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MODULI SPACE OF IRREGULAR SINGULAR PARABOLIC
CONNECTIONS OF GENERIC RAMIFIED TYPE ON A SMOOTH
PROJECTIVE CURVE*

MICHI-AKI INABAT

Abstract. We give an algebraic construction of the moduli space of irregular singular connec-
tions of generic ramified type on a smooth projective curve. We prove that the moduli space is
smooth and give its dimension. Under the assumption that the exponent of ramified type is generic,
we give an algebraic symplectic form on the moduli space.
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Introduction. Let C' be a smooth projective curve and E be an algebraic vector
bundle on C. Consider an algebraic connection V: E — E®QL (D) admitting poles
along an effective divisor D on C. V is said to be regular singular at t € D if V
has a simple pole at t. V is said to be irregular singular at ¢ € D if the pole order
of V at t is greater than one. We say that an irregular singular connection V is
generic unramified at ¢ € D if the leading term V|; of the restriction V|,¢: E|pme —
Elmt @ Qc(D)|me has the distinct eigenvalues, where m is the pole order of V at t.
The generic unramified connections are most generic irregular singular connections.
The second generic irregular singular connections are generic ramified connections,
which is of the following type. We say that an irregular singular connection (E, V)
of rank 7 is generic v-ramified at ¢ € D if its completion (E, @) at t is isomorphic to
the connection

Vo:Clw]] 2 f — df +v(w)f € Clw]]® j%
for w = 2+ and v(w) € Y7 Cwldw/w™ ~"+1. The aim of this paper is to construct
the moduli space of generic ramified connections.

It is a classical result by R. Fuchs that Painlevé VI equations can be obtained
as the isomonodromic deformation of rank two regular singular connections on P!
with four poles and other types of Painlevé equations are known to be obtained as
generalized isomonodromic deformations of rank two connections on P! with irregular
singularities ([14], [15], [16]). The space of initial conditions of Painlevé equations
are constructed by K. Okamoto in [18] for all types. Their compactifications are
classified by H. Sakai in [21], whose geometry characterizes the Painlevé equations.
If one wants to formulate the geometry of isomonodromic deformation in a general
framework, an appropriate construction of the moduli space of connections is required.
Moduli space of regular singular connections are constructed by N. Nitsure in [17],
though the moduli space may have singularities. Moduli space of regular singular
connections with parabolic structure becomes smooth with a symplectic structure,
which is constructed in the joint work [10] with K. Iwasaki and M.-H. Saito and in [9].
In the case of rank two connections on P! with 4 regular singular points, the moduli
space of regular singular parabolic connections is isomorphic to the space of initial
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conditions of Painlevé VI equations constructed by K. Okamoto. Furthermore, we
can construct in [11] a compactified moduli space which is isomorphic to the Sakai’s
rational surface in [21] or in [20]. We can obtain the geometric Painlevé property
(see [12] and [9, Definition 2.4]) of the isomonodromic deformation on the family of
moduli spaces and then we can say that the constructed moduli space is the space
of initial conditions of the isomonodromic deformation. Note that we cannot assume
the underlying vector bundle trivial, even when the base curve is P! and the degree
of the underlying bundle is zero, for the purpose of obtaining the geometric Painlevé
property.

Moduli space of generic unramified connections is analytically constructed by
O. Biquard and P. Boalch in [2]. In [3], P. Boalch gives an algebraic construction of
the moduli space of unramified irregular singular connections over the trivial bundle
on PL. In a general case involving a higher genus curve, the joint work [13] with M.-H.
Saito provides an algebraic construction of the moduli space of unramified irregular
singular connections. Again we do not assume the triviality of the underlying bundle
even if the base curve is P! and the degree of the bundle is zero.

Compared with the unramified case, the algebraic construction of the moduli
space of ramified irregular singular connections is difficult. In [7], C. L. Bremer and
D. S. Sage construct the algebraic moduli space of ramified connections over a trivial
bundle on P'. They give the characterization of ramified connections via an exhaustive
consideration from the representation theory. The method of the construction of
the moduli space is similar to that in [3]. P. Boalch constructed in [3] the moduli
space of generic unramified irregular singular connections which is locally framed at
singular points and called it the extended moduli space. The moduli space of irregular
singular connections is obtained as a symplectic reduction of the extended moduli
space. K. Hiroe and D. Yamakawa gave in [8] a clear summary of the construction of
the moduli space as a symplectic reduction of the extended moduli space. Here we
remark that in all these results, the underlying vector bundles on P! are assumed to
be trivial.

For the character variety side, the moduli spaces were constructed in [4], [5], [6]
and [19], which are expected to be related with appropriate moduli spaces of irregular
singular connections via the generalized Riemann-Hilbert correspondence.

In this paper, we construct a moduli space of generic ramified connections on a
smooth projective curve. For the construction of the moduli space, it is important
to give an appropriate formulation of ramified connections. In fact, it is necessary to
rephrase the formal data by the data on the restriction (E, V)|,,+ to each pole divisor,
without depending on a framing. First we consider a filtration E|,,; = Vo D V4 D -+ D
Vi—1 D 2V, whose idea is similar to that in [7]. The filtration is given by Clw]/(w™") D
(w)/(@w™) > -+ > (@) /(™) > (w")/(w™) when (E,V) = (C[[w]], V,). Next
we introduce quotient free Clw]/(w™ ~"*+")-module Vi ® Clw]/(w™ "+ & L,
of rank one for each k, whose meaning is a quotient v(w)-eigenspace of V|,,; ® id.
In order to recover a formal ramified connection, we need not only the genericity
condition on v(w) but compatibility conditions between the data {Vj, Ly, m}. The
precise definition is given in Definition 1.2 and Definition 2.1. We should be careful
that in our general setting, the true formal data may not be the one given by the
exponent if the exponent is not generic. We adopt this general setting, because of the
author’s hope to get a moduli space as a canonical degeneration of the moduli space
of regular singular or unramified irregular singular connections.

Once the formulation of ramified connection is established, the construction of
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the moduli space becomes a standard task. For the construction of the moduli space
in Theorem 2.1, we use a locally closed embedding of the moduli space to the moduli
space of parabolic AL-triples constructed in [10]. The basic idea of the moduli space
construction was inspired by Simpson’s works in [23] and [24], which is similar to the
GIT construction of the moduli space of vector bundles using the Quot-scheme. The
smoothness and the dimension counting of the moduli space in Theorem 3.1 follow
from a standard deformation theory, using the idea of the methods in [9] and [13].
In Theorem 4.1, we construct a symplectic form on the moduli space of ramified
connections. For the proof of the d-closedness of the symplectic form, we construct
a family of moduli spaces of connections, whose special fiber is the moduli space of
ramified connections and whose generic fiber is the moduli space of regular singular
connections. The d-closedness of the symplectic form on the moduli space of ramified
connections follows from that on the moduli space of regular singular connections.
A further consideration on the generic unramified irregular singular locus provides a
non-degeneracy of the symplectic form.

In the earlier version of the preprint, there was a serious error in the formulation
of ramified connection. The author missed the condition (v) of Definition 1.2 or the
condition (d) of Definition 2.3. An example concerning this point is given in the
appendix.

Acknowledgements. This work is partially supported by JSPS Grant-in-Aid
for Scientific Research (C) 26400043 and (C) 19K03422.

1. Formal data of a ramified connection and its paraphrase. In this
section we first recall elementary properties of formal connections of ramified type.

Consider the formal power series ring C[[z]] and denote by C((z)) its quotient
field. We say that (W,V) is a formal connection over C[[z]] if W is a free C][[z]]-

d
module of finite rank and V : W — W ® C[[#]] - —:L is a C-linear map satisfying
z

V(fa) = a®df + fV(a) for f € C[[2]] and a € W. Let w be a variable with w! = z for
a positive integer I. Then the formal power series ring C[[w]] becomes a free C][[z]]-
module of rank [. Throughout this paper, we drop the subscript in the tensor product
W @c[z)) Cl[w]] and simply write W @ C[[w]].

The following is a fundamental classification theorem of formal irregular singular
connections.

THEOREM 1.1 (Hukuhara-Turrittin Theorem ([1], Proposition 1.4.1 or [22], The-
orem 6.8.1)). For a formal irreqular singular connection (W, V) over C[[z]], there is
a positive integer | and for a variable w with w' = z, there are vi(w),...,vs(w) €

o Cwkdw fw™ Y positive integers v, ..., Ty such that

(W C((w)), Ve C((w))) = (C((w))™", d+J (1 (w),r)) & - & (C((w))™, d+ J (vs (w), 75)),

where d + J(v;(w),r;) : C((w))"" — C((w))" dj is the connection given by
z

0 1 0 0
147 (w) 0 0
hy dfr 0 vi(w) - 0 dw 0 01 0 i
2 = I _ S |t : : :
Jrs dfr, : . o 00 0 1 fri
0 0 vi(w) 00 0 0

Here v;(w) — vj(w) ¢ Z%U unless vi(w) = vj(w).
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d
We note that vy (w),...,vs(w) mod 2% are invariants of (W, V). We say that
w

vi(w),...,vs(w) are generalized eigenvalues of V or exponents of V. In general, a
ramified cover w + w! = z is necessary for obtaining the invariants v (w), .. ., vs(w).
If we can take all v (w),...,vs(w) as differential forms in z, we say that V is unram-
ified.

DEFINITION 1.1. We say that a formal connection (V, V) over C|[z]] is formally
d
irreducible if there is no subbundle 0 # W C V satisfying V(W) C W ® Z—:L

We can see the following proposition immediately by induction on rank W.

PROPOSITION 1.1. For a formal connection (W, V) over C|[2]] with rankc. W <
0o, there is a filtration 0 = Wy C Ws_q C -+ C Wy = W such that V(W;) C

dz . )
W¢®Z—m, each W; /Wiy is a free C|[z]]-module and (Wi /Wi i1, Vw, w,,,) is formally

irreducible, where Vyy, jw,,, is the connection on Wi /W1 induced by V|, .

We will see what data determines the formal connection (W;/Wiy1, Vi, jw,,,)-
So we assume that (W,V) is formally irreducible for simplicity. Thanks to the

Hukuhara-Turrittin Theorem (Theorem 1.1), there is a ramified cover w +— w! = 2

and a generalized eigenvalue v(w) € C[[w]}j—i of (W ® C((w)),V ® C((w))). In

other words, there is an eigen vector v € W ® C((w)), that is, V(v) = v(w)v. If
we take a generator o of Gal(C((w))/C((#))), then the C((w))-subspace generated
by {oF(v)[0 < k < I — 1} descends to a subspace W’ of W ® C((z)). If we put
W' := W NW’, then W’ is a subbundle of W preserved by V and W' ® C((z)) = W"'.
Since (W, V) is irreducible, we have W’ = W. If j is the minimum among 0 < j < [
satisfying o7 (v(w)) = v(w), then j|l and v(w) € C[[wi]]j—i So we may replace w by

wﬁ(: z%) and then {o*(v(w))|0 < k <1 — 1} are distinct. We have [ = rank W in
this case. For an eigenvector v € W @ C((w)), we have

V(o () = o*(V(v)) = o*(v(w)v) = " (v(w))o" (v).

So v,a(v),...,0'"(v) are linearly independent over C((w)), because they are eigen-
vectors of V with the distinct eigenvalues v(w), o (v(w)),...,o' " (v(w)). So we can
see that W ® C((w)) has o*(v(w))-eigensubspaces, but we can also regard that
W ® C((w)) has quotient o*(v(w))-eigenspaces. Replacing v(w) by adding an ele-

ment of Z—w7 we may assume that there is a surjection m: W ® Cl[w]] — C[[w]] such
w
that the diagram

WeClw] —— Clw]]
V®idl lvv
dz  reid dz
W Cllw]]- = == Cllw] =

is commutative, where V,, is given by V, (f(w)) = df (w)+ f (w)v(w) for f(w) € C[[w]].

Note that W %, Cl[w]] is injective, because (W, V) is formally irreducible. So
coker(7|w ) is of finite length, since ranke(.;) W = ranke((.) C[[w]] = I.
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1
G

Conversely, assume that v(w) € Y7 Cw’dw/w™ "+ is given for w = 2+

such that 7v(w) # v(w) for any 7 € Gal(C((w))/C((z))) other than id. If C[[w]] % Q
is a quotient C[[z]]-module of finite length satisfying the commutative diagram

Cl]l  — @
vl lVQ
Clu)e & 2, go &

for some morphism Vg, then a formal connection V|kerq: kerg — kerq @ dz/z™
induced. If 0 # U C ker ¢ is a subbudle preserved by V|kerq, then we have

1

(U, V|v) ®ciz) C((w)) C (ker ¢, Vkerg) @iy C((w)) = D) (C((w)), Vo () )
0

\3
|

>
Il

where o is a generator of Gal(C((w))/C((2))) and (C((w)), Vyr(y(w))) means
the o*(v(w))-eigenspace. In particular, we can choose a vector 0 # u €
U ® C((w)) satisfying V(u) = oF(v(w))u for some k. By the assumption,

v(w),o(v(w)),...,o" 1(v(w)) are mutually distinct. So u,o(u),...,0" 1 (u) are lin-
early independent over C((w)), because they are the eigenvectors with distinct eigen-
values o (v(w)), " (v(w)),...,0" " *(v(w)). Thus ranke.) U = dime((w)) (U ®

C((w))) = r which implies U = ker¢q. Hence (ker ¢, Vl]kerq) is a formally irreducible
connection.
Summarizing the above arguments, we obtain the following proposition:

PROPOSITION 1.2. A formal connection (W, V) of rank r over C|[[z]] is irreducible
if and only if it is isomorphic to (ker ¢, V,|xerq), where Cl[w]] - Q is a quotient
C[[2]]-module of finite length for w = z+ and v(w) € ST Cwkdw/w™ T s not
fized by the elements of Gal(C((w))/C((z))) other than id, such that the diagram

]l — @
Vul lVQ
Cllle & <24 Qo 22

is commutative for a morphism Vg: Q — Q ® dz/z™ satisfying Q(f(z)a) = a ®

df(z) + f(z)a (a € Q, f(2) € C[[2]])-

REMARK 1.1. Let (W, V) be a formal irreducible connection over C[[z]] of rank
r and take a variable w with w” = z. Then we can see from the proof of Proposition
1.2 that there is a surjection 7: W ® C[[w]] — C[[w]] whose restriction 7|y : W —
Cl[w]] is generically injective with finite length cokernel, such that the diagram

WeClw)] ——  C[w]

V®idl J{V,,

W ® C[[w]] ® 4o neid, Cllw]] ® j—z

Zm
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is commutative. If o is a generator of the Galois group Gal(C((w))/C((2))),
oForo(l1®a)™: W @ C[w]] — C[[w]

is a surjective homomorphism of C[[w]]-modules, which makes the diagram

oFomo(1®e) ™"
_—

W @ C[[w]] Cllwl]
V®idl lvak(u)
We (e o \Teten e, oy g &2

commutative for 0 < k < r — 1.

LEMMA 1.1. Let (W, V) be a formal irreducible connection of rank r over Cl[z]]
with a quotient m: W ® Cl[w]] — C[[w]] for w™ = z satisfying the commutative
diagram

WoCw] ——  C[w]]

V®idl lv,

Wecule = 2 o =

_ d
where v(w) € YU CwFdw/wm ="+ Assume that the %-coeﬁ?cient of
w

v(w) is non-zero. Then the restriction
wlw: W = Cl[w]]

is in an isomorphism.
Proof. We can write

v(w) =vo(2) +vi(2)w+ -+ vp_g (2)w" !

with v (2z) € Clz]dz/z™. By the assumption, v4(z) is a generator of C[[z]]dz/z™. So
we can write v1(2) = (co + c12 + -+ + cm_22""2)dz /2™ with ¢g # 0. Consider the
connection

d
V—1(z)id: W 3 v = V(v) —wr(z)v € W®Z—:L.

Then we have the commutative diagram
WoC(w] ——  Clu]
(V-ro(iid | AR

Weclule = T, clu)je L.

In particular, 7(W) C Cl[[w]] is preserved by V, (u)—y,(z)- Since 7 is surjective, there
exists v € W satisfying w(v) = 1 + wag(w) for some ag(w) € C[[w]]. We can write
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v(w) — vo(2) = cow(l + wby (w))dw/w™ ="+ for some by (w) € C[[w]]. So we can
write

T((V — 1p(2)id)(v))
= (Vo) -vo(2)) ((v))
= (cow + (cob1 (w) + coao(w))w? + (higher order terms)) dw /w™ "+,

In particular, 7(V') contains an element of the form w(1 + way(w)) for some a1 (w) €
Cl[w]]. Repeating this procedure, we can construct elements

1+ wag(w), w(1 4+ way (w)), ..., w" " (1 + wa,_1(w))

of w(W). Since all the elements of C[[w]] can be written as a C[[z]]-linear combination
of the above elements, we get the surjectivity of 7|y : W — C[[w]]. O

REMARK 1.2. In this paper we do not treat formal connections with coker(m|y ) =
@ non-trivial. We mainly treat connections satisfying coker(rw|y ) = 0 and we will say
such type of connection a generic ramified type. A precise definition of connections of
generic ramified type is given in Definition 2.1, while the essential part of the definition
is given in Definition 1.2.

Consider the formal connection (W, V) = (C[[w]], V). Then we get a filtration

W=V>o>ViD 2V, DV, =2V
by pulling back the filtration C[[w]] D (w) D (w?) D -+ D (w"™!) D (w"). There
is a canonical surjection 7: W ®¢.y) Cl[w]] — C[[w]] which induces commutative

diagrams

7|y, ®ldc(fw))

Vi ®c(z)) Cl[w]] (w*)
V|Vk®idl lvy(wﬂ(wk)
- dz 7y, ®ideqru) dz
Vi Ac[[2]] (C[[w]] ® e _— (wk) & ey

for 0 <k <r — 1. Note that the restriction V|, is given by

Vao (41(0)) = )1 (w) + 0 df) + 0 Fw)wlw) = (Vo + £ Lid) (7).

Let us consider the restriction of the above data to the finite subscheme defined by
z™ = 0. So the filtration V), induces a filtration

W ®cio) Cl2]/(z™) = Vo D Vi D+ D Voy DV, =2V,

Define

T = (g, meun) © Mefu)/ ey s Vi Octz)/zm) Clwl/ (w™ ™)

N (wk)/(wk+mr—r+1)

_ d
Vi = V|Zm:0: Vi — Vi ® Z%
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Then there are commutative diagrams

Vi ®cfz/(zmy Clw]/ (™=t s (wh) /(whtmr=rt)
?k®idl lvy(wH%%

dZ mr—r41 T ®id k ktmr—r+1
Vk®ﬁ®({:[z]/(zm)C[’W]/(w ) S (wh) )/ (w Yo &

for0<k<r-—1.

There are compatibility conditions among Vj, m for £ =0,1...,r — 1. Later in
Proposition 1.3, we will prove that the compatibility conditions can recover a formal
ramified connection under a genericity condition on the exponent v(w). We summarize
the conditions in the following definition. The advantage of the definition is to be fit
for the formulation of global moduli of ramified connections.

DEFINITION 1.2. Let w be a variable with w”™ = z and take v(w) €

o Cwldw /w™ =1 Assume that (W, V) is a pair of a free C[z]/(2™)-module

W of rank r and a homomorphism V: W — W ® dz/z™ of C[z]/(z™)-modules. We
say that ((Vk,Lk,ﬂ'k)nggr_l, (¢k)1§kgr) is a v(w)-ramified structure on (W, V) if

() W=Vy2>VD---DV,1 D2zVy=:V, is a filtration satisfying V(V%) C
Vi ® dz/2™ and length(Vy/Vip1) =1 for 0 < k <r—1,

(i) mg: Vi ® Clw]/(w™ ~"t1) — L, is a quotient free Clw]/(w™ =" 1)-module
of rank one such that the restriction mg|y, : Vi —> Ly is surjective for 0 <
E<r-—1,

(iii) the diagrams

Vi ® Clw]/(w™r=r+1) T Ly,

V‘Vk ®idJ{ lv(w)—&-%%

d T i d
Vi ® Z—,’,i ® Clw]/(wmr=r+1) =89 1, @ 7:;

are commutative for 0 < k <r —1,
(iv) ¢x: Ly, — Ly—1 are homomorphisms of Clw]-modules with factorizations

Or: Ly wN—k> (w)/(wm““ﬂ) & Lp_1 —> wLy_1 — Lj_4

for isomorphisms 5, : Ly — (w)/(w™ = "+2) @ Li_1 of C[w]-modules for 1 <
k<r—1and ¢.: (w")/(w™ ) ® Ly — L,_1 is a Clw]-homomorphism
whose image is wL,_; such that the diagram

(2)/(z™+1) @ Vo @ Clu] /(w™=7+1) 2220 (w")/(w™+1) @ Lo

| |
Vi1 ® Clw]/(w™ =" +1) Lt Ly
is commutative and the diagrams

Tkl

Vi @ Clw]/(w™r="+1) L

| [

Tre—1lvy,_1

Vi1 ® C[w]/(w””_7"+1) — Lp_1
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are commutative for 1 < k <r —1,
(v) the composition

r r—1 id w ®'¢'7‘—
(W) @ Lo 2% Loy % (w) @ Ly—g —22" 2 (0 @ L,_4
- T (1)
id w ®wT7‘ id w”— ®'¢}
(w?2) 3 L ( 2) 1 (wr—l) ® LO

~ ~

coincides with the homomorphism canonically induced by (w") — (w"~1).

REMARK 1.3. The condition of Definition 1.2 (v) is independent of the choice of
the lifts 15 of ¢y chosen in (iv). Indeed, the composition (1) in Definition 1.2 (v) is
determined only by (¢r)1<k<r-

PROPOSITION 1.3. Assume that (W, V) is a formal connection of rank r over C[[z]]
such that (W, V) ® C[z]/(2™) has a v(w)-ramified structure defined in Definition 1.2,
where w is a variable with w” = z. Furthermore, assume that the w dw/w™ =" +1-
coefficient of v(w) does not vanish. Then there is a formal isomorphism (W, V) =

(C[[’LUH, vu(w))'

Proof. We write v(w) = (ag(2)+ay (2)w+- - +a,_1(2)w"~1)dz/z™ for polynomials
ap(2),...,a,-1(2) in z. By the assumption, ag(z) is of degree at most m — 1, the
degrees of a;(z),...,a,_1(2) are at most m — 2 and the constant term a;(0) of a;(z)
does not vanish. Let

N': W ®C[z]/(z™ ') — WaClz]/(z™ 1)
be the endomorphism of C[z]/(2™~!)-module determined by
dz

le—m =V® idc[z]/(zm—l) — VO(Z)idW@(C[Z]/(zm—l): W ® (C[Z]/(Zmil)
d
L WeCRH/(™ Y e Z—f;

If we put b(w) := a1(2)w + az(2)w? + -+ + a,_1(z)w" ™!, then the diagram

W (C[Z]/(Zm_l) ﬂo\W@C[;]/(Z'W ) Lo/w™ =" Ly = Clw]/(w™ ")

~| [

W @ Cle]/(zm—t) T EEET ) g umr=r Lo 2 Clul /(w7

o

is commutative. Note that
Po =Ty ® (C[z]/(szl): W C[z]/(szl) — Lo/w™ "Ly

is isomorphic, because molzr: W = Vo — Lo = Clw]/(w™ ™" t1) is surjective by
the assumption (ii) of Definition 1.2 and length(W ® C[z]/(z™7 1)) = r(m — 1) =
length(Lg/w™ " Lp). Using the condition a1(0) # 0, we can see that

Im(N')"~! ¢ 2(W @ C[2]/(=™1))

Im(N')" C (W @ C[2]/(z"7). ?
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Assume that there is a subbundle 0 # U C W preserved by V. Then U/~ U C
W/zm='W is a subbundle preserved by N’. In particular, po(U/z™"1U) C
Lo/w™ =" Lg is a C[z]/(2™!)-subbundle preserved by b(w). So po(U/z™U) con-
tains an element of the form w*(1+wB(w)) with 0 < k < r —1. Thus we can see that
po(U/2™~1U) contains zW, since it is preserved by b(w) satisfying a;(0) # 0. Since
U is a subbundle of W, we have U = W and we have proved that (W, V) is a formal
irreducible connection.

By Proposition 1.2 and Remark 1.1, there is v/ (w) € ;2" Cw!'dw/w™ ="+ and
an injection W < C[[w]] such that the induced homomorphism #': W @ C[[w]] —
C[[w]] is surjective and that the diagram

WeCw] ———  Cluw]
V®idl lv,,/(w)
we ¥ e ] =&Y )] e L

is commutative. Write v/(w) = (a(2) +a}(2)w+---+a.._; (2)w"~)dz/z™. If we put
b (w) := ag(2) = ao(2) + ay (2w + - +ap_y (2)w" 7,
then 7’ induces a commutative diagram

™ lw ®idep) /m-1,

W ® Clz]/(z™1) Clw]/(w™ ™)

N’®idl lb’(w)

o1y W ®idery om-1y S—
W @ Clz]/(z™1) Clw]/(w™ 7).

Since 7': W @ Cl[[w]] — C[[w]] is surjective, Im (7|w ® id¢,)/(sm-1)) contains a
generator of Clw]/(w™ ") as a Clw]-module. Then, we can see from the property
(2) of N’ that b'(w)"~! ¢ 2Clw]/(w™ ") and b'(w)" € 2Clw]/(w™ ~"). So we have
af(z) = ap(z) (mod z) and af(0) # 0. Thus

7w © idegay emory: W Clel/(z™" ") — Chu] /(™)

is surjective and then it is isomorphic because length(W @ Cl[z]/(z™71)) =
length(Clw]/(w™"~")). Since the composition

(' lw ®ider,)(zm=1))oPy |

Clwl/(w™™") Clw]/(w™"™")

is an isomorphism of Clw]/(w™"~")-modules, we have b(w) = b'(w) (mod w™" "),

which means v(w) = v/(w) (mod w™ ~"dw/w™ ~"+1). In particular, 7’|y : W —
C[[w]] is an isomorphism by Lemma 1.1.

We get a basis of W ® C[z]/(z™) by pulling back the basis 1,w,...,w" "1 of
Clw]/(w™") via the isomorphism 7’|y @ C[z]/(z™) and the representation matrix of
V & Clz]/(z™) with respect to this basis is

w(z)  ava(z) z11(2)
vi(z) v+ vy(2)
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In particular, we have Tr(V ® C[z]/(2™)) = rvo(2) + (r — 1)dz/2z.

Take a generator &y of Lo as a Clw]/(w™ ~"*1)-module. Let &) be the element
of Ly, corresponding to w* @ e via the isomorphism

Lk P10---0yp (wk)/(wk+m7-_'r'+l) ®LO

~

Since 7|y, is surjective, we can take an element ej, € Vj, satisfying mx(er) = é,. Then
we have

w'rr(er) = (Gry1 0+ 0 dppt) (Thpi(enss)) = melent)  (k+1<r)

w " (en) = (pp—10- -0 pr_10¢, 0 (Id®@p1) o+ (id® ¢))(2 @ m(er))
= Wk(Zel) (l < ]ﬂ)

So the representation matrix of V @ C[z]/(2™) with respect to the basis eq, ..., e,_1
is
vo(2) 2Vp1(2) - zv1(2)
ni(2)  wvo(2) +E oo va(2)
Dro1(2)  Dpoa(z) o wo(z) + A%
whose lower triangular entries 71(z),...,0—1(2) satisfy op(z) = wvi(2)

(mod 2™~ 'dz/2™) and have ambiguities in residue parts for 1 < k < r — 1. In
any case, we have Tr(V®C[z]/(2™)) = rvo(z) + (r—1)dz/2z. So we get v(z) = 1(2)
(mod 2™dz/2™). Thus we have v(w) = v/(w) because

v(w) =v(w) (mod w™ " dw/w™ T

and both of v(w) and v/(w) belong to >;2, " Cw!dw/w™ ~"+1. Thus we get a formal
isomorphism 7": (W, V) = (C[[w]], V,(u))- O

2. Definition and construction of the moduli space of parabolic connec-
tions of generic ramified type. Let C' be a smooth projective irreducible curve
over Spec C of genus g and D = 2?21 m;t; be an effective divisor on C' with m; > 1 for
any i. Take integers r,a, (rj(-l))égggzﬁl satisfying r > 0, rj(-z) >0and r = Z?:_ol ry)
for any ¢. If m; = 1, we further assume that r§i) =1 for all j. We take a generator z;
5»’) satisfying (wj(.z))ra' = z;. Then
the completion O, of O¢,, is isomorphic to the formal power series ring C[[z]] in

of the maximal ideal of O¢, and take a variable w

z;. The formal power series ring (C[[wj(l)]] in wj(-i) becomes a free C[[z;]]-module of rank

rj(-i). Note that we have

i i)yrl — i
dz; = 7’](» )(w§ )) i 1dwj(» ),
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We denote by O,,,+, the structure sheaf of the effective divisor m,t; which is considered
as a closed subscheme of C'. So we have O,,,;, = C[z]/(2]""). We set

N((r{"),a)

k=0

Y (V(i) (w(i)))lglgn (Z,Z(zl) €2 Caldzi )2 for 1 < k < ry) -1,
) 2;) € ZW_I (Czidzg/z:"Z and

n s;—1 T(z) 1

a3 3 (1 res 0 (32 + ) =0

i=1 j=0

and call an element of N ((r (i)) a) a ramified exponent. Note that a ramified exponent
veN ((7’](’)) a) is determined by the coefficients of 1/( ,)C(zl)

, _ (g, () 1Si<n
DEFINITION 2.1. Take a ramified exponent v = ( (w; ))ogjgsﬁl
N((TEZ)) a). We say that a tuple (E,V, {l§ ), Vj(k)7 ngk, T ks ¢§ ) is a parabolic con-

nection of generic ramified type with the exponent v if
(i) E is an algebraic vector bundle on C' of rank r and degree a,
(ii) V: E— E®QL(D ) is an algebraic connection admitting poles along D,

(iii) Elp,e, =157 2189 5 > 1 518 = 0is a filtration by O,y,,-submodules

such that 1{V /1), = O} and V|miti(l§i)) c " 9 QL(D) for 1 < i <nand
0<5<s;,—1,

(iv) ((Vj(Q,LEZ,)C, ](7,1)0 <h<r® 1) (¢§i,)€)1<k<T('>> is a I/(Z)( (Z)) ramified structure
)/lg+1’ ) in the sense of Definition 1.2, where V() l /l —
l§? /[j+1 ® Q4(D) is the homomorphism induced by V|,

REMARK 2.1. If the leading terms { V](i()) are distinct for any ¢ and

}0<J<s -1
if 1/ ( ) # 0 for any 4, then we can see by Proposition 1.3 that (E,V) ® OCt =

@?;01 ((C[[wg»l)}], Vu(w(_i))) at each point ¢;. Without the condition, we can no longer
J

expect the formal structure to be given by the exponent v. The above formulation is
motivated by the author’s hope to construct the moduli space as a canonical degen-
eration of the full dimensional moduli space of regular singular connections, but we
should be careful not to confuse the meaning of the moduli.

(i))1<i<n

DEFINITION 2.2. Take a tuple of rational numbers o = (aj 1<j<s, Satisfying

0<a§“<a§i)<---<a§?<1

for any ¢ and a ;é a ) for (i,7) # (7,7). We call a a parabolic weight. We say

that a parabolic connection (E,V, {l(l , ] k), Lgl;c, Tk

is a-stable (resp. a-semistable) if the inequality
deg F + 37, Y200y o length((Flm,e, NI 1)/ (Fline, 0157))
rank F'

< deg E+ 300, 300, a(z) length(l(z) /Z(Z))
(resp. <) rank E

qﬁglk}) of generic ramified type
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holds for any non-trivial subbundle 0 # F C E satisfying V(F) C F @ QL (D).

REMARK 2.2. If (E,V, {ZY ,VJ(k),LY;C, ](,)C gbg ,)C}) is a-stable, we can see that

there are only scalar endomorphisms u: £ — E satisfying Vou = uwo V and
Vmats (ly)) C lj(-l) for any 1, j.

w®dul?

ONSSORNG -coefficient of
(wg")mero =ro

REMARK 2.3. If s; = 1 for some ¢ and if the

(i)( (i)) is not zero, then (F, V) is formally irreducible at ¢; by Proposition 1.2 and
Proposition 1.3. So a parabolic connection (E, V, {l] ,VJ(Q, L; i, T k, ¢] k} ) of generic
ramified type with the exponent v is a-stable with respect to any weight a in this

case.

In the following, we give the definition of the moduli functor of parabolic connec-
tions of generic ramified type in order to make the meaning of the moduli clear.

DEFINITION 2.3. We define a contravariant functor MCD((T(Z)),a)

(Sch/N((rs»i)),a))" — (Sets) from the category (Sch/N(( T ),a)) of noetherian
schemes over N((r](i)), a) to the category (Sets) of sets by setting

&o((f),a)(8) = {(B V(1 v, L7 oD}/ ~,

75

for a noetherian scheme S over N (( J(Z)), a), where
(i) E is a vector bundle on C' x S of rank r and deg(E|cxs) = a for any point
se s,
(ii) V: E— E® Qlch/s(D x S) is a relative connection,
(iii) = l(()i) > lgi) DD lt(:)fl D lg? = 0 is a filtration by Oyt xs-
submodules such that V mit.xs(l(-i)) l(-i) ® Q4(D) for any i,j and each
1 )/ZJJrl is a locally free O,,,+, x s-module of rank r](l)
(iv) for the homomorphism V(’) l(z)/lﬁ1 — l(z)/l(z)l ® QL(D) induced by

Vst xss & tuple ((vj(,j,L“;C, Tk oker® 1 (¢§7,1)1§kgr§i)) is a S-flat fam-

ily of uj (wj( ))—ramlﬁed structure on (ly)/ 13(21» Vy)) in the following sense,
where v = (V](.i)(wj(-i))) is a family of ramified exponents determined by the

structure morphism S — N((r§i)), a):

(@) (1) _ () (%) (i) . :
(a) L /lj+1 =Vig DD ‘/j,r;i) L2 2V is a filtration by Op,t, xs-

submodules such that V_(i)(i) 1/21V(Z) and V(Z)/V(Z)
Jv"‘j -

iy for0<k<r](-i)72

are locally free Oy, x g-modules of rank one and that Vy) (Vj(lk)) - VJ(;C) &
QL(D) for any k, _ . |

WEMQSWAﬂ%ﬁ’[WW<W”TﬁWH#m
a locally free quotient Os[w; )]/(( (2))7"” ) )H)

whose restriction 7r(-i,)€| OF V.(;C) — L(i,l is surjective for any k and the
3KV, g,

module of rank one



14 M-a. INABA

diagram
)

0 v (i)

v —5 Lk
V@l ll,]m <z>)+ ks
J
(') @id)
Ik V( )®“v13><s/s(D)

VJ(Z ®QC><S/S(D x 5) L( I)c ®QC><S/S(D x 5)

is commutative,

(©) ¢ (2)/ (2 ) @ L) — L0 | and ¢: L} — L, for
J

k=1,..., ](‘) — 1 are OS[ ] homomorphlsms such that Im(qﬁ(l))
wy)Lgf,)c_l fork=1,..., j and that the diagrams

Tl
. Js L
V(l) Vik L(Z)
Jk Jk
()
| &0
(i)
Tik—1
v ! |VJ kot ()
J,k—1 j,k—1

fork=1,... ,r](-i) — 1 and the diagram

, id®7rj?‘0 v
@)/E e vy ——% G/t e LY

| [

< )y lv® )
(@) iy - (1)
.
v ©_, _—» L 0_,
Jir; Jir;

are commutative,
(d) there are Og [wy)}—isomorphisms

Do) o~ (i i) ymar (D (D
i LY = @) /((wymn ) @ L

)

for 1 <k < r](-i) — 1 such that the composition

P i i i) _ .G i
L 5 @) /() ) o 1y — w L

coincides with (b(z) L(z) Ly;ﬂ_l and that the composition

Wie- oy 0ol () () ® LY
7 7

(h_q

)/ ((wfymr”y @ L)

— ((w}")" ;

coincides with the homomorphism induced by (z)/(z") —

()" =5 /iy,
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(v) for any geometric point  Spec K — S, the  fiber
(E v {l] ' Vi, 16)7L§Zk’ j k’(byk}) ® K is a-stable.

Here (B, {1 v}, L) ) 601y ~ (B v {10, v/ L8 7' 601 if there
are a line bundle £ on S and
(o) isomorphisms 6: E — E’ ® L of vector bundles onC xS,
(B) isomorphisms 19( oF L( DA /(1) w ®L of (95[ }/((w§i))mir;l>*T;”“)-modules
for any ¢, 7, k
such that the equalities

(f®id)oV =V'00

¢ mitiXS(lj(‘i)) = l;(i) ®L (for any i, j)

hold and that for the induced isomorphism 00) l(l)/l(z) = (l;(i)/l;-(_?l) ® L, the
equalities

0V =vPer (0<k<r? -1

(W;(,Q 06 )|V( = 19(@) o 7T(z

1)|V((i) r |V(J SRST
ok ®

9 ool = (e @1 edl)  (1<k< 1)
ﬂg‘flw Lo (id) @ 6h) = ¢, () o (id() @ 9))

hold.

THEOREM 2.1. There ezists a relative coarse moduli scheme MCD(( ), a) of
ac-stable parabolic connections of generic ramified type over N((r y)),a), Moreover,
M&D((r](-i)),a) — N((ry)), a) is a quasi-projective morphism.

Proof. We consider the moduli functor X': (Sch/C)° — (Sets) defined by

x(8) = {(Ev AN}/ ~

for a noetherian scheme S over Spec C, where
( ) Eis a vector bundle on C' x S of rank 7 and deg(E|cxs)) = a for any s € S,
V:E—E®Q! D x S) is a relative connection,
Cx8/S
¢) Elmt.xs = 19 5D 55 l(z) D l(z) = 0 is a filtration by Oun,t,xs-
iti 0 1 1
(ly)) Cl; g QCXS/S(D x S) for any i,j and
that each l;i)/lj(:)_l is a locally free O,,,+, xs-module of rank r](-i),
(d) for any geometric point s of S and for any non-trivial subbundle 0 # F' C
E|cxs satisfying V(F) C F @ QL (D x s), the inequality

deg F+ Y0y 2% o length(Flon,e, s 01 instics) /(Flinstocs O it xs))

rank F'

deg(EloxSHZz L% o length (1,
rank F/

m7t7><s/l](z) mitixs)

holds.
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Here (E,V,{ly)}) ~ (E',V’,{l;(i)}) if there are a line bundle £ on S and an iso-
morphism 0: E = E' @ L satistying V'0 = (0 ® id)V and 0],,¢,xs(1S) = 117 @ £
for any 4,j. By a similar argument to that of [13, Theorem 2.1], we can realize a
coarse moduli scheme X of X as a locally closed subscheme of the moduli space of
stable parabolic A} -triples constructed in [10, Theorem 5.1]. So X is quasi-projective

and there is a universal family (E,V, {INJ(Z)}) over some étale covering X' — X. We
consider the moduli functor Y: (Sch/X")° — (Sets) defined by

_ () 7@) _(i)y1<i<n
Y(9) = {(V]gk7Lj,kvWj,k)oﬁjgsi_mﬁkg;m_1}
for a noetherian scheme S over X', where
(e) lg»l)/llgl ® Os = Vfg) D VJ(? D - D VJ(%)_l >\ ZJ/J(B) is a filtra-

tion by Op,t,xs-submodules such that each VJ(B) /VJ(Z) is flat over S and
dimy o) (Vi /Vii0) © K(5) = dimmo (VT /53V,0) @ (s)) = 1 for amy
se s,

() ’/T](Z])c VJ(Q ® OS[wy)]/((w](-i))m““;'i)frpﬂ) — LY,)C is a quotient Og[wy)}—
module such that Lg‘,)g is a locally free Og [wy)]/((wy))m”;i)*’“;i)“)-module

of rank one and the restriction w;i,)c\v(ﬂ: VJ(Z) — Lgl,l is surjective for k =
kv , ,

0,...,r" — 1.
We can see that ) can be represented by a locally closed subscheme Y of a product

of flag schemes over X’. Let (17].(2), f/gll)f, ﬁj(ll)g) be a universal family over Y. We also

take a pull-back v = (ﬁj(i)) to Y x N((rg.i)), a) of the universal family over N((’I"ﬁ-”), a).
There is a maximal locally closed subscheme Y’ of Y x N ((ry)),a) such that the
composition

V1 @ Oy [wl]/ ()~

j _Ty)“‘l)

factors through an Oy~ [wj(l)}/((w]
dyr: (Eyyr — (L5 )y

whose image is w§i)(i§i,)€_l)y, for 1 <k < T§i) — 1, the composition

i i L) () ﬁj?r(”—l oy
N/ (ymrs? Py 20 (10

Jiry = JoT; —I)Y/
i i) ymyr'D —p () .
. factors through an Oy [wj( )] / ((w§ )) "~ T homomorphism

o0 (/M @ (L) — (L) Dy
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whose image is w!

ji%m and the diagrams
JoT; —1

i) ; # 2id ~ (i
V) @ Oy )/ (i) = Li@0y

V(”@ldl J/ (l)( (1))_,’_ kdz7

J

i

r;i)+1)

. . ~ (i)
(2 i i mir(.l)fr(.l) i
V% @ QL(D) @ Oy [w]/ (w7 J+1>—>L<k®ﬂl< D) & Oy

are commutative for all ¢, j, k.
Consider the product

_ o) o
7 = H Spec (Sym (’Homy/(ﬂom o) (L“ . Tf E-i))—ry)”) ®L;7,)€1),Oy/)>>

ik Do
0,4,k ((w§->) ‘

of affine space bundles. There are universal sections

T(7 7 ) 7 m,ir(_i)_r(_i) 7
S0 (E)z — (@) /(=" ) o 1))

for 1 <k < r§i) — 1. Let Z’ be the maximal locally closed subscheme of Z such that

(1[;](1,1) 7+ are isomorphic and that the composition

(E0), T (@@ 2 0 £9) s (WPE0.)
3.k 2 J J ik=1),, ik=1) ,,
coincides with ((igzl)c) gz for 1 <k < r](-i) — 1 and any 4, j. Consider the group scheme
G over Y’ whose set of S-valued points is

G(S)

1 i (7) ()—
() @ () oW 526(( 5)) "5 1())an<(i)
R K K 1)\ T —r‘ +1 i ‘1 _pG
=4 (L+aj)) € [T Oslw;”1/((w; I 6 —al) e (wlymen i)
1

Gk forlgkgr]m

for any Y’-scheme S. Then we can see that Z/ — Y is a principal G-bundle. Let X
be the maximal closed subscheme of Z’ such that the composition

i T (i 7 (i i i)yré— i)ymyrt? = (i
(i 0y 06 0))ws (20)/ () @ (L) — ()5 1)/ ()™ ) @ (Ljg)s

coincides ~ with ~ the  homomorphism  induced by  (z;)/(z") —

((w§i))Tﬂ('i)fl)/((wy))m“ﬂj('i)). Then ¥ is preserved by the action of G. So X
descends to a closed subscheme M’ of Y.

By the construction, we can see that M’ — X’ x N((ry)),a) descends to a
quasi-projective morphism M — X x N((rj(-i))7 a), that is,

M’ = M x X' x N((ri"), a)).

XxN((r?),a) (

Then M is nothing but the desired moduli space M& p((r; @ )), a). O
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3. Smoothness and dimension of the moduli space of parabolic connec-
tions of generic ramified type. The aim of this section is to prove the following
theorem:

THEOREM 3.1. The structure morphism Mg7D((T§i)),a) — N(( J(Z)),a) s a
smooth morphism and its fiber ngD((ry)
dimension

),a), over v € N((rj(l)),a) is of equi-

27"2(9 -H+2+ Zn:(rQ —r)m;

if Mg p((r$),a), #9.

Before proving the theorem, we prepare a complex which determines a defor-
mation theory of the moduli space of irregular connections of generic ramified type.

From the construction of the moduli space Mg‘D((r(-i)) a) in Theorem 2.1, we can see
that there exists an étale surjective morphism M’ — Mg p((r; (e )) a) and a universal

family (Ear, Vs, {lg\?]7 f/J\(ﬁjk, LS\?,J*, ~§\f[), ik QSM/J’,C}) of irregular connections of
generic ramified type. Define a complex Fy;, of sheaves on C' x M’ by

Ut xM/(lﬁ\}, ) C lg&, for any i,
and for the 1nduced homomorphlsm
]:]?/f/ = S gnd(EM/) lgﬂ)’ /lg\/f)’ J+l lg\/f)’ /lg\/f)’ NEa % ’
u; (VA(/I, ) C VM, " and
7?5\2)/ Sy ul? ® 1d)(ker7r ;&) =0 for any k
v|mitixM/(l§J,,j> C Uy, ®Q6(D) forany i, ) (3)
and for the induced homomorphism
Fir={veénd(Ey)@Qb(D)| v 15, /15 00 — 150 /15 @ Q6(D), b,
( )(V]&,) w) C V]&,) Gk ® QC( ) for any k and
(7; ( ) ®1d)( Z)(Vléﬁ ) =0 for any &

V}-Jowz}]%,/ Su — Vu—uV GfM/.

For the proof of Theorem 3.1, we use the morphism

det : M&p((ri"),a) — Mc,p(1,a) X n(1y.0 N((S)), a)

@ 7@ () () ' )
(E v {l] I jkvLJk;a J]gad)]k}) (det(EaV)aV)v

where Mc p(1,a) is the moduli space of pairs (L,Vy) of a line bundle L on C of

degree a and a connection V: L — L ® QL (D) and we set

dz; - .
- Y res(A) =0
T a-+ res(A'") }

i i=1

MC,D(LQ) > (L7VL) = (V‘miti)lgign € N((l)aa)

N((r$),a) 2 (1 (w))

N((1),a) = {(A(i))1<i<n € Clzl/(z™)

o O ) IR

=0 1<i<n
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Recall that (23( i) is determined from 1/(1)( j(l)) by the equality

i i i i i i)y —
v (@) = v () + Gl O )y
i

Note that M¢ p(1,a) is an affine space bundle over the Jacobian variety of C' and so
it is smooth over N((1),a). So it is sufficient to prove the following proposition for

the smoothness of M& ;,((r; 3 ))7 a).

PROPOSITION 3.1. The morphism det: Mg p((r (z)) a) — Mc,p(1,a) Xn(),q0)
N((r §-l)), a) defined in (4) is a smooth morphism.

Proof. Take an Artinian local ring A over C with the maximal ideal m and an
ideal I of A satisfying m/ = 0. Assume that a commutative diagram

Spec A/ — eolr ())7 a)

| ]

SpecA  —2— Me p((1),a) X (1)) N((r7), a)

is given. The morphism g corresponds to a tuple ((L, V1), ), where L is a line bundle
on C xSpecA, Vi: L —L® QlCXSpeC A/ spec 4(D x Spec A) is a relative connection

and v = (¥ ()) e N((r ()) a)(A) satisfies

si—1

Vi|mit;xspeca = Z ( W j(%(zz) (rj(.i) — 1)dzi/2,zi).

=0

If we put v = (v (l)(zl)) = v ® A/I, f corresponds to a flat family
(E,V, {lj , Jk),L(Z,)C, j’k,(bj#k}) of parabolic connections of generic ramified type
over A/I with the exponent v. We can ‘choose an isomorphism 77/151,)C Lgl,)g =
(w (Z)) ® Lﬂ 1 of (A/I) [wj(’)]/(( J(l)) ’”J('i)+1)—modules such that the composition

By Ui i .
L.EI)C > (w; )& L( ])() 177 wl' )Lgl)c 1< L( ,)C | coincides with ¢§I)€

Take an afﬁne open covering {U,} of C Such that g{alt; € Uy} = 1 for any i and
#{ilt; € Uy} < 1 for any a. For each i, we take a with ¢; € U,. By shrinking U,, if
necessary, we can take a basis {e(z,)c} of Ely, «spec 471 With the following properties

° l() is generated by {e 5 k}|m1t xSpec A/ T 7 >50<k< r(l) 1}

e the induced class f(,c = ej k|m tixSpec A/T € l(Z /ZJJrl belongs to VJ(;@) and
e the image of ’/T(Z) (f(z)) L(zk in (( éz)) )® L% via the isomorphism
4 1- Wi ot

L% =25 i@ LY =5 (0 )) @ Ly =25 - =25 () ) @ Ll

is equal to (wy)) m; o(f )
From the commutativity of the dlagram in Definition 2.3 (b), we can see that the
representation matrix of the homomorphism V;l) : Vj(})) — Vj%) ® Q& (D) induced by



20 M-a. INABA

Vm,t;xSpec A/1, With Tespect to the basis f](g, cee f;ir)(i’—1’ is given by
](Z())( i) ziu( )(,) 1(21) 2V (.’)(z-)
TR [ PR
YO ) VO ) e o)+ e
e ) Ve gl o) + =

where 1/( )(zi) satisfies V;(,Zc)(zz) =v; k(z,) mod 2™ tdz; /2 ) for k= 1,..., r§i) -1

We take a free A[wj(z)]/(( §Z)) iy =P )-module INJEZ()) of rank one which is a lift
of Lg% Then we can determine lifts ng,)c of Ly,)c as free A[wj(.i)] / ((wy))m“";i)_rﬁ'i)“)_
modules of rank one, together with lifts 1[)(1) : E(Z,)C = (w](l)) ® E;Z,)C_l of w(i) for k =
s ](l) — 1. We define ng ' as the composition gb(z f)% ﬂi_;l) (w}’)) ® L( ,)c L —
(Z)ngl)C , and define ¢i§i> C(2) ® L;f()) — Li;“q as the composition

1,.

(i i)yl - =y @D i)yl = (i
(=) ® LY — ()" ) @ L) —22— ()" %) ® L)
CATIRECE O R
- Ly
J

Choose a lift e( ()) € L( of the generator 7; 0( f ) of L( Let egl,)c be the element

of Lg,)€ corresponding to ( ]( )) ® 657%

via the 1somorphlsm
O 10 : (2y o 7)) Diee o) (D) (i)
— (w; )@ Ly —— ((w;7)") @ L g —— - — ((w; ) )®L

, N J Js ~ ~

@
j k
We take a free Oy, xspec A-module E,, of rank r with a basis {é(»i) }O<]<s C10<k<r 1
and an isomorphism F, ®A/I % Ely, xSpec A/1 sending € k®A/I to e( Y We define

IV c E,

mait;xSpec A s the submodule generated by { g0 ‘] > ]} Let fj(llz be the

image of e;) in l( )/l( 2 We define Vj . as the submodule of it )/lJ_H generated by
FOFD f(z oy caifigse oz

Define a homomorphlsm

v 7 (2 i 4 mir(i)—r(j> F (7
70 VD @ A/ ((wlymirs” =y s 0

7.k
by setting
(@) -
OGN =2 w6 Dk () (when I =)
e (@541 95, z)(ﬁj 1) = (w; )= keﬁk (when [ > k)

A = (008, 0 ey @) 00 (idiy @ 61 ) (5 ® €f))
g

= (W) k) (when [ < k).

7>
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By the construction, the diagrams

@) _ 1 and the diagram

are commutative for k =1, ... i
mitly o 1) Loy mitly o 7 ()

() /(2" ) @ Vig — (2)/(z"7) @ Ly,

~ (i)
| |5
7
et At N 7 ()
Jﬂ";-i)—l

Vi, @ Al ()
7

also commutes. Define a homomorphism Zgl) / [;21 — ly)/ lNJ(Z_Zl ® QL(D) whose rep-

resentation matrix with respect to the basis f;lg, . f@(i) i
; G-
Polz) (=) i (z)
~1(1 ~(1 dz; ~(
) o)+ 2i)(21)
_1(i) _1(i) () r—1 .
() 7 () (20 o= G

where 17/,(1?(21-) is a lift of l/j/(,?(zl) satisfying 17;(1?(21) = ](

Then the diagrams

—

Vi) @ Afw]/((w(?)™

= (i) .
V; ‘V,Fi,3®ldl
Js

. (.i)—r(.i)-i-l Js ()
) - .k

o7 (i i D ymgr( ()
Vi ©QL(D) ® Alw(”)/((w?)ymrs" =T

are commutative for £k =0, ... 7r§i) -1
Choose an isomorphism A" E, 7% L|y, g4 such that o, ® A/I is the given

isomorphism A" E|y, /1 = L|y,ga/r- We can give a connection Vo: E, —
E, @ Q& (D) which induces @gz) on ZNJ(z) / l~§:)_1 for each 4, j. Then we have

5i71
Tt (Valmotixspeca) = 3 (r7500(20) + (1) = Ddzi/z)

Jj=0

So, after adjusting the diagonal entries of V,, we may assume that the connec-
tion det(E,,V,) induced by V, on the determinant bundle is transformed to
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the connection Vi|y, xspeca via the isomorphism o,. Thus we obtain a local

parabolic connection (E,, V., {ly), VJ(Z), ngi, ~](Z,)€, d); ,)C}) of generic ramified type with

the exponent v on U, X SpecA which is a lift of the given parabolic connection

QIR VON SO )
(EV{l] Vik Lo T @ }‘U ®A/T
If t; ¢ U, for any i, then we can easily glve a local parabolic connection on

U, ® A which is a hft of (E,V, {l(z) V](; , L(z,)f7 T o rj)izl)§ Ju.@a/1- Note that the data
{ljl)7 Vi k), L§ ,)C, Tigeo (b(lk} is nothing in this case.
Recall the complex Fp; defined in (3) and consider its restriction Fp

Farloxizy, to a point x of M’ lying over the given point SpecA/m —
eolr ()) a). Define a complex F3, by

of generic ramified type on U, ® A/I.

Foo={ue F)|Tr(u) =0}
]-'51[71 ={ve Fl |Tr = 0}
V re

sl,x

— . 1
= v]:;|]-'g,1w' fs[m — fs

For Uap = Uy N Up, we take a lift 034 @ Eolu, 04 = Esly. ;04 of the canonical

-1

isomorphism E, @ A/I|y,,0a/1 Ty Elu,,0a/1 BEEN Eg ® A/Ily,,0a/1 such that
o odet(fgn) = 0o. We put

Uafry = Ta(egigvggga — id)T(;l, Vog = Ta(Va — QE;VQQ&DL)T;I

Then we have {uapy} € C*({Ua}, Foy , @1) and {vag} € C'({Ua}, Fi, ®1). We can
check that {ugys —ta~ys +Uass — Uam} =0and V;ﬁ-[’m({uam}) = —{UM Vay+Vap}-
So we can define an element

(B, V4D VD L0 2D 603y = [({uass b, {vas})] € HA(Fa, @ 1),

)

in the hyper cohomology group H?(F?, oe ®1 ). Considering a gluing condition of

[0 @) ja) <)

the local parabolic connections (E,, Va, {lj Vb Ljgo Tk

% k}) we can see that

the vanishing of the element w(E,V, {ly), V](Z),LYIL, ](Z,)c,¢gz?€}) in Hz(}";,w I) is
equivalent to the existence of an A-valued point (E7 Vv, {l( 7‘/](]6)’L§Zk7 ~] f qbglk}) of

¢.D ((Tj(-i)), a) such that

(E,@,{Z( )7‘/](]37L_§l])ga~_§ z;aqb_gzk})@A/IN (E V {l(l V() L_gka ]k7¢] k})

J o0 ak
From the hyper cohomology spectral sequence H?(F}) = HPI(FS), we have

H?(F3,,) = coker(H' (g ) — H'(Fgi,))

2 coker (H°((Fqi.)" @ Q0)" — HO((Fara)” ©Q0)Y)

—HO(VY) Y
H°<<f£[,m>v®%>) |

~ ket (HO((f;[,w © L)

If we put (E,V, {1\, V), L), 7\, 60} o= (B, v, {1 v L 70 ol oA /m,

Jj gk
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then we can check the equalities

Tr(u) =0, um”(ly))cl for any ¢,j and

(Flio) © QL = { ue End(E)| for the induced uj W7o /ml — 1918,
uy)(Vj(k) C V( for any k

Tr(v) =0 and Tr(vou) € Q
for any u € FY, ’

sl,x

(Fo)Y 0k = { € End(E) © QL(D)
VI (FL) ©Q6 2 um— Vu—uV € (F L)Y ® Q4.

We will check that VT: (F) )V ® QL is indeed defined. Take

(.7:51[35) ® QL and W € .7-'2[@. Then there are homomorphisms ﬂ](i,)cz ng,l —
L;k of Op,1,-modules and elements ’y](l,)f € (C[w](-i)]/((w]( ))m iy ! )H) satisfying the
commutative diagrams

Y ey — (Fy

sl,x

(i) (i)

(i) % (1) (i) % (i)

Vi —— Vix Vie — Vix
@ @ @ @
”f”“lvj(fxil le7k\‘{7(‘z)2 7r].7k|‘/.7‘<1@k2l J/Trj'k‘vj(,lk),

(@) )
@ Pk L0 (i) ok 7
Lj,k‘ Lj,k Lj7 LJ k>

where ug) V( Do V( D and u/(l V( Do V(O) are homomorphisms induced by

U, e, and u |m . respectlvely Then We have

W(lll((u;(l)v(l) v(l)u’( )) (@ )|VJ“,3)
= (7](?,1 (V;l)(wj(»z)) + kdzi/r§z)zi) ( @) ( ) + kdzz/r( )zl)'yj k) [3](7 k =0
_ (4) 1(8) 7 (4) (@), 1@y, () _

for k=0,...,7;” — 1. So we can see that Tr((u;"'V;’ — V;7u; " )u;”’) = 0 and

Tr (O (T — W)

_ Tr(u;(i)(v(»i)u(.i) _ u§i)v§l))) Tr((u;(l)v(z v(l) /(1)) )

= — T () V) + TV (@ ulV)) =

for any 7, . Thus we have Tr(u' o (Vu —uV)) € Q, Vu —uV € (F,)¥ ® Qf and

the morphism V7: (Fara)' ©Q6(D) — (.7-'50[ 2)V ® QL can be defined certainly.
If we take u € ker(HO((Fy; )" ® Q) —— HO(F )Y @Q¢), thenu: E — E
is a homomorphism satisfying Vo u = (u ® id) o V and |, (Z(Z)) C lj(-i). Since

(E,V, {l;l)}) is a-stable, we have u = ¢ - id for some ¢ € A/m. So Tr(u) = 0 implies
c=0and u=0. Thus

*V L ]
ker(HO((Fh.)¥ © QL) — 5 HO(F,)" © QL)) =
and H?( +2) = 0. In particular, we have w(E,V, {ZJ , jQ,L§k, Jk,cﬁg ) =

which means that a parabolic connection (E, V, {lj( ), Vj(k), Lg ,)C, T} s (bg,)c}) of generic
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ramified type over A/ can be lifted to an A-valued point of Mg’D((r](-i)), a)z. Hence
det is a smooth morphism. O

For the proof of Theorem 3.1, it is sufficient to prove the following proposition.

PROPOSITION 3.2. For any point x € M& p((r (1)), a),(C), the dimension of the
a (1) ;
tangent space T), Mg (o )),a)u( z) of M& p((r;”),a)y at x is

2r2(g— 1)+ 2+ zn:(vﬂ2 —r)m

Proof. Let (E,V, {l§ ), h Q, L§ ,)c, Tk ¢§1k}) be the parabolic connection of generic
ramified type with the exponent v which corresponds to the point x. Recall the

complex Fp,, defined in (3) and consider its restriction F3 = Fp. |, ., where we

denote a point of M’ lying over z by the same symbol. We will prove that the

tangent space 7', ()0, (x) of M&D((r](-i)), a), at x is isomorphic to the hyper

cohomology H! (.7: ’)

Take a tangent vector v € T which corresponds to a member

Mg 5 (), o, (@)
(B°, V2, {0, (v @), @) (690 )) € ME p((ri), a)(Cle))
such that
(B°,v°, {0, (v, @), @) ()91 @ Clel/(e)

(B, V{9, vE L L 7 ey,

We take an affine open covering {U,} of C as in the proof of Proposition 3.1. Take a
lift

Ua®Cle] = E®Cl¢

0ot BY Ua®Cle]

of the given isomorphism EY ® Cle]/(e)ly. — E|y, such that the re-

] sends the data {(l”)(z) (V”)() (L”)gl,)c,(ﬁv)gll)c,(qbv)y,)c} to

striction ¢, Sk

{lj ) J k)aL(’L])ca j k:’(b }®C[€] if t; € U,. We put

UapB = Pa © SOEI - idE\ua5®c[eJ’
Va = (pa ®1d) 0 V¥ 0 ;! = V|y, @ ideyq-
Then we have {uag} € C'({Ua}, (€) ® FY), {va} € C°({Ua}, () ® F;) and

d{uap} = {ugy = tay +uap} =0, Vzeluas} = {vp —va} = d{va}.

0 [({uas}, {va})] gives an element ®(v) of H!(F?). We can check that the corre-
spondence v — ®(v) gives an isomorphism

From the hyper cohomology spectral sequence HY(FP) = HPTI(F?), we obtain an
exact sequence

0 — C— H°FY) — HY(F)) — HY(F?) — HY(F?) — H'(F})) — C — 0.
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So we have
dim H'(F?) = dim H*(F}) + dim H'(F?) — dim H*(F?) — dim H'(F}) + 2dim¢ C
= X(F2) = X(F9) +2.

We can calculate x(F}) and y(F2) by its definition as follows:

x

X(Fr) = (1 — g)rank F, + deg(F;)

n s;i—1 T;i)fl

r2(1—g) +1r%(29 — 2) +szlr r-—l—zz Z(r](-i)—l—k‘)

i=1j5'<yj i=1 j=0 k=0
X(F) = (1 = g)rank ) + deg(FY)

(1) -3 Y mar?

i=1j'<j
n s;—1 gi) 1 J(i) 1
+ 30N () - ”+1+21+Z )1 k)
i=1 j=0
n i—1 n sifl’“j'i)_l
VI SITLUIES 3 WIS 35 9 IEIEIED:
i=1j'<j i=1 j=0 i=1 j=0 k=0
So we have
dim H'(F?)
= X(F}) = x(FY) +2
n s;—1 n s;—1
= 9r? g—1) +2+222m17‘, ()+sz7 2—227@7’5”
=1j'<j i=1 j=0 i=1 j=0

=2r%(g—1)+2+ Zmir(r -1)
i=1

and the result follows. O

4. Symplectic form on the moduli space of parabolic connections of
generic ramified type for generic exponent. We will give in this section a sym-
plectic form on the moduli space of a-stable parabolic connections of generic ramified
type when the exponent v is generic. For this we enlarge the moduli space to the
moduli space of simple parabolic connections of generic ramified type, which is a
non-separated algebraic space.

9),a): (Sch/N((r$7),a))° —

DEFINITION 4.1. We define a functor MSPI p(( J(

(Sets) by
MEL (), a)(8) = { (B, v, 1 v L w60 n |/ ~

for a noetherian scheme S over C, where (E, V, {lj), Vj(k)7 Lg ,)c, T g (byk}) is the same

as in Definition 2.3 except for replacing the condition (v) by
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(v’) for any geometric point s of S, the equality End((F, V, {l;i)})|CXS) = Cidg
holds, where we define End((E,V,{l§i)})|CXs) as the set of the endomor-
phisms u: E®k(s) — E®Kk(s) satisfying (V®k(s))ou = (u®1)o(VRK(s))
and u|mitiXS(l§1) ® k(s)) C ZJ(»Z) ® k(s) for any i, j.

Here the relation ~ is the same as that in Definition 2.3.

The next proposition is much easier than the proof of Theorem 2.1.

PROPOSITION 4.1. The étale sheafification of Mbpl ((r; )),a) is represented by
an algebraic space MCPID(( (Z)) a), locally of finite type over N((r](.i)),a), Moreover,

Mé'plD(( (i)), a) is smooth over N ((r (i)), a) whose fiber has dimension 2r?(g—1) +2+
St (r? = r)m; if it is non-empty.

Proof. For each integer m, we consider the subfunctor Mﬁplm((rﬁ-i)),a) C

MEL (), a) such that (B, V, {180, V) L 70 610 1) € MEL((r17), a),, () lies

in MSPI Hi(r (4-))7(1)(5’) if E|oxs is m—regular for any s € S. If we put N := h%(E(m)),
then all m—regular vector bundles of rank r and degree a can be parametrized by
a Zariski open set @ of the Quot-scheme Quotoeazv( )" Take a universal quotient

bundle OCXQ( m) — E. We take the Og-bimodule A}, given in [10], section 5.1.
Then we can construct a quasi-projective scheme R over @ such that there is a func-
torial isomorphism R(S) = Hom(AL ® Eg, Es) for noetherian schemes S over R. The
universal family over R corresponds to (¢: Er — Er,V: Er — Er ® QL(D)). If
R’ is the subscheme of R where ¢ becomes identity, then Vg : Epr — Ep @ QL o(D)
becomes a relative connection. We can construct a locally closed subscheme Fpgs of
a flag scheme over R’ parameterizing the parabolic structures (l§-i)) on Ep preserved
by V|(miti)R
By the same argument as in the proof of The(o;em( )2 1 we can construct a
(w;”)-

quasi-projective scheme U over Fr/ parameterizing v; ramified structures on

(Zy /lj+17 5--)), j» Where (l( )) is a universal family of parabolic structure on EFR, and
Y (.i): l~(l)/l~(’) ( )/le ® QL (D) is the homomorphism induced by V. There is
a canonical morphism U — ./\/lSp1 m((rj(i)), a) which is formally smooth by construc-

tion. The action of PGLy(C) on QUOtogN(—m) canonically lifts to a free action on U.

We can see that the quotient Mép}’,m(( El)) a) := U/PGLy(C) as an algebraic space

represents the étale sheafification of ./\/lSp1 m((r](-i)), a). There are canonical inclusions
l,m i spl,m+1 i
MEE(r57),a) = MEE™((75"), 0) and

MEL((r),a) = | MPE((r),a)

m>0

gives the desired moduli space. Smoothness and the dimension counting follow from
the same argument as that of the proof of Theorem 3.1. O

We can take a quasi-finite étale covering M,, — M, épi)(( (1)) a), such that there
is a universal family (Ens, Var, {l(i),;,jangz,j,kvLg\};,j,k)ﬂj(\?;,j,kv¢§\?;,j,k}) over M),
Define the complex Fy§;, in the same way as the definition of Fp, in (3). We can
see that the tangent bundle Ty, is isomorphic to R (mas; )« (F}; ), where a0 C' x
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M), — M, is the second projection. We consider the pairing

wiy : RY(ar ) (Fagy ) x RY Ty )« (Fagy) — R (many )« (Qears yary) = Oy
({uapt, {va}], Huash {vi}]) = [({Tr(uag o wjs)}, —{Tr(uap 0 vh — va © tgp)}]

We can easily see that wys, descends to a pairing

T

W, ; : ; xT — O
MEL((rf)a)e ™ MEL (7)) ™ M (7

) a)e M () (O)

Take a tangent vector v € T

spl (D) () corresponding to a C[e]-valued point
Mc,D(("j ):a)v

(B°,v°, 1), (v @), @) @)

of Mgpij(( j(i)),a),,. We can see by an easy calculation that wy(v,v) €
H?(Q¢) = H*(FY @ k(z)) is nothing but the obstruction class for the lifting
of (E*, V", {(1)5", (V"){, (L), ()5, (6°)§4}) to a C[t]/(*)-valued point of
MgplD(( (Z))7a),,. Since MgplD(( (1)),a),, is smooth, we have wy(v,v) = 0. So wy

is skew-symmetric and we can regard that w € HO(Q? ; ).

M ((rf"),a)u ML ((r$)a)

THEOREM 4.1. Take v = (qul)( (Z))) e N((r (z)),a) and write

]’ 7 7 dz; 7
0 S () ec).

7 7
1=0 i

We assume that c 7é 0 for any i,j. Then the 2-form qupl (),a) defined in (5)

s symplectic, that 18, dw =0 andw s non-degenerate.

ML (r$),a)0 T ML ((r$7),0),

Proof. We take a regular parameter z; of Oc;, as a function on an affine open
neighborhood U; of ¢;. We may assume that t; ¢ U; for j # i. We choose

(Ki,05 -+ Kimi—1) € C™

satisfying k; 0 = 0 and k; 4 # ki g for ¢ # ¢'. If we take a canonical parameter h of
Spec C[h], then z; — hk; 4 becomes a function on U; x Spec C[h] and we can consider
its zero scheme

D; 4 C C x SpecClh].

If we take some affine open neighborhood H of 0 in Spec C[h], we may assume that
the fibers {(D; ¢)n|1 <1 <n,0 < g <m; — 1} are distinct Z?:l m; points for h # 0.
We set

mi—l

Di = Z (Di,q)H
q=0

ZDia

i=1

L
i



28 M-a. INABA

where (D; 4)n means the base change of D; , by H — Spec C[h]. If we write a; 4 :=
hiq and z; 4 := z; — a; 4, then z; , becomes a local defining equation of (D; 4)g. By
construction, we have (D; o)y =t; x H for any i. We put T := Spec C[t] x H. Set

i i i)y (D 2
AP = Op W (W) =77 — z)

A;?/)C = A;”/(Zi,l . Zi,mifl(Wj(z) _ T’%l)t)>?
where (_ o is a primitive r( )_th root of unity. Note that

r;i)—l
i )\l G
=0 J

0
4z))m”-7’ ), for the closed point xg of T' corresponding

and A @ k(zo) = Clut”]/((u!

to h =0 and t = 0. We put
mir(.”fr(.i)
() (D) N ) dz; @) o Ol -
v; (Wj ) = Z c;; (W;7) € Aj ®QCxT/T(DT)-

Zi,0%i,1 """ Bimg—1

If we take some quasi-finite dominant morphism 77 — T with 7’ normal, we may as-
; ; A0 0
sume that there are bg,]o) b ,bl(-f,)nifl € Op satisfying (bgjq) )i =1t"" 4a;, Replacing

T’ by its shrinking, we may assume that
m,-ry)—r(i)

D A1 (Ch = R ) £ 0 (©)

foranyueT’andO<k:<k:’<ri) 1.

We define a moduli functor Msp] .+ (Sch/T")° — (Sets) from the category of
noetherian schemes (Sch/T") over T 'to the category of sets by

spl 7 7 %
M (8) = { (B9, 1 VL L0, 7 o}/ ~,

for a noetherian scheme S over T, where
(i) E is a vector bundle on C' x S of rank r and deg(F|cxs) = a for any s € S,
(i) Vi E—E® QCXS/S(D x1 S) is a relative connection,

(ili) Elp,, = l(() > l1 e D l(z_l D l( = 0 is a filtration by O )
submodules'such that V|(D )s (l(l)) C l( Y ® QCXS/S(D X S) for any 4, j and
that each l(z)/l( 1 Is a locally free Op ) -module of rank r

(iv) l(Z /ZJJrl = g(o) V(z) - D V( ) RS OV(O) is a filtration by O p,)

submodules such that V( /zl 0 0 ) and V](k/ f k+1 for k=0,... r(. v

are locally free O(p modules of rank one and that V(l ( JZ)) C Vj(z) ®

O s/5(Dx75) for a any k, where V{1 10 /110, — 19 /1) @ QL (D7

S) is the homomorphism induced by V\( Di)s
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(v) ( ) VJ(Q ® A; ,)C —> L( 26 is a locally free quotient A ' ® Og-module of rank

one such that pj k = 7TJ k|v(l) Vj(k) — L;?C is surjective and the diagram

)
(2) () ik ('L)
‘/J’ ® A; gk J k
(i) (%) kdz;
vig l ll’j (w; )ﬂ;wzi,o

_ ~ R
VJ(Q ® QICXS/S(D X7 §) @ A;;)C s L p® QCXS/S(D X7 S)

is commutative for 0 <k < r](i) 1,
(vi) (;5 Lyk — L(Z) _,isan Aj ® Og-homomorphism whose image is (Wj(i) -
a 1t)L§,)€ . for 1 <k<r’land (b@(i): (zi0)/ (25t @ L) — L( D

RO ,
® Og-homomorphism whose image is (W 2 C @ o t)L (f)(,;) ) such
T —

D1
(4)

is anA

that the diagrams

VDAY — VD oA
W@l lw
g,k jok—1
) 3 ()
LJ % e LJ b1

fork=1,... ,rj@ — 1 and the diagram

(0)/ (Roia + im ) @V @ A —— VO, @Al

id®7rj(.f’()]l lﬂy(',ii;i)A
on
) @ ) (@)
(2i.0)/ (1021 -~ zim, 1 (WY — 1)) @ Lj\y —— LJ 01

are commutative, _
(vii) ¢{h: L) — (W — ML

1somorph1sms

q/)]< iE L% ey (Wj(i) —Cfﬁ_:)lt)/((wj(i) _Cf;—i)lt) (Wj(i) _ny) DEREE Zi,m,-—1) ®L§'fl)cfl

7

;,)C , factors through an A ® Og-

for 1 <k < ry) — 1 such that the composition

¢(i> o
. g, -1
(2,0)/ (WD = )zi0201 -+ 2ime—1) ® L§(>) L(z) o
@ _ 52 W _ 7502 ) s (i)
(W7 =< t)/((Wj —Clo W7 =Ch )z “‘Zimi—l) ®L W _,
J J .7 g
i (@)
:81')72 ¢(’> 2

R ( I1 w - f@t))/(zaozl;l"'Zi,mi—l) ® L)
J
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coincides with the homomorphism canonically induced by
(Zzo)/((WJ(l) —t)zi0%in - Zi,mifl)

— (W@ —(Fot) 2i0%i1 " Zimi—1)s
((IT o -cam)/( )

kr() —1

(viii) for any point s € S, (E,V, {l(i }) ® k(s) has only scalar endomorphisms.
Here (B,V, {I{", V), L) (") ¢! ,1}) (B V{1V J’(k),L;(,j, 7, @)} if there
are a line bundle £ on S and 1som0rphlsms 0:FE = E'®L, 19j7k. Lg,)c = L;(Z) ® L
satisfying V' o0 = ( ®id) o V, 0| 5 (I; () ) C l' Y@ L for any 14 j and for the induced
I( )/l/(l ® L, 77/(1.; 00 )|V<f = ﬂ]k Ty klv(”a (¢J(§c)
idg)o9) =9\)_ 0l and ((;5 U @idg) o (id @ d}) = 19“ o¢< o

We can see by the similar argument to that of Proposmjon 4.1 that the étale

sheafification of M pT, can be represented by an algebraic space MVPT, locally of
finite type over T". If we set

A J( il MONY dZZ dZiO
ZZ(ZC w2 T8 ) — Tk )

o 23,0241 """ Ziom;—1 ;%0

~

isomorphism 9(-” : l(»i)/l(.i)

and A := (\;)1<i<n, then there is a moduli scheme M (1, \) which represents the
functor
(Sch/T") — (Sets)
L is a line bundle on C' x §
S—=<¢(L,V)| VL: L — L® QCxS/S(DS) is a relative connection
and Vi |p,), = (Ai)s for any i
We can see that M(1, ) is an affine space bundle over the relative Jacobian of C' x
T’ over T" and it is smooth over 7. We can define a morphism det: M;f’}, —
M(1,X) by (E,V) — det(E,V) and we can prove by the similar argument to that
of Proposition 3.1 that this is a smooth morphism. So M’ T/ is smooth over 7. We
take a universal family (E, V, {l ), VJ(Q, Lg.’,)wfrj(.f,)w j,k}) over some quasi-finite étale
covering M/, of M) Spl
First we COIlbldeI“ the fiber (MD T,)JE over a point x € T’ 5atibfying h 7£ 0 for the
corresponding point of T = SpecC[t] x H. Take (E,V, {l() v L(lk, Jk,qb k})

Jor gk
(M3P1)2- Note that we have

AV ® k(x)
mi;—1

i (4) i)y D Q)
> O(p, o), W/ (W — Kot) @ @omm W (WD) — (@77 + aig)s).

Consider the case ¢ # 0. If (trg'i +a;4)(x) # 0, we have a direct sum decomposition
1
Vj(o) ® O p,y,/ (ziq( @ L 0® 0, q)x[Wj(l)]/(Wj(l) - f;i)bz(,];(ff)),
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since (b jq)) = (¢ + aig)e. Each component L) @ O, ). W/ (WS —

"”‘mb (x)) is preserved by u( )(W(z)) and it is an eigen-space of Vg-i). From the

i,q)m
definition of T" given by (6), we can see that
res, (z) <~J(i)(W](z)) (mod Wj(l) _ Cf(i)bl(.f; (m)))
#rese o (P70V0) (mod W1 - ¢ (o) )

for 0 <k <k < T§-i) — 1. So the eigenvalues of V§- on V]O ® O(D) /(ziq(x)) are
mutually distinct for ¢ # 0 and bgjq) (z) # 0. For g # 0 with (¢" T aiq)(x) =0, we
have bgjq) (x) =0 and

i ~ i i)\ (D)
Vi © 0w, ). = Ow, . W1 /(W )57

iq)w
. @) () dz; (i) .
The linear map resp, ), ( V;" —¢;o————— | on V; g ® O(p, ,), is just the
TZi0 Ziym—1 ’ ’q
mir=n® ) dai ON -
multiplication by 7,217 7 ¢} (W;")". So we can write

Zi,0 " Riymy—1

)

i 1 i
res(Di‘q)m <V§ )|(qu)'r - E TI'(V§ ))|(D1,1)_,>
J
‘ ' 0!
= Cle(”‘) + CQ(Wj('L))2 R CT',(-i)—l(Wj(’L))rj -1

with ¢; # 0. Note that O(p [Wj(z)]/((W](l))Tg )-module structure on V ®O(Dl e
ROMN

is equivalent to giving the action of 01W]@ + cg(Wj(z )24+ Cr(“—1(Wj( )) J on
i

7(1)1

VJ%) ® O(p, ,), Which is of generic nilpotent type and is recovered by V;i)
For ¢ = 0, we have LY;),C ® O(D;.0)e [W](l)]/(W](l) — ﬁi)t) = C. The commutative
diagram

Vi) ®Op, 0. W1 (W) — c’mec

o (WD kdz,
V”‘(Dlo)zl l ¢ )+Jz,~

i,0)z : L( g ® O(D

dZi

Zi

V) © 0w, 01, ® (D) 225 L) 0 0w, ), WO/ (W - fot) @ Qe(D) = C-
J

means  that (E,V, {VJ(Z),LEZ])C, ](Z,)C}) ® Ocy, gives a  local  regu-
lar  singular  parabolic  connection at (D;o), with the eigenvalues

res. . <(D<i)(W§i)) + kdz; ) ® O(D@o)t[W( )]/(W(i) - ’“(i)t)). Thus we can see

that the fiber Mbpl is nothing but the moduli space of simple regular singular
parabolic connections with the assumption that the residue of the connection at
(D q)z with b; 4(z) # 0 and ¢ # 0 is semi-simple of distinct eigenvalues, the residue
of the connection at (D; 4), with b; 4(z) = 0 and ¢ # 0 has a single eigenvalue § and
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@)
its minimal polynomial is (T'— §)"7  and regular singular parabolic structure is given
(@)
by {V];C ® O(Di 0)a }0<k<T(i) 1 at (Dz 0)

Next we consider the fiber (Ml, }/) over a point y € T" satisfying h =0 and ¢t # 0
for the corresponding point of "= Spec C[t] x H. Note that we have

i i i)y (D i mi— i
A;,k®k(y) =0p,,IW; )]/((W-( )) Dt =z, e (w - rot))

J
7 7‘<,i) m;— 7
W( /( W( i)\r 4T ) i I(W( ) k(i)t))
W(% /( mL @ (C W(z k{i)t)mifl)‘
k'#k /

We can see by comparing the length that the kernel of the surjection

mialye v — L) > AY @ k(y)

coincides with the image of ker (V(i @ L(‘i)m L Lgl,)c) via the inclusion
37 ’
(@) (@)
Vj’ry)il — ng So we have
r;i)fl
ker (mialye) = @@ W)/ = o).
' k'=k+1 :

Then we can see that W;i])clv(i) induces the isomorphism
v ()
Vio 2 ViR 2 Vi @ W/~ Clot™) = LR e CIW /(W3 = chon™)
J

on the (Wj(g —C f(i)t)—torsion parts. So we get a direct sum decomposition
J

vio = @ Like /v - chonm).
On the component L;Z,)g ® C[WJ(Z)]/((W](” - (f;i)t)mi), the operation of WJ@ is the

same as the expansion

(@) _ ok A
Wi =k, <t + ) (7)
J

(@

i)\r ) i my
in z;, because of the equalities (Wj( )) i =1t +z and (Wj( ) ¢kat)™ =0. So
"

the operation of @;i) ® k(y) on Ly,l ® C[W](i)]/((W;i) - f(i)t)mi) is the substitution
i

of (7) in ﬁj(.i)(Wj(i)) + kdzi/r§i)zi, whose leading coefficient is

mir(,”fr(,i)

]E: (z) Ik )tl

=0
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MO
Ty
by (6). Thus the fiber M p is nothing but the moduli space of simple unramified
irregular singular parabohc connectlons

We define a complex Fy,, by
T/

These are mutually distinct for £ = 0, . —1, because of the definition of 7" given

u|DM, (Z(-i)) C l~(-i) for any ¢, and for the induced
F, = dueEndE) }zo)mo?r;orphls?; uj : z)/l (Z)—> i\ )/ZJH,

u (Vi) C Vi andﬁ o (u; ®ld)|kemjf’k:0
for any 1, j, k
vlp,,, (1) C 1@ Q% oA Dri)are,
T/

for any 4, j and for the induced
homomorphism

Ni)/i(i
l(l /lj+1 ® Ql //TI(DT/)M,
”<v;33> cvile QC o seADT)rr,
and(()®1d)ov )y =0
for any i, j, k

Fip, = v €End(E) @ Q% 7/ (Dr)um

T

|V(’

. 0 ST 1
V;;I/Tl : ]:M’T/ Surr Vu—uV € }-M’T/'
Then we can see that the relative tangent bundle TM/T/ /70 is isomorphic to
R! (TFM/T/ )« (Fr ). If we define a pairing
T/

Wy, Rl(ﬂMlT/)*(‘FJT/I'T/) X Rl(FM/T/)*('FJ.W/T/) — RQ(’]TM’}/ )*(Q.CX]W,}//M,}/> = OM’;"
by setting
wary, ([({uas}, {va )], [{uas}, {va})]) = [({Tr(uas 0 up,)}, {Tr(uas 0 vj) — Tr(va 0 uag)}],
. spl
then wyy, descends to a relative 2-form Wi, € H (M, T Q?w;plT//T,).
The restriction of w,;sm to the fiber over the point of 7" corresponding to ¢ = 0
o, T

and h = 0 is nothing but the 2-form w on the moduli space of parabolic

ML ()00

connections of generic ramified type with the exponent v. The restriction of w,
o, T/

to the fiber (M;p%,)m over a point z corresponding to h # 0 coincides with the 2-form

on the moduli space of regular singular parabolic connections defined in [9], section
7. By [9, Proposition 7.2 and Proposition 7.3], w, s |(Mﬁpl ) is non-degenerate and
o, T/ o, T/*

d(JJ s s = 0.
M,;?;“/ ‘(M,;rj;w/ )w
Consider the restriction of w,» to the fiber over a point y of 7" corresponding

tot # 0 and h = 0 is the 2-form. Then we can see that the restriction wsp ’ vl
o, T! ( D,T’)y

coincides with the symplectic form on the moduli space of unramified irregular singular
connections given in [13], section 4. By [13, Proposition 4.1], w, sp |(M5p1 ) is non-
o, T o, 7! /Y

degenerate. Since the induced homomorphism

det(wy ept): det( Mapl/T,) — det(QMbpl/T,)
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is isomorphic in codimension one, it is isomorphic on whole M:”, because
spl - . .

M, is normal. Thus the relative 2-form w,sm is non-degenerate. The non-
’ DT(

degeneracy and d-closedness of w, sp  imply the same properties for w
o, T

.0

ML ((r$),a),
W rspl s i
M ‘Mcple((r; )),a).

Restriction of the symplectic form w to the moduli space

_ ML (5,000
Mg p( (r;-Z)), a), gives the following corollary.
COROLLARY 4.1. Take an exponent v € N((?"g»i)),a) such that the
w§i)dw§i)

- . —— -coefficient of 1/“,1 does not vanish for any i,j. Then there is an
(w(lz))mir;l)—rj(.l)—&-l I
J

algebraic symplectic form w on the moduli space Mg,D((r(i)), a), of a-

Mg L ((r$7),a)w J
stable parabolic connections of generic ramified type with the exponent v.

Appendix. In the earlier version of the preprint, the author missed the condi-
tion (v) of Definition 1.2 in the formulation of irregular singular connection of generic
ramified type. Indeed, we cannot remove the condition because of the following ex-
ample.

Consider the case m = 7 = 2 and a connection (E,V) with (E,V) =
(Cl[w]], Vu(w)), where w = /z, v(w) = wdw/w? and

dz

—-

Vi Cllw]] > f(w) = df (w) +v(w)f(w) € Cllw]] @ -

Let eg,e; be the basis of E corresponding to 1,w € C[[w]]. Then a true ramified
structure (Vj, Ly, 7k, ¢k ), in the sense of Definition 1.2, is given by Vi = (w¥)/(w?),
Ly = (w*/w3*t*) for k = 0,1 and

mo: Vo ®cpa)/(z2) Clwl/(w”) 3 fo(w)eo + fr(w)er = fo(w) + fi(w)w € Cluw]/(w’)
™ Vi @cpyye2) Clwl/(w?) 3 fi(w)er + fa(w)zeo = fr(w)w + fa(w)z € (w)/(w?).

However, if we lose the condition (v) of Definition 1.2, we can construct the
following unexpected example: Again we put Vi = (w¥)/(w*) and Ly = (w*)/(w3**).
We define

71'6: Vo ®<C[z]/(z2) (C[w]/(w3) — (C[w]/ w3)
™ Vi ®cpay 2y Clwl/ (w?) — (w)/(w?),
by setting
mo(fo(w)eo + fr(w)er) = fo(w) + fr(w)(w + w?)
T (fi(w)er + fa(w)zeg) = fi(w)(w + w?) + fo(w)(z + 2zw).

Furthermore, we define the Clw]-homomorphisms

1+ (w)/(w*) — Cluwl/(w®)
¢ (2)/(W®) — (w)/(w?)
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by setting
¢ (w) = w
¢h(2) = 2 + 2wz,

which would not satisfy the condition (v) of Definition 1.2. Then we can check that
the two squares in the diagram

Vo® Clul/(w®)  —22 Clu]/(w?)

T %’1

Vi@ Clwl/(w?) —— (w)/(w?)

T Lﬁ;
(2) © Vo ® Clul/(w?) 2225 (2)/(wd)

are commutative. If we put v/(w) := (w + w?)dw/w?® which is different from the true
exponent, the diagram
Vo ® Clul/(w®)  ——  Clu]/(u?)
V\zz:[)@idl lu’(w)
dz 3 ol 3 dz
Vo ® o ® Clw]/(w?) —— Clw]/(w?) ® o

is commutative, because

Similarly, the diagram

Vi@ Clul/(w®)  —2  (w)/(w?)
V|22=0®idl lv’(w)“#
Vi ® g ® Clw]/(w?) T, (w)/(w*) @ %

is commutative, because

d d
T (V(er) =i (08 5 5 +e1®57)

dw 5, dw
= (z+2zw)ﬁ + (w4 w )Zﬁ

— (z+32w)ii§ = (w+w?) ((w+w2)i—f + %") = (v’(w) + %”) mi(e1)

d d
71 (V(zeo)) = (z61 ® é + zep ® 5)

5, dw dw
=z(w+w )ﬁ +(z+ 2zw)22$

dw 2y dw ’ wy
I (z + 2zw)(w + 2w )ﬁ = (1/ (w) + g)m(zeo).
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So (Vi, Ly, m},, ¢,) satisfies all the other conditions of Definition 1.2 except the condi-

tion (v).
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