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GROUP OF AUTOMORPHISMS˚
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Abstract. We provide the complete classification of seven-dimensional manifolds endowed with
a closed non-parallel G2-structure and admitting a transitive reductive group G of automorphisms.
In particular, we show that the center of G is one-dimensional and the manifold is the Riemannian
product of a flat factor and a non-compact homogeneous six-dimensional manifold endowed with an
invariant strictly symplectic half-flat SU(3)-structure.
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1. Introduction. A closed G2-structure on a seven-dimensional manifold M is
given by a definite 3-form ϕ satisfying the condition dϕ “ 0. Closed G2-structures
appeared in [11] as one of the sixteen natural classes of G2-structures, and 7-manifolds
endowed with these structures provide a fruitful setting where to construct metrics
with holonomy G2 (see e.g. [3, 6, 15, 16, 18, 19, 23]). However, very little is currently
known about general properties of these manifolds, see for instance [3, 4] for curvature
properties, [5, 7, 8, 10, 12, 20, 21, 22] for examples consisting of Lie groups with left-
invariant closed G2-structures, and [9] for a compact example obtained resolving the
singularities of a 7-orbifold.

In our previous work [26], we investigated the properties of the automorphism
group AutpM, ϕq :“ tf P DiffpMq | f˚ϕ “ ϕu when M is compact and the closed G2-
structure ϕ is not parallel with respect to the Levi Civita connection of the corre-
sponding Riemannian metric gϕ. In particular, we proved that the compact Lie group
AutpM, ϕq has abelian Lie algebra with dimension bounded above by mint6, b2pMqu.
As a consequence, we showed that there are no compact homogeneous 7-manifolds en-
dowed with an invariant closed non-parallel G2-structure, i.e., admitting a transitive
Lie subgroup G Ď AutpM, ϕq.

In the non-compact setting, besides the examples on Lie groups mentioned above,
it is possible to obtain homogeneous examples on the product of the circle (or the
real line) with a non-compact homogeneous 6-manifold endowed with an invariant
strictly symplectic half-flat SU(3)-structure pω, ψq. In these examples, the closed
G2-structure is given by ϕ “ ω ^ ds ` ψ, where s is the coordinate on the one-
dimensional factor, and the transitive Lie group is reductive, i.e., its Lie algebra is the
direct sum of a semisimple and an abelian ideal (note that any such Lie group cannot
act simply transitively, see [12]). This naturally leads to the question whether these
examples exhaust the class of such homogeneous manifolds when a reductive group
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of automorphisms acts transitively. Here, we answer this question positively, proving
the following result.

Theorem 1.1. Let M be a seven-dimensional manifold endowed with a closed
non-parallel G2-structure ϕ, and assume that there exists a transitive Lie subgroup
G Ď AutpM, ϕq. If G is reductive and acts irreducibly on M, then M is non-compact
and
i) the group G has one-dimensional center and its semisimple part Gs is (locally)

isomorphic to either SUp2, 1q or SOp4, 1q;
ii) the universal cover of M is isomorphic to the product OˆR, where O is a coadjoint

orbit of Gs endowed with a Gs-invariant strictly symplectic half-flat structure
pω, ψq, and the product O ˆ R is endowed with the induced G2-structure ϕ “
ω ^ ds` ψ.
We recall that a transitive action of a Lie group G is called irreducible when no

proper normal Lie subgroup of G acts transitively (see e.g. [24, p. 75] for terminology).
Note that this assumption is not restrictive, as normal subgroups of reductive Lie
groups are still reductive (see e.g. [2]).

We emphasize the following consequence of the above theorem.

Corollary 1.2. Let M be a non-compact 7-manifold endowed with a closed non-
parallel G2-structure ϕ. If there exists a transitive Lie subgroup G Ď AutpM, ϕq, then
G cannot be semisimple.

This work is structured as follows. In Section 2, we briefly review closed G2-
structures and some related facts about their automorphisms. In Section 3, we prove
our main Theorem 1.1. The proof involves several arguments from the theory of Lie
algebras and their representations together with more geometric considerations.

Notation. Lie groups and their Lie algebras will be indicated by capital and
gothic letters, respectively. If a Lie group G acts on a manifold M, for every X P g
we will denote by pX the vector field on M induced by the one-parameter subgroup
expptXq.

The abbreviation eijk¨¨¨ for the wedge product of covectors ei ^ ej ^ ek ^ ¨ ¨ ¨ is
used throughout the paper.

2. Preliminaries. A G2-structure on a seven-dimensional manifold M is char-
acterized by the existence of a 3-form ϕ P Ω3pMq which is definite, namely at each
point p of M

0 ‰ ιvϕ^ ιvϕ^ ϕ P Λ7pTpMq˚, @ v P TpM� t0u.
Such a 3-form ϕ gives rise to an orientation on M and to a unique Riemannian metric
gϕ such that

gϕpv, wqvolgϕ “ 1

6
ιvϕ^ ιwϕ^ ϕ,

for all v, w P TpM. A G2-structure ϕ is said to be parallel if ∇gϕϕ “ 0, where ∇gϕ

denotes the Levi Civita connection of gϕ. By [11], this is equivalent to ϕ being both
closed (dϕ “ 0) and coclosed (d ˚ϕ ϕ “ 0). It is well-known that the Riemannian
metric induced by a parallel G2-structure is Ricci-flat.

We focus on the case when the G2-structure ϕ is closed and non-parallel, namely
dϕ “ 0 and d ˚ϕ ϕ ‰ 0, and we assume the existence of a connected Lie subgroup
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G Ď AutpM, ϕq acting transitively on M. Then, M is necessarily non-compact by [26,
Cor. 2.2], and we can write M “ G{H, where the isotropy subgroup H :“ Gp at some
fixed point p P M is compactly embedded in G. As M is not compact, we may suppose
that it is simply connected and, therefore, that H is connected.

From now on, we assume that the group G is non-compact and reductive. In
particular, the Lie algebra g of G can be written as g “ gs ‘ z, where gs is the Lie
algebra of the maximal semisimple connected subgroup Gs of G and z is the center
of g. The given G2-structure ϕ is not parallel, thus the metric gϕ is not flat, and the
Lie algebra g is not abelian, i.e., gs is not trivial.

Since ideals of reductive Lie algebras are also reductive (see e.g. [2]), we may also
suppose that the G-action is irreducible. The following lemma, which will be also
useful in the sequel, gives further restrictions on the isotropy subgroup.

Lemma 2.1. Suppose that g “ s1 ‘ s2 for some non-trivial ideals s1, s2 of g, and
denote by pi : gÑ si, i “ 1, 2, the corresponding projections. Then,

piphq ‰ si, i “ 1, 2.

In particular, the isotropy subgroup H is contained in the semisimple subgroup Gs.

Proof. Assume that p1phq “ s1, and let S2 be the connected Lie subgroup of G
with Lie algebra s2. Then,

dimpS2¨pq “ dim s2´dimphXs2q “ dim s2´pdim h´dim s1q “ dim g´dim h “ dimpMq
implies that S2 has an open orbit in M, hence it is transitive on M (see e.g. [17, p. 178]),
contradicting the irreducibility of the G-action. To prove that H Ď Gs, let us consider
the projection pr : gÑ z along gs, and let us suppose that a :“ prphq ‰ t0u. We then
get a contradiction by putting s1 :“ a and s2 :“ gs ‘ b, where b Ď z is a subspace
with z “ a‘ b.

The isotropy subgroup H is compactly embedded in G but it is not necessarily
compact. We can then consider the closure H of H in the isometry group IsopM, gϕq
or, equivalently, in the closed subgroup AutpM, ϕq Ď IsopM, gϕq. Notice that H is
compact, as it is a closed subgroup of the compact group IsopM, gϕqp, and that H is
a normal subgroup of H. Since H Ă AutpM, ϕq, it embeds into G2 via the isotropy
representation at p. We discuss some useful properties of H and H in the next lemma.

Lemma 2.2.

i) The Lie algebra h is a proper subalgebra of g2;
ii) if the Lie subalgebra h Ă g2 is proper and non-abelian, then its dimension belongs

to t3, 4, 6, 8u and it is isomorphic to sop3q, up2q, sop4q and sup3q, respectively. In
all these cases, H is compact;

iii) if H is not compact, then dimH “ 1.

Proof.
i) If H – G2, then pM, gϕq is a two-point homogeneous space, as G2 acts transitively

on the unit 6-sphere (see e.g. [14]). By [13, Thm. 3], pM, gϕq is then isometric to
the Euclidean space R7. This implies that ϕ is parallel.

ii) It is well-known (see e.g. [25]) that maximal subalgebras of maximal rank in g2
are given by sup3q or sop4q, while sop3q appears as the only maximal subalgebra
of rank one. Moreover, a maximal subalgebra of sup3q or sop4q is isomorphic to
up2q or sop3q. As h is an ideal of h, our claim follows.
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iii) If H is not compact, then h must be either g2 or abelian. If h “ g2, it is simple
and therefore h is trivial by point i). Consequently, h is abelian and dim h ď 2. If
dim h “ 2, then h “ h and H is compact. Thus, the only possibility is dimH “ 1.

3. Proof of the Main Theorem. In this section, we prove the Theorem 1.1.
The proof is divided into three parts, according to g being simple, semisimple not
simple, and not semisimple.

3.1. Case g simple. Using Lemma 2.2, we see that dimphq P t0, 1, 2, 3, 4, 6, 8u.
Therefore, we need to single out those real simple algebras whose dimensions belong
to the set t7, 8, 9, 10, 11, 13, 15u. We recall that a real simple Lie algebra is either a
real form or the realification of a complex simple Lie algebra. A direct inspection of
the list of complex simple Lie algebras shows that dimpgq P t8, 10, 15u and that g is
the real form of one of the following complex simple Lie algebras

slp3,Cq, sop5,Cq, slp4,Cq.
When dimpgq “ 15, i.e., gc “ slp4,Cq, we see that dimphq “ 8, hence h – sup3q.

This forces g “ sup3, 1q with reductive decomposition g “ h ‘ no ‘ n, where no – R

and n – C3 is the standard SUp3q-module. The h-invariant 3-forms on the tangent
space TpM – no ‘ n lie in the modules no̊ b pΛ2n˚qh and pΛ3n˚qh. We may select a
basis te1, . . . , e6u of n and a basis vector e7 of no with e2i “ re7, e2i´1s, i “ 1, 2, 3. Let
te1, . . . , e6, e7u be the corresponding dual basis of pno‘ nq˚. Then, the space pΛ3n˚qh
is generated by the forms

γ1 :“ e135 ´ e146 ´ e236 ´ e245, γ2 :“ e136 ` e145 ` e235 ´ e246,
and the module no̊ b pΛ2n˚qh is spanned by e127 ` e347 ` e567. Noting that rn, ns Ď
h‘ no, we see that for any closed invariant 3-form φ we have

0 “ dφpe7, e1, e3, e5q “ ´φpe2, e3, e5q ´ φpe1, e4, e5q ´ φpe1, e3, e6q,
so that φ has no component along γ2. A similar argument shows that φ has no
component along γ1. This implies that φ cannot be definite, and the case gc “ slp4,Cq
can be ruled out.

We are then left with the cases gc “ slp3,Cq, sop5,Cq. The possible pairs pg, hq
corresponding to these Lie algebras are given in Table 1, where it is also specified how
h sits inside the maximal compactly embedded subalgebra of g up to conjugation. We
discuss each possibility separately. As we will see, in all cases there are no invariant
3-forms that are both closed and definite.

Case n.1. We have a reductive decomposition slp3,Rq “ h‘m, where h – sop2q.
Note that h Ă sop3q, so that H is compact and h can be assumed to be generated by
any element in sop3q up to conjugation. The tangent space m splits into the sum of

four adphq-invariant submodules m – À3
i“0 mi, with dimpm0q “ 1 and dimpmiq “ 2,

for i “ 1, 2, 3. We can fix the following basis of the modules: m0 “ Spante1u,
mi “ Spante2i, e2i`1u, i “ 1, 2, 3, and h “ Spante8u, where

e1 “
´

2 0 0
0 ´1 0
0 0 ´1

¯
, e2 “

´
0 1 0´1 0 0
0 0 0

¯
, e3 “

´
0 0 1
0 0 0´1 0 0

¯
, e4 “

´
0 1 0
1 0 0
0 0 0

¯
,

e5 “
´

0 0 1
0 0 0
1 0 0

¯
, e6 “

´
0 0 0
0 ´1 0
0 0 1

¯
, e7 “

´
0 0 0
0 0 1
0 1 0

¯
, e8 “

´
0 0 0
0 0 1
0 ´1 0

¯
.
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n. h g note

1 R slp3,Rq h Ă sop3q
2 R sup2, 1q h Ă up2q Ă sup2, 1q
3 sop3q sop3, 2q h Ă sop3q ‘ sop2q Ă sop3, 2q
4 sop3q sop4, 1q h “ sop3q ‘ t0u Ă sop4q Ă sop4, 1q
5 sop3q sop4, 1q h “ sop3qdiag Ă sop3q ‘ sop3q “ sop4q Ă sop4, 1q

Table 1

Possible pairs pg, hq when gc “ slp3,Cq or gc “ sop5,Cq.

The space pΛ3mqh has dimension seven and it is generated by the forms

γ1 “ e123, γ2 “ e145, γ3 “ e167,

γ4 “ e124 ` e135, γ5 “ e125 ´ e134,
γ6 “ e246 ´ e257 ´ e347 ´ e356, γ7 “ e247 ` e256 ` e346 ´ e357.

The generic adphq-invariant 3-form is then given by φ “ ř7
i“1 ai γi, with ai P R. Using

the expression of the Chevalley-Eilenberg differential, we see that

dφpe3, e5, e6, e7q “ ´a3.
On the other hand, we have

ιe7φ^ ιe7φ^ φ “ 6
`
a26 ` a27

˘
a3 e

1234567.

This shows that any closed invariant 3-form φ P pΛ3mqh cannot be definite.

Case n.2. The isotropy subalgebra h – R Ă up2q Ă sup2, 1q “ g can be assumed
to be spanned by e8 :“ diagpiα, iβ,´ipα` βqq, with α, β P R and α2 ` β2 ‰ 0. Note
that H might be non-compact (cf. point iii) of Lemma 2.2). We consider a reductive
decomposition g “ h‘m, and we observe that an adphq-irreducible decomposition of
the tangent space TpM – m is given by

m “ m0 ‘m1 ‘m2 ‘m3,

with dimm0 “ 1 and dimmi “ 2, i “ 1, 2, 3. We choose the following basis for the
submodules

m0 : e1 “
ˆ

ip´2 β´αq 0 0
0 i p2α`βq 0
0 0 i pβ´αq

˙
, m1 :

!
e2 “

´
0 1 0´1 0 0
0 0 0

¯
, e3 “

´
0 i 0
i 0 0
0 0 0

¯)
,

m2 :
!
e4 “

´
0 0 1
0 0 0
1 0 0

¯
, e5 “

´
0 0 i
0 0 0´i 0 0

¯)
, m3 :

!
e6 “

´
0 0 0
0 0 1
0 1 0

¯
, e7 “

´
0 0 0
0 0 i
0 ´i 0

¯)
,

and we easily obtain

adpe8qe2 “ pα´ βq e3, adpe8qe4 “ p2α` βq e5, adpe8qe6 “ pα` 2βq e7.
The adphq-module m0 is trivial, and the following possibilities occur for mi, i “ 1, 2, 3:
a) the modules mi are non-trivial and precisely two of them are equivalent;
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b) two of the modules mi are non-trivial and equivalent, while the remaining one is
trivial;

c) the modules mi are non-trivial and mutually inequivalent.

Now, in each case a) - c) we can determine the expression of the generic
closed invariant 3-form on m as follows. First, we consider the generic invariant
3-form φ P pΛ3m˚qh and we compute its exterior derivative dφ using the expression
of the Chevalley-Eilenberg differential (and a software for symbolic computations,
e.g. Maple, if needed). Then, we solve the system of linear equations in the coeffi-
cients of φ arising from the condition dφ “ 0. In detail, we obtain

a) dim
`pΛ3mqh˘ “ 7. If m1 – m2, then the generic closed invariant 3-form is

φ “ a1
`
e124 ´ e135˘` a2 `

e125 ` e134˘` a3 `
e247 ´ e256 ` e346 ` e357˘

,

and it is not definite. The other possible cases m1 – m3 and m2 – m3 are dealt
with similarly.

b) dim
`pΛ3mqh˘ “ 13. If m1 is trivial, the generic closed invariant 3-form is

φ “ a1
`´3pe146 ` e157q ` e245 ´ e267˘` a2 `´3 `

e147 ´ e156˘´ e345 ` e367˘
`a3

`
e247 ´ e256 ` e346 ` e357˘

,

and it is not definite. The cases m2 or m3 trivial are analogous.

c) dim
`pΛ3mqh˘ “ 5 and the generic closed invariant 3-form is

φ “ a1
`´e247 ` e256 ´ e346 ´ e357˘

,

and it is not definite.

Case n.3. We have the Cartan decomposition g “ k`p, where k “ sop3q` sop2q.
Then, h “ sop3q is the semisimple part of k and v :“ sop2q is the center of k. The
adphq-module p splits as the sum p “ n1 ‘ n2, where n1 – n2 – R3 are equivalent
modules. We may select a basis te1, e2, e3u of n1 and a basis vector e7 of v in such a
way that tei`3 :“ rei, e7sui“1,2,3 is a basis of n2. The space of adphq-invariant 3-forms
on TpM – v ‘ p decomposes into the sum of five one-dimensional submodules as
follows

Λ3pv‘ pqh “ Λ3n1 ‘ pΛ2n1 b n2qh ‘ pn1 b Λ2n2qh ‘
`
vb pn1 b n2qh

˘‘ Λ3n2.

From this, we immediately see that a basis of invariant 3-forms is given by

γ1 :“ e123, γ2 :“ e126´e135`e234, γ3 :“ e156´e246`e345, γ4 :“ e147`e257`e367, γ5 :“ e456.

The generic invariant 3-form φ “ ř5
i“1 aiγi satisfies

ιe7φ^ ιe7φ^ φ “ ´6 a34 e1234567,
and we have

dφpe1, e2, e4, e5q “ 2 a4.

Consequently, any closed invariant 3-form is not definite.
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Case n.4. We consider the Lie algebra

sop4, 1q “ �`
0 v
tv A

˘ | A P sop4q, v P R4
(
,

and the ideals of sop4q Ă sop4, 1q given by

h “

$’’&’’%
¨̊
˚̋ 0 a b c
´a 0 c ´b
´b ´c 0 a
´c b ´a 0

‹̨‹‚, a, b, c P R

,//.//- , p “

$’’&’’%
¨̊
˚̋ 0 r s t
´r 0 ´t s
´s t 0 ´r
´t ´s r 0

‹̨‹‚, r, s, t P R

,//.//- ,

so that sop4q “ h ‘ p, h – sop3q. We have the adphq-invariant decomposition g “
h‘ p‘ n, where n – R4 via the map g Q `

0 v
tv 0

˘ ÞÑ v P R4. Moreover, we have

rh, ps “ 0, rn, ns “ h` p, rp, ns Ď n.

We select the following basis of p

e1 :“

¨̊
˚̋ 0 1 0 0
´1 0 0 0
0 0 0 ´1
0 0 1 0

‹̨‹‚, e2 :“

¨̊
˚̋ 0 0 1 0

0 0 0 1
´1 0 0 0
0 ´1 0 0

‹̨‹‚, e3 :“

¨̊
˚̋ 0 0 0 1

0 0 ´1 0
0 1 0 0
´1 0 0 0

‹̨‹‚,
with the standard relations rei, ejs “ 2εijkek, for i, j, k P t1, 2, 3u. Moreover, we
consider the canonical basis of R4 – n and we denote it by te4, e5, e6, e7u.

The space of adphq-invariant 3-forms Λ3pp‘ nqh can be decomposed as

Λ3pp‘ nqh “ Λ3p‘ `
pb pΛ2nqh˘

.

A basis of pΛ2nqh is given by

ω1 :“ e45 ´ e67, ω2 :“ e46 ` e57, ω3 :“ e47 ´ e56,

so that a basis of invariant 3-forms is te123, ei ^ ωjui,j“1,2,3. We consider the generic
invariant 3-form

φ “ a1 e
123 ` a2 e1 ^ ω1 ` a3 e1 ^ ω2 ` a4 e1 ^ ω3 ` a5 e2 ^ ω1 ` a6 e2 ^ ω2

`a7 e2 ^ ω3 ` a8 e3 ^ ω1 ` a9 e3 ^ ω2 ` a10 e3 ^ ω3,

and we notice that

ιe1φ^ ιe1φ^ φ “ ´6 a1
`
a22 ` a23 ` a24

˘
e1234567.

Now, we have

dφpe2, e3, e6, e7q “ 1

2
a1 ` 2a2 ´ 2a6 ´ 2a10,dφpe1, e3, e5, e7q “ 1

2
a1 ´ 2a2 ` 2a6 ´ 2a10,

dφpe1, e2, e5, e6q “ 1

2
a1 ´ 2a2 ´ 2a6 ` 2a10,dφpe4, e5, e6, e7q “ a2 ` a6 ` a10.

Thus, if φ is closed, then a1 “ a2 “ a6 “ a10 “ 0 and φ is not definite.
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Case n.5. We have the Cartan decomposition g “ k ` p, where k “ sop4q and
h – sop3q Ă k. We can consider the adphq-invariant decomposition k “ h ‘ n1, with
rn1, n1s Ď h. The adphq-module p splits as p “ n2 ‘ v, where v “ RV for some V P p
satisfying the following properties

rV, n1s “ n2, rV, n2s “ n1, rn2, n2s Ď h.

We choose the following basis for h

e8 “
˜

0 0 0 0 0
0 0 0 0 0
0 0 0 1 0
0 0 ´1 0 0
0 0 0 0 0

¸
, e9 “

˜
0 0 0 0 0
0 0 0 0 0
0 0 0 0 1
0 0 0 0 0
0 0 ´1 0 0

¸
, e10 “

˜
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 1
0 0 0 ´1 0

¸
,

and the following basis for the irreducible summands of the tangent space m – n1 ‘
n2 ‘ v

n1 : e1 “
˜

0 0 0 0 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 ´1 0 0 0

¸
, e2 “

˜
0 0 0 0 0
0 0 0 1 0
0 0 0 0 0
0 ´1 0 0 0
0 0 0 0 0

¸
, e3 “

˜
0 0 0 0 0
0 0 1 0 0
0 ´1 0 0 0
0 0 0 0 0
0 0 0 0 0

¸
,

n2 : e4 “
˜

0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
1 0 0 0 0

¸
, e5 “

˜
0 0 0 1 0
0 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 0 0 0 0

¸
, e6 “

˜
0 0 1 0 0
0 0 0 0 0
1 0 0 0 0
0 0 0 0 0
0 0 0 0 0

¸
,

v : e7 “
˜

0 1 0 0 0
1 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

¸
.

We then see that pΛ3mqh splits into the sum of the following one-dimensional sub-
modules

pΛ3mqh – Λ3n1 ‘ Λ3n2 ‘ pΛ2n1 b n2qh ‘ pn1 b Λ2n2qh ‘ pn1 b n2 b vqh,
and a basis of invariant 3-forms is given by

γ1 “ e123, γ2 “ e456, γ3 “ e126´ e135` e234, γ4 “ e156´ e246` e345, γ5 “ e147` e257` e367.

The generic invariant 3-form φ “ ř5
i“1 aiγi satisfies

ιe7φ^ ιe7φ^ φ “ ´6 pa5q3 e1234567.
If φ is closed, then

0 “ dφpe1, e2, e4, e5q “ dφpe1, e3, e4, e6q “ dφpe2, e3, e5, e6q “ 2 a5.

Thus, no closed invariant 3-form on m can be definite.

3.2. Case g semisimple not simple. We begin with the following.

Lemma 3.1. Let g be semisimple, not simple. Then, any simple factor of g
appears in the following list:
- real forms of slp2,Cq, slp3,Cq, sop5,Cq;
- the realification of slp2,Cq.
Moreover, the dimension of the isotropy subalgebra h belongs to t2, 4, 6u.

Proof. By Lemma 2.2 we have that dimphq ď 8, whence dimpgq ď 15. The
possible simple factors of g can be deduced from a direct inspection of the list of
complex simple Lie algebras with dimension at most 15 (see e.g. [14, Ch. X, Table



CLOSED G2-STRUCTURES 905

IV]), together with the fact that g is not simple. From this, we see that dimphq ě 2, as
there are no semisimple real algebras of dimension 7 and a semisimple real Lie algebra
of dimension 8 is simple. Noting that dimphq “ 3 cannot occur as dimpgq “ 10 implies
that g is simple, we have that either dimphq “ 2 or dimphq ě 4. The dimensions
dimphq “ 5, 7 are ruled out using Lemma 2.2, as h is an ideal of h. If dimphq “ 8,

again by Lemma 2.2 we have that h – sup3q and dimpgq “ 15. We write g “ Àk
i“1 si

as a sum of its simple factors, with dimpsiq P t3, 6, 8, 10u, i “ 1, . . . , k, k ě 2. As h is

simple, at least one simple factor of g has dimension 8 or 10 so that
řk

i“1 dim si ‰ 15.
Therefore, dimphq “ 8 is excluded.

The previous lemma allows us to describe all possibilities for the pair pg, hq. They
are listed in Table 2.

n. h g note

1 2R 3s sc “ slp2,Cq
2 2R s1 ‘ s2 sc1 “ slp2,Cq, s2 “ slp2,CqR
3 up2q s1 ‘ s2 sc1 “ slp2,Cq, sc2 “ slp3,Cq
4 sop4q s1 ‘ s2 sc1 “ slp2,Cq, sc2 “ sop5,Cq

Table 2

Possible pairs pg, hq when g is semisimple and not simple.

The following proposition rules out the cases n.2 and n.4 of Table 2. We will deal
with the remaining pairs separately.

Proposition 3.2. The pairs pg, hq appearing as n.2 and n.4 in Table 2 correspond
to homogeneous spaces with no invariant G2-structures.

Proof. In case n.2, the isotropy subgroup H embeds as a maximal torus in
G2. Hence, the tangent space TpM contains three inequivalent real 2-dimensional
H-modules. Now, as any abelian subspace of s1 is one-dimensional, we see that h
projects onto a non trivial compactly-embedded subalgebra l of s2. Up to an inner
automorphism, we may suppose that l Ă u – sup2q, where s2 “ u ‘ iu is a Cartan
decomposition. Hence, h Ď s1 ‘ l “ h ‘ q, for some adphq-invariant submodule q.
Considering an adphq-invariant decomposition u “ l‘n, we see that g “ h‘q‘n‘ iu,
showing that the isotropy representation of h contains n with multiplicity two, a
contradiction.

In case n.4, the projection of h into s1 is not surjective by Lemma 2.1 and,
therefore, it is trivial. Thus, the linear isotropy representation has a fixed point set of
dimension at least 3. On the other hand, the existence of an invariant G2-structure
implies that h embeds into g2, and the fact that SOp4q Ă G2 has trivial fixed point
set in R7 gives a contradiction.

In the following propositions, we consider the remaining cases n.1 and n.3.

Proposition 3.3. In case n.1, there exists no invariant closed G2-structure.

Proof. Let g “ s1 ‘ s2 ‘ s3, where scj – slp2,Cq, and suppose there exists an
invariant G2-structure. It then follows that the isotropy h can be realized as a maximal
abelian subalgebra of g2. Hence, as an h-module we have TpM – Vo‘À3

j“1 Vj , where
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Vo is a one-dimensional trivial module, while Vj – R2, j “ 1, 2, 3, are mutually
inequivalent irreducible submodules. This implies that each projection of h into the
simple factors sj of g is not trivial, otherwise the isotropy representation would have
a trivial module of dimension at least three.

If we select A :“ diagpi,´iq P slp2,Cq, we can suppose that

h “ tpα1pvqA,α2pvqA,α3pvqAq P s1 ‘ s2 ‘ s3 | v P hu ,
for suitable nonzero αj P h˚, j “ 1, 2, 3, with αj ‰ ˘αk if j ‰ k, and

ř
j αj “ 0, as h

embeds into sup3q Ă g2. We also fix pj – R2 in sj , with sj “ RA‘ pj being a Cartan
decomposition.

Now, if we set V :“ pA,A,Aq P g and v :“ RV , then g “ h‘ v‘À3
j“1 pj and the

tangent space TpM identifies with m :“ v‘À3
j“1 pj . Consequently, we have

pΛ3mqh –
˜

3à
j“1

vb Λ2pj

¸
‘ pp1 b p2 b p3qh.

We now fix a basis te1, . . . , e7u of m with e7 :“ V , e1, e2 P p1, e3, e4 P p2 and e5, e6 P p3
so that adpV q|pj

“
ˆ
0 ´2
2 0

˙
, for j “ 1, 2, 3. Then, with respect to the dual basis

te1, . . . , e7u, the forms

γ1 :“ e127, γ2 :“ e347, γ3 :“ e567,

γ4 :“ e135 ´ e146 ´ e236 ´ e245, γ5 :“ e145 ` e136 ` e235 ´ e246,
span the space of adphq-invariant 3-forms on m. Any such φ can be written as φ “ř5

j“1 ajγj , for aj P R. If φ is closed, then

0 “ dφpe7, e1, e3, e5q “ ´2pφpe2, e3, e5q ` φpe1, e4, e5q ` φpe1, e3, e6qq “ ´6a5.
Similarly, we get a4 “ 0. Therefore, φ P Spanpγ1, γ2, γ3q and it cannot be definite.

Proposition 3.4. In case n.3, there exists no invariant closed G2-structure.

Proof. Suppose there exists an invariant closed G2-structure. We let h :“ hs‘RZ,
where hs – sup2q and Z generates the center of h, and we denote by prj : g Ñ sj ,
j “ 1, 2, the projections onto the simple factors of g. By Lemma 2.1, we may suppose
that pr1phq ‰ s1. We claim that pr1phq ‰ t0u. Indeed, if h Ă s2, then the fixed
point set of the isotropy representation would be at least 3-dimensional, while H
embeds as a maximal rank subgroup of G2, whence its fixed point set is at most one-
dimensional. Therefore, pr1phsq “ t0u and A :“ pr1pZq ‰ 0. We can also suppose
that A “ diagpi,´iq P slp2,Cq, with s1 “ RA‘ p a Cartan decomposition.

We now claim that pr2pZq ‰ 0. Indeed, otherwise Z “ A P s1 would act triv-
ially on a five-dimensional subspace of the tangent space TpM – g{h. The torus T1

generated by Z embeds into G2, hence into SUp3q Ă G2 up to conjugation. As any
non-trivial element of SUp3q has a fixed point set in C3 of complex dimension at most
one, we see that the fixed point set of T1 in R7 has real dimension at most three.
This gives a contradiction.

The ideal s2 is isomorphic to one of sup3q, sup1, 2q, slp3,Rq, and we claim that
the last possibility cannot occur. Indeed hs – sop3q Ă s2 – slp3,Rq would have
a trivial centralizer in s2, while pr2pZq ‰ 0. Therefore, we can suppose that hs “
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tdiagp0, Aq P slp3,Cq | A P sup2qu and B :“ pr2pZq “ diagp2ia,´ia ´ iaq P slp3,Cq,
for some nonzero a P R. Then, we can fix an adphq-invariant decomposition s2 “
phs ‘ RBq ‘ n, and we may consider some nonzero V P SpantA,Bu so that

g “ h‘ v‘ p‘ n, v :“ RV,

is an adphq-invariant decomposition of g and TpM can be identified with m :“ v‘p‘n.
We choose

V “ diagpi,´iq ‘ diagp2bi,´bi,´biq, b ‰ 0, a.

We let e7 :“ V , and we select a basis te1, . . . , e4u of n and a basis te5, e6u of p so that

re1, e2sm “ η

b´ a e7, re3, e4sm “ η

b´ a e7,

re5, e6sm “ 2aε

a´ be7, rei, ejsm “ 0, i “ 1, 2, j “ 3, 4,

adpe7q|p “ adpZq|p “
ˆ
0 ´2
2 0

˙
, adpe7q|n “

¨̊
˚̋ 0 ´3b 0 0
3b 0 0 0
0 0 0 ´3b
0 0 3b 0

‹̨‹‚“ b

a
adpZq|n,

where ε, η “ ˘1 according to the Lie algebras s1, s2 being of compact or non-compact
type. We have the following adphq-invariant decomposition

pΛ3mqh “ pvb Λ2pq ‘ pvb pΛ2nqhq ‘ ppb Λ2nqh.
A straightforward computation shows that

dimppb Λ2nqh “
#
2, if a “ 1

3 ,

0, otherwise.

Let us denote by te1, . . . , e7u the dual 1-forms. When a ‰ 1
3 , a basis of pΛ3mqh is

given by

γ1 :“ e567, γ2 :“ e127 ` e347.
Clearly, these forms do not span any definite 3-form. When a “ 1

3 , a basis of invariant
3-forms is given by

γ1, γ2, γ3 :“ e135 ` e146 ` e236 ´ e245, γ4 :“ e136 ´ e145 ´ e246 ´ e235.
In this case, the generic adphq-invariant 3-form φ can be written as φ “ ř4

j“1 cjγj ,
for some cj P R. If φ is closed, then

0 “ dφpe7, e5, e1, e3q “ ´2φpe1, e3, e6q ´ 3b φpe2, e3, e5q ´ 3b φpe1, e4, e5q “ p6b´ 2q c4,
whence c4 “ 0, as b ‰ a “ 1

3 . Similarly, from dφpe1, e3, e6, e7q “ 0, we obtain c3 “ 0.
It then follows that φ is not definite.
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3.3. Case g not semisimple. In this last case, we have g “ gs ‘ z, with z
non-trivial. We start noting that for every Z P z the 2-form ωZ :“ ι pZϕ is G-invariant
and closed, as dωZ “ L pZϕ´ ι pZdϕ “ 0. Consequently, if X,Y P gs and V P z, we have

0 “ dωZ

´ pX, pY , pV ¯
“ ωZ

´” pX, pY ı
, pV ¯

.

As gs is semisimple, it satisfies gs “ rgs, gss. Therefore

ωZ

´ pA, pV ¯
“ 0, @ A P gs, V P z. (3.1)

Let Gs denote the connected Lie subgroup of G with Lie algebra gs. The Gs-orbit
O :“ Gs ¨ p – Gs{H is a proper submanifold of M, and we may select a nonzero Z P z
so that pZp R TpO. We claim that the pull-back of ωZ to O is an invariant symplectic

form. Indeed, if X P gs satisfies ωZ

´ pXp, pYp¯
“ 0 for all Y P gs, then from (3.1) we

see that pXp must lie in the kernel of ωZ |p. Thus, pXp must be a multiple of pZp, hence
zero. Therefore, dimO P t2, 4, 6u.

Lemma 3.5. The orbit O has dimension six.

Proof. We first prove that dimO ě 4. Let ẑ|p :“
! pVp P TpM | V P z

)
. If dimO “

2, then we have dim ẑ|p “ 5. Given a nonzero X P gs, by (3.1) we know that

ιxXϕpV1, V2q “ 0 for all V1, V2 P ẑ|p. Now ιxXϕ is non-degenerate on U :“ Spant pXpuK
and it vanishes on the subspace UXẑp, which has dimension at least 4, a contradiction.

Suppose now that dimO “ 4. Since h Ă gs and O is symplectic, h is not trivial
(see e.g. [1]), and a maximal abelian subalgebra of h has dimension rkpgcsq ě 2. It
follows that there exists a 2-torus T2 in H whose fixed point set in TpM has dimension
3. On the other hand, T2 embeds as a maximal torus of G2, which has a one-
dimensional fixed point set in R7, a contradiction.

Since the G-action is irreducible and dimO “ 6, we necessarily have dimpzq “ 1,

so that z “ Span tZu. We claim that pZp belongs to the orthogonal complement of
TpO in TpM with respect to the invariant Riemannian metric gϕ. Indeed, we may
consider an adphq-invariant decomposition gs “ h‘m, where m – TpO. The invariant
symplectic form on O corresponds to an AdpHq-invariant symplectic form on m which
can be written as BpadpW q¨, ¨q for a unique W P gs, where B denotes the Cartan-
Killing form of gs. Moreover, h coincides with the centralizer of W in gs (see, for
instance, [1]). Consequently, we have mH “ t0u. This implies that the orthogonal

projection of pZp on TpO, being invariant under adphq, is trivial.
Let ψ denote the closed Gs-invariant 3-form on O obtained by pulling back the

invariant closed G2-structure ϕ on M. To conclude the proof of the main theorem, we
need to show that the pair pωZ , ψq defines a Gs-invariant SU(3)-structure on the six-
dimensional homogeneous space O “ Gs{H. Since both ωZ and ψ are closed and ϕ is
not parallel, the SU(3)-structure will be strictly symplectic half-flat, namely d˚ψ ‰ 0,
where ˚ is the Hodge operator relative to the metric induced by pωZ , ψq. In particular,
the orbit O is non-compact (see [27, Prop. 4.2]).

Now, identifying the invariant closed G2-structure ϕ on M with the corresponding
adphq-invariant definite 3-form ϕ on mk z – TpM, we see that ϕ “ ωZ ^ η`ψ, where
η P z˚ is dual to Z. Since ϕ is definite, the pair of adphq-invariant forms pωZ , ψq on m
defines an SU(3)-structure.
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Summing up, the orbit O “ Gs ¨ p is a non-compact Gs-homogeneous six-
dimensional manifold endowed with an invariant strictly symplectic half-flat SU(3)-
structure. By the classification result [27, Thm. 5.1], we have that the pair pGs,Hq
is (locally) isomorphic to either pSOp4, 1q,Up2qq or pSUp2, 1q,T2q. We recall that the
classification of all invariant strictly symplectic half-flat SU(3)-structures on these
homogeneous spaces is also given in [27, Thm. 5.1].
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