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EXPLICIT DESCRIPTION OF GENERALIZED WEIGHT MODULES
OF THE ALGEBRA OF POLYNOMIAL INTEGRO-DIFFERENTIAL
OPERATORS [,*

V. V. BAVULAT, V. BEKKERT#, AND V. FUTORNY?#

Abstract. For the algebra I, = K(z1,...,2n,01,...,0n, f1,..., [,) of polynomial integro-
differential operators over a field K of characteristic zero, a classification of simple weight and
generalized weight (left and right) I,,-modules is given. It is proven that the category of weight
I,,-modules is semisimple. An explicit description of generalized weight I,,-modules is given and
using it a criterion is obtained for the problem of classification of indecomposable generalized weight
I,,-modules to be of finite representation type, tame or wild. In the tame case, a classification of
indecomposable generalized weight I,,-modules is given. In the wild case ‘natural‘ tame subcategories
are considered with explicit description of indecomposable modules. For an arbitrary ring R, we
introduce the concept of absolutely prime R-module (a nonzero R-module M is absolutely prime if
all nonzero subfactors of M have the same annihilator). It is proven that every generalized weight
I,-module is a unique sum of absolutely prime modules. It is also shown that every indecomposable
generalized weight I,,-module is equidimensional. A criterion is given for a generalized weight I;,-
module to be finitely generated.

Key words. the algebra of polynomial integro-differential operators, weight and generalized
weight modules, indecomposable module, simple module, finite representation type, tame and wild.
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1. Introduction. Throughout, ring means an associative ring with 1; module
means a left module; N := {0, 1,...} is the set of natural numbers; Ny := {1,2,...}
and Z<g := —N; K is a field of characterlbtlc zero and K™ is its group of units; ® =
®; Pn = Klx1,...,2,] is a polynomial algebra over K; 0y := 8%1"' ,Op - ai
are the partial derivatives (K-linear derivations) of P,; Endg(P,) is the algebra of
all K-linear maps from P, to P,; the subalgebras

A, = K(xy,...,2,,01,...,0,) and I, ::K(xl,...,xn,ﬁl,...,ﬁn,/,...,/>
1

of the algebra Endk (P,,) are called the n’th Weyl algebra and the algebra of polynomial
integro-differential operators, respectively.

The Weyl algebras A,, are Noetherian algebras and domains. The algebras I,, were
introduced in [7, 8] and they are neither left nor right Noetherian and not domains.
Moreover, they contain infinite direct sums of nonzero left and right ideals [7]. The
algebra I, contains a polynomial algebra

D, = K[H,,...,Hy,], where Hy :=0x1,...,H, := Opxp,

which is a maximal commutative subalgebra of I,,, [7]. An I,-module M is called a
weight module if it is a semisimple D,-module provided the field K is an algebraically
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closed field. For an arbitrary field, a weight I,,-module is a direct sum of common
eigenspaces for the commuting elements Hy, ..., H,, by definition. An I,,-module M
is called a generalized weight module if for all elements m € M, dimg (D, m) < oo,
ie., M is a locally finite dimensional D,-module provided the field K is an alge-
braically closed field. Every weight module is a generalized weight module but not
vice versa. The I,,-module P, is a simple weight module. Introduction of (generalized)
weight modules for the algebras I,, was inspired by a similar concept for semisimple
finite dimensional Lie algebras. For a semisimple finite dimensional Lie algebra G, a
classification of simple generalized weight modules is known only when G = sly. Fur-
thermore, a classification of indecomposable generalized weight slo-modules was done
in [5] and the problem of classification turned out to be tame provided the Casimir
element acts as a scalar. In fact, in [5] in the tame case a classification of indecom-
posable generalized weight modules was obtained for a large class of algebras, the,
so-called, generalized Weyl algebras (the universal enveloping algebra U(slz) and the
Weyl algebras are examples of generalized Weyl algebras as well as many other quan-
tum groups are). Recently, for some non-semisimple Lie algebras G and their quantum
analogues, classifications of simple weight modules are given: the Schrodinger algebra,
[15]; sla x Vo, [16], where V5 is the simple 2-dimensional slo-module; the enveloping
algebra of the Euclidean algebra, [14]; K,[X,Y] x Uy(sle), [17]; the quantum spatial
ageing algebra, [13].

In the paper, explicit descriptions of weight and generalized weight I,,-modules are
given (Theorem 3.2, Theorem 3.6 and (9), (19)). They are too technical to explain
them in the Introduction. Classifications of simple weight and simple generalized
weight I,,-modules are obtained (Theorem 2.3). It is proven that the category of
weight I,,-modules is a semisimple category (Theorem 2.5). In [6], a classification of
indecomposable generalized weight I;-modules of finite length is given. This classifi-
cation is used in the present paper in order to obtain the general case. Usually, the
case n = 1 serves as the base of induction for the case n > 1. Using Theorem 2.3,
a criterion is given to decide whether the problem of classification of indecomposable
generalized weight I,,-modules is of finite representation type, tame or wild (Theorem
3.9). In the case n = 1, the problem is tame, [6]. In the tame case, a classification
of indecomposable generalized weight [,-modules is given. It is shown that every
indecomposable generalized weight I,,-module is equidimensional (Corollary 3.7). A
criterion is given for a generalized weight [,,-module to be finitely generated (Corol-
lary 3.8). In the wild case, ‘natural’ tame subcategories are considered with explicit
description of indecomposable modules, see the end of Section 2. In particular, de-
scriptions of categories ind(Ds, m?), ind¢(T") and ind(A) are obtained. In Section 4,
similar results are proven for generalized weight right I,,-modules.

Properties of the algebras I,, are studied in [7, 9, 10]. In the case n = 1, for a
more general setting see also [25]. The simple I;-modules are classified in [9]. Simple
Aj-modules were classified in [19] (see also [2, 3] for some generalized Weyl algebras
including A;). The automorphism groups Autg _ai(I,) are found in [8]. The weak
homological dimension of the algebra I,, is n, [7]. Futhermore, the weak homological
dimension is n for all the factor algebras of I,,, [12].

Finite dimensionality of Ext-groups of simple modules over the (first) Weyl al-
gebra A; was proven in [30]. Finite dimensionality of Ext-groups of simple modules
over the generalized Weyl algebras was proven in [1]. Simple modules over certain
generalized Weyl algebras were classified in [2]. In [6], Ext-groups are described be-
tween indecomposable generalized weight I;-modules, it is shown that they are finite
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dimensional vector spaces. In [10], it is proven that the algebra I, is a left coherent
algebra iff the algebra I,, is a right coherent iff n = 1; the algebra I,, is a maximal
left (resp., right) order in the largest left (resp., right) quotient ring @;(L,,) (resp.,
Q- (1,)) of I,,. The (left and right) global dimension of the algebra I,, and all prime
factor algebras of I,, is equal to n, [12].

Classifications of (various classes of) simple weight modules over algebras that are
close to the (generalized) Weyl algebras are given in [28, 18, 26, 32, 27, 22, 29, 23, 11].

2. Classification of simple (generalized) weight I,-modules. In this sec-
tion, a classification of simple generalized weight and simple weight I,,-modules is given
(Theorem 2.3). It is proven that the category of weight I,,-modules is a semisimple
category (Theorem 2.5). At the beginning of the section, we collect some results
about the algebras I,, that are used in the paper. In the case when n = 1, we drop
the subscript ‘1’ in order to simplify the notation.

As an abstract algebra, the algebra I is generated by the elements 0, H := 0z
and [ (since = [ H) that satisfy the defining relations, [7, Proposition 2.2] (where
[a,b] :== ab — ba):

of=v 1= [ wa=-o #o- [o-a- [om=1-[o

Since I, = I} ® --- ® I; (n times), the defining relations of the algebra I,, is
the union of the defining relations (1) for each index ¢ = 1,...,n and the relations
a;,a; = aja; for all ¢ # j where a; € {0;, H;, L} The elements of the algebra I,

7 ) i+1 )
:/ aﬂ—/ L i eN, (2)

satisfy the relations e;jer; = djrey where 0j5 is the Kronecker delta function. Notice
that e;; = fz e000?. The matrices of the linear maps e;; € End (K [z]) with respect to

the basis {z!* := ‘%;}seN of the polynomial algebra K|[x] are the elementary matrices,
i.e. e;; acts on polynomials as follows:

eij x 2l = - lfj o
0 if j #s.

Let F;; € Endg (K[z]) be the usual matrix units, i.e. E;jx2® = §;,2" for all 4,j,s € N.
Then
J!
€ij =y Eij, (3)
Keij = KE;j, and F':= @, ;50 Keij = @, j>0 K Eij ~ Moo(K), the algebra (without
1) of infinite dimensional matrices. The algebra I,, = I;(1) ® - - - ® I;(n) ~ I?" where
Hl(Z) == K(@i,Hi,fl) for i = 1,...7’[1
Z"-grading on the algebra I,, and the canonical form of an integro-

differential operator, [7]. The algebra Iy = @, ., is a Z-graded algebra
(H171H17j g ]Il,i—i-j for all ’L,] S Z) where

€L

D, ['= "D}y iti>0,
I; =14 D if i =0, (4)
oD} = Dol ifi <o,
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the algebra D} := K[H] @ P,y Key is a commutative non-Noetherian subalgebra
of Iy, Hey = e H = (i 4 1)ey; for i € N (notice that @, y Key; is the direct sum of
non-zero ideals of D});

</ D’1> ~ D}, /de; p; (D}9") ~ Dy,
D}

dd' +— d forall >0 and all d € D)

since 9 fl = 1 (where the notation pM (resp., Mp) means that M is a left (resp.,
right) module over a ring R). Notice that the maps

~/:D1—>D’1/,dl—>d/ and 0'-: D} — 0'D}, dw 0'd
have the same kernel @3;3 Kej;. The algebra
Hn = @ Hn,a

aeZn

is a Z"-graded algebra (I, oI, 3 C I, o+p for all a, 8 € Z™) where I, o, = Q@111 (i)q,
and o = (aq,...,ap).
Fach element a of the algebra I; is a unique finite sum

a:Za,l'ai—l—ao—&-Z/zai—l— Z Aij€ij (5)
i>0 i>0 i,jEN

where a, € K[H] and \;; € K. This is the canonical form of the polynomial integro-
differential operator, [7]. Let

[* ifi>0,
vi=<1 ifi=0,
olil if i < 0.

Then I, ; = Djv; = v;D] and an element a € I; is the unique finite sum

a = Z b;v; + Z Nij€ij (6)

i€l i,jEN
where b; € K[H| and \;; € K. So, the set
(o', [ ey iz st >0)

is a K-basis for the algebra I;. The tensor product of these bases is a basis for the
algebra I,,. The multiplication in the algebra I; is given by the rule:

/H:(H—l)/, HO=0(H -1), /eij:€i+17,j,

€ij / =eij-1, Oejj =ei—1;, €;0=20¢j41,
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Hey; =eyH = (i+1)e;, i €N,
where e_; ; := 0 and e;,_; := 0. The algebra I; has the only proper ideal
F =P Kejj ~ M(K), and F? =F.
i,jEN

The factor algebra I;/F is canonically isomorphic to the skew Laurent polynomial
algebra

By = K[H][0,0 Y507, o(H)=H —1, via 9~ 0, /Ha‘la H— H

(where 0F'a = 0T (a)0*! for all elements o € K[H]). The algebra B is canonically
isomorphic to the (left and right) localization A; s of the Weyl algebra A; at the
powers of the element 0 (notice that x = 9~1H).

Recall that the algebra of polynomial integro-differential operators over a field K
of characteristic zero,

]In:K(:cl,...,xn,ﬁl,...,an,/,...,/):H1(1)®~~®]11(n),
1 n

is the tensor product of algebras I (i) = K (x4, 0;, [;) ~ I1. Each algebra I (¢) contains
a unique proper ideal

s s+1
F(i)= @ Keg (i) where eg (i) :/ o ,/ af-&-l,

s,teN
F(i)? = F(i) and
By (i) :=1(d)/F (i) ~ K[H,][0;,0; ;0,7 ] where o;(H;) = H; — 1.

The algebra I,, is a local algebra where the unique maximal ideal a, is generated
by F(1),...,F(n) and the factor algebra I,,/a, is isomorphic to the skew Laurent
polynomial algebra

Bn = Dn[ai‘:l,...,831;01717...,07;1] where O’i(Hj) = Hj — (5ij,

see [7]. Furthermore, the algebra B, is the only left/right Noetherian factor algebra
of I,, [7].

A classification of all ideals (including prime ideals) of the algebra I,, is obtained
in [7]. There are precisely n height 1 prime ideals:

P =FLi 1, pp=LeFRL, 2,....pp=0_1@F,

see [7]. The algebra I, is a prime algebra (0 is a prime ideal of I,,). Every nonzero
prime ideal p is a unique sum
br= Z pi

iel
of height 1 prime ideals where I C {1,...,n} is a unique set for the ideal p = py, and
ht(p) = |I| where ht(p) if the height of the ideal p. Every ideal of I,, is an idempotent
ideal (a? = a), ideals of I, commute (ab = ba) and the ideal a,, = p; + -+ p,, is the
only maximal ideal of the algebra I,,.
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Generalized weight [,-modules. The group Z" acts on the vector space K"
by addition. For an element A = (A1,...,\,) € K™,

O\) = A+ 2"

is its orbit. The set of all Z™-orbits is isomorphic to the factor group K" /Z", O(X\) <
A+Z"™. In particular, two orbits are equal, O(A) = O(N) it A= N € Z™. Let ey, ..., e,
be the standard basis for the vector space K. Then Z" = ®}_,Ze; C K" = @} Ke;.

The K-automorphisms oy, ..., o, of the polynomial algebra D,, commute, 0;0; =
0oy, since 0;(H;) = H;j — 6;; where 0;; is the Kronecker delta. The subgroup

G=(o1,....0n)
of the group of K-algebra automorphisms Autg (D,,) generated by the automorphisms
01,...,0, is an abelian group isomorphic to Z" via the isomorphism G — Z", o1 —
€1y, ..., Op > €Ep.

Let M,, be the set of all maximal ideals of the algebra D,, of the type
m=my = (Hy — \,...,H, = \,) where A= (\q,...,\,) € K".

The group Autg(D,,) acts on the set M,,, (o,m) — o(m). Recall that the group Z"
acts on K in the obvious way:

7" x K™ — K™, (i, A) = i+ .

In a similar way, the group G acts on M,,, (¢'* ---gi», m) — o' --- o (m) where
Ys g p 9 1 n 1 n

i= (i1, ,ip) € Z". When we identify the set M,, with K™ via the bijection
M, = K™, my—= A

and the group G with Z™ via the group isomorphism G — Z", 0; —¢; (i =1,...,n),
the set of G-orbits M,, /G is identified with the factor group K™ /Z" via the bijection

M, /G — K"/Z", Gmy— A+7Z",

and the action 0" - - - g» (my) is identified with the action A+i where i = (iy,...,i,) €
7",
The polynomial algebra D,, = K[Hy,...,Hy,] is a maximal commutative subal-

gebra of I,,. For each A = (\y,...,\,) € K™, the field
Ku = Dy/my =Dy /(Hy = Ao, Hy — A\y) = Ky ~ K

is a unique simple D,-module that is annihilated by the maximal ideal my = (H; —
Ay ..., Hy — Ay). Let Max(D,,) be the maximal spectrum of the algebra D,, (the
set of maximal ideals of D,). Notice that if K is an algebraically closed field then
M,, = Max(D,,).

An T,,-module M is called a weight module if

M= @ My where My, = anny(m) := {m € M |mm = 0}.
meM,

Ifm=my=(H —Ai,...,H, — \,) for some A € K" then

My := My, ={m e M|Hym= X m,...,Hym = \ym}.



INDECOMPOSABLE WEIGHT MODULES 733

The set Supp(M) = {m € M,, | My, # 0} is called the support of the weight I,,-module
M. So, an I,-module M is weight iff it is a (direct) sum of common eigen-spaces for
the commuting elements Hq, ..., H, of the algebra I,,.

An I,,-module M is called a generalized weight module if

M = @ M™ where M™ = {m € M |m'm =0 for some i >0} = U annyy(m?).
meEM., >0

If m = m, for some A\ € K" then
M™={me M|(H, —X\)'m=0,...,(H, — \,)'m =0 for some i =i(m) > 1}.

The set Supp(M) = {m € M, |M™ # 0} is called the support of the gen-
eralized weight I,-module M. Recall that we identified (G, M,, M, /G) with
(Z", K", K" /7"). Therefore, the maximal ideal m) is identified with vector A € K™,
M)y := My, and M? := M™ . So,

Supp(M) = {\ € K™ | M* # 0}.

If, in addition, the field K is algebraically closed then the set Max(D,,) of maximal
ideals of the ring D,, is equal to M,,, every weight I,,-module is an I,,-module which
is a semisimple D,,-module (and vice versa), and every generalized weight I,,-module
is an I,-module which is a locally finite dimensional D,,-module (and vice versa).

We denote by W(IL,) (resp., GW(I,)) the category of weight (resp., generalized
weight) I,,-modules. Clearly,

are inclusions of categories where I,,-Mod is the category of all left I,,-modules. The
category GW(I,,) is a full subcategory of I,,-Mod, it is closed under arbitrary direct
sums, extensions, submodules and factor modules. The category W(I,) is closed
under direct sums, submodules and factor modules but not under extensions, see [6,
Theorem 2.5].

Let M be a generalized weight I,,-module. It follows from the defining relations
of the algebra I,,, [7, Proposition 2.2] or (1), that for allm € M,, andi=1,...,n,

2 M™ C Ma,;(m)’ /Mm C Mai(m), O, M™ C 2\40;1(\11)7

SL'Z'Mm Q Mm(m)a /Mm g ]\4'(71,(“1)7 asz Q Mai_l(m)'

So, the generalized weight I,,-module M is a direct sum of its generalized weight
submodules M9,

M= € M® where M®:=H M™. (7)
0eM,, /G meQO

Similarly, a weight I,-module M is a direct sum of its weight submodules Mo,

M= @ Mo where Mo := P My. (8)
0eM,, /G meO
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For each orbit O € M,,/G, let W(I,, O) (resp., GW(L,, O)) be the subcategory
of weight (resp., generalized weight) I,,-modules M with Supp(M) C O. By (7) and

(8),

W)= € W,0) and GW(L)= P GW(L, 0), (9)
OeM,, /G OeM, /G

direct sum of full subcategories of W(I,) and GW(I,,), respectively.

So, the problem of classification of indecomposable weight or generalized weight
I,-modules is reduced to the case when the support of a module belongs to a single
orbit.

Let 0 - N — M — L — 0 be a short exact sequence of I,,-modules. Then M is
a generalized weight module iff so are the modules N and L, and in this case,

Supp(M) = Supp(N) U Supp(L). (10)

The simple weight [,-module P,. By the definition, the algebra I,, is a sub-
algebra of the algebra End g (P,) of all K-endomorphisms of the vector space P,. So,
the polynomial algebra P, is a (left) I,-module. Since 4,, C I, the A,-module P,
is a simple faithful A,-module. Hence, the I,-module P, is also simple and faithful
(by the very definition, the algebras A,, and I, are subalgebras of Endg(FP,)). The
action of the elements x;, 9;, H; and fl on P, is given by the rule: For all elements
pE Py,

0ip = %, Hip= i(ﬂcip), /p = / ' pdx; and x;p = z; - p (multiplication by z;).
&vi 81& i 0
For all « = (a1,...,a,) EN"and i =1,...,n,

Hiz® = (o + 1)z® where 2z = z{*---xo".

Therefore, the I,-module P, is a weight module with Supp(F,) = N’. The poly-
nomial algebra P, = K[21] ® --- ® K[z,] is a tensor product of polynomial algebras
K|[x;]. Furthermore, it is a tensor product of simple weight I; (¢)-modules K [x;] where
I (i) = K{0;, H, [,)-

The indecomposable I;-modules M(s,\), [6]. For A € K and a natural
number s > 1, let us consider the induced Bi-module

M(s,\) := By ®cq K[H]/(H — \)°. (11)
Clearly,
]\4(87 )\) ZBl/Bl(H—A)S 2H1/<F+H1(H—)\)g) (12)

The I;-module/Bj-module M(s,\) is a generalized weight module with
SuppM (s,\) = A+ Z,

M(s,\) = @M(s, MM and dim M (s, )M =5 forall i € Z. (13)
i€l

LEMMmA 2.1.
(1) Fach simple generalized weight Ty-module is a simple weight 1y -module, and
vice Versa.
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(2) Each simple generalized weight Iy -module is isomorphic to one of the modules:
K[z] or M(1,\), A € A (where A is any fived subset of K such that the map
A — K/Z, A\ — N+ 7Z is a bijection), they are pairwise non-isomorphic.

(3) Endy, (M) ~ K for all simple weight T;-modules.

Proof. 1 and 2. Statements 1 and 2 follow from [6, Theorem 2.5].
3. Let idgy) be the identity map on K[z]. Then

KIdK[I] - End]l1 (K[I]) - EndA1 (K[x]) >~ KerK[x] (8) ~ K
where

dp

dr’

and A; = K(z,0|0x—x0 = 1) is the first Weyl algebra. Therefore, Endr, (K[z]) ~ K.
Similarly,

0 : K[z] = K[z], p—

Endy, (M(1,A)) ~ Endp, (B1/(B1(H — X)) ~ Kerp1, 0 ((H = A)) ~ K. 0O

LEMMA 2.2.

(1) [7, Proposition 6.1.(1)] The Iy-module K|x] is isomorphic to 11 /I1;0.

(2) [6, Eq. (12)] For all elements A € K\N., the I;-module M (1, \) is isomorphic
to the Ty-module Iy /Ty (H — \).

For all n € N4,

F+1i(Hi—n)=E,,-1®L(H1 —n) where E,,_1:= @Kei’n,l ~, K[z].
i>0

Hence, M(1,n) = I;/(E.n—1 ® I1(H1 — n)) and there is a short exact sequence of
I1-modules

0— K[Il] ~ E*,n—l — Hl/Hl(Hl — n) — M(l,n) — 0. (14)

In fact, it splits (Theorem 2.5).

Let A be an algebra and A-Mod be the category of left A-modules. A subcategory
C of A-Mod is called a semisimple category if every module of C is a direct sum of its
simple submodules in C. The category GW(I,,) of generalized weight I,,-modules is
a subcategory of the category I,,-Mod of all left I,-modules. The category W(I,) of
weight I,-modules is a subcategory of GW(I,,).

Classification of simple weight I,,-modules. We denote by T, (weight) (resp.,
ﬁ\n(gen. weight)) the set of isomorphism classes of simple weight (resp., generalized
weight) I,,-modules. The next theorem classifies (up to isomorphism) all the simple
weight I,-modules.

THEOREM 2.3.
(1)
T, (gen. weight) = I, (weight) = I, (weight)®",

i.e., every simple generalized weight 1,,-module is a simple weight 1,,-module,
and vice versa; every simple weight I,,-module M is isomorphic to the tensor
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product My ® ---® M, of simple weight 1;-modules and two such modules are
isomorphic over 1,

M1®...®Mn§M{®...®Mr'”

iff for each i =1,...,n, the Iy-modules M; and M, are isomorphic.
(2) For each simple weight L,-module M = Q. ,M;, Supp(M) =
[Ti=, Supp(M;).
Proof. To prove the theorem we use induction on n. The case n = 1 is true, see
[6, Theorem 2.5].
Suppose that n > 1 and that the theorem is true for all n’ < n. Let M be a simple
generalized weight I,-module. By (7), Supp(M) C O for some orbit O € K" /Z™.
Since

Hn — ]Il & anh

the I;-module M is a generalized weight I;-module with Suppy, (M) € A\; 4 Z where
A1 € K such that X\ = (Aq,...,\,) € Suppy, (M) for some Ag,..., A\, € K. Fix a
nonzero vector v € M?* such that (Hy — A\1)v = 0. The Ij-submodule Iyv of M is an
epimorphic image of the I;-module

N =1/, (Hy — \1).

By [9, Theorem 3.6.(2)] (or by Lemma 2.2.(2) and Eq. (14)), the I1-module N has
finite length. Hence, so does the I1-module I;v. Changing the element v, if necessary,
we can assume that the I;-module M; = Tjv is a simple weight I;-module. The
I,,-module M is a simple module. The II,,-module homomorphism

N®I,_1 = Hl/Hl(Hl — /\1) R, 1 — M, 1®1—wv (where 1=1 +H1(H1 — /\1))
is an epimorphism. By Lemma 2.1.(3), Endy, (N) ~ K. By [4],
M~N®M

for some simple I,,_;-module M’. The I,-module M is a generalized weight I,,-
module. Hence, the I,,_;-module M’ is a generalized weight I,,_;-module. Now, the
result follows by induction on n. O

The category W(I,) of weight I,-modules is a semisimple category. Let
n = 1. For each orbit O € K/Z, we fix an element \p € K such that \p € O.
In particular, Ao + Z = O. For O = Z let Az := 0. Let n > 1. For each orbit
O=0;x---x0, € K"/Z", let

Ao = ()\@1,...,)\@n) e K".

In particular Ao + Z"™ = O. The map O +— Ao is a bijection, by definition. For the
orbit O =01 X -+ x O, let

Do :={ie{l,...,n}| 0, =Z}.

Then {1,...,n}\ Do = {j € {1,...,n}|O; # Z}. Let Dy be any subset of Dy (eg.,
Do = 0). Then

{1,...,n}:D@LIN(9 (15)
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is a disjoint union where N := {1,...,n} \ Do. For each pair (O, Do), let us define
the I,,-module

M(Do) = ®M(Doi) where M(Dp,) =

i=1

{K[mi] ificDo, o

M(1,\o,) ifi¢ Do.
For each choice of the set Do,
O = Odeg X Ondeg Where Ogeg = H N, = N‘EO‘
i€Dp
is called the degenerate part of the pair (O, Dp) and
Ouaeg = ] O;
jeENo

is called the non-degenerate part of the pair (O,Dp). The elements of the set Do
(resp., No) are called the degenerate (resp., non-degenerate) indices with respect to
the pair (O, Do), or, simply, the Do-degenerate (resp., Do-non-degenerate) indices.

For each subset I of {1,...,n}, let a,(I) be the ideal of I,, generated by the ideals
F(i) of I; (i) where i € I. If I = {) we set a,(0) := 0. Clearly,

icl
If I ={1,...,n} then a,(I) = a, is the maximal ideal of I,,. The factor algebra

[.(Do) :=1,/an(DPo) ~ B(Odeg) ® Hl(ondeg)

is a tensor product of algebras where

B(Oueg) == @) Bi(i), 1i(Onaeg) = Q) 11(i) and 1= [Nol.
i€Do i€ENo

For an algebra A and an A-module M, annyg(M) := {a € AlaM = 0} is the
annihilator of the A-module M.

LEMMA 2.4. Let O € K™/Z"™. Then the set GW (I, O) of isomorphisms classes
of simple (generalized) weight 1,,-modules in the category GW (I, O) is equal to the
set

{M(Do)| Do < Do},
and the number of elements in this set is 2/P°l. Furthermore,
(1) The I,,-module M (Do) is faithful iff Do = {1,...,n}.
(2) If Do # {1,...,n} then anny, (M (Do)) = a,(No).

(3) The modules in the set GW(L,, O) are uniquely determined by their annihi-
lators, i.e., the map M (Do) — anny, (M(Dp)) is a bijection.

Proof. Since I,, = @ 1;(i) and M (Do) = @M (Dp,), we have
anng, (M (Dp)) = a,(No),

and statements 1 and 2 follow. Then statement 2 implies statement 3, and the rest
follows. O
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Clearly, for O =T];_, O;,

S(Do) := Supp(M(Do)) = NP x T 0. (17)
i€No

For an I,,-modules M, we denote by socy, (M) its socle, i.e., the sum of all simple

I,,-submodules of M if there are simple submodules, and socy, (M) = 0, otherwise.

THEOREM 2.5. FEwvery weight I,-module is a direct sum of simple weight 1,,-
modules. In particular, the category W(L,) of weight 1,,-modules is a semisimple
category.

Proof. (a) For all A= (A1,...,\,) € K", the generalized weight 1,,-module
Hn()\) = Hn/ﬂn(Hl — A17 e 7Hn — /\n)

has finite length: By [9, Theorem 3.6.(2)] (or by Lemma 2.2.(2) and Eq. (14)), the
statement (a) holds when n = 1. Suppose that n > 1. Then I,, = @ ;I;();), and the
statement (a) follows from Lemma 2.2.(2), Eq. (14) and Theorem 2.3.

(b) For all nonzero generalized weight 1,-modules M, socy, (M) # 0: The I,-
module M contains a submodule, say, N which is an epimorphic image of the I,,-
module I,,(\) for some A € K. By the statement (a), the generalized weight I,,-
module M contains a simple module which is necessarily weight, by Theorem 2.3.

Now, the theorem follows from the statements (b) and (c).

(¢c) Every short exact sequence of I,,-modules, 0 — M — M’ RNy . 0, splits
provided the I,,-module M’ is weight, the I,,-module M 1is semisimple and the I,,-
module M is simple.

Proof of the theorem. Let M’ be a nonzero weight I,,-module. By the statement
(b), socy, (M') # 0. We have to show that

M’ = socy, (M').
Suppose that this is not the case, we seek a contradiction. Then
socy, (M /socy, (M")) # 0.

Fix a nonzero, necessarily weight, I,-submodule, say M, of socy, (M’ /socy, (M")) # 0.

Then the short exact sequence of I,,-modules 0 — M — M’ LM = 0is non-split.
This contradicts to the statement (c).

Proof of the statement (c). In view of (9), we may assume that
Supp(M), Supp(M) C O for an orbit O € K™ /Z™. Notice that

Supp(M') = Supp(M) |_J Supp(M

For each element A = (A1, ..., \,) € Supp(M) C O, we have the short exact sequence
of K, -modules,

O—>M,\—>MA My — 0,

where Ky, := D, /my and my = (H; — Ay, ..., H, —\,). Notice that dimg (M) = 1.
Since the algebra Ky, is a field, the short exact sequence above splits. Let € =€y be
a nonzero element of M and e = e, be an element of M} such that

fale) =e.



INDECOMPOSABLE WEIGHT MODULES 739

To finish the proof it suffices to show that the I,,-submodule of M’,
N :=1,e,

is a simple I,,-module: Indeed, in this case, M N N = 0 since f(M) =0, f(N) = M
and the I,,-module N is simple. Clearly, M + N = M’, and so

M' =M@ N,

as required. - -
There are two cases to consider: either Dy = ) or D # 0.

(i) Do = 0: In this case, M = @;_, M; where M; = I,(i)/I;(i)(H; — \;) and
Ai € K\Z. For each number i = 1,...,n, we have the I (7)-module epimorphism

—Hl( )/Hl( )( )\i)—ﬂ[l(i)e, 1+H1(Z’)(Hi—)\i)}—)€,

which is necessarlly an isomorphism since the I (i)-module M; is simple. Since I,, =
(1) ®---®I(n), we have the I,,-epimorphism

M:éM ®111 (i) /14 (4) ) = Ie=N
i=1

which is necessarily an isomorphism since the I,,-module M is simple.
(ii) Do # 0: Without loss of generality we can assume that Do = {1,...,m} for
some natural number m such that 1 < m <n. Then

Mi:{K[a:i] ifi=1,...,m,

M(1,);) otherwise.

Notice that Suppy, ;) (K[z]) = {1,2,...}. Choose A = (A1,...,\,) € Supp(M) such
that \; =1 for alli=1,...,m. Then

e ifi=1,...,m,
Hie = .
A;e otherwise.

Foreachi=1,...,m,
0= (H; —le=(0x; — 1)e = (x;0; + [0, xi] — 1)e = (2;0; + 1 — 1)e = z;0;e.
Since M = Qi M; and M; = K|x;] for i = 1,...,m, the map
i M — M, m— z;m

is an injection. Therefore, ;e = 0 for ¢ = 1,...,m. So, by Lemma 2.2.(1), we have
an I (i)-epimorphism

which is necessarily an isomorphism since the I (i)-module K|[z;] is simple. Using the
same argument as in the case (i), we see that for all j > m, I;(j)e ~ M(1, ;) and
the I,,-epimorphism

i=1
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is an isomorphism since the I,-module M is simple. The proof of the theorem is
complete. O

By Theorem 2.5, each weight I,,-module M is a unique direct sum

M= @ D MDo)") (18)

OEK"/Z" DoCDhe

where M (Dp)*Pe) is a direct sum of (D) copies of the module M (D) and 1(Dp)
is the multiplicity of M (Dp) (which can be any set).

3. Explicit description of indecomposable generalized weight I,-
modules. In this section, an explicit description of indecomposable generalized
weight I,,-modules is obtained (Theorem 3.6). One of the key steps is to show that
each category GW(I,,, O) is a direct sum of its subcategories GW (I, Do) that are gen-
erated by the single simple weight I,,-modules M (Do), see (19). Using (19) and some
results about representations of Artinian rings, a criterion is given for the category
GW(IL,,, O) and its subcategories GW(I,,, Do) to be of finite representation type, tame
or wild. Explicit classes of indecomposable modules in GW(IL,, O) are considered.

Let A be an algebra, m be a co-finite ideal of A (i.e., dimg(A/m) < o0). An
A-module M is called a locally finite module if for each m € M, dimg (Am) < co. An
A-module M is called an m-locally finite module if for each m € M, dimg (Am) < oo
and ann 4 (Am) C m' for some i > 1 (If in addition A is a commutative algebra then the
last condition is equivalent to the condition that mém = 0 for some i > 1). We denote
by LFn(A) the category of all m-locally finite A-modules. The category LF,(A) is
closed under arbitrary direct sums, submodules and factor modules. An I,-module
M € GW(L,,0) (resp., M € W(I,,0)) is called equidimensional if dimyx(M™) =
dimg (M") (resp., dimg (My) = dimg (M,)) for all m,n € Supp(M). If the common
value of all dimg (M™) (resp., dimg (My,)) is d, we say that M is d-equidimensional.
Let m be a maximal ideal of the polynomial algebra D,, and Z(D,,,m) be the set of
all ideals I of D,, such that

m2 I Dm' for some i> 1.

For all ideals I € Z(D,,m), the factor algebra D, /I is a local, finite dimensional,
commutative algebra with maximal ideal m/T.

The category GW(I,, O) is a direct sum of subcategories GW(I,,, Dp). Let
GW(L,, Do) be the full subcategory of GW(I,, Q) generated by the simple weight
I,,-module M (D). There are precisely 2IPol such subcategories in the categories
GW(L,, O). They are key objects in the description of all indecomposable generalized
weight modules M with Supp(M) C O since

GW(L,,0) = @ GW(I,,Do) (Theorem 3.2). (19)
DoCDho

Let R be a ring, M be a nonzero R-module and p = anng(M). The R-module
M is called a prime R-module (or a p-prime R-module) if p is a prime ideal of R and
anng (V) = p for all nonzero R-submodules N of M. The R-module M is called an
absolutely prime R-module (or an absolutely p-prime R-module) if p is a prime ideal
of R and anng(N) = p for all nonzero subfactors of M, i.e., N = My/M; for some
submodules M; and My of M such that 0 C My C My C M.
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Lemma 3.1 shows that all nonzero modules in each category GW(I,, Do) are
absolutely prime I,-modules (Corollary 3.4). Lemma 3.1 is one of the key steps in
proving that the equality (19) holds (Theorem 3.2).

LEMMA 3.1. Let 0 # M € GW(I,, Dp). Then
(1) Supp(M) = Supp(M(Do)).
(2) anng, (M) = a(Dep) where

a(Do) = anny, (M (Do) = Y pi € Spec(L,).
i€ENo

So, all nonzero modules in the category GW(I,, Do) are absolutely a(Dp)-
prime I,,-modules.

Proof. 1. By the definition, the category of generalized weight I,,-modules
GW(IL,,De) is generated by the simple weight I,-module M (Dp), and statement
1 follows, by (10).

2. The ideal

a(Do) = anny, (M (Do) = Y ps
i€No

is a prime ideal of I,. Let N = {m € M |am = 0} where a = a(Dp). We have to
show that M = N. Suppose that this is not the case, we seek a contradiction. Then

S :=socr, (M/N) #0

since 0 # M/N € GW(I,,Dp). Now, S = L/N for some submodule L of M such
that N & L. Recall that a®> = a. So, 0 # aL = a>L C aN = 0, a contradiction. O

THEOREM 3.2. For all orbits O € K™ /7", the equality (19) holds.
Proof. CLAIM. 3 1 cp, GW(lw, Do) = Dp,cp, GW(ln, DPo).

Suppose that the Claim does not hold, i.e.,
M1+...+MS¢M1@...@MS

for some modules M; € GW(I,, Dp,) such that the sets Do, ,..., Do, are distinct.
We may assume that the number s is the least possible. Then s > 2. By Lemma 2.4,
the prime ideals

a; = anny, (M), ..., as = anny, (M)

are distinct. Up to order, we may assume that the ideal a; is a minimal element (with
respect to C) of the set {aj,...,as}. By replacing the module My, by a (possibly)
smaller nonzero submodule, say M| C M;, we may assume that

M{C M+ -+ M,.

By Lemma 3.1.(2), anny, (M7) = a;. Let a = ay - - -ag. Then aM| C a(Ma+---+M;) =
0, and so

ag .- -0g Q annﬂl(M{) = ap.
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Recall that the ideal a; is a prime ideal (Lemma 3.1.(2)), hence
a; © oy

for some 7 such that 2 < i < s. This contradicts the minimality of the ideal a;. Now,
the theorem follows from Proposition 3.3. O

PROPOSITION 3.3. Let O € K"/Z™. Suppose that Do and Dy, are distinct
subsets of the set Do. Let M = M (Do) and M' = M (D). Then Ext; (M’, M) = 0.

Proof. By Lemma 3.1.(2), the ideals a = annj (M) and o/ = annp (M’) are
distinct prime ideals of the algebra I,,. Therefore, either a ¢ a’ or otherwise a C ' (a
proper inclusion since a # a’). Let

0—-M-—-N-—=-M —0

be a short exact sequence of I,-modules. To finish the proof it suffices to show that
the short exact sequence splits.

(i) Suppose that a € o’: Then aM’ # 0 (since otherwise aM’ = 0, and so a C
anng, (M') = o/, a contradiction). In particular, aM’ = M’ since the I,-module M’
is simple. Now,

N DaN =a(N/M)=aM' = M'".

Therefore, the I,-submodule aN of N is isomorphic to the simple I,,-module M’.
Hence,

NDOM+aN =M ®aN ~M o M,

ie, N=M®@aN ~ M & M’, i.e., the short exact sequence splits.
(ii) Suppose that a C a’: Let D = Dy and D' = Dy,. By Lemma 3.1.(2),

o= Ypcd= 3 b,

i€CD jecD’
and so CD C CD’ or, equivalently, D D D’. Up to order, let
Do ={1,....,m}, D={L,... .} [[D and D' ={i+1,... .k}
provided D’ # (). Notice that 1 <1 <m and k < m,
O=7Z"X A1 +2Z)x-- XAy +7Z)
where \; ¢ Z for all ¢ such that m+ 1 < i <n.

Clearly,

Supp(M) = Nt x Z™~F x H (Ni+7Z),
1=m-+1
n
Supp(M') = Z! x Ni~H x 2% x T (i +72)

1=m-+1
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since
M= Klzy,... ® I (j)/1 () H; @ ® I (1) /T2 (i) (H; = i),
j=k+1 i=m+1
m
®H1 )/ () Ho @ Klzigr, i) © Q) () /Ii(j) H
j=k+1

® ® I (4) /T (i) (H; — M)

i=m-+1

Let A = (1,..., 1, A\ms1,---5An). Then dimg(M?) = dimg (M) = 1 and
dimg (N*) = 2 since there is a short exact sequence

0— M5 N> M* =0

of K-modules. Fix an element v € N*\ M*. Then v # 0. Let 6 := (1 — e)v where

62600(1):1—/81.
1

Then 0 =v mod M since eM’ = 0. In particular, 6 # 0.
(iii) [, 010 = 6: Notice that [; 0; = 1 —e is an idempotent and the result follows:

/1619:(1—6)9:(1—e)(1—e)v:(1—e)v:9.

(iv) 010 # 0: Since 6 # 0, the statement (iv) follows from the statement (iii).
(v) H1010 = 0: Since (H; — 1)M'* = 0, we must have (H; — 1)N* C M*. Now,

H1819 = 81(H1 — 1)9 S 31(H1 — 1)N)\ - 81M)\ =0.

The Ty (1)-module I;(1)/I;(1)H; is a simple weight module. By the statement
(v), the I;(1)-submodule

Li =T (1),0

of N is isomorphic to the I;(1)-module I;(1)/I; (1) H;. Recall that Endy, (1)(L1) = K
(Lemma 2.1.(3)) and I,, = I; ®1,,_1. By [4], the I,-submodule I,,0:0 of N is isomorphic
to the tensor product L; ® L of the I1-module L, and an I,,_;-module L.

(vi) N = M & Ly ® L: Since the map 01+ : Ly ® L — Ly ® L, u — d1u is a
bijection (since the map 01+ : Ly — L1, w + Oyw is so) and the map 0;-: M — M,
p + O1p has nonzero kernel (since d; M* = 0 and M* # 0), the simple I,,-module M
is not a submodule of L1 ® L. Hence, MNL; ® L =0,and so M ® L1 ® L C N, and
the statement (vi) follows since the length of the I,,-module N is 2.

Now, the proposition follows from the statement (vi). O

COROLLARY 3.4.

(1) Every module M € GW(L,,0) is a unique direct sum of absolutely prime
generalized weight 1,,-modules, and this direct sum is M = GaDoQD)o Mp,,
where Mp, € GW(I,, Do).

(2) Every generalized weight module is a unique direct sum of absolutely prime
(generalized weight) 1,,-modules.
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Proof. 1. Statement 1 follows from Lemma 2.4 and Theorem 3.2.
2. Statement 2 follows from statement 1 and (9). O

The next proposition shows that there are plenty of indecomposable generalized
weight [,,-modules with support from a single orbit.

PROPOSITION 3.5. Let O € M,,/G and m € O.
(1) If Do = 0 then

V() |1 € Z(Dn,m)} € GW (I, Do)

where V(I) := B, ®p, Dy /I, and each I,,-module V(I) is an indecomposable,
equidimensional, generalized weight 1,,-module of length d := dimg (D,,/T) <
oo which is isomorphic to the 1,,-module

B,/Bnl = @ 0°D, /I

aEeZm

(where 0% = 07" ---0%) and dimg(V(I)") = d for all n € O, and
anng (V(I)) = a,.
(2) Suppose that Do = {1,...,1} (up to order) for some l such that 1 <1 <mn.
(a) Suppose that Do =0. Letm = (Hy,...,H;, Hi11—XNy1,---, Hy—Ap) €
Supp(M (Dp)). Then

(V) |I € Z(Dn,m)} € GW(Ly, Do)

where V(I) := B, ®p, Dy/I, and each L,-module V(I) is an in-
decomposable, equidimensional, generalized weight I,,-module of length
d = dimg (D, /I) < oo which is isomorphic to the I,,-module

B, /B,I = @ oD, /T
aEZm™
and dimg (V(I)") = d for all n € Supp(V(I)) = Supp(M(Dp)), and
anng, (V(I)) = a,.
(b) If Do # 0 then Do = {1,...,m}, up to order, for some m such that 1 <
m < 1. Letk=n—m, Dy = K[Hp1,...,Hy] and By, = ®}_,, 1 B1(3).
Then

{(V(D)|I e I(Dk,m’)} C GW(I,, Do)
where V(I) := Py, ® (Bx ®@p, Di/I),
w' = (Hpqr,. .., Hi, Hipy — Mg, ..., Hy — Ay) € S(Do),

and each I,-module V(I) is an indecomposable, equidimensional, gen-
eralized weight 1,,-module of length d := dimg(Dy/I) < oo which is
isomorphic to the 1,,-module

Py, ® By/Bil ~ @) P @ 0°Dy/1
a€Zk

(where 0% = Ol ---05%) and dimg(V(I)") = d for all n €
Supp(V (1)) = Supp(M(Do)), and anny, (V(I)) = an(Do).



INDECOMPOSABLE WEIGHT MODULES 745
Proof. 1. Let I € TZ(Dy,m). As B, = @,z 0°D,,, we have

V(I)= @ "Dy @p, Du/l~ @ 0" @ D, /I = @ 0° D, /1.

aEeZm aEeZmn aEeZmn

So, the I,-module V(I) is an equidimensional, generalized weight module with
Supp(V(I)) = O and

dimg (V()") = d = dimg (D, /1) < oo.

By Theorem 2.3, the simple (generalized) weight I,,-module M (Dy) from GW(I,,, O)
has support O and is 1-equidimensional. Hence, the length of V(I) equals d.
It remains to show that the I,-module V' (I) is an indecomposable. The functor

B, ®p, — : Dy-Mod — B,-Mod, N+ B, ®p, N

is exact. The commutative algebra D, /I is a local, commutative, finite dimensional
algebra with maximal ideal m/I. Since (D, /I)/(m/I) ~ D/m is a field, the D,,-
module D, /I is indecomposable. Hence, so is the induced module

V(I) = B, ®p, Dn/I.

Clearly, a,, C anny, (V(I)). Since a, is a maximal ideal of I,, and V' (I) # 0, we must
have anng, (V(I)) = a,.

2(a). Repeat the arguments of statement 1.

2(b). The functor

P, ® — :I}-Mod = 1,-Mod, L— P,,® L

is an exact functor. Now, statement 2 follows from statement 2(a). O

Explicit description of modules in GW(I,, O). In view of Theorem 3.2, The-
orem 3.6 below is an explicit description of generalized weight I,,-modules.

THEOREM 3.6. Let O € M,,/G.

(1) Suppose that Do = 0, m € O if Do = O and m = (Hy,...,H;, H11 —
Niity- s Hy — Ap) € S(Do) if Do = {1,...,1} # 0, up to order. Then the
functor

GW(IL,, Do) — LFn(D,), M — M™

is an equivalence of categories with the inverse N — By, ®p, N, the induced
functor.

(2) Suppose that Do # 0 and, up to order, Do = {1,...,m}, Do ={1,...,1} for
some m such that 1 <m <1 <n. Thenl, =1, 1, and O =7Z™ x O’
where O' = 7™ x O1 x - x Op_y and O; # Z for alli=1,....,n—1, and

(a) GW(L,,Dp) = P, ® GW({I,—,,Dp,) = {P, @ M|M €
GW(L,—p, Dy, )} with Dy, = 0.

(b) Fixm € O such that m = (Hy — 1,...,Hy, — 1, Hypyqy ..., Hyy Hypq —
)\l+17 e ,Hn — )\n) Then m’ = (Hm+1, e ,Hl,Hl+1 — )\l+1, ce ,Hn —
An) € O and the functor

GW(IL, Do) = LFw (Dn—m), P @ M — M™

is an equivalence of categories with the inverse N v+ Py, & (Bp—m®p,,_,.
N) where Dy, = K[Hppy1, ..., Hy) and Dy := K.
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Proof. 1. Let M € GW(IL,, D).
(i) M is a sum of modules V(I) where I € Z(D,,,m). The statement follows from
Proposition 3.5(1).

(ii) anng, (M) = a,, by Lemma 3.1 (since anng, (V(I)) = a,).
The statement (ii) means that M is a Z"-graded B,-module. By Proposition
3.5.(1), the functor

GW(I,,0) = LFw(Dy), M M™

is an equivalence of categories with the inverse N — B,, ®p,, N.

2. Recall that m = (H1 —1, ‘e ,Hm—l,Hm+1, “e 7Hl7Hl+1 —)\H_l, SR ,Hn—An).
Let M € GW(IL,, Do).

(i) M is a sum of modules V (I) where I € T(Dj,,m"). The statement follows from
Proposition 3.5(2). Since, for all I € Z(Dy, m’),

V(D)™ = (Py @ (B ®p, Dy/I))™ = Dy /I,

the statement 2(a) follows from Proposition 3.5(2) and statement 1. Now, the state-
ment 2(b) follows from the statement 2(a) and statement 1. O

COROLLARY 3.7. Let O € M,,/G. All modules in GW(L,, Do) and W(I,, Do)
are equidimensional and the length of the module is equal to the dimension of any
(generalized) weight component. In particular, all indecomposable generalized weight
I,,-modules are equidimensional.

Proof. The corollary follows from Theorem 3.6. O

The next corollary is a criterion for a generalized weight I,,-modules to be finitely
generated.

COROLLARY 3.8. Let M be a generalized weight 1,,-module. The I,,-module M s
finitely generated iff its support is a subset of a union of finitely many orbits in M,, /G
and there is s € Ny such that the dimensions of all generalized weight components are
bounded by s.

Proof. The corollary follows from Theorem 3.6 and Proposition 3.5. O

Criterion for the category GW(I,,Dp) to be of finite representation
type, tame or wild. Let A be an algebra and M be an A-module. We denote
by [M] the isomorphism class of the A-module M and A — Mod/ ~ is the set of
all the isomorphism classes of A-modules. In particular, LF,(D,,)/ ~ is the set of
isomorphism classes of D,-modules in LF(D,,). A category of modules is called a
category of finite representation type if it contains only finitely many indecomposable
modules up to isomorphism. The reader can find the definition of tame and wild
category in [21]. Notice that every category of finite representation type is tame but
not vice versa.

THEOREM 3.9. Let O € M,,/G.

(1) The category GW(Iy, Do) is of finite representation type iff O = Z"™ and
Do = {1,...,n}, and in this case the simple I,-module P, = K[x1,...,%y]
is the unique indecomposable 1,,-module in the category GW (I, D).
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(2) The category GW (I, Do) is tame iff |Do| = n — 1, and in this case, up
to order, O = Z"1 x (A, + Z) for some fized N\, = \,(0) € K, Do =
{1,...,n—1} and

{P—1®@M(i,\) |i € Ny where A=\, (O)if A\, €Z and A=0 if X\, € Z}

is the set of all indecomposable, pairwise non-isomorphic modules in
GW(I,, Do).

(3) The category GW(L,, Do) is wild iff n > 2 and m := [Dp| < n —1, and in
this case, up to order, Do = {1,...,m} where 1l <m <n—1, and

{Pm & (Bn—m ®Dn—7n N) ‘ [N] € LFm/ (Dn—m)/ =

and N is an indecomposable D,, _,,, — module}
is a set of indecomposable, pairwise non-isomorphic modules in GW (I, Do)
where Dy = K[Hpt1, ..., Hy] and Dy = K.

Proof. If n > 2 and |Dp| < n — 1 then by Theorem 3.6 and [20] (see, also [31]),
the category GW(I,, Do) is wild. If either n =1 or n > 2 and |Dp| > n — 1 then by
Theorem 3.6 and [20] (see, also [31]), the category GW(L,, Do) is tame. Clearly, the
category GW(IL,,, Do) is of finite representation type iff |[Dp| =n. O

Criterion for the category GW(I,,, O) to be of finite representation type,
tame or wild.

COROLLARY 3.10. Let O € M/G.

(1) The category GW(I,, O) is tame iff n = 1.

(2) The category GW (I, O) is wild iff n > 2.

(3) None of the categories GW (I, O) is of finite representation type.

Proof. The corollary follows from Theorem 3.9 and Eq. (19). O

Explicit classes of indecomposable I,-modules in GW(I,,, ©). By Theo-
rem 3.6, the problem of classifying indecomposable generalized weight I,,-modules in
GW(IL,,De) is equivalent to the problem of classifying indecomposable modules in
LF (D, ) for some n’ < n. The set ind.LF,,(D,;) of isomorphism classes of indecom-
posable modules in LF,(D,,) is the union

ind.LFw (Dy,) = | ind(D,,, m")
i>1

where the set ind(D,,, m?) contains the isomorphism classes of all the indecomposable
D,,-modules M with m*M = 0. Clearly,

ind(D,,,m) = {D,,/m} C ind(D,,,m?) C ....
By Theorem of Drozd, see [20],
e ind(D,,,m%) is tame iff eithern =1 orn =2 and m = 1,2.
Description of the set ind(Dz, m?). Let
L = Dy/m? m= (hy,hs) where hy = Hy —\; and hy = Hy — o

for some A\, Ay € K and M € ind(Ds,m?). Then M = M; & M, where My = mM
is a L-module and M, is any (fixed) complement subspace of the vector space M.
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Clearly, M = 0 iff My = M iff M; = 0. The L-module structure on M is uniquely
determined by the linear maps

h1
VRS
M1 M2 , My +— hlml, mi > h2m1 (where my € Ml)
~—_ 7
ha

So, the problem of describing the set ind(Ds, m?) is ‘almost’ equivalent to the
problem of classifying indecomposable finite dimensional representations of the Kro-
necker quiver:

More precisely, every indecomposable finite dimensional representation of the Kro-
necker quiver (My, Ms) such that M; # 0 belongs to ind(Dy, m?), and vice versa. Up
to isomorphism, there are the following 5 series of indecomposable modules (in bracket
bases of the vector spaces M; and My are given):

(2) For each n > 1, My = (e1,...,en), Mo = (e],...,€, 1), hie; = €]

hae; =€y fori=1,...,n.
(3) For each n > 1, My = (e1,...,ent1), Mo = (e},...,¢€l), hie; = €, and
hoeir1 =€ fori=1,....,n, hiepq1 = 0 and hoe; = 0.

(4) For each n > 1, My = (e1,...,ey), M2 = (€},...,€l), hie; = €} and (hg —
Ne;=¢,_ fori=1,...,n where ef, =0 and \ € K.

(5) For each n > 1, My = (eq,...,en), Mo = (€},...,el), hie; = €,_; and
hoe; = €} for i = 1,...,n where ej, = 0.

The set ind.LF,(D,,) is a disjoint union of subsets,

and

ind.LF (D) = |_| ind.LF (D,,, 1) (20)
I€Z(D,,,m)

where the set ind.LFy(D,,I) contains all the indecomposable modules M €
ind.LF(D,,) with annp, (M) = I. By Theorem of Drozd, see [20],

e ind(D,,I) is tame iff either n = 1 or n = 2 and I contains a product hhl of
elements hY, hY, € m such that their images in the K -vector space m/m? are K -linearly
independent (equivalently, are a basis).

Let I' = D3 /(h1ha) = Klh1, ha]/(h1hs). In the second case (i.e., n = 2), the elements
Ry and h} are K-algebra generators for the algebra I'. So, up to change of algebra
generators, we can assume that hihs € I. Then

ind LF (D, I) = {M € inds(T") | IM = 0}

where ind;(I') is the set of isomorphism classes of indecomposable finite dimensional
left I'-modules.
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Description of indg(I'). Let W = (h1, hg) be a free (noncommutative) semi-
group. Each element (word) w € W is a unique product wy - - - w; where w; € {hy,ha}
and [ = 1,2,.... The number [ = [(w) is called the length of the word w and

W = U1 Wy,

a disjoint union, where W is the set of all words of length [. The cyclic group of order
L,

Cr=(n)={r]i=0,...,1—1}, where 7, = (12...1),

acts on the set W by the rule 7 (w1 ---w;) = wy 1) ... wyqy. Let W;/Cy be the set
of orbits. We say that two elements w and w’ of W are equivalent, w ~ w’, if they
belong to the same orbit (w ~ w’ iff [(w) = I(w’) and w = 7/ (w’) for some i where
I =1(w)). An orbit

@EW[/O[

is called a periodic orbit if it contains an element w such that w = #° for some § € W
and 7 > 2. We denote by N the set of all non-periodic orbits. The simple module

= I'/(h1, ha) belongs to ind¢(I'). The set of non-simple indecomposable finite
dimensional I'-modules consists of two sets of modules: the modules of the first and
second type, see [24]:

ind () \ {K} = indy (I') |_|indx(T) (21)

where
(1) indy(T") = {My |w € W} and M, = (e1,ea,...,e141) where | = [(w), w =
1...w; and w; € {hl,hg},

eiy1 if w; = hq, ei—1 ifwi_1 =hg,i>2,
hie; = . hae; = .
0 otherwise, 0 otherwise.

(2) indy(T") = {N(O,n,\)|O € N,n € Ny,A € K*}. Let w = wy---w; € O
where | = [(w). Then

NO,nN) = P N
i€Z)IZ

is a direct sum of n-dimensional vector spaces N; = K™ and the action of the
elements h; and ho is given below. Schematically, it can be represented by
the following diagram

Ny —9 Ny s s Ny
In(N)
id ifi#lﬂl}i:hl,
0 ifi;’él,’wi:hg,
i+1 hl N,

Jn()‘) 1f1:l7wl :hla
0 i = 1w = ho,
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0 1fz7él,w1:h1,
id 1fz7él,wl:h2,
h ,ZNi*)Ni_, h .=
2l bokale=4y if i = 1w, = hy,

Ju(N) if i = 1w, = ho,

where J,, () is the n x n Jordan block with diagonal elements .
Up to isomorphism, the module N(Q,n,\) does not depend on the choice of the
representative w of the orbit Q.

Description of ind;(A) where A = K[hy, hs]/(h},h3). The field K is an al-
gebraically closed field of characteristic zero. Let i = /=1, h} = hy + ihy and
hYy = hy — ihy. Then hihy = h? + h3 € (h?,h3), and so A is tame, by Theorem of
Drozd, see [20]. Let C' = K|hy, ha]/(h3, hiha, h3).

LEMMA 3.11. mdf(A) = mdf(C') U {AA}
Proof. (i) aA is indecomposable (since A is local).
(ii) a4 A is an injective module: straightforward.

(iii) Any finite dimensional A-module M such that m®>M # 0 contain 4 A where m =
(h1,hs2): Since m®>M # 0, we can find a nonzero element a € M such that m?a # 0.
Then Aa ~4 A, as required (since m? = (hyhs)).

(iv) indf(A) = indy(C) U {aA}: Let M € indy(A). If m®M # 0 then M ~4 A, by
the statement (iii). If m®*M = 0 then M € ind;(C) since C = A/m?. 0

4. Generalized weight right I,-modules. In this section, a classification of
simple (generalized) weight right I,,-modules is given (Theorem 4.2). The category of
weight right I,,-modules is a semisimple category (Theorem 4.3). An explicit descrip-
tion of generalized weight I,,-modules is given (Theorem 4.4).

The algebra I,, admits an involution * given by the rule, see [12]: Fori =1,...,n,

8;‘:/, / :81‘ and HZ*:HZ

Recall that an involution x on I, is a K-algebra anti-isomorphism of I,, ((ab)* = b*a™)
such that a** = a for all elements a € I,,. Clearly, the involution % above acts as the
identity map on the algebra D,,.

Every left I,,-module M can be seen as a right I,-module M* where M* = M,
equality of vector spaces, and the right I,-module structure on M is given by the
rule: For all m € M and a € I,,, ma := a*m. Similarly, every right I,,-module N can
be seen as a left I,,-module N* where N* = N, equality of vector spaces, and, for all
n € N and a € I,,, an := na®. The functor

I,,-Mod — Mod-I,,, M +— M~*

is an equivalence of categories with the inverse N +— N*. Clearly, M** = M and
N** = N.

EXAMPLE 4.1. Recall that the polynomial algebra P, is a left 1,-module iso-

morphic to the factor module 1,,/I,(0y,...,0,) ~ K[[,...,[ |1 where T = 1 +
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L,(01,...,0n) (since for all o € N™, 1 [*1=2a%). Hence,

(P, ~1,/(07,...,00), NHn// /

~ /,...,/]:iK[@l,...,an]:iDn
1 n

where T =14 (f,,..., [ ), and D,, = K[0y,...,0,] is a polynomial algebra. The
algebra D,, is a mazimal commutative subalgebra of I,,. Lete; = (1,0,...,0), ...,e, =
(0,...,0,1) be the standard basis of the free abelian group Z™ = @®F_,Ze;. The right
L,-module D,, = (P})y, is simple (since 1, P, is simple) and {0% = o' --- 9% |a =
(a1,..., ) € N} is a K-basis of D,,. The right action of the generators Hi,&-,fi
(i=1,...,n) of the algebra I,, on 0% are given below:

12

D, (22)

O“H; = 0%(a; + 1), 9%0; = 0°** and 80‘/:

i

0% qfa; > 1,
0 Zf a; = 0.

The definition of generalized weight right I,-modules is given in the same way
as their left counterparts. We add the subscript ‘r’ to all the notation introduced for
generalized weight left modules to indicate that we deal with right modules.

Since the involution * acts as the identity map on the polynomial algebra D,, =
K[H,,...,Hy,], we have, for each orbit O € M,,/G,

W(Hna O)* = Wr(]lna O)a GW(Hm O)* = Gwr(ﬂna O)v (23)
W, (I,,0)" = W(I,,0), GW,(I,,0)" = GW(I,,0), (24)

Wil)= P Wi, 0) and GW,(I) = @ GWi(I,,0).  (25)
OeM,, /G 0eM, /G

So, for each M € GW(L,, O), Supp(M*) = Supp(M) and (M*)™ = M™ for all
m € Supp(M).
For each Do, M (Do), := M(Dp)* is a simple right I,,-module with

Supp(M(Do),) = Supp(M(Do)) = S(Do),

see (17). Then GW,(I,, Do) := GW(I,, Do)" is the full subcategory of GW, (I, O)
generated by the simple right weight I,,-module M (D ),. There are precisely 2/Pol
such subcategories in the category GW, (L, Do), and

GW,(I,,0) = @ GW.(I,, Do), (26)
DoCDo

by Theorem 3.2 (apply * to (19)).
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Description of simple weight modules. We denote by ﬁn(weight)r (resp.,
fn(gen. weight),.) the set of isomorphism classes of simple weight right (resp., gener-
alized weight right) I,,-modules. The next theorem classifies (up to isomorphism) all
the simple weight right I,,-modules.

THEOREM 4.2.

(1)
I, (gen. weight), = ﬁn(weight)r =T (weight)®™,

i.e., any simple generalized weight right 1,,-module is a simple weight right 1, -
module, and vice versa; any simple weight right 1,,-module M is isomorphic
to the tensor product My ® --- @ M, of simple weight right 1;-modules and
two such modules are isomorphic over 1,

M@ @M, ~M ®---®M,),

iff for each i =1,...,n, the Iy-modules M; and M] are isomorphic. Further-
more,

Ty (weight), = {P} ~ ]Il//I[l ~ KI[9], M(1,\)" ~ By/(H — \)By |\ € K},

Supp(K[0]) = Ny and Supp(M(1,\)*) = A+ Z.

(2) For each simple weight right L,-module M = @, M;, Supp(M) =
[T Supp ().

Proof. The theorem follows at once from Theorem 2.3, (23), (24) and (25). O

THEOREM 4.3. Fwvery weight right 1,,-module is a direct sum of simple weight
right I,-modules. In particular, the category W,(I,) of weight right I,,-modules is a
semasimple category.

Proof. The theorem follows from Theorem 2.5, (23), (24) and (25). O
Explicit description of modules in GW,(I,,, Dp).

THEOREM 4.4. Let O € M,,/G.

(1) Suppose that Do = 0, m € O if Dp = 0 and m = (Hy,...,H;, H 1 —
MNity -y Hp — An) € S(Do) if Do = {1,...,1} # 0, up to order. Then the
functor

GW,(I,,Dp) = LFw(D,), M~ M™

is an equivalence of categories with the inverse N — N ®p, By, the induced
functor.

(2) Suppose that Do # 0 and, up to order, Do = {1,...,m}, Do = {1,...,1} for
some m such that 1 <m <1<mn. Thenl, =1,, ®1,_,, and O = Z™ x O’
where O' = 7™ x Oy x -+ x Op_y and O3 # 7 for alli=1,...,n—1, and

(a) GW.(I,, Do) = P} ® GW(l,_n,Dp,) = {P), @ M*|M €
GW(L,—yn, D}y, ) } with Dy, = 0.

(b) Fixm € O such that m = (Hy — 1,...,Hp, — 1, Hypyq,y ..., Hy, Hip g —
>‘l+1a e ,Hn — >\n) Then m' = (H7n+1, e 7Hl7Hl+1 — )‘l-‘rl’ e ,Hn —
An) € O and the functor

GW, (I, Do) = LEw (Dp—p), Pf @ M* — M™
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is an equivalence of categories with the inverse N — P! ® (N ®p, .
By —m) where Dy, = K[Hp41,. .., Hy] and Dy := K.

Proof. The theorem follows from Theorem 3.6 by applying *. O

Criterion for the category GW,(I,, Do) to be of finite representation
type, tame or wild. Theorem 4.5 is such a criterion.

THEOREM 4.5. Let O € M,,/G.

(1)

(2)

The category GW.(I,, Do) is of finite representation type iff O = Z"™ and
Do ={1,...,n}, and in this case the simple right L,,-module P} is the unique
indecomposable right 1,,-module in the category GW. (I, Do).

The category GW,(L,, Do) is tame iff |Do| = n — 1, and in this case, up
to order, O = Z" 1 x (\, + Z) for some fized A\, = \,(0) € K, Do =
{1,...,n—1} and

{P;_, @ M(i,\)*|i e Ny, where A=)\, if A, €Zand A=0if \, € Z}

is the set of all indecomposable, pairwise non-isomorphic modules in

GW,(I1,,Do).
The category GW,(I,, Do) is wild iff n > 2 and m := |Do| < n —1, and in
this case, up to order, Do = {1,...,m} where 1l <m <n—1, and

{P,, ®(N®p,_,, Bon-m)|[N] € LFw (Dn—m)/ =~
and N is an indecomposable D,, _,,, — module}

is a set of indecomposable, pairwise non-isomorphic modules in GW, (L, Do)
where Dy = K[Hpi1, ..., Hy) and Dy = K.

Proof. The theorem follows from Theorem 3.9 by applying *. O

COROLLARY 4.6. Let O € M,,/G. All modules in GW,(I,, Do) and W, (I, Do)
are equidimensional and the length of the module is equal the dimension of any of
(generalized) weight component. In particular, all indecomposable right generalized
weight 1,,-modules are equidimensional.

Proof. The corollary follows from Corollary 3.7. O

The next corollary is a criterion for a generalized weight right I,,-modules to be
finitely generated.

COROLLARY 4.7. Let M be a generalized weight right 1,,-module. The I,,-module
M is finitely generated iff its support is a subset of a union of finitely many orbits
in My, /G and there is s € Ny such that the dimensions of all generalized weight
components are bounded by s.

Proof. The corollary follows from Corollary 3.8. O

COROLLARY 4.8.

(1)

2)

Every module M € GW, (I, O) is a unique direct sum of absolutely prime gen-
eralized weight right 1,,-modules, and this direct sum is M = @p,cp, Moo
where Mp, € GW,(I,, Dp).

Every generalized weight right I,-module is a unique sum of absolutely prime
(generalized weight) right 1,,-modules.

Proof. The corollary follows from Corollary 3.4 by applying *. O
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Criterion for the category GW,(I,,, O) to be of finite representation type,
tame or wild. Corollary 4.9 is such a criterion.

COROLLARY 4.9. Let O € M/G.

(1) The category GW,(I,, O) is tame iff n = 1.

(2) The category GW, (I, O) is wild iff n > 2.

(3) None of the categories GW,(I,, O) is of finite representation type.

Proof. The corollary follow from Corollary 3.10 by applying *. O

Using the involution, we can consider right analogues of indecomposable I,,-
modules considered at the end of Section 2. We leave this to the interested reader.
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