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HIGHER RHO INVARIANT AND DELOCALIZED ETA INVARIANT
AT INFINITY™

XIAOMAN CHENT, HONGZHI LIUf, HANG WANG!, AND GUOLIANG YUY

Abstract. In this paper, we introduce several new secondary invariants for Dirac operators on
a complete Riemannian manifold with a uniform positive scalar curvature metric outside a compact
set and use these secondary invariants to establish a higher index theorem for the Dirac operators.
We apply our theory to study the secondary invariants for a manifold with corner with positive scalar
curvature metric on each boundary face.
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1. Introduction. In this article, we introduce a new theory of secondary invari-
ants for Dirac operators on noncompact spin manifolds endowed with metrics with
uniform positive scalar curvature at infinity, i.e. higher rho invariants and the de-
localized eta invariants. Let X be a complete spin manifold with metric admitting
uniform positive scalar curvature outside a compact set Z, D be the Dirac operator
on the universal covering space X of X, and let G be m1(X), the fundamental group
of X. We obtain a higher index formula for the Dirac operator D which expresses the
delocalized trace of the higher index in terms of delocalized secondary invariants at
infinity, as follows:

_ THEOREM 1.1. Let D be the Dirac operator on the universal covering space
X of a spin manifold X with uniform positive scalar curvature outside a compact
subset Z defined as above. Let G be the fundamental group of X. Let g € G be a
nontrivial element whose conjugacy class has polynomial growth. Let indg (D) be the
higher index of the Dirac operator D. The delocalized trace at g of the higher index
of D, try(inde (D)) equals the half of the negative delocalized eta invariant at infinity,

Ng.00(D), i.e.

. 1
try(indg(D)) = _ing’m(D)' (1.1)
Furthermore, we have
L (D) = lim T (e=*P= P DD, ])ds (1.2)
91900 t—o f, 7 c r2l)ae :

where D, is the invertible Dirac operator on X’\Z and ¥y is a G-invariant cutoff
function from X to [0,1], which equals 0 on a cocompact neighbourhood of Z, the
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G-Galois covering space of Z, and equals 1 outside a cocompact set larger than Z.
The integral on the right hand side of (1.2) is independent of the choice of the cutoff
function 1.

The higher index indg(D) of D, on a complete manifold with invertibility con-
dition at infinity, was first introduced in Bunke (cf. [6]). The main significance and
subtlety of the higher index formula in Theorem 1.1 is that try(inde (D)) vanishes
when X is closed (cf. [29]). Furthermore, if X is a cylindrical manifold obtained
from a compact manifold with boundary OM, and with a metric with positive scalar
curvature on the boundary which is collared near dM, then try(indg(D)) equals the
delocalized eta invariant of the Dirac operator on OM.

Equation (1.1) is obtained by considering the higher rho invariant at infinity.
These secondary invariants we introduce demonstrate the nonlocality of the higher
index of D. We also apply the higher rho invariant at infinity to analyze the geometry
of manifolds with corner of codimension 2 with positive scalar curvature metrics on
all boundary faces.

The classical eta invariant is a nonlocal spectral invariant of Dirac type operators
(cf. [1, 2, 3, 4]). Let M be a closed odd dimensional spin manifold with a positive
scalar curvature metric, Dy be the Dirac operator on M. When the following integral
converges, the eta invariant of Dj; can be expressed as

2 /°° e
— tr(e M Dyy)dt
V7 Jo

where tr is the operator trace. To take into account of the information of the funda-
mental group, Lott introduced the delocalized eta invariant (cf. [15]). More precisely,
let G be the fundamental group of M, M be the universal covering space of M, and
Dy be the lifting of Djs to M. Let g be a nontrivial element of G, whose conjugacy
class (g) has polynomial growth. The delocalized eta invariant of Das at g, ng(Dar),
introduced by Lott in [15], is defined by the following integration

2 & 272~
ﬁ/o trg(e t DMDM)dt

Here trg is the following trace map

try(A) = Z> /F A(z, hz)dz,

helg

on G-equivariant Schwartz kernels A € COO(M x M ), where F is a fundamental
domain of M under the G-action. One can also define try for continuous group, see
[12] for example. There is also a higher generalization of the pairing between try and
K-theory of geometric C*-algebras, introduced by [18], [7], [21], and [25], which is to
consider cyclic cocycles.

Since the metric m on M admits positive scalar curvature, it follows from the
Lichnerowicz formula that the higher index of Dy, indg(Dyy), in the K-theory of
the group C*-algebra C(G), is trivial with a specific trivialization. In this case,
Higson and Roe proposed to study a secondary invariant in K-theory of a certain
C*-algebra, the higher rho invariant of Dys, p(Dps) (cf. [23, 10]). The higher rho
invariant of the Dirac operator has been applied to estimate the lower bound of how
many positive scalar curvature metrics a manifold can bear (cf. [20, 33, 32, 34, 29]).
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The higher rho invariant is closely related to the delocalized eta invariant. Let g be
a nontrivial element of G, whose conjugacy class (g) has polynomial growth. In [31],
Xie and Yu defined a canonical determinant map 7, associated to g, and showed that
7o(p(Dar)) = Lny(Dao).

The eta invariants and the higher rho invariants appear in the study on the
geometry of manifolds with boundary naturally. Let M be an even dimensional spin
manifold with boundary N, with the metric m having product structure near N, and
admitting positive scalar curvature when restricted to N. Then the eta invariant of
the Dirac operator Dy on the boundary, n(Dy), is the correction term in the formula
of the Fredholm index of the Dirac operator Dy on My := M UIM x [0,00). Let
index(Dyy._) be the Fredholm index of Dy . Then

index(Dy_) = [ A(M) - n(Dn)
M 2

(1.3)

where A(M) is the A genus (cf. [1, 2, 3, 4]). The eta invariant explains the nonlocality
of the Fredholm index. Equation 1.3 is often referred to as the Atiyah-Patodi-Singer
index theorem. On the other hand, the delocalized eta invariant and the higher rho
invariant capture the nonlocality of the higher index of Dys_. In fact, in [31, 7],
Xie-Yu and Chen-Wang-Xie-Yu obtained several higher generalizations of the Atiyah-
Patodi-Singer index theorem. In particular, for any nontrivial element g € G = m (M)
whose conjugacy class is of polynomial growth, they proved

. ~ ~ 1 ~
trg(indg (D)) = —74(p(Dn)) = _§ng(DN)' (1.4)
We mention that the formula
. ~ 1~
trg(indg (D)) = _ing(DN)

was first established in [19] by Piazza and Schick, where their proof employs as a
crucial ingredient the specialization of 0-degree forms of the higher Atiyah-Patodi-
Singer index formula of Leichtnam and Piazza ([14], [20]). And the formula

70 (p(Dx)) = 51,(D)

was also obtained by Piazza, Schick, and Zenobi in [21].

Since the metric on M, has positive scalar curvature outside the compact set M,
the Dirac operator Dy, is invertible at infinity. In this particular case, the delocalized
eta invariant and the higher rho invariant of Dy can be viewed as secondary invariants
at infinity associated to Dy . The study of the secondary invariants has led to several
major breakthroughs to the estimate of the lower bound of the rank of the abelian
group formed by the concordance classes of positive scalar curvature metrics (cf.
[20, 32, 33, 34, 35]). In the meanwhile, a parallel study to the secondary invariants
allows one to estimate the lower bound of the topological structure group ([28]).

The first main result, Theorem 1.1, is a generalization of the above Atiyah-Patodi-
Singer index theorem and its higher counterpart to the case of a noncompact complete
manifold with uniform positive scalar curvature metric at infinity.

Let X be an n-dimensional complete spin manifold and Z be a compact subset of
X, let m be a metric on X, which has uniformly positive scalar curvature outside Z,
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and G be the fundamental group of X. Let X be the universal covering space of X
and Z be the induced G-Galois covering space of Z. In this case, following [24] and
[32], one can define the higher index of the Dirac operator D on X in K, (C*(Z)%),
which is isomorphic to K, (C;(G)). See Subsections 3.1 and 3.2 for details. The higher
index of D is denoted as indg (D) or indg 7 (D), where T' is any sufficiently large
number. We emphasize that the definition of the higher index of D is independent
of T. However, the subscript 7" manifests the particular choice of a representative
class of indg(D). In Subsection 3.3, the higher rho invariant at infinity of D, denoted
as pg 7 (D), is defined as the image of indg 7 (D) under the connecting map of
a K-theoretic six-term exact sequence associated to a canonical short exact sequence
of geometric C*-algebras. Moreover, for nontrivial element g € GG, whose conjugacy
class is of polynomial growth, the delocalized eta invariant at infinity of D is simply
defined to be

274(p5 7.7(D))- (1.5)

As in the case of manifold with cylindrical end, the number in line (1.5) is essential
for us to obtain Equation (1.1) in Theorem 1.1.

In the meanwhile, Equation (1.2) in Theorem 1.1 is established by applying the
method in [12], which was invented when Hochs, Wang and Wang were to develop a
new approach to obtain a refinement of the Atiyah-Patodi-Singer index theorem. See
Section 3.6 for details. At the end of the paper, this method is used to obtain an L?
version of Miiller’s type Atiyah-Patodi-Singer index theorem associated to the Dirac
operator on a manifold with corner endowed with positive scalar curvature metrics
on all boundary faces.

The paper is organized as follows. In Section 2, we recall basic concepts, including
geometric C*-algebras and their smooth subalgebras, which will be used later in the
paper. In Section 3, we define two secondary invariants at infinity for the Dirac
operator on a complete manifold with uniform positive scalar curvature metric outside
a compact set, the higher rho invariant at infinity and the delocalized eta invariant
at infinity. We establish a formula for the delocalized eta invariant at infinity in
Subsection 3.6, together with which we generalize the Atiyah-Patodi-Singer index
theorem. In Section 4 we apply the theory developed in Section 3 to study invariants
associated to the Dirac operator on a manifold with corner endowed with positive
scalar curvature metrics on all boundary faces.

2. Preliminary. In this section, we introduce some notions and concepts used
in this paper, including geometric C*-algebras and their smooth subalgebras. All
the groups considered in this paper are finitely generated discrete groups. Denote by
| - | the word length metric of a group G constructed using some chosen finite set of
generators. For an element g in G, we say its conjugacy class, (g) has polynomial
growth if there exist constants C' and d, such that

t{h € (g),|n| <n} < Cn?.

2.1. Geometric C*-algebras. In this subsection, we recall definitions of sev-
eral geometric C*-algebras, including equivariant Roe, localization and obstruction
algebras (see [11, 22, 36, 24, 30] for more details).

Let X be a complete Riemannian manifold where G acts properly, cocompactly
and freely. An X-module is a separable Hilbert space equipped with a * representation
of Cp(X). It is nondegenerate if the * representation is nondegenerate. It is called
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standard if no nonzero function in Cy(X) acts as a compact operator. Let Hx be a

standard nondegenerate X-module, where Hx admits a unitary representation of the

group G, and the representation of Cy(X) is covariant to the group representation.
We first recall some ingredients for constructing the geometric C*-algebras.

DEFINITION 2.1. let Hx be an X-module and T' € B(Hx) be a bounded linear
operator.

The propagation of T is defined to be

sup {d(z, y)| (z,y) € Supp(T)},

where Supp(T) is the complement in X x X of the set of points (z,y) € X x X
for which there exist f,g € Co(X) satisfying f(z) # 0, g(y) # 0 such that
gT'f =0. T is said to have finite propagation if its propagation is finite. The
propagation of a finite propagation operator T' is denoted as propagation(T).

e T is said to be locally compact if fT and T f are compact for all f € Cp(X).
e T is said to be pseudo-local if [T, f] is compact for all f € Cp(X).
e Let Z be a G-invariant subspace of X. We say T is supported near Z if there

is A > 0, such that for all f € Cy(X) whose support is at least distance A
away from Z, the operators T'f and fT are zero.

The following are definitions of the geometric C*-algebras that will be used in
this paper.

DEFINITION 2.2. Let Hx be a standard (also referred to as ample in the liter-
ature) nondegenerate X-module and B(Hy) be the operator algebra of all bounded
linear operators on Hx.

G-equivariant Roe algebra C*(X)% is the C*-algebra generated by locally
compact G-invariant operators with finite propagation.

Let Z be a G-invariant subspace of X. The localized G-equivariant Roe
algebra at Z, C*(X, Z)%, is defined to be the C*-algebra generated by G-
invariant, locally compact operators with finite propagation, supported near
Z.

G-equivariant localization algebra C(X)% is the C*-algebra generated by
all bounded, uniformly norm-continuous functions f : [0, 00) — C*(X)“ such
that

tlim propagation of f(t) = 0.
— 00

The kernel of the evaluation map
ev: Op(X)% = C*(X)“
f = 10)
is called the G-equivariant obstruction algebra, and denoted by CF (X )¢
Let Z be a G-invariant subspace of X, then C} (X, Z)% (resp. C7 (X, Z)9)
is defined to be the closed subalgebra of C} (X)€ (resp. C’E’O(X)G) generated

by all elements f such that there exists ¢; > 0 satisfying that lim; . ¢; = 0,
and Supp(f(t)) C {(z,2) € X x X| d((x,2),Z x Z) < ¢t }.

In general, if Z is a cocompact G-invariant subspace of X, then we have the
following isomorphism

K, (C*(2)%) = K. (C*(X,2)%) = K. (C}Q)),
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where the first isomorphism is induced by the obvious embedding map.
At the same time, by Lemma 3.10 of [36], we know

K.(CL(X,2)%) = K. (CL(2)9). (2.1)
Moreover, by the following two K-theoretic six-term exact sequences
Ko(C10(2)9) — Ko(CL(2)%) —— Ko(C*(2))
Ki(CH(2)%) =—— Kai(CL(2)C) =— FKa(C} n(2)9)
Ko(CF0(X, 2)%) —— Ko(C1(X, Z)%) —— Ko(C*(X, 2)%)

| |

K\(C*(X, 2)6) =——— K1 (C1(X, 2)6) =—— K1 (C} (X, 2)C)
and a standard five lemma argument, one can see that
K.(Cfo(X, 2)%) = K.(CL4(2)). (2.2)

Zeidler gave a constructive proof of the above isomorphisms in (2.1), and (2.2). See
Lemma 3.7 of [38] for details.

2.2. Engel-Samurkas smooth algebra. In this subsection, we introduce a *-
algebra defined by Kagan Samurkas in [26], which is K K-equivalent to C;(G). The
construction of this algebra is inspired by Engel [9]. It will be used in computing the
paring of the delocalized trace and the higher index.

This algebra depends on the choice of a nontrivial element g of G, whose conjugacy
class has polynomial growth. For S C G and f € I2(G), let ||f||s be the I norm of f
restricted to S. For r > 0, set B, (S) as

{heG,VseS, dgle,hs™t) <1},

where dg is the word length metric.
Choose C' > 0 and d € N such that for all k € N,

1{h € {g),da(e,h) = k} < Ck.
For a € B(I*(G)) and r > 0, define
fa(r) = inf{c > 0,Yf € *(G), [lafllc\B,swo(r) < cllfllc},
and
lally = inf{A > 0,¥r > 0, pa(r) < Ar=4/2+2},

Let || - || 5u2(c)) be the operator norm on B(I*(G)). For f € CG, we also denote by
f € B(I*(@)) the convolution operator by f from the left.
Define C2°'(G) to be the completion of CG in the norm

IF = I1fllBazay + 1l
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In [26], Samurkag showed that C?°(G) is closed under holomorphic functional calcu-
lus. We denote C2°/(G) by Ay(G).

Let us recall the delocalized trace map tr, from the Kagan Samurkas algebra to
C. Denote by tr, : Ag(G) — C the delocalized trace given by

Z a7y Z ap, (2.3)

yEG he(g)

where (g) stands for the conjugacy class of g in G. Moreover, the map tr, induces the
following delocalized trace map on K-theory:

try 1 Ko(Ay(G)) = Ko(CHG)) — C.

At last, we recall the notion of g-trace class operators. Let F be a fundamen-
tal domain of X with respect to the G-action. Compare the following definition to
Definition 2.1 of [12].

DEFINITION 2.3. Let T be a G-invariant operator having Schwartz kernel in
C®(X x X) and g be an element of G. Then T is g-trace class if

Z/|T§Chx|dx

he(g)

converges. The g-trace of T' is defined as
try(T) & Z / T(x, hz)dx
he(g) 7

Note that when G is trivial or g = e, T is g-trace class if T is trace class, which is
equivalent to the condition [, |T|(x, z)d2z < oo. For a general g distinct from identity,
try is not a positive trace, hence positivity is not required in the definition of g-trace
class operators.

2.3. The Connes-Moscovici smooth subalgebra. In this subsection, let M
be a complete Riemannian manifold with a proper, free and cocompact action by a
discrete group G. Let us recall Xie and Yu’s construction of a particular smooth dense
subalgebra of C (M) ([31]).

The following construction of a smooth dense subalgebra of C*(G) ® K is due
to Connes and Moscovici (cf. [8]). Let R be the algebra of smoothing operators on
M/G. Under the isomorphism L?(M/G) = [?(N), R is identified with the algebra of
infinite matrices (a;;); jen, such that

Vk,l € N, supikjl\aij| < 00.
i,J

For a finitely generated discrete group G, let Ag be an unbounded operator on [?(G)
defined by

Agyg = lglg, for g € G.
Let A : [?(N) — [?(N) be the unbounded operator defined by
A = 365
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Denote by d¢ = [Ag, ] the unbounded derivation of B(I%(G)), and g = dg ® I
the unbounded derivation of B(I*(G) ® [?(N)). Set

B(M)% ={A e CHG)®K, forall k € N, 9&(A) o (I® A)? is bounded },

which can be proved to be a smooth dense subalgebra of C*(G) ® K. Lemma 2.7 of
[31] shows that if (g) has polynomial growth, then the map tr, can be extended to a
trace map on B(M)Y such that for any A = >, Aq9 € B(M)€, tr,(A) equals

Z trace(Ap).

he(g)

Note that this tr, map induces the same map on Ky(C;(G)) with the corresponding
one defined in the line (2.3).
In the meanwhile, the following algebra

Bro(M)® £ {f € Cp o(M) ¥t € [0,00), f(t) € B(M)“}

is a smooth dense subalgebra of C7 (M ). Let g € G be a nontrivial element whose
conjugacy class has polynomial growth. Define the map 7, : By, o(M)¢ — C to be

74(A) l/oootrg(diliit)A_l(t))dt.

" 2
As shown in [31], 7, induces the following determinant map
7yt K1(Bro(M)©) 2 Ki(CL o (M)F) = C, (2.4)

which is also denoted as 7.

One may think it is sufficient to recall the definition of either the Engel-Samukars
smooth subalgebra or the Connes-Moscovici smooth subalgebra, however, there is a
reason for us not to do so. The advantage of the Engel-Samukarg smooth subalgebra
is that it allows us to do analysis in a noncocompact setting and to apply the method
of Hochs, Wang and Wang (cf. [12]) to develop the index formula for the Dirac
operator on noncocompact complete manifold with uniform positive scalar curvature
metric at infinity, while the Connes-Moscovici smooth subalgebra is necessary for us
to apply the theory of Xie and Yu on delocalized trace (cf. [31]) to study the higher
rho invariant at infinity and define the delocalized eta invariant at infinity, where a
cocompact setting is sufficient.

3. Secondary invariants at infinity. In this section, we introduce two new
secondary invariants for the Dirac operator on a complete spin manifold endowed
with a metric with uniform positive scalar curvature outside a cocompact set, i.e.
the higher rho invariant at infinity and the delocalized eta invariant at infinity. We
begin with two approaches to the definition of the higher index of the Dirac operator.
We also establish a formula for the delocalized eta invariant, along with which we
generalize the Atiyah-Patodi-Singer index theorem.

3.1. Higher index. In this subsection, we define the higher index of the Dirac
operator on a complete manifold having a metric with uniform positive scalar cur-
vature outside a cocompact set. Higher index of the Dirac operator on a complete
manifold with positive scalar curvature at infinity was first introduced by Bunke in
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[6]. There is a nice description of this higher index in [5]. However, our construction
in this subsection follows [22] [24].

Let X be a complete Riemannian manifold (even dimensional) with a spin struc-
ture on which a discrete group G acts freely, properly and preserving the metric.
Let M C X be a G-invariant subset. Assume that there is a metric g with uniform
positive scalar curvature with strictly positive lower bound kg > 0 on X\ M.

Fia. 1. Complete manifold X, with G cocompact subset M.

Let D be the spin Dirac operator associated to the metric 4 on X. Denote by
Dy, D, the restriction of D to M and C' := X\ M respectively. Because X has even
dimension, the spinor bundle S is Zs-graded, i.e. S = ST®S~, and the Dirac operator
is odd with respect to the grading L*(X,ST) @ L*(X,S7):

0 D~ . _
D:[D+ O} (DY) =D".

Let b : (—o0,+00) — [—1,1] be an odd smooth function such that b(z) = 1
when z > ‘/éTO Lemma 2.1 and Lemma 2.3 of [24] state that b(D) is pseudo-local,
and b(D)? — 1 lies in C*(X,M)%. Since b is an odd function, b(D) can also be

decomposed as

Let V be

1 b [ 1 o]t b.]f0 1
0 1]|=b- 1{(0 1||-1 0"
DEFINITION 3.1. The G-equivariant coarse index of D, indg, x,a (D) is defined
to be the K-theory class in Ko(C*(X, M)%), represented by the formal difference of

idempotents
1 0., 1 0
Vo ol
Furthermore, if M/G is compact, the K-theory class
indg x,a (D) € Ko(C*(X, M)Y) = Ko(C(@G)),



266 X. CHEN, H. LIU, H. WANG AND G. YU

is called the higher index of D, and denoted as indg (D).

Note that direct computation shows that

1 0] 1 [(A=bib )bgb 4+byb (2—byb )by(1—b_by)
V{o O]V :{ bt(17+b+b_)+ f1fbtb+)2 i

3.2. Higher index: a different approach. In this subsection, we introduce a
new approach to define the higher index of the Dirac operator on a complete manifold
with metric admitting uniform positive scalar curvature at infinity. This approach
is necessary for us to define the higher rho invariant at infinity. This approach is
inspired by [32], [24], and has been used to define the higher index in [39]. See Willett
and Yu’s recently published book [30] for more details.

Set X[ 4, 7,5 € [0,00], to be the G-invariant subset of X defined by

{z € X|r < dist(z, M) < s}.

For simplicity, X[ 4, s < 00, is denoted as X<g, and X}, ), 7 > 0, is denoted as
X>,. Note that X[ o) = X. The set X, ;) are defined similarly.
Let x : (—o00,00) — [—1,1] be a normalizing function satisfying the following
conditions,
1) x is a smooth odd function, such that lim x(s) = +1.

s—+oo
2) lim X&) = 1,
s—=0 ¢
3) x is a compactly supported distribution on R, such that its support con-
tains 0, and the diameter of its support is bounded by a real number §, i.e.
diam(Supp(x)) < 4.
4) Let b : (—o0,00) — [—1,1] be the normalizing function such that b(z) = 1

when z > ‘/2}70 Then ||x — b|| < €, where € is a positive number less than

1000310000 .
Furthermore, let T > 1 be a real number.

Define Frr to be the self-adjoint bounded operator

(o9}

x(T'D) = / X(s)e? TP s,

Since y is an odd function, Fr is odd with respect to the grading L?(X,S*) @
L*(X,87):
|0 Ur
r= gy )
Let N be a sufficiently large integer such that for any = € [—1000, 1000], there
are

ol (2ma)™ € =, (2miz)™ €
|Z ! = 1000000’ | Z ! = 1000000
— nl <l

n=

Let » > 0 be a positive number such that

N (3.1)

< —.
"= 100

For any n € N, we choose a G-invariant locally finite open cover {U, ;};, and a
G-invariant partition of unity {¢,, ;},; subordinate to {U, ;};, such that
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1) if Uy,; C X<i007s, then the diameter of U, ; is less than 7.
2) for any fixed n, there are precisely two open sets U, ; such that
Un,j (N X>1007s is nonempty. For convenience, we denote them by W, ;1 =

X001 3 11076) and Wa = X5 10075
Set

Pron =Y \/n;FPry/én;, ¥n €N,

J
and
Fr(t)=(n+1—t)Fr,+ (t —n)Fr 1.
For any t, Fr(t) is odd with respect to the grading L?(X,S*) @ L?(X,S7):

7= [z 5

As shown by [37, Lemma 2.6], ||Ur(t)|| < 4||Ur|| = 4. Consider

o=l 0 [ S NS 3]

Note that Fr has finite propagation 7.
Decompose L2 (X, S) into L2 (X§300T5’ S) D L2 (X2300T5, S)

LEMMA 3.2. Write

urowi = [l 5] saviewse = [0 Gal]

with respect to the decomposition
L*(X,S) = L*(X<30075,5) © L*(X>30075, S)-
Then one has the following inequalities

| Bi2(t)]] = [|B21(t)]| <€, [[Baa(t) — 1] <,
[Cr2(®)]| = [|Car(t)]| <€, [[Caa(t) — 1] < e

for any t € [0,00).

Proof. By assumption, D? is bounded below by %. Therefore it has a Friedrich’s
extension F on the Hilbert space L?(X\ M, S), which is a selfadjoint operator bounded
below by %0. For the normalizing function y, define an operator XQ(T\/E).

Since the propagation of Fy is controlled by T8, for all f € L? (X>12015,5), we
have

Fr(t)(f) € L*(X>11076,5), Fr(t)*(f) € L*(X>11875, 5).

By a standard finite propagation argument (cf. the proof of [24, Lemma 2.5]), we
have

1Er()?(f) = £l = IN*(TVE)(f) = fIl < ellf;
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where the last inequality follows from condition 4) in the definition of y, which says
that x2 is closed to b2, a function equals 1 on the spectrum of Tv/E. This implies the
Lemma. 0O

Now let us consider the formal difference

Wr(t) [(1) 8} Wit(t) — [(1) 8] .

By definition of the boundary map of the K-theory six-term exact sequence, this
formal difference represents a K-theory class in Ko (C* (X)), which is not isomorphic
to Ko(Cr(G)). To define the equivariant coarse index of D, we construct an almost
idempotent sufficiently close to

wi(o [y | e

in the operator norm.
Note that

wro=[ 3l T e B )

Direct computation shows that

we(o) [y o] wr™
_ [0 RO 00+ LU0 @ UL 0010
Ur(t) (1 - Ur (003 (1) (1~ Ui (1)
_ {1 — (1 =Ur(UZ(1))* (2= Ur(®)Up(1)Ur(t)(1 - U%(t)UT(t))}
V(01— Ur(OU3 (1) (1= Ui (U (1)
Set
A =[50 ) waze =[O ().

By Lemma 3.2, we have
121(8) = (L= Ur()Ur(1))[| < 3¢;and || Z(2) — (1 = Ur(()Ur(t))[| < 3e.
Define Pr(t) to be the operator

1-Z3(t) (2= Ur(®Up(t)Ur(t)Za(t)
Uz ()21 (1) Z3(t) '

Then we have

IPr(e) = W) g o] W07 < 2000,
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which implies
| Pr(t) — Pr(t)?|
<1Pr(t) = W) [ 2w+ jwve) [E 0 w12 - Prt)?)
0 0 0 0

<Pty =Wty [ 2w+ W) | Y Wt = el P
0 0 0 0

Hwr® |2 Y wrm wee |b 0 we@) - P
0 0 0 0

< 5 x 2000e = 10000e.

The following lemma explains why we construct Pr(t) in Equation (3.2).

PROPOSITION 3.3. Let Pr(t) be as in Equation (3.2), then Pr(t) preserves the
decomposition

L*(X,S) = L*(X<3001s,S) © L*(X>30075, S)-

Moreover, Pr(t) has the form

with respect to the decomposition

L*(X,S) = L*(X<3001s,S) ® L*(X>30075, S)-

Proof. The lemma is proved by direct computation.
For any f € L*(X>300rs,5), by definitions of Z; and Zs, we have

Zi(t)f =0,

(2= Ur(t)UL(t))Ur(t)Za2(t) f = 0,
Ur(t)Z:(t) f =0,

Z3(t)f =0.

On the other hand, for any f € L?(X<3007s,5), we have

For any ¢, by definition of Up(t), we know that the propagation of Ur(t) and Uj(t)
is less than 7'6. Thus one can see

(2 — Up(t)UF(4))Ur(t) Zo(t) f € L*(X<30075,5),
U%(t)Zl(t)f S LQ(X§300T§, S)

This completes the proof. O
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X>30075

X<30075

F1G. 2. For allt € [0,00), the operator Px ar7(t) is supported on X<soors-

Since || Py(t)2 — Pr(t)|| < 10000¢, the spectrum of P (t) lies in
0(0,20000¢) U O(1, 20000¢).
Note that 20000¢ is far less than i, which implies that
0(0,20000¢) N O(1,20000¢) = 0.

Thus
1 0

defines a class in Ko(C*(X<30075)¢). In fact, set H = 0 on O(0,20000¢) and H = 1
on O(1,20000¢), then

P = 5 [ L

where C is a contour surrounding the spectrum of Py.(¢) in O(0, 20000¢) UO(1,20000¢),
defines a genuine idempotent.

DEFINITION 3.4. By Proposition 3.3, for any ¢ € [0, c0),
, 1 0
PT(t) - |:0 O:|

represents an element in Ko(C*(X<3007s5)“), which is denoted by indx a7 (D). (see
Figure 2).

When M/G is compact, indx, a,7(D) defines an element in Ky(C;(G)) and coin-
cides with the higher index defined in Definition 3.1.

In addition, it is straightforward to see that

| P(t) — H(P3)(0)]] < 20000c,
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Then we have the following estimate which is useful in the next subsection:

2miPL(t) e2m?-L(P;)(t)”

le
1 e?‘n’iz 1 e27riz
:|T/ sz‘f/ —aenn®!
T |lz]|=4 z T(t) ™ l|z]|=2 z H( T)(t)
4
< 20000€ x — 1dz
llzll=4

5 % 10%€¢ < 500000e.

3.3. Higher rho invariant at infinity. In this subsection, we define the higher
rho invariant at infinity. This invariant gives a K-theoretic demonstration of the
nonlocality of the higher index of the Dirac operator on noncompact spin manifold
endowed with a metric admitting uniform positive scalar curvature at infinity.

The following theorem is necessary in order to introduce the definition of the
higher rho invariant at infinity.

THEOREM 3.5. Let indx arr(D) be as in Definition 3.4, then 0(indx a,r(D))
represents an element in Kl(CZ7O(X[90T67300T6])G), where 0 is the connecting map in
the following exact sequence

Ko(CF0(X<300r6)7) — Ko(CF (X <300m6)) —— Ko(C*(X<30076)) -

| |

K1(C*(X<s00m5)9) =—— K1(CF (X <s00m5)?) < K1(C} o(X<s00m5))

Proof. Fix t = 0. To compute d(indx a,7(D)), one needs to lift Px ar,7(0) to
CZ(X§300T5)G ﬁI‘St.
Recall that N is an integer sufficiently large such that for any x € [—1000, 1000],

271'2 2mx)
|Z = 1000000 | Z = 1000000

n=1

and r is a positive number such that
Nr < —. 3.3
"= 100 33)
Thus for any x € [—1000, 1000], we have

27mm = (2miz)" €
|1+Z _ emiz| — |Z(n')|<§'

Furthermore, there is

N . N .
E (27TZ.’£)” 2mix z : (271-2)” €

n=1 n=1

However, we have

al 27mx al 27m 2m)" 9
Z Z Z (n') ! | (x° —x).

n=1 n=1 n=2 7=0
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These above equalities imply that

N[22 2mi)n
|1+Z Z oy 2l | (2% —z) — ¥ < e
n=2 \ j=0 ’

For each t € [0, 00), consider a G-invariant partition of unity {(,6;} on X<s00rs
satisfying
1) (t + 9t - ].
2) forn <t<n+1,{=1o0n Xcigors—rjon—1 and ¢ =0 on X>10075—r /27 -
Let £ € C°°(—00,00) be a decreasing function such that {[[_o 1) = 1 and &[[2,) =
0.
By definition, one can verify that the path t +— P,/ p(t) forms a lifting of
Px ar.7(0) in CF (X<300rs5)¢, where P;(,M,T(t) is defined as

(1 —t)Px.a1,7(0) + t(+/CoPx,a1,7(0)v/Co + V0o Px a,r(0)3v/0g), ¢ €[0,1],

Ll) 8} /G (Pxarr(t —1) — Ll) 8})@

+E(t)\/Or—1(Px,m,r(t —1) — [(1) 8} Y01

t€[l,00).

Then we have
d(indx a7 (D)) = [e¥Fxarr O],

Define a path of invertible operators ur(t) as

n!

N n—2 N
13 (3 B )| (P ®) — (Prare®)).
—2 \ j=0

It is straight-forward to verify that
lur(t) — 2 Panr O] < e
Thus wp(t) is invertible for any ¢ and the path

, (1—1t)+tup(0) ¢€][0,1]
“T“):{ ur(t—1)  te[l,00)

represents the same element in Kl(C’iO(X)G) as the path ¢>™Pxar() In other
words, we have

d(indx ar7(D)) = [up(t)].

Note that the propagation of w/-(-) restricted to X<osrs is less than % by the

choice of r in line (3.3). For any h € L? (X<sors,S) and any ¢ € [0, 00), we have both
(U/T(t))Qh € L? (XSQST(S, S). Recall that

H(PL)(1) = ﬁ i %dz
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is a path of genuine idempotent obtained from Pr(¢) as above. Thus Vh €
L*(X<sors,5), we have

[urp(t)h —
= ”ulT(t)h — eQMH(Péf,M,T)(t)h”
< ||u/T(t)h - 627”-P)/(’M’T(t)h|| —+ ||627riP$(71\4,T(t)h _ EzﬂiH(P?,(,M,T)(t)h”

< € + 500000e < 1000000e.
By the same reason, for any h € L? (X(s01s,9575], ), we have
[l ()h — b = ||ulp (t)h — > Pxarr (B p|| < 1000000

Finally, fOI‘ all h S L2 (X[95T6,300T6]7S)a ’U’{T (t)h belongs to L2 (X[9OT57300T§]a S) The
above computation shows that with respect to the decomposition

L*(X<s00rs, S) = L*(X<o0rs, S) & L*(X (907530078, 9)5

the path u/-(t) can be perturbed to the following path of invertible operators

I 0
O UX,ZM,Z (t) ’
SuCh lhal

I 0
0 UX,M,T (t)

g (t) — [ ] | <4 x 1000000e.

Hence we have

d(indx,m,r(D)) = [ux,m,7(-)]; (3.4)

where the path ux a7 (t) is supported on Xigors3007s] (see Figure 3). The proof is
then complete. O

X{90T5,300T5)

X>3007s

FIG. 3. for all t € [0, 00), operator ux, n,1(t) is supported on X(go7s,300T6]-
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DEFINITION  3.6. For any T sufficiently large, the element in
K](Cz’o(X[goTéygooTé])G) represented by ux pr(-) (defined in Equation (3.4) )
is the higher rho invariant at infinity, denoted by px a7 (D).

The reason why we call it the higher rho invariant at infinity, is that we can push
its support as far as possible from any base point of X.

Certainly, the obstruction algebra Cf (X wors,z00rs))” and the K-group
K1(CE’O(X[goT,;ngOT(;})G) depend on T, so does the higher rho invariant px a7 (D).
However, the dependence is actually not a problem for Definition 3.6. In fact, consider
T < T’, under the following two embeddings

L Kl(CZ,O(X[%T(S,?,OOT«S])G) — Kl(Cz,o(X§300T/5)G)
V' K1 (CF (X porrs,3006)) ) — K1(CF o(X<300175)),

it follows directly from the definition that
Upxmr(D)) = (pxm1(D)).

Different from the classical higher rho invariant, the higher rho invariant at in-
finity is an obstruction of a manifold having a metric with uniform positive scalar
curvature. More precisely, if X bears a metric with uniform positive scalar curvature,
then px a7 (D) is trivial. Moreover, the higher rho invariant at infinity is designed
to differentiate uniform positive scalar curvature metrics at infinity. We will discuss
this point in a forthcoming paper.

3.4. Delocalized eta invariant at infinity. In this subsection, we define the
delocalized eta invariant at infinity, which measures the nonlocality of higher index of
the Dirac operators on noncompact spin manifolds endowed with a metric admitting
positive scalar curvature at infinity numerically.

Consider the connecting map

9: Ko(Cr(GQ)) — Kl(Cz,o(X[QOTé,sooTé])G)

in the K-theory six-term exact sequence associated to the short exact sequence

0 — Cf o(Xporsz00re)® = Ci(Xorsso0rs))C — C*(X(gors,z00rs)) — 0.

Here Ko(C;(@G)) is identified with Ko(C*(X907s,30075])¢). The following lemma
is similar to Lemma 3.9 of [31], which shows that the delocalized trace on Ko(C(G)),
defined in line (2.3), and the determinant map, defined in line (2.4), are compatible
with the K-theory boundary map. Note that although Xigors 3007s) is not a complete
manifold, it can be embedded into a complete manifold with proper, free and cocom-
pact G-action. For example, let N C X be a manifold with boundary which contains
X<a007s, then a perturbation around dN makes N U N°P into a complete smooth
manifold, in which one can embed X{ggrs3007s)- Thus for any nontrivial element
g € G whose conjucgay class has polynomial growth, the determinant map

Ty Kl(CZ’Q(X[QOT&BOOTﬂ)G) —-C

is still well defined.
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LEMMA 3.7. Let g € G be a nontrivial element whose conjugacy class has poly-
nomial growth, then the following diagram commutes:

Ko(Cr (@) S KI(CE,O(X[QOT(S,SOOTS])G)

C C.

Proof. For any element [p] € Ko(Cy(G)) = KO(C*(X[9OT6,300T6])G)7 alp] = [u(-)]
is defined by

u(t) = ™ ¢ € [0, 00),

where a(t) is a lift of p in C} (X[90T5,300T5])G with a(0) = p. By definition, we have

1 (e o) oo

To(u) = —/ try (u(t) "t/ (t))dt = / try(a’(t))dt = lim trgy(a(t)) — try(a(0)).
21 J, 0 t—500

Since ¢ is not the identity element, tr,(a(t)) = 0 when ¢ is sufficiently large such that

the propagation of a(t) is small enough. It follows that

79(0lp]) = 74([u]) = —try([p]).
The lemma is then proved. O

By definition, Lemma 3.7 implies that

try(indg (D)) = —74(px,m,7(D))-

Inspired by Theorem 4.3 of [31], we define the delocalized higher eta invariant at
infinity as follows.

DEFINITION 3.8. Let g € G be a nontrivial element. The delocalized eta invariant
at g € G at infinity, denoted by 74,00 (D), is defined to be

Ng,00(D) = —2try(inde (D)) = 274 (px,m,7(D)).

3.5. A formula for the higher index. In this subsection, we establish a for-
mula for the higher index of the Dirac operator we considered above for the purpose
of computing the delocalized eta invariant defined in Definition 3.8. In Subsections
3.5 and 3.6, we assume in addition that X has bounded geometry, and consider only
finitely generated discrete group. This is due to a special choice of parametrix of the
Dirac operator.

Compare Subsection 3.5 and 3.6 with [13].

Consider the Dirac operator on X (even dimensional) which is odd with respect
to the grading L*(X,S*) @ L*(X,S7):

D= [1;1 Lﬂ (D) =D~

_+D— DT
Set Q(t) = %D_,t > 0. Operators Q(t) are well defined since X is

a complete manifold, D~ DT admits a unique self-adjoint extension and the func-
tional calculus can be applied. Recall D, is the restriction of D to X\M. Choose
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a parametrix for D} to be its inverse Q. := (D, D})~1D_. Operators Q. are well
defined since D D is bounded below by a positive number. The functional calculus
is taken on the self-adjoint extension of D, D} by extending it to a complete manifold
containing X\ M and having a uniform positive scalar curvature metric.

Without loss of generality, we assume that M is a manifold with boundary 0M,
and assume that

(—1,1) x OM = {z € X,d(z,0M) < 1}

is a tubular neighbourhood of M in X. Let 11 be a smooth function from X to
[0,1] such that ¥; =1 on X[o,i] and ¥ =0 on XZ%' Set ¥y =1 — 1. Let 1, @2
be smooth functions from X to [0, 1] such that ¢1 =1 on Xjp,77 and 1 =0 on X>1,
while ¢ =0 on X[o,%} and w3 =1 on XZ%' Note that ¢;1; = ¢ and [D, ¢;]¢; = 0,
ji=12.

F1a. 4. Tubular neighbourhood of OM.

We construct parametrices for DT as follows,

R = 01QvYn + p2Q o,
R' = 1Qp1 + 1¥2Qcp2.

Denote
So=1—RD™,
Si=1—D"R,
Sé =1—-R'DT.

Denote by C*(X, M )¢ the equivariant Roe algebra supported near M.
The proof for the following Lemma goes verbatim as the one for Lemma 5.2 in
[12] and Lemma 3.3 in [13].

LEMMA 3.9. The operators Sy, S1, S}, have smooth kernels and

So, S1, S, € C*(X, M)“.

Furthermore, by the same arguments in [12] and [13], one can show that S3, S7,
(S5)? and Sp, Si, Sj are all g-trace classes with smooth Schwartz kernel when the
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conjugacy class of g has polynomial growth, and when the manifold X is assumed
to have bounded geometry and when the lower bound of D? is large enough. Note
that we have assumed that the positive scalar curvature outside compact subset M
is uniformly bounded below.

The following proposition has been proven by Hochs, Wang, and Wang in [13,
Lemma 5.2]. For the sake of the completion, we still sketch the idea of the proof
below.

ProprosiTION 3.10. The higher index for D is given by

. S2 So(So+1)R 0 O
indg(D) = {Sll%*' 0(10_5%) } - {0 1]

Proof. This can be seen by choosing the real function b : (—o0,00) — [—1,1] in
Subsection 3.1 to be

b(:c){ 1—fPle) @20
VIS P@) z<0

where f : (—o00,00) — [—1,1] is a real function defined as

0 172@

fw= T sel e
1+ 2= zel[—52,0]

0 x<—@

0

3.6. Formula for the delocalized eta-invariant at infinity. The main goal
of this subsection is to prove a formula for the delocalized eta invariant at infinity in
light of the techniques developed in [12], along with which we establish an Atiyah-
Patodi-Singer type index theorem for Dirac operator on manifold with a metric with
uniform positive scalar curvature at infinity. We mention that with the technique
developed in [27], one can generalize the main result of this subsection to the case of
proper actions.

THEOREM 3.11. Let g be an element of G whose conjugacy class has polynomial
growth. Then

oo

try(indg (D)) = / I(g) —lim [ try(e *Pc i DI (DY yol)ds,  (3.5)
Mo t—=0 J,
where MY is the fized point submanifold of g, and I(g) is the integrand as in the
Atiyah-Segal-Singer fized point theorem. In particular, if g # e, we have
1 > -
5M0e(D) = —trg(indg (D)) = lim [ try(e > DEDZ[DY, aby))ds. (3.6)
t
The second integral on the right hand side of (3.5) and the integral on the right hand
side of (3.6) are independent from the choice of the cutoff function 1s.

REMARK. For technical reasons, when g # e, the lower bound of D? is assumed
to be large enough so that S? is g-trace class [13]. This can be achieved by scaling
the manifold globally.
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We divide the proof of Theorem 3.11 into the following series of lemmas.

LEMMA 3.12. We have

So=¢1(1 — QD)1 + $1Q[D T, 1] + ¢2Q[D T, o], (3.7)
St =1v1(1— QD)1 + 1Q[D™, ¢1] + ¢2Q.[DT, o), (3.8)
S1=¢1(1—DYQ)1 — [DF, ¢1]Qv1 — [DT, 2] Qo (3.9)

Proof. Direct computation. 0O

From now on, to emphasize the dependence of operators @ (resp. Q¢, So, S§, S1)
on t, we write Q(t) (resp. Qc(t), So(t), Si(t), Si(t)) for @ (resp. Q., So, S§, S1)-

LEMMA 3.13. We have

trg(Sg) - trg(Sf) = try(So) — try(S1).

Proof. To begin with, note that
try(So) — try(S5) = try(So — S7) = try(SoRD™).
By definition, SoRD* = RS; D*. Moreover, applying trace property of tr,, we obtain
try(RS1 DY) = try(S1DTR) = try(S1(1 — S1)) = try(S1) — try(S7).

Hence the lemma follows. O

LEMMA 3.14.

Jim o, (5) — w(S0)] = [ 1)

Proof. By Lemma 3.12, one can see

trg(S)) = trg(¥1(1 — QDM)g1 + 1QIDF, 1] + 12 Qe[D, 62]).
However, since [DT, g1y = [DT, da]ipa = 0,

trg(Sp) = trg(¥1(1 — QD")¢h1) = trg((1 — QDT )en).

Similarly,

trg(S1) = trg (1 = DTQ)1r).

Then a standard heat kernel argument shows that

lim [t,(55) = try(50)] = [ 1(g).

t—0+

This proves the Lemma. 0

LEMMA 3.15.

oo

lim [try(So) — try(S)] = — lim [ try(e *Pe PE D [D*, 4hy))ds

t—0+ =0t Jy
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Proof. By Lemma 3.12, the following equality

try(So) — try(Sg) = trg(91Q[D™,¢n]) + try(¢2Qc[D, 4ha])

holds. Construct a new parametrix for D,

—tD; DT

1—e

!
= D7.
D;DF ¢

Qc =

279

Choose ¢ € C°°(X) such that ¢ = 1 on the support of [D*,4,],7 = 1,2 and ¢ = 0

on the support of 1 — ¢;. This implies that

try($1Q[DT, 1] — ¢2QLIDT, 1))

= trg(9(Q — QU)DT, ¥n]) + trg (1 — 6)(61Q — $2Q0) (DT, 91 ])

= trg(¢(Q - Qlc)[D+v¢1])‘

Hence we have

trg((Q — QL)[D*, 1))
= try ((Q(to) — QL(to))[D, 1))

to _ _
_ trg(qﬁ est D+D7 _ estc DjD;dS[D+7w1])
0
to R — ot
ey ([ oD D - PP DY D, ).
0

However, by a finite propagation argument, one can show
¢(675D_D+D7 B estc_Dj'D;)[D+’1/)ﬂ -0

when s is sufficiently small. Thus

trg (1Q[D T, 1] — $2Qc[D T, ¥1]) = trg (6(Q — QL)[D™, ¢n]) = 0.

On the other hand, we have

lim [ty (62Qe[D* Vo] = 62QLID* o))
. 1 _ ¢—tD. D}
= tg%{r[trg(@(Qc - WD;)[DJFJ/&D]

1 _ e—tDo D}

= tl_ig{r [trg(d2(Qc — WDJDJQC)[D+7¢2D]

= lim [tx, (d2e "% P4 QulD*, o))

— lim [trg(géz/ efSDC_D:rD;dt[DJr,T/JQ])}
t—0+ t

= — lim trg(e*SDC_DjD; (DT, 4o])dt.
t—0+ t

(3.10)
(3.11)
(3.12)

(3.17)
(3.18)

(3.19)
(3.20)

(3.21)

(3.22)
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Note that [DT, 1] + [DT,12] = 0, thus we have

lim [try(So) — tr, (Sp)

i [trg (1Q[DT, 1)) + trg($2Qc (D, 92])]
i [ty (61Q[D7 41]) — by (204D )]

+ m [trg($2Qc[D™, 1ba]) — try (42QL[D™, o))

oo

= — lim trg(eftD;Dng (DT, o))t

t—0t t
The lemma is then proved. O

The following lemma is a direct result of Proposition 4.1 and Proposition 5.1 of

13].

LEMMA 3.16. By the isomorphism between C(G)@K and C*(X, M)Y, and basic
index theory, we have

try(indg D) = tr,(S3) — try(S7).
Proof of Theorem 3.11. Combine Lemma 3.13, 3.14, 3.15 and 3.16, we obtain

try(inde(D)) = try(SG) — trg(S7) (3.23)
= try(So) — trg(S1) (3.24)

= trg(So) — trg(Sp) + trg(Sp) — trg(S1) (3.25)

(3.26)

- / I(9) ~lim [ tr,(e=*PPI D [D* yn))dt
M9

t—0 +
The proof is completed. O

4. Miiller’s Atiyah-Patodi-Singer type theorem. In this section, we apply
the technique from Subsection 3.6 to develop a Atiyah-Patodi-Singer type theorem
on manifold with corner of codimension 2. This subsection can be viewed as an L?
generalization of Miiller’s extraordinary pioneer work in [16] and [17] in the particular
case of manifolds with metric with uniform positive scalar curvature at infinity.

Let us first fix some notions. Let M be an even dimensional manifold with
corner with OM = 01 M U 0oM, where 01 M and 0o M are manifolds with common
boundary, i.e. 901 M = 00, M =Y. The metric of M is collared near M and have
positive scalar curvature on 01 M and 0oM. Furthermore, the metric on 91 M and
02 M is collared near Y. Let G be a discrete group acting on M properly, freely and
cocompactly by isometries.

Let Z,L,Z = 1,2 be 8ZM @] (Y X R+) and Zi,§T7i = 1,2 be GZM @) (Y X [O,T])
Denote Cj,i =1,2 as ;M xRy,i=1,2 and C; <p,i = 1,2 as ;M x [0,T],i =1, 2.
Let Cy be Y xR and Co <7 be Y x [0,T] x [0,T]. Let M;,i =1,2be MUC;,i=1,2
and Mi7§T7i =1,2be MU Ci,gT;i =1,2.

Set a complete manifold

X=MU(ZyxRy)=MU(Z; xRy) (4.1)
and

XST e MLST U ZLST X [O,T] = M27§T U ZQ7ST X [O,T] (42)
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oM Y

0o M

M

Fic. 5. Manifold with corner of codimension 2.

C()(: Y x R%r)
Cl(: 31M X R+)——

k Co(= 02M x Ry)

M

Fic. 6. Complete manifold X .

We assume in addition G is a finitely generated discrete group acting on M,
properly, cocompactly, and freely by isometries.

Let o be the grading operator on the spinor bundle of X.

Recall that Z; x Ry = Cy UCy and Zy x Ry = Cy U Cy (see Figures 6 and 7).

C()(ZYXR?’_)
Zl XRJ’_ -::: ———————— ---

Fic. 7. Z;1 x R+ and Zo X R+.

Let 1 : Ry — [0,1] be a smooth function such that 11 = 1 on (0, ;) and ¢; =0
on (%, 00). Set 1ho =1 —1)1. Let @1, 2 : Ry — [0, 1] be smooth functions such that
o1 =1o0n (0,1) and ¢; =0 on (1,00), while 2 = 0 on (0 and @2 =1 on (§,00).

'8 a%)
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Note that ¢;1; = 1; and g@;-l/)j =0, 7 = 1,2. Denote v; ; by ¥; ® xz,, and ¢; ; by
©j ® Xz, for i,j = 1,2, where xz, is the characteristic function of Z;. Note that the
range of ¢; ; is contained in [0, 1].

Let Dx be the Dirac operator on X, Dz «r, and Dy be the Dirac operator on
Z; x Ry and Cy respectively. Let @; be defined using (szﬂng DJZrixR+)71DE¢><R+’
the inverse of szﬂh , and Qo be defined using the inverse of DJ. The existence
of Qp, Q1, Q2 are ensured by the uniform positive scalar curvature on all boundary
pieces of M. For any ¢ € [0,00), set Q(t) as

- pt
1 _e—tDXDX

D=
— + X
DXDX
/
Qi(t) as
- +
1— eftDzixKJrDzixRJr
— —+ Z; XR+7
DZi XR+DZ7j XR+
and Qf(t) as
1 — ¢—tDg D§
- D;.

Dy Dy
Similarly as in Section 3.5, we construct two paramatices as following
R(t) = 01,1902,1Q(t)Y1,1%2,1 + ©1,2Q1(1)1,2 + @2,2Q2(t)22 — p1,202,2Q0(t)1h1,212 2,
R'(t) = ¥11921Q(t) 01,1021 + ¥12Q1 (1) p1,2 + ¥2,2Q2(t)p2,2 — 11 292 2Q0(t) 01 202,2.
Write
Sy(t)=1- R'(t)D%,
Si(t) =1— DL R(t).

From

Y11+ =1and P+ =1,

we obtain

Y1121 + Y12 + P22 — Y1222 = 1.
Replacing 1 in Sy, Sj, S1 by ¥1,19%2.1 + 11,2+ 12,2 — 11 292 2, and direct computation
shows that

So(t) = 501,1902,16775[)’_([);1/11,11/12,1 + p1,1021Q() [ DX, 11,121

+01,2Q1(1)[D%, 1 2] + 922Q2(t) (D%, V2.2] — 01,2022Q0 (1) (D%, ¥1,202.2],
Sh(t) = ¢1,1¢2,1€_tD;D;<P1,1302,1 +¥1,102,1Q()[D%, p1,102,1]

+91,2Q1 (1) [Dx, p1,2] + 12,2Q2(t)[Dx, 92,2] — ¥1,292,2Q0 (1) [DX:, 91,2¢02,2],
Si(t) = 801,14,02,167tD’_(D;¢1,11/12,1 + [D%, 01,1021]Q(1)Y1,1%2,1

+[D%, ¢1,2]Q1 ()12 + [D%, 02,2]Q2(t)th2,2 — [DY, ¢1,202.2)]Qo(t) 1,202 2.
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Note that Sy, Sj, S1 and their squares are e-trace class operators with smooth
Schwartz Kernels. Then taking the trace of the K-theoretic index, we obtain

tre(indg (Dar)) = tre(SG(t)) — tre(S7(2)). (4.3)
Exactly the same argument of Lemma 3.13 shows that
tre (S5(1)) — tre(ST(t)) = tre(So(t)) — tre(Si(2))- (4.4)

For the same reason as in the proof of Lemma 3.14, we have

im (15, (S5(0) — n.(S1(0) = [ A1),

t—0+

Similarly as in the proof of Lemma 3.15, one can also obtain
Jm tre(So(t) — Sp(t))
= lim tr ((Q1 () — Q1 ()0t ) + lim tre ((Q2(t) — Qa(1))ov)s )
— lim tre(01,2¢2,2(Qo(t) — Qo (¢ ))[D;o V1,202.2])
= tlg%tre((@l( ) = Qi()oth 2) + lim tre((Qa(t) — Qa(t))otbs o)
=l tre ((Qo(t) — Qo(t))m/ﬁ,zw,z) — lim tre ((Qo (1) — Q4 (1)) ot1,2¢3.2)-

Let xy, ,=1,% = 1,2 be the characteristic function on the set {z € X|[¢;2(z) = 1},
and xz,xr,,% = 1,2 be the characteristic function on Z; x R . Then we have

Tim_tr.(So(t) — Sh(1)
= lim tre((Q1(t) — Q1 (1)o¢1,2 = (Qo(t) = Qo(1))o¢1 2Xp2 ,=1)
+ hm 1 7 ((Q2(t) — Qo (1)) o 5 — (Qu(t) — Q4 (1)t 2Xus o=1)
- hm 1 tre((Qo(t) — Qo(8)) o (¥ 2802,2(1 = X p=1) + ¥1,2905 (1 = Xapr ,=1)))
= hm tre((Ql( ) = Q1(®)ov 2 — (Qo(t) — Qu(t))ov] sXzaxr,)
+hm tre((Qa(t) — Q5(t))oths 5 — (Qo(t) — Qo(t))avs oX 2, xk, )
= lim tre (o (1 2%2,2(1 = X p=1) + D129 5 (1 = X1 ,=1))(Qo(t) — Q(1))
= lim tre (0 (9] 5 (X 2z = Xapao=1) + P22 (X2 xRy = Xuy 2=1))(Qo () — Qo (1))-

~_—  ~—

LEMMA 4.1. We have
1)

—~
—
=

( ( ))0¢1 2 — (Qo(t) — Qf)(t))lel,QXszﬂh)]

5 —sD?
—sD le)Z1 —e YXR*DYXR+)dS

re

%\H
3

[tre ((Q2(t) ( ))0¢2 o — (Qolt) — Qf)(t))Uw/Q,QXZl xllh)]
= % / SDZQDZ2 — 6_8D§/X“§+ DYXR+)dS
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Proof. 1t is sufficient to prove the first item. By the proof of Lemma 3.15, we
have

[tre((Q1(8) — Q1 (1) ot 5 — (Qo(t) — Qo (1) o9y o Xz, xE, )]

o0

— ‘SDE XR D} XR - SD D

**/ tr(e vETIE Dy r, T € 0 Dy X2, xRy )0U1 2ds.
t

Note that
_ 0 D51XR+ _ 0 %%—l)z1
DZ1><R+ - [DE1XR+ 0 o _%+D21 0 )
and
0 D 0 2 + Dyyr ]
Da = 0| — Ox XR4
0 {DJ 0 } [—"‘;+DYXR+ 0

Hence

o0
—sD3 —sD3 P
tre(e 92 “1Dgz, —e % Dy g, )Y ods

o0 D+
Dy «r Z1 xR — —sDg Dt
/ tr@ R +DZ1 xRy — € ° Dy XZQXR+)U¢1 2ds
o0
92 0 —sD?2 —sD?
_/ tre(esa%af(e sz, —e s yxRJr)wist
¢ X
e} 2 2
ek _sD?2 —sD
:/ tre(esa%wé)tre(e SDZlDZ1 —e° YXR+DY><R+)dS
t
S 2 8 2
97 _sD? —sD
—/ tre(e”o%e 6—1//2)&6(6 sDz, _¢7° YR ds.
t X

2
However, the kernel of ¢*5% on R equals

1 —u—w?
ko2 (u,u) = ——=e" & |
e 9%z 4ms
. 22
while the kernel of e®3%s % equals
, 1 |Ju—u!| —lu—wi?
E o2 (uu'):=— e & .

ev82z% \/471'8 4s

Hence
) = [ e =
Ceo e VArs
and
‘cre((35<96T2asg 5) = /OO Kk o2 (z,2)0hdx = 0.
ox oo €07 2

This completes the proof. O
LEMMA 4.2. We have
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1) tre(0(¢i,2¢2,2(1 - X¢2,2:1) + 7/)1,2%,2(1 - X¢1,2:1))(Q0(t) - Q6(t))) =0
2) tre(o (Y] 2(XZi xRy = Xapao=1) T P52 (X Zo xRy — Xy 2=1))(Qo(t) — Q5(¢))) =0

Proof. Actually we have

In the proof of Lemma 4.1, we have shown that

_g0% 0 522 0
tre(e” "o %wé) = tre(e "% 87y¢2(1 - X%:l)) =0.

At the same time, we have

tre(

tre (09 912,2(1 = Xy o=1)(Qo(t) — Q4(1))) =0 (4.5)
tre (091,215 5 (1 = Xy ,=1)(Qo(t) — Q4(t))) =0 (4.6)
tre(owll,Q(le xRy ™ X¢2,2:1)(Q0(t) - Q/O(t))) =0 (47)
tre (099 5(XZo xRy — Xu=1)(Qo(t) — Q5(t))) =0 (4.8)
We will prove Equation (4.5) only, the other three are totally parallel.
Now, we have
tre((Qo(t) — Q0(1))ov 2¥2,2(1 — Xy 2=1))
— [ (e PO Dy (1~ s,
t
By definition, we have
D _ |7 tisy Dy
0 - -2+ 23%
Dy = o tlaﬁy a_Dya
DY G + 71372;
Direct computation shows
—sD-Dt
tre(e Do Po DO 01/11,2%,2(1 - XT/il,z:l))
g2 0 a0 e—sDy Dy 0
= tre(e” "% %d}é)tre(e P2u 1ha(1 = Xypp=1))tre( [ 0 e—sDY Dy )
2% LR e=sDy Dy 0
Ftre (e *o%m iy )tre (e "%y aiwa(l — Xapp=1))tre( [ 0 e—sDY Dy )
_g 02 _g 02 0 e—sDy DY D=
ST / S5 _ _ Y
+tre(e”"0%e g )tre(e 2w ha(1l — Xypp=1))tTe( l_e_sD¢Dy DY 0 )
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The proof is completed. 0O

In a word, by the above argument and Lemmas 4.1 and 4.2, we have

THEOREM 4.3. The following equality holds:

. o . 1 o —sDzz —st,X[R 1
tre(indgDp) = /M I(e) — }gr(l) o /t tre(e 1Dy —e +Dyxr,) \/gds
1 o _sD2 1
_tlg% Tﬂ_ / tre(e_SDZZ2 DZZ e SDY><1R+ DyXRJr)ﬁdS.
t

(1]
2]
(3]
(4]
(5]
(6]
(7]
(8]
(9]

(10]

(11]

(12]

(13]
14]

[15]
(16]

(17]
(18]
(19]
(20]
(21]

(22]
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