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COMPARING THE CARATHEODORY PSEUDO-DISTANCE AND
THE KAHLER-EINSTEIN DISTANCE ON COMPLETE REINHARDT
DOMAINS*
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Abstract. We show that on a certain class of bounded, complete Reinhardt domains in C™
that enjoy a lot of symmetries, the Carathéodory pseudo-distance and the geodesic distance of the
complete Kéhler-Einstein metric with Ricci curvature —1 are different.
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1. Introduction and main results. In this paper, we compare the
Carathéodory pseudo—distance and the geodesic distance of the complete Kéhler—
Einstein metric with Ricci curvature —1 on certain complete Reinhardt domains in
C™,n > 2. Throughout the paper, we will call the geodesic distance of the complete
Kéahler—Einstein metric with Ricci curvature —1 by the Kéhler—Einstein distance. The
Carathéodory pseudo—distance cp; on a complex manifold M is defined by

cv(z,y) == sup  pp(f(2), f(y))
f€Hol(M,D)

Here, pp denotes the Poincaré distance on the unit disk D in C* and Hol(M, D) is the
collection of all holomorphic functions from M to D. We call c¢p; the pseudo-distance
instead of the distance because there could be distinct points x,y € M such that
em(z,y) =0.

The CarathéodoryReiffen (pseudo) metric and the Carathéodory pseudodistance
are invariant under biholomorphic mappings and completely determined by bounded,
non-constant, holomorphic functions. This is the smallest possible invariant metric
and the shortest distance between invariant metrics and invariant distances. Con-
sequently, they are particularly relevant to the long-standing conjecture regarding
the existence of a bounded, non-constant, holomorphic function on a simply con-
nected, complete, non-compact Kéahler manifold whose sectional curvature is nega-
tively pinched. Wu and Yau recently demonstrated [33] that K&hlerEinstein metric
of negative Ricci curvature, the Bergman metric, and the KobayashiRoyden metrics
exist and are uniformly equivalent on this class of manifolds. Therefore, it is natu-
ral to compare the Carathéodory-Reiffen metric and the Carathéodory distance with
these three invariant metrics and their distances (also see [32, 34]).

The complete KéahlerEinstein metric of negative Ricci curvature and its distance
on complex manifolds are invariant under biholomorphic mappings, especially for
bounded pseudoconvex domains in C™. In recent years, a number of discoveries have
been made concerning the relationship between the KahlerEinstein metric and other
invariant metrics (see, for example, [1-10, 13, 16, 18, 21-27, 31-34, 36] and refer-
ences therein). The outcomes also included the Carathéodory-Reiffen metric and
Carathéodory pseudodistance ([15, Proposition 3.1.7], [14, Chapter 2]).
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As an invariant pseudo-distance, the Carathéodory pseudo-distance is less than
or equal to the Carathéodory inner-distance [14, Remark 2.7.5], Bergman distance
[11, 12, 19], and Kobayashi-Royden distance [14, 15], and there are known instances in
which it is strictly smaller than each of these distances (for example, [24, 25, 30]). Due
to the Schwarz-Yau Lemma (Section 2), on the other hand, the Carathéodory pseudo-
distance is less than or equal to the Kahler-Einstein distance; therefore, it is natural to
ask whether the Kéhler-Einstein distance and the Carathéodory pseudo-distance are
different in general. For strictly pseudoconvex domains in C", the concrete formulas of
the Kahler-Einstein distance and the Carathéodory pseudo-distance remain unknown.
Thus, a comparison of the two distances is not trivial (see [17, 29] and [4, Proposition
5.5, Theorem 7.5] for the case of smoothly bounded, strictly pseudoconvex domains).
We introduce a class of complete Reinhardt domains in C™,n > 2 that distinguish
between the Kéhler-Einstein distance and the Carathéodory pseudo-distance in this
paper.

The work of Vigue [30] provides one possible approach for distinguishing the
Carathéodory pseudo-distance from the Carathéodory inner-distance. After a clever
choice of one point with origin on the diagonal entries on

1
{(21722)€C2: |Z]|+‘ZQ| <1,|2’12’2| < 16}, (1.1)

Vigue distinguished the Carathéodory inner-distance and the Carathéodory pseudo—
distance. By extending this idea, we could distinguish the Carathéodory-distance from
the Kéahler-Einstein distance. We say a domain 2 in C™ is a complete Reinhardt
domain if for any (z1,...,2,) € Q and (A1,...,\,) € ﬁn, the point (A121, ..., Anzn)
belongs to Q [14, Remark 2.2.1]. We say Q C C" is compatible with the symmetry
by all permutations if  satisfies the following: (21, ,Za, " s 2p, " ,2n) € Q if
and only if (21, , 2g(a), s 2gb)s s 2n) € Q for any a,b € {1,---,n} and any
permutation ¢ : {1,---,n} — {1,---,n}. We denote the ball of radius R > 0,
centered at the origin in C" by Br. We denote the complete Kahler—Einstein metric
with Ricci curvature —1 on Q by wi g, and let dg E be the distance induced by wx k.

THEOREM 1. Let Q be a bounded, complete Reinhardt domain in C",n > 2.
Suppose that € is compatible with the symmetry by all permutations and there exists
R > 0 such that Q is contained in Br and Y, _, pr = R for some (p1,--- ,pn) € Q.
Then

co < d5P. (1.2)
Here, (1.2) means for any a,b € Q, and there exist p,q € Q such that

cala,b) < dgE (a,b),

ca(p.q) < d§¥(p,q).

We apply the theorem of the existence of the complete Kahler—Einstein metric of
a negative Ricci curvature on a bounded pseudoconvex domain in C™ as given in the
main theorem in [20]. The hypothesis of Theorem 1 is satisfied in several examples
including (1.1) complex ellipsoids [5] and symmetrize polydisks of arbitrary complex
dimensions [8, 24] and also others [6]. The proof of Theorem 1 will be presented in
Section 3.
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Theorem 1 holds on weakly pseudoconvex domains with very nice symmetries. In
particular, if  is selected as in Theorem 2, and it would be particularly beneficial
to obtain a distance comparison between the origin (0, ...,0) and the diagonal entry
(z,...,z). Especially, the following theorem is implicitly related to [14, Problem 2.10].

THEOREM 2. Let n > 2. For each 0 < € < #, define
DY :={(z1,...,2n) € D" I 2] < €}.
Then for any (x,--- ,x) € D? satisfying |z| > (en)ﬁ, we have

e ((0, ..., 0), (@, ..y @) < dﬁLE((O, e 0), (24 .0, ).

Note that € > 0 must satisfy e < -& in order to take (z,---,z) € D with

|z| > (en)ﬁ The proof of Theorem 2 will be presented in Section 4 with some
additional remarks.

Lastly, one can easily extend the proof of Theorem 1 with the complete K&hler—
Einstein metric of Ricci curvature —A, A > 0.

Acknowledgements. This work was partially supported by NSF grant DMS-
1611745. T would like to thank my advisor Professor Damin Wu for many insights
and helpful comments. I also would like to express my sincere thanks to the referees
for reading the previous version of the paper carefully and for valuable comments to
update the paper in a very progressive way with various detailed suggestions.

2. Schwarz—Yau lemma. The following generalized Schwarz lemma due to Yau
will be used to compare the Carathéodory-distance and the Kéhler—Einstein distance.

THEOREM 3 (the Schwarz-Yau lemma, [28, 35]). Let (M, g) be a complete Kdhler
manifold with Ricci curvature bounded from below by a negative constant Ky. Let
(N, h) be another Hermitian manifold with holomorphic bisectional curvature bounded
from above by a negative constant Ko. If there is a non-constant holomorphic map f
from M to N, we have

K,
h< —Lg.
f _K29

We can use the upper bound of holomorphic sectional curvature of (N, h) instead
of the upper bound of bisectional curvature if N is a Riemann surface [28].

3. cqg < dB¥ for some complete Reinhardt domains Q in C",n > 2.
The proof of Theorem 1 can be reduced to Lemma 4 which gives the comparison of
the Carathéodory pseudo-distance and the K&hler-Einstein distance. Note that by
Montel’s theorem, for any two points in a complex manifold M, we can always achieve
the extremal map f € Hol(M, D) with respect to the Carathéodory pseudo—distance.
In Lemma 4, vp is the Poincaré metric on the unit disk and wxg(a) is the hermitian
inner product on the holomorphic tangent space at a € Q.

LEMMA 4. Let Q be a bounded pseudoconvex domain in C™, and a,b € Q, a # b.
Suppose there exists f € Hol(Q, D) that is extremal for cq(a,b) such that

(f(a), f'(a)X) < V(wkp(a)(X, X)), X € C" —{0}. (3.1)
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Then
cala,b) < d5¥(a,b).
Proof. By assumption, continuity of metrics gives €,6 such that
w(f(2), f'(2)X) + el X|| < V(wrp(2)(X, X)), z € B(a,0) € Q, X € C".
On the other hand, by Theorem 3, we have
w(f(2), f(2)X) < V(wkp(2)(X, X)),z € 2, X € C".

Let o : [0,1] — Q be any piecewise C-curve joining a and b. Denote by to the mazimal
t € [0,1] such that «([0,t]) C B(a,d). Denote the arc-length of o with respect to the
Kahler—Einstein metric by Lig(«). Then

Licp(a) = / o n (@) (@ (@), o/ (D) dt + / Verp(a®)(@(0), o/ (0)dt

to

1
> / T (F(a(t)), f(a(t)d + ¢ / o (8t

> Loy (f 0 a) + ¢ 2 po(f(a), /(8)) + €8 = ca(a,b) + <.
>

Hence d5¥(a,b) > cq(a,b) + €. O

Proof of Theorem 1. The comparison between cq and d5F can be achieved once
some extremal map f € Hol(2, D) with respect to the Carathéodory pseudo-distance
satisfies the assumption of Lemma 4.

Since 2 is a bounded domain in C", we may assume that  is contained in the
unit ball B C C™ centered at the origin due to the fact that the scaling transformation
is a biholomorphism and the Carathéodory pseudo—distance and the Kéhler—Einstein
distance are preserved under any biholomorphism.

With the global coordinate (z1,...,2,) € Q in C", let {B%Ji = 1,...,n} be the
basis on the holomorphic tangent bundle TO1 0. Without loss of generality, we may
assume that {B%L |i =1,...,n} are orthonormal with repect to the Euclidean metric and
orthogonal with respect to wxg(0). With the usual global coordinates (z1,--- ,2,) €
Q, denote (% = X;,i = 1,---,n. We may assume that 0 < wxp(0)(X1,X;) <
WKE(O)(Xi,Xi),i = 1 e, N

We will show there exists a local hypersurface in €2 which is defined by

Vore(X1,X1)(0)) 2 =1.
k=1

From the assumption of Theorem 1, we can take 0 < R < 1 such that € is contained
in Br and the boundary of €2 touches the boundary of Br. Then by using a projection
map with respect to the first coordinate, we can define the holomorphic map from
(Q,wk ) to (Dg,h), where h is the Poincaré metric on Dg the ball of radius R in C.
Then by applying Theorem 3, h(0) < R?wx (0). This implies

1< 2 < Ryforn(0)(%1, %) (3.2)
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In particular, R < 1 < R\/wKE(O)(Xl,Yl) and the assumption of the existence of

(p1,--+ ,pn) € Qsatisfying >°;'_, pr = 1 implies the points (21, -+ ,2,) € Q satisfying

\/wir(0)(X1,X1) > r_, 2z = 1. Here, the rescaling of the domain  C B and the
fact that ) is a complete Reinhardt domain are applied.

We will control the extremal map with respect to the Carathéodory pseudo—
distance f : Q — D such that

CQ((OV 70)7(1'7"' 71')) = CD(f(Ov"' ao)vf(xa"' ,(E)) (33)

After acting on the unit disk by an automorphism, we may assume that f(0,---,0) =
0. Also we can replace f by the symmetrization map % Yo f(Zo1)s 5 Zo(n)) With
all permutations o : {1,--- ,n} — {1,--- ,n}. Around the origin, one can write f
as a power series Y ;. a2k + o0 _o Pr(21, 0+, 20) = Do @iz + fo(z1, 00, 20),
where each P,,(z1, - ,2,) is a homogeneous polynomial of degree m. Since we use
L3 f(Zo(1), 5 Z0(n)), We can replace Y., a;z; by ad_j_; 2 for some real number
a (after acting on the unit disk by an automorphism if necessary). Then by Theorem 3,
[*w < VwkE. In particular, we get

CLS wKE(O)(Xl,Yl).

Now let’s suppose a = y/wrr(0)(X1, X1). Since there exists a hypersurface in

given by a7, zr = \/wkE( Xl,Xl 0) > r_, zr = 1, we can choose (u1,- -+ ,u,) €
Q such that >~} ug = . Define g : D — Q by g(A) := (Aug, -+, Auy,).
VWKE(O)(le )
Since () is a complete Reinhardt domain, g is a well-defined holomorphic function.
Furtheremore, f o g(0) = 0 and (f o g)’(0) = 1. Thus f o g = idp by the classical
Schwarz’s lemma that fo(Aug, -+, Au,) = 0. Since A € D is arbitrary and with other
choices of (uq,- -+ ,u,), we can take a small open set in €2 such that fo = 0 on this open
set. Thus by the identity theorem, fo = 0 on Q. Hence f(z1, -+ ,2n) = ad p_; 2k,
which is impossible since the image of f can’t hit the boundary of . Hence a <

wirp(0)(X1,X1). In particular, this implies

‘fI(O)le < WKE(O)(XME)J:L“' , 1. (34)

Since we showed the above inequality for X;’s, that are orthogonal to the Euclidean
metric and wgi g(0) at the same time, the same inequality holds for arbitrary tangent
vectors X € C" — {0}. Consequently, (3.4) implies the assumption in Lemma 4, and
the proof is over. O

REMARK 5. A separation between the Carathéodory pseudo—distance and the
inner Caratheéodory pseudo—distance was made from similar argument (see [30], [14
Lemma 2.7.8]).

4. cpn((0,...,0), (x,...,x)) < d5F((0, ..., 0), (x, ...,x)). Although the proof of the
Thoerem 2 contains the similar argeument in the proof of the Theorem 1, we will
provide the proof in detail, because the role of two fixed points (z, ..., z) and (0, ..., 0)
in D7 should be justified.

Proof of Theorem 2. As we did in the proof of the Theorem 1, we establish the
basic setting first. Fix e > 0, with the global coordinate (zy,- - ,z,) € D in C, let
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{Z|i=1,---,2,} be the basis on the holomorphic tangent bundle Ty°D". Without

loss of generality, we may assume that {B%M =1,---,n} are orthonormal with repect
to the Euclidean metric and orthogonal with respect to wxg(0). With the global
coordinates (z1,- - ,2,) € D, denote % = X;,i=1,--- ,n. Also, we may assume

that 0 < wre(0)(X1,X1) < wre(0)(X;, X;),i = 1,---,n. For z = (21, -+, 2n),
define the holomorphic function h : D — D by h(z) := %nglzk.
By the distance-decreasing property of the Carathéodory pseudo—distance,

C]D(h(o"" ,0),h(1’,'~~ ,SL’)) < CD?((Ov"' ,0),($,~” 7x))

Thus

e (0, %z") < epp (0, ,0), (.- ). (4.1)

From the hypothesis, take (x,---,x) € D? satisfying (en)ﬁ < |z| < 1. We may
assume z is a positive real number so that x € D satisfies
x> (en)ﬁ (4.2)
Let f : D? — D be the extremal map with respect to the Carathéodory pseudo—
distance so that

CD?((O’"' 70)5(‘777"' ,.Z‘)) - cD(f(Ov"' 70)7f(:c"" 756)) (43)

We may assume that f(0,---,0) = 0. Since D” is compatible with the symmetry
by all permuations, we may assume that f itself is a symmetrization map so that
f(z)=ad> ) ze+> 5 Pn(2), each P, is a homogeneous polynomial of degree m
and as in the same argument of the proof of Theorem 1, we get

QS WKE(O)(XlaXl)-

From the description of D, we can find (p1,- -+ ,p,) € D satisfying >, _, 2z = 1
by taking one component with the magnitude almost one and the magnitudes of the
other components almost zero. Then as in following the same argument of the proof
of Theorem 1, there exists a local hypersurface of D! given by

Vwre(X1,X1)(0)) 2 =1
k=1

Now we will show a < \/wgg(0)(X1,X1). Assume a = /wrr(0)(X1,X1). By (4.1)
and (4.3),

ep(0,n/wrp(0)(X1, X1)z) = cpr ((0,0), (z,2)) > ep(0, %x")

1/n
Thus we obtain = < <7’L6\/(WKE<O)(X1,_X1)) . On the other hand, since the

projection of f : D? — D from D! to the first coordinate induces the holomoprhic

function from D to D, the classical Schwarz lemma implies \/(wKE(O)(Xl,E) =a<
1. In particular, we have

ney/wie(0)(X1, X1) = nea < ne < 1.




INVARIANT DISTANCES ON COMPLETE REINHARDT DOMAINS 43

1/n
However, by (4.2), we also have = > (en)%l > (ne\/(wKE(O)(Xl,Xl)> ,

which is impossible. Hence a < \/wrz(0)(X1, X1).
Then the rest of the proof follows as in the proof of Theorem 1. O

J.
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