational to MY, with
{®, 1 Uy —> MEY onee as smooth charts. Moreover, the structure of the stratifica-

tion (2.14) is locally identical to the one induced by (3.10), and each stratum szf] is
of codimension |I(t)|. Furthermore, for any xe MY, any chart V—M™* containing
w(z)eM™, and any twisted chart ®,: U, — MY centered at x lying over ¥V —s M,

we have the Cartesian diagram

4y ot
o,
1% ot

where w is the forgetful morphism as in (2.14) and 0, is as in (3.12).

Proof. The first statement follows from Proposition 3.7, (3.17), and the fact that
w restricts to the identity map on the preimage of the open subset

{(C,w)em™ : w(C,)>0} < ™.
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Lemma 3.3 then implies for every [t]€ ™", the stack structure of Dﬁff] is the same as
that induced from the inclusion sz{] — M. Besides, the I = & case of Lemma 3.3,
along with the description of .1, before (3.10) and the definition of the index
set I(t) in (2.4), gives rise to the codimension of imf,f] The last statement follows
from (3.14). O

REMARK 3.9. By (3.12) and Corollary 3.8, one sees that on an arbitrary twisted
chart $1, of M,

ZU*( H Ce,) = (ue:;ue:;[l] ) H Eis

e/ >em 1€lm
w*( H Ce') = (ueue:;ue;[l] ) H Ei = Ue w*( 1_[ Ce') VeeCnm,.
e'>e 1€lLm e'>em

This, along with the local equations of M, (P",d) in [5, §5.2], implies that M{f(P”, d)
has smooth irreducible components and contains at worst normal crossing singulari-
ties. This observation should be useful for the cases of higher genera.

3.3. Examples on the twisted charts. In this subsection, we revisit the two
examples of §2.3 to illustrate how the strata of MM are glued together by the twisted
charts.

ExAMPLE 3.10. We continue with the setup of Example 2.6. Let xeimff] be a

weighted curve of genus 1 with twisted fields over (C,w)e 9™, The core and the
nodes of C are labeled by o and by a, b, ¢, d, respectively.

Let ¥V — MY be an affine smooth chart containing (C,w), with a set of local
parameters

{Cav va CC, Cd} . {gj}jEJ

centered at (C,w) as in (3.3), where (,, ...,y correspond to the smoothing of the
nodes. There then exist non-zero \. and \g such that

2=(0;10,0¢l0], [0c.lo, Ae (0¢,®c. )0 Aa- (D¢, ®Dc,)0]) € Ve xomwe M-

Here we identify [0, ¢, o | with [O¢, o ], as mentioned below (2.12).
We choose the special edges (3.5) of t to be e; =b and ey =a. Let

8, = ATL72 s pled) o p7
be an open subset containing the point
Yo = (0,0, Ac, Ag, 0,...,0).
The coordinates of 4, are denoted by
€_1, €2, Uc, Ug, and w; with jeJ,

where J is the same as the index set for the local parameters ¢; on V. Since A, Aq #0,
by shrinking $f, if necessary we assume that 4, < {u.#0, ug #0}.
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By Corollary 3.8 and (3.12), the forgetful morphism < : 9% — 9™ can locally
be written as 60, : i, — ) such that

91(6—1, €—2, Uc, Ud, (wj)): (5—1'5—27 €-1 ;€-2Uc,E-2"Uq, (wa))
—— e e — ——
Ca Cb (c Cd

Considering all possible subsets I of I in (3.14), we obtain a twisted chart ®,: 4, —
I centered at = over V— 9™ so that for any

Yy = (5—17 E_2, Uc, Uq, (w])) Eum,

o ife_1=c_5=0 (1e yEﬂz;[t]), then

D, (y)= ((07 0,0,0, (wj))§

10,30, s 8o, ), e (B, @ o, ), a0, @, o, )]
S V.,- Xm‘,’l’t Dﬁff],

e ifc_1#0and e_o=0 (i.e. yeil, [t({—l})])’ then

)

éz(y) :((075—170707 (wj))’ [8CQ|HL(y)7 %6Cc‘0¢(y)7 %6Cd‘01('q)])

tf )
€ VT((—l})XWY&_U)m[t({fl;)]’

o ifc_1=0and e_o+#0 (i.e. yeil, [t({fz})]), then

)

. (y) =((0, 0, e_o-Uc, E—a-ug, (wy)); [e—2-0clo. () » 6<b|9w(y)])

tf )
€ VT({—z})XWY(‘{_Q})m[tufz})]’

o ife 1#0and e 2#0 (ie. yelly

[t —2])> then

Do (y) = 02(y) = (e—1-6-2, -1, €—n-Ue, E—2-ug, (w))) € Ve, -

When a point y € 4L, satisfying €_1(y) # 0 and £_5(y) = 0 approaches a point
y' el satisfying e_1(y') =e_2(y’) =0, it may seem that the limit of the expression of
@, (y) does not match ®,(y’), however, as suggested in Remark 2.4, [0¢ g, (), %e(0¢,®
9¢ o, (v)> a(0¢,®0¢, o, ()] of ®2(y’) captures the limit of the ratio [(, : (¢ & (pCal,
whereas [O¢,lo, (y) » =< 0clo,(v) » =% 0cdo, (y)] Of Pu(y) captures the limit of the ratio

[Ca: € i Cq]. Tf we multiply the last two components of the twisted field of @, (y) by
e_1 (i.e. () and then take e_; —0, we can recover ®,(y’).
With the expressions of @, as above, it is straightforward to check

$,(0,0, Ao, A, 0,...,0) =z,

as well as to verify the statements of Lemmas 3.3, 3.5, 3.6, and Proposition 3.7 in this
situation.

ExAMPLE 3.11. We continue with the setup of Example 2.7. Let xeimf,f] be a

weighted curve of genus 1 with twisted fields over (C,w)e 9M™". The core and the
nodes of C are still labeled by o and by a, b, ¢, d, respectively.
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Let ¥V — 9MY" be an affine smooth chart containing (C, w), with a set of local
parameters

{Cas Cbs Ce» Cat L {Sj}jes
centered at (C,w) as in Example 3.10. There then exists a non-zero Ay such that
z=(0;1[0,9¢0], [0, (0¢,®3¢, )0, Aa- (3¢, ®0¢,)|o]) € Ve Xamwr My
We choose the special edges (3.5) of t to be e =b and ea=c. Let
i, « AL =2E o pladd o A
be an open subset containing the point
yr = (0,0,0,74,0,...,0).
The coordinates of i, are denoted by
€_1, -2, Uq, Uq, and w; with jeJ,

where J is the same as the index set for the local parameters ¢; on V. Since Ag#0,
by shrinking ${, if necessary we assume that 4, < {ug#0}.

By Corollary 3.8 and (3.12), the forgetful morphism ¢ : 9 — ™ can locally
be written as 6, : U, —> )V such that

0%(6—17 €2, Uq, Ud, (w]) ) = (5—1‘6—2'/“/(17 €-1 , €-2 ,E€_2'Uqg, (wj) )
—————— —— N —
Ca Co Ce Ca

Considering all possible subsets I of I in (3.14), we obtain a twisted chart @, : i, —
MM centered at = over V— 9™ so that for any

Yy = (871, E_2, Uqg, Ud, (wj)) € Uy,
e ife_ 1=¢c_9=u,=0 (1e yeumg[t]), then
(I)w(y) =((0a07070a (wj))§ [0’6<b|91(y)]7 [07 (6Cb®64c)l9m(y)’ ud(6Cb®6Cd>|0m(y)]>
S VT Xm\:t mﬁ‘],

o ife_1=u,=0and e_5+#0 (ie. yeuw;[t({fz})]), then

f
¢z(y)= ((07 07 5727 572'ud7 (wj))’ [07 6(17'9@(3/)]) € VT({_Q})Xgﬁy(t{72})mt‘[:t({,2})];

o ife_1#0and e_o=u,=0 (ie. yeuw;[t({fl})]), then

D, (y)= ((0,571,070, (w;)); [0, ¢lo.(y) - ud'64d|9m(y)]) € V‘r({fl})x93?;’_"&71})9)’(%{({_1})];

o ife_1=c_9=0and u,#0 (ie. yeuw;[t({a))]), then

. (y)= ((O, 0,0,0, (wj))§

[0 360, ()]s [ta-3.fo, 1)+ (e, @B o ) (@, @, o, )]

o
€ Vrgap X ot Mt o))15
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if e_1=0,e_9%#0, and u, #0, (i.e. yeﬂx;[t({fz,a})]), then

D, (y) = ((07 0, €2, €2, (wy)); [e—2-ua-0¢,lo, (y) 8<;>|e>m(y>]>

tf )
€ VT({—z,no)Xmivf{,zya})mt[tmz‘a})]’

ife_1#0, ug#0, and e_2=0 (i.e. yely ¢, ), then

)

(bw(y): ((07571,0,0, (w]))7
[ta-0clo, () » == Oclo, () » =% '5<d\0z(y)]>

tf .
€ Vm—l,anXmﬁ’(t{,l,a})m[fu—na})]’

if e_1#0, e_2#0, and u, =0, (i.e. yehy, e, 1), then

q)ﬁf(y) = ax(y) = (Oa €-1, -2, E_2-Uq, (w_])) € VT({71,72});

if e_1#0, e_9#0 and u, #0, (i.e. YEMuilt 1 oy

1), then
Du(y) = 0:(y) = (e-1-62-Ua, €1, €2, € 2-ua, (W))) € Vi, _y 0y
With the expressions of ®, as above, it is straightforward to check

@x(0,0,0,Ad,O,...,O) =7,

as well as to verify the statements of Lemmas 3.3, 3.5, 3.6, and Proposition 3.7 in this
situation.

3.4. Universal family. Let 7%: C¥* — 9™ be the universal weighted nodal
curves of genus 1. The stratification (2.10) gives rise to a stratification

vt — |_| oYt satisfying aV(CE) =M Ve R

wt
TETR

Parallel to (2.13) and (2.14), we set

Cly = ( I1 [(ﬁ”( @ (=)*LE ))/C%f] D —cyy Y[e™,

iely (t) ecEdg(t), L(vS)=i
= || ey —c
[e 7

Mimicking the construction of the stack structure of 9" in §3.1 and §3.2, we can
endow C' with a stack structure analogously. Furthermore, the projection 7** :
CVt — O™ induces a unique projection

i et — ot (3.33)
It is straightforward that

CH = OV x e I — OE
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For any scheme S, a flat family Z/S of stable weighted nodal curves of genus
1 with twisted fields corresponds to a morphism f: S — MM such that Z/S is the
pullback of (3.33):

Z/S = (S xgnqu C)/S. (3.34)

This leads to the following statement.

PROPOSITION 3.12. CYf—— MY in (3.33) gives the universal family of M.

REMARK 3.13. One may establish a moduli interpretation of 9t as follows: for
any scheme S, every flat family Z/S of stable weighted nodal curves of genus 1 with
twisted fields can be constructed directly as follows. A priori, Z/S should be over
a flat family Cg/S of stable weighted curves, thus by the universality of the moduli
MW, there exists a morphism

a:S—mt = | | oy

wt
TETR

such that Cg/S is the pullback of C%¥% 9™ via o. This induces a stratification of the
scheme S:

S = |_| Sy satisfying  a(S,)cMY Vre R (3.35)
TeTR"
We take
f n > U W
Sty = < [T((B @ a*zz))/sng D =5 Sy Y[e ™,
i€l (1) ecEdg(t), {(v, )=1
tf _ tf TS
st= L s
(e

For any chart Vg — S, shrinking it if necessary, we see there exists a (smooth)
chart V— 9M%! such that

Vs %
| l
s et

commutes. The modular parameters (. on V pull back to regular functions on Vg,
which are denoted by (5. By (3.35), we have

SN Vs ={¢5=0:ecEdg(r)} n{C5#0: ¢ ¢Edg(r)}.

Mimicking the construction in §3.1 and §3.2, we can thus endow S* with a scheme
structure.

We say Z/5 is a flat family of stable weighted nodal curves of genus 1 with twisted
fields if and only if there exists a section o*f of 7g: S — S such that

Z = CS Xs (O’tf(S)).

This construction is consistent with (3.34). One can check that the groupoid sending
any scheme S to the set of all such defined flat families Z/9 is represented by 9t

We would like to remark that a more succinct definition of a flat family of stable
weighted nodal curves of genus 1 with twisted fields should be desirable.



708 Y. HU AND J. NIU

Sy = {a, b} 2(y) = {61,62,63,64}
&2 = {a,e, f}

S3 = {c,d, b} G1>62>64

Sy = {c,d,e, f} G1>G3>6y

Fic. 4. An example of traverse sections

4. Comparison with Hu-Li’s blowup stack D", Let 7: 9Yt — IMM™ be
the sequential blowup constructed in [5, §2.2]. More precisely, let Z, <MY keZ~o,
be the closed locus whose general point is obtained by attaching k smooth positively-
weighted rational curves to the smooth 0-weighted elliptic core at pairwise distinct
points. Then M™ is obtained by blowing up 9"' along the proper transforms of
71,23, ... sequentially. Since 9MMY' is a smooth Artin stack and the blowup centers
are all smooth, so is M. As per the convention of this paper, we omit the subscript
indicating the genus. In Proposition 4.4, we show that O is isomorphic to MWE,
Lemma 4.3 is rather technical; it is only used in the proof of Proposition 4.4.

We briefly recall the notion of the locally tree-compatible blowups described in [7,
83]. Let 91 be a smooth stack, v be a rooted tree, and V be an affine smooth chart
of M. If there exists a set of local parameters on V so that a subset of which can be
written as

{z.€l(Oy) : e Edg(v) },

then the set is called a ~y-labeled subset of local parameters on V. For example, if
M =M™ and V is a chart centered at a weighted curve whose reduced dual tree is
7, then the set of the modular parameters {Cc}cegag(y) is @ 7-labeled subset of local
parameters.

v)

Let Ver(y)min be the set of the minimal vertices of « with respect to the tree
order. We call a subset & of Edg(~y) a traverse section if for any v € Ver(y)min, the
path between o and v contains exactly one element of &. For example, the subsets &;
of Edg(y) as in (2.3) are traverse sections. Let Z(y) be the set of the traverse sections.
The tree order on Edg(y) induces a partial order on =(y) such that

6>6 <« (6£6')and (Vec, 3@ st.exe).

We remark that the tree order on Edg(+) and the induced order on E(v) in this paper
are both opposite to those in [7], in order to be consistent with the order of the levels
of the weighted level trees.

EXAMPLE 4.1. Let v be the rooted tree in Figure 4. The set =Z(y) consists of
four traverse sections, as listed in Figure 4. The partial order on Z(v) is given by
G1>65> 64 and &1 > &3> G4, the traverse sections S, and &3 are not comparable.

Let 91— 9 be the sequential blowup of 9t successively along the proper trans-
forms of the closed substacks Z7, Zs, ... of 9.

DEFINITION 4.2 ([7, Definitions 3.2.4 & 3.2.1]). The blowup 9 —> M above is
said to be locally tree-compatible if there exists an étale cover {V} of M such that for
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each Ve{V}, there exist a rooted tree v, a partition of Z(v):

=) = || =)

k=1
and a y-labeled subset of local parameters on V such that
o for everyk =1,
Zrn Y = U {zez(): 666};

SeEk(v)
o if §'€Ep(v), 6"€Zk(7), and & >&", then K <k”.

If a sequential blowup M — M is locally tree-compatible, then the blowup pro-
cedure is finite on each Ve {V}, because the set Z() is finite.

LEMMA 4.3. If the blowup M —> M successively along the proper transforms
of the closed substacks Z1,Zs,... of M is locally tree-compatible, then the blowup
M — M successively along the total transforms of

Yi=21, Yo=21022, Ys3=27Z10Z30Z;3,

yields the same space, i.e. M’ =M.

Proof. We prove the statement by induction. For each h > 1, we will show
that after the h-th step, the blowup stacks sm/(h) of M along the total transforms
of Y1,...,Y) is the same as the blowup ﬁ(h) of M along the proper transforms of
sy Zy.

The base case of the induction is trivial. Suppose the blowup zm'( k) = M. We

will show that for any = € 9 and any lift  of x after the k-th step, the blowup
along the total transform lN/kH of Yi41 has the same effect as that along the proper
transform Z;Hl of Zi 1 near Z. Since x and 7 are arbitrary, this will establish the
(k+1)-th step of the induction.

W.lo.g. we may assume x € ﬂf;l 7. (otherwise we simply omit the loci Z; not

containing = and change the indices of Z; and Y; accordingly). The blowup M —> M
is locally tree-compatible, hence there exist a rooted tree 7y, an affine smooth chart V
containing z, and a y-labeled subset of local parameters z., e Edg(y) on V such that

x € {z.=0:ecEdg(v)}.

As shown in [7, Lemma 3.3.2], there exist traverse sections &) € Ex(y) and

S(it1) € Exr1(y) (cf. Definition 4.2), an affine smooth chart Vs, and a subset of
local parameters

€1y ey Ehs Z. with 666(k+1)\6(k); Zo with e€S41)NS)
on 175 so that Zk+1 is locally given by
Ek-&-l M ]730 = {ge:() : eeG(kJrl)\@(k), 5620 : 666(k+1)06(k)}.

Moreover, by [7, (3.13)], the total transform of each Z; with 1<i<k is locally given
by {€;=0}. Thus, Yj41 is locally given by

?kJrl N Y);z = (ZkJrl N gg) U { n gz = 0}

1<i<k
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That is, on the chart f):;, Z;Hl and }N/;Hl are defined by the ideals

f2k+1:<3€ : 666(k+1)\6(k), ,\Z/e : 666(k+1)f\6(k)> and fzkﬂ( gl),

1<i<k
respectively. Therefore, blowing up along Zk+1 has the same effect on 17; as that
along Yi.1. O

PROPOSITION 4.4. MY /OMMY is isomorphic to MY /MY . In particular, @ :
MY — MW 4s proper.

Proof. Our goal is to construct two morphisms 1 and 1 between M and MY
so that the following diagram

~ ) ot
M ™

commutes. Since m and w restrict to the identity map on the preimages of the open
subset

{(C,w)em™ : w(C,)>0} < m™,

respectively, we see that 11 and vy are the identity maps over the open subsets,
respectively, hence 15011 and ;01 are the identity maps. This then implies the
former statement of Proposition 4.4. The latter statement follows from the former as
well as the properness of the blowup MWE s MWL,

We first construct ;. For each k€Zwq, let Z;, <MY be the closed locus whose
general point is obtained by attaching k smooth positively-weighted rational curves
to the smooth O-weighted elliptic core at pairwise distinct points. By Lemma 4.3, the
blowup 7 : MW —s vt successively along the proper transforms of 7, Zs,... can
be identified with the blowup of 9" successively along the total transforms of

Y1=Z1, Y2=Z1UZ2, Y3221UZQUZ3,

We observe that for each ke Z-, the pullback @' (Y}) to M is a Cartier divisor.
In fact, for any [t] = [y,w,¢] € Z*" and z € Sﬁﬁ], let $f — 9 be a twisted chart

centered at z, lying over a chart V — 9", In [5], the blowup 7 locally on V is
proved to be compatible with the weighted tree (7, W) obtained by contracting all the
edges e of v as long as there exists v>v] satisfying w(v)>0. Let {(.: e Edg(y)} be
a set of modular parameters on V as in (3.1) and

{5i}ie]1+ Y {Ue}EGﬁ(E(t)\{EinEH+} v {Ze}eell_

be the subset of the parameters (3.9) on 4. We claim that

o (V) nth={ n g =0} (4.1)

icly, | ¢ |<k

To show (4.1), we first notice that @=(Y;)nU=w (Y nV) by Corollary 3.8.
Every irreducible component of Y n)V can be written in the form

Vie:={C.=0:ec6} with SeE(7), |6|<k, & (Edg(t)\Im)# .
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For each irreducible component Y}, & of YNV, the local expression 0, of w as in (3.12)
implies the pullback @™!(Y}.e) can be written as

{ H en =0 eeGﬁ(Ea\g(t)\Hm)’
helé(e),L(vI))

(ue- 1_[ En ):0: eeGNnly, 2.=0:ee6nl_ }
he[(e).(vd))

(4.2)

Since &n (E/)d\g(t)\]lm) # & and |G| <k, we can always find ee & (Ed\g(t)\]lm) such
that |€,|<|S|<k for all he[l(e), (v} )). By (4.1) and (4.2), the pullback w (V. )
is thus a sub-locus of the right-hand side of (4.1). Moreover, it is a direct check that

o (YVee,) "l ={g=0}  Viel, with |&|<k.

Therefore, (4.1) holds.
Since every w1 (Y},) is a Cartier divisor of MY, by the universality of the blowup

MMV — MY we obtain a unique morphism
Py s M — o

that w: MY — MW factors through.

We next construct 15 explicitly. For any ¥ MY, let (C,w) be its image in 9™,
As shown in [7, §3.3], there exists a unique maximal sequence of exceptional divisors

~

Eil,...,EikaTWt, 1<i1<"'<ik

containing Z. Each E’ij is obtained from blowing up along the proper transform
of Z;;. Note that k is possibly 0, which means (C,w) is not in the blowup loci.

E;

1k

The weighted dual tree 7= (y¢, w), along with the exceptional divisors E;
uniquely determines a weighted level tree t; such that

T, =Ty (t) = {—ip,...,—ir)}.

In particular, m=m(t;) = —iy.
With the line bundles L, e Edg(tz), as in (2.11), the notation (-, )¢, and [, )¢,
as in (2.2), and the notation i[h] as in (3.6), the line bundles

TR

Li=L,®@ & £ — I, iel,, (4.3)
quivi[l]Dti

can be constructed inductively over I;. Then, we take
L=L® @ £/ —m*  ecEdgt). (4.4)
Jele(e), £(vd) iy
In particular, £, =£;. For each e Edg(t;), (4.3) and (4.4) imply

£®® @) =LE@( & £7).
e'>e JE(€(e), 0D
Hence for each i€l

f@( £.® @(se,®2;(e,)))) —P( @ L). (4.5)

L(v, )=1 e'>e L(v, )=1
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For h>1, let Z(;) be the image of & in the exceptional divisor of the h-th step.
Given i€l , The proper transform of Z_; after the first —i—1 steps of the blowup may
have several connected components; see [7, Lemma 3.3.2]. The normal bundle of the
component containing T'(_;_1) is the pullback wzk_i_l) @D, s Le, where T(h): Sf)\ﬁ‘(";f) —
IMM™ is the blowup after the h-th step.

Notice that the non-zero entries of Z(_;) exactly correspond to the edges e € €;
satisfying ¢(v, ) =i. Therefore,

Ty € ”Ek—i—n]fb( @ L)
(v, )=1

eEQEi

Then, Z(_;) with je[i,0)¢, together determine a unique
@ e B @ (LoR (o)) =B @ LF).
L(v, )=t e'>e L(v, )=1

The last equality above follows from (4.5). We then set

Ua(@) = ((Cw), [6], (@) s i€Ti (1)) e miLy.

Obviously, this implies woyy =.

It remains to verify such defined 75 is a morphism. Let ¥V — 9" be a smooth
chart containing (C,w), and {(.: eeEdg(tz)}u{g;: j€J} be a set of local parameters
centered at (C,w) as in (3.3). As shown in [7, §3.1&§3.3], there exists a chart Vz —>

I containing T with local parameters
&, i€l pe, eeBdg(ty)\(Imufei: i€l });
Ze, €€Lm; Ze, €€1_; sj, jed.

All p. are nowhere vanishing on ]N/g Moreover, with : ljg —V denoting the blowup,
we have
m™C= [ [ & Vielys m*C=p. [] & VeeEdg(ts)\(Imuiei}icr );
hE[[iﬂl[l]D&‘_; iE[[E(e),Z(vg')DtOE
(=2, n g Veely; (=2, Veel_; n¥gj=s; Vjel.
ie[[é(e),i(v;r)Dfi

For e€{e;}ier, , we set p.=1. Then,
pe € F(ﬁ;ﬁ) V ee Edg(tz)\Im-

Let Ly, ) — M be a twisted chart centered at (%), lying over V — M™E.
The parameters on i,z are as in (3.3). It is a direct check that the point-wise
defined 15 can locally be written as

Yo Vi — Wy,
such that
H?ZC Pe
HeZez(e) pe

wz‘ue:,ge-l_l[_[”ep; Ve€lm; Y3ze=2. Veel ; iw;j=s; Vjel.
eZeg(e) ¢

Pre;=2; Viel,;  iu.= ¥ e Edg(t)\ (Tm U{es }ict,);
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This shows 12 : M™t —> M is a morphism. O

REMARK 4.5. In [6], another resolution Mr — 9™ called the derived resolution
of M™, is constructed for the purpose of diagonalizing certain direct image sheaves.
That resolution is “smaller” in the sense that the resolution D%t — M¥ of [5] factors
through ;AT — gt Mimicking the approach of §3, we may construct a moduli
stack

n= | wg g =B @ L1z ) — o
[tle gt eeEdg(t), £(v. )=m(t)

This moduli should be isomorphic to 999",
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