ASIAN J. MATH. (© 2021 International Press
Vol. 25, No. 6, pp. 871-882, December 2021 004

GENERATING FUNCTIONS FOR OHNO TYPE SUMS OF FINITE
AND SYMMETRIC MULTIPLE ZETA-STAR VALUES*

MINORU HIROSET, HIDEKI MURAHARA?*, AND SHINGO SAITO$

Abstract. Ohno’s relation states that a certain sum, which we call an Ohno type sum, of
multiple zeta values remains unchanged if we replace the base index by its dual index. In view of
Oyama’s theorem concerning Ohno type sums of finite and symmetric multiple zeta values, Kaneko
looked at Ohno type sums of finite and symmetric multiple zeta-star values and made a conjecture on
the generating function for a specific index of depth three. In this paper, we confirm this conjecture
and further give a formula for arbitrary indices of depth three.
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zeta(-star) values, Ohno’s relation, Oyama’s relation.

Mathematics Subject Classification. Primary 11M32; Secondary 05A19.

1. Introduction.

1.1. Finite and symmetric multiple zeta(-star) values. For positive inte-
gers ki, ..., k. with k. > 2, the multiple zeta values and the multiple zeta-star values
are defined by

C(kl,...,kr): Z ﬁER,

1<ni<--<n, ny

. 1
C(l{ih...,k’,«): Z ﬁER

.« .. s
1<ni<--<n, M1 T

Kaneko and Zagier [7] introduced the finite multiple zeta(-star) values and the
symmetric multiple zeta(-star) values. Set A := [[ F,/,F,, where p runs over
all primes. For positive integers ki, ..., k., the finite multiple zeta(-star) values are
defined by

1
Calky, ... k) = Z ———-modp| €A,

1<my<-<mp<p 0L T p

. 1
CA(kla--'akr): Z ﬁmodp 6./4

1<my < <my<p 01T P

Let Z be the Q-linear subspace of R spanned by 1 and all multiple zeta values. For
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positive integers ki, ..., k,, we define the symmetric multiple zeta(-star) values by

T

Colkso k) = 3 (=DM Ry ki) (ks kisr) mod ((2) € 2/((2)2
1=0

G5k, .o ky) =Y (=)t ey K (B - ki) mod ((2) € 2/((2)2
=0
where we understand (@) = ¢*(0)) = 1. Here, the symbols ¢ and ¢* on the right-hand
side mean the regularized values coming from harmonic regularization, i.e. real values
obtained by taking constant terms of harmonic regularization as explained in [4].
Denoting by Z4 the Q-vector subspace of A spanned by 1 and all finite multiple
zeta values, Kaneko and Zagier conjectured that there is an isomorphism between Z 4
and Z/((2)Z as Q-algebras such that (4(k1, ..., k) and (s(k1, ..., k,) correspond to
each other (for details, see [6] and [7]). In the sequel, the letter F stands for either A
orS.

1.2. Main results. For a sequence k = (ky,..., k), we call |k| =k + -+ k,
its weight and 7 its depth. For two sequences k and [ of the same depth, we denote by
k @1 the sequence obtained by componentwise addition. We call a (possibly empty)
sequence of positive integers an index. Throughout this paper, we always assume that
e runs over sequences of nonnegative integers having suitable depth.

Ohno obtained the following remarkable result:

THEOREM 1.1 (Ohno’s relation; Ohno [9]). For a nonempty index k whose last
component is greater than 1 and a nonnegative integer m, we have

Yo Ckee)= Y (K ee),

le|=m le|=m
where k' is the dual index of k (see [9] for a precise definition).

DEFINITION 1.2 (Hoffman’s dual index). For a nonempty index k = (k1,...,k;),
we define Hoffman’s dual index of k by

EY=(,...,1+1,...,1+1,...,1+1,...,1).
N—_——— N — N——
k1 k2 ke

In contrast to Theorem 1.1, Oyama proved the following:

THEOREM 1.3 (Oyama [10]). For a nonempty index k and a nonnegative integer
m, we have

Z (rlk®e)= Z F((k' @ e)).

le|=
For a positive integer k, let

3a(k) = (Bp—r/k modp), € A, 3s(k) =((k) mod ((2) € Z/¢(2)Z

where B, is the n-th Bernoulli number; here for each k£ there are only finitely many
p for which B,,_ is undefined, and so 3 4(k) is well-defined as an element of A. In
light of this theorem, Kaneko looked at the generating function

Zg; (k © e) X kel +Z Dlelch (kY @ e) X1k el
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and gave the following conjecture:
07(2,1,2) = (337(3)X* + 537(5)X° + T37(N) X" +---)*.

In this paper, we prove a theorem that generalizes this conjecture. For positive integers
k and i, let

R0 = 3 (0t 27) - (1)) ) asxn

n>k+i

THEOREM 1.4 (Main theorem). For positive integers ki, ke, k3, we have

- Z Fkl,i(X)Fk?,,j(X) (kQ > 2)7
OF (K1, ko, k3) = Erc

Fley 1(X) Fleg 1 (X) (ko =1).

REMARK 1.5. Theorem 1.4 implies that Ox(k1,2,ks) = 0. We also note that the
theorem implies Kaneko’s conjecture when k; = 2,k = 1,ks = 2, since F51(X) =
> n>3n3F(n)X™ and 37(2n) = 0 for all positive integers n.

REMARK 1.6. By the duality formula (Theorem 2.6), the second sum in Oz(k) is

equal to —>__(=1)lel¢e((kY @ e)V)X‘kv®e|, which more closely resembles the right-
hand side of Theorem 1.3.

REMARK 1.7. We note that Ox(k) = 0 and Ox(k1, k2) = 0 hold for all positive
integers k, k1, ko (see Section 2).

REMARK 1.8. Hirose-Imatomi-Murahara-Saito [1] shows that 3. _,, (kY De)
can be represented as a Z-linear combination of (% (k @ e)’s.

We will give proofs of Ox(k) = 0 and Ox(k1, k2) = 0 in Section 2 and of our main
theorem (Theorem 1.4) in Section 3.

2. Proofs of Or(k) = 0 and Ox(k1,k2) = 0. For an index k and a positive
integer k, we let

Cr(k) = Cr(R)X™, - (k) = G (k) X*, and - 35(k) = 35(k) X",
2.1. Proof of Ox(k) =0.
PROPOSITION 2.1. For a positive integer k, we have

Cr(k) = C(k) = 0.

Proof. See Kaneko [6]. O
PROPOSITION 2.2 (Hoffman [3], Murahara [8]).  For a nonempty index
(k1,..., k), we have

> by ko) = Y Glko@, - ko) =0,

og€S, g€eS,
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where S, is the symmetric group of degree r.

For a nonnegative integer m, we let {1}™ denote the all-one sequence of length

PROPOSITION 2.3. For a positive integer k, we have

Or(k) = 0.

Proof. By Propositions 2.1 and 2.2, we have

Zcfk+m+2 el (({1) e e)

m>0

=0+0=0. O
2.2. Proof of Ox(ki,k2) =0.
PROPOSITION 2.4. For positive integers ki, ko, we have

k1 + ko

Cr(ky ko) = Cr(ki, ko) = (1)k1+1< N

)3f(k1 + k2).

Proof. See Kaneko [6]. O
The next formula is well known (see [12], for example).
PROPOSITION 2.5. For a nonempty index (ki,..., k), we have

Z(_l)zg}(lﬂh R kli)é:]:(krn R ki-‘rl) =0.
i=0
Here, we understand {;((Z)) = 5;_.(@) =

THEOREM 2.6 (Duality formula; Hoffman [3], Jarossay [5]). For a nonempty
index k, we have

Cr (k) = —C(kY).

PROPOSITION 2.7. For positive integers ki, ko, we have

O (k1 k) = 0

Proof. By Propositions 2.2 and 2.5, we have
S DG 2, 1 Y ae)
= S (-nthetlel ({1l 2, (1P ) @ o),

e
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By Theorem 1.3, we have
Do (=nktRHeC {1y 2 {1 @ e
e
= S ()G (ks k) @ €)Y).
By Propositions 2.2, 2.5, and Theorem 2.6, we have

S (1R e (ke k) @ €)Y)

=D Gk, k) @ e)”)
=- Z Cr((ky k) ® e).
Then we have
OF (k1, k2)
—ZCF (k1, ko) @ e Jrz Dl ({12, {1} Y ae)
= O. 0
3. Proof of Theorem 1.4.

3.1. Properties of f; and 5} To prove our main theorem (Theorem 1.4)

A4), we
need Lemmas 3.6, 3.7, and 3.11. The following known results will be used to prove
these lemmas.

PROPOSITION 3.1 (Reversal formula). For an index (k1,...,k,), we have

Crlky, ... k) = (=) FRr (b, Ry,

Proof. For F = A, the formula follows from the change of variables m; +—
p — My—_;y1 in the definition of (4(k1,..., k). For F = S, the formula is immediate
from the definition of (s(k1,...,k.). O

PROPOSITION 3.2. For nonnegative integers a and b, we have

({132, (1)) = ({1}, 2. (1)) = (- )a“(":ﬂg)m Cbio).

Proof. By Propositions 2.2, 2.5, and 3.1, we have

({132, {1)") = ({13, 2, {1}").

By Proposition 2.4 and Theorem 2.6, we have
({1392, (1)) = ~C=(a+1,b+ 1)

= (—1)at (a :j:r 2) 3r(a+b+2).
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This finishes the proof. O

COROLLARY 3.3. For nonnegative integers a and b, we have

CG({13%,2,{1}") = (=1)* PG ({1), 2, {1)").

THEOREM 3.4 (Sum formula; Saito-Wakabayashi [11], Murahara [8]). For non-
negative integers i and j, we have

Z (ks kijpn) = Fipr j11(X),
ki,onkipjp12>1
kiy12>2

Z Gk, ki) = (“1) N E 0 (X).
kyyekiqjp121
kit122

We denote by Z the space of formal Q-linear combinations of indices. We define
a Q-bilinear product m on Z inductively by setting

km=0mk =k,
(klak) i (llal) = (klakfﬁ (llal)) + (lla (klak) ﬁll)

for all indices k, I and all positive integers k1, ;. We Q-linearly extend (r, (F, Cr,
and (F to 7.

THEOREM 3.5 (Hirose-Imatomi-Murahara-Saito [1, Lemma 2.5]).  For a
nonempty index k and a nonnegative integer m, we have

Gem({1}™) = ) Glkae).

|le|=m

3.2. Calculation of 3, (% ((ki, ka2, k3) @ €). We use Hoffman’s algebraic setup
with a slightly different convention (see [2]). Let $ = Q(x,y) be the noncommu-
tative polynomial ring in two indeterminates = and y. We define a Q-linear map
p: yHy — T by p(yx*—ly---2¥~1y) = (ky,..., k). For positive integers Iy, ls, 3,
and a nonegative integer m, we define a polynomial P,,(l1,l2,l3) in $ by

Pall b ls) = (-1)" 30 ghtemyleig e,

ejteztes=m
e1,e2,e3>0

LEMMA 3.6. For positive integers ki, ko, ks, we have

DGk ko ks) @ e)

= Foa(X)F (X)) - > Y <—1>i<i’111>3f<m>x(—1>j<j’i31>3f(n3>

i+j<ko+1ni>ki1+i—1
i,j>2 ngz>kz+j—1

+ (=) RN " (e (p(Prn (K, k2, 1))

m>0
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Proof. We prove this lemma only for ko > 2. The case k; = 1 can be proved
similarly. Put e = (ey, e, e3). By Theorem 2.6, we have

Y Gk ko, ks) D e)

e

= =3 G (U, o, hs) @ €)¥)
= _ZE}({l}k1+e1—1727 {1}k2+ez—2’27{1}k3+53_1).

By Propositions 2.2, 2.5, and 3.2, we have

_ Zg}({l}k1+61*1’ 2’ {1}k2+e2,27 2’ {1}k3+63*1)
e

=Z< Yoyl ra T2 (1Y ({1 e 2, {1P70)

e i+j=ko+eax+2
1,522

+ (71)7€1+k2+k3+61+62+635]__({1}ks+63*1’ 2, {1}k2+32—2, 2, {1}k1+€11)>

:Z Z (—1)ftets (k1+61+2_1>3]-‘(k1+€1 +i—1)

ki+e
e itj=kytez+2 ! !

0,j>2
ks + es +7 _]‘>
» ks +es+j—1
( ks +es 3}-( ’ v )
+( 1 k1+ko+k3 E CJ: k37k27k1)))

m>0

= E E (—1)nl+i+j+1(.n11)3f(n1) X (.n31>3f(n3)
it j>ka+2 n1 >ky+i—1 b J =
1522 nag>kati—1

+( 1 k1+ka+ks Z C]_- k37k27k1)))

m>0

Since (—1)**13x(a) = 37(a), we have

Y G l(kiskasks) @e)

= Z Z (1)i<i7111)3]~'(n1) X (1)j<-n3 )3;(713)

-1
i+j>ka+2ny1 >k +i—1 J
15>2  mgSkstj—1

4 (—1)kathaths Z Cr(p(Pm(ks, ko, k1))

m>0

(5 .z ) > <>< )

—1
0722 itj<katl) ni>kiti—l J
1,j>2 ng>ks+j—1
k1tho+k
+ (—1)fTe SE Cr(p(Pry (K3, kay k1))).

m>0
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Here, we note that

DONND SIS (N ERTR RS (R AT
i

- ¥ 3 (_1)2‘(1_ ”11)3;(711) x (—1)! (jn?’l)?;f(ns)

ny>k1+12<i<ni —ki1+1
n3>kz+12<j<ng—ksz+1

) ny — 1 ny — 1 ~
n1>ki1+12<i<ng—ki+1 < 1—1 i—2
ng>ky+12<<ng—ky+1

(o) (73321))(%)

_ m;ﬂ ((—1)k1 (ZI - i) + 1) 35 (m1) x <(_1)k3
ng>kz+1

= Fio, 1 (X) Fiy 1(X).
Thus we get the result. O

3.3. Calculation of Ze(fl)k'f}((kl, ko, ks)¥ @ e). For positive integers
l1,12,13, and a nonegative integer m, we define a polynomial @,,(l1,(2,l3) in $ by

hte—1\(lates—2\[ls+es—1
Qullislols) = Y (1 611 ><2 622 )(3 e; )

e1textez=m
e1,€e2,e320

12+62—1$ ls+€3_

Xy tray y

Here, when I, = 1, we understand
(lg+€2—2> _ <€2—1> )1 (ea =0),
€2 €2 0 (ex>1).
LEMMA 3.7. For positive integers ki, ks, ks, we have

D (DG (k1 ko, k)Y @ e)
== Y P (X)Fg o1 (X) = (1) N T G (p(Qun (ks ko, K1)

i+j=ko+2 m>0
i,j>2
Proof. We prove this lemma only for ko > 2. The case ks = 1 can be proved
similarly. By Theorem 3.5, we have

D (=D ((ky has k)Y @ )

e

= (=1 ((kr, ko k)Y 1 ({1}™))

m>0

= > EDMGE 2 R R 2 {1y ) m ({1).

m>0
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By Propositions 2.2 and 2.5, we have

oD 2 {1 R 2 {1 ) m (1))

m>0

= Y R R 2 ) & (1))

m12>0i+j=ko+2
ma>0  i,j>2

x Cr(({1R 2 12 i ({1)7)
e ST Ca(({11R g, (1R 2, (1R (1)),

m>0

By Proposition 3.2, Corollary 3.3, and Theorems 3.4 and 3.5, we have

Yo D COREITEG 2 ) m (1)

m12>0i+j= k:2+2
ms>0  1,j>2

< Cr(({r =t 2, {1 72) m ({1)™))
= (-pfthethe NN G2 T m (1)

m1>0i4+j=ka+2
ms>0  i,j>2

< CR(({™ =t 2, {1 72) m ({1)™))
= (-phthethe T Y Y G T2 {1 ) e e)

mq>0 z+7 ka+2|ei|=m1
mz>0  i,j>2

< ) G2 {1 ) @e)

les|=ms

= Y Fric1(X)Fe, (X)),
H—] ko+2
i,j>2

Since

{1yt 2, {1y 2 2 {1y @ ({137) = p(Qum(ks, k2, k1)),
we have the desired result. O

3.4. The equality é]—'(p(Pm(l]_7 la,13) = Qm(l1,12,13))) = 0. Recall § = Q (z,y).
We define the shuffle product as the Q-bilinear product m : $ x $ — $ given by

lmw=wml=w,

wumw'y = (wmw'u)u+ (wumw )

where w,w’ € $ and u,u’ € {x,y}. For uy,...,u, € {x,y}, let Uy, = up---uy.
We denote by |w| the degree of a word w, e.g., |yz| = 2.

THEOREM 3.8 (Kaneko-Zagier [7]). For words w € y$) and w’' € Q®y$, we have
Cr(p((wmw)y)) = (=D Iz (puwyu)).

Proof. See [6, Theorems 8.1 and 9.6]. See also [13, Theorem 6.3.4]. O
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LEMMA 3.9. Forw € y$) and w' € Q @ y$, we have

Cr(plwymw'y)) = 0.

Proof. We may assume that w and w’ are words. By Theorem 3.8, we have

Cr(plwy mw'y)) = Cx(p((wmw'y)y + (wy mrw')y))
|w

= (=)l ¢r (pwy?e) + (~)IY | Cx (plwy?u))
=0. 0

ProprosiTION 3.10. For positive integers ly,ls,ls and a nonnegative integer m,
we have

Qm(li,l2,13) = Z Z (—1)iyltergylatee—lgylotes gpym=i,

1=0 e1+estez=1i
e1,e2,e320

Proof. Fix nonnegative integers ai,ao,as with a3 + as + a3 = m. Then the
coefficient of y'1+a1gylzte2—lgylatas on the right-hand side is

S (1) S (5 S ()

7=0 7=0 j=0

S ()
(7))

Here, we understand (™) = 0 for all integers n. This finishes the proof. O

LEMMA 3.11. For positive integers l1,ls,l3 and a nonnegative integer m, we have
CF (P (b, 2, 13) = @l 12,13)) = 0

Proof. By Proposition 3.10, we have

m—1
Pl lo,l3) = Qullnlo ls) = = Y Y (=1)iyht a2t tpylates mym .

i=0 e;+eztez=i
e1,e2,e3>0

Thus, by Lemma 3.9, we have the desired result. O
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3.5. Proof of Theorem 1.4. Now we prove our main theorem.

Proof of Theorem 1.4. By Lemmas 3.6, 3.7, and 3.11 we have

Or(ki, ka2, ks3)

= Fua(N)Fa(X) = > 3 (1)"<iﬁll>3f<m>x<1)f<j7”‘_31>3f<n3>
i+j<ka+1ln;>ki+i—1
,j>2  nz>kzt+i—1
- Z Fioyi—1(X) Fieg j—1(X).

i+ji=ko+2
,j2>2

For positive integers k and s, let

n>s
Since (—1)*T13x(s) = 37(s), we note that

s — s—2

2\ = ~
U = Unoa = (0 (723 3rte -0 = 2 (002 )3 )
= Us—k,s — Us—k,s—l-

Then we have

Z Z (—1)i<i 7111>3]-‘(n1) X (—1)j(.n3 )3?(”3)

i+j<ka+1n;>ki+i-1
1,22 nz>ks+j—1

Z . ny —1 ny—1 B

L — 1(( )+( >>3f(n1)

i+j<ko+1mni>ki+i—1 i — 2 1 —1
1,5>2  mng>ks+j—1

o ((55) + (55)) e

= Y (Uictkitio1 = Uik4i-1) (Uj—1ks4j-1 — Ujksrj—1)

i+j<ka+1
1,522

= Z Uizt k1+i-1 — Uigy+i + Ui gy +i — Ui gy 4i—1)

1+j<ka+1
1,522

X (Uj-1,k5+j-1 = Ujkgti + Ujks+5 — Ujkgtj—1)

= Y (Uictkitiot = Uikesi + Usy i — Uk ko 4ie1)

i+j<ko+1
1,522

X (Uj-1,k5+j-1 = Ujkg+i + Ukg kstj — Uks ks +j—1)

= Y (FeilX) = Fry i1 (X)) (Fry j(X) = Fry j1(X).

i+j<ka+1
1,j>2
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Thus we get

Or(k1, ka2, k3)

= Frpt(X) Py 1 (X) = D (Fryi(X) = Fry i1 (X)) (Fry (X)) = Fiy j-1(X)

i+j<kat1
1522
= Y Frica(X)Fiy i (X).
i+j=ka+2
i,>2

When ko > 2, we note that

> (Fri(X) = Fry i1 (X)) (Fiy 5 (X) = Fiy j-1(X))

i+j<ka+1
1,j>2

= Fo 1 (X)F 1 (X) = > Fria(XN)Fe (X)) + Y FryiX

i+j=ko+2 i+j=ko+1
1,522 1,522

Hence we find

= Y Fui(0Fe (X)) (ke 22),

OF (k1 ko, ks) = § “HZhH!

Fiey 1(X) Fieg 1(X) (k2 =1).

This finishes the proof. O

)Fes 5 (X).
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