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EXPLICIT DESCRIPTION OF GENERALIZED WEIGHT MODULES
OF THE ALGEBRA OF POLYNOMIAL INTEGRO-DIFFERENTIAL

OPERATORS In∗

V. V. BAVULA† , V. BEKKERT‡ , AND V. FUTORNY§

Abstract. For the algebra In = K〈x1, . . . , xn, ∂1, . . . , ∂n,
∫
1, . . . ,

∫
n〉 of polynomial integro-

differential operators over a field K of characteristic zero, a classification of simple weight and
generalized weight (left and right) In-modules is given. It is proven that the category of weight
In-modules is semisimple. An explicit description of generalized weight In-modules is given and
using it a criterion is obtained for the problem of classification of indecomposable generalized weight
In-modules to be of finite representation type, tame or wild. In the tame case, a classification of
indecomposable generalized weight In-modules is given. In the wild case ‘natural‘ tame subcategories
are considered with explicit description of indecomposable modules. For an arbitrary ring R, we
introduce the concept of absolutely prime R-module (a nonzero R-module M is absolutely prime if
all nonzero subfactors of M have the same annihilator). It is proven that every generalized weight
In-module is a unique sum of absolutely prime modules. It is also shown that every indecomposable
generalized weight In-module is equidimensional. A criterion is given for a generalized weight In-
module to be finitely generated.

Key words. the algebra of polynomial integro-differential operators, weight and generalized
weight modules, indecomposable module, simple module, finite representation type, tame and wild.

Mathematics Subject Classification. 16D60, 16D70, 16P50, 16U20.

1. Introduction. Throughout, ring means an associative ring with 1; module
means a left module; N := {0, 1, . . .} is the set of natural numbers; N+ := {1, 2, . . .}
and Z≤0 := −N; K is a field of characteristic zero and K∗ is its group of units; ⊗ =
⊗K ; Pn := K[x1, . . . , xn] is a polynomial algebra over K; ∂1 := ∂

∂x1
, . . . , ∂n := ∂

∂xn

are the partial derivatives (K-linear derivations) of Pn; EndK(Pn) is the algebra of
all K-linear maps from Pn to Pn; the subalgebras

An := K〈x1, . . . , xn, ∂1, . . . , ∂n〉 and In := K〈x1, . . . , xn, ∂1, . . . , ∂n,

∫
1

, . . . ,

∫
n

〉

of the algebra EndK(Pn) are called the n’thWeyl algebra and the algebra of polynomial
integro-differential operators, respectively.

The Weyl algebras An are Noetherian algebras and domains. The algebras In were
introduced in [7, 8] and they are neither left nor right Noetherian and not domains.
Moreover, they contain infinite direct sums of nonzero left and right ideals [7]. The
algebra In contains a polynomial algebra

Dn = K[H1, . . . , Hn], where H1 := ∂1x1, . . . , Hn := ∂nxn,

which is a maximal commutative subalgebra of In, [7]. An In-module M is called a
weight module if it is a semisimple Dn-module provided the field K is an algebraically
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closed field. For an arbitrary field, a weight In-module is a direct sum of common
eigenspaces for the commuting elements H1, . . . , Hn, by definition. An In-module M
is called a generalized weight module if for all elements m ∈ M , dimK(Dnm) < ∞,
i.e., M is a locally finite dimensional Dn-module provided the field K is an alge-
braically closed field. Every weight module is a generalized weight module but not
vice versa. The In-module Pn is a simple weight module. Introduction of (generalized)
weight modules for the algebras In was inspired by a similar concept for semisimple
finite dimensional Lie algebras. For a semisimple finite dimensional Lie algebra G, a
classification of simple generalized weight modules is known only when G = sl2. Fur-
thermore, a classification of indecomposable generalized weight sl2-modules was done
in [5] and the problem of classification turned out to be tame provided the Casimir
element acts as a scalar. In fact, in [5] in the tame case a classification of indecom-
posable generalized weight modules was obtained for a large class of algebras, the,
so-called, generalized Weyl algebras (the universal enveloping algebra U(sl2) and the
Weyl algebras are examples of generalized Weyl algebras as well as many other quan-
tum groups are). Recently, for some non-semisimple Lie algebras G and their quantum
analogues, classifications of simple weight modules are given: the Schrödinger algebra,
[15]; sl2 � V2, [16], where V2 is the simple 2-dimensional sl2-module; the enveloping
algebra of the Euclidean algebra, [14]; Kq[X,Y ] � Uq(sl2), [17]; the quantum spatial
ageing algebra, [13].

In the paper, explicit descriptions of weight and generalized weight In-modules are
given (Theorem 3.2, Theorem 3.6 and (9), (19)). They are too technical to explain
them in the Introduction. Classifications of simple weight and simple generalized
weight In-modules are obtained (Theorem 2.3). It is proven that the category of
weight In-modules is a semisimple category (Theorem 2.5). In [6], a classification of
indecomposable generalized weight I1-modules of finite length is given. This classifi-
cation is used in the present paper in order to obtain the general case. Usually, the
case n = 1 serves as the base of induction for the case n > 1. Using Theorem 2.3,
a criterion is given to decide whether the problem of classification of indecomposable
generalized weight In-modules is of finite representation type, tame or wild (Theorem
3.9). In the case n = 1, the problem is tame, [6]. In the tame case, a classification
of indecomposable generalized weight In-modules is given. It is shown that every
indecomposable generalized weight In-module is equidimensional (Corollary 3.7). A
criterion is given for a generalized weight In-module to be finitely generated (Corol-
lary 3.8). In the wild case, ‘natural’ tame subcategories are considered with explicit
description of indecomposable modules, see the end of Section 2. In particular, de-
scriptions of categories ind(D2,m

2), indf (Γ) and indf (A) are obtained. In Section 4,
similar results are proven for generalized weight right In-modules.

Properties of the algebras In are studied in [7, 9, 10]. In the case n = 1, for a
more general setting see also [25]. The simple I1-modules are classified in [9]. Simple
A1-modules were classified in [19] (see also [2, 3] for some generalized Weyl algebras
including A1). The automorphism groups AutK−alg(In) are found in [8]. The weak
homological dimension of the algebra In is n, [7]. Futhermore, the weak homological
dimension is n for all the factor algebras of In, [12].

Finite dimensionality of Ext-groups of simple modules over the (first) Weyl al-
gebra A1 was proven in [30]. Finite dimensionality of Ext-groups of simple modules
over the generalized Weyl algebras was proven in [1]. Simple modules over certain
generalized Weyl algebras were classified in [2]. In [6], Ext-groups are described be-
tween indecomposable generalized weight I1-modules, it is shown that they are finite
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dimensional vector spaces. In [10], it is proven that the algebra In is a left coherent
algebra iff the algebra In is a right coherent iff n = 1; the algebra In is a maximal
left (resp., right) order in the largest left (resp., right) quotient ring Ql(In) (resp.,
Qr(In)) of In. The (left and right) global dimension of the algebra In and all prime
factor algebras of In is equal to n, [12].

Classifications of (various classes of) simple weight modules over algebras that are
close to the (generalized) Weyl algebras are given in [28, 18, 26, 32, 27, 22, 29, 23, 11].

2. Classification of simple (generalized) weight In-modules. In this sec-
tion, a classification of simple generalized weight and simple weight In-modules is given
(Theorem 2.3). It is proven that the category of weight In-modules is a semisimple
category (Theorem 2.5). At the beginning of the section, we collect some results
about the algebras In that are used in the paper. In the case when n = 1, we drop
the subscript ‘1’ in order to simplify the notation.

As an abstract algebra, the algebra I1 is generated by the elements ∂, H := ∂x
and

∫
(since x =

∫
H) that satisfy the defining relations, [7, Proposition 2.2] (where

[a, b] := ab− ba):

∂

∫
= 1, [H,

∫
] =

∫
, [H, ∂] = −∂, H(1−

∫
∂) = (1−

∫
∂)H = 1−

∫
∂. (1)

Since In = I1 ⊗ · · · ⊗ I1 (n times), the defining relations of the algebra In is
the union of the defining relations (1) for each index i = 1, . . . , n and the relations
aiaj = ajai for all i �= j where ai ∈ {∂i, Hi,

∫
i
}. The elements of the algebra I1,

eij :=

∫ i

∂j −
∫ i+1

∂j+1, i, j ∈ N, (2)

satisfy the relations eijekl = δjkeil where δjk is the Kronecker delta function. Notice

that eij =
∫ i

e00∂
j . The matrices of the linear maps eij ∈ EndK(K[x]) with respect to

the basis {x[s] := xs

s! }s∈N of the polynomial algebra K[x] are the elementary matrices,
i.e. eij acts on polynomials as follows:

eij ∗ x[s] =

{
x[i] if j = s,

0 if j �= s.

Let Eij ∈ EndK(K[x]) be the usual matrix units, i.e. Eij ∗xs = δjsx
i for all i, j, s ∈ N.

Then

eij =
j!

i!
Eij , (3)

Keij = KEij , and F :=
⊕

i,j≥0 Keij =
⊕

i,j≥0 KEij 	M∞(K), the algebra (without

1) of infinite dimensional matrices. The algebra In = I1(1)⊗ · · · ⊗ I1(n) 	 I⊗n
1 where

I1(i) = K〈∂i, Hi,
∫
i
〉 for i = 1, . . . , n.

Zn-grading on the algebra In and the canonical form of an integro-
differential operator, [7]. The algebra I1 =

⊕
i∈Z

I1,i is a Z-graded algebra
(I1,iI1,j ⊆ I1,i+j for all i, j ∈ Z) where

I1,i =

⎧⎪⎨⎪⎩
D′

1

∫ i
=

∫ i
D′

1 if i > 0,

D′
1 if i = 0,

∂|i|D′
1 = D′

1∂
|i| if i < 0,

(4)
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the algebra D′
1 := K[H]

⊕⊕
i∈N

Keii is a commutative non-Noetherian subalgebra
of I1, Heii = eiiH = (i + 1)eii for i ∈ N (notice that

⊕
i∈N

Keii is the direct sum of
non-zero ideals of D′

1);(∫ i

D′
1

)
D′

1

	 D′
1,

∫ i

d �→ d; D′
1

(
D′

1∂
i
) 	 D′

1,

d∂i �→ d for all i ≥ 0 and all d ∈ D′
1

since ∂i
∫ i

= 1 (where the notation RM (resp., MR) means that M is a left (resp.,
right) module over a ring R). Notice that the maps

·
∫ i

: D′
1 → D′

1

∫ i

, d �→ d

∫ i

and ∂i· : D′
1 → ∂iD′

1, d �→ ∂id

have the same kernel
⊕i−1

j=0 Kejj . The algebra

In =
⊕
α∈Zn

In,α

is a Zn-graded algebra (In,αIn,β ⊆ In,α+β for all α, β ∈ Zn) where In,α = ⊗n
i=1I1(i)αi

and α = (α1, . . . , αn).
Each element a of the algebra I1 is a unique finite sum

a =
∑
i>0

a−i∂
i + a0 +

∑
i>0

∫ i

ai +
∑
i,j∈N

λijeij (5)

where ak ∈ K[H] and λij ∈ K. This is the canonical form of the polynomial integro-
differential operator, [7]. Let

vi :=

⎧⎪⎨⎪⎩
∫ i

if i > 0,

1 if i = 0,

∂|i| if i < 0.

Then I1,i = D′
1vi = viD

′
1 and an element a ∈ I1 is the unique finite sum

a =
∑
i∈Z

bivi +
∑
i,j∈N

λijeij (6)

where bi ∈ K[H] and λij ∈ K. So, the set

{Hj∂i, Hj ,

∫ i

Hj , est | i ≥ 1; j, s, t ≥ 0}

is a K-basis for the algebra I1. The tensor product of these bases is a basis for the
algebra In. The multiplication in the algebra I1 is given by the rule:∫

H = (H − 1)

∫
, H∂ = ∂(H − 1),

∫
eij = ei+1,j ,

eij

∫
= ei,j−1, ∂eij = ei−1,j , eij∂ = ∂ei,j+1,
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Heii = eiiH = (i+ 1)eii, i ∈ N,

where e−1,j := 0 and ei,−1 := 0. The algebra I1 has the only proper ideal

F =
⊕
i,j∈N

Keij 	M∞(K), and F 2 = F.

The factor algebra I1/F is canonically isomorphic to the skew Laurent polynomial
algebra

B1 := K[H][∂, ∂−1;σ−1], σ(H) = H − 1, via ∂ �→ ∂,

∫
�→ ∂−1, H �→ H

(where ∂±1α = σ∓1(α)∂±1 for all elements α ∈ K[H]). The algebra B1 is canonically
isomorphic to the (left and right) localization A1,∂ of the Weyl algebra A1 at the
powers of the element ∂ (notice that x = ∂−1H).

Recall that the algebra of polynomial integro-differential operators over a field K
of characteristic zero,

In = K〈x1, . . . , xn, ∂1, . . . , ∂n,

∫
1

, . . . ,

∫
n

〉 = I1(1)⊗ · · · ⊗ I1(n),

is the tensor product of algebras I1(i) = K〈xi, ∂i,
∫
i
〉 	 I1. Each algebra I1(i) contains

a unique proper ideal

F (i) =
⊕
s,t∈N

Kest(i) where est(i) =

∫ s

i

∂t
i −

∫ s+1

i

∂t+1
i ,

F (i)2 = F (i) and

B1(i) := I(i)/F (i) 	 K[Hi][∂i, ∂
−1
i ;σ−1

i ] where σi(Hi) = Hi − 1.

The algebra In is a local algebra where the unique maximal ideal an is generated
by F (1), . . . , F (n) and the factor algebra In/an is isomorphic to the skew Laurent
polynomial algebra

Bn = Dn[∂
±1
1 , . . . , ∂±1

n ;σ−1
1 , . . . , σ−1

n ] where σi(Hj) = Hj − δij ,

see [7]. Furthermore, the algebra Bn is the only left/right Noetherian factor algebra
of In, [7].

A classification of all ideals (including prime ideals) of the algebra In is obtained
in [7]. There are precisely n height 1 prime ideals:

p1 = F ⊗ In−1, p2 = I1 ⊗ F ⊗ In−2, . . . , pn = In−1 ⊗ F,

see [7]. The algebra In is a prime algebra (0 is a prime ideal of In). Every nonzero
prime ideal p is a unique sum

pI =
∑
i∈I

pi

of height 1 prime ideals where I ⊆ {1, . . . , n} is a unique set for the ideal p = pI , and
ht(p) = |I| where ht(p) if the height of the ideal p. Every ideal of In is an idempotent
ideal (a2 = a), ideals of In commute (ab = ba) and the ideal an = p1 + · · ·+ pn is the
only maximal ideal of the algebra In.
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Generalized weight In-modules. The group Zn acts on the vector space Kn

by addition. For an element λ = (λ1, . . . , λn) ∈ Kn,

O(λ) = λ+ Zn

is its orbit. The set of all Zn-orbits is isomorphic to the factor group Kn/Zn, O(λ)↔
λ+Zn. In particular, two orbits are equal, O(λ) = O(λ′) iff λ−λ′ ∈ Zn. Let e1, . . . , en
be the standard basis for the vector space Kn. Then Zn = ⊕n

i=1Zei ⊆ Kn = ⊕n
i=1Kei.

The K-automorphisms σ1, . . . , σn of the polynomial algebra Dn commute, σiσj =
σjσi, since σi(Hj) = Hj − δij where δij is the Kronecker delta. The subgroup

G = 〈σ1, . . . , σn〉
of the group ofK-algebra automorphisms AutK(Dn) generated by the automorphisms
σ1, . . . , σn is an abelian group isomorphic to Zn via the isomorphism G→ Zn, σ1 �→
e1, . . . , σn �→ en.

Let Mn be the set of all maximal ideals of the algebra Dn of the type

m = mλ = (H1 − λ1, . . . , Hn − λn) where λ = (λ1, . . . , λn) ∈ Kn.

The group AutK(Dn) acts on the set Mn, (σ,m) �→ σ(m). Recall that the group Zn

acts on Kn in the obvious way:

Zn ×Kn → Kn, (i, λ) �→ i+ λ.

In a similar way, the group G acts on Mn, (σ
i1
1 · · ·σin

n ,m) �→ σi1
1 · · ·σin

n (m) where
i = (i1, · · · , in) ∈ Zn. When we identify the set Mn with Kn via the bijection

Mn → Kn, mλ �→ λ

and the group G with Zn via the group isomorphism G→ Zn, σi �→ ei (i = 1, . . . , n),
the set of G-orbitsMn/G is identified with the factor group Kn/Zn via the bijection

Mn/G→ Kn/Zn, Gmλ �→ λ+ Zn,

and the action σi1
1 · · ·σin

n (mλ) is identified with the action λ+i where i = (i1, . . . , in) ∈
Zn.

The polynomial algebra Dn = K[H1, . . . , Hn] is a maximal commutative subal-
gebra of In. For each λ = (λ1, . . . , λn) ∈ Kn, the field

Km := Dn/mλ = Dn/(H1 − λ1, . . . , Hn − λn) = Kλ 	 K

is a unique simple Dn-module that is annihilated by the maximal ideal mλ = (H1 −
λ1, . . . , Hn − λn). Let Max(Dn) be the maximal spectrum of the algebra Dn (the
set of maximal ideals of Dn). Notice that if K is an algebraically closed field then
Mn = Max(Dn).

An In-module M is called a weight module if

M =
⊕

m∈Mn

Mm where Mm = annM (m) := {m ∈M |mm = 0}.

If m = mλ = (H1 − λ1, . . . , Hn − λn) for some λ ∈ Kn then

Mλ := Mmλ
= {m ∈M |H1m = λ1m, . . . ,Hnm = λnm}.
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The set Supp(M) = {m ∈Mn |Mm �= 0} is called the support of the weight In-module
M . So, an In-module M is weight iff it is a (direct) sum of common eigen-spaces for
the commuting elements H1, . . . , Hn of the algebra In.

An In-module M is called a generalized weight module if

M =
⊕

m∈Mn

Mm where Mm = {m ∈M |mim = 0 for some i ≥ 0} =
⋃
i≥0

annM (mi).

If m = mλ for some λ ∈ Kn then

Mm = {m ∈M | (H1 − λ1)
im = 0, . . . , (Hn − λn)

im = 0 for some i = i(m) ≥ 1}.
The set Supp(M) = {m ∈ Mn |Mm �= 0} is called the support of the gen-

eralized weight In-module M . Recall that we identified (G,Mn,Mn/G) with
(Zn,Kn,Kn/Zn). Therefore, the maximal ideal mλ is identified with vector λ ∈ Kn,
Mλ := Mmλ

and Mλ := Mmλ . So,

Supp(M) = {λ ∈ Kn |Mλ �= 0}.
If, in addition, the fieldK is algebraically closed then the set Max(Dn) of maximal

ideals of the ring Dn is equal to Mn, every weight In-module is an In-module which
is a semisimple Dn-module (and vice versa), and every generalized weight In-module
is an In-module which is a locally finite dimensional Dn-module (and vice versa).

We denote by W(In) (resp., GW(In)) the category of weight (resp., generalized
weight) In-modules. Clearly,

W(In) ⊆ GW(In) ⊆ In-Mod

are inclusions of categories where In-Mod is the category of all left In-modules. The
category GW(In) is a full subcategory of In-Mod, it is closed under arbitrary direct
sums, extensions, submodules and factor modules. The category W(In) is closed
under direct sums, submodules and factor modules but not under extensions, see [6,
Theorem 2.5].

Let M be a generalized weight In-module. It follows from the defining relations
of the algebra In, [7, Proposition 2.2] or (1), that for all m ∈Mn and i = 1, . . . , n,

xiM
m ⊆Mσi(m),

∫
i

Mm ⊆Mσi(m), ∂iM
m ⊆Mσ−1

i (m),

xiMm ⊆Mσi(m),

∫
i

Mm ⊆Mσi(m), ∂iMm ⊆Mσ−1
i (m).

So, the generalized weight In-module M is a direct sum of its generalized weight
submodules MO,

M =
⊕

O∈Mn/G

MO where MO :=
⊕
m∈O

Mm. (7)

Similarly, a weight In-module M is a direct sum of its weight submodules MO,

M =
⊕

O∈Mn/G

MO where MO :=
⊕
m∈O

Mm. (8)
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For each orbit O ∈ Mn/G, let W(In,O) (resp., GW(In,O)) be the subcategory
of weight (resp., generalized weight) In-modules M with Supp(M) ⊆ O. By (7) and
(8),

W(In) =
⊕

O∈Mn/G

W(In,O) and GW(In) =
⊕

O∈Mn/G

GW(In,O), (9)

direct sum of full subcategories of W(In) and GW(In), respectively.
So, the problem of classification of indecomposable weight or generalized weight

In-modules is reduced to the case when the support of a module belongs to a single
orbit.

Let 0→ N → M → L→ 0 be a short exact sequence of In-modules. Then M is
a generalized weight module iff so are the modules N and L, and in this case,

Supp(M) = Supp(N) ∪ Supp(L). (10)

The simple weight In-module Pn. By the definition, the algebra In is a sub-
algebra of the algebra EndK(Pn) of all K-endomorphisms of the vector space Pn. So,
the polynomial algebra Pn is a (left) In-module. Since An ⊂ In, the An-module Pn

is a simple faithful An-module. Hence, the In-module Pn is also simple and faithful
(by the very definition, the algebras An and In are subalgebras of EndK(Pn)). The
action of the elements xi, ∂i, Hi and

∫
i
on Pn is given by the rule: For all elements

p ∈ Pn,

∂ip =
∂p

∂xi
, Hip =

∂

∂xi
(xip),

∫
i

p =

∫ xi

0

pdxi and xip = xi · p (multiplication by xi).

For all α = (α1, . . . , αn) ∈ Nn and i = 1, . . . , n,

Hix
α = (αi + 1)xα where xα = xα1

1 · · ·xαn
n .

Therefore, the In-module Pn is a weight module with Supp(Pn) = Nn
+. The poly-

nomial algebra Pn = K[x1] ⊗ · · · ⊗K[xn] is a tensor product of polynomial algebras
K[xi]. Furthermore, it is a tensor product of simple weight I1(i)-modules K[xi] where
I1(i) = K〈∂i, Hi,

∫
i
〉.

The indecomposable I1-modules M(s, λ), [6]. For λ ∈ K and a natural
number s ≥ 1, let us consider the induced B1-module

M(s, λ) := B1 ⊗K[H] K[H]/(H − λ)s. (11)

Clearly,

M(s, λ) 	 B1/B1(H − λ)s 	 I1/(F + I1(H − λ)s). (12)

The I1-module/B1-module M(s, λ) is a generalized weight module with
SuppM(s, λ) = λ+ Z,

M(s, λ) =
⊕
i∈Z

M(s, λ)λ+i and dimM(s, λ)λ+i = s for all i ∈ Z. (13)

Lemma 2.1.

(1) Each simple generalized weight I1-module is a simple weight I1-module, and
vice versa.
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(2) Each simple generalized weight I1-module is isomorphic to one of the modules:
K[x] or M(1, λ), λ ∈ Λ (where Λ is any fixed subset of K such that the map
Λ→ K/Z, λ �→ λ+ Z is a bijection), they are pairwise non-isomorphic.

(3) EndI1(M) 	 K for all simple weight I1-modules.

Proof. 1 and 2. Statements 1 and 2 follow from [6, Theorem 2.5].
3. Let idK[x] be the identity map on K[x]. Then

KidK[x] ⊆ EndI1(K[x]) ⊆ EndA1(K[x]) 	 KerK[x](∂·) 	 K

where

∂· : K[x]→ K[x], p �→ dp

dx
,

and A1 = K〈x, ∂ | ∂x−x∂ = 1〉 is the first Weyl algebra. Therefore, EndI1(K[x]) 	 K.
Similarly,

EndI1(M(1, λ)) 	 EndB1
(B1/(B1(H − λ))) 	 KerM(1,λ)((H − λ)·) 	 K.

Lemma 2.2.

(1) [7, Proposition 6.1.(1)] The I1-module K[x] is isomorphic to I1/I1∂.
(2) [6, Eq. (12)] For all elements λ ∈ K\N+, the I1-module M(1, λ) is isomorphic

to the I1-module I1/I1(H − λ).

For all n ∈ N+,

F + I1(H1 − n) = E∗,n−1 ⊕ I1(H1 − n) where E∗,n−1 :=
⊕
i≥0

Kei,n−1 	 I1K[x].

Hence, M(1, n) = I1/
(
E∗,n−1 ⊕ I1(H1 − n)

)
and there is a short exact sequence of

I1-modules

0→ K[x1] 	 E∗,n−1 → I1/I1(H1 − n)→M(1, n)→ 0. (14)

In fact, it splits (Theorem 2.5).
Let A be an algebra and A-Mod be the category of left A-modules. A subcategory

C of A-Mod is called a semisimple category if every module of C is a direct sum of its
simple submodules in C. The category GW(In) of generalized weight In-modules is
a subcategory of the category In-Mod of all left In-modules. The category W(In) of
weight In-modules is a subcategory of GW(In).

Classification of simple weight In-modules. We denote by În(weight) (resp.,
În(gen. weight)) the set of isomorphism classes of simple weight (resp., generalized
weight) In-modules. The next theorem classifies (up to isomorphism) all the simple
weight In-modules.

Theorem 2.3.

(1)

În(gen. weight) = În(weight) = Î1(weight)
⊗n,

i.e., every simple generalized weight In-module is a simple weight In-module,
and vice versa; every simple weight In-module M is isomorphic to the tensor
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product M1⊗· · ·⊗Mn of simple weight I1-modules and two such modules are
isomorphic over In,

M1 ⊗ · · · ⊗Mn 	M ′
1 ⊗ · · · ⊗M ′

n,

iff for each i = 1, . . . , n, the I1-modules Mi and M ′
i are isomorphic.

(2) For each simple weight In-module M =
⊗n

i=1 Mi, Supp(M) =∏n
i=1 Supp(Mi).

Proof. To prove the theorem we use induction on n. The case n = 1 is true, see
[6, Theorem 2.5].

Suppose that n > 1 and that the theorem is true for all n′ < n. Let M be a simple
generalized weight In-module. By (7), Supp(M) ⊆ O for some orbit O ∈ Kn/Zn.
Since

In = I1 ⊗ In−1,

the I1-module M is a generalized weight I1-module with SuppI1(M) ⊆ λ1 + Z where
λ1 ∈ K such that λ = (λ1, . . . , λn) ∈ SuppIn(M) for some λ2, . . . , λn ∈ K. Fix a
nonzero vector v ∈ Mλ such that (H1 − λ1)v = 0. The I1-submodule I1v of M is an
epimorphic image of the I1-module

N = I1/I1(H1 − λ1).

By [9, Theorem 3.6.(2)] (or by Lemma 2.2.(2) and Eq. (14)), the I1-module N has
finite length. Hence, so does the I1-module I1v. Changing the element v, if necessary,
we can assume that the I1-module M1 = I1v is a simple weight I1-module. The
In-module M is a simple module. The In-module homomorphism

N ⊗ In−1 = I1/I1(H1 − λ1)⊗ In−1 −→M, 1⊗ 1 �→ v (where 1 = 1 + I1(H1 − λ1))

is an epimorphism. By Lemma 2.1.(3), EndI1(N) 	 K. By [4],

M 	 N ⊗M ′

for some simple In−1-module M ′. The In-module M is a generalized weight In-
module. Hence, the In−1-module M ′ is a generalized weight In−1-module. Now, the
result follows by induction on n.

The category W(In) of weight In-modules is a semisimple category. Let
n = 1. For each orbit O ∈ K/Z, we fix an element λO ∈ K such that λO ∈ O.
In particular, λO + Z = O. For O = Z let λZ := 0. Let n > 1. For each orbit
O = O1 × · · · × On ∈ Kn/Zn, let

λO := (λO1
, . . . , λOn

) ∈ Kn.

In particular λO + Zn = O. The map O �→ λO is a bijection, by definition. For the
orbit O = O1 × · · · × On, let

DO := {i ∈ {1, . . . , n} |Oi = Z}.
Then {1, . . . , n} \ DO = {j ∈ {1, . . . , n} |Oj �= Z}. Let DO be any subset of DO (eg.,
DO = ∅). Then

{1, . . . , n} = DO �NO (15)
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is a disjoint union where NO := {1, . . . , n} \ DO. For each pair (O,DO), let us define
the In-module

M(DO) :=
n⊗

i=1

M(DOi
) where M(DOi

) =

{
K[xi] if i ∈ DO,
M(1, λOi) if i �∈ DO.

(16)

For each choice of the set DO,

O = Odeg ×Ondeg where Odeg :=
∏

i∈DO

N+ = N|DO|
+

is called the degenerate part of the pair (O,DO) and

Ondeg :=
∏

j∈NO

Oj

is called the non-degenerate part of the pair (O,DO). The elements of the set DO
(resp., NO) are called the degenerate (resp., non-degenerate) indices with respect to
the pair (O,DO), or, simply, the DO-degenerate (resp., DO-non-degenerate) indices.

For each subset I of {1, . . . , n}, let an(I) be the ideal of In generated by the ideals
F (i) of I1(i) where i ∈ I. If I = ∅ we set an(∅) := 0. Clearly,

an(I) =
∑
i∈I

pi.

If I = {1, . . . , n} then an(I) = an is the maximal ideal of In. The factor algebra

In(DO) := In/an(DO) 	 B(Odeg)⊗ Il(Ondeg)

is a tensor product of algebras where

B(Odeg) :=
⊗
i∈DO

B1(i), Il(Ondeg) :=
⊗
i∈NO

I1(i) and l = |NO|.

For an algebra A and an A-module M , annA(M) := {a ∈ A | aM = 0} is the
annihilator of the A-module M .

Lemma 2.4. Let O ∈ Kn/Zn. Then the set GW(In,O)
̂

of isomorphisms classes
of simple (generalized) weight In-modules in the category GW(In,O) is equal to the
set

{M(DO) | DO ⊆ DO},
and the number of elements in this set is 2|DO|. Furthermore,

(1) The In-module M(DO) is faithful iff DO = {1, . . . , n}.
(2) If DO �= {1, . . . , n} then annIn(M(DO)) = an(NO).
(3) The modules in the set GW(In,O)

̂

are uniquely determined by their annihi-
lators, i.e., the map M(DO) �→ annIn(M(DO)) is a bijection.

Proof. Since In = ⊗n
i=1I1(i) and M(DO) = ⊗n

i=1M(DOi
), we have

annIn(M(DO)) = an(NO),

and statements 1 and 2 follow. Then statement 2 implies statement 3, and the rest
follows.
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Clearly, for O =
∏n

i=1Oi,

S(DO) := Supp(M(DO)) = N|DO|
+ ×

∏
i∈NO

Oi. (17)

For an In-modules M , we denote by socIn(M) its socle, i.e., the sum of all simple
In-submodules of M if there are simple submodules, and socIn(M) = 0, otherwise.

Theorem 2.5. Every weight In-module is a direct sum of simple weight In-
modules. In particular, the category W(In) of weight In-modules is a semisimple
category.

Proof. (a) For all λ = (λ1, . . . , λn) ∈ Kn, the generalized weight In-module

In(λ) := In/In(H1 − λ1, . . . , Hn − λn)

has finite length: By [9, Theorem 3.6.(2)] (or by Lemma 2.2.(2) and Eq. (14)), the
statement (a) holds when n = 1. Suppose that n > 1. Then In = ⊗n

i=1Ii(λi), and the
statement (a) follows from Lemma 2.2.(2), Eq. (14) and Theorem 2.3.

(b) For all nonzero generalized weight In-modules M , socIn(M) �= 0: The In-
module M contains a submodule, say, N which is an epimorphic image of the In-
module In(λ) for some λ ∈ Kn. By the statement (a), the generalized weight In-
module M contains a simple module which is necessarily weight, by Theorem 2.3.

Now, the theorem follows from the statements (b) and (c).

(c) Every short exact sequence of In-modules, 0 → M → M ′ f→ M → 0, splits
provided the In-module M ′ is weight, the In-module M is semisimple and the In-
module M is simple.

Proof of the theorem. Let M ′ be a nonzero weight In-module. By the statement
(b), socIn(M

′) �= 0. We have to show that

M ′ = socIn(M
′).

Suppose that this is not the case, we seek a contradiction. Then

socIn(M
′/socIn(M

′)) �= 0.

Fix a nonzero, necessarily weight, In-submodule, say M , of socIn(M
′/socIn(M

′)) �= 0.

Then the short exact sequence of In-modules 0 → M → M ′ f→ M → 0 is non-split.
This contradicts to the statement (c).

Proof of the statement (c). In view of (9), we may assume that
Supp(M), Supp(M) ⊆ O for an orbit O ∈ Kn/Zn. Notice that

Supp(M ′) = Supp(M)
⋃

Supp(M) ⊆ O.

For each element λ = (λ1, . . . , λn) ∈ Supp(M) ⊆ O, we have the short exact sequence
of Kmλ

-modules,

0→Mλ →M ′
λ

fλ→Mλ → 0,

where Kmλ
:= Dn/mλ and mλ = (H1−λ1, . . . , Hn−λn). Notice that dimK(Mλ) = 1.

Since the algebra Kmλ
is a field, the short exact sequence above splits. Let e = eλ be

a nonzero element of Mλ and e = eλ be an element of M ′
λ such that

fλ(e) = e.
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To finish the proof it suffices to show that the In-submodule of M ′,

N := Ine,

is a simple In-module: Indeed, in this case, M ∩N = 0 since f(M) = 0, f(N) = M
and the In-module N is simple. Clearly, M +N = M ′, and so

M ′ = M ⊕N,

as required.
There are two cases to consider: either DO = ∅ or DO �= ∅.
(i) DO = ∅: In this case, M =

⊗n
i=1 M i where M i = I1(i)/I1(i)(Hi − λi) and

λi ∈ K\Z. For each number i = 1, . . . , n, we have the I1(i)-module epimorphism

M i = I1(i)/I1(i)(Hi − λi)→ I1(i)e, 1 + I1(i)(Hi − λi) �→ e,

which is necessarily an isomorphism since the I1(i)-module M i is simple. Since In =
I1(1)⊗ · · · ⊗ I1(n), we have the In-epimorphism

M =

n⊗
i=1

M i =

n⊗
i=1

I1(i)/I1(i)(Hi − λi)→ Ine = N

which is necessarily an isomorphism since the In-module M is simple.

(ii) DO �= ∅: Without loss of generality we can assume that DO = {1, . . . ,m} for
some natural number m such that 1 ≤ m ≤ n. Then

M i =

{
K[xi] if i = 1, . . . ,m,

M(1, λi) otherwise.

Notice that SuppI1(i)(K[xi]) = {1, 2, . . .}. Choose λ = (λ1, . . . , λn) ∈ Supp(M) such
that λi = 1 for all i = 1, . . . ,m. Then

Hie =

{
e if i = 1, . . . ,m,

λie otherwise.

For each i = 1, . . . ,m,

0 = (Hi − 1)e = (∂ixi − 1)e = (xi∂i + [∂i, xi]− 1)e = (xi∂i + 1− 1)e = xi∂ie.

Since M =
⊗n

j=1 M j and M i = K[xi] for i = 1, . . . ,m, the map

xi· : M →M, m �→ xim

is an injection. Therefore, ∂ie = 0 for i = 1, . . . ,m. So, by Lemma 2.2.(1), we have
an I1(i)-epimorphism

K[xi] = I1(i)/I1(i)∂i → I1(i)e, 1 + I1(i)∂i �→ e,

which is necessarily an isomorphism since the I1(i)-module K[xi] is simple. Using the
same argument as in the case (i), we see that for all j > m, I1(j)e 	 M(1, λj) and
the In-epimorphism

M =

n⊗
i=1

M i → Ine = N
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is an isomorphism since the In-module M is simple. The proof of the theorem is
complete.

By Theorem 2.5, each weight In-module M is a unique direct sum

M =
⊕

O∈Kn/Zn

⊕
DO⊆DO

M(DO)μ(DO) (18)

where M(DO)μ(DO) is a direct sum of μ(DO) copies of the module M(DO) and μ(DO)
is the multiplicity of M(DO) (which can be any set).

3. Explicit description of indecomposable generalized weight In-
modules. In this section, an explicit description of indecomposable generalized
weight In-modules is obtained (Theorem 3.6). One of the key steps is to show that
each category GW(In,O) is a direct sum of its subcategories GW(In,DO) that are gen-
erated by the single simple weight In-modules M(DO), see (19). Using (19) and some
results about representations of Artinian rings, a criterion is given for the category
GW(In,O) and its subcategories GW(In,DO) to be of finite representation type, tame
or wild. Explicit classes of indecomposable modules in GW(In,O) are considered.

Let A be an algebra, m be a co-finite ideal of A (i.e., dimK(A/m) < ∞). An
A-module M is called a locally finite module if for each m ∈M , dimK(Am) <∞. An
A-module M is called an m-locally finite module if for each m ∈M , dimK(Am) <∞
and annA(Am) ⊆ mi for some i ≥ 1 (If in addition A is a commutative algebra then the
last condition is equivalent to the condition that mim = 0 for some i ≥ 1). We denote
by LFm(A) the category of all m-locally finite A-modules. The category LFm(A) is
closed under arbitrary direct sums, submodules and factor modules. An In-module
M ∈ GW(In,O) (resp., M ∈ W(In,O)) is called equidimensional if dimK(Mm) =
dimK(Mn) (resp., dimK(Mm) = dimK(Mn)) for all m, n ∈ Supp(M). If the common
value of all dimK(Mm) (resp., dimK(Mm)) is d, we say that M is d-equidimensional.
Let m be a maximal ideal of the polynomial algebra Dn and I(Dn,m) be the set of
all ideals I of Dn such that

m ⊇ I ⊇ mi for some i ≥ 1.

For all ideals I ∈ I(Dn,m), the factor algebra Dn/I is a local, finite dimensional,
commutative algebra with maximal ideal m/I.

The category GW(In,O) is a direct sum of subcategories GW(In,DO). Let
GW(In,DO) be the full subcategory of GW(In,O) generated by the simple weight
In-module M(DO). There are precisely 2|DO| such subcategories in the categories
GW(In,O). They are key objects in the description of all indecomposable generalized
weight modules M with Supp(M) ⊆ O since

GW(In,O) =
⊕

DO⊆DO

GW(In,DO) (Theorem 3.2). (19)

Let R be a ring, M be a nonzero R-module and p = annR(M). The R-module
M is called a prime R-module (or a p-prime R-module) if p is a prime ideal of R and
annR(N) = p for all nonzero R-submodules N of M . The R-module M is called an
absolutely prime R-module (or an absolutely p-prime R-module) if p is a prime ideal
of R and annR(N) = p for all nonzero subfactors of M , i.e., N = M2/M1 for some
submodules M1 and M2 of M such that 0 ⊆M1 ⊂M2 ⊆M .
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Lemma 3.1 shows that all nonzero modules in each category GW(In,DO) are
absolutely prime In-modules (Corollary 3.4). Lemma 3.1 is one of the key steps in
proving that the equality (19) holds (Theorem 3.2).

Lemma 3.1. Let 0 �= M ∈ GW(In,DO). Then
(1) Supp(M) = Supp(M(DO)).
(2) annIn(M) = a(DO) where

a(DO) = annIn(M(DO)) =
∑
i∈NO

pi ∈ Spec(In).

So, all nonzero modules in the category GW(In,DO) are absolutely a(DO)-
prime In-modules.

Proof. 1. By the definition, the category of generalized weight In-modules
GW(In,DO) is generated by the simple weight In-module M(DO), and statement
1 follows, by (10).

2. The ideal

a(DO) = annIn(M(DO)) =
∑
i∈NO

pi

is a prime ideal of In. Let N = {m ∈ M | am = 0} where a = a(DO). We have to
show that M = N . Suppose that this is not the case, we seek a contradiction. Then

S := socIn(M/N) �= 0

since 0 �= M/N ∈ GW(In,DO). Now, S = L/N for some submodule L of M such
that N � L. Recall that a2 = a. So, 0 �= aL = a2L ⊆ aN = 0, a contradiction.

Theorem 3.2. For all orbits O ∈ Kn/Zn, the equality (19) holds.

Proof. Claim.

∑
DO⊆DO GW(In,DO) =

⊕
DO⊆DO GW(In,DO).

Suppose that the Claim does not hold, i.e.,

M1 + · · ·+Ms �= M1 ⊕ · · · ⊕Ms

for some modules Mi ∈ GW(In,DOi) such that the sets DO1 , . . . ,DOs are distinct.
We may assume that the number s is the least possible. Then s ≥ 2. By Lemma 2.4,
the prime ideals

a1 = annI1(M1), . . . , as = annI1(Ms)

are distinct. Up to order, we may assume that the ideal a1 is a minimal element (with
respect to ⊆) of the set {a1, . . . , as}. By replacing the module M1, by a (possibly)
smaller nonzero submodule, say M ′

1 ⊆M1, we may assume that

M ′
1 ⊆M2 + · · ·+Ms.

By Lemma 3.1.(2), annI1(M
′
1) = a1. Let a = a2 · · · as. Then aM ′

1 ⊆ a(M2+· · ·+Ms) =
0, and so

a2 · · · as ⊆ annI1(M
′
1) = a1.
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Recall that the ideal a1 is a prime ideal (Lemma 3.1.(2)), hence

ai ⊆ a1

for some i such that 2 ≤ i ≤ s. This contradicts the minimality of the ideal a1. Now,
the theorem follows from Proposition 3.3.

Proposition 3.3. Let O ∈ Kn/Zn. Suppose that DO and D′
O are distinct

subsets of the set DO. Let M = M(DO) and M ′ = M(D′
O). Then Ext1

In
(M ′,M) = 0.

Proof. By Lemma 3.1.(2), the ideals a = annIn(M) and a′ = annIn(M
′) are

distinct prime ideals of the algebra In. Therefore, either a � a′ or otherwise a ⊂ a′ (a
proper inclusion since a �= a′). Let

0→M → N →M ′ → 0

be a short exact sequence of In-modules. To finish the proof it suffices to show that
the short exact sequence splits.

(i) Suppose that a � a′: Then aM ′ �= 0 (since otherwise aM ′ = 0, and so a ⊆
annIn(M

′) = a′, a contradiction). In particular, aM ′ = M ′ since the In-module M ′

is simple. Now,

N ⊇ aN = a(N/M) = aM ′ = M ′.

Therefore, the In-submodule aN of N is isomorphic to the simple In-module M ′.
Hence,

N ⊇M + aN = M ⊕ aN 	M ⊕M ′,

i.e., N = M ⊕ aN 	M ⊕M ′, i.e., the short exact sequence splits.

(ii) Suppose that a ⊂ a′: Let D = DO and D′ = D′
O. By Lemma 3.1.(2),

a =
∑
i∈CD

pi ⊂ a′ =
∑

j∈CD′
pj ,

and so CD ⊂ CD′ or, equivalently, D ⊃ D′. Up to order, let

DO = {1, . . . ,m}, D = {1, . . . , l}
∐
D′ and D′ = {l + 1, . . . , k}

provided D′ �= ∅. Notice that 1 ≤ l ≤ m and k ≤ m,

O = Zm × (λm+1 + Z)× · · · × (λn + Z)

where λi /∈ Z for all i such that m+ 1 ≤ i ≤ n.

Clearly,

Supp(M) = Nk
+ × Zm−k ×

n∏
i=m+1

(λi + Z),

Supp(M ′) = Zl × Nk−l
+ × Zm−k ×

n∏
i=m+1

(λi + Z)
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since

M = K[x1, . . . , xk]⊗
m⊗

j=k+1

I1(j)/I1(j)Hj ⊗
n⊗

i=m+1

I1(i)/I1(i)(Hi − λi),

M ′ =
l⊗

s=1

I1(s)/I1(s)Hs ⊗K[xl+1, . . . , xk]⊗
m⊗

j=k+1

I1(j)/I1(j)Hj

⊗
n⊗

i=m+1

I1(i)/I1(i)(Hi − λi).

Let λ = (1, . . . , 1, λm+1, . . . , λn). Then dimK(Mλ) = dimK(M ′λ) = 1 and
dimK(Nλ) = 2 since there is a short exact sequence

0→Mλ → Nλ →M ′λ → 0

of K-modules. Fix an element v ∈ Nλ \Mλ. Then v �= 0. Let θ := (1− e)v where

e = e00(1) = 1−
∫
1

∂1.

Then θ ≡ v mod M since eM ′ = 0. In particular, θ �= 0.
(iii)

∫
1
∂1θ = θ: Notice that

∫
1
∂1 = 1− e is an idempotent and the result follows:∫

1

∂1θ = (1− e)θ = (1− e)(1− e)v = (1− e)v = θ.

(iv) ∂1θ �= 0: Since θ �= 0, the statement (iv) follows from the statement (iii).
(v) H1∂1θ = 0: Since (H1 − 1)M ′λ = 0, we must have (H1 − 1)Nλ ⊆Mλ. Now,

H1∂1θ = ∂1(H1 − 1)θ ∈ ∂1(H1 − 1)Nλ ⊆ ∂1M
λ = 0.

The I1(1)-module I1(1)/I1(1)H1 is a simple weight module. By the statement
(v), the I1(1)-submodule

L1 = I1(1)∂1θ

of N is isomorphic to the I1(1)-module I1(1)/I1(1)H1. Recall that EndI1(1)(L1) = K
(Lemma 2.1.(3)) and In = I1⊗In−1. By [4], the In-submodule In∂1θ ofN is isomorphic
to the tensor product L1 ⊗ L of the I1-module L1 and an In−1-module L.

(vi) N = M ⊕ L1 ⊗ L: Since the map ∂1· : L1 ⊗ L → L1 ⊗ L, u �→ ∂1u is a
bijection (since the map ∂1· : L1 → L1, w �→ ∂1w is so) and the map ∂1· : M → M ,
p �→ ∂1p has nonzero kernel (since ∂1M

λ = 0 and Mλ �= 0), the simple In-module M
is not a submodule of L1 ⊗L. Hence, M ∩L1 ⊗L = 0, and so M ⊕L1 ⊗L ⊆ N , and
the statement (vi) follows since the length of the In-module N is 2.

Now, the proposition follows from the statement (vi).

Corollary 3.4.

(1) Every module M ∈ GW(In,O) is a unique direct sum of absolutely prime
generalized weight In-modules, and this direct sum is M =

⊕
DO⊆DO MDO

where MDO ∈ GW(In,DO).
(2) Every generalized weight module is a unique direct sum of absolutely prime

(generalized weight) In-modules.
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Proof. 1. Statement 1 follows from Lemma 2.4 and Theorem 3.2.
2. Statement 2 follows from statement 1 and (9).

The next proposition shows that there are plenty of indecomposable generalized
weight In-modules with support from a single orbit.

Proposition 3.5. Let O ∈Mn/G and m ∈ O.
(1) If DO = ∅ then

{V (I) | I ∈ I(Dn,m)} ⊆ GW(In,DO)

where V (I) := Bn⊗Dn Dn/I, and each In-module V (I) is an indecomposable,
equidimensional, generalized weight In-module of length d := dimK(Dn/I) <
∞ which is isomorphic to the In-module

Bn/BnI =
⊕
α∈Zn

∂αDn/I

(where ∂α = ∂α1
1 · · · ∂αn

n ) and dimK(V (I)n) = d for all n ∈ O, and
annIn(V (I)) = an.

(2) Suppose that DO = {1, . . . , l} (up to order) for some l such that 1 ≤ l ≤ n.
(a) Suppose that DO = ∅. Let m = (H1, . . . , Hl, Hl+1−λl+1, . . . , Hn−λn) ∈

Supp(M(DO)). Then

{V (I) | I ∈ I(Dn,m)} ⊆ GW(In,DO)

where V (I) := Bn ⊗Dn Dn/I, and each In-module V (I) is an in-
decomposable, equidimensional, generalized weight In-module of length
d = dimK(Dn/I) <∞ which is isomorphic to the In-module

Bn/BnI =
⊕
α∈Zn

∂αDn/I

and dimK(V (I)n) = d for all n ∈ Supp(V (I)) = Supp(M(DO)), and
annIn(V (I)) = an.

(b) If DO �= ∅ then DO = {1, . . . ,m}, up to order, for some m such that 1 ≤
m ≤ l. Let k = n−m, Dk = K[Hm+1, . . . , Hn] and Bk = ⊗n

i=m+1B1(i).
Then

{V (I) | I ∈ I(Dk,m
′)} ⊆ GW(In,DO)

where V (I) := Pm ⊗ (Bk ⊗Dk
Dk/I),

m′ = (Hm+1, . . . , Hl, Hl+1 − λl+1, . . . , Hn − λn) ∈ S(DO),

and each In-module V (I) is an indecomposable, equidimensional, gen-
eralized weight In-module of length d := dimK(Dk/I) < ∞ which is
isomorphic to the In-module

Pm ⊗Bk/BkI 	
⊕
α∈Zk

Pm ⊗ ∂αDk/I

(where ∂α = ∂α1
m+1 · · · ∂αk

n ) and dimK(V (I)n) = d for all n ∈
Supp(V (I)) = Supp(M(DO)), and annIn(V (I)) = an(DO).
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Proof. 1. Let I ∈ I(Dn,m). As Bn =
⊕

α∈Zn ∂αDn, we have

V (I) =
⊕
α∈Zn

∂αDn ⊗Dn
Dn/I 	

⊕
α∈Zn

∂α ⊗Dn/I =
⊕
α∈Zn

∂αDn/I.

So, the In-module V (I) is an equidimensional, generalized weight module with
Supp(V (I)) = O and

dimK(V (I)n) = d = dimK(Dn/I) <∞.

By Theorem 2.3, the simple (generalized) weight In-module M(DO) from GW(In,O)
has support O and is 1-equidimensional. Hence, the length of V (I) equals d.

It remains to show that the In-module V (I) is an indecomposable. The functor

Bn ⊗Dn
− : Dn-Mod→ Bn-Mod, N �→ Bn ⊗Dn

N

is exact. The commutative algebra Dn/I is a local, commutative, finite dimensional
algebra with maximal ideal m/I. Since (Dn/I)/(m/I) 	 D/m is a field, the Dn-
module Dn/I is indecomposable. Hence, so is the induced module

V (I) = Bn ⊗Dn Dn/I.

Clearly, an ⊆ annIn(V (I)). Since an is a maximal ideal of In and V (I) �= 0, we must
have annIn(V (I)) = an.

2(a). Repeat the arguments of statement 1.
2(b). The functor

Pm ⊗− : Ik-Mod→ In-Mod, L �→ Pm ⊗ L

is an exact functor. Now, statement 2 follows from statement 2(a).

Explicit description of modules in GW(In,O). In view of Theorem 3.2, The-
orem 3.6 below is an explicit description of generalized weight In-modules.

Theorem 3.6. Let O ∈Mn/G.
(1) Suppose that DO = ∅, m ∈ O if DO = ∅ and m = (H1, . . . , Hl, Hl+1 −

λl+1, . . . , Hn − λn) ∈ S(DO) if DO = {1, . . . , l} �= ∅, up to order. Then the
functor

GW(In,DO)→ LFm(Dn), M �→Mm

is an equivalence of categories with the inverse N �→ Bn ⊗Dn N , the induced
functor.

(2) Suppose that DO �= ∅ and, up to order, DO = {1, . . . ,m}, DO = {1, . . . , l} for
some m such that 1 ≤ m ≤ l ≤ n. Then In = Im ⊗ In−m and O = Zm ×O′

where O′ = Zl−m ×O1 × · · · × On−l and Oi �= Z for all i = 1, . . . , n− l, and
(a) GW(In,DO) = Pm ⊗ GW(In−m,D′

O′) := {Pm ⊗ M |M ∈
GW(In−m,D′

O′)} with D′
O′ = ∅.

(b) Fix m ∈ O such that m = (H1 − 1, . . . , Hm − 1, Hm+1, . . . , Hl, Hl+1 −
λl+1, . . . , Hn − λn). Then m′ = (Hm+1, . . . , Hl, Hl+1 − λl+1, . . . , Hn −
λn) ∈ O′ and the functor

GW(In,DO)→ LFm′(Dn−m), Pm ⊗M �→Mm′

is an equivalence of categories with the inverse N �→ Pm⊗(Bn−m⊗Dn−m

N) where Dn−m = K[Hm+1, . . . , Hn] and D0 := K.
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Proof. 1. Let M ∈ GW(In,DO).
(i) M is a sum of modules V (I) where I ∈ I(Dn,m). The statement follows from

Proposition 3.5(1).

(ii) annIn(M) = an, by Lemma 3.1 (since annIn(V (I)) = an).

The statement (ii) means that M is a Zn-graded Bn-module. By Proposition
3.5.(1), the functor

GW(In,O)→ LFm(Dn), M �→Mm

is an equivalence of categories with the inverse N �→ Bn ⊗Dn
N .

2. Recall that m = (H1−1, . . . , Hm−1, Hm+1, . . . , Hl, Hl+1−λl+1, . . . , Hn−λn).
Let M ∈ GW(In,DO).

(i) M is a sum of modules V (I) where I ∈ I(Dk,m
′). The statement follows from

Proposition 3.5(2). Since, for all I ∈ I(Dk,m
′),

V (I)m = (Pm ⊗ (Bk ⊗Dk
Dk/I))

m 	 Dk/I,

the statement 2(a) follows from Proposition 3.5(2) and statement 1. Now, the state-
ment 2(b) follows from the statement 2(a) and statement 1.

Corollary 3.7. Let O ∈ Mn/G. All modules in GW(In,DO) and W(In,DO)
are equidimensional and the length of the module is equal to the dimension of any
(generalized) weight component. In particular, all indecomposable generalized weight
In-modules are equidimensional.

Proof. The corollary follows from Theorem 3.6.

The next corollary is a criterion for a generalized weight In-modules to be finitely
generated.

Corollary 3.8. Let M be a generalized weight In-module. The In-module M is
finitely generated iff its support is a subset of a union of finitely many orbits inMn/G
and there is s ∈ N+ such that the dimensions of all generalized weight components are
bounded by s.

Proof. The corollary follows from Theorem 3.6 and Proposition 3.5.

Criterion for the category GW(In,DO) to be of finite representation
type, tame or wild. Let A be an algebra and M be an A-module. We denote
by [M ] the isomorphism class of the A-module M and A − Mod/ 	 is the set of
all the isomorphism classes of A-modules. In particular, LFm(Dn)/ 	 is the set of
isomorphism classes of Dn-modules in LFm(Dn). A category of modules is called a
category of finite representation type if it contains only finitely many indecomposable
modules up to isomorphism. The reader can find the definition of tame and wild
category in [21]. Notice that every category of finite representation type is tame but
not vice versa.

Theorem 3.9. Let O ∈Mn/G.

(1) The category GW(In,DO) is of finite representation type iff O = Zn and
DO = {1, . . . , n}, and in this case the simple In-module Pn = K[x1, . . . , xn]
is the unique indecomposable In-module in the category GW(In,DO).



INDECOMPOSABLE WEIGHT MODULES 747

(2) The category GW(In,DO) is tame iff |DO| = n − 1, and in this case, up
to order, O = Zn−1 × (λn + Z) for some fixed λn = λn(O) ∈ K, DO =
{1, . . . , n− 1} and

{Pn−1⊗M(i, λ) | i ∈ N+ where λ = λn(O) if λn �∈ Z and λ = 0 if λn ∈ Z}
is the set of all indecomposable, pairwise non-isomorphic modules in
GW(In,DO).

(3) The category GW(In,DO) is wild iff n ≥ 2 and m := |DO| < n − 1, and in
this case, up to order, DO = {1, . . . ,m} where 1 ≤ m < n− 1, and

{Pm ⊗ (Bn−m ⊗Dn−m
N) | [N ] ∈ LFm′(Dn−m)/ 	

and N is an indecomposable Dn−m −module}
is a set of indecomposable, pairwise non-isomorphic modules in GW(In,DO)
where Dn−m = K[Hm+1, . . . , Hn] and D0 = K.

Proof. If n ≥ 2 and |DO| < n − 1 then by Theorem 3.6 and [20] (see, also [31]),
the category GW(In,DO) is wild. If either n = 1 or n ≥ 2 and |DO| ≥ n− 1 then by
Theorem 3.6 and [20] (see, also [31]), the category GW(In,DO) is tame. Clearly, the
category GW(In,DO) is of finite representation type iff |DO| = n.

Criterion for the category GW(In,O) to be of finite representation type,
tame or wild.

Corollary 3.10. Let O ∈M/G.
(1) The category GW(In,O) is tame iff n = 1.
(2) The category GW(In,O) is wild iff n ≥ 2.
(3) None of the categories GW(In,O) is of finite representation type.

Proof. The corollary follows from Theorem 3.9 and Eq. (19).

Explicit classes of indecomposable In-modules in GW(In,O). By Theo-
rem 3.6, the problem of classifying indecomposable generalized weight In-modules in
GW(In,DO) is equivalent to the problem of classifying indecomposable modules in
LFm(Dn′) for some n′ ≤ n. The set ind.LFm(Dn) of isomorphism classes of indecom-
posable modules in LFm(Dn) is the union

ind.LFm(Dn) =
⋃
i≥1

ind(Dn,m
i)

where the set ind(Dn,m
i) contains the isomorphism classes of all the indecomposable

Dn-modules M with miM = 0. Clearly,

ind(Dn,m) = {Dn/m} ⊆ ind(Dn,m
2) ⊆ . . . .

By Theorem of Drozd, see [20],

• ind(Dn,m
i) is tame iff either n = 1 or n = 2 and m = 1, 2.

Description of the set ind(D2,m
2). Let

L = D2/m
2, m = (h1, h2) where h1 = H1 − λ1 and h2 = H2 − λ2

for some λ1, λ2 ∈ K and M ∈ ind(D2,m
2). Then M = M1 ⊕M2 where M2 = mM

is a L-module and M1 is any (fixed) complement subspace of the vector space M2.
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Clearly, M = 0 iff M2 = M iff M1 = 0. The L-module structure on M is uniquely
determined by the linear maps

M1

h1

��

h2

��M2 , m1 �→ h1m1, m1 �→ h2m1 (where m1 ∈M1).

So, the problem of describing the set ind(D2,m
2) is ‘almost’ equivalent to the

problem of classifying indecomposable finite dimensional representations of the Kro-
necker quiver:

1

h1

��

h2

�� 2 .

More precisely, every indecomposable finite dimensional representation of the Kro-
necker quiver (M1,M2) such that M1 �= 0 belongs to ind(D2,m

2), and vice versa. Up
to isomorphism, there are the following 5 series of indecomposable modules (in bracket
bases of the vector spaces M1 and M2 are given):

(1) K = D2/m.
(2) For each n ≥ 1, M1 = 〈e1, . . . , en〉, M2 = 〈e′1, . . . , e′n+1〉, h1ei = e′i and

h2ei = e′i+1 for i = 1, . . . , n.
(3) For each n ≥ 1, M1 = 〈e1, . . . , en+1〉, M2 = 〈e′1, . . . , e′n〉, h1ei = e′i and

h2ei+1 = e′i for i = 1, . . . , n, h1en+1 = 0 and h2e1 = 0.
(4) For each n ≥ 1, M1 = 〈e1, . . . , en〉, M2 = 〈e′1, . . . , e′n〉, h1ei = e′i and (h2 −

λ)ei = e′i−1 for i = 1, . . . , n where e′0 = 0 and λ ∈ K.
(5) For each n ≥ 1, M1 = 〈e1, . . . , en〉, M2 = 〈e′1, . . . , e′n〉, h1ei = e′i−1 and

h2ei = e′i for i = 1, . . . , n where e′0 = 0.

The set ind.LFm(Dn) is a disjoint union of subsets,

ind.LFm(Dn) =
⊔

I∈I(Dn,m)

ind.LFm(Dn, I) (20)

where the set ind.LFm(Dn, I) contains all the indecomposable modules M ∈
ind.LFm(Dn) with annDn

(M) = I. By Theorem of Drozd, see [20],

• ind(Dn, I) is tame iff either n = 1 or n = 2 and I contains a product h′
1h

′
2 of

elements h′
1, h

′
2 ∈ m such that their images in the K-vector space m/m2 are K-linearly

independent (equivalently, are a basis).

Let Γ = D2/(h1h2) = K[h1, h2]/(h1h2). In the second case (i.e., n = 2), the elements
h′
1 and h′

2 are K-algebra generators for the algebra Γ. So, up to change of algebra
generators, we can assume that h1h2 ∈ I. Then

ind.LFm(D2, I) = {M ∈ indf (Γ) | IM = 0}

where indf (Γ) is the set of isomorphism classes of indecomposable finite dimensional
left Γ-modules.
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Description of indf (Γ). Let W = 〈h1, h2〉 be a free (noncommutative) semi-
group. Each element (word) w ∈W is a unique product w1 · · ·wl where wi ∈ {h1, h2}
and l = 1, 2, . . .. The number l = l(w) is called the length of the word w and

W = �l≥1Wl,

a disjoint union, where Wl is the set of all words of length l. The cyclic group of order
l,

Cl = 〈τl〉 = {τ il | i = 0, . . . , l − 1}, where τl = (12 . . . l),

acts on the set Wl by the rule τl(w1 · · ·wl) = wτl(1) . . . wτl(l). Let Wl/Cl be the set
of orbits. We say that two elements w and w′ of W are equivalent, w ∼ w′, if they
belong to the same orbit (w ∼ w′ iff l(w) = l(w′) and w = τ il (w

′) for some i where
l = l(w)). An orbit

O ∈Wl/Cl

is called a periodic orbit if it contains an element w such that w = θi for some θ ∈W
and i ≥ 2. We denote by N the set of all non-periodic orbits. The simple module
K = Γ/(h1, h2) belongs to indf (Γ). The set of non-simple indecomposable finite
dimensional Γ-modules consists of two sets of modules: the modules of the first and
second type, see [24]:

indf (Γ) \ {K} = ind1(Γ)
⊔

ind2(Γ) (21)

where
(1) ind1(Γ) = {Mw |w ∈ W} and Mw = 〈e1, e2, . . . , el+1〉 where l = l(w), w =

w1 . . . wl and wi ∈ {h1, h2},

h1ei =

{
ei+1 if wi = h1,

0 otherwise,
h2ei =

{
ei−1 if wi−1 = h2, i ≥ 2,

0 otherwise.

(2) ind2(Γ) = {N(O, n, λ) |O ∈ N , n ∈ N+, λ ∈ K∗}. Let w = w1 · · ·wl ∈ O
where l = l(w). Then

N(O, n, λ) =
⊕

i∈Z/lZ

Ni

is a direct sum of n-dimensional vector spaces Ni = Kn and the action of the
elements h1 and h2 is given below. Schematically, it can be represented by
the following diagram

N1
id �� N2

id �� · · · id �� Nl

Jn(λ)

�� ,

h1|Ni : Ni → Ni+1, h1|Ni =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
id if i �= l, wi = h1,

0 if i �= l, wi = h2,

Jn(λ) if i = l, wl = h1,

0 if i = l, wl = h2,
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h2|Ni
: Ni → Ni−1, h2|Ni

=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
0 if i �= l, wi = h1,

id if i �= l, wi = h2,

0 if i = l, wl = h1,

Jn(λ) if i = l, wl = h2,

where Jn(λ) is the n× n Jordan block with diagonal elements λ.

Up to isomorphism, the module N(O, n, λ) does not depend on the choice of the
representative w of the orbit O.

Description of indf (A) where A = K[h1, h2]/(h
2
1, h

2
2). The field K is an al-

gebraically closed field of characteristic zero. Let i =
√−1, h′

1 = h1 + ih2 and
h′
2 = h1 − ih2. Then h′

1h
′
2 = h2

1 + h2
2 ∈ (h2

1, h
2
2), and so A is tame, by Theorem of

Drozd, see [20]. Let C = K[h1, h2]/(h
2
1, h1h2, h

2
2).

Lemma 3.11. indf (A) = indf (C) ∪ {AA}.
Proof. (i) AA is indecomposable (since A is local).

(ii) AA is an injective module: straightforward.

(iii) Any finite dimensional A-module M such that m2M �= 0 contain AA where m =
(h1, h2): Since m2M �= 0, we can find a nonzero element a ∈ M such that m2a �= 0.
Then Aa 	A A, as required (since m2 = (h1h2)).

(iv) indf (A) = indf (C) ∪ {AA}: Let M ∈ indf (A). If m2M �= 0 then M 	A A, by
the statement (iii). If m2M = 0 then M ∈ indf (C) since C = A/m2.

4. Generalized weight right In-modules. In this section, a classification of
simple (generalized) weight right In-modules is given (Theorem 4.2). The category of
weight right In-modules is a semisimple category (Theorem 4.3). An explicit descrip-
tion of generalized weight In-modules is given (Theorem 4.4).

The algebra In admits an involution ∗ given by the rule, see [12]: For i = 1, . . . , n,

∂∗
i =

∫
i

,

∫ ∗

i

= ∂i and H∗
i = Hi.

Recall that an involution ∗ on In is a K-algebra anti-isomorphism of In ((ab)∗ = b∗a∗)
such that a∗∗ = a for all elements a ∈ In. Clearly, the involution ∗ above acts as the
identity map on the algebra Dn.

Every left In-module M can be seen as a right In-module M∗ where M∗ = M ,
equality of vector spaces, and the right In-module structure on M is given by the
rule: For all m ∈M and a ∈ In, ma := a∗m. Similarly, every right In-module N can
be seen as a left In-module N∗ where N∗ = N , equality of vector spaces, and, for all
n ∈ N and a ∈ In, an := na∗. The functor

In-Mod→ Mod-In, M �→M∗

is an equivalence of categories with the inverse N �→ N∗. Clearly, M∗∗ = M and
N∗∗ = N .

Example 4.1. Recall that the polynomial algebra Pn is a left In-module iso-
morphic to the factor module In/In(∂1, . . . , ∂n) 	 K[

∫
1
, . . . ,

∫
n
]1 where 1 = 1 +
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In(∂1, . . . , ∂n) (since for all α ∈ Nn, (α!)−1
∫ α

1 = xα). Hence,

(P ∗
n)In 	 In/(∂

∗
1 , . . . , ∂

∗
n)In 	 In/(

∫
1

, . . . ,

∫
n

)In

	 1̃K[

∫ ∗

1

, . . . ,

∫ ∗

n

] 	 1̃K[∂1, . . . , ∂n] = 1̃Dn 	 Dn (22)

where 1̃ = 1 + (
∫
1
, . . . ,

∫
n
)In and Dn = K[∂1, . . . , ∂n] is a polynomial algebra. The

algebra Dn is a maximal commutative subalgebra of In. Let e1 = (1, 0, . . . , 0), . . . , en =
(0, . . . , 0, 1) be the standard basis of the free abelian group Zn = ⊕n

i=1Zei. The right
In-module Dn = (P ∗

n)In is simple (since In
Pn is simple) and {∂α = ∂α1

1 · · · ∂αn
n |α =

(α1, . . . , αn) ∈ Nn} is a K-basis of Dn. The right action of the generators Hi, ∂i,
∫
i

(i = 1, . . . , n) of the algebra In on ∂α are given below:

∂αHi = ∂α(αi + 1), ∂α∂i = ∂α+ei and ∂α

∫
i

=

{
∂α−ei if αi ≥ 1,

0 if αi = 0.

The definition of generalized weight right In-modules is given in the same way
as their left counterparts. We add the subscript ‘r’ to all the notation introduced for
generalized weight left modules to indicate that we deal with right modules.

Since the involution ∗ acts as the identity map on the polynomial algebra Dn =
K[H1, . . . , Hn], we have, for each orbit O ∈Mn/G,

W(In,O)
∗
= Wr(In,O), GW(In,O)

∗
= GWr(In,O), (23)

Wr(In,O)
∗
= W(In,O), GWr(In,O)

∗
= GW(In,O), (24)

Wr(In) =
⊕

O∈Mn/G

Wr(In,O) and GWr(In) =
⊕

O∈Mn/G

GWr(In,O). (25)

So, for each M ∈ GW(In,O), Supp(M∗) = Supp(M) and (M∗)m = Mm for all
m ∈ Supp(M).

For each DO,M(DO)r := M(DO)∗ is a simple right In-module with

Supp(M(DO)r) = Supp(M(DO)) = S(DO),

see (17). Then GWr(In,DO) := GW(In,DO)
∗
is the full subcategory of GWr(In,O)

generated by the simple right weight In-module M(DO)r. There are precisely 2|DO|

such subcategories in the category GWr(In,DO), and

GWr(In,O) =
⊕

DO⊆DO

GWr(In,DO), (26)

by Theorem 3.2 (apply ∗ to (19)).
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Description of simple weight modules. We denote by În(weight)r (resp.,

În(gen. weight)r) the set of isomorphism classes of simple weight right (resp., gener-
alized weight right) In-modules. The next theorem classifies (up to isomorphism) all
the simple weight right In-modules.

Theorem 4.2.

(1)

În(gen. weight)r = În(weight)r = Î1(weight)
⊗n
r ,

i.e., any simple generalized weight right In-module is a simple weight right In-
module, and vice versa; any simple weight right In-module M is isomorphic
to the tensor product M1 ⊗ · · · ⊗Mn of simple weight right I1-modules and
two such modules are isomorphic over In,

M1 ⊗ · · · ⊗Mn 	M ′
1 ⊗ · · · ⊗M ′

n,

iff for each i = 1, . . . , n, the I1-modules Mi and M ′
i are isomorphic. Further-

more,

Î1(weight)r = {P ∗
1 	 I1/

∫
I1 	 K[∂], M(1, λ)∗ 	 B1/(H − λ)B1 |λ ∈ K},

Supp(K[∂]) = N+ and Supp(M(1, λ)∗) = λ+ Z.
(2) For each simple weight right In-module M =

⊗n
i=1 Mi, Supp(M) =∏n

i=1 Supp(Mi).

Proof. The theorem follows at once from Theorem 2.3, (23), (24) and (25).

Theorem 4.3. Every weight right In-module is a direct sum of simple weight
right In-modules. In particular, the category Wr(In) of weight right In-modules is a
semisimple category.

Proof. The theorem follows from Theorem 2.5, (23), (24) and (25).

Explicit description of modules in GWr(In,DO).

Theorem 4.4. Let O ∈Mn/G.
(1) Suppose that DO = ∅, m ∈ O if DO = ∅ and m = (H1, . . . , Hl, Hl+1 −

λl+1, . . . , Hn − λn) ∈ S(DO) if DO = {1, . . . , l} �= ∅, up to order. Then the
functor

GWr(In,DO)→ LFm(Dn), M �→Mm

is an equivalence of categories with the inverse N �→ N ⊗Dn
Bn, the induced

functor.
(2) Suppose that DO �= ∅ and, up to order, DO = {1, . . . ,m}, DO = {1, . . . , l} for

some m such that 1 ≤ m ≤ l ≤ n. Then In = Im ⊗ In−m and O = Zm ×O′

where O′ = Zl−m ×O1 × · · · × On−l and Oi �= Z for all i = 1, . . . , n− l, and
(a) GWr(In,DO) = P ∗

m ⊗ GWr(In−m,D′
O′) := {P ∗

m ⊗ M∗ |M ∈
GW(In−m,D′

O′)} with D′
O′ = ∅.

(b) Fix m ∈ O such that m = (H1 − 1, . . . , Hm − 1, Hm+1, . . . , Hl, Hl+1 −
λl+1, . . . , Hn − λn). Then m′ = (Hm+1, . . . , Hl, Hl+1 − λl+1, . . . , Hn −
λn) ∈ O′ and the functor

GWr(In,DO)→ LFm′(Dn−m), P ∗
m ⊗M∗ �→Mm′
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is an equivalence of categories with the inverse N �→ P ∗
m ⊗ (N ⊗Dn−m

Bn−m) where Dn−m = K[Hm+1, . . . , Hn] and D0 := K.

Proof. The theorem follows from Theorem 3.6 by applying ∗.

Criterion for the category GWr(In,DO) to be of finite representation
type, tame or wild. Theorem 4.5 is such a criterion.

Theorem 4.5. Let O ∈Mn/G.
(1) The category GWr(In,DO) is of finite representation type iff O = Zn and

DO = {1, . . . , n}, and in this case the simple right In-module P ∗
n is the unique

indecomposable right In-module in the category GWr(In,DO).
(2) The category GWr(In,DO) is tame iff |DO| = n − 1, and in this case, up

to order, O = Zn−1 × (λn + Z) for some fixed λn = λn(O) ∈ K, DO =
{1, . . . , n− 1} and

{P ∗
n−1 ⊗M(i, λ)∗ | i ∈ N+, where λ = λn if λn �∈ Z and λ = 0 if λn ∈ Z}

is the set of all indecomposable, pairwise non-isomorphic modules in
GWr(In,DO).

(3) The category GWr(In,DO) is wild iff n ≥ 2 and m := |DO| < n − 1, and in
this case, up to order, DO = {1, . . . ,m} where 1 ≤ m < n− 1, and

{P ∗
m ⊗ (N ⊗Dn−m

Bn−m) | [N ] ∈ LFm′(Dn−m)/ 	
and N is an indecomposable Dn−m −module}

is a set of indecomposable, pairwise non-isomorphic modules in GWr(In,DO)
where Dn−m = K[Hm+1, . . . , Hn] and D0 = K.

Proof. The theorem follows from Theorem 3.9 by applying ∗.

Corollary 4.6. Let O ∈Mn/G. All modules in GWr(In,DO) and Wr(In,DO)
are equidimensional and the length of the module is equal the dimension of any of
(generalized) weight component. In particular, all indecomposable right generalized
weight In-modules are equidimensional.

Proof. The corollary follows from Corollary 3.7.

The next corollary is a criterion for a generalized weight right In-modules to be
finitely generated.

Corollary 4.7. Let M be a generalized weight right In-module. The In-module
M is finitely generated iff its support is a subset of a union of finitely many orbits
in Mn/G and there is s ∈ N+ such that the dimensions of all generalized weight
components are bounded by s.

Proof. The corollary follows from Corollary 3.8.

Corollary 4.8.

(1) Every module M ∈ GWr(In,O) is a unique direct sum of absolutely prime gen-
eralized weight right In-modules, and this direct sum is M =

⊕
DO⊆DO MDO

where MDO ∈ GWr(In,DO).
(2) Every generalized weight right In-module is a unique sum of absolutely prime

(generalized weight) right In-modules.

Proof. The corollary follows from Corollary 3.4 by applying ∗.
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Criterion for the category GWr(In,O) to be of finite representation type,
tame or wild. Corollary 4.9 is such a criterion.

Corollary 4.9. Let O ∈M/G.
(1) The category GWr(In,O) is tame iff n = 1.
(2) The category GWr(In,O) is wild iff n ≥ 2.
(3) None of the categories GWr(In,O) is of finite representation type.

Proof. The corollary follow from Corollary 3.10 by applying ∗.

Using the involution, we can consider right analogues of indecomposable In-
modules considered at the end of Section 2. We leave this to the interested reader.
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