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6-DIMENSIONAL FJRW THEORIES OF THE SIMPLE-ELLIPTIC
SINGULARITIES*

ALEXEY BASALAEVT

Abstract. We give explicitly in the closed formulae the genus zero primary potentials of the three
6-dimensional FJRW theories of the simple-elliptic singularity E7 with the non-maximal symmetry
groups. For each of these FJRW theories we establish the CY /LG correspondence to the Gromov—
Witten theory of the elliptic orbifold [£/(Z/2Z)] — the orbifold quotient of the elliptic curve by the
hyperelliptic involution. Namely, we give explicitly the Givental’s group elements, whose actions
on the partition function of the Gromov—Witten theory of [£/(Z/27Z)] give up to a linear change of
the variables the partition functions of the FJRW theories mentioned. We keep track of the linear
changes of the variables needed. We show that using only the axioms of Fan—Jarvis—Ruan, the genus
zero potential can only be reconstructed up to a scaling.
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1. Introduction. To a quasi-homogeneous polynomial W, having an isolated
critical point at the origin, and a group G of diagonal symmetries of W, FJRW theory
associates the certain moduli space together with a virtual fundamental cycle giving
rise to a well-defined intersection theory (see [20]). First main application of this
moduli space was to the Witten’s equation. This equation, originating from physics,
is due to E. Witten, but it only became mathematically reasonable on this moduli
space of the FJRW theory. The name “FJRW theory” stands therefore for H.Fan,
T.Jarvis and Y.Ruan, who gave the construction (in [12]) and for E.Witten, whose
idea was a sparkle for it.

This new moduli space can be seen as the generalization on the moduli space of
the stable curves. From this point of view FJRW theory can be seen as the cousin of
the Gromov-Witten theory. It was moreover shown in [12] that for W defining ADE
singularities, and certain symmetry groups G, the partition function of the intersection
numbers on this moduli space is a tau—function of the Kac—Wakimoto hierarchy. Then
for W = 2™ and cycling group G, generated by g(x) := exp(27v/—1/(r + 1))z, this
new moduli space generalizes the moduli space of the r—spin curves, whose Gromov—
Witten partition function is a tau—function of the Gelfand-Dykij hierarchy (see [13]).

Another important application of the FJRW theories lies in the area of mirror
symmetry. In mirror symmetry the pair (W, G) as above is called Landau—Ginzburg
orbifold, and FJRW theory provides the A—side model of it. Several mirror symmetry
results about the FJRW theories were published in [11, 18, 19, 16, 17, 25, 21, 4, 7].
Establishing these mirror symmetry results one had to compute certain intersection
numbers on the moduli space of the FJRW theory. However, the explicit use of
the virtual fundamental cycle appeared to be hard. To our knowledge, in all the
examples known, FJRW theory is not computed by using the virtual fundamental
cycle of Fan—Jarvis—Ruan itself, but only utilizing the certain properties, it satisfies.
These properties were derived already in [12], and called there “axioms”.
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These axioms appeared to be powerful enough for the mirror symmetry purposes,
where usually there is no need to compute the theory completely. For all mirror
symmetry results above except [4], just some small list of intersection numbers was
computed on the FJRW theory side. In particular up to now there is no closed formula
even for the genus zero potential of any FJRW theory except one particular case in loc.

it.. At the same time even in the computation of the certain intersection numbers,
only the most extreme possible symmetry groups G are considered up to now, except
one particular case in [25], — maximal symmetry groups of W.
The results of this paper come in two groups.

FJRW theory. In this paper we take the “axioms” of [12] as a definition of the
FJRW theory. Namely, we consider the FJRW theory as a Cohomological field theory,
satisfying certain additional list of axioms. We consider the simple-elliptic singularity
E; represented by W := 2% + 3* + 22 with the three symmetry groups:

Gl = <a15b1761>7 a‘l(l‘ Y,z
Cl(:lj Y,z

Gq := (ag, b)), as(x,y,z

= (V-1z,vV=1y,2) , bi(z,y,2) == (z,~y, 2),
= (z,y,—2),
(F V=ly,—2), ba(z,y,2) := (2, -y, 2),
:( z,v/—1y, ) bs(z.y, 2) == (z,y, —2),

Gs = (as, bs), az(z,y, 2
All these groups are not maximal for W, and this is the first novelty of this paper. All
three FJRW theories of (E7, G}) are 6-dimensional. By using the “axioms” of [12]
only, we reconstruct the genus zero potentials of these FJRW theories up to the scaling
of the variables. We give the closed formulae for the three genus zero potentials (see
Propositions 7.1, 7.4 and 7.6). It turns out that two of these genus zero potentials
can be reconstructed from the axioms only up to the scaling. This shows in particular
that for the questions, where the particular values of the correlators are important,
it’s not enough to consider the axioms of FJRW theory only. It turns out also that
the third genus zero potential we compute has irrational coefficients. This potential
can be written in Q[[t]] only after a rescaling of the variables.

CY /LG correspondence. Currently, working with the non—maximal symmetry
groups on the FJRW theory side makes it hard to speak about the mirror symmetry.
This is because the B side should be considered with the non—trivial symmetry group
then, and an orbifolded Saito theory is not yet constructed (see [8, 9, 6, 7]). However
one could anyway consider one mirror symmetry conjecture in this setting too — the
CY/LG correspondence conjecture. It suggests that the partition functions of the two
different A—side models, being both mirror dual to the same B-model, are connected
by a Givental’s action (acting on the space of all partition functions).

In this paper for the three FJRW theories of the pairs (E7,Gk) as above we
establish also the CY/LG correspondence. Namely, we provide explicitly the R—
matrices of Givental, s.t. up to the certain S—action of Givental the partition function
of the FJRW theory is obtained by applying the Givental’s action to the partition
function of the Gromov-Witten theory of the orbifold P} 5, 5 := [£/(Z/2Z)] — the
orbifold quotient of the elliptic curve by the hyperelliptic involution.

THEOREM (Theorem 6.3 in the text). Up to the certain different Givental’s S-
actions S®) the partition functions of the FJRW theories (E7,Gr), k = 1,2,3 are
connected to the partition function of the Gromov—-Witten theory of P%,QQ,Q by the
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same Givental’s R—action of:

0 ... o 4
, 1 3
Romenl| g ¢ fa s o =g ()

so that holds:

Z(E%Gk) = R"l S’(k) . 2{Pé,2,2,27 k= ]_’273‘

The S—actions are usually considered to be of little importance because they only
stand for the shift of coordinates and a basis choice (in the Chen—Ruan cohomology
ring in our case), and hence do not affect “the geometry” of the Cohomological field
theory. However no explicit computation can be done without knowing these S—
actions. Due to this fact we also keep track of them in this paper.

For the simple—elliptic singularities, CY /LG correspondence conjecture was also
considered in [25] in a beautiful manner. It was explained there in terms of a natural
operation on the space of quasi-modular forms — Cayley transform. However [25]
didn’t derive this particular R-action of Givental giving the CY /LG correspondence
or establish the particular Cayley transform. It was first [4], where the explicit R—
action was given for the simple—elliptic singularities, but with the maximal symmetry
group only.

The proof of the theorem uses extensively the explicit formulae for the genus zero
potentials of P}l,472, }P’%,Q&Q Gromov—Witten theories and explicitly computed FJRW
theories of (F7, G). We utilize the fact that genus zero potentials of both Gromov—
Witten theories can be written via the quasi-modular forms. At the same time, even
missing the orbifolded Saito theory, we consider the certain SL(2,C)-action on the
space of WDVV equation solutions, that allows us to connect the genus zero partition
functions of P 5 5 , and (E7,G}). This action was proposed in [5] as a model for the
primitive form change for the Saito theory and was shown to be equivalent to the
particular Givental’s action in [2].

Organization of the paper. In Section 2 we define the FJRW theory as a
CohFT, subject to the certain list of additional axioms. Gromov-Witten theory of
elliptic orbifolds is reviewed in Section 4. We make certain preparations there, needed
to perform the computations. In Section 5 we define the group action on the space of
CohFTs. Section 6 is devoted to the CY /LG correspondence, where we give the proof
of the main theorem with the help of computations, performed in Section 7. This is
the last section too, where we give explicit formulae for the primary potentials of the
FJRW theories of (E7,Gy), k = 1,2,3 as above — see Propositions 7.1, 7.4 and 7.6.
Certain useful formulae are given in Appendix.

Acknowledgement. The author is partially supported by International Labo-
ratory of Cluster Geometry NRU HSE, RF Government grant, ag. 075-15-2021-608
by 08.06.2021. The author is also grateful to Nathan Priddis, Amanda Francis and
Yefeng Shen for the useful discussions and email correspondence.

2. FJRW theory. In this section we define the FJRW theory axiomatically as
a Cohomological field theory AW-@) satisfying some additional system of axioms, as
given in Theorem 4.1.8 of [12]. In this way all our conclusions hold true for the FJRW
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theories of (W, G), defined through the virtual fundamental cycle. At the same time
it’s important to note that to our knowledge almost all computations done up to now
in FJRW theories only use these “axioms” of [12].

2.1. The pair (W,G). Throughout this paper let W = W(x) =
W(z1,...,zy) € C[x] be a quasi-homogeneous polynomial. Namely there are
integers d,wsq,...,wy, s.t. ged(wy,...,wy) = 1, and for any A € C* holds
WAz, ..., A"Nzy) = MW (2y,...,2n). Denote g := wy/d for k = 1,...,N.
Assume also 0 € CV to be an isolated critical point of W and the weight set to be
unique.

Let Gy = {a € (C*)N | W(a-x) = W(x)} be the so—called mazimal group
of symmetries of W (or just G,q. if the polynomial is clear from the context). It’s
non-empty as W is quasihomogeneous. Denote e[a] := exp(2my/—1a) for any a € Q.
Then for J := (e[q1],...,elgn]), the group (J) is a non—empty subgroup of Gy .

The group G C Gy is called admissible if (J) C G. In what follows, we will
assume d, the degree of W, to be also the exponent of Gy, i.e. for each h € Gy,
h® =id. This is not the case in general, but holds in our examples.

2.2. Cohomological field theories. Let (V,7n) be a finite-dimensional vector
space with a non-degenerate pairing. Consider a system of linear maps

Agp: VO = H (Mgy),

defined for all g,n such that M, , exists and is non-empty. The set A, is called a
cohomological field theory on (V,n), or CohFT, if it satisfies the following axioms.

CoHFT 1. Ay, is equivariant with respect to the S, —action, permuting the fac-
tors in the tensor product and the numbering of marked points in Mg ,,.

CoHFT 2. For the gluing morphism p : Mg, ni+1 X Mgy not1 — M, +g0.n1+n0
we have:

* _ —1
4 A91+927n1+n2 - (Agl,n1+1 'Agz,n2+1177 )v

where we contract with n~" the factors of V' that correspond to the node in the preimage
of p.

CoHuFT 3. For the gluing morphism o : ﬂg,nw — Mg+17n we have:

0" Ngr1n = (Agntas 7771)’

where we contract with n~"' the factors of V that correspond to the node in the preimage

of o.

In this paper we further assume the CohF'T Ay ,, to be unital — i.e. there is a
fixed vector 1 € V called the unit such that the following axioms are satisfied.

U 1. For every ai,as € V we have: n(ai,az) = Ag3(1® a1 @ az).

U 2. Let m: My ni1 — Mgy, be the map forgetting the last marking, then:

T Agn(1 ® - @ap) =Agnp1(1 @+ @ a, @ 1).
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A CohFT Ay, on (V,n) is called quasithomogeneous if the vector space V is graded
by a linear map deg : V' — Q and there is a number ¢, such that for any aq,...,a, € V
holds:

1
((g—1)d4+n)Agn(ag,...,an) = (2 deg,., + Z deg(ak)> Agnloa,... an),
i

where deg,,, is the (real) H* (M, ,)-cohomology class degree.
Let ¢; € H? (ﬂg)n), 1 <i < n be the so—called psi—classes. The genus g, n—point
correlators of the CohFT are the following numbers:

(o (€a) - T (€ )Y 1= / gn(on ® - ® e S22,
Mg.n

Denote by F, the generating function of the genus g correlators, called genus g po-
tential of the CohFT:

(Tas(€ay) -+ Ta, (ean)>g,n a1,01 A,
F, ._Z Aut({a.a]) t Lt .

a,a

It is useful to assemble the correlators into a generating function called partition
function of the CohFT Z := exp (Zgzo hg_l]-'g). We will also make use of the so-

called primary genus g potential that is a function of the finite number of variables
t* .= 9% defined as follows:

Fog:=F, \ta::to,a, tte=0,v0>1

what is also sometimes called a restriction to the small phase space.

Due to some topological properties of My ,, the small phase space potential
of a CohFT on (V,n) satisfies the so—called WDVV equation. For any four fixed
1<4,7,k,1 < dim(V) holds:

dim(V) dim(V)

0*F, 0*F, O3 Fy O3 Fy
P4 e o nP4 o (1)
- Otioti Op ot10tko = otiotkor ot10tio

)

)

It’s important to note that function Fy is reconstructed unambiguously from Fj due
to the topological recursion relation in genus zero. Hence function F{; contains all
genus zero information of the CohFT.

2.3. Moduli of W—curves. An n—pointed orbifold curve C is a 1-dimensional
Deligne-Mumford stack with at worst nodal singularities with orbifold structure only
at the marked points and the nodes. Moreover the orbifold structure is required to
be balanced at the nodes.

A d-stable curve is a proper connected orbifold curve C of genus g with n distinct
smooth markings p1, ..., p, such that the n—pointed underlying coarse curve is stable,
and all the stabilizers at nodes and markings have order d. The moduli stack M, ,, 4
parameterizing such curves is proper, smooth and has dimension 3g — 3 + n. It
differs from the moduli space of curves only because of the stabilizers over the normal
crossings.
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Let W be written as

M N
W = E C xp*, ag €N, ¢ € C.
i=1 k=1

Given line bundles L4, ..., Ly on the d-stable curve C, we define the line bundle

N
WiLy,..., Ly) =LY, 1<i<M.
k=1

DEFINITION 2.1. A W-structure is the data (C,p1,---,Pn,L1,---, LN, ¥1,
...pN), where C is an n—pointed d—stable curve, the Ly are line bundles on C sat-
isfying

WiL1, -, LN) Z wiog = w(p1 + -+ Pn),

Wi
log

When G = Gy, the following theorem holds.

THEOREM 2.2 (Fan-Jarvis-Ruan, [12]). There exists a moduli stack of all W -
structures, denoted by Wy n.cv, (W), possessing also the suitable virtual fundamental
cycle Wy . (W)U, defining the CohFT of the pair (W,Gw) by the morphism
st : Wyn.gw (W) = Mg, forgetting the W —structure of a curve.

and for each k, ¢y, : E?d — w F is an isomorphism of line bundles.

For the cases when G C Gy, consider the following construction. Let Z be a Lau-
rent polynomial, satisfying the following three conditions: (i) it’s quasi-homogeneous
with the same weights g, as W (see Section 2.1 for the notation), (ii) it has no mono-
mials in common with W, (iii) G = Gw 4 z.

Then one sets: Wy n.a(W) := Wyn.gw.,.,(W + Z). It turns out that the moduli
space obtained is independent of the choice of Z.

Moreover, there is a universal curve C with the projection © : C — Wy . a,
endowed with the universal W—structure (Lq,...,Ly).

EXAMPLE 3. For W = z71"+1 and G = Gw we have Wy, ¢y = M;n — the
module space of r—spin curves.

3.1. FJRW CohFT of a simple—elliptic singularity. Denote Qy :=

QgN,O (dW A dg]; é) It’s a finite dimensional rank one module over the Jacobian
algebra of W in case when W has only isolated critical points. It’s equipped with the
non-degenerate bilinear form (-, )y — the Poincaré residue pairing.

For any h € G denote by Fix(h) C C¥ the fixed locus of h and N}, := dim(Fix(h)).
Define Wh .= W [Pix(h): CNr — C. Wecall h € G s.t. N, = 0 the narrow sector
group elements.

For N, # 0 we can consider the module Q. Because W’ will have only
isolated critical points too, Qy» will be finite-dimensional, equipped with the non—
degenerate bilinear form (-,-)yn. It also has a (coordinate-wise) G—action on it.
Denote Q, := (1) — the G-invariant subspace of Qyyn.

If N, = 0 we set Qj, := C - e; with the trivial G-action, s.t. (2,)¢ = Q. It’s
also assumed to have the bilinear form on it. Namely, (eq, e )y := 1.

Note that Fix(h) = Fix(h~!). Let v, be an isomorphism €2, = Q1.

DEFINITION 3.1. We call a unital CohFT A = AYwS o FIRW CohFT of (W,G)
if it satisfies the following list of axioms 3.1.1 — 3.1.5.
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3.1.1. State space. A is a CohFT on the state space Hw.a = PnecHn,
where as a vector space H;, = Q for all h € G. Equip Hw,c with the C-
bilinear pairing (-, )w.¢ = ®nec (-, n, for (,)n : Hp &c Hp-1 — C defined by
(-, = (-, ¥p=1(-))yn. This pairing is non—degenerate too.

In what follows for any h € G by the element «j, € Hyw,¢ we will always assume
a vector, belonging to ‘Hy C Hw,c-

For any h € G, let the numbers O € QN [0,1) be s.t. h is represented by the
diagonal GL(N, C)-matrix diag(e[O}],...,e[O%]).

The vector space Hy ¢ is graded by degy, : Hw,¢ — Q, defined by

degy (an) := N +2 u(g), an € Ha,

where the degree shifting number 1(h) is defined as follows.

N

2(91}5 — ).

k=1

3.1.2. Degree. Set ¢ := Z,ivzl(l — 2q;) € Q. The class Ag‘%’a)(ahl, cey Q)
vanishes unless ¢(g — 1) + >, tp, € Z. Otherwise it has the following degree

v(h) :

K n n N )
2 ((0—3)(1 —g)+n—> u(hi) —Z;> .
i=1 i=1
3.1.3. Selection rule. The class Ag‘%c)(ahl, ..., ap, ) is zero unless for all 1 <

k < N holds:
(29 —2+n) — Z@Z’ €Z.
i=1

3.1.4. Gw—invariance. Assume axiom 3.1.1 to hold true. Consider the action
of Gw on each Qy,, and extend it to the action of Gy on Hw,¢. The CohFT A;‘_%’G)

(considered as a system of linear maps) is required to be invariant under this action.

3.1.5. Concavity. Suppose that h; € G are s.t. Fix(h;) =0 foralli=1,... n.
Let 7 be the projection from the universal curve of the moduli space and L1, ..., Ly be
the universal W-structure. Let ¢, stand for the top Chern class. If 7, (@szl Lk) =
0, then holds:

N
(W,Q) _lap# 1 v
A (s ooy an,) = dog(s0) PD styciop | (R'ms kE:BlLk) .
The subspace of Hy ¢, generated by ap,, ..., ap, is called concave.

3.2. Remarks on the axioms. The state space axiom is usually introduced
via the so—called Lefschetz thimbles of W". However they are only used further as the
generators of the vector spaces, that are isomorphic to those we used — €2p,.

Degree axiom we formulate, is exactly Degree axiom of Fan—Jarvis—Ruan, modulo
the notational difference. We give only the degrees of the cohomology classes in M, ,
while in [12] the state space degrees (that of Lefschetz thimbles, treated as homology
classes) are counted too.

It’s immediate to note that the CohFT AMW:%) is quasi-homogeneous with § :=
3 — ¢ and the grading degy;, on Hyw,g. It’s also unital with the unit — the generator
of Q; (which is one-dimensional because Fix(J) = ().
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3.3. Concavity axiom. In the list of axioms above it’s clear that the only
source of non—zero quantitative data of FJRW CohFT is concavity axiom and pairing
axiom. The latter one only concerns the three point correlators ( )g 3, hence this is
only concavity axiom giving us the “data”. It’s a surprising fact, that this is indeed
the concavity axiom, providing all non—trivial computations of all mirror symmetry
results, we reference in this paper. In other words, this small source of data appeared
to be powerful enough for the mirror symmetry needs.

After the result of A.Chiodo ([10, Theorem 1.1.1]) the M, ,~cohomology class of
concavity axiom can be written via the well-known M, ,, tautological classes — r,,
Yy, classes of the divisors. In particular for W = 2} + 23 + 23 and G = Gy we have:

3

3

1 v

G (any ooy g on,) = 537 | Bala)mn = D7 Ba(07" )y + Y Ba(67)IT] |
i=1 j=1 r

where Ba(z) := 2% — 2+ 1/6, [['] is a class of the divisor in My 4 and the summation
is taken over the possible decorations of such a divisor. Consult [14, Section 3] for
details.

3.4. FJRW theory of a simple—elliptic singularity. Fixing the basis

{(ﬁf@h) (x)dNrx} of , for all h € G, we will consider the basis {[h, Ech)(x)]}hk of

Hw,q. For narrow h € G, s.t. Nj, = 0 we denote oy, € Hy, C Hw,¢ by [h, 1].
Associate also to the vector [h, ]gh) (x)] the variable t6 () it Nj, # 0 and the
k b
variable ¢, to [h,1].
In the case of simple—elliptic singularities concavity axiom is in particular power-
ful.

PROPOSITION 3.2. Let W = z1 + x4 + 22 define a simple—elliptic singularity and
G be any admissible group of its symmetries. Then for any hi,..., hy, s.t. Np, =0
for all 1 <k <n the subspace generated by oy, ,...,an, S concave.

Proof. The proof copies proof of Proposition 1.6 in [21]. It’s enough to count
the line bundle degrees of Lj. Because Zi:l g = 1 and ¢ < 1 for a point
(C,p1y..yPn, L1, Lo, L3, 1, 2, ¢3) on each irreducible component C, of C holds

deg(|Lklc,) < qr (# nodes(C,) — 2) < # nodes(C,) — 1,

where | L] denotes the pushforward of £, to the underlying curve of C. The inequality
obtained finally shows that |L;| has no section. O

COROLLARY 3.3. For a simple—elliptic singularity W let FO(W’G) and FéW’GW) be
the genus zero primary FJRW potentials of (W,G) and (W,Gw) respectively. Then
holds:

(W,G) _ L(WGw)
Fy |ty n=0, hgGner = Ky |ty =0, hgGnar

Proof. The full state space Hw,q, is concave. As the vector space Hw,g is
defined as the direct sum over all G elements, if a;, € Hyy,¢, then there is a vector

oy € Hyp, C Hw,g, - These two vectors can be identified because ), = C. The rest
follows from Concavity axiom because the formula for the correlators of A((]YZ'G) and

Aé’Wn’GW) is literally the same. O
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4. Gromov—Witten theory of elliptic orbifolds. In this paper we make use
of the orbifold Gromov-Witten (that we call later just GW theory). Like FJRW
theory, GW theory also defines certain CohFT. The state space of it is the orbifold
cohomology ring, or Chen-Ruan cohomology ring, and the CohFT is fixed by the
(Poincare dual to the pushforward of) virtual fundamental class of the moduli space
of stable maps.

We skip completely the definition of the Gromov-Witten theory here, referencing
an interested reader to [1]. For the cases we only need in this paper — of the elliptic
orbifolds, we define the Gromov—Witten theory in genus zero by giving explicitly the
CohFT potentials, found in [22, 4, 25].

The so-called elliptic orbifolds P, ,, . for (a,b,c) = (3,3,3), (4,4,2) or (6,3,2) —
are smooth orbifold projective lines with only 3 points having the non-trivial orbifold
structure Z/aZ, Z/bZ and Z/cZ. They are called elliptic because each of them can
be realized as a global quotient of the elliptic curve by the finite group action. GW
theory of these orbifolds was found to give the A—model, mirror to the Saito structures
B-model of the simple-elliptic singularities (see the references, given in Introduction).

Apart from the three elliptic orbifold named, there is one more, more mysterious
one — P55 5,. This orbifold is obtained as a global quotient of an elliptic curve by
the hyperelliptic involution. Compared to the previously named elliptic orbifolds, this
one was not identified in the context of mirror symmetry until the recent result of
[25].

In what follows denote Xy := P},,, and Xy := P} ,,. Fix the bases of the
Chen-Ruan cohomology H.,(X%) as follows. l

Let Ag, A_; be the degree 0 and degree 2 generators of H*(P') respectively,
viewed as untwisted sector of H} ,(X%). Let A;; be the twisted sector generators,

orb
corresponding to the i—th point with a non—trivial isotropy group. We have:

4
Hyy(X) = QA0 & QA €D QA1, Hyy(X1)
=1

3 3
~ QA8 QA EHoA; e P Qas,.
J=1 Jj=1
The ring H} (X)) is also endowed with the pairing 7, an analogue of the Poincaré
pairing. Gromov—Witten theory of X} expresses the intersection theory of the moduli
space of the stable orbifold maps to &}. We will be only working with the CohFT it
defines on the moduli space of stable curves.

The genus 0 potential of the Gromov—Witten theory of &} is a function of the
variables t, being dual to the basis element fixed, and also of the formal Nowvikov
variable qformar- We will fix the variables t differently in what follows, but we always
keep tg,t_1 to correspond to the basis elements Ay, A_; respectively.

4.1. Novikov variable. The Novikov variable ¢ = g¢ormai is used to keep track
of the homology class — it appears in the genus g potential as ¢”, where 8 € Ho(X).
In our case dim(H2(A%)) = 1 and by using Divisor equation (of the GW theory)
the Novikov variable ¢ can be identified with exp(t_1) (cf. [24, Section 1.2]). The
correlation functions of the genus 0 potentials after such an identification appear to
coincide with the Fourier expansions of the certain functions. However it’s useful to
work with the function itself rather than the Fourier expansion of it. To do this we
make another identification of the Novikov variable that depends on the orbifold in
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question:

Qformal = €xp(t_1) = exp =:qg, for the orbifold A}. (2)

2/ —11
(5
This identification also affects the cubic terms of the partition function, fixed by the
pairing in Axiom Ul. Because of this we can’t just take the change of the variables
t_1 = 2my/—17/k (what would change the CohFT state space) and will treat this
identification carefully.

At the same time only after making an identification of the formal variable we get
the clear holomorphicity property of the genus zero potential and are able to introduce
suitable group action, we use later in the text. For this purpose we introduce new
functions — analytic potentials of P%,Q,Z? and ]P)}LAJ GW theories in order to make
the statements about the genuine genus zero potentials. One can do the same for the
remaining two elliptic orbifolds Pj 5 5 and Pg 5 , as well.

4.2. Gromov—Witten theory of P}, ,,. The genus zero potential of this GW
theory was found explicitly by Satake-Takahashi in [22]. We present their result here
in a slightly modified form that will be useful for us in what follows.

Let the variables {tg,t_1,t1,t2,t3,t4} be dual to the following basis of
H: (Pyo05) (recall the notation above)

1 1 1
{A(),A 1, —= NG (Ag1 —Asp), ﬁ (A2 + Asn), ﬁ (A1 —As), E (Arq + As,l)} .
Consider the functions ¢y, defined by the following formal series in g:
> no1 2ng"
vala) = 5423 I T
n=1
> . 2nqn/2
¥3(q) :22(_1) o
n=1 1- q
> ann/Q
dalg) == -2 g
n=1

In the basis fixed the primary genus zero potential of the GW theory in question
assumes the following form:

L (t1t5 + t5t3) ¥2 (¢°)

F]PQ 2,2,2 __ *t2t 1 + tO Z tk? t2t4 + t2t2) /(/)4 ( ) 16

116 (£385 + #113) U3 (¢°) = o5 (Z t4) (kZ_ka (q2)> . q=exp(t_1).

WDVYV equation on this genus zero potential is equivalent to the following sys-
tem of PDE’s on the functions {X2(q), X5(q), X4(q)}, satisfied by the triple

{¥2(¢?), ¥3(q®), ¥ald?)}:

qa%xm — Xa(g) (Xa(g) + Xa(q)) — Xa(0) Xa(0),

qa%Xa(q) = X3(q) (X2(q) + Xa(q)) — X2(9) Xa(q), (3)

qaﬁqmq) — Xa(g) (Xa(q) + Xa(g)) — Xa(q)X3(q),
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that we call a Halphen’s system of equations.

Note that up to now we didn’t use the relation between ¢ and ¢_;. For all 7 € H
let the Jacobi theta constants ¥y (7) be the holomorphic functions on H given by the
following Fourier series:

192(7_) — Z eﬂmT(n—1/2)27

i 2
I3(7) = Z emV-1rn ,
9a(r) = D (~1)remVIIT

The function ¥4 (7) is skipped because it vanishes identically. Consider the functions:

1 T
—— X — ), k=2,34.
T —1 k <7T\/—1>

Then the triple {X5°(7), X§°(7), X$°(7)} is a solution of Haplhen’s system of equa-
tions:

Xp°(7) =20, log Ok(1), Xi°(q):=

0

57 X2(7) = Xa(7) (X3(7) + Xa(7)) — X3(7) Xa(7).
9 Xy(r) = Xalr) (Xa(r) + Xa(r)) ~ K1) Xa(r), (@
%XMT) = Xy(7) (Xa(7) + X3(7)) — Xo(7) X3(7),

and {X5°(q), X3°(q), X°(q)} give solution to Eq. (3). We have the equality:

TV =19i(q) = XZ°(7).

Pl
NOTATION 4.1. In what follows we denote by F,7>>? the analytic potential of
IZPPPE

Pl
Fo2»»? = ftOT—&- tOZt2 t3t4+t 22) X3°(1) — — (8343 + £3t7) X3°(7)

76 (

16 (1363 + £313) X5°(7) — % <Z t4> <’;XEO(T)> .

Pl 5 . .
PROPOSITION 4.2. The function Fan>?? is holomorphic on C°>xH and is solution
to the WDV'V equation.

Proof. This is straightforward by using the definition of the function X°(7),
Pl
Eq. (3) and the properties of F,***?*. 0
. . Pl Pl . .
The connection between the functions Fj,***? and Fy;**? is obvious — we have
applied the relation ¢formar = qx(7), however in order to obtain the function, that is
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solution to the WDVV equation, we had to make an additional rescaling. In what
follows we are going to use the second function (having only an indirect connection
to the GW theory) in order to make statement about the first function (being indeed
a true potential of the GW theory).

Comparing to the functions 14(¢) and X°(¢), big advantage of the functions
X;°(7) is that they are holomorphic in H. Apart from the holomorphicity property,
the functions X;°(7) enjoy another major advantage — there is a SL(2,C) group
action on the space of solutions to the Halphen’s system Eq.(4) written in 7, but not
on that of Eq. (3).

4.3. Gromov—Witten theory of IP’}M,Q. We write this GW theory in the basis
A, j, we have considered at the start of the section. Let also the coordinates ¢; ; be
corresponding to this basis elements. The genus 0 potential of this orbifold is written
completely via the functions z(q), y(q), z(¢) and w(q), defined by:

1 1
Zx(Q) = (A11,A11,A12)03, 1?!(‘1) = (A1,2,A21,A21)03
1 1

—2(q) = (A1,1,82,1,A3.1)0,3-

—gw(Q) = (A1, A1, A1 3, A0 3)0.4, 1

The functions 2(q), y(q), z(¢), w(q) have the following expression:

2(q) = (95(¢%))”, y(a) = (92(a®)?. 2(q) = (Va(a*))?,
w(e) = 5 (f(a") ~ 27(a") + 4/(0'))
kq®

for the functions ¥y (¢) as above and f(q) :=1—24% 77, T ok
—q

PROPOSITION 4.3 (Appendix A in [4] and Section 3.2.3 in [24]). The potential

P} . . . .
Fy*"? has an explicit form via the functions defined above. Namely there exists the
]Pi,4,2 — P]P)i,4,2

polynomial P 5 poly (to,t—1,tij, 2y, z,w) € Qlto, t-1,t: 5,2, y, z,w], s.t.

P} P}
FO ne (tOu t*lu t’i,j7 (I) = Ppi’lz2 (t07 t717 ti,j7 x(q>7 y(q)7 Z(Q)> w(q))a

for x(q), y(q), 2(¢) and w(q) as above. Moreover the following homogeneity property

holds:
Palx42 1 Pi.42 2 w
Ppoly (t07t717ti,j7may7z7w) = gppoly t07a 't,]_,Oé'ti“j, ’? )

Q=
Q|w

) )

QIR

for any o € C*.

1
To make the exposition complete, we give also the potential ng %2 in Appendix B.
In what follows the function z(g) will be sometimes skipped because the following
identity holds:

2(q)? = 4x(q)y(q).

It was found by Shen—Zhou [24] that WDVV equation on this genus 0 potential is
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equivalent to the following system (written in the Novikov variable)

qaqu(Q) =2z(q)y(q)* — 2(q)(z(q)* — w(q)),
qa%y(q) =2xz(q)*y(q) — y(q)(z(q)* — w(q)), (5)
9

The functions 9x(q) and i(q) are connected by the certain equalities (see Ap-
pendix A). Using also double argument formulae for ¥ and comparing the formal
series expansions we find:

#(0) = 5 (V20200 — 20a(a") + V20007 ~ 205(a") )
y(q) = % (\/sz(q“) — 24 (q") — V/2¢2(q") — 21/)3(61“)) : (6)
wlg) = aa") + Seala®) + 2va(a") + /) — Gala ) Wala®) — ala).

The square roots in the equation above can be unambiguously resolved as being
applied to the formal power series in ¢ with the Q4 coefficients.

PRrOPOSITION 4.4. WDVV equation on the genus 0 GW potential of IP’}M’Q 1
equivalent to the Halphen’s system of equations.

Proof. This is an easy computation by using Eq. (5) and Eq. (6). O

It was found in [24], that the WDVV equation for the other elliptic orbifolds, ]P’%,&g
and ]P’é_&27 can be written in the form similar to Eq. (5). So, there is a special system
of ODE’s in ¢ for each elliptic orbifold, that is equivalent to the WDVV equation. This
is not a subject of this paper, however there is a strong evidence to conjecture that
WDVV equation for the genus zero potentials of GW theory of all elliptic orbifolds
(namely, for P3 5 3 and P§ 5 , t0o) is also equivalent to Halphen’s system of equations.
Namely, we believe, that there is a proposition like the one above for the other two
elliptic orbilds too.

NOTATION 4.5. Fizing some branch of the square root, denote Ay := \/my/—1
and Ay := Xo/\/2. We have then \3 = 2w/ =1/ and \3 = 2n\/—1/4. For q(1) =

exp (%T‘/le) introduce the functions:

a>(r) = A x(q(r), ¥ (1) = Aa-yla(r),  27(7) = As - 2(q(7)),
w(r) = Af - w(g(7)).

1
Recall Proposition 4.3. We call the function F,]Sé""z the analytic potential of P} 4 o:

P P}
Fan™?(to, 7, ti ) = P> (to, T ti g, 2% (1), 4™ (7), 2%°(1), w™ (7).

1
Namely Ffﬁ""z(to,ﬂ tij) is obtained by substituting t_y; = 7, x°°(7) instead of x(q)
and so on.
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1
PROPOSITION 4.6. The function Ffﬁ""Q (1) is holomorphic on C® x H and is a
solution to WDV'V equation.

Proof. The proof is straightforward O

IPI
It’s important to note that we can write the function Fy,*? via the functions
X°(7) too by using the following formulae.

w0 = 3 (VO = Xe) + o0 - x50,
v =5 (VOFO - XF0) - &0 - X0
VX () - X7 (), 7)

2X5°(7) + X$°(7) + X°(7)

+2)/(X5(r) - X32(7)) (X5°() — Xz%))) ,

where we choose the square root branch as for x(q), y(q), 2(¢), w(q) in Eq. (6) by using
relation of Notation 4.5.

5. Group actions of the space of genus CohFT potentials. For a fixed
state space (V,n), consider the space of all CohFTs on it. On this space there is a
group action, called Givental’s action, or upper—triangular group action. This was first
proposed by Givental [15] in genus zero and later developed by the other researchers
in the higher genera [23, 13].

The upper-triangular group is defined to be {R € End(V)[[2]] | R(2)R(—2)T =
1}. To its element R = exp(r(z)) one can associate the differential operator R, s.t.
for any CohFT partition function Z on (V,n), the function 2’ := R- Z, is a partition
function of a CohFT on the same state space. The action of the upper—triangular
group element is also called R—action of Givental.

Similarly to the upper-triangular group, one can consider the action of the lower—
triangular group := {S € End(V)[[z71]] | S(2)S(—2)T = 1}. The action of this group
on a CohF'T partition function is equivalent to the linear change of the variables, and
probably, addition of some new terms to Fy. The action of the lower—triangular group
clement is also called S-action of Givental. We will denote the S—action by S.

Givental’s action appeared to be a powerful tool in working with the CohFTs
last decades. However it’s usually hard to compute (namely, to give the function
Z:=R-Zis a closed form). At the same time, there are the situations, when
the other action can be introduced, acting on the smaller space, compared to the
Givental’s action. Being not that general as Givental’s action, it can, however make
use of some properties, that are specific for this smaller class of CohFTs. In what
follows we will work with this sort of actions.

Finally we formulate our results in terms of Givental’s action, as playing de facto
the role of a canonical group action on the space of CohF'T partition functions.

5.1. SL(2,C)—group action on the potentials of elliptic orbifolds. Con-
sider a unital CohFT on the state space (V,n), s.t. V = (ey,...,e,), the unit vector
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is e; and 71,4 = da,n. Then Fy(t), the primary genus 0 potential, reads:

t3t tot
Foltr, .. tn) = 22 + 1 > %ﬁﬂj%%ﬂ+H@ww%%
1<a<pB<n ’

where |Aut(a, 8)] = 2 if @ = 8 and 1 otherwise.
For any A € SL(2,C) consider another function F§* = Fil(ty,...,t,).

F (ty,. .. tn)

2
talp
¢ (Zl<a§ﬂ<n Ne,p |Aut(a,[3)\)

t3t, tats
= + 1 Ne, B + ]
2 MZS <P TAut(a, ) 2(ctn + d) (8)
tg tn,1 atn + b a b
tn +d)?H e, , for A= )
+ (C + ) (Ctn + d Ctn + d Ctn + d) o (C d)

It’s not hard to see that F§' is solution to WDVV equation and hence a genus 0
primary potential of some CohFT.

It was shown in [2] that the SL(2,C)-action Fy — Fg' can be written via the
Givental’s R—action. In what follows for any CohFT partition function Z and any
Givental’s upper— or lower—triangular group element X we use the notation

X-FO i=resy (XZ)

where Fy = resy; (£). This notation can also be supported by the fact that only genus
zero correlators of the initial CohFT contribute to the genus zero correlators of the
Givental-transformed CohFT.

For a function f(t) we denote by (f(t)), the expansion of it at the point t = p.

THEOREM 5.1 (Theorem 3 and Section 5 in [2]). Fiz some A = (Z Z) €

SL(2,C) and 7 € C, s.t. ¢t +d # 0. Fix a CohFT with the primary genus zero
potential Fy(t). Let Fy(t) and F§(t) be convergent in some small neighborhoods of
p1 = (0,...,0,A-7) and of pa := (0,...,0,7) respectively. For o := —c(ct + d),
o' = —c/(er +d) holds:

(5),,= ($) & ).

. -1
(), =B (S§) - By,
where
0 o 1 0
R7(z):=exp(| ©* o 1 |2) Sg=| : (et +d)—2
0 ... 0 0 . (cr + d)?

The theorem above has an extension to the higher genera too (Theorem 3 in [2]),
we just don’t give it here because at the moment it doesn’t play a role. Note that the
expansion of the potential at some point can be viewed as an S—action of Givental.
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In [2, Theorem 6] it was shown, that the SL(2,C)-action above is equivalent to
the primitive form change for the simple—elliptic singularities. Due to this fact we
don’t need to consider the action of full upper—triangular group for the CY/LG cor-
respondence when assuming simple—elliptic singularities only — the SL(2, C)-action
above is enough. Big advantage of it is clear from the following sections.

5.2. SL(2,C)—action on the space of Halphen’s system solutions. For any
A € SL(2,C) the triple of functions {X3'(7), X5'(7), X;*(7)} defined as follows is a
solution to the Halphen’s system of equations (4) too!.

1 ar +b c a b
XA(r) = X A= .
k(7 (et +d)2"k (cr + d) + cr+d’ (C d) )

Recall that the analytic genus zero GW potentials of IP}L 142 and IF%’Q’Q’Q are written via
the functions X°(7), and the WDVV equation on them is equivalent to the Halphen’s
system of equations. Consider the new functions:

P3 222 P3 222
A-Fyn = Fon |[{X§°,X§°,X§°}—>{X§,X§4,Xf}]’

A FIPAIL,4,2 e F]P)All‘4,2
FFan ™= Fan™ [ ixge xpe X} (X0 X057
obtained by substituting one solution to the Halphen’s system {X3°, X5°, X2°} by the
other {X3', X4, X}, These functions will also be solutions to the WDVV equation
and define the same pairing as the previous two.

The following proposition connects the SL(2, C)-action of Eq. (8) (on the space
of WDVV equation solutions) with the SL(2,C)-action of Eq. (9) (on the space of
Halphen’s equation solutions).

1 1
PROPOSITION 5.2. For any A € SL(2,C), the action of it on FEﬁ’Q’Z’Q and Ffﬁ‘“
via FEq.(8) is equivalent to the action of A on the triple {X3°, X3°, X°} as is Eq.(9):

A
P; P3
Faﬁ’lzg :Farzz’lg'z‘ 0o yoo Yoo A YA YA
[{Xz X50, X X3 X5 X }]7

A
FPAILA,Z _ FP}L4,2
an — Fan (X X X o { X5 X4 XY

1
12 (see

Proof. This is easy to see from the explicit form of the potential ng
Appendix B), Eq. (6) and Proposition 4.3.

In particular for the first step we see that the functions z°°(7), y*°(7), 2°°(7)
only get the factor of (er + d)~! if one substitutes X° by X{* while the function
w (1) gets indeed an additional summand of ¢/(cT + d). For the second step we note
that the functions #°°, y°°, 2°° come to the potential so that the factor of (c7 + d) =1
matches the formula of Eq. (8) by Proposition 4.3. And for the last step we note
that this is only the function w®(7), that appears with the factor of ¢;t;txt; s.t.
0(Ot,, O, )n(0t,;, 04;) # 0. Hence the additional summand it gets corresponds exactly
to the additional summand of Eq. (8). O

Due to this proposition we will use the notations A - F' and F4 without making
difference between them.

Ithis can be easily checked by hands
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NOTATION 5.3. For any A € SL(2,C) denote by x4 (7),y*(7),24(1) and w?(7)
the functions obtained from x°°(7),y>°(7),2°°(7) and w° (1) by the substitution of the
proposition above as in Eq. (7).

The following proposition makes the connection between the SL(2, C)—actions on
EXk and Fy™ (see also Proposition 4.6 in [4]).

PROPOSITION 5.4. For any A € SL(2,C) consider the genus zero potential FOX"' =
F¥(t) of Xy written in the formal variables t and the analytic potential FX* (7). Let

A = £/27n/—1/k be as in Notation 4.5. The following relation holds:
A-F () = (A B ©) = -

_[a b ;L a)\k b)\k
where for A = (c d)’ we set A’ .= (C)‘kl d)‘k1> .

Proof. This follows immediately from the explicit form of the action and Propo-
sition 5.2 above. O

5.3. The action of A(™«0), In what follows we will be in particular interested
in the action of the SL(2,C) elements of the certain form. For any fixed 7o € H,
wo € C* define:

V=17
(ro.w0) . | 2wolm(7o) woTo
A = Wi | € SL(2,0C).

2(,001111(7’0) o

This special choice of a SL(2,C) element comes from singularity theory assumptions
and was first proposed? in [5]. It has a special meaning in our treatment and we will
comment on it later.

NOTATION 5.5. For any any fized 1o € H, wo € C* by using Eq. (9) denote:

xoe0) () = (xpe e, 2<k<a

(T0,w0)

It’s easy to see that the functions X, (t) are holomorphic in {t € C | |¢| <
|2woIm (7o)}

6. CY/LG correspondence. The idea of CY/LG correspondence came from
global Mirror symmetry conjecture. In its framework both FJRW theory and GW
theory appear to be the A—side models. The B—model of the global mirror symmetry is
given by a singularity with a symmetry group fixed. However it should be understood
globally, as varying in a family, given by the different choices of an additional structure
— primitive form of the singularity. On the B-side, different choices of the primitive
form should give (generally) different CohFTs, understood as different phases of the
one B-model.

The A—model is said to be mirror to the B—model if the partition function of the
A-model CohFT coincides up to an S—action of Givental with the partition function

2note however that in the reference given this element was introduced to have det = 1/(2my/—1)
for any 79 and wg. We rescale it here because we want to work with the SL(2,C) element
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of the B-model with some primitive form choice. It can happen that two A—models
are mirror to the same B-model (taken in the different phases). Then two mirror B—
model partition functions differ by a primitive form change. This led to the conjecture,
that there should be a R—action of Givental, connecting two B-model CohFTs of the
same singularity with the different primitive form choice, or, up to a mirror symmetry
equivalently, there should be a R—action of Givental, connecting two A—models, that
are mirror to the same global B—model.

Another important aspect of the global mirror symmetry is the symmetry group,
that should be present on both A and B sides. Namely, everything said above should
hold in the equivariant setting, when both A—model and B-model are considered with
some symmetry groups. This is now ultimately realized on the A-side (by FJRW
theory in particular), but missing in full generality on the B-side (see [8, 9]).

In [5] the action of A(7:“0) was considered as a model for the primitive form
change for simple—elliptic singularities. Even as there is no construction of the orb-
ifolded B-model CohFT, one can use the action A(70:«0)  standing (conjecturally, be-
ing equivalent) for the primitive form change of the orbifolded B-model. The results
of this paper support this conjectural usage of it.

6.1. Simple—elliptic singularities with the maximal symmetry group.
The global mirror symmetry program conjectures that for the B-model with the trivial
symmetry group, the symmetry group of the A—model should be maximal — G,q4-
In this case the B-model is given by the so—called Saito-Givental CohFT and several
different mirror symmetry results were proven (see [11, 19, 18, 16, 17, 25, 21, 4]).

From this variety of mirror symmetry results, in this paper the most important
for us is the following G,a.,—CY /LG correspondence theorem. Let the basis of
H,, (P} 45) be as in Section 4 and A4 be as in Notation 4.5.

THEOREM 6.1 (Theorem 4.1 and Lemma 4.9 in [4]). Consider the FIRW theory
of the pair (E7,Gmaz) and the GW theory of P}M,?' We have:

i 1
FéE77GmaI)(t) = A(mowo) FE}LA,Q (t),

or 1o = V-1, wg = A\gv27/ (T'(3/4))* and the certain linear change of variables
t

= t(t). Moreover for the upper—triangular group element R :

[

0o ... o

4
/ 1 3
R” :=exp(| ¢ o ¢ |2), where o = (F()) ,

up to the certain S—action holds:

1
(E7,Gmaz) _ Do’ & Py
FO =R? .S. FO .

The change of the variables t(t) is the following one. We need first to fix the basis
in FJRW theory of (E7, Gpaz). For W = 2 + y* + 22 we have G0z = (01, p2,03),
where pl('ra Y, Z) = (_ vV—lz,y, Z)7 02(337247 Z) = (.23, Y% _1y7 Z) and p3(xay7 Z) -
(2,9, —2). The basis of Hp_  can then be written as {[p} p3ps, 1]} for 1 <i,5 < 3.

x
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The change of the variables reads:

lin=v-— f( P1P3p3 tp?pzm)) sl =l s, +V21, 2tp2p20, = Lp3papss

t13=v ~1v2 <t9203p3 - tp%%s) ; ta1 = V2 (thlpSps + th%’pzps) ’

ta2 =1y 35, + V21, 2 152205 T tP3P2P3’ l2,3 = V2 (tpzp?’lﬂs + tp?ﬂzps)

t31=v-—1 (tplp§p3 - tp‘i’mps) v 00 =Tpipapss T-1 = 1p3p3p,-

It’s not hard to see that this change of the variables is also degree preserving. The
S—action of Theorem 6.1 is given by S := S - Sy for Sy being the rescaling of the
variables and

0 ... 0
0 E)Z‘l :
0

so that the action of S is equivalent to the expansion at the point t_; = 79.

ST0(2) = exp (

70

REMARK 6.2. It’s important to note, that in the proof [4, Section 4] of the theorem
above one doesn’t use the virtual fundamental cycle of Fan—Jarvis—Ruan, but again
only some properties of the FIRW CohFT. It’s easy to check that these are only the
azioms3.1.1 — 3.1.5, we use in this paper, that are used in [/].

Explicit R—matrix of the theorem above will play a decisive role in the computa-
tions we need to perform to prove main theorem of this paper.

IPI
Recall that we can write the function A(70«0) . F,+42 (and hence F(E7’ '"“””)) via

the (holomorphic) functions X IETO’“}O) with £ = 2,3,4. For 7y and wy as in theorem
above the following series expansions hold:

(r0,w0) 1ot 2 8 i £° 16 13t7
X)) == —=+————=+ - + -
4 16 64 768 3072 20480 @ 245760 20643840
t8
— 40O
+ 9175040 +0()
t 3 t° 13t7
X(meo) v B O (#°
() = 16 768+20480 20643840+ ()
X(meo)(t) _ 71 _ i _ ﬁ _ i _ t! _ t° _ t° _ 13t7
4 4 16 64 768 3072 20480 245760 20643840
t8
- 4+ 0 (t").
9175040 +0()

We remind also, that these functions have the particular closed formula by Nota-
tion 5.5, Eq.(9) and satisfy X,ETO’wO) € Q[[t]] for all k = 2,3, 4.

6.2. Simple—elliptic singularities with a non—-maximal symmetry group.
Consider the simple-elliptic singularity E; written by W = z* 4+ y* + 22 and the
symmetry groups (recall the notation of Section 2):

Gl = <a17b1701> : al(xaya ) = (V 71(5) Vv *1y,Z) ) bl(xay,z) = (x7 *Z/,Z),

(JU Y,z ) (1’ Y, — )a
GQ = <a2,b2> : a2 xT,Y,z ) = ( \/73% ) bg(x,y,z) = (LL', _yvz)v
G3 = <a,3,b3> : Cl3 x,Y, 2 ) = ( Fy, ) b3($-y72) = (x,y, _2)7
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THEOREM 6.3. Up to the certain different Givental’s S—actions S*) the partition
functions of all three FJRW theories (E7,G1), (E7,Gs) and (E7,Gs) are connected to
the partition function of the Gromov—Witten theory of ]P’%,Q&Q by the same Givental’s
R-action of:

4
R™ =exp(| : o - |2, for o= ! (F(i)) ,

so that holds:

Z(Er,Gr) _ Ro' . §(k) cZPro22 =123

Proof. We show in Propositions 7.2, 7.5 and 7.7 of the next section that there

= 1
are Ay, € SL(2,C) for k =1,2,3, s.t. FO(E"G’“) = Ay - F([)P4'4‘2, acting as in Eq.(8). By
using topological recursion relation in genus zero together with Theorem 5.1 we get

~, 1
an R-action of Givental, s.t. féE7’G’“) = resy(R-SK) ~Z§4’4’2). It turns out that even
though the matrices Ay are not the same in all three cases, the R—action appears to
be the same (however the S—actions needed are anyway different).
The conditions of Theorem 5.1 require also certain analyticity of the potentials.

1
We know that this holds because of the particular form of F(]f) 42 and X,gTO’wo).
Namely, we utilize the fact that Jacobi theta constants and their logarithmic deriva-
tives are holomorphic in H.

The FJRW theories of (E7,Gy,) are all semisimple. One can show it for all three

functions F0(E7’G’“) by using the explicit expressions of the potentials. In particu-

lar the point t = 0 is not semisimple, however the point in the neighborhood is
semisimple, and this is enough because the property of being semisimple is open. It’s
a computational exercise to see that the point t = (0,1,2,3,—1,0) is semisimple for

]P;l
Alrowo). 2222 We can apply the reconstruction theorem of Teleman [26], that gives
us that our genus zero equality extends to the higher genera too, what completes the
proof. O

Note that applying Theorem 5.1 we made a choice, in which order to apply the
S and R-actions. In the equality of two partition functions this is equivalent to the
choice, on which side to apply the S—action — on the FJRW, or on the GW side.
The S—action used makes a shift of the coordinates. Hence, in order to have the
correlators and make the equality of the partition functions reasonable we should
have some analyticity statement about the partition function, to which the S—action
is applied. We know such a property only on the GW side, what supports the choice
made.

REMARK 6.4. For the particular values of 79 and wg as in Theorem 6.1 and
Theorem 6.3, we have X,gm’w”) € Q[[t]] for all k = 2,3,4. This is indeed a rare
situation (see [3]), making the potential reasonable from the point of view of mirror
symmetry.
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7. Computations in FJRW theory. We first reconstruct explicitly the genus 0
primary potentials of the three FJRW theories in question. The reconstruction pro-
cedure is always the following. We compute the state space of the FJRW theory
and write down the genus 0 potential via the unknown functions, that are restricted
by the selection rule, degree axiom and G,,q,—invariance axioms. On the next step
we identify those unknown functions that are in the concave sector and hence can
be taken from the G,,,,—FJRW theory by Corollary 3.3. The remaining unknown
functions are further reconstructed by the WDVV equation.

Note that usually setting up some mirror symmetry isomorphism one doesn’t
compute genus zero potentials completely. This is because there is usually a small
number of correlators, that reconstruct genus zero potential unambiguously by WDVV
equation. The steps outlined above force us to work indeed with the genus zero
potentials, and not just some coefficients of their series expansions.

The most amazing example of the reconstruction procedure we perform is the last
one, where the concave sector gives only one function we know explicitly out of the
total 10 building up the potential.

7.1. Notations. In this section we assume 79 and wg to be fixed as in Theo-
rem 6.1. Recall also Notation 5.3 for z#, y*, 24 and w”. We keep:

X0 1= xA(Tovwo)(t)’ Vo 1= yA(ToMo)(t)’ 70 1= ZA(Tovwo)(t)’ Wo 1= wA(Tvao)(t).

We make use of the several technical lemmas, that are given in Appendix A.

In this section we write the polynomial W in the C—coordinates x,vy, z, rather
then x1, x9, 3, to reduce the number of subscripts appearing.

We also employ the following notation. All g € G,,4, are represented by the
triples (a1, ag, ag), s.t.

g(x,y,2) = (e[ar] -z, elaa] -y, elas]-2), ar€QNI0,1).

Such set of the rational number is unique for any g.

Recall that the term WDVV equation denotes the system of PDEs (1) for all
indices i, j,k,l. Due to the complicated variable numbering we will say that the
particular PDE (1) with some {4, j, k,{} is fixed by the quadruple {t;,t;,tx,%}.

7.2. Case 1: 1-dimensional broad sector. Consider W = 2% + 3* + 22 and
the symmetry group G; := (a,b,c), where a = (1/4,1/4,0), b = (0,1/2,0) and
c = (0,0,1/2). We have ac = J € G; and a®J = J~!. The state space H has the
following basis:

H = {[J,1],[a], 1], [b], 1], [a*bJ, 1], [c, 2y], [a*J, 1]} .
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By using the selection rule and degree axiom the genus 0 potential of the FJRW —
theory (E7,G1) reads:

FO(E%GI)

1 t2 t2
- §t3tau +t; (‘;" + tystazps + 3;9) + e 2y1(tazs) + tostazvsts 1y 92(ta2s)

+ tastiey stewy9s(tazs) + tastistesyga(tazs) + tiﬂ?,zygs(tau) + tz%ﬂg,myhl (tazs)
+tste myha(tazs) +tastl oyha(tezs) + tastostarssteayha(tar s) + ta steyhs(tazs)
+ tostyay s fo(tazs) + tistazes fo2(tazs) + 1o stazy s fos(tazs) + to stis fo.a(tazs)
+toapy f11(ta2s) + 1 stoap fr2(taes) + th f13(ta2s) + ta stostazss f1a(ta2 5)
+t2 s f1,5(ta2s).
for some unknown functions gi(t), hi(t) and f1,(t). However from the selection
rule 3.1.3 we know that all functions gy (t) are odd while the functions hy(t) are even.

The correlators of the (E’7, G1) theory involving narrow insertions only are concave.

Hence we can identify some of the functions above with those from (E7,Gma$) -
theory. We have:

X2 X 2
f071<ta2J) =0, f0,2(ta2J) =0, f073(ta21) =20 _ XoYo _ yo’
8 4 8

2 2 2 2

X0 _ XoYo _ Yo X5 Xoyo Yo
le2g) = =4 — - te2g) = =0 +—— — 7>
foa(tazs) 3 1 3 fraltaes) = =0+ =5~ ~ g
wo | 3x X 2 2 x 2
fl,Q(tazj):—7O—|— 80 _OTY()_%’ f173(ta2J):_70+07yO_y70,

2 2
Wo X
f174(ta2J):_7+*+7—* f175(ta2J):—7+70_y70

where the functions xg = xo(ta27), Yo = Yo(tazs), 20 = 2o(tazy), Wo = wo(ts2y) are
given at the beginning of this section.

7.2.1. The WDVYV equation. Writing the WDVV equation for FO(E7’G1) we
get the following system:

W(/)(t) = W(Z) - Xé? Xé)(t) = X0 (WO - X(2) + 2}73) ) Y6(t) =Yo (WO +Xg) )

and also

93(ta27) = 0, galta2y) =0, ha(te2y) =0, ha(te2s) =0, hs(te2s) =0,

2 2 2 2
X0 Wo Yo Xp , XoYo Yo Wo
t = — — t = — — - T
91(ta2s) = 3575 ~ 3048 " 5rar’ PP =it 33 T 3
2
XoYo XO Wo
to,)=—20¥0 X _ Wo
95 (ta21) 32 T64 64
Xg XoYo y(Q) x% XoYo Y(z)
hl(ta{]):i-l-i-’-i hg(ta2J): —+ 4+ —

128 64 128’ 128 64 128"
In particular it’s obtained by taking Eq. (1) fixed by the indices:

{taJ,taJ,th,th} {taJytaJy to2p, ta’zbJ}, {th, v, tc,zy,tc,zy}, {taJ7taJ7th7th}y

{tﬂJv tas,ta2p, ta2bJ}a {taJa Ly, tCJy? th}a {tcyfyv tC@y? ta2p7s taQbJ}v {tc,zy, tC@y? tag, taJ}'
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The differential part of the system above involves only the functions we know
already and the PDEs written are equivalent to the WDVV of the genus 0 GW
potential of lel,4,2 (see Section 4). Hence we do not have to solve the PDEs and we

know all functions building up FO(E7’G1) explicitly. The potential of this FJRW theory

reads:

F(E7G1) t2 27+t i+tht2 +t2,wy
la2g 2 a?bJ 32

X2 y2 Wo X2 XoYo y2

t4 20 _J0 "9} t4 20 Yo
ey (12 24 8 ) v\38 "8 T 48

4 X3 XoYo y% xg Xoyo Y2 Wo
—lgzpy | g = o T + tyity 2thczy 4 =222 20 7Y

2 2 2

2, 42 (X0 XYoo Yo ) a4 X0 _ Y5 Wo

+ a?bJbec,xy (128 + 64 + 128 + c,xy 3072 6144 2048

2
2 Xo¥o XoYo _ Yo _ Wo
th(S t— t 8>+thta2bJ<4 += 1 2)

2
X0Yo 2 Xy  XoYo  Wo
—¢2 2079 t 2o _2&J0 70
a”’"(8+ 4 +8)+‘:’“’<64 32 64)]

3 xoyo ¥ Wo 2 Xo¥o , Yo
2|t ~ 200 S0 T0) 4y =0 2070 J0 )
T {“2“< 8 4 g 2 ) Tlew 128 Ter T 128

By using Eq.(7) and the definition of the A("0:%0)—action we get the following propo-
sition.

+ 2

_ PropoSITION 7.1.  The genus zero primary potential of the FJRW theory of
(E7,Gh) reads:

F(EE%GI)

2 32 24 48 48

4
c,xy

6144

1 t2 t2 t4 t4 t4
= 7t‘21ta2J+tJ <2+tbjt 2p7 + cwy) _ (LJ_'_ﬂ_F Ya2bJ

1 1
+ taﬂb jtazpg + 3

1 1 1 1 T0,W T0,w0)

+

]. T0 ,W TO,W
thtazbl + tbtltazthg,xy> <X§ o) + X‘i v O)) (10)

64

-t ti‘] tews + fean + 1t t22py + L ) x(rowo
24 24 24 6144 bJ bJ 64 aJbc,xy 3 5

where X,ETO’WO) = XIETO’WO)(tazJ) are as in Section 6.1.

7.2.2. CY/LG correspondence. Consider the change of the variables:

tJ:to, tazJ:T

t \/ 1ts ty /=1ty (11)
aJ = ta - - ) (, xT 2 t
tas \/§ tyg = 2 5 =5 5 y = V2ty.
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By using Eq. (10) we get:

FO(EmGl)

4
1, |1 1 o 1 o
= ST+ 7to kzlti — 1 (B +88) X7 (1) — o5 (86 + 563) X (7)

4 4
1 TO ,W 1 TO ,W
— 15 (B +66) X (r) — o <§ ti) <§ X °>(T)>.
k=1 k=2

It’s obvious that we get:
FéEmGl)(E(t)) _ A(-ro,wo) -F(ILP%'2’2’2.

]Pl
In order to derive the equality for the potential F{,***?* we apply Proposition 5.4. We
proved:

PROPOSITION 7.2. For the linear change of the variables as above holds:

~ B 1 - _W@
FOUR(e) = AS R, A= [ Qg
2

370
for © = V2r/ (D(3)".

7.3. Case 2: 2-dimensional broad sector. Consider W = z* + y* + 22 and
the symmetry group Gy := (a, b), where a = (1/4,1/4,1/2), b = (0,1/2,0). We have
a=J¢c Gy and a®J = J~. The state space H has the following basis:

H= {[J, 1], [ab, 1], [a®b, 1], [a®b, xy], [b, 2], [a®, 1]} )

By using the selection rule, degree axiom and G,q,—invariance axiom the genus 0
potential of the FJRW — theory (E7, G2) reads

2
joie] 1 Uy, 1
FEnG2) _ §ta3t3 +ty (tabtasb +7 6? + Sztﬁ%ﬂ.y) + t5.291(tas) + th atozy 4wy 92(tas)

+ tizb,xygii (ta?’) + tabta?’bt%,zgﬁl (ta3) + tabta3bt52b,xy95 (ta3) + ti%tlg,xhl(ta?’)
+ ti?’bti%,myh? (tas) + topts o ha(tes) + tibtz%,zyh‘l(trﬁ) + taptdsy fo,1(tas)
+taptasnfo2(tas) + taspfra(tas) + toptas, fra(tas) + tapfia(tas),
for some unknown functions g (t), hx(t) and fi;(¢t). However from the selection
rule 3.1.3 we know that all functions gx(t) are odd while the functions h(t) are even.
The correlators of the (E7,G2) theory involving narrow insertions only are concave.

Hence we can identify some of the functions above with those from (E7,Gma$) -
theory. We have:

X5, Xo¥o Y%
48 8 48’

2 2 2
X XoYo Vi
fralte) = =20 + B0 X000 _ 30 g g = X0 KO0 VD

fO,l(ta3) = 07 fO,Z(ta3) = 07 fl,l(ta3) =
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7.3.1. The WDVV equation. Writing the WDVV equation for F“"%) it’
enough to consider Eq. (1) with the parameters

{taba Lab, tasb, tazb,zy} ) {taQb,myv tazb,xyv tab, tab} ) {ta3b7 tazp, tazb,xyv tazb,zy} )

{ta3b7 ta2b,mya tb,w7 tab} ) {tb,m7 tb,w7 taQb,:vyv taZb,zy} ) {tazb,z:;w tab, tazb,m’;w tab} .

We get two cases. The first one is when ho(t) = 0 or hy(t) = 0. This case also
concludes f11(t) = 0, what we know to be false. For the second case we have
ha(t)hy(t) # 0 and the following system should be solved:

g5(t) = = g5(t)* + 3h2( Yha(t) — 64g3(t)gs(t),
gh(t) = —32g5< t)% + 128ha(t)ha(t),
Ry (t) = 128 (g5(t) — 96g3(t)) ha(t),
hiy(t) = 128 (g5(t) — 96g3(t)) ha(t),
and also
Fa(0) =~ 200 (25655(0) ~ d95(8) . ua(t) =8 (1923(0) = 45(0) . 1) = 1)
g2(t) = 12g3(t) — égs(t), ga(t) = 2g5(t), hi(t) = —2ha(t), hs(t) = —2h4(1),

ha(t) £0, he(t) Z0

From the PDEs on hy and hy we see that ha(t) = chy(t) for some non-zero complex

¢ € C. Hence we get an expression of g3(t) and g5(¢) via the functions X,gm’w”) and
the constant c.

1 T0,W T0.W, J—
St (3o + DXT (8) 4+ 230 — DX (4t) + (e + DXL (1))

(e DXE 1) + 2(c = DX (41) + (e + DX (1))

g3(t) = —

95(H) = ~ To8¢

However we also have two PDEs on g¢3(t) and g5(¢) that give us the compatibility
condition:

3 (B40a(0a5(0) — 505(0" + 54(0)) = 135 (32050 + 64(0)

Putting the explicit expressions of g3(t) and g5(¢) via the functions X IETO"”O) here we

get that this condition is satisfied if and only if ¢ = 1. Knowing the functions g3(t)
and g5 (t) explicitly we resolve the function hs(t) as the square root.

This gives us two solutions to the WDVV equation and consider them both in
what follows.
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7.3.2. Positive solution. For ¢ = 1 we get the following solution to this system:

1

i) = 75 (X0 42X () - X)),
1

fo(t) = -5 (Xg—o,wo) + 2X§‘r0,wo) + XzETOMO)) 7
1

gl(t) = —ﬁ (X(TOMU) + X(T(vao) + X(To wo))
1 (10,w0)

) = — x (r0wo
92(0) = =53 %

1 2
hl(t) = hg(t) 64\/(X(‘ro,wo) Xim’wo)) ’

1 To,wW TO ,W, 2
h,g(t) = h4(t) = 128\/(){2( 0 0) _Xi 0 o)) ’

1 (10,w0) (10,w0) (10,w0)
t:— (X070 X(%O )(()~,())7
g3(t) 6144 \*2 + A3 + &y
1
ga(t) = — = (X(””““) + Xf“"“’)) ;
32
g5(t) = L (Xm),wO) _|_X(To,wo))
64
7.3.3. Negative solution. For ¢ = —1 we get the following answer.
fl(t) 48 (2X<7'(J ,wo) XQ(To,wo) _ XiTO’wO)) ’
ft) = -3 (XQ(TO"”C)) + 2§00 4 X [0
_ 1 (T0,w0) (T0,w0) (T0,w0)
9(t) = ~35m (X +4Xs +X )
_ 1 (70,w0) (T0,w0)
92(1) = ~ {551 (X X )
ha(t) = —hs(t) = 2ha(t) = —2hs(t) = 312 \/ (xfroee) — xfrowo)) (x{romo) - x(oeo)),
1 (10,w0) (10,w0) (10,w0)
_ _ X 0,w0 4X 0,w0 X 0,w0
95(t) 12288 ( + + )
(70,w0) _ (70, wo)
ga(t) = 16X , g5 = 32X

7.3.4. Comparison of the two solutions. In both “negative” and “positive”
solutions above, some square roots need to be resolved. This makes one more sign
choice for both cases. However it’s easy to see that this sign choice can be realized
as the scaling of the variables t,, t,35, preserving the cubic terms. Because we make
our computation modulo such rescaling here, we can make a particular choice of this
square root resolution in both cases.

Let Fy” and F, be the two primary genus zero potentials given by the “posi-
tive” and “negative” solutions to the WDVV above respectively. We establish the
connection between them.

PROPOSITION 7.3. Let F be written in coordinates t g.6(x) and Fy be written

i coordinates t, s(x)" Then they are connected by the followmg linear change of the
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variables:
- 2
t; =K 2th, t,, =K%,
o (1- v—l)Kt+
ab \/? ab’
where K = e™V/=1/2,

Proof. 1t’s enough to compare the 4—point correlators, what in our case amounts
to the comparison of the potentials with X ,ETWJO) evaluated at the point ¢ = 0. The
rest is straightforward. O

- (1+V-1)K

_ - _ iyt — +
a3b — \/E 2‘;a3b’ taQb,wy - KtaQb,J;y’ tb,a: - Ktb )

PROPOSITION 7.4. Up to a scaling of the variables the genus zero primary poten-
tial of the FJRW theory of (E7,G2) reads:

FO(E7,G2)

Fataoty + Stast + =t y12 + ot 82 (tib fosy , Fo
= 3 - 3 — -

T T R I O T R R BET)
4

ey 1.,
o144 T glantan

1 1 1 1 To.0) _ 5 (1o
+ (Mtgbtg,x + atg%tg,x - mtibﬁ%,w - 128t§3bti2b,xy> (Xi - X" 0))

1 1 T ’ T ’
3—215@15@3,,7557% + @tabtagbtﬁzmy) ( X () 4 x (o WO))

tib ti% tgm ti?b zy 1o 5 1 (T0,w0)
_ao 2 g ,t t t t X 0,wWo
* (24 T 01 T 1536 6144 a'erler T prglbalazbay | A

where X]im"”“) = XIETO’WO) (tq3) are as in Section 6.1.

Proof. It’s easy to see that Proposition 7.3 above performs the scaling
X,ETO’“’O)(t) — /=1 XIETO’WO) (v/=1t). This can be obviously realized as an S-action
of Givental. Together with the previous section we get the proof. O

7.3.5. CY/LG correspondence. By using explicit expression of all the func-
tions coming to F;~ via X ,(CT‘)’W")(t) and applying the following change of variables:

tJ:to, ta3 =T.

1 1
tap = 5 (b1 + V=1t2) s ooy = 5 (1 = V=1ha) , tazpay = 2V2t5, ty, = 2ty
we get:
F(EmGz)
T0 ,W 1 T0 W\
7t37+ 1o Ztk Tg (5363 + 883) X§™0) (1) — o (A6 + 1363) X (1)

5 4
1 TO W 1 T0 ,W
T (342 + £262) X7 0)(1&)——96 <§ ti) <§ X0 (¢ )
k=2 k=2
It’s obvious that we get:

- . 1
FéE7’G2)(t(t)) _ A(Tg,wg) . F(]f;g;,z,z,z.
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1
P3.2,2,2

In order to derive the equality for the potential Fj,
get:

we apply Proposition 5.4. We

PROPOSITION 7.5. For the linear change of the variables holds:
1

E;,G2 2 P2222 5 o —7O
RO k() = A% Ryreer, A= [ Qg
2

for © =27/ (T(%))*.

7.4. Case 3: 3—dimensional broad sector. Consider W = z* + y* + 22 and
the symmetry group G5 := (a,b), where a = (1/4,1/4,0) and b = (0,0,1/2). We have
ab=J € G5 and a?J = J~1. The state space H has the following basis:

H= {[Jv 1]’ [a‘]v 1]’ [bv x2]v [b’ xy]r [b, y2]7 [a2J7 1]} :

By using the selection rule, degree axiom and Gjq,—invariance axiom the genus 0
potential of the FJRW — theory (F7, G3) reads:

FO(E%GS)

1, ta th o 1 4 4

= EtJtaQJ +is <2J + 32y + Tth,:tZ thy2 | 1201 (La2g) + by 2y g2 (ta2 )
2 2 2 4 2 ,2

+ tb,a:th,ccytb,y2g3 (ta2J) + tb,z2tb,y294 (tazJ) + tb,zzg5 (tazJ) =+ tllthJ«'ng (tazJ)

+ tthb,zztb,y2g7 (taZJ) + ta.]tb,zytiQth (taZJ) + tajti,mth,thQ (ta2J) + tiJfIJ (taQJ) )

for some unknown functions gi(t), hi(t) and fi1(¢). However from the selection
rule 3.1.3 we know that all functions g (¢) and also fi(t) are odd while the functions
hi(t) are even.

Note that the correlators of (E7,G) involving the insertions of [J, 1], [¢*J, 1] and
[aJ, 1] only are concave. Hence we have an explicit expression for the function fi 1
that we have found in (E'7, Gmaz)-

1/ wo(t) =xo(t)* yo(t)?
= (- — . 12
fra(t) 1 ( s T 12 21 (12)
For simplicity we are going to rescale this function for what follows: f(t) := —16f1 1 (¢).
Then we get:

2 T0,W 2 TO ,W 2 T0O ,W
F(0) = XG0 + X () + SXT @),

7.4.1. The WDVYV equation. Writing the WDVV equation of FéE7’G3) we
get two cases: when hy(t)ha(t) = 0 and hq(t)ha(t) £ 0. The first case gives system of
equations that can be integrated explicitly giving f1.1(¢) as a rational function. We

know from Eq.(12) and the series expansion of X IETO"WO)(t) that this is not true. The
second case is equivalent to the following system of equations:

g5(t) *hz( )? — 64g5(t)g7 (t),
g7(t) = 512h1 (t)ha(t) — 32g7(t)*,

64h1(t) (192g5(t)hi (1) — g7(H)h2 (1))
hi(t) X0 ;
hy(t) = 64(192g5(t)h1(t) — g7(t)ha(t)).
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and also:

2
010 = (120 5000 (0 = g () — 126" 15080 ) ) 220,
_ 971(675) B hlgz)z;(t)’ go(t) = 977(15)’ Ft) = 8192g5(t)h1%2(;)6497(15)}12(15).

t
94(1) D)
(14)
To get the system above one should consider Eq. (1) given by the following quadruples:
{taJa tag, tb,zz ) tb,172 } ’ {taJ7 tar, tb,zz ) tb,zy} ) {taJ7 tag, tb,m2 ) tb,y2 } {taJ7 tag, tb,ly’ tbyiy} ’

{tCLJ7 taJ7 tb,zy7 tb,y2 } ) {taJ7 taJa tb,y27 tb,y2 } ’ {tﬂJ7 ta]7 tb,ac2 ) ta2J} ) {tllJv tllJ? tb,zyu t(LQJ} .

7.4.2. Solving the WDV'V equation. From Eq.(13) we conclude that hy(t) =
cha(t) for some non—zero constant c.

We are going to use now the relation between the functions gs(t), g7(¢), f(¢t) and
explicitly known functions X ,ETD’WO)(t). Due to the oddness of the functions gs(¢) and
g7(t) and Eq. (14) we see that there is an odd function p(¢), s.t. holds:

(T0,wo0)
1 X
t) = —p(t) — =2
g7(t) = ;p(®) 37
1 1 (T0,w0) (70,w0) (70,wo0)
t: t (X(LO XO7O_2X0,O>'
95(1) = §ig2cP ) + Togsse (K2 K 3
From the first two PDEs on g5 and g7 we get the compatibility condition:
3 1

(95(t) + 64g5(t)g7(t)) (97(1) +32g7(8)*) ,

16 ~ 512¢

that gives us the expression of p’(t) via p(t) and X}i‘r‘o,wo):
'(4) = p(t ¢ 92 X(To,kuo) _X(To,wo) X(meo)
p'(t) =p(t) (p(t) +2 (X, ( +x¢ .

From the PDE on g¢;(t) we get the expression of hs(t), that we put into the PDE of
ha(t) and get by using the formula for p(t) above:

30 (02 (X~ X)) (o) +2 (X - X)) o,
from where we find the function p(¢) to be one of the following three:
p(t) =0, p(t) = =2 (XF0 = X[ () = 2 (X - X))

giving the different solutions:

1 (ro.w0) 1 (70,00) (70,w0) (70,w0)
t — X; 0,%Wo , t — (X 0,%0 _ 2X 0,%Wo X 0,%Wo ) ,
91(t) = —35% 95(t) = Too58c \ X2 3 T (150
_ 1 1 (o (ro.w0) (To,wo) (m0,w0) (m0,w0)
ha(t) = 128\/ ; (X2 x| ) <X3 X )
1 (T0,wo0) 1 (10,w0) (10,w0) (10,w0)
£) = —— x{Towo £) = _ax(rowo) | x(rowo) 4y (rowo
g1(t) = =53 X7, gs(t) 1228&:( 2 hAsT A ) .

1 1
ho(t) = 128\/0 (Xé‘ro,wo) _ Xéfmtdo)) (XQ(TO’wO) o XiTo,wo)).
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1 (ro.w0) (70,w0) (70,w0) (70,w0)
t) = —— X, 0o t) = (X 0:wo) 4 y(Towo) _ oy 0,0)
g7(t) 3944 ;o gs(t) 12988¢ 2 + X3 4 )

1A (15¢)
ha(t) = 128\/C (Xé‘l'o-,wo) B XiTo,wo)) (Xéro,wm B Xi‘foywo)).

Actually only one of them — Eq. (15a) is correct for the FJRW theory because

XIETD ,wo)

g7(t) is odd by the selection rule and from the series expansions of we know

that only X{™“°) is odd.
At the same time it’s clear that the rescaling of the variables t ,» — t; 2 /c and

FéE"G?’) and in the new coordinates this

Ty z2 — Ctp 2 preserves the pairing fixed by
constant ¢ doesn’t appear in the potential anymore.
Hence up to this rescaling we can set ¢ = 1 and the WDVV equation has the

unique solution. We get:

PROPOSITION 7.6. Up to a scaling of the variables the primary FJRW potential
reads:

FéE%Gs)

1, 1
tJt 27+ 32tth ay + Lty a2ty y2

S
2 16

4 4 2 2
n < tb 2 n tb,y2 B tb Y tiiJ B tb,thb7y2> (XQ(TO,WO) +X£T0,wo))

1tt+
20.JJ

12288 12288 6144 24 2048

1 TO ,W: T ,W T0O ,W T0O ,W
+ 58 (tath,zytiy’z +taJt%’m2tb,wy) \/(X:E Do) Xé ” 0)> (X?() o) XAE v O))

! t2 +tg’”+it2t ot 2+it 22 tpn
24 fas 6144 64 tasthay 6144 ' 32 @l b by T 5o that by by

n tb z"’tby + tg,yz X(Tovwr))
1024 6144 | 73 ’

where X,gTo’wO) = XIETO’“JO) (ta27) are as in Section 6.1. Moreover there is an S—action
of Givental, performing the scaling of the variables, s.t. S - FO(E7’G3) € Q[[t]]

Proof. The first part follows immediately from the preceding sections.

UJO)

From the explicit series expansions of the functions X,STO’ we have:

g1(t), ..., gr(t) € Q[[t]], fr1(t) € Q[[]],

and
hi(t), ha(t) € V=1Q[[t*]).

Hence we see that FO(E7’G3) & Q[[t]].

Consider the rescaling XéTO’wo)(t) — \/—1X(§T°’w°)(\/—1t)7 that can be easily re-
alized as a scaling of the variables, preserving the cubic terms. Note also that we have
the relations

FX(TO wo (Ft) To Wl)(t)
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for wy 1= exp(—mv/—1/2)wp, that is equivalent to the rescaling discussed. We get:
9a(t) = V=1go (V=1t) € Q[[t]], fr1(t) = V=1fi1 (vV-1t) € Q[[1]],
because these functions are odd, and
ha(t) = V=1ha(V~1t) € Q[[t*]],
because these functions are even. O

7.4.3. CY/LG correspondence. Note that all three solutions from Eq. (15)

to the WDVV equation (13) differ just by the permutations of the functions xSrowo),
All three solutions give some genus zero primary CohFT potentials, but only one of
them is indeed a FJRW-theory genus zero primary potential as we have shown above.
Denote the genus zero primary potential of the third WDVV solution — Eq. (15¢)
by F¢Us. We identify this potential with the A(™“1)—transformed potential of
1
F(I)P> 2222 Then Lemma A.3 gives the CY/LG correspondence action.
7.4.4. Computation of F§"*. Comparing to the previously computed FJRW
theories here we also make use of Lemma A.1 and Lemma A.2. We get:

432 gr(4t) = — (AX5° (4¢)) (00 = L ((2X3 (2t))(T0w0) 4 (2X, (2t))<fo»wo>)

2
=5 (X 0+ x )
where 71 = 279 and wy = wp/v/2. Similarly we have:
4 - 12288¢ - g5 (4t)
= (4X5° (44))7090) 4 (4X5° (44))T090) — 2 (4X5° (4t)) 700
_ 2X2(71,w1) (t) . Xéﬂ,wl) (t) _ Xi‘l’l,‘ul) (t) 7

4. 128\/c - hy(4t)

= \/<(4X2°°(4t))(7'o,wo) — (4Xge (4t))(7'o,wo)) ((4X§°(4t))(m’w°) e (4t))(foywo))

1 T1,W T1,W

5 (X () - x) 0)

Applying the following linear change of the variables:
ty=to, ta2g =7

1
tag = 5 (b1 = t3), too2 = 2o+ 2V=1ta, tyuy = 2( +t3), T2 = 20 — 2V 1ta.

to the potential Fi§"* we get:
Fg(t)

5
1 1 1 riwi) (T 1 rwi) (T
= St + 7t kz_;z - (B +E8) X (7) - o (B +88) X (3)

5 4
L oo | 2,00 v(rwn) (T 1 4 (r1,w1) (T
64 (£t + 11t2) X (Z) 496 ;t’“ ;Xl (Z) '
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Applying again Lemma A.2 we have for 7 = 71 /4 and wy = 2wy:

FgHe(t)
To,W 1 To,wW
ftOT—i— to E 1 — 15 (5363 +£263) X7 () — 76 (B85 +13t9) x{2) (1)
L oo 2 (72, wz) 4 (12,w2)
262 + £242) X E th E x(™ .
16( + 1) 96 i (™)

Therefore, for 73 = 1+ 70/2 and w3 = V2wp holds:

- ~ 1
FO(E7,G3)(t(t)) _ A(-rg,wg) -F(ILP;ZL’Q’Q’Z

)

]P;l
In order to derive the equality for the potential Fy,***? we apply now Proposition 5.4.
We have got:

PROPOSITION 7.7. For the linear change of the variables as above holds:

V()

F()(E7,G3)(E(t)) AGJ . 11:1)2 2,2,2 AG3 = 2](-"':) 2

)

=) ©

for © = V2r/ (D(3)".

Appendix A. Some formulae on the theta constants. The Jacobi theta
constants have the following connection to the Fourier series ¢y(q), k = 2,3,4 of
Section 4:

(W2(0)" = 2(¢3(q) —¥4(q)), (U3(0))* = 2(¥2(q) —¥a(q)), (Wa(q))* = 2(vb2(q) —3(q)).

Note that these equalities are not enough to express 1;(¢q) via the theta constants.
We also have the following double argument formulae:

(926)" = 5 (0s(@))* ~ @a@)?), (9(a2)* = 5 ((Bs(@)* + (4())%)
(94(4%))” = V3(q)Pa(q)-

Combining these formulae with the definition of the functions X;°(q) we get:

o 2n X5°(q) (95(9)* = X3°(q) (9a(q))”
e P A I a—
2x5(q) = K@ (93(0))* + X5°(q) (9a(q))*

’ (93(0))> + (94(q))° ’

2XP () = 5 (X5°(0) + XE¥(a)

The following lemma is only applicable to the scaling of 7 by 2 and uses double
argument formulae of the theta constants.
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LEMMA A.1. For any A € SL(2,C) we have the following equalities:

4 XPOTA) — XAOTA)
Xyt = S T T() ,
_ X+ XHT)
(2X3<2T))A - (7')+T4A( ) )
(2X,(2n))" = 5 (X4 () + X2 (7).

where

1 at +b 2
TA(7) = =2.3.4.
i (7) CT+d(’l9k (c¢+d>) K 3,

Proof. First of all note that we can not apply A to the function X;°(27) because
the latter one doesn’t solve the Halphen’s system. Let’s apply it to 2X°(27). We
only do it in one example, while all the other are similar. Let:

ar +b
et +d’

A= <ﬁ 2) € SL(2,C), and 7':=

Using the double argument formula for X3$° above we have:

o A 1 oo [oaT +b c
(2X5°(2m)" = (et + d)? 2X5 (2CT+d> + et +d’
L X)) — X (r)0i(r) L€
(et + d)? 93(7") — 93(7) cr+d

_[XE() + eler + d)] 95(r') — [XE°(7") + cler + d)] 93(7")
- (er +d)?(93(r') — V3(7")) '
The other two cases are treated in the same way. 0
For a more general scaling we have.

LEMMA A.2. For any 19 € H, wg € C* and k € Q< holds:
(kX2 (k7)™ = (X2(r) ™) 2<a <y,

where T = kTo, w1 = wo/Vk.

Proof. First of all note that the formula given makes sense. Namely, the triple
of functions kX :°(k7) is solution of the Halphen’s system too. The rest follows from
the following equalities.

(kX3 (k)70 = ACo=0) - (kX (k)

(2woIm(7p))? Koo ( V=177 + 10 - 2w3Tm(7o ))
(V=17 + 2w2Im(7g))2 " “ V=17 + 2wiIm(7p)
1

= A (X))

- 2v/—1wIm(7y)
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LEMMA A.3. For any 19 € H and wy € C* holds:
X5 (8) = X370 (1), X5 () = X0, X (1) = X5 (o),

for 7 =719+ 1.

Proof. This follows immediately from the identities X5°(t+1) = X35°(t), X3°(t +
1) = X°(t), X5°(t+ 1) = X5°(t) and the definition of the the A(0:%0) —action. O

Appendix B. Gromov-Witten potential of P}, ,. In order to shorten the
formulae let ¢y := t1 for 1 < k < 3, t; 1= tg;_3 for 4 <[ < 6, t7 := t31. Let
x=2xz(q), y =y(q), z = 2(q), w = w(q) be as in Section 4. The following expression
for the genus zero GW potential of P} , , was published in [4].

Pi42
Fytt

Ty (m4 + 142%y® + y4)
294912

2% — 5aty? — 5Pyt + 48
--! 4128768 ! (13 +15) +
z (8554 + 8yt + 19,24)
294912
y (2* + %)’
73728

tats (15 + t3)

m(a:2+y2)2
73728

5x2y2 (m2+y2)t4t4 (w4—6m2y2+y4)
73728 6% 30720

(3x2y2 _ y4) Tyz (mQ + yz)
3072 6144

xy2 (4:102 +y2)
6144

3,13 + (t2t§ + tstg)

+ (t5t5 + ta2t8) + (t113 + tatg)

) (i34 + 212 + (462 + 26d) + byt (H 4 12) 1

t5tg (23 + tsts) + t5t5 (t3ts + tatd)

2 2,2
) (342 (trts + tate) + tats (63 +8)) + =rtat (t3ts + t113)

1536
Yz (7a:2 + yz)

tstotr (tota + tsti
1536 367(23-1— 56)

tstetr (tgtf) + tzt?s) +
ng ( 2 2)

S (trtot3 + tatsts)

5 tats (t5 +t3)
LY (z® +9?)

384

{L‘3

2 2
(tat3ts + tatatd) + %u (t3ts + t1td) + 351 (t515 + t3¢3)
2

3 3w — 22 + 2¢2 2
+ g (tgtg + tgtg) - % (t;l + té) + %yshts (tgts + tztg) + %tﬂ% (tQt:Q), + t5t§)

384
$2312t o242 Ty (392 + y2) 124242 (29”2 -y’ - Sw)
128 12iofels + 128 ofrts + 96

%y Tyz , ) ) 2 (x2 + y2)
+ atste (tstats + titats) + @t3t6t7 (3152 + 3t1t3 + 3t5 + 3tate + 4?57) + e

4 1‘3/2
+ t7 + atste‘ (tatsts + titsts)

totstetris

(2w —z? 4+ y2)
64

(t2t2—|—t2t2 L?JQ 2,2 2,2
103 1 6) + (t2t7t3 + t5t6t7)

2
) (ot 432 263e) - z

64
2
xT

+ 5 (tstt3 + ta347) +

(¢* —y* —w)

Yy

32

w

35 (tatsts + tit3ts)

(2t1tatsts + 165 + 1313) —

2
+ (tatdts + tatate) — (w=a7) (t1£3ts + titatots + tatet?) + 2 tats (tate + 262)

32 16 16

xrz z x z
ﬂgﬂmu@+n@@y+%ﬁﬂwmg+mmm)+§@%2+im)+%@xi+ﬁu)+znmw

1 1
+ gto (B2 + 15 + 207 + 2t + 2tats) + Stot 1.

—+
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