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A NEW PROOF FOR GLOBAL RIGIDITY OF VERTEX SCALING
ON POLYHEDRAL SURFACES*

XU XUT AND CHAO ZHENGH

Abstract. The vertex scaling for piecewise linear metrics on polyhedral surfaces was introduced
by Luo [17], who proved the local rigidity by establishing a variational principle and conjectured the
global rigidity. Luo’s conjecture was solved by Bobenko-Pinkall-Springborn [3], who also introduced
the vertex scaling for piecewise hyperbolic metrics and proved its global rigidity. Bobenko-Pinkall-
Spingborn’s proof is based on their observation of the connection between vertex scaling, the geometry
of polyhedra in 3-dimensional hyperbolic space and the concavity of the volume of ideal and hyper-
ideal tetrahedra. In this paper, we give an elementary and short variational proof of the global
rigidity of vertex scaling without involving 3-dimensional hyperbolic geometry. The method is based
on continuity of eigenvalues and the extension of convex functions.
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1. Introduction. The most important two discrete conformal metrics on poly-
hedral surfaces are circle packing metrics and vertex scaling of polyhedral metrics
on surfaces. There are lots of important works on circle packing metrics, please re-
fer to [1, 2, 4, 5, 6, 15, 18, 19, 22, 25, 30] and others. In this paper, we focus on
vertex scaling of polyhedral metrics on surfaces, which is an analogue of the confor-
mal transformation in Riemannian geometry. The vertex scaling of piecewise linear
metrics (PL metrics for short in the following) on polyhedral surfaces was introduced
physically by Rocek-Williams [24] and mathematically by Luo [17] independently. Luo
proved the local rigidity of vertex scaling for PL metrics by establishing a variational
principle and conjectured the global rigidity in [17], where Luo also introduced the
corresponding combinatorial Yamabe flow and studied its properties. Luo’s conjecture
was solved affirmatively by Bobenko-Pinkall-Springborn in their important work [3]
by establishing the connection of vertex scaling and the geometry of ideal tetrahedra
in 3-dimensional hyperbolic space and using Rivin’s result on the concavity of the
volume of ideal tetrahedra [23]. Bobenko-Pinkall-Springborn [3] further introduced
the vertex scaling for piecewise hyperbolic metrics (PH metrics for short in the fol-
lowing) and proved its global rigidity by connecting the hyperbolic vertex scaling to
the geometry of hyper-ideal tetrahedra in 3-dimensional hyperbolic space and using
Leibon’s result on the concavity of the volume of hyper-ideal tetrahedra [16]. Based
on Bobenko-Pinkall-Springborn’s observations, the important discrete uniformization
theorems for vertex scaling on closed surfaces were recently established in [11, 12, 21].
This paper aims at giving an elementary, direct and short variational proof for the
global rigidity of vertex scaling of PL and PH metrics on surfaces without involving
3-dimensional hyperbolic geometry.

Suppose M is a closed surface with a triangulation 7 = (V, E, F), where V. E, F
represent the sets of vertices, edges and faces respectively. A discrete metric is a
map | : E — (0,+00) such that the triangle inequalities are satisfied for l;;, Lix, Lk
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on any triangle Av;v v, € F, where l;; := l(vivj) with v;v; € E. In this case,
we can attach a Euclidean metric to each triangle Av;vjv, € F, which gives rise
to a Euclidean triangle, still denoted by Av;vjvy. By gluing the Euclidean triangles
isometrically along the edges, we have a PL metric on the triangulated surface (M, T).
If we replace the Euclidean metric by hyperbolic metric, then we obtain a PH metric
on the triangulated surface (M, 7). For PL and PH metrics on (M, 7)), there may
exists cone singularities at the vertices, which could be described by combinatorial
curvature. The combinatorial curvature K; at the vertex v; is 27 less the summation
of inner angles of triangles at v;.

DEFINITION 1.1 ([3, 17, 24]). Suppose (M,T) is a triangulated surface and
u:V — R is a function defined on the vertices.
(1) ¥l: EF— (0,400) and I : E — (0, 4+00) are two PL metrics on (M, T) with

lij = lije E ' (1)

for any edge v;v; € E, we say [ is a Euclidean vertex scaling of L.
(2) fl: E— (0,400) and I : E — (0,+00) are two PH metrics on (M, 7T) with

uituy
2

(2)

lis T
sinh ?J = sinh ?Je

for any edge v;v; € E, we say [ is a hyperbolic vertex scaling of .
The function v : V' — R is called a discrete conformal factor.

Bobenko-Pinkall-Spingborn proved the following global rigidity of vertex scaling
of polyhedral metrics on surfaces in their important work [3].

THEOREM 1.2 ([3]). Suppose (M, T) is a closed triangulated surface. Then the
discrete conformal factor is uniquely determined by the discrete curvature (up to a
vector t(1,1,--- ,1),t € R, in the PL case).

Let us recall Bobenko-Pinkall-Spingborn’s strategy to prove Theorem 1.2. In the
PL case, they considered the Legendre transform of the volume of ideal tetrahedra
in 3-dimensional hyperbolic space, which has an explicit formula in dihedral angles
obtained by Milnor [20]. Based on Rivin’s result [23] that the volume of ideal tetrahe-
dra is a concave function of the dihedral angles and could be extended, they extended
the definition of Legendre transform of the volume to to be a globally defined convex
function. By modifying the Legendre transform of the volume by a linear function,
they showed that this is a globally defined convex extension of Luo’s action function
which is locally convex. Then the global rigidity follows from the convexity of the
extended function. In the PH case, the global rigidity is proved similarly with the
volume of ideal tetrahedra replaced by the volume of hyper-ideal tetrahedra with one
hyper-ideal vertex and three ideal vertices. The explicit formula of such hyper-ideal
tetrahedra in terms of dihedral angles was obtained by Leibon in [16], where the
concavity of the volume was also proved. Bobenko-Pinkall-Spingborn’s approach es-
tablished the connection of vertex scaling on polyhedral surfaces and the geometry of
hyperbolic polyhedra in 3-dimensional hyperbolic space. In this approach they could
define the vertex scaling for hyperbolic and spherical polyhedral metrics on surfaces
and give the explicit formula of the action functional introduced by Luo, which has
lots of applications.
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In this paper, we give an elementary, direct and short variational proof for the
global rigidity of vertex scaling of PL and PH metrics on polyhedral surfaces, which
does not involve the volume of ideal and hyper-ideal tetrahedra in 3-dimensional hy-
perbolic space and their concavity with respect to dihedral angles. The main idea
comes from [3, 6, 18, 28]. The first step is to give a characterization of the ad-
missible space of conformal factors for any given initial discrete metric on a single
triangle, which is proved to be simply connected with analytic boundaries by solving
a quadratic inequality. The second step is to prove the Jacobian of the combinatorial
curvature with respect to the discrete conformal factor is symmetric and positive def-
inite, which could be reduced to the case that the Jacobian of the inner angles with
respect to the conformal factors in a triangle is symmetric and negative definite. The
symmetry could be proved by direct calculations. For the negative definiteness, we
introduce a parameterized admissible space of conformal factors, which is the union
of admissible spaces of conformal factors on a single triangle with different initial
discrete metrics. This space is proved to be connected, from which the negativity
of the Jacobian of inner angles with respect to the conformal factors in a triangle
follows easily by the continuity of eigenvalues and calculating at a good point in the
parameterized admissible space. The first step and second step enable us to define
a locally convex function on the admissible space of conformal factors for a triangle
with fixed initial metric. The third step is to extend the locally convex function to be
a globally defined convex function, from which the global rigidity follows. This step is
accomplished using Luo’s extension theorem for continuous closed 1-forms [18], which
is a development of Bobenko-Pinkall-Spingborn’s extension. We will give the details
of the proof of global rigidity for hyperbolic vertex scaling and just sketch the proof
for Euclidean vertex scaling.

The paper is organized as follows. In Section 2, we characterize the admissible
space of conformal factors for PH metrics on a single triangle. In Section 3, we prove
the Jacobian matrix of the inner angles in terms of hyperbolic discrete conformal
factors in a triangle is symmetric and negative definite, which enables us to define a
locally convex function on the admissible space of conformal factors. In Section 4,
we extend the locally convex function to be a globally defined convex function, from
which the global rigidity of hyperbolic vertex scaling follows. In Section 5, we sketch
the proof for global rigidity of vertex scaling for PL metrics.

2. Admissible space of discrete conformal factors for discrete hyper-
bolic metrics on a triangle. Suppose Av;vjv, € F is a triangle and [y, lik, ik
is a discrete hyperbolic metric on Av;vjv,. The admissible space Qg & (Z~) of discrete
conformal factors for the triangle Av;vjv, with discrete hyperbolic metric E‘j,ﬁ‘k,@'k
is defined to be the set of discrete conformal factors (u;,u;,ux) € R such that the
triangle with edge lengths given by formula (2) exists in 2-dimensional hyperbolic
space H?, i.e.

ng(T) = {(us, uj,ue) € RPN+ 1 > o, b + 1 > U, L + 1 > 1}

Here and in the following, we use I; to denote l;; for simplicity. The parameterized
admissible space of conformal factors for the triangle Av;vjvy is defined to be

Q= {1, Ty i ug, un) € REG X R3L + 1 > U i+ e > 1, 1 + I > L},

which could be taken as the union of the admissible space ng (7) according to the

parameters given by the initial discrete metrics (’lvl,fl;,l;)
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By formula (2), if the edge lengths [;,1;, i, satisfy the triangle inequalities, there
are some restrictions on the discrete conformal factors.

LEMMA 2.1. Suppose the triangle Avyvjvy is a triangle with discrete hyperbolic
metric (1;,1;,1k), li,1;, 1k are the edge lengths defined by formula (2), then l;,1;,1
satisfy the triangle inequalities if and only if

Q= —S}€ — S — SR + 2575265 + 257 SR&iky + 257 SRE & + ASTSTSE > 0,

N s
where S; = sinh &, & = e™".

Proof. 1;,1;,1;, satisfy the triangle inequalities, i.e. [; +1; > I, l; +1 > 1, [+l >
l;, is equivalent to

i+ 1+ Li+1;—1 L+ 1 =1 i+l —1;
sinh L iy S0 i S g SR
By direct calculations, we have
sinhliJrlj+l}C sinhliJrljilk sinhliJrlkilj sinhljJrlkili

2

(cosh(l; + ;) — coshl)(coshly — cosh(l; — ;)

(— cosh? l; — cosh? lj — cosh? Ik + 2coshl; coshlj coshli + 1)

N

= — sinh? % — sinh? % — sinh? %’“ + 2sinh? % sinh? %
+ 2sinh® % sinh® %’“ + 2sinh? % sinh? % + 4sinh® % sinh? % sinh® %k
=626 (=816 — S7ET — ShéR + 25787665 + 257 SRk, + 255 Shéén + 45757 5%),
where the formula (2) is used in the last equality. O
Set
hi = =S}& + S7S3¢; + SPSRék,
hj = —=Sj€; + 87836 + 83 Sk, (3)
hi, = —Sgék + S Si&i + S5 Si¢;,
then we have

Q = &hi +&hy + &hy + 45?5]2513.

Lemma 2.1 implies that (u;, uj,u;) € R? is a degenerate hyperbolic discrete conformal
factor for a triangle Av;v;jvy, if and only if

Q = &hi + &by + Ephi + 4875757 < 0.

Note that 4512,5']25,% > 0 for any (E,E,ﬁ) € R3 . If (u;,uj,ui) € R® is a degenerate
hyperbolic discrete conformal factor, we have

§ihi +&ihj + Ehy <0,

which implies that at least one of h;, hj, hy, is negative. We further have the following
result on the signs of h;, h; and hy.
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LEMMA 2.2. Suppose (u;, uj,ur) € R3 is a degenerate hyperbolic discrete confor-
mal factor for a triangle Avyvjvy, then one of hy, hj, hy, is negative and the others are
positive.

Proof. We claim that there exists no subset {r, s} C {i, 7, k} such that h, <0 and
hs < 0, from which the conclusion of the lemma follows. Otherwise, without loss of
generality, we assume h; < 0, h; < 0, which is equivalent to S7¢&; > S7&;+S7&, S7¢; >
S2¢; + S7&k. This is impossible. O

There is a nice geometric explanation of the result in Lemma 2.2 in the Euclidean
case in terms of circumcircle center. Please refer to Remark 4.

_ THEOREM 2.3. Given any initial nondegenerate hyperbolic discrete metric I =
(1,1, lk) on a triangle Av;vjvy, the admissible space ng(l) of hyperbolic discrete
conformal factors (ui,uj,uy) € R for the triangle Avyvjvy is nonempty and simply
connected. Furthermore, the set of degenerate hyperbolic discrete conformal factors is
a disjoint union | J,cp Vo, where A = {i,j,k} and V,, is a closed region in R bounded
by an analytic graph on R2.

Proof. Suppose (u;,uj,u) € R3 is a degenerate hyperbolic discrete conformal
factor for the triangle Awv;v;vy, which is equivalent to @ < 0. Then by Lemma 2.2,
one of h;, hj, h is negative and the others are positive. Without loss of generality,
we assume h; < 0, h; > 0, hy > 0. Note that () < 0 is equivalent to the following
quadratic inequality of &;

A2+ Bt + Ci > 0, (%)
where
Ay =8t >0,
B; = —257(S}¢; + Sié) <0, (5)

Ci = 57€ + Siér — 287 S7€;6, — 45753 7.
By direct calculations, A; = B? — 4A4;C; is given by
A; = 165} 57 57¢;6 + 16575753 > 0. (6)
Combining formula (4), (5) with (6), we have
—Bi +VA; —Bi — \/E.

& = —a @ & < o4,
Note that —2h; = 24§, + By, so h; < 0 is equivalent to & > ;TB;, which implies
&> %;/E. Therefore, R3 \ ng(lv) C Uaen Va, where
—B; + VA

V= {(ui7uj,uk) € R3|§i > 2142}

and Vj, V, are defined similarly.

On the other hand, for any (u;, u;,ux) € Vi, we have A;&2 + B;& + C; > 0, which
implies Q < 0, thus V; C R3\ ng(l) Similar arguments imply V;, Vj, C R?\ ng(l)
Therefore, ng(f) =R\ U,en Va, where A = {4, j, k}.
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For any (u;,uj,ur) € Vi, we have & > 2Ai7 which is equivalent to h; < 0.
Similarly, for (u;,uj,ux) € V;, we have h; < 0 and for (ui,uj,ux) € Vi, we have
hi < 0. Then Lemma 2.2 implies V,V; =@, (Ve =2, V;N Vi =2

Note that V; is bounded by an analytic graph on R2. In fact,

2A;
Vi = {(ui, u;, up) € R3|u; <log ————1.
(g 0) € B < log — 22—

This implies Qg (1) = R¥\ Uaen Va is homotopy equivalent to R*. Therefore, Qg & (1)
is simply connected. O

REMARK 1. The ideal of the proof of Theorem 2.3 comes from [27], where the first
author introduced the method of homotopy deformation to prove the admissible space
of sphere packing metrics for a single tetrahedron is simply connected. This method is
then developed [28] to prove the admissible space of inversive distance packing metrics
for a single triangle is simply connected and used to proved the admissible space of
Thurston’s sphere packing metrics on a tetrahedron is simply connected [13, 14]. This
method has lots of other applications in characterizing admissible spaces of discrete
metrics, see [29)].

Note that @ is a continuous function of (lZ,lj,lk,u,,u],uk) € R, x R? and

the space of hyperbolic discrete metrics (ll, lj , lk) satisfying the triangle inequalities is
connected. As a direct corollary of Lemma 2.1 and Theorem 2.3, we have the following
result on the parameterized admissible space QZ k

COROLLARY 2.4. Suppose Avjvjv, € F. Then the parameterized admissible
space QH Sk s connected.

Denote «y, o, o, as the inner angles in the triangle Av;v;vy, so that o is opposite
to the edge of length /;. We further have the following property of the inner angles
on the admissible space Q”k( 0).

LEMMA 2.5. The inner angles o, o, o defined for (u;,u;,ur) € szk@ could
be extended to be continuous functions &, o, ay, defined on R3.

Proof. By Theorem 2.3, Q”k() = R*\ Upep Var where A = {i,j,k} and V; =
{(usy uyup) € R > =BEYB} Then OV; = {(wiuj,we) € RYg = —25h/Be),
Suppose (u;, uj, up) € ka(l) tends a point (u;, u;,u) € 0V;. By the proof of Lemma

2.1, we have

Li+1+1 L4l —l . L+l —1l . L+l =1
45;25;2§;2Q:4sinh Jr;+ksinh Jr; ¥ sinh Jr; jsmh]Jr;

=(cosh(l; + ;) — coshly)(coshly — cosh(l; — 1))
=sinh? [; sinh? l; — (coshl; coshl; — cosh lk)2

= sinh? l; sinh? Iy — sinh? l; sinh? l; cos? ay,

.12 .12 .
=sinh® [; sinh” [; sin? ay,.

As (wj,uj,ug) € ngk(l~) tends to (w;,u;,ux) € 0V;, we have Q — 0, which implies
oy — 0 or . Similarly, we have o, a; — 0 or .
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By formula (8), we have

day  coshl; +coshl; —coshly — 1
ou; A(coshl, + 1)
_sinh2 % + sinh? % l — sinh? &
A(sinh2 %’“ +1)
5‘715‘715;1 (7)
e p— (SP& + S7& — Siéw)
A(ngl 15] 1 + 1) 757 k
_ GGG
ASE(SET e 1))

where A = sinh[; sinh{j sino;, S; = sinh %, & = e ™ and hy is defined by formula
(3). Note that for (u;,u;,ur) € 0V;, by Lemma 2.2 and the proof of Theorem 2.3,
we have h; <0, h; >0, hy > 0 at (4;,u;,ux). By formula (7), we have > 0 for
(ws, uj, ug) € Q (~) around (@;, uj,uy) € OV;. This implies a;; — 0 as (uz,uj,uk) —
(u“u]7uk) IS 8V Otherwise, we have o; — 7 as (u“uj,uk) — (w;,uj,ux) € 0V;

and then 2 I =1 > ( implies a; > 7 for some (u;, uj, ug) € Q p( 1) around (T, wy,ug) €
aV;, which 1s impossible for hyperbolic triangles. Slmllarly7 we have ap — 0 as
(wi,uj, u) = (s, uj,ug) € OV;.

Furthermore, we have the following formula for the area S of the hyperbolic
triangle in terms of the edge lengths ([26] page 66)

S —1; —1; —
tanQZ :tanhgtanhp > ztanhp 5 J tanhp 5 K

§267%6.7°Q

= 2 2 p—1; 2 p—1; 2 p—1y’
64 cosh” £ cosh pTl’cosh P> cosh %

where p = %(ll +1; + ). Note that Q@ — 0 as (u;, uj,ur) = (U, 4, 0,) € OV;,
we have S — 0. Then we have oy — 7 as (u;,uj,ur) — (W, u;,ur) € OV; by
S=m—a; —a; — oy and a;, o, — 0. The case for the boundary 0V} and 0V}, could
be discussed similarly.

Therefore, we can extend «;, a;, oy, defined on QF i k(l) to be continuous functions
defined on R? by setting

a;, if (U“Uj,Uk) € Q'leﬁ
ai(ug, uj,up) = ¢ m,  if (ui,uj,u,) € Vi,
0, if (us,uj,ur) € Vjor V.

This completes the proof of the lemma. O

80{,‘

REMARK 2. By the proof of Lemma 2.5, we have — +o0 and 00‘" —
+oo as (us,uj,up) — (U;,wj,ux) € OV;. Recall the followmg formula obtalned by
Glickenstein-Thomas ([10] Proposition 9)

oS 50@
ou; aul

8ak —(coshl; — 1),

oshlp — 1
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where S is the area of Av;vjvy, which could also be proved using Lemma 3.1 directly.

For hyperbolic vertex scaling, we have % — 400, which implies

O 0S  0Oaj  Ooy .

ou; du; ou; Ou;

as (ui, uj, up) — (W, u;, ug) € OV;.

3. Negative definiteness of Jacobian matrix.

LEMMA 3.1. For any triangle Av;vjv, let l;, 15,1, be edge lengths of a hyperbolic
triangle and oy, o, oy, be the opposite angles so that «; is facing the edge of length ;,
then

Oa;  Oay  coshl; 4 coshl; — coshly —1

Ou; T oup A(coshly, + 1) ’ ®)

day; 7cosh2 l; + cosh? [, — 2 cosh [; cosh lj coshly + (1 — coshl;)(coshl; + coshly)
ou; A(1 4 coshl;)(1 + coshly) ’

where A = sinh [; sinh [}, sin «;.
Proof. By the derivative cosine law (see Lemma Al in [5] for example), we have

Odaj  sinhl;  OJa;  —sinhl; cos oy, % _ —sinhl;cosa;
8li_A’(“)lj_ A "ol A ’

where A = sinh; sinh [}, sina;. By formula (2), we have

o o dl L
ou; " Ouj  Oup 2°

Then according to the chain rules, we have

80&1‘ 76041‘ 811 i 6&1% i Gal%
Buj N all (’)uj 613 Buj 8lk Buj

:sinh l; tanh Zi - sinh /; cos o5 tanh lﬁ

2 A 2
_sinhl; sinhl; - sinhl; cosa;  sinhly
A 1+ coshl; A 1+ cosh

_ coshl; + coshl; —coshl — 1
B A(coshly + 1) '

. . . oy Baj ..
which implies Ju. = Bur- Similarly, we have

80[1‘ _8041' 6[1 6(Xi 8lj aOéi 8lk

du;  0Ol; du, Ol; Ou; Ol Ouy
_cosh2 L+ cosh? I, — 2 cosh; cosh I coshly + (1 — coshi;)(coshlj + coshly)
N A(1 + coshi;)(1 + coshly)
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Lemma 3.1 shows that the matrix

da; da; da;

Ou; ou; ouy,

AH = a(aivaj;ak) _ day Ba; o
ijk — m - Ou; Ouj Oouy,
i gy Yk oy day Doy

ou; Ouj Oug

is symmetric on Qg .- Furthermore, one has the following result for the matrix A/l ik
TuEOREM 3.2 ([3]). The matriz Afj, is symmetric, negative definite on QJF, .

Proof. By the chain rules, we have

a(a’hajaak) o 8(ai7aj7ak) . 6(ZL7l]alk)

AH = .
8(ui,uj,uk) 8(li,lj,lk) 8(ui,uj7uk)

ijk —

By the calculations in the proof of Lemma 3.1, we have

inh /; 0 0 -1 CoS (v, COS Qv

] } 1 S1mn b; k J
W = 0 sinh /; 0 cosap, —1  cosq 9)

(lis 1, le) 0 0 sinh [, cosq;  COSQ; -1
and
tanh & 0 0 0 1 1
. 2

Ollipl) _ (0" anls g 101, (10)

Denote the last matrices in (9) and (10) as ® and R respectively. By direct calcula-
tions, we have

det® = — 1+ cosa? +cosoz?+cosai + 2 cos a; cos arj cos
o + o — oy a; — Qg + o a; + o + Q; —  — Qg
=4 cos — J cos — J cos — J cos — J > 0,
2 2 2
detR =2>0

for any (l“ ZJ, lk, Ui, Uj, Ug) € Q”k, which implies det A”k < 0 and then the Jacobian
matrix AZ ;1 is non-singular. Therefore, the eigenvalues of AL are non-zero. Combin-
ing with the continuity of the eigenvalues and the connect1v1ty of the parameterized
admissible space /1 S in Corollary 2.4, the eigenvalues of AR ;1. never change signs. So
we just need to calculate at one point in Q” i tO prove that the eigenvalues of A” &
are negative and then Amk is negative definite. Note that p = (1,1,1,0,0,0) € Qz]k
By Lemma 3.1, we have

2cosh 1 -1 -1
hl-—1
Amk( ) = _—(cosh1-1) -1 2cosh 1 -1 )
A(1+cosh1) 1 —1  2coshl

which is negative definite. Therefore, the eigenvalues of the Jacobian matrix AX ik at
p=(1,1,1,0,0,0) are negative. This completes the proof of the theorem. O

REMARK 3. Theorem 3.2 was first obtained by Bobenko-Pinkall-Springborn in
their important work [3] by taking the Jacobian matrix Agk as the Hessian matrix
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of Legendre transform of the volume of hyper-ideal tetrahedra in 3-dimensional hy-
perbolic space with prescribed metric. The negativity of Ag i follows from Leibon’s
concavity of the volume of hyper-ideal tetrahedra with one hyper-ideal vertex and
three ideal vertices [16], which depends on the explicit form of the volume formula in
terms of dihedral angles. The proof of Theorem 3.2 presented here involves only the

cosine law and the continuity of the eigenvalues.

4. Proof of the global rigidity of hyperbolic vertex scaling. By Theorem
2.3 and Theorem 3.2, the following function

(wiyuj,ug)
Fiji(ui, uj, ug) = / a;du; + ojdu + o dug

(s, )

is a well-defined locally strictly concave function of (u;, u;,uy) € €3 k(ZN) We need
to extend Fjji to be a globally defined concave function on R3. Recall the following
definition of closed continuous 1-form and extension of locally convex function of Luo
[18], which is a development of Bobenko-Pinkall-Spingborn’s extension in [3].

DEFINITION 4.1 ([18], Definition 2.3). A differential 1-form w = Y. | a;(x)dz"
in an open set U C R™ is said to be continuous if each a;(x) is continuous on U. A
continuous differential 1-form w is called closed if [, 5. W = 0 for each triangle 7 C U.

THEOREM 4.2 ([18], Corollary 2.6). Suppose X C R™ is an open convex set and
A C X is an open subset of X bounded by a real analytic codimension-1 submanifold m
X. Ifw=>", ai(x)dz; is a continuous closed 1-form on A so that F(z) = [ w is
locally conver on A and each a; can be extended contmuous to X by const(mt functions
to a function a; on X, then F(x f Zz 1Gi(z)dx; is a Ct-smooth convex function
on X extending F.

By Lemma 2.5 and Theorem 4.2, Fjjr(u;,uj,ur) defined on 9]

Uk(~) could be
extended to be the following function

~ (uzauJ,uk)
Fijk(ui7uj,uk) = / a;du; + @du] + apduy,
(

Wi WU )

which is a C'-smooth concave function defined on R? with Vuﬁijk = (qi, a5, ag)T.
Set

[V
Fluy, - upy) =— Y Fielug, ug,u) / QWZduu
A’Ui’UJ"UkEF w
where |V| is the number of vertices. Then F(uy,- - ,upy)) is a C smooth convex
function on RY with
Vi, Fug, - upy)) Z a; +2r =K i

NijkeF

where K; = 2m — ZAvivjvkeF

«; is an extension of K;. Then the global rigidity of
hyperbolic vertex scaling follows from the convexity of F onRY and the locally strict
convexity of Fon ﬁAvwﬂkeFQ”k(Z). This completes the proof of Theorem 1.2 in the

hyperbolic case.
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5. Rigidity for vertex scaling of PL metrics. As the main steps for the
proof of global rigidity of Euclidean vertex scaling is paralleling to the hyperbolic
case, we just list the main steps here. o

Given any initial discrete Euclidean metric l;;, l;, [, on the triangle Av;v;jvy, the
admissible space Qg k(T) of Euclidean conformal factors is defined to be

QzEjk(ZN) = {(us,uj,ux) € R3|li + 1> U, L+ U > 1L+ U > 1

where the edge lengths are given by formula (1) and we use I; to denote l;, for
simplicity. The Euclidean parameterized admissible space of conformal factors for the
triangle Av;vjvy is defined to be

QL = {1, Ty wisug, up) € REG X REL + 1 > L, i+ 1, > 1, 1 + 1, > 1

LeEMMA 5.1. Suppose the triangle Avivjvy is a topological triangle, 1;, 15,1, are
the edge lengths defined by (1), then the triangle inequalities are satisfied if and only
if

Q= —I}& — [ — L& + WT&&; + 2L &6k + 201656 > 0,

where & = e~

Set

hi = —11&; +2?2?£j NI
h; = —7?5;‘ +l~?z?€i +Z;2-T}2€§k7 (11)
hi = —l&e + DI + ??Efj-

Then we have Q = &h; + &ihj + Ephi. (ui,uj,up) € R? is a degenerate Euclidean
discrete conformal factor if and only if @ = &h; + &;h; + &:hy < 0, which implies at
least one of h;, hj, hy is nonpositive. Similar to Lemma 2.2 in the hyperbolic case, we
have the following result on the signs of h;, h;, hy in the Euclidean case.

LEMMA 5.2. Suppose (u;,uj,ux) € R is a degenerate Euclidean discrete confor-
mal factor for a triangle Av;vjvy, then one of hi, hj, hy, is negative and the others are
positive.

REMARK 4. Lemma 5.2 has the following interesting geometrical explanation.
For a Euclidean triangle Av;v;v, with a nondegenerate discrete conformal factor
(u;, uj, ug), there exists a geometric center Cjjx ([9] Proposition 4) of the triangle
Av;vjvy with the same Euclidean distance from Cjj, to each vertex of the triangle,
which is in fact the circumcircle center for vertex scaling of PL metrics. h; in formula
(11) is positive multiplication of the signed distance hj ; from Cjji to the edge {jk},
which is defined to be positive if Cjj;, is on the same side of the line determined by
{jk} as the triangle Av;v;v;, and negative otherwise (or zero if Cjjj, is on the edge).
By direct calculations, we have the following relationship for h; and hjj ;

—1e73¢78
G678,

hipi— _
s 851,

(2]

where S is the area of the Euclidean triangle Av;vjvi. See [8] for more general cases.
For degenerate conformal factors for Euclidean vertex scaling, Lemma 5.2 implies that
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the circumcircle center lies in some special regions in the plane relative to the triangle
Avjvjvy.

THEOREM 5.3 ([17]). Given any initial nondegenerate Euclidean discrete metric
U= (I;,1;,1) on a triangle Av;v;vy, the admissible space ka(~) of Euclidean discrete
conformal factors (u;,uj,ui) € R® for the triangle Av;vjvy is nonempty and simply
connected. Furthermore, the set of degenerate FEuclidean discrete conformal factors is
a disjoint union \J,cp Vo, where A = {i, j, k} and Vi, is bounded by an analytic graph
on R? with

Vi = {(ui,uj,up) € R?u,; < —ln(l?e*“j +l~,2§67“’“) +2Inl}.
As a corollary, ng is connected.

Following the hyperbolic case, as an application of Theorem 5.3, we have the
following result, which was obtained by Luo [17] by direct calculations.

THEOREM 5.4 ([17]). The matriz Af;-k = [gu laxs is symmetric, semi-negative
definite on Q”k(~) with null space {(t,t,t) € R3|t € R}.

REMARK 5. In fact, by the derivative cosine law (see [5] for example), we have

doy _ Ui da; _ _licosar Oa; _ _ licosaj . .
al, = 250 o, — 25 0 Al = 25 where S is the area of the Euclidean
. . i _ Ol _ L

triangle Awv;v;vg. According to formula (1), we have 2 au =0, ou; = dur = 3 By
. . . . oLl 2

direct calculations with the chain rules, we have ga, = %, g‘zl = — 4%, which

implies A” = [gu ]3x3 is symmetric. Luo [17] proved the semi-negative definiteness
of AlE « by direct calculations for any nondegenerate Euclidean conformal factor. If

we use the connectivity of QF,  we just need to check the signs of the eigenvalues of

ijko
Aijk at the point p = (1,1,1,0,0,0) € Q”k By direct calculations, we have

2 -1 -1
V3
AEp)=—2| -1 2 -1,

6\ 1 -1 2

which has two negative eigenvalues and one zero eigenvalue. This also implies semi-
negative definiteness of A7,

LEMMA 5.5 ([3]). Suppose (ui,uj,ux) € R® is a nondegenerate Euclidean dis-
crete conformal factor for a triangle Avyvjvy, denote o, as the angle at vertex v;.
Then o, o, o, defined for (u;, uj,ug) € ng(l) could be extended by constants to be
continuous functions &, &j, &y defined on R3.

By Theorem 5.3 and Theorem 5.4, the following function

(wi ug,ug)
Fiji(us, uj, ug) = / a;du; + ojdug + o dug,
(@i ,uy,u)
is a well-defined locally concave function of (u;, u;, ux) € ng(ZN) with Fyjp(u; +1t,u; +
t,ugp +t) = Fiji(ui, uj,u,) + tn. By Lemma 5.5 and Theorem 4.2, Fjjr(u;, u;, uk)

defined on QF

i k(’lv) could be extended to the following function

- (wisuj,uk)
Fiji(us, uj, u) = / a;du; + ajdu; + apdug,

(@i ,wy,ur)
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which is a C'-smooth concave function defined on R? with Vuﬁijk = (@i, a5, a,)T.
Then the following of the proof for the global rigidity for Euclidean vertex scaling is
almost the same as the hyperbolic case. We omit the details here.

REMARK 6. In the Euclidean case, similar idea to use Luo’s extension theorem
4.2 to extend Fjjr(u;,u;,ur) appears in [7], where the extension depends on the
simply connectivity of the admissible space Qf’; (1) and negative semi-definiteness of
AiEj  obtained by Luo [17]. Here we provide a unified approach to prove the simply
connectivity of the admissible space of conformal factors and the negative definiteness

(&2

of the Jacobian matrix [gu‘ |sx3 for a triangle in the Euclidean and hyperbolic cases.
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