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BOUNDS FOR THE MORSE INDEX OF FREE BOUNDARY
MINIMAL SURFACES*

VANDERSON LIMAT

Abstract. Inspired by work of Ejiri-Micallef on closed minimal surfaces, we compare the energy
index and the area index of a free-boundary minimal surface of a Riemannian manifold with boundary,
and show that the area index is controlled from above by the area and the topology of the surface.
Combining these results with work of Fraser-Li, we conclude that the area index of a free-boundary
minimal surface in a convex domain of Euclidean three-space, is bounded from above by a linear
function of its genus and its number of boundary components. We also prove index bounds for
submanifolds of higher dimension.
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1. Introduction. Consider a minimal immersion v : ¥ — M of a compact
surface ¥ into a Riemannian manifold M. We say that wu is free-boundary, if u(0%) C
L with ©(9%) orthogonal to £, for some embedded submanifold £ C M of dimension
greater than one. The area index of u is defined as its Morse index when we see u
as critical point of the area functional for variations that map 9% into £. Roughly
speaking, this quantity measures the maximal number of distinct local deformations
that decrease the area to second-order. Unfortunately, in general this quantity is
difficult to compute, and the best one can expect is to estimate it from above or
below. On this work we are interested in upper bounds estimates.

A minimal immersion can also be seen as a critical point of the energy functional (a
harmonic map), and conversely a conformal harmonic map is a minimal immersion.
It turns out that this interesting fact is very useful: one way to obtain a minimal
surface in some ambient space is first prove the existence of a harmonic map on
each conformal class of a abstract surface, and then varying the conformal structure
to obtain a conformal harmonic map. This approach comes from the solution of the
Plateau problem [14, 50], and was extend to the case of closed surfaces [45, 40, 41, 53],
and to the free-boundary case [38, 48, 19, 8], see also [29].

On the other hand, a conformal harmonic map has also a Morse index associated
to it, which we call the energy index. This quantity is somehow easier to compute
than the area indezx, which can be explained by the fact that the second variation
formula of energy has a expression simpler than the second variation formula of area.
On this context, Ejiri and Micallef compared the two indices for a closed minimal
surface (where £ = {)) and obtained the following result:

THEOREM (Ejiri-Micallef, [16]). Let u : 2 — M™ be a minimal immersion of a
closed oriented surface ¥ of genus g, in a Riemannian manifold M™, where n > 3.
Then the area index ind 4(u), and the energy index indg(u), satisfy the following:

(1) indg(u) <indg(uw) < indg(u) + v(g);

(2) indg(u) < e(M)|u(X)|;
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where ¢(M) > 0 is a constant depending only on M, and
Oa Zf g = 07
U(g) = L, if g=1,

6g—6, if g>2.

REMARK 1. In [16], the authors also allow the map to have branch points, and
on this case the quantity v also depends on the number of branch points.

The main goal of this work is to extend this previous result for the case of free-
boundary minimal surfaces in Riemannian manifolds with boundary. Our first result
is the following.

THEOREM 1. Let u : (X2,0%2) — (M", LF) be a free-boundary minimal immer-
sion, where ¥ is a compact oriented surface of genus g and m boundary components,
and (M",Ek) are as above with n > 3 and 2 < k < n — 1. Then the area index
ind4(u), and the energy index indg(u), satisfy the following:

indg(u) <ind4(u) < indg(u) 4+ v(g, m), (1)
0, if g=0andm=1,
where v(g, m) = 1, if g=0 andm =2,

6g — 6 + 3m, in the other cases.

To prove this result we follow the approach of [16]. The idea is the following: given
a deformation of a minimal immersion that decreases the area, if the second variation
of area and energy along the respective variational vector fields do not coincide, then
one tries to reparametrize the family of maps in order to obtain conformal maps, so
that the new variations will coincide. Next one uses the Riemann-Roch theorem to
count in how many ways one can do that. In our setting some difficulties arise due to
the presence of the boundary, in particular we need a Riemann-Roch theorem on the
case of surfaces with boundary. It turns out that there is a index-theoretic version of
this theorem for Riemann surfaces with boundary, which is suitable to apply in our
context.

Adapt the second part of the theorem of Ejiri-Micallef is more subtle. We follow
the methods of Cheng and Tysk in [6], which are inspired by [33]. The idea is to
control the index from above by the trace heat Kernel of an appropriated Schrodinger
operator, related to the Jacobi operator of the immersion, and then to bound this
kernel by the area. To do this, in [6] the authors plug the trace kernel in the Sobolev
inequality for minimal surfaces. To our knowledge, there is no version of the Sobolev
inequality for free-boundary minimal surfaces of general spaces. However, on the
case of free-boundary hypersurfaces of some domain of the Euclidean space, Edelen
obtained such inequality, see [15]. We will adapt the work in [15] and prove the free-
boundary version of the Sobolev inequality for submanifolds (of any codimension) is
valid in a large class of ambient spaces, see section 4. This result is of independent
interest.

Following this we have.
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THEOREM 2. Let u : (32,0%2) — (M™,OM™) be a free-boundary minimal im-
mersion of an oriented compact surface X2, into a compact Riemannian manifold M™
with boundary OM™, where n > 3. Then, there is a constant ¢ = ¢(M) > 0 such that

indg (u) < clu(X)] (2)
and so,

ind 4 (u) < cfu(E)] + v(g,m). (3)

Since the free-boundary Sobolev inequality holds in great generality, the methods
of [6] also allows us to obtain bounds for the index of free-boundary submanifolds of
higher dimension.

THEOREM 3. Consider an compact oriented Riemannian manifold X" with bound-
ary 0%, and a compact Riemannian manifold M™% with boundary OM, where n > 3
and k> 1. Letu: (X,0%) = (M, 0M) be a free-boundary minimal immersion. Then
there are constants ¢; = ¢(n, M), I = 1,2 such that

indg(u) < ¢y /E(max{l7 |R|}) s dA, (4)
indg(u) < ¢ /E(max{l, |R| + |IIE|2}) H dA, (5)

where R is defined in terms of the curvature of M (equation (9)), and Ily is the
second fundamental form of X.

Using the same techniques we also obtain upper bounds for the relative Betti
numbers of a free-boundary minimal submanifold (see the end of section 5).

REMARK 2. Ezamining the proof of the Sobolev inequality in [15] and the proof
of Theorems 2 and 3, we see that the constant c¢(M) only depends on the second
fundamental form of OM and the dimension n.

REMARK 3. The conclusion of theorems 2 and 3 are still valid if M is non-
compact but satisfies the free-boundary Sobolev inequality (Definition 4) and the norm
of the second fundamental of OM is bounded (see Theorem 8).

Combining the Theorem 2 with the area estimates in the work of Fraser and Li
[20] we obtain the following application.

THEOREM 4. Let M3 be a compact 3-dimensional Riemannian manifold with
nonnegative Ricci curvature and convex boundary. Let % C M be an oriented properly
embedded free boundary minimal surface of genus g and m boundary components.
Then, there is a constant c(M) > 0 such that the area index satisfies

ind4(%) < e(M)(g+m).

This previous theorem is interesting because on such ambient spaces there are
existence results: one has the existence of free-boundary minimal disks and annuli,
[24, 36] and of surfaces of controlled topology [11]. Also, extending the Almgreen-
Pitts min-max theory to the free-boundary setting and using the methods of [35], Li
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and Zhou proved in [34] that manifolds satisfying the conditions of the previous theo-
rem contains infinitely many (geometrically distinct) free-boundary minimal surfaces.
Finally, on the special case of the Euclidean 3-ball, we have various examples with
known topology, see [21, 22, 39, 32, 30, 31].

On the other hand, in the case of convex domains of R3 we have lower bounds
for the area index:

THEOREM (Ambrozio-Carlotto-Sharp [2]; Sargent [42]). Let ¥ be a orientable
properly embedded free boundary minimal surface of genus g and m boundary compo-
nents, on a convex domain of R3. Then the area index satisfies

1
5(29 +m—1) <ind4(%).

This last theorem together with Theorem 4 shows that in convex domains of R?
the area index of free-boundary minimal surfaces is controlled above and below only
by the topology of the surface. For other results about estimates for the area index,
see [19, 7] on the case of disks, and [46, 49, 13, 47] for the case of annuli (in particular,
the critical catenoid).

Another motivation for index estimates comes from some recent works, where is
showed that considering minimal hypersurfaces with bounded index we obtain com-
pactness and finiteness results, see [44, 1, 26, 9, 4, 10] for the case of closed minimal
hypersurfaces in closed manifolds, and [3, 25] for the case of free-boundary minimal
hypersurfaces in manifolds with boundary. Combining the theorem B with the main
results in [3, 25], we obtain a compactness result in 6.1.

Outline of the paper. First, in section 2 we fix some notations and recall a
few facts about free-boundary minimal immersions and Riemann surfaces. In section
3 we compare the second variations formulas of the area and the energy and use it
to prove Theorem 1. The section 4 is devoted to prove the free-boundary Sobolev
inequality. In section 5 we prove Theorems 2 and 3. We discuss some applications of
the main results, including the Theorem 4, in section 6. The Riemann-Roch theorem
for Riemann surfaces with boundary is described in the appendix A.

Ackowledgements. I wish to express my gratitude to Lucas Ambrozio for dis-
cussions, and for suggestions on the manuscript. I also thank Ivaldo Nunes and Harold
Rosenberg for their interest on this work. I am grateful to Vladimir Medvedev for
pointing out a correction on a earlier version of the manuscript, concerning the ap-
plication of the Riemann-Roch Theorem. Finally, I thank the anonymous referee by
suggestions and corrections.

2. Preliminary. A good reference for the machinery of complex manifolds used
in this section, is the section 3 in the chapter I of [51].

Denote by ¥¢ a compact oriented Riemannian manifold with boundary 9%, where
¢ > 2. Consider a complete Riemannian manifold M™, and £* an embedded subman-
ifold of M, where n > ¢ and 2 < k < n—1. We denote the metric and the Levi-Civita
connection of M by <o, > and VM respectively. The second fundamental form of £
is defined by

IIE(X7 Y) = (V%Y)La

where L denotes the projection on the normal bundle of L.
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Let u : (,0%) — (M, L) be a free-boundary minimal immersion. We have the
decomposition E := u*(TM) = u,(TX) & NX, where N is the normal bundle of u.
The following connections are induced by VM

V:T(E) = T(EQT*Y),
D:T(TY) - (T @ T*Y),
V1:T(NE) 5 T(NE@T*Y).

Consider the area (volume) functional

Alu) = /E Jac(u) dA, (6)

and the energy functional
E(u) = / e(u) dA, (7)
b

where dA is the volume form of the metric on ¥ induced by u, Jac(u) = \/m ,

1 n
and e(u) = B Z |user|?, with {ey1,...,en} a (locally defined) orthonormal frame field
1=1

on X.
If ¥ has dimension 2, we have Jac(u) < e(u). Therefore

Au) < E(u), (8)
and the equality holds if, and only if, the map u is conformal, i.e.,
<u*X, u*Y> = ¢<X,Y>,

for some positive function ¢ € C>°(X), and V X, Y € I'(T%).

DEFINITION 1. We say that V € I'(E), £ € T(NX) are admissible variations if
V,§ € Typ)L, for all p € 0.

The second variation formulas of the area and the energy of a conformal harmonic
map along admissible variations are given respectively by

2 _ L2 T2 _
@ae) = (19462 =179 F = (R(©).O))dA+ | (Me(e.e).m) L.
(52€)(V) :/E(|VV|2—<R(V),V>>dA+/82<HL(V,V),11> dr,

where 7 is the outward pointing unit normal of 93, and R(V') is given by

n

R(V) := X:R(V7 Uer)Uuser, 9)
=1
where {e1,---,e,} is a (locally defined) orthonormal frame field on ¥ and R is the

curvature tensor of M.
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DEFINITION 2. The Morse index of E(u), denoted by indg(u), is the mazimal
dimension of a subspace of T'(E) consisting of admissible variations, on which the
second variation of £ is negative. The nullity of £(u), denoted by nulg(u), is the
mazimal dimension of a subspace of I'(E) consisting of admissible variations, on
which the second variation of € is zero. Analogously we define the index ind 4(u)
and the nullity nul 4 (u) of A(u).

Suppose X is a Riemann surface with a complex structure J : T3 — T'Y. Consider
TeYX =TY®rC and E¢ = u*(ITcM), where TeM = TM @i C. Extend <~7 > complex
bilinearly to Ec, and J complex linearly to TcX. We have the decompositions

TeX =T'Y @ T%'Y and TEY = AY'S @ AYLY, (10)
which are orthogonal with respect to <-, ->, where
T;’OE ={v € (IcX),/J(v) = v},
and
TY'S = {v € (TcX),/J (v) = —iv},

and A and A®'S are the C-dual bundles of 7792 and T%'Y respectively.
These constructions allow us to define the operators

0:T(T) = T(T @ AS) and 0:T(T) = I(T ® A>'%),

on every holomorphic bundle IT: 7 — X.
On extending V complex linearly to T'(E¢), and using the splitting (10), we obtain

VM T(Ec) = T(Ee @ AY'Y), DY T(Te®) — T(TeX @ AMOY).

In a similar way, we obtain V%! and D%!.

3. The comparison between the indices. Let ¥ be a compact surface with
boundary. Using equation (8) is easy to prove that a variation which decreases the
energy of a conformal harmonic map u : (X,9%) — (M™, £¥) must also decrease its
area, so

indg (u) < ind4(u). (11)

In [16], the authors find a condition which guarantees that a variation which decreases
the area of a conformal harmonic map will also decrease the energy, in the case
of immersions of closed surfaces. The idea is reparametrize the variation so as to
maintain it conformal with respect to the initial conformal structure. Supposing
there is a map from I'(NY) to I'(u.(T%)) such that

(1) the map & — X¢ is linear;

(2) the family of maps corresponding to the variation vector field £ + X¢ is a

family of conformal maps;

which gives (62€)(€ + X¢) = (62.A4)(€), they proved that the following holds

DX = (V)T (12)

They also obtained a converse of this, comparing the numbers (§2£)(¢ + X) and
(02A4)()-
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In our case, we have to impose the additional condition that £ and £ + X, are
admissible variations. Also, the boundary terms coming for the second variation
formulas will affect the calculations. The idea is then to consider a variation with
an appropriate boundary condition along 3. Since the calculations in [16] necessary
to derive equation (12) are local, it also holds on the case with boundary, under the
additional conditions. The converse is proved in the next result, which is an analogous
of theorem 2.1 in [16] in the context of free boundary minimal surfaces. For related
results on the case the ambient space is the Euclidean unit ball, see section 6 of [22].

THEOREM 5. Let u : (X2,0%2) — (M™, LF) be a free-boundary conformal
harmonic immersion, where ¥ is a compact Riemann surface with boundary, and
(M", LF) are as in section 2. Let X € T'(u.(TX)) and & € T(NX) be admissible
variations. Then

(624)(8) < (E)(X +6),
and the equality holds if, and only if,

DI,OXO,I _ _(vl,Og)T.

Proof. By abuse of notation we denote the image u(3) by X. Let x,y be local
isothermal coordinates which cover ¥ and 0¥ up to sets of measure zero, and let
z = x + iy be the corresponding local complex coordinate. We can suppose that for
any p € 0¥ we have 0, € T,(0%) and 0, L T,(0X). We define

azzé(ax—iay), 8z=§(8m+i8y)7 dz =dz +idy, dZ=dz—idy,

and u, = u.(0,), uz = u(9z). Locally, the fibre of u, (TLOE) is spanned by wu., and
the fibre of u, (TO’IE) is spanned by us.
There is A > 0 such that the metric on X is given by

A2 (da? + dy?) = Ndzdz,

and on these coordinates D1° = (Dy.) ® dz, D% = (Dpy.) ® dz, V' = (Vy,) ® dz
and V%1 = (Vy,)®dz. Moreover, we can parametrize 9 as z(s) = s, y(s) =0, s € I.

Let V = X + £. Then (62€)(V) is given by
[ (90.V P + 190,V = (RO, V) = (R, g V) ) ey
b

(13)
+ /<II£(V, V), mAds.
T

We first deal with the integrand on the first integral in (13). Since V is a real
section

Vo, VI2+ Vo, VI? =4|Va, V.
We have

Vo.V = (Vo. V)" + ¢+ (Vo X107 (14)
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where
(:=(Vo.6)" + Do, X
Since v is conformal we have
(Vo, X" u,) =0 and (Vo X' uz) =0.
Also, since u is harmonic we obtain
(Vo.& uz) = —(&, Vo uz) =0.
Using (16) and (17) in (14) we obtain
Vo VI* =[(Va. V)** +[¢* + (Vo X10) T2,
Locally, we can write X%! = 1 u; for some function . So it follows that
(Vo XNt =0,
So, (19) allows us to re-write (18) as
Vo VI = (Vo) + ¢ + Vo, X2
+((Va.6)", Vo, X") + ((Va.6) ", Vo, X10).
For the remaining terms of (20) we have
((Vo.6)", Vo. X)) = 0.(¢,Va. XO') — (€, V5. Vo X*)
(Vo.6)", Vo X10) = 8:(€, Vo, X10) — (£, V5. Vo X10).

(18)

(19)

(20)

However, from (19) and (15) we have VX! = (V5. X0 T = (¢ — (V4.€) T, hence

(Vo Vo, X" &) = (R(uz,uz) X', €) + (Vo (( — (Va.6) "), &)
= (R(uz,uz) X, 6) +(Vo. ) TP = (¢, (Va.6) ).
In a similar way we can prove that
(Vo.Vo. X10,6) = (R(uz, u:) X0, €) +[(Vo.6) " = ((, (Va.6) 7).
Let T be the unit tangent to 0% in the chosen orientation. Then
T=Xtu,, n=-1! Uy.

(21)

(22)

Locally X0 = ¢u, and X0l = $u,. Along 0% we have X|os = fug, where f is
real, so [ = ¢los = @lax. Moreover dx A dy = 5dz A dz. Using this and Stokes’

Theorem we obtain
[ (06,90, X00) 4 02(6, V. X19) | dody
b
—_ Zi/ [0:(V. 6, XO0) + (V.6 X10) ] dz n dz
b
= — 2@/ [<Va£§, Xo’l>d2 _ <VBZ§7X1’O>CZZ:|
0%
- 2/ $(Vo, €, uy) do
o
= —2/<VX§,77>)\ ds.
I
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Substituting (3), (21), (22) and (23) in (20) we obtain

/E Vo VP dedy = / (I(Vo &)1 + ¢ + Vo, X O — 2|(Vo.6) T2
<R Uy, Uz) X01,5> <R(U£auz)X1’Oa§>

+ {6, (V. ) ") + (¢, (V.6 7)) dady

— 2

/(va A ds.

It only remains to see what happens with the last two terms in (13):
(R(V,ug)ug, V) + (R(V,uy)uy, V) = 4 (R(V,u.)uz, V)
= 4((R(& uz)us, €) + (ROX® uz)uz, X10)
+<R(§,uz)ug,X1’0> + <R(XO’1,uz)ug,§>).
By the second Bianchi identity, for any W € T'(E) we have

(R(X"M w)uz, W) + (R(uz,uz) XN, W) =0,
(R(XMO uz)u,, W) + (R(uz,u.) X0, W) = 0.

On the other hand, on 0¥ we have
(e (V,V),n) = (Vx X +2Vx& + 1 (E,6),m).

Using (3), (24), (25), (26) and (27) in (13) yields:

(& uz)uz, €) — (R(XOY s )uz, X10)
(Vo) 1Y+ (( (V6,8 T)) dady

/(vXX+HL(§ €),m)yAds.

(62E)(V) = 4/Z (1(Va. ) + Vo, X P + [¢]* = 2[(Va.) "
—(R
+ (¢

~

On the other hand,

/ Vo, X2 dady = | (Vo, X0, Vo, XO) dady
by

m\

:/(85<V32X1’0,X0’1>—8Z<V32X1’07X0’1>
b))

+ |Va. X102 4 <R(Uz,UE)Xl’O,XO’1>>dedy.

235

(24)

(29)
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Also, by Stokes’ Theorem,
4/2(82<V32X1’0,X071> — 0.(Vo. X0, XO1) ) dudy
= 2i/2(ag<valevo,xovl> — 0.V, X", X0 )dz 1 dz

((Va. X1, XON)dz + (Vo X1, XO1)dz)
p
(

Using the equation (15) and the orthogonal decomposition (10) a simple calcula-
tion shows that

Vo XU = ¢ + (Vo) T = (G (Vo) T) = (G (Va.8) ). (31)
Substituting (29), (30) and (31) in (28), and using (26) we obtain

(6*€)(V) = 4/E (IVZ.€1% = [(Vo.6) T2 = (R(E, uz)us, ) + 2[¢|?) dudy
+A@h®®mﬂw
= [ (9%~ 19977 - (R©).6)) 4
+/82<H£(§7§),77>dL+8/2|§|2dxdy
= (6 A) (&) + 8/ ’DLOXO’1 + (vl,OE)T’2 dA.
b

Thus, the result follows. O
Now we can prove the Theorem 1.

Proof of Theorem 1. The first inequality was already discussed. Let us thus
discuss the second one.

Let F be the subbundle of T' 0712|az whose sections in local isothermal coordinates
are given by 1 9, where 9 is a real function. Consider a maximal subspace S on which
02A <0, and € € 8.

By the Fredholm alternative, the boundary-value problem

Dl,OxO,l — _(vl,Of)T’ on Y

X%l(p)e F, ifpecoxn
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has a solution if, and only if, (V%) T is orthogonal to ker(D')* where (D'0)* is
the adjoint of

DM Tp(T01%) - DTS @ AMOR).
An calculation (we can proceed as remark C.1.3 on page 580 of [37]) shows that
(DYO)* = — % 9% =i % 0: Tp(T'Y @ AMOY) = T(TO1Y),

where % is the Hodge star operator, and the second equality uses the fact that xw =
Jw = —iw, for w € T(T"'Y ® AM°Y). Therefore

ker(D"9)* = HR(T"'S @ AM%),

where on the right hand side we have the space of holomorphic sections Y of T%1% ®
ALOY such that Y(p) € F, Vp € 9%.
Denote

hY(A%'Y) = complex dimension of H%(A%'Y),
RO(T*'Y @ AM°%) = complex dimension of H%(T%'Y @ AM0%).
Then, we may find a subspace S C S of real dimension
n > dim S — 2p°(T%'E @ ALY

for which (32) has a solution Xg’l whenever ¢ € S. Define Xgl’O = Xg’l and X¢ =
X;’O + Xg’l. Since the equation (32) is linear, we may choose the map { — X¢ to be

linear. Let § = {4+ X:/¢ € S} € T(E). Then, by Theorem 5, we have 6285 < 0
and thus,

indg (u) > dim S = dim S > ind 4 (u) — 2h°(T*'S @ AMOY).

Now, by the Riemann-Roch theorem for Riemann surfaces with boundary applied
to the operator (see the example on the appendix A)

9 WihI(AM1E) - W hAMI S @ AYTY)
we have
2h°(A%1Y) — 209(T™'E @ AMO%) = 3y (D).

By (57), if ¥ is a disk, then 0 is surjective and h?(T%!'¥ @ A10%) = 0. On the
other hand, by (56), if x(¥) < 0, then h°(A%!%) = 0, so

2h°(T'Y @ AMOY) = —3x(%) = 69 — 6 + 3m.
Finally, if ¥ is an annulus, then
2h°(A%1Y) = 20%(TO' 2 @ ABOY). (33)

If hO(T%'S ® AMO%) = 0, there is nothing to do. If A%(T%'E @ AM0%) > 0, consider
the double ¥ of ¥ endowed with a symmetric complex structure (as explained on
the appendix A), so that ¥ has genus 1. Let [d] be the divisor associated to the
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bundle A%'3. Following the notation of [18], the dimension of this divisor is r([d]) =
2h9(A%1X) > 0, hence the divisor [d] is special. Thus, by Clifford’s theorem (see
theorem I11.8.4 of [18]) and equation (33)

IN

200(TO'S @ AMO%) = r([d])

Define

nulg(u) = dimension of the space of purely tangential Jacobi fields of wu,

as a critical point of £.

A minor modification of the proof of Theorem 1 yields.

THEOREM 6. Let u: (3,0%) — (M, L) and v(g,m) as in Theorem 1. Then

indg (u) 4+ nule (u) — nul} (u) < ind g () + nuly (u)

34
< indg (u) + nulg (u) — nulk (u) + v(g, m), 3

which combined with (1) gives us,

nulg (u) — nulk (u) — v(g, m) < nulg(u) < nulg(u) — nulk (u) + v(g, m). (35)

4. A Sobolev inequality for free boundary submanifolds.

DEFINITION 3. We say that a Riemannian manifold M satisfies the property (x)
if there is a isometric immersion f : M — N such that:
(1) The second fundamental form of the immersion satisfies

sup [II;] < C,
N

for some constant C' > 0;
(2) N is a Cartan-Hadamard manifold such that its sectional curvature satisfy

secy < Kk <0.

REMARK 4. Observe that every compact Riemannian manifold M satisfies the
property (%), because by Nash’s Theorem M can be embedded in some Fuclidean space
R™, so condition 2 is valid, and condition 1 is satisfied by compactness.

THEOREM 7. Consider an oriented complete Riemannian manifold M™* with
boundary OM, which satisfies the property (%), wheren > 2,k > 1. Letu : (X,0%) —
(M, 0M) be a free boundary minimal immersion of an oriented Riemannian manifold
Y with boundary 0%, and of dimension n. Then there is a constant ¢ = ¢(M) > 0,
such that for any ¢ € C*(%),

n—1

(/2|¢|n"1dA> ' gc/2(|vg¢\+|¢|)dA. (36)
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Proof. The condition (x) guarantees that we have an isometric immersion w :
3 — N of bounded mean curvature, where A is a Cartan-Hadamard manifold. So,
we can use the Sobolev inequality of Hoffman-Spruck [28], for any function ¢ € C*(X).
Then, the proof is exactly like the proof of Theorem 2.2 in [15]. O

DEFINITION 4. Given a Riemannian manifold M with boundary, we say that
the free-boundary Sobolev inequality holds in M, if the inequality (36) is valid for all
free-boundary minimal immersion u : ¥ — M and all € C1(Z).

REMARK. The Theorem 7 shows that the free-boundary Sobolev inequality holds
in every Riemannian manifold which satisfies the property ().

5. An estimate for the energy index. A reference for the definition and the
properties of the heat kernels used in this section is the paper [23].

Let u : (¥",0%") — (M™HE 9M™F) be a free-boundary minimal immersion of
an oriented compact manifold ¥ with boundary 9%, into a Riemannian manifold M
with boundary OM, where n > 2, k > 1. Let N be the outward pointing unit vector
field orthogonal to the boundary of M. We define the shape operator of M by

Som(X) = VY'N.
Consider the rough laplacian A on F = u*(T'M) defined by

AV =3 (Ve Ve,V = Vv, oV),

=1

where {e1,...,e,} is a (locally defined) orthonormal frame field on X. Also, given
F,B € End(FE), consider a quadratic form,

o) = [

(“AV — F(V),V)dA + / (V,V — B(V),V)dL.
b

ox

We say that A is an eigenvalue of Q, if there exists V' € T'(E) such that Q(V, W) =
MV, W) 2, VW € T'(E), or equivalently

AV + F(V)+ AV =0,

v,V = B(V) =0.

In the remaining of this section we will assume that V' € I'(E) is an admissible
variation with respect to M. Let p = sup,, |R|. We have

/ (—AV = R(V),V)dA + / (VoV = Som(V),V)dL
b ox

> /<—AV —pV,V)dA +/ (VyV = Som(V),V)dL. (37)
% ox

Analyzing this last inequality, we can conclude that if V' € I'(E) is such that the
energy index form applied in V' is non-positive, then

Z(V,V) < p|VIEa,
where 7 is defined by

Z(V,V) ::7/2<AV,V>dA+/82<VnVfSaM(V),V>dL.
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Denote by (%) the number of eigenvalues of Z less than or equal to p. It follows that
indg(u) + nulg (u) < B(%). (38)

In the following the covariant derivatives we will always be with respect to the z
variable. Consider the heat Kernel Kg : ¥ x X x (0,00) — End(FE) defined by

<;A)KE(x,y,t) =0, onXxXx(0,00)

lim Kg(z,y,t) = 0g(r—y), onX xX

t—0+
VoKg(z,y,t) — SaM(KE(x,y,t)) =0, ondX xXx(0,00).

Also, consider the heat Kernel K : ¥ x ¥ x (0,00) — R on X given by

(gt—AZ)K(a:,y,t) =0, onXxXx(0,00)

lim K(z,y,t) = d(x—y), onX xX

t—0+

K
%—n(x,y,t)—al((a?,y,t) =0, ond¥ xXx(0,00)

where Ay is the laplacian acting on functions,

nf (Sam(V), V>} ;

a =min 4 0, inf i
IM V=1

and we suppose that a > —oc.
Let
M<Ap < <A<

be the spectrum of the eigenvalue problem of the rough laplacian with boundary
condition V,V — Sy (V) = 0 and

A AN <

be the spectrum of the eigenvalue problem of the laplacian Ay, with boundary condi-

tion % —a¢p=0.
on
The traces kg and k of K and K respectively, are given by

kp(t) =Y e k()= e t>0. (39)
=1 =1

Thus, if A, < p is an eigenvalue of T, we have e~#! < e~ V¢ > 0, hence
B(X)e Pt < kg(t), Vvt > 0. (40)

So, to bound ind g (X) +nulg (u) it is sufficient to bound kg (¢), which will be our main
goal now. First, we will need some preliminary results about the kernels K and K.
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PROPOSITION 1. The inequalities
0
— — Ay ||IK
(at » |IKel

0|KEg|
on

IN

0, onXxXx(0,00).

—alKg| > 0, ondXxXx(0,00).

hold in the sense of distributions.
Proof. The proof of the first inequality is exactly like the one of proposition 2.2
in [27].
For the second inequality, given € > 0 define
1/2
be(x,t) = (|Kp(a,y, )2+ )"/,
Observe that

9.
on

) ;5<8‘9[57E7KE> B %<S@M(KE%KE> = _%|KE|2. (41)

Letting ¢ — 0 on equation (41), it follows that

J|Kg|

—alKg|>0
an a|Kg| >

)

in the sense of distributions. O
LEMMA 1. |Kg(z,y,t)| < K(z,y,t), ¥t > 0.
Proof. By definition

lim | K(2.y.1)0()dA(y) = 6(z) and lim_ | Kp(ay.1) S,dAl) = Se. (42

t—0t t—0t

which implies |Kg(z,y,0)| = K(x,y,0). Moreover, using the fundamental theorem of
calculus together with equation (42) we have

|Kp(z,y,t)| — K(z,y, )_/Otgs/E|KE($’278)IK(z7y,t—s)dA(z)ds
KIKE (z,2 8)>K(z7y,t— s) + |KE(x,z,s)|%(K(z7y7t— s))}dA(z)ds
|:<|KE T,z 5)>K(z7y,t— s)— |Kg(z, 2,8)|(As) . K(2,y,t — S)}dA(z)ds
//< (&) >(KE(IvZaS)I)K( 2yt — s)dA(z)ds
]

S/O/ a(IKE(%Z’t)K(Z,y,t—S)—IKEI(J«“,ZJ)K(Z y,t ))dL( )ds

ox

I\ Kg|
E[|KEJCZS| (z,y,t —8) — an (z,2,t)K(z,y,t )}dL( )ds
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where is the last inequality we used the proposition (1) and the positivity of K. O

Its is easy to see that / K(x,y,t)dA(y) is non-increasing in ¢. By equation (42)
)
it follows that

/ K(z,y,t)dA(y) <1, VY(x,t) € ¥ x (0, 00). (43)
by

We can finally prove the main results of this section.

Proof of Theorem 2. We will use the methods of [6]. Applying the Sobolev
inequality for free boundary minimal surfaces (36) to ¢ we have

(/E¢4dA>1/2<C/Z|vE¢2dA i C/gd)sz‘

Using interpolation on the left hand side and the Holder inequality and the
Arithmetic-Geometric inequality on the right hand side we obtain

3/2
2 2 2
(/E¢ dA) //E|¢|dA§cl/EVz¢| dA + CQ/E¢ dA. (44)

Define ¢(y) = K(x,y,t/2). We have

K(a:,x,t):/EKZ(x,y,t/Q)dA(y):/E(bsz(y).

So,

T @) = [ K25 /2 dAG)

ot
=1é1«xw¢ﬂn«AzuK¢u%am»dA@)
=—Lumem%wmwmm
+ K@%U@%%%%U%ﬂw)

ox
=—/MVﬂﬂ«a%me¢um—a/’K%a%wmdaw
> ox

< [ 1)Kt/ dAw) (45)

Substituting this in inequality (44), and using the inequality (43) it follows that
0K

(K(m, a:,t))3/2 < —c1—(z,2,t) + oK (x, 2, t). (46)

- ot
Let ¢(t) = K~3(z,2,t). Observe that 1(0) = 0 (because of equation (42)).
Multiplying both sides of the last inequality by 1/(201 (K(x, x, t))3/2) we obtain

Loy + 2,

2cq 2cq
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which implies,

1
t) > — (1 — e (e2t/2e0),
Ult) = (1= e (e/2e)
Thus,
2
K(z,2,t) < =

(1 — e—(czt/ch))Q.
It follows that,

(n —2)c3
(1 _ e—(CQt/ch))

kp(t) < (n— 2)k(t) = (n — 2) /Z K(z,z,t)dA < Su(S)].

Therefore, using the inequalities (38) and (40) we obtain

_ . (n —2)cert
< .
inde (u) + nule (u) < rtn>161 ( (1 — 6_(02t/201))2 [u(®)

0

Now, we will handle the case of higher dimensions. Consider an compact oriented
manifold ¥ with boundary 93, and a Riemannian manifold M"** with boundary
OM, wheren > 3and k > 1. Let u : (2,0%) — (M, IM) be a free-boundary minimal
immersion. Let II; : E — X and II; : F' — OM be Riemannian vector bundles such
that F|sx, = E|sx. Denote by Ag the rough laplacian of F, and let S € End(FE),
B € End(F'). On this setting we have the following result.

THEOREM 8. Let X, M and u as in the previous paragraph. Suppose that the
free-boundary Sobolev inequality (36) holds in M and that |Soar| is bounded. Then,
there is a constant ¢ = ¢(n, M) > 0 such that the number of non-positive eigenvalues
of Ag + S with boundary condition V,V — B(V) =0 (denoted by fr) satisfies

Bp < C/Z<max{17 |S\})% dA. (47)

Proof. Reasoning as we did to prove the inequality (38), we conclude that it
suffices to estimate the number of non-positive eigenvalues of the operator Ay, +¢ with
boundary condition a—gﬁ—o@ = 0, where ¢ = |S| and & = min {0, inf inf (B(V), V)}

an OM |V|=1
The calculations are analogous to that of theorem 1 in [6] and are of the same spirit
of the proof of the previous theorem, so for the sake of brevity we will only sketch the
main steps.

1
Let f = max{l, ¢}. Define K as the kernel of —Ap f% with boundary condition
p

1 0 0K
V,Kg = B(Kg), and K as the kernel of —Ay, — e with boundary condition o
p n

aK = 0. On this setting, the Proposition 1 and the Lemma 1 are still valid. Let

0
{A\i}72, be the eigenvalues of ];Ag with boundary condition 99 _ ap = 0.

on
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Define
k(t) = S —2NMt 2 dA(y)dA(x).
=3 [ [ K@) damiaw) (48)
Arguing as we did to prove inequality (45) we obtain
dk
% =2 [0 [ K0l aaw )aa) (19)

and repeated applications of the Holder inequality give us

n
n+42

K(t) < [ L@ ( [ x# e dA<y>>n"2dA<x>

2 _
n+2

[ [ @) ( | B0 dA<y>)2dA<x>

Defining, P(z,t) = / K(m,y,t)f#(y) dA(y), we have
b
1 0
((Az)x — >P(:c,t) < 0, onXx(0,00)

— —aP =0, ondX x(0,00)

P(z,0) = f"7 (z), onX.

d
Again, as in the inequality (45) we obtain &/ P?(z,t)f(z) dA(x) < 0. Hence
b

[ Pw0re) daw < |

%

PA0.0f(2) dAGw) = [ (@) dA(o)
b

Thus, the inequality (50) can be written as

e [ dA<x>)_2 < [ [ 50 aam) i)

2(n—1)
Choose ¢(y) = K =2 (x,y,t) in the free boundary Sobolev inequality (36), square
the inequality obtained and apply to inequality (50) to obtain

e [ dA<x>)_2

S/Zf(x) <C1/E|(Vz)yK(w,y7t)\2dA(y)+02/EK2(:v7y,t) dA(?J))
1 dk

< e
>~ 201 dt +62k)(ﬁ)7

where on the last inequality we used equations (48) and (49), and the fact that
fly) =1, vyex.
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Following the method of the proof of the previous theorem to solve this differential
inequality and using the inequalities (38) and (40) we obtain

n/2 e2t
fe < g\ sty / I

In the following, if ¢ is a function defined on M then we denote ngZ)dA =
fz ¢oudA. Applying this last result to the Jacobi operators of the energy functional
and of the area functional we obtain the Theorem 3.

In the following we continue in the setting of the previous theorem. We denote
by B,(X,0%) the p-th relative Betti number of 3, by IIs the second fundamental
form of ¥, and by R* the curvature tensor of ¥. Given ¢ € NX, the shape operator
Se : T(TXY) — I'(TX) associated to £ is defined by

(SeX,Y) = —(IIn(X,Y),§).

We define

RY(w)(X1,..., Xpm) i= ZZ(—I)Z(Rz(ej,Xl)w)(ej,Xl,...,Xl, LX),

P
SPw(X1,. o Xn) =) w(X1, o, Se X,y Xom),

j=1
where w is a m-form, {e1,...,e,} is a (locally defined) orthonormal frame field on ¥,
and X1,---,X,, are tangent vectors of ¥.. Associated to the curvature tensor R™ of

M, we define Rﬁ’t analogously to the case of X.
Let & ...,& be a (local) orthonormal frame for NX. In [43], Savo obtained the
following decomposition

k
RY =R+ [2, 0 S8 — (txSE)L . G
j=1

Since we assume the immersion « is minimal, we have tr ng = 0, so we can write
the second term on the right-hand side of the last equation as

:ZSPoSP

REMARK 5. On [43], the shape operator Se and the curvature tensor R are
both defined as the negative of ours, so we adapted the formulas accordingly with the
changes of signs.

COROLLARY 1. Under the same assumptions of Theorem (8), there is a constant
c = c(n, M) >0 such that

ﬂp(zvaz) SC/E(max{l |RM|+|B |}>%
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Proof. Consider the bundle of harmonic m-forms on ¥ that are normal to the
boundary, i.e,

HY ={w e Q(2)/dw=0,d*w=0and n Aw =0 on I},

where d denotes the exterior differential and d* = (—1)"™+)+1xdx. By the Bochner
formula

0= ((dd* + d*d)w,w) = (~Asw + R} (w),w). (52)
Integrating by parts, it follows that
/(|ng|2+<R§(w),w>)dA—/ (Vyw,w)dL = 0. (53)
b %
Moreover, (V, w,w) = —Hyp|w|?, see lemma 6 in [2]. Therefore, an eigenvector

associated to a zero eigenvalue of the operator Ay, w—TR,(w) with boundary condition
Vyw = Hppw, correspond to an harmonic m-form normal to the boundary. By the
Hodge-de Rham theorem f,(X,9%) = dimH%. So applying the last theorem and
using equation (51) we obtain the desired bound. O

REMARK 6. Ezamining the proofs of the Sobolev inequality on [15, 28], we see
that the constants appearing on Theorems 2, 8 and 8, and on Corollary 1, depend
only on the dimension n of ¥ and the extrinsic curvature of OM.

6. Applications. In this section M denotes a 3-dimensional oriented compact
Riemannian manifold with boundary OM. Let ¥ C M be a minimal surface with
boundary 0% C M, such that ¥ is orthogonal to M along 9%. We denote the area
index and the area nullity of the inclusion map ¥ — M, by ind 4(X) and nul4(X)
respectively.

Following [25], we say that X is almost properly embedded, if ¥ is embedded
and 9¥ C OM. We denote by S(X) the touching set, int(X) N OM, and define
R(X) = X\ 8(X) as the proper subset of . If S(X) = ), then we say that ¥ is
properly embedded; otherwise, we say that X is improper.

6.1. Compactness. Define

My = {X C M/ X is a compact almost properly embedded
free-boundary minimal surface, such that |3| 4 |x(2)| < A}.

We see from Theorem 2 that controlling the area and the topology of a free-
boundary immersion we also control its index. So, combining 2 with the main results
in [1, 25] we obtain:

THEOREM 9. Let M as above. For fized A > 0, suppose that {Ex} is a sequence
of orientable surfaces in My. Then there exists a finite set of points Y C M and
3 C My such that, up to a subsequence, Xy converges smoothly and locally uniformly
to ¥ on X\ Y with multiplicity m € N. Furthermore:

(1) If X is orientable, then

(a) m=1 if and only if Y =0, and Xy ~ 3 eventually;
(b) m > 2 if and only if Y # 0, and X is stable with nul(%) = 1.

(2) If ¥ is non-orientable and S is its double cover, then m > 2 implies & is

stable, nul(i) =1 and \(X) > 0. In this case, Y = 0 implies m = 2 and
S~ % eventually.
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REMARK 7. To prove the previous result in the properly embedded case we could
alternatively use the main result of [52].

6.2. Index estimates. As corollary of Theorem 1 we have the following index
estimates.

PROPOSITION 2. Let M be a Riemannian manifold with OM # (). Suppose that
M satisfies

secp < —k <0 and Som < —a<~,~> <0.
Let ¥ C M be an immersed orientable compact free boundary minimal surface. Then

ind4(X) +nula(X) <wv(g,m).

Proof. Let u : % — M be the isometric immersion of ¥ on M. The conditions
on M guarantee that indg (u) = nulg(u) = 0, so the result follows from Theorem 6. O
For interesting results about free-boundary minimal surfaces in manifolds satisfy-
ing the properties of the previous theorem see [17]. Also, is worth mentioning that by
an easy adaptation of the proof of lemmas 4.1 and 5.1 in [17], we obtain the following
area estimates, which combined with the previous result allow us to apply Theorem 9.

PROPOSITION 3. Let M be a 3-dimensional Riemannian manifold with OM # ().
Suppose that M satisfies

secp < —k <0 and Som < —a<~,~> <0.

Let > C M be a orientable properly immersed compact free boundary minimal surface.
Then

KE| — a|0X] < —27x(X). (54)
Moreover, equality holds if, and only if, ¥ is totally geodesic, Kseer = —k along X,
Ky, = —k, and kg = —a, where kg is the geodesic curvature of 0¥ as seen as a curve
mnside .

Finally, for the case of Riemannian manifolds with nonnegative Ricci curvature
and convex boundary we have Theorem 4, whose proof we write below.

Proof of Theorem /. 1t follows from Lemma 2.2 and Theorem 3.1 of [20] together
with Theorem 2.3 of [21], that there is a constant ¢; = ¢1(M) > 0 such that

4ar
X <er—(g+m).
@
Combining this with Theorems 1 and 2, we obtain
indA(X) < ca(g +m) +v(g, m).
Observe that we can bound the function v(g,m) from above by a function which
depends linearly of g and m. In fact, if ¥ is a disk then v(g,m) =0<1=g+m. If

¥ is annulus, then v(g,m) =1 < 2 = g+ m. In all other cases we have

v(g,m) =69 — 6+ 3m < 6(9+m).
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Therefore the result follows. O

Appendix A. The Riemann-Roch theorem for Riemann surfaces with
boundary. In this section we state the version of the Riemann-Roch used in the text.
We follow the appendix C of [37].

Let IT: E — X be a complex vector bundle over a compact Riemann surface with
boundary. Suppose E is endowed with a hermitian structure <', > and a complex
structure J : E — E. Given a subbundle F' C FE|px, we say F is totally real if
F, 1 JE, Vp € 0%, and F is of maximal (real) rank.

Denote by W 4(E) the space of sections of E of sobolev class W™%. We define

WE(E) = {X € WiI(E)/X(9%) C F,
W I(AYS @ E) = {w € W (E)/w(TOY) C F}.

Denote by 9 : C®(%,C) — A%!'Y the operator obtained by composition of the
exterior derivative d : C*(%,C) — T*Y®C with the projection [Ty : ALOX @AY —
A%,

DEFINITION 5. A (complex linear, smooth) Cauchy-Riemann operator on the
bundle Il : E — X is a C-linear operator

D:T'(E) - T'(A"'Y ¢ F)
which satisfies the Leibnitz rule
D(¢X) = ¢(DX) + (9¢)X,

where X € T(E), ¢ € C=(%,C).

DEFINITION 6. Let I be a positive integer and p > 1 such that Ip > 2. A real
linear Cauchy-Riemann operator of class W'="P on E is an operator of the form

D = Dy + B,

where B € W'=1P(A%'Y @ Endg(E)) and Dy is a smooth complex linear Cauchy-
Riemann operator on E.

REMARK 8. Real linear Cauchy-Riemann operators satisfy the equation
D(¢pX) = ¢(DX) + (0¢)X,
only for real valued functions ¢.

In this context we have the following theorem.

THEOREM 10 (Riemann-Roch). Let E — X be a complex holomorphic vector
bundle over a compact Riemann surface with boundary, and F C E|gx. be a totally
real subbundle, with dim¢ E = n. Let D be a real linear Cauchy-Riemann operator
on E of class va_l’p, where | is a positive integer and p > 1 such that lp > 2. Then
the following holds for every integer k € {1,...,1} and every real number ¢ > 1 such
that k —2/q <1—2/p:
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(1) The operators

D:Wpi(E) — WFL(A%Y @ E),
D* : WEI(AMY @ B) — WkEL(R),

are Fredholm. Moreover, their kernels are independent of k and q, and we
have

W e€im(D) / <VV, W0> dA, Y Wy € ker(D*),
b
and

V €im(D*) & / (V,Vo)dA, ¥ Vy € ker(D).
>

(2) The real Fredholm index of O is given by

ind D = nx(X) + p(E, F), (55)

(3) If n =1 then
w(E, F) < 0= D is injective, (56)
WE,F)+2x(X) > 0= D is surjective. (57)

REMARK 9. Here u(E, F) denotes the boundary Maslov index of the pair (E, F).
We will not the define this invariant in all its generality (for this matter see section
C.3 on the appendiz C of [37]), instead we will calculate it in the particular case
needed here.

EXAMPLE. Let 3 be a Riemann surface with non-empty boundary and denote by
J its complex structure. Then its possible to endow the double X of 3 with a complex
structure J which is symmetric in the following sense: there exists an antiholomorphic
diffeomorphism S : ¥ — ¥, such that $2 = Id. If (S, J) is an exact duplicate of (X, J),
then S is defined by S(z) = Z, « € ¥. For this construction see pages 264 and 265 of
[12].

Consider the vector bundle E = A%'Y. We have E|y = A®'Y, Elg = AOLS,
Denote v = 0% = 8?, and consider the subbundle F' of E|, whose sections in local
isothermal coordinates are given by f0;, where f is a real function. So, F'is a totally
real subbundle.

By theorem C.3.10 in [37] the first Chern number of E satisfies

2(c1(E), [2]) = w(Els, F) + p(Els, F). (58)
On the other hand,
(c1(B), [B]) = x(2) = 2x(%). (59)

Moreover, since E|x, and E|g are isomorphic, we have u(E|s, ') = u(Elg, I'). There-
fore,

PA™IS, F) = 2x(2). (60)
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Now, suppose that ¥ is endowed with a Hermitian metric, and extend it to all
the bundles of tensors over . Consider the operator

0 WpI(A21Y) — W HI(AMY @ A%'Y).

Observe that Ker(9) coincides with the space of holomorphic sections of 7913 which
are real on the boundary. We denote dim Ker(d) = 2h°(A%1Y).

The metric gives rise to a trivialization of ALY @ A%!'Y and to a duality between
L2(A%'Y @ A%1Y)) and L?(T%'Y ® ALOX). With respect to this duality, the adjoint
of 0 is

=0 : WpUT™E @ AM'E) —» WhH(T018 @ AMS @ ADIY),

so Ker(9)* coincides with the space of holomorphic sections of T%'Y @ A% which
are real on the boundary. Denote dim Ker(d)* = 2h°(T%'% @ AL0Y).
In view of all of this, the equation (55) on Theorem 10 can be rewritten as

2h°(A%1Y) — 20°(TP1 S © AMO%) = 3x (). (61)
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