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LOCAL 1-ST HESSIAN ALGEBRAS OF SINGULARITIES*
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Abstract. In our previous work, we proposed a conjecture about the non-existence of negative
weight derivations of the k-th Tjurina algebras of weighted homogeneous hypersurface singularities.
In this paper, we verify this conjecture for three dimensional fewnomial singularities.
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1. Introduction. Let (V,0) C (C"*!, 0) be an isolated hypersurface singularity
defined by a holomorphic function f : (C"*! 0) — (C,0). A holomorphic function

f is called to be quasi-homogeneous if f € J(f), where J(f) := (g—;;, g—zfl, A ng )
is the Jacobian ideal. A polynomial f(zo,...,z2,) is called to be weighted homo-
geneous of type (o, ...,a,;d), where ag,...,«, and d are fixed positive integers,

if it can be expressed as a linear combination of momomials z{0 2% ... zi» for which
apip + -+ + ani, = d. According to a beautiful theorem of Saito [27], if f defines
an isolated singularity, then f is a weighted homogeneous polynomial after a biholo-
morphic change of coordinates if and only if f is quasi-homogeneous. Recall that the
order of the lowest nonvanishing term in the power series expansion of f at 0 is called
the multiplicity (denoted by mult(f)) of the singularity (V,0).

For any isolated hypersurface singularity (V,0) C (C"*1,0) defined by the holo-
morphic function f : (C"*1 0) — (C,0), one has the Tjurina algebra A(V) :=
Oni1/(f, %, e 382{ -) which is finite-dimensional. The well-known Mather-Yau the-
orem [22] states that: If (V1,0) and (V4,0) are two isolated hypersurface singularities
with the same dimension, then (V1,0) is biholomorphic to (V3,0) if and only if A(V7)
is isomorphic to A(V3). In 1983, motivated from the Mather-Yau theorem, the second
author introduced the Lie algebra of derivations of the Tjurina algebra A(V), i.e.,
L(V) = Der(A(V), A(V)). The finite-dimensional Lie algebra L(V') was called Yau
algebra and its dimension A(V') was called Yau number ([11], [20], [38]).

The Yau algebra plays an important role in singularity theory and is used to
distinguish complex analytic structure of isolated hypersurface singularities [28]. Yau
and his collaborators have been systematically studying the Yau algebras of isolated
hypersurface singularities and its generalizations beginning from eighties (cf. [1, 2], [3],
[4], [6], [7], [12]-[19], [28], [32], [33]-[35], [36, 37]). In [19], Hussain-Yau-Zuo introduced
a new derivation Lie algebra arising from isolated hypersurface singularities. This Lie
algebra is a more subtle invariant of singularities compared with previous Lie algebras.
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It was defined as follows.

For any isolated hypersurface singularity (V,0) C (C"*1,0) defined by the holo-
morphic function f(zo,--- ,z,), let Hess(f) be the Hessian matrix (f;;) of the second
order partial derivatives of f and h(f) be the Hessian of f, i.e. the determinant of
this matrix Hess(f). More generally, for each k satisfying 0 < k < n+ 1 we denote by
hi(f) the ideal in O,,+1 generated by all k x k-minors in the matrix Hess(f). In par-
ticular, the ideal h,+1(f) = (h(f)) is a principal ideal. For each k as above, consider
the k-th Hessian algebra of (V,0) defined by

Hy (V) = Onpa/(f + I (f) + hi(f))-

In particular, Hy(V) is exactly the well-known Tjurina algebra A(V). The isomor-
phism class of the local k-th Hessian algebra Hy (V') is a contact invariant of (V,0),
i.e. depends only on the isomorphism class of the germ (V,0) [9].

In particular, H,11(f) has geometric meaning due to the following beautiful
theorem.

THEOREM 1.1 (Dimca [8]). Two zero-dimensional isolated complete intersection
singularities X and Y are isomorphic if and only if their singular subspaces Sing(X)
and Sing(Y') are isomorphic.

REMARK 1.2. Let V = V(f) be an isolated quasi-homogeneous hypersurface
singularity. Assume that X defined by (%, ey ng ) is a zero-dimensional isolated
complete intersection singularities. Then Sing(X) is defined by

of . of
0zg" " Oz

(f’

Theorem 1.1 implies that in order to study analytic isomorphism type of a zero-
dimensional isolated complete intersection singularity X, we only need to consider the
Artinian local algebra H,,11(f) which is the coordinate ring of Sing(X).

Combining Theorem 1.1 with Mather-Yau theorem, we know that H,11(f) is
a complete invariant of quasi-homogeneous isolated hypersurface singularities (i.e.,
H,+1(f) determines and is determined by the analytic isomorphism type of the sin-
gularity). In [4], the H,+1(f) is called the generalized Tjurina algebra of V. In
[19], the authors introduced the following new invariants for isolated hypersurface
singularities.

DEFINITION 1.3. Let (V,0) = {(20,.-.,2n) € C""!: f(20,...,2,) = 0} be a germ
of isolated hypersurface singularity at the origin of C**! defined by f(zo,...,2,) (n >
1). The series of new derivation Lie algebras arising from the isolated hypersurface
singularity (V,0) are defined as Ly(V) := Der(Hy(V), Hp(V)) or Der(H(V)) for
short, where Hp(V) = Opi1/(f + J(f) + he(f)) (0 < k < n+1). Its dimension is
denoted by A\,(V).

It is known that the Yau algebra can not characterize the ADE singularities
completely. In fact, Elashvili and Khimshiashvili proved a beautiful result in [11]: if
X and Y are two simple singularities except the pair Ag and D5, then L(X) = L(Y)
as Lie algebras if and only if X and Y are analytically isomorphic. However, in [4],
the authors have proven that the ADE singularities can be characterized completely
by the new Lie algebra L,,11 (V). We have reasons to believe that this new Lie algebra
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L (V) and numerical invariant A\, (V') where 1 < k < n+1 will also play an important
role in the study of singularities.

THEOREM 1.4 ([4]). If X and Y are two n-dimensional ADE singularities, then
Lyi1(X) 2 Ly (Y) as Lie algebras if and only if X and Y are analytically isomor-
phic.

The derivation Lie algebra is also important in rational homotopy theory. Let A be
a weighted homogeneous zero-dimensional complete intersection, i.e., a commutative
algebra of the form

A= C[zmzla"'vzn]/‘[

where the ideal I = (fo, f1,..., fn) is generated by a regular sequence of length n+ 1.
Here all f; are assumed to be weighted homogeneous with respect to strictly positive
integral weights denoted by wt(z;) = «;(0 < i < n). Consequently, A is graded and
one may speak about its homogeneous degree k derivations where k is an integer.
Recall that a linear map D : A — A is a derivation if D(ab) = D(a)b+ aD(b) for any
a,b € A. A derivation D belongs to Der®(A) if D : A* — A*tk. That is to say, D has
degree k.

On the one hand, one of the most prominent open problems in rational homotopy
theory is related to the vanishing of the above derivations in strictly negative degrees:

HALPERIN CONJECTURE ([21]). If A is as above, then Der<"(A) = 0.

The Halperin Conjecture has been verified in several particular cases (see [5], [6],
[25], [31], [36]). For recent progress, please see [7].

Let (V,0) = {(20,21,--.,2n) € C""1: f(20,21,...,2,) = 0} be an isolated singu-
larity defined by the weighted homogeneous polynomial f(zg, 21, ..., 2,) of weighted
type (ao,a1,...,an;d). Then by a well-known result of Saito [27], we can always
assume without loss of generality that d > 2a; > 0 for all 0 < i < n. We give the
variable z; weight «; for 0 < i < n, thus the Tjurina algebra A(V) is a graded algebra,
e, A(V) =@, Ai(V), and the Lie algebra of derivations Der(A(V)) is also graded.
Thus L(V) is graded. Similarly, H, (V) and Ly (V) are also graded.

On the other hand, the second author discovered independently the following
conjecture on the non-existence of negative weight derivations which is a special case
of Halperin Conjecture.

YAU CONJECTURE (cf. [5], [6]). Let (V,0) = {(20,-.-,2n) € C"™1: f(20,...,2,)=
0} be an isolated singularity defined by the weighted homogeneous polynomial
f(z0,...,2n) of weight type (v, ..., apn;d). Assume that d > 2ag > 2094 > -+ >
2a, > 0 without loss of generality. Then there is no non-zero negative weight deriva-
tion on the Tjurina algebra (= Milnor algebra) A(V) = Onﬂ/(%,..., 592{1), i.e.,
L(V) is non-negatively graded.

This conjecture is still open and has only been proved in the low-dimensional
case n < 3 ([5], [6]) by explicit calculations. It has also been proved for the high-
dimensional singularities under certain condition [36] and homogeneous singularities
in [32].

It is a very interesting question to know whether a positvely graded algebra has
negative weight derivations due to many applications in algebraic geometry, singu-
larity theory and rational homotopy theory ([21], [26], [29, 30]). Assume that f is a
weighted homogeneous polynomial, since the k-th Hessian algebra Hy (V) and Ly (V)
are also naturally graded, it is natural to propose the following new conjecture:



292 S. FAN, S. S.-T. YAU AND H. ZUO

CONJECTURE 1.5. Let (V,0) = {(z0,...,2,) € C""1: f(20,...,2,) = 0} be an
isolated singularity defined by the weighted homogeneous polynomial f(zo,...,zn) of
weight type (ag, ..., n;d). Assume that d > 2ag > 2aq > -+ > 2a,, > 0 without
loss of generality. Let H (V') be the k-th Hessian algebra. Furthermore, in the case of
1 <k < n, we need to assume that mult(f) > 5. Then for any 0 < k < n+ 1, there
does not exist negative weight derivations of Hy(V), i.e., Li(V) is non-negatively
graded.

When k = 0, it is exactly the long-standing Yau Conjecture which was verified
for n < 3 ([5]).

When k =n+ 1, it was verified in [23] for n < 3.

When 1 < k < n, it was verified in [24] for n < 2.

When k =2 or k = 3, it was also verified in [24] for n = 3.

The case when n = 1 is trivial. However, the proof of the Conjecture 1.5 for
the case of k = 1 is completely different from other cases and seems very hard in
general. In this paper, we shall verify Conjecture 1.5 for the case n = 3 and k = 1
(see Theorem A). We first recall some definitions.

DEFINITION 1.6. An isolated hypersurface singularity in C™ is fewnomial if it can
be defined by an n-nomial in n variables and it is a weighted homogeneous fewnomial
isolated singularity if it can be defined by a weighted homogeneous fewnomial. 2 (resp.
3)-nomial isolated hypersurface singularity is also called binomial (resp. trinomial)
singularity.

PROPOSITION 1.7. [37] Let [ be a weighted homogeneous fewnomial isolated
singularity with mult(f) > 3. Then f is analytically equivalent to a linear combination
of the following three types:

Type (I). 250 + 20" + -+ 277" + 207, r >0,
Type (I). 20°21 + 27 20 + -+ 271 2p + 207, 1 > 1,
Type (HI). 25°z1 + 27 22 + -+ 2" 2 + 20720, 7 > 1.

The above three types are also called “the Brieskorn type”, “the chain type”, and
“the loop type” respectively. According to Ebeling and Takahashi [10], the fewnomial
singularity is also called invertible singularity which plays an important role in mirror
symmetry.

We introduce the following definition.

DEFINITION 1.8. Let f(z0, 21, 22, 23) be a weighted homogeneous fewnomial.

f is called Type A fewnomial if f is one of Type (I), Type (II) or Type (III)
above.

f is called Type B fewnomial if f can be written as the sum of two weighted
homogeneous polynomial fi(zg, 21, 22) and fa (z3) = 2z5° (after a biholomorphic trans-
formation if necessary) where f; is Type (II) or Type (III) above.

f is called Type C fewnomial if f can be written as the sum of two weighted
homogeneous polynomial fi(z0,21) and f2(z2, z3) where both of f; and fo are Type
(I), Type (II) or Type (III) above but they are not Type (I) at the same time.

In this paper, we prove the following main results: Theorem A and Theorem B.
The Theorem A verifies Conjecture 1.5 partially, and Theorem B gives a complete
classification of the singularities which have negative weight derivations.

THEOREM A. Let (V,0) = {(z0, 21, 22, 23) € C*: f(z0, 21, 22,23) = 0} be an iso-
lated singularity defined by the weighted homogeneous fewnomial f(zo,z21,22,23) of
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weight type (ag, oy, as, as; d) where mult (f) > 3. Let Hy (V') be the 1-st Hessian alge-
bra. If f is Type A fewnomial with mult(f) > 5, Type B fewnomial with mult(f) > 4
or Type C fewnomial, there does not exist negative weight derivation of Hy (V).

Proof. The Theorem A follows from the Theorem B. O

The condition mult(f) > 5 for Type A and mult(f) > 4 for Type B in Theorem
A cannot be omitted. In Theorem B below, we list all the possibilities of (V,0) when
there exists negative weight derivation of Hy (V).

THEOREM B. Let (V,0) = {(z20, 21, 22, 23) € C*: f(20, 21,22, 23) = 0} be an iso-
lated singularity defined by the weighted homogeneous fewnomial f(zo,z1,22,23) of
weight type (ap, a1, ag, as;d) where mult (f) > 3. Let Hi(V) be the 1-st Hessian
algebra. There exists a negative weight derivation of Hy (V) if and only if f is in
one of the following forms after renumbering the variables zg, z1, zo and z3 so that
Qg > a1 2 Qg > Qg

(1) when f is a Type A fewnomial:

(i) f = 2323 + 2320 + 2320 + 23 (n3 > 5). In this case, the set of negative weight

derivations of Hy (V') is {D|D = czzzéga%lm #0,0<k< ”3;4, ke Z};

(ii) [ = 25+ 2320+ 2520+ 25221 (ng > 21) . In this case, the set of negative weight
derivations of Hy (V) is {D|D = czzzga%l,c #0,1<k< 2 ke Z};

20

(iii) f = 28+ 2220+ 2323+ 2321. In this case, the set of negative weight derivations
of Hi (V) is {D|D = 0238%2,0 # 0};

1) [ = 2229+ 2320+ 2320 + 223 (ns > 5). In this case, the set of negative weight

(v) f =2z 1 2 3 ) 9 g
derivations of Hy (V) is {D|D = czga%l, c# O};

V) f = 2223+ 2320 + 2820 + 282 (ng > 8). In this case, the set of negative weight

0 1 2 3

derivations of Hy (V') is {D|D = cz%i%, c# 0};

i) f = 2225+ 2t20 + 2320 + 223 (ns > 6). In this case, the set of negative weight

(vi) f =25 1 2 3 ) 9 g
derivations of Hy (V) is {D|D = czz%l, c# O};

(vii) f = 2320+ 2323+25+2320. In this case, the set of negative weight derivations
of H (V) is {D|D = cz;;a%l,c # ()};
(viii) f = 2320 + 2323 + 2321 + 23 20. In this case, the set of negative derivations
of Hy (V) is {D|D = czga%l,c # 0};

T = 2823 + 2320 + 2320 + 28321 (ng > 4). In this case, the set of negative

0 1 2 3 Y

derivations of Hy (V) is {D|D = 6228%1, c# O};

() f = 2823 + 2120 + 2520 + 25°21 (n3 > 5). In this case, the set of negative
derivations of Hy (V') is {D|D = 0228%1, c# O};

(wi) f = 2823 + 2322 + 2520 + 2521 (n3 > 6). In this case, the set of negative
derivations of Hy (V') is {D|D = czga—zl, c# 0};

(wit) [ = 2323 + 2320 + 2520 + 25°21 (n3 > 24) . In this case, the set of negative

derivations of Hy (V') is {D|D = czgz§a%l,c #0,1<k<™=2 ke Z}.

(2) when f is a Type B fewnomial:
(i) f =20+ 23 + 2323 + 2320. In this case, the set of negative weight derivations

of Hy (V) is { DID = ez c # 0}
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(ii) f = 28 + 2323 + 25 + 2520. In this case, the set of negative weight derivations
of Hy (V) is {D\D = 0238%1,0 # 0};

(iii) f = 28 + 2320 + 2520 + 252 (n3 > 5) . In this case, the set of negative weight
derivations of Hy (V') is {D|D = czga%l7 c# 0},

When f is Type C fewnomial, there does not exist any negative weight derivation
D.

Proof. By Proposition 2.1, Proposition 3.1, and Proposition 4.1, we complete the
proof of Theorem B. O

REMARK 1.9. Actually, in Theorem A and Theorem B we just need to consider
the weighted homogeneous polynomials with mult(f) > 3 due to the cases mult(f) =
1,2 are trivial.

2. Type A Fewnomial Case. In this section, we will discuss the Type A
fewnomial case where mult (f) > 3. There are three types to discuss:

Type (I): f (20,21, 22, 23) = 20° + 27" + 252 + 23°.

Type (IT): f (20,21, 22, 23) = 20°21 + 21 22 + 25223 + 25°.

Type (II1): f (20, 21,22, 23) = 25°21 + 21" 22 + 25223 + 25° 2.

In the above forms, the weights orders of aq, a1, as and ag are not determined.
The overall conclusion is written in Proposition 2.1.

ProrosiTION 2.1 (Type A fewnomial case of Theorem B). Let (V,0) =
{(20, 21, 22,23) € C*: f(z0,21,22,23) = 0} be an isolated singularity defined by the
Type A fewnomial f(zo, 21, 22, 23) of weight type (ag, a1, ao, az; d) where mult (f) > 3.
Let H{ (V') be the 1-st Hessian algebra. There exists negative weight derivation of
Hy (V) if and only if [ is in one of the following forms after renumbering the vari-
ables zy, z1, z2 and z3 so that ag > a1 > ag > a3 ((we combine the cases that can be
transformed into each other by simply renumbering the variables, which is caused by
the equal weights of asymmetrical variables ):

(i) f = 2323 + 2320 + 2320 + 25 (n3 > 5). In this case, the set of negative weight

derivations of Hy (V) is {D|D = czng)fa%l,c #0,0<k< "32;4,16 € Z};
(ii) [ = 20+ 2320+ 2520+ 25221 (ng > 21) . In this case, the set of negative weight

derivations of Hy (V) is {D|D = czzzga%l,c #0,1<k< B ke Z};

207

(iii) f = 28+ 2320+ 2523+ 2321. In this case, the set of negative weight derivations
of Hy (V) is {D\D = cz3a%2,c # O};

(iv) f = 2823+ 2320+ 2520 + 25 (ng > 5). In this case, the set of negative weight
derivations of Hy (V') is {D|D = czQa%l, c# 0};

(v) f = 2823+ 2320 + 2520 + 252 (ng > 8). In this case, the set of negative weight
derivations of Hy (V') is {D|D = cz%a%l,c # 0};

(vi) f = 2823+ 2122+ 2520 + 252 (ng > 6). In this case, the set of negative weight
derivations of Hy (V') is {D|D = czga%l, c# 0};

(vii) f = 2820+ 23 23+25+2520. In this case, the set of negative weight derivations
of Hy (V) is {D\D = 0236%,0 + O};

(viii) f = 2320 + 2323 + 2321 + 2320. In this case, the set of negative derivations
of Hy (V) is {D\D = 0238%1,0 # 0};
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(ix) f = 2823 + 2320 + 2520 + 25%21 (n3 > 4). In this case, the set of negative
derivations of Hy (V') is {D|D = 0220%1, c# O};

() f = 2823 + 2120 + 2520 + 25°21 (n3 > 5). In this case, the set of negative
derivations of Hy (V') is {D|D = czga%l, c# O};

(wi) f = 2823 + 2320 + 2520 + 25%21 (n3 > 6). In this case, the set of negative
derivations of Hy (V') is {D|D = cz%%, c# O};

(wit) [ = 2323 + 2320 + 2320 + 25°21 (n3 > 24) . In this case, the set of negative
derivations of Hy (V) is {D|D = czyé“%,c #0,1<k< "363, ke Z}.

Therefore, if mult (f) > 5, there does not exist any negative weight derivation of
Hy (V).

Proof. This proof is tedious but simple calculations. We omit the details and
readers can find those in the rest of this section. By Proposition 2.2, Proposition 2.3,
and Proposition 2.57, the proof is clear. O

2.1. Type (I). Next we will discuss the case
f — Z(T)lo _|_ZIL1 +Z£L2 + Zgls

where mult (f) > 3. The weights orders of ag, @1, as and ag are not determined. All
results of this subsection are summarized in Proposition 2.2.

ProPOSITION 2.2 (Type (I) of Proposition 2.1). Let (V,0) = {(z0, 21, 22, 23) €
C*: f(z0, 21,22, 23) = 0} be an isolated singularity defined by f(z0, 21, 22, 23) = 2;° +
21+ 252 4 257 of weight type (ap, a1, g, az; d) where mult (f) > 3. Let H1(V') be the
1-st Hessian algebra. There does not exist any negative weight derivation of Hy (V).

Proof. Without loss of generality, set ag > a1 > as > ag. After renumbering,

if there exists some negative weight derivation D, D must be in the form of D =

o1, 20,3+ r (e 20) e 2

We can get ng > 3, n1 > 3, ng > 3 and ng > 3 from mult(f) > 3. Regardless of
difference of constants, we obtain

foo for foz fo3 202 0 , 0 0
Jfio fui fiz fis x ozt 0 0
Hess(f) = = o
) fa0 far faz o fos * S (
f30 fs1 fa2 f33 * * * 22
From D (28’0_2) = po (21, 22, 23) (no — 2)23"_3 = 0, we have pg (21, 22, 23) = 0. From
D (2?1_2) = p1(22,23) (n1 —2) 2?1_3 € (230_2), we have py (22,23) = 0. From

D (2527?%) = czk (no — 2) 252 7% € (27°72,27*?), we have ¢ = 0.
So D = 0, which contradicts to the assumption that D is negatively weighted.
There does not exist any negative weight derivation. O

2.2. Type (II). Next we will discuss the case
f =201+ 2" 22 + 25225 + 25°

where mult (f) > 3. The weight orders of ag, @1, s and ag are not determined. All
results of this subsection are summarized in Proposition 2.3.
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ProPOSITION 2.3 (Type (II) of Proposition 2.1). Let (V,0) = {(z0, 21, 22, 23) €
C*: f(z0,21, 22, 23) = 0} be an isolated singularity defined by f(zo, 21, 22, 23) = 2{° 21+
21 2o + 25723 + 252 of weight type (o, cn, g, ag; d) where mult (f) > 3. Let Hi(V)
be the 1-st Hessian algebra. There exists negative weight derivation of Hy (V) if and
only if f is in one of the following forms after renumbering the variables zg, z1, 2z
and z3 so that g > aq > ag > ag ((we combine the cases that can be transformed into
each other by simply renumbering the variables, which is caused by the equal weights
of asymmetrical variables ):

(i) f=2323 + 2320 + 2320 + 25 (n3 > 5). In this case, the set of negative weight

derivations of Hy (V) is {D|D = czzzga%l,c #0,0<k< "32;4,16 € Z};

(ii) [ = 23+ 2320+ 2520+ 25% 21 (ng > 21) . In this case, the set of negative weight
derivations of Hy (V) is {D|D = czzzgf%,c #0,1<k< 3, ke Z};

(iii) f = 28+ 2320+ 2523+ 2321. In this case, the set of negative weight derivations
of Hy (V) is {D\D = cz38%2,c # O};

(iv) f = 2823+ 2320+ 2520 + 25 (ng > 5). In this case, the set of negative weight
derivations of Hy (V) is {D|D = czgaiz17 c# 0};

(v) f = 2823+ 2320 + 2520 + 25%(ng > 8). In this case, the set of negative weight
derivations of Hy (V) is {D|D = cz%%,c + O};

(vi) f = 2823 + 2t20 + 2520 + 25% (n3 > 6). In this case, the set of negative weight
derivations of Hy (V) is {D|D = czza%l, c# O};

(vii) f = 2320+ 2323+25+2520. In this case, the set of negative weight derivations
of Hy (V) is {D\D = czg%,c # O}.

Proof. By mult (f) > 3, we get wt(f) > 2max {ag, a1, a2, as}. There are two
cases to discuss:

(1) wt(f) > 3mazx {ag, a1, az, as};

(ii) 2max {ap, a1, ag, az} < wt(f) < 3max {ag, a1, oz, as}.

They correspond to Proposition 2.4 and Proposition 2.29 respectively.

By the two propositions, we complete the proof. O

For f(zo,21,%2,23) = 20°%1 + 27 22 + 23223 + z3°, discussions when wt(f) >
3maz {ag, a1, a2, asg} are summarized in Proposition 2.4.

ProposITION 2.4 (Case (i) of Proposition 2.3). Let (V,0) = {(z0, 21, 22, 23) €
C*: f(z0,21,22,23) = 0} be an isolated singularity defined by f(zo,z21,22,23) =
20°21 + 21t z0 + 25723 + 237 of weight type (ap,aq, a2, a3;d) where wt(f) >
3max {ag, a1, a0, a3}.  Let H(V) be the 1-st Hessian algebra. Then there ex-
ists negative weight deriwation of H1(V) if and only if f is in the form of [ =
2823 + 2320 + 2320 + 25%(ng > 5) after renumbering the variables zy, z1, 22 and
z3 so that ag > a1 > s > ag. In this case, the set of negative weight derivations of

Hy (V) is {D|D = czgz§%7 c#0,0<k< ke Z} after renumbering.

27

Proof. The calculation process is lengthy. There are 24 cases with respect to the
weight order of zg, z1, 2o and z3.

(i) o > a1 > g > a;

(i) 2o > 1 > a3 > ag;

(iii) ap > g > a1 > as;
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(iv) a0 = a2 > az > ax;
(V) ap > az > ay > ag;
(Vi) ap > a3 > ag > au;
(vil) ag > g > s > ag;
(viii) 1 > ap > ag > @g;
(ix) a1 > g > ap > as;
(x) a1 > a2 > az > ap;
(xi) a1 > az > ap > az;
(xil) a1 > a3 > a2 > ap;
(xiil) ag > g > a1 > ag;
(xiv) ag > ag > a3z > ay;
(xv) az > a1 > ag > as;
(XV)O&Q>041 >053>040;
(xvil) e > a3 > g > au;
(xviii) g > a3 > a1 > ap;
(X )Ck3>0[0>041>0[2,
(xx) a3 > o > g > au;
(XX)O&3>CY1 >040>052;
(xxil) ag > g > s > ap;
(xxiil) ag > @y > g > aq;

(xxiv) a3 > s > a1 > ap.

One can look up more details in the following lemmas respectively ( from Lemma
2.5 to Lemma 2.28 ). O

LEMMA 2.5 (Case (i) of Proposition 2.4). Let (V,0) = {(z0,21,22,23) €
C*: f(z0,21,22,23) = 0} be an isolated singularity defined by f(zo,21,22,23) =
20°21 + 21 2o 4 252 23 + 25 of weight type (ap, o, g, aig; d) where ag > a1 > ag > ag
and wt(f) > 3max {ap, a1, as, a3} = 3ap. Let Hi (V) be the 1-st Hessian algebra.
Then there does not exist negative weight derivation of Hy (V).

Proof. The form of f does not change after renumbering to make ag > a1 > g >
ag. After renumbering, if there exists some negative weight derivation D, D must be
in the form of D = po(zl,zg,z;;)a%o —&-pl(zz,zg)a%l + czéf%.

After renumbering, it is clear that ng > 3. From 2a; + o < 3ap < wit(f) =
n;oy + aj, we get n; > 2 for (4,7) = (1,2) and (2, 3). So we have n; > 3 and ng > 3.
From 3ag < wt(f) = nzasz < nzap, we have ng > 3, which is equivalent to ng > 4.
Regardless of difference of constants, we get the equations below.

2 1
Joo for fo2 fo3 25° "2 2302 0 ) 0
Hess | fio fuu fiz fiz | _ * 220 2T 0
€ss (f) - - no—2 no—1
foo  far faz fo3 * * 232 %23 2h
fa0 fs1 fa2 f33 * * * 25372

From D( o~ 2z1) = po (21, 22,23) (ng — 2)zg°73z1 + p1 (22, 23) zg°72 = 0, we get
Do (21,22,23) (no — 2)z1 + p1(22,23) 20 = 0. Therefore, we have po (21,22,23) =

0,p1 (22,23) =0 and D = ¢z} 32

Since D (2] 23) = czb2] 77 € (209 21, 20° "), it is easy to see ¢ = 0. There-
fore, D = 0.

In conclusion, there does not exist negative weight derivation of H;(V) and we
complete the proof. O
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LEMMA 2.6 (Case (ii) of Proposition 2.4). Let (V,0) = {(z0,21,22,23) €
C*: f(z0,21,22,23) = 0} be an isolated singularity defined by f(zo,z21,22,23) =
20° 21 21 2o + 252 25 + 252 of weight type (ap, a1, aa, az; d) where ag > a1 > g > @
and wt(f) > 3max {ap, a1, 00,3} = 3ag. Let Hi (V) be the 1-st Hessian algebra.
Then there does not exist negative weight derivation of Hy (V).

Proof. After renumbering to make ag > a1 > as > ag, the form of f changes to
[ =23 21+27" 234252 +25% z5. After renumbering, if there exists some negative weight
derivation D, D must be in the form of D = pg(z1, 22, 23)8%0 + p1 (2, 23)3%1 +cz§a%2.

After renumbering, it is clear that ng > 3. From 2o; + oj < 3o < wit(f) =
n;oy + o, we get n; > 2 for (4,5) = (1,3) and (3,2). So we have n; > 3 and ng > 3.
From 3ap < wt(f) = naaa < naag, we have ng > 3, which is equivalent to ny > 4.
Regardless of difference of constants, we get the equations below.

Joo  for foz  fos 20° 2302 0 0 1
Hess (f) = fio i fiz fis | _ * 2 0 e

fa0 far o faz o fos * " pa? nen

fso fs1 fs2 f33 * " R

From D (2807221) = po (21, 22,23) (o — 2)26“)7321 + p1 (22, 23) zgrz = 0, we get
po (21, 22, 23) (no—2)z1+p1 (22, 23) 20 = 0. Therefore, po (21, 22, 23) = 0,p1 (22,23) =0
and D = cz§8%.
2

From D (25272) = ¢ (na — 2) 252722 € (200 221, 20071, 21" P25, 277 1), we have
¢ = 0. Therefore, D = 0.

In conclusion, there does not exist a negative weight derivation of H; (V') and we
complete the proof. O

LEMMA 2.7 (Case (iii) of Proposition 2.4). Let (V,0) = {(z0,21,22,23) €
C*: f(z0,21,22,23) = 0} be an isolated singularity defined by f(zo,z21,22,23) =
2021 21 2o + 252 25+ 252 of weight type (ap, a1, aa, az; d) where ag > e > aq > ag
and wt(f) > 3max {ag, a1, 00,3} = 3ap. Let Hi (V) be the 1-st Hessian algebra.
Then there does not exist a negative weight derivation of Hy(V).

Proof. After renumbering to make oy > a1 > as > a3, the form of f changes to
= 23°20+21" 23+ 252 21+25°%. After renumbering, if there exists some negative weight
derivation D; D must be in the form of D = pg(z1, 22, 23)% + p1(2e, 23)% +cz§8%2.

After renumbering, it is clear that ng > 3. From 2o; + o < 3o < wit(f) =
n;oy + aj, we get n; > 2 for (¢,7) = (1,3) and (2,1). So we have ny > 3 and ny > 3.
From 3oy < wt(f) = nsas < nzag, we have ng > 3, which is equivalent to ns > 4.
Regardless of difference of constants, we get the equations below.

) -1
foo for foz fos3 20 %29 0 23° 0
Jio S fiz fis * R P

Hess (f) = = na—2
foo for fao o fos * * 2o 21 0
fao fs1 fa2 f33 * * * 25372
no—2 o o no—3 k,no—2 __

From D (zo zz) = po(z1,22,23) (no — 2)2,° 22 + cz52) = 0, we get

po (21, 22, 23) (ng — 2) 22 +cz5 29 = 0. Therefore, we can obtain ¢ = 0, pg (21, 22, 23) = 0
and D = pq (22, 23) 8%1.
2

23) = p1 (22, 23) (n1 — 2) 2?1737;3 € (zgofzzg,zg(’*l), it is easy to

= 0. Therefore, D = 0.
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In conclusion, there does not exist negative weight derivation of H;(V) and we
complete the proof. O

LEMMA 2.8 (Case (iv) of Proposition 2.4). Let (V,0) = {(z0,z21,22,23) €
C*: f(z0,21,22,23) = 0} be an isolated singularity defined by f(zo,z21,22,23) =
20°21 + 21 2o+ 257 23+ 25 of weight type (ap, a1, aa, az; d) where ag > s > g > ay
and wt(f) > 3mazx {ag, a1, a2, a3} = 3ag. Let Hi (V) be the 1-st Hessian algebra.
Then there does not exist negative weight derivation of Hy(V).

Proof. After renumbering to make ag > a3 > as > ag, the form of f changes to
f = 25°23+21" za+252+23° 2. After renumbering, if there exists some negative weight
derivation D, D must be in the form of D = pg(z1, 22, zg)a%o + p1(2e, 23)6%1 —|—cz§6%2.

After renumbering, it is clear that ng > 3. From 2a; + o < 3ag < wt(f) =
n;oy + o, we get n; > 2 for (4,5) = (1,2) and (3,1). So we have n; > 3 and ng > 3.
From 3ag < wt(f) = naas < noag, we have ny > 3, which is equivalent to ny > 4.
Regardless of difference of constants, we get the equations below.

Joo  for  foz  fos 2" 2z 0 0 Zgo1
Hess (f) = fio fuu fiz fis | _ * 222 z{“:; Zgt

f20 far S22 fos * * 25? 0

fso fa1 fs2 f33 * * * 25372

From D (280_223) = po (21, 22, 23) (ng — 2)28"_32;3 =0, we get pg (21, 22,23) = 0.

Since D (2?1_222) = p1 (22,23) (N1 — 2) 2?1_322 + cz§z?1_2 € (230_223,230_1),
it is easy to see pi(z2,23)(ng —2)2" Pz + c2b2T? = 0. Therefore,
p1 (22,23) (1 — 2) 29 + cz§zl =0, and it follows that ¢ = 0 and p; (22, 2z3) = 0.

Therefore, D = 0.

In conclusion, there does not exist negative weight derivation of Hi (V') and we
complete the proof. O

LEMMA 2.9 (Case (v) of Proposition 2.4). Let (V,0) = {(z0,21,22,23) €
C*: f(z0,21,22,23) = 0} be an isolated singularity defined by f(zo,21,22,23) =
20° 721 + 21 2o 4 252 25+ 23 of weight type (ap, o, g, aig; d) where ag > as > a1 > an
and wt(f) > 3max {ap, a1, a0, a3} = 3ag. Let Hi(V) be the 1-st Hessian algebra.
Then there does not exist negative weight derivation of Hy (V).

Proof. After renumbering to make ag > a1 > as > a3, the form of f changes to
[ =25 za+21" +252 23+ 25% 2. After renumbering, if there exists some negative weight
derivation D, D must be in the form of D = py(z1, 22, 23)8%0 + p1 (22, 23)8%1 —|—cz§8%2.

After renumbering, it is clear that ng > 3. From 2a; + o < 3o < wit(f) =
n;oy + o, we get n; > 2 for (4,7) = (2,3) and (3,1). So we have ny > 3 and ng > 3.
From 3agp < wit(f) = nia; < njag, we have ny > 3, which is equivalent to ny > 4.
Regardless of difference of constants, we get the equations below.

2 -1
foo  for foz fo3 25° 22 0 , zy" 0 .
* ZM T 0 ZR3T
Hess (f) = Jio fu fi2 fis | 1 s 3
f20 far fa2 fes * * 25 zg 2z
fao fs1 fa2 fa3 * % * z?rzzl
F D nog—2 _ ( )( _ 2) nog—3 k.no—2 _ 0 t
rom 20° 29 Do (21, 22, 23) (no 20° "z + cz5z) , we ge

po (21, 22, 23) (ng — 2)22 + czkz9 = 0. Therefore, ¢ = 0 and pg (21, 22, 23) = 0.



300 S. FAN, S. S.-T. YAU AND H. ZUO

Since D (2?1_2) = p1 (22,23) (n1 —2) 21“_3 S (280_222,280_1), it is easy to see
P1 (22, 2’3) =0.

Therefore, D = 0.

In conclusion, there does not exist negative weight derivation of Hy(V) and we
complete the proof. O

LEMMA 2.10 (Case (vi) of Proposition 2.4). Let (V,0) = {(zo,21,22,23) €
C*: f(z0,21,22,23) = 0} be an isolated singularity defined by f(zo,21,22,23) =
20° 21 + 21 2o + 252 23+ 25 of weight type (oo, o, ag, az; d) where ag > a3 > g > aq
and wt(f) > 3max {ag, a1, 02,3} = 3ag. Let Hi (V) be the 1-st Hessian algebra.
Then there does not exist negative weight derivation of Hy(V').

Proof. After renumbering to make g > a1 > as > a3, the form of f changes to
[ = 23°23+27" +252 21+25% zo. After renumbering, if there exists some negative weight
derivation D, D must be in the form of D = pg(z1, 22, 23)8%0 + p1(2e, 23)3%1 +cz§8%2.

After renumbering, it is clear that ng > 3. From 2o; + o < 3 < wit(f) =
nia; + o, we get n; > 2 for (i,j) = (2,1) and (3,2). So we have ny > 3 and n3 > 3.
From 3ag < wt(f) = niay < njag, we have ny > 3, which is equivalent to ny > 4.
Regardless of difference of constants, we get the equations below.

ho B e fw] [Am 0 0w
Hess (f) = Jfio fir fiz fis _ * Zm 2322 0 1

foo for fa2 fos % % e

a0 far fz2 fa33 N . . s,

From D (2307223) = po (21, 22, 23) (no — 2)26“’7323 =0, we get po (21, 22, 23) = 0.

Since D (21“72) = p1(22,23) (N1 —2) z;“*g € (23072,23,23071), it is easy to see
p1(#22,23) = 0. So D is in the form of D = czz’)fa%z. By the relation D (z5>7") =
czh (no — 1) 257272 € (200 223, 20° ", 21" %) we get ¢ = 0. Therefore, D = 0.

In conclusion, there does not exist negative weight derivation of H; (V') and we
complete the proof. O

LEMMA 2.11 (Case (vii) of Proposition 2.4). Let (V,0) = {(z0,21,22,23) €
C*: f(z0, 21,22, 23) = 0} be an isolated singularity defined by f(zo, 21, 22, 23) = 20° 21+
21 2o 4 25223 + 252 of weight type (ap, a1, i, 35 d) where a; > ap > ag > az and
wt(f) > 3max {ag, 01, a0, a3} = 3ay. Let H1 (V) be the 1-st Hessian algebra. Then
there does not exist negative weight derivation of Hy(V).

Proof. After renumbering to make ag > a1 > as > ag, the form of f changes to
= 20 za+21" 20+ 252 23+ 25°%. After renumbering, if there exists some negative weight
derivation D, D must be in the form of D = pg(z1, 22, 23)8%0 + p1 (2, 23)3%1 +cz§6%.

After renumbering, it is clear that ng > 3. From 2a; + o < 3 < wt(f) =
n;o; + aj, we get n; > 2 for (4,7) = (1,0) and (2, 3). So we have n; > 3 and ng > 3.
From 3y < wt(f) = nzas < nzag, we have ng > 3, which is equivalent to nz > 4.
Regardless of difference of constants, we get the equations below.

—2 -1 -1
foo for foz fo3 20° Tz 2" , 20" 0
ny—
* z 2 0 0
Hess(f) = Jio fu iz fis | 1 0 WY o
J2o far fa2 fas * * 252 %23 2h
fso fa1 fs2 fa3 * * * 25372
no—2 _ no—3 k.no—2 __
= 5 5 - - )
From D (zo 22) po (21,22, 23) (no — 2)20° “z2 + cz52] 0, we get

po (21, 22, 23) (ng — 2)22 + cz5 29 = 0. Therefore, ¢ = 0 and pg (21, 22, 23) = 0.
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Since D (21" 7') = pi(z2,28) (m — 1) 212
p1(22,23) = 0.

Therefore, D = 0.

In conclusion, there does not exist negative weight derivation of H; (V) and we

complete the proof. O

€ (207%2), it is easy to see

LEMMA 2.12 (Case (viil) of Proposition 2.4). Let (V,0) = {(z0, 21, 22,23) €
C*: f(zo0, 21,22, 23) = 0} be an isolated singularity defined by f(z0, 21, 22, 23) = 24°21+
21 29 + 25223 + 25° of weight type (ap, a1, g, az;d) where o > g > az > ao and
wt(f) > 3max {ag, a1, a0, a3} = 3ay. Let Hi (V) be the 1-st Hessian algebra. Then
there does not exist negative weight derivation of Hy (V).

Proof. After renumbering to make ag > a1 > as > ag, the form of f changes to
[ = 2zp°23+21" z0+252+25°% z0. After renumbering, if there exists some negative weight
derivation D, D must be in the form of D = pg(z1, 22, ,23)6%0 +p1 (22, 2:3)8%1 +CZ§8%2.

After renumbering, it is clear that ng > 3. From 2o; + o; < 3ag < wt(f)
n;oy + o, we get n; > 2 for (4,5) = (1,0),(3,2). So we have n; > 3 and ng >
From 3agp < wt(f) = naaa < naag, we have ng > 3, which is equivalent to ny >
Regardless of difference of constants, we get the equations below.

=

foo  for  fo2 fo3 A N 0 207
Hess (f) — fio fu fiz o fis | * S 072 ‘071
fa0 far fa2 o fos * * 252 253
fao fa1 fa2 fa3 * * * 25372 2
From D (zg°_223 = po (21, 22, 23) (ng — 2)26’0_323 =0, we get po (21, 22,23) = 0.
From D (27 71) = p1 (22, 23) (n1 — 1) 27 7% € (20° %23), we get py (22, 23) = 0.

S—
I
o
N
e
—

From D (232_2
c=0.

Therefore, D = 0.

In conclusion, there does not exist negative weight derivation of H;(V) and we
complete the proof. O

ne —2) 2527 € (200 Pz, 21 T 200 21 P 2), we get

LEMMA 2.13 (Case (ix) of Proposition 2.4). Let (V,0) = {(z0,21,22,23) €
C*: f(z0,21,22,23) = 0} be an isolated singularity defined by f(zo,21,22,23) =
20°21 + 21 2o 4 252 23+ 25° of weight type (o, a1, o, aiz; d) where aq > ag > o > a3
and wt(f) > 3maz {ap, 0n,00,a3} = 3ay. Let Hi (V) be the 1-st Hessian algebra.
Then there does not exist negative weight derivation of Hy (V).

Proof. After renumbering to make ag > a3 > as > ag, the form of f changes to
f =25 21+27" 23+25% 20+25°. After renumbering, if there exists some negative weight
derivation D, D must be in the form of D = pg(z1, 22, 23)6%0 + p1 (2, 23)8%1 —|—cz§a%2.

After renumbering, it is clear that ng > 3. From 2«a; + o < 3ag < wit(f) =
n;oy + o, we get n; > 2 for (4,j) = (1,3) and (2,0). So n1 > 3 and ny > 3. From
3ap < wt(f) = nzas < nzag, we have ng > 3, which is equivalent to ng > 4.
Regardless of difference of constants, we get the equations below.

foo for foz fo3 200 % gt ! 0
Hess(f) = fio fu fiz fis * PR 2t

fao far faz o fos * * 252 %2 0

fs0 fa1 fs2 f33 * * 252
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From D (280—221) = po (21, 22,23) (no — 2)280_321 + p1 (22, 23) zgo_z = 0, we
get po (21, 22,23) (no — 2)z1 + p1(22,23) 20 = 0. Therefore, p;(22,23) = 0 and
po (21, 22, 23) = 0.

Since D (2527") = c2k (no — 1) 25272 € (200 221, 2007, 21" "P23), it is easy to
see ¢ = 0.

Therefore, D = 0.

In conclusion, there does not exist negative weight derivation of H;(V) and we
complete the proof. O

LEMMA 2.14 (Case (x) of Proposition 2.4). Let (V,0) = {(20,21,22,23) €
C*: f(z0,21,22,23) = 0} be an isolated singularity defined by f(zo,z21,22,23) =
2021 + 21 2o + 252 25+ 257 of weight type (a, a1, g, aiz; d) where ap > g > ag > ap
and wt(f) > 3max {ap, a1, 00,3} = 3ay. Let Hi(V) be the 1-st Hessian algebra.
Then there does not exist negative weight derivation of Hy (V).

Proof. After renumbering to make ag > a1 > ag > ag, the form of f changes to
| = 2021421 2o+ 252 +25% z9. After renumbering, if there exists some negative weight
derivation D, D must be in the form of D = pg(z1, 22, 23)6%0 + p1(2e, z;;)% +cz§6%2.

After renumbering, it is clear that ng > 3. From 2o; + oj < 3o < wit(f) =
nia; + o, we get n; > 2 for (i,j) = (1,2) and (3,0). So we have n; > 3 and n3 > 3.
From 3ap < wt(f) = naca < naag, we have ng > 3, which is equivalent to ng > 4.
Regardless of difference of constants, we get the equations below.

foo for foz Jfo3 Zgoizzl 2'3071 0 Z:?TI
Hoss (f) = fio fu Sz fis | * 22z Z{”:; 0

foo for fa2 o fo3 * * 2? 0

fao fa1 fa2 fa3 * * * 25222

From D (zgofzzl) = po (21, 22,23) (no — 2)280732'1 + p1 (22, 23) zg(’*? = 0, we
get po (21,22, 23) (no — 2)z1 + p1(22,23) 20 = 0. Therefore, p; (22,23) = 0 and
Po (2’1, 22, 2’3) =0.

Since D (2" 22) = ezh2(' 77 € (200 P21, 2007 2507, it is easy to see
czbzi TP e (2507).

If ¢ # 0,c220" 2 can be divided by 25°~" and wt (252~") < wt (2§). From the
weight relationship wt (zf,f) < ag < ap and wt (ng—l) =(ns—1)as=wt(f) —ay—
as = noay + a1 —ag — as > (ng — 1)ag > ap, we have wt (2g3_1) > wt (zg)f), which
contradicts with the fact that wt (zg‘**l) < wt (z§) .Soc=0and D =0.

In conclusion, there does not exist negative weight derivation of H (V') and we
complete the proof. O

LEMMA 2.15 (Case (xi) of Proposition 2.4). Let (V,0) = {(zo,21,22,23) €
C*: f(z0,21,22,23) = 0} be an isolated singularity defined by f(zo,z1,22,23) =
20° 21 + 21 2o + 252 25+ 25 of weight type (ap, a1, ao, az; d) where ar > ag > g > ag
and wt(f) > 3max {ap, a1, a2, a3} = 3aq. Let Hi(V) be the 1-st Hessian algebra.

Then there does not exist negative weight derivation of Hy (V).

Proof. After renumbering to make ag > a1 > as > ag, the form of f changes to
f = 2323427 +25% 20+25° z1. After renumbering, if there exists some negative weight
derivation D, D must be in the form of D = pg(z1, 22, 23)8%0 + p1 (2, 23)3%1 +cz§a%2.
After renumbering, it is clear that ng > 3. From 2o; + o < 3ap < wit(f) =

n;oy + aj, we get n; > 2 for (4,5) = (2,0) and (3,1). So we have np > 3 and ng > 3.
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From 3agy < wt(f) = nja; < njag, we have ny > 3, which is equivalent to ny > 4.
Regardless of difference of constants, we get the equations below.

foo for foz fo3 200 %2 0 252! 7"
Hess(f) = fio fu fiz fis _ * z{“_Q 92 zg“_l

fa0 fa1 fa2 o fos * x 227 2 0

fao fa1 fa2 fa3 * * * 25072

From D (230_223) = po (21, 22, 23) (ng — 2)280_323 =0, we get po (21, 22,23) = 0.

From D (23271) =czk (ng — 1) 23272 € (2307223, 2?172), we get ¢ = 0.

Since D (2?1—2) = p1 (22, 23) (n1 — 2) z{“_?‘ € (280_223,232_1,280_1), it is easy
to see py (22, 23) (n1 —2) 272 € (25271).

So p1 (22,23) can be divided by zgrl. If p1 (22,23) # 0, we have wt (zgrl) <
wt (p1 (22, 23)) . From the weight relationship wt (p; (22,23)) < a1 < «ap and
wt (23271) = (ng — 1) as = wt(f)—ap—as = npag+az—ag—as > (ng—2)agy > g, we
have wt (232—1) > wt (p1 (22, z3)), which contradicts with the fact that wt (232_1) <
wt (p1 (22, 23)) . Thus py (22,23) =0 and D = 0.

In conclusion, there does not exist negative weight derivation of H;(V) and we
complete the proof. O

LEMMA 2.16 (Case (xii) of Proposition 2.4). Let (V,0) = {(z0, 21, 22,23) €
C*: f(z0, 21, 22, 23) = 0} be an isolated singularity defined by f(zo, 21, 22, 23) = 24°21+
21 2o 4 25223 + 25° of weight type (o, a1, g, 35 d) where a; > as > ag > ag and
wt(f) > 3max {ag, a1, a0, a3} = 3ay. Let Hi (V) be the 1-st Hessian algebra. Then
there does not exist negative weight derivation of Hy (V).

Proof. After renumbering to make ag > a1 > as > ag, the form of f changes to
[ =25 za+21" +252 21+ 25% z9. After renumbering, if there exists some negative weight
derivation D, D must be in the form of D = pg(z1, 22, 23)8%0 + p1 (22, 23)8%1 —|—cz§8%2.

After renumbering, it is clear that ng > 3. From 2a; + o < 3ag < wt(f) =
n;oy + o, we get n; > 2 for (4,5) = (2,1) and (3,0). So we have ny > 3 and ng > 3.
From 3ag < wt(f) = n1a1 < niap, we have ny; > 3, which is equivalent to ny > 4.
Regardless of difference of constants, we get the equations below.

_92 -1 -1
Joo  for  foz fos 2" 22 0 , 25" ) 23"
H | fio fuu fiz fizs | _ * 2 25" 0
ess (f) = = no—2
fa0 far fa2 o fos * * Zo? Tz 0
fso far fs2 fas * < * 233722
nog—2 _ nog—3 k.no—2 __
From D (2{° ?22) = po (21, 22,23) (no — 2)20° °2z2 + c2bz] = 0, we get

po (21, 22, 23) (ng — 2)22 + czk 29 = 0. Therefore, ¢ = 0 and pg (21, 22, 23) = 0.

Since D (z{“”) = p1 (22,23) (N1 —2) 2" 73 € (2307222,23071,,2;371)7 it is easy
to see py (22,23) € (zgrl). So p1 (22, 23) can be divided by zgsfl. If p1 (22,23) # 0,
we have wt (25?371) < wt (p1 (22, 23)) . From the weight relationship wt (p; (22, 23)) <
o1 < ag and wt (z§3_1) =(n3—1)ag =wt(f) —ay — ag = npag + ag — ag — az >
(ng — ag > v, we have wt (zg?’_l) > wt (p1 (22, z3)), which contradicts with the
fact that wt (zgs_l) < wt (p1 (22,23)) . Thus p; (22,23) =0 and D = 0.

In conclusion, there does not exist negative weight derivation of H;(V) and we
complete the proof. O
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LEMMA 2.17 (Case (xiil) of Proposition 2.4). Let (V,0) = {(zo0, 21, 22,23) €
C*: f(z0,21, 22, 23) = 0} be an isolated singularity defined by f(zo, 21, 22, 23) = 2{° 21+
21 29 4 25223 + 252 of weight type (ap, a1, aa, az;d) where as > ag > a1 > az and
wt(f) > 3max {ag, a1, 02,03} = 3az. Let Hi(V) be the 1-st Hessian algebra. Then
there exists negative weight derivation of Hy(V') if and only if [ is in the form of
f= 28’23 + zi)’zz + zgzo + 253 (ng > 5) after renumbering the variables zg, z1, z2 and
z3 so that ag > a1 > ao > ag. In this case, the set of negative weight derivations of

Hy (V) is {D|D = czgzéfa%l, c#0,0< k<A ke Z} after renumbering.

Proof. After renumbering to make oy > a1 > as > ag, the form of f changes to
=20 z3+21" 2o+ 252 20+ 25°%. After renumbering, if there exists some negative weight
derivation D, D must be in the form of D = pg(z1, 2, 23)6%0 +p1(22, ,23)8%1 +cz§a%2.

After renumbering, it is clear that ng > 3. From 2«o; + o < 3o < wit(f) =
n;oy + aj, we get n; > 2 for (4,5) = (1,2) and (2,0). So we have n; > 3 and ng > 3.
From 3o < wt(f) = nzas < nzag, we have ng > 3, which is equivalent to nz > 4.
Regardless of difference of constants, we get the equations below.

foo for  foz fos 23072'?3 0 23271 Ztr)mil
Hess (f) — Jio fu Sz fis | * A 2?1;1 0

foo for fa2 fos * * 25" 20 0

fao fa1 fa2 f33 * * * 2332

From D (z30_223) = po (21, 22, 23) (no — 2)26’0_323 =0, we get po (21, 22,23) = 0.

From D (2327") = ez¥ (no — 1) 25272 € (20° %23, 27" *22), we get ¢ = 0. Therefore,
D =py (22, 23) 3%
From D (27" %25) = p1(22,23) (n1 — 2)21" P22 € (20° 223,257 1, 20°7"), we

get pp (22,2;3)2;{“_3 zy € (z;“_l). So pi1(z2,23) can be divided by 25‘2_2. If
p1 (22,23) # 0, we have wt (25‘2_2) < wt (p1 (22,23)) < a1 < ap. From the weight
relationship wt (zgrQ) = % (wt(f) — ag) = ”27;2 (noap + ag — ag) > ”2;22040,

we have"i—;z%zg < ag. Therefore, no < 4. Note that ny > 3, we get no = 3.

From wt (zgrz) = wit(f) — g — 20z < ag, we get wi(f) < ap+ a1 + 2as < dayg.
Therefore, noag < noag + az = wt(f) < 4dag. We can get ng < 4. Since ng > 3, it is
clear that ng = 3.

Therefore, f is in the form of f = 2323 + 27 22 + 2520 + 25°.

From njoay < wt(f) = niag+as < (n1+1)ay, we can see that oy € {fol), w;(lf)).
From 3y < wt(f) = 3ap + az < 4ap, we can see that oy € mif), wtéf)).

Therefore, ay = wt(fg—ao c (21”15)(1”)7 Mi”).

By 2%(” <ar <o < %(11‘), we obtain nq < %. Since nq > 3, it is clear that
ny =3 orn, =4.
Regardless of difference of constants, we get the equations below.

Joo  for  foz Jfos 2023 0 23 28
Hess (f) = Jrio fu o fiz o fis | _ | # 2% 20

foo  for fao fos * * 2072 0

fs0 fa1 fa2 f33 * * * P

We check the conditions of D(zflfzzg) € (z023,23,23) and DY €

2,2 ni—2
(2023,2’2,20,21 2’2).
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The restriction that D( n1—2 ) = p1 (22,23) (N1 — 2)21"* 329 € (zoz;g,z%,zg) is
equivalent to the restriction that p1(22, z3) can be divided by Z9.

The restriction that D ( " 1) = p1 (22, 23) (n1 — l)z?lf2 € (2023, 22,28, 27 222)
is equivalent to the restriction that pi (22, z3) can be divided by zs.

Note that 23 and 2%~ % are in the ideal generated by elements of Hess (f). There-
fore, if D is nonzero, pi(z2,z3) must be in the form of p;(z2,23) = clez§1 (0<k <
ng — 3). Accordingly, D is in the form of D = 01z2z§1 82 (O <k <ng-—3).

When ny = 3, f is in the form of f = 2323 + 2529 + 2520 + 25°.

From the weight relationship

3o + a3 = wi(f
3 + ay = wi(f
(f
(f

3oy + g = wt

ngag = wt
we obtain
ag = 3(1 — 7o) )wi(f)
o = 717(7— )wt(f)
Qg = %( L ) t(f)
as = Lwt (f)

3

Consider the restriction g > a; > as > a3, we obtain ng > 4. Since D is
negatively weighted, we can see that as + k1as < 1. The necessary and sufficient
condition for such integer k; satisfying 0 < k; < n3z — 3 to exist is as < a1, from
which we get n3 > 4. Therefore, ng > 5.

Note that as + k1ag < a1 is equivalent to kb < %(77/3 —4). Since 2—17(713 —4) <
n3 —4 < ng — 3, we can see ky is qualified if and only if 0 < ky < 717(n3 —4).

Therefore, when ny = 3, there exists negative weight derivation of H; (V) if and
only if nz > 5 In this case, the set of negative weight derivations of Hy (V) is

{D|D = czo2h 6 27 ,
When n; = 4, fisin the form of f = 2823 + zfzg + 2320 + 25°.
From the weight relationship

3ap + az = wi(f)

4oy + ag = wi(f)

3ag + ag = wt(f)
nsas = wit(f)

we obtain

Consider the restriction «; > o, we obtain —n% > 1, which is absurd.

Therefore there does not exist negative weight derivation of H1(V') when ny = 4.

In conclusion, there exists negative weight derivation of H; (V') if and only if f is
in the form of f = 2323 + 2320 + 2520 + 25%(ng > 5) after renumbering the variables
zo0, 21, 22 and z3 so that oy > a3 > as > «3. In this case, the set of negative
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weight derivations of Hy (V) is {D|D = cz92k az ,c#0,0<k <t

renumbering. 0

= L ke Z} after

LEMMA 2.18 (Case (xiv) of Proposition 2.4). Let (V,0) = {(z0, 21, 22,23) €
C*: f(z0, 21,22, 23) = 0} be an isolated singularity defined by f(zo, 21, 22, 23) = 2° 21+
21 2o 4 25223 + 252 of weight type (ap, a1, aa, az;d) where ag > ap > as > a1 and
wt(f) > 3max {ag, a1, a0, a3} = 3ag. Let H1 (V) be the 1-st Hessian algebra. Then
there does not exist negative weight derivation of Hy (V).

Proof. After renumbering to make ag > a1 > as > ag, the form of f changes to
= 20 za+21" 23+ 252+ 25 z9. After renumbering, if there exists some negative weight
derivation D, D must be in the form of D = pg(z1, 22, 23)8%0 + p1 (2, zg)a%l +cz§6%2.

After renumbering, it is clear that ng > 3. From 2o; + o < 3o < wit(f) =
n;oy + o, we get n; > 2 for (4,5) = (1,3) and (3,0). So we have n; > 3 and ng > 3.
From 3ag < wt(f) = neas < naoag, we have ng > 3, which is equivalent to ny > 4.
Regardless of difference of constants, we get the equations below.

2 1 1
foo  for  foz  fos 20" 22 02 2" e L
. % ni ny—
Hess (f) = fio fuo fiz fis | z1 23 n? , z
Jao fa1 fa2 o fos * * 2y 0
fao far fs2 fas * * * 23322
From D( oo 2z2) = po(z1,22,23) (N0 — 2)2{}0732’2 + c2kzpoT 2 =0, we get

Do (21, 22, 23) (no —2)2 + czb 25 = 0. Therefore, ¢ = 0 and py (zl, 29,23) = 0.

Since D(zl1 223) = p1(22,23) (N1 —2) 27" 32 € (2372227280 ! , 2537 1), it is
easy to see py (z2,23) € (z§3 2).

So p1 (22, z3) can be divided by 253~

If py (22, 23) # 0, we have wt ( w3 2) < wt (p1 (22, 23)) . From the weight relation-
ship wt (p1 (22, 23)) < a1 < ap and wt (25°~ 2) = (ng —2)ag = "= 2 (wt(f) — ) =

’ﬂ3—2

2

(npap + g — ) > 3132( 0—1ag > 2"3 2 g, we have 22 - 2ap < ap. There-
fore, ng < 4.

Since ng > 3, we can get ng = 3. In other words, p; (22, 2z3) can be divided by zs.
";—2( = ("07% < ag, we have ng < 4. Note that ng > 3, so
no =3 and f is in the form of f = 2320 + 27" 23+ 252 + 23 20.

From 3ag + as = 3as + g, we get 2ag + ag = 3az. Considering ag > a1 > ag >
ag, we know ap = a1 = g = ag. Since py (22, 23) can be divided by z3, it is clear
that as < wt (p1 (22,23)) < a1 = as. This leads to a contradiction.

Therefore, we get py (22,23) =0 and D = 0.

In conclusion, there does not exist negative weight derivation of H(V) and we
complete the proof. O

Thus from ng — 1)ayg

LEMMA 2.19 (Case (xv) of Proposition 2.4). Let (V,0) = {(z0,21,22,23) €
C*: f(z0,21, 22, 23) = 0} be an isolated singularity defined by f(zo, 21, 22, 23) = 2{° 21+
21 29 4 25223 + 25° of weight type (ap, a1, g, az;d) where as > a1 > ag > az and
wt(f) > 3max {ag, a1, a2, a3} = 3as. Let Hi(V) be the 1-st Hessian algebra. Then
there does not exist negative weight derivation of Hy (V).

Proof. After renumbering to make oy > a1 > as > a3, the form of f changes to
= 25°23+21" 20+ 252 21+25°%. After renumbering, if there exists some negative weight

derivation D, D must be in the form of D = pg(z1, 22, 23)6%0 + p1(2e, 23)8%1 —l—czéfa%z.
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After renumbering, it is clear that ny > 3. From 2a; + o; < 3ag < wit(f) =
nia; + o, we get n; > 2 for (i,7) = (1,0) and (2,1). So we have n; > 3 and ny > 3.
From 3ag < wt(f) = nzasz < nzap, we have ng > 3, which is equivalent to ng > 4.
Regardless of difference of constants, we get the equations below.

—2 —1 no—1
foo  for foz fo3 25° 23 21“2 0 ) 2y°
H | fio fu fiz fiz | _ * 22 29T 0
ess(f) = = ns—2
f20 far fazo fos * * Zo? Tz 0
fao fs1 fa2 f33 * * * 25372

From D (2(° %23) = po (21,22, 23) (no — 2)25° *23 = 0, we get po (21,22, 23) = 0.

From D (zi“_l) =p1 (22,23) (n1 — 1) z;“_z € (280_223), we get p1 (22, 23) = 0.

From D (2527") = 2k (no — 1) 20272 € (20 225,20 71, 20071, 27 7 220), we get
c=0.

So D =0.

In conclusion, there does not exist negative weight derivation of Hi (V') and we
complete the proof. O

LEMMA 2.20 (Case (xvi) of Proposition 2.4). Let (V,0) = {(z0, 21, 22,23) €
C*: f(zo0, 21,22, 23) = 0} be an isolated singularity defined by f(zo, 21, 22, 23) = 24°21+
21 20 4 25223 + 252 of weight type (ap, a1, g, 35 d) where as > a1 > as > ag and
wt(f) > 3max {ag, a1, a2, a3} = 3as. Let H1 (V) be the 1-st Hessian algebra. Then
there does not exist negative weight derivation of Hy (V).

Proof. After renumbering to make ag > a1 > as > ag, the form of f changes to
[ =25 za+21" 20+252+25% 2. After renumbering, if there exists some negative weight
derivation D, D must be in the form of D = pg(z1, 22, 23)8%0 + p1(2e, 23)8%1 —|—cz§8%2.

After renumbering, it is clear that ng > 3. From 2a; + o < 3ag < wt(f) =
n;oy + o, we get n; > 2 for (4,5) = (1,0) and (3,1). So we have n; > 3 and ng > 3.
From 3ag < wt(f) = naas < noag, we have ny > 3, which is equivalent to ny > 4.
Regardless of difference of constants, we get the equations below.

—2 -1 -1
foo for foz fo3 20" Tz 2y 5 zy° 0 .
. * ny— O nsg—
Hess(f) = Jio fu1 fiz fis _ 21 20 2 Z3
fa0 far fa2 o fos * * 23 0
fs0 fa1 fs2 fa3 * < x  2paT2y
no—2 _ no—3 k.no—2 __
From D (zo 22) = po(21,22,23) (no — 2)2(0° "22 + cz52 = 0, we get

po (21, 22, 23) (ng — 2)22 + cz5 29 = 0. Therefore, we have ¢ = 0 and py (21, 29, 23) = 0.
From D (zflfl) =p1 (20,23) (n1 — 1) z{“*Q € (2610722'2), we get py (22, 23) = 0.
Therefore, D = 0.

In conclusion, there does not exist negative weight derivation of H;(V) and we

complete the proof. O

LEMMA 2.21 (Case (xvii) of Proposition 2.4). Let (V,0) = {(z0, 21,22, 23) €
C*: f(z0, 21, 22, 23) = 0} be an isolated singularity defined by f(zo, 21, 22, 23) = 24°21+
21 2o 4 25223 + 25° of weight type (o, a1, g, 35 d) where as > as > ap > a1 and
wt(f) > 3max {ag, a1, a0, a3} = 3as. Let Hi (V) be the 1-st Hessian algebra. Then
there does not exist negative weight derivation of Hy (V).

Proof. After renumbering to make ag > a3 > as > ag, the form of f changes to
f = 2521+ +252 23+25° z9. After renumbering, if there exists some negative weight

derivation D, D must be in the form of D = pg(z1, 22, 33)8%0 + p1(2e, 23)% —|—cz§%.
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After renumbering, it is clear that ng > 3. From 2a; + o < 3ap < wit(f) =
nia; + o, we get n; > 2 for (i,j) = (2,3) and (3,0). So we have ny > 3 and n3 > 3.
From 3ag < wt(f) = n1a; < njag, we have ny; > 3, which is equivalent to ny > 4.
Regardless of difference of constants, we get the equations below.

—2 —1 —1
foo for foz fo3 20° "2 2° , 0 z5®
Jio fir fiz fis * 21 0 0
Hess(f) = = 1 - _
) fao for fa2o fos * * 2T !
30 fs1 fs2 [f33 * * * 253722
From D (280_221) = po (21,22,23) (o — 2)20° %21 + p1 (22,23) 25° > = 0, we

get po (21, 22,23) (ng — 2)z1 + p1(22,23) 20 = 0. Therefore, p; (22,23) = 0 and
Po (Zl, Z92, 23) =0.

From D (2527223) = czéf“ (ng —2)2527% ¢ (zgoﬁzl,zgofl,zgrl,z?lﬁ), we
get ezt (g —2) 2527% € (2507h).

If ¢ £ 0, we have k > n3 — 2 and wt (z§) > wt (zg3_2) . However, we can also see
wt (zé“) < ag < ag and wt (z§L3_2) = wit(f) — ap — 2a3 = noay + 1 — g — 2a3 >
200 — a3 > . Contradiction.

So we get ¢ =0 and D = 0.

In conclusion, there does not exist negative weight derivation of Hy (V) and we
complete the proof. O

LEMMA 2.22 (Case (xviil) of Proposition 2.4). Let (V,0) = {(z0, 21, 22,23) €
C*: f(z0,21, 22, 23) = 0} be an isolated singularity defined by f(zo, 21, 22, 23) = 2{° 21+
21 20 4 25223 + 25° of weight type (ap, a1, aa, az;d) where as > as > a1 > ag and
wt(f) > 3max {ag, a1, a2, a3} = 3as. Let Hi(V) be the 1-st Hessian algebra. Then
there does not exist negative weight derivation of Hy (V).

Proof. After renumbering to make ag > a1 > ag > ag, the form of f changes to
| =202+ 252 20+ 257 z2. After renumbering, if there exists some negative weight
derivation D, D must be in the form of D = pg(z1, 22, 23)6%0 +p1 (22, 23)6%1 +cz§8%2.

After renumbering, it is clear that ng > 3. From 2«o; + o < 3ap < wit(f) =
n;oy + aj, we get n; > 2 for (4,5) = (2,0) and (3,2). So we have np > 3 and ng > 3.
From 3o < wt(f) = n1a; < njag, we have ny; > 3, which is equivalent to ny > 4.
Regardless of difference of constants, we get the equations below.

foo  for foz fo3 2807221 Zgoil Z;Lrl 0
Hess(f) = fo fu Sz S = ¥ 2?1_2 92 9_1

foo for fa2 fo3 * * 232 "zp  23°

fao fa1 fa2 fa3 * * * ZELS_QZQ

From D (280_221) = po (21, 22, 23) (no — 2)26“’_321 + p1 (22, 23) 280_2 =0, we get

po (21, 22, 23) (no — 2)z1 + p1 (22, 23) 20 = 0. Therefore, we obtain p; (z2,23) = 0 and
po (21, 22, 23) = 0.

From D (227') = ezb(no—1)2327% € (20° 221, 20°7 20" 72), we get
cz¥ (ng — 1) 25272 = 0. Therefore, we obtain ¢ = 0 and D = 0.

In conclusion, there does not exist negative weight derivation of Hi (V') and we
complete the proof. O

LEMMA 2.23 (Case (xix) of Proposition 2.4). Let (V,0) = {(z0, 21, 22, 23) €
C*: f(z0, 21,22, 23) = 0} be an isolated singularity defined by f(zo, 21, 22, 23) = 20° 21+
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21 20 4 25223 + 25° of weight type (o, a1, g, 35 d) where ag > g > a1 > ag and
wt(f) > 3max {ag, a1, a0, a3} = 3as. Let Hi (V) be the 1-st Hessian algebra. Then
there does not exist negative weight derivation of Hy (V).

Proof. After renumbering to make ag > a1 > as > ag, the form of f changes to
f =25 +21" 204252 23+25° z9. After renumbering, if there exists some negative weight
derivation D, D must be in the form of D = pg(z1, 22, 33)8%0 + p1(2e, 23)6%1 —|—cz§6%2.

After renumbering, it is clear that ng > 4. Therefore, we have wt (f) = noagy >
dag. From 3o, +a; < 4oy < wi(f) = n0q + o, we get n; > 3 for (4,7) = (1,2),(2,3)
and (3,0). So we have ny; > 3, no > 3 and n3 > 3. Regardless of difference of constants,
we get the equations below.

foo for foz fos3 202 0 0 Z3s1
Hess(f) — fio fu Sz fis | ) Z{“_;l 0_1
f20 far fa2 o fos * * 252 %23 2y?
fso f31 fs2 fas * * * 233722
From D (23072) = po (21, 22, 23) (no — 2)20° > = 0, we get po (21, 22, 23) = 0.
From D (21“72,22) =p1 (22,23) (1 — 2) 27 B2y + k22 e (zg°72, zgrl), we

n1—3 k. n1—2 ny—1

get p1 (22,23) (n1 —2) 2" 22 + cz52y € (")
From wt (25°7") = wt(f)—an—a3 > 3ap—as > 200 > ap and wt (25) < as < ao,

we can know that 2§27 "% cannot be divided by 25*~".
If ¢ # 0, since cz§ 27" =2 cannot be divided by 23, cz5 27" =2 cannot be eliminated by

p1 (22, 23) (N1 — 2) 21" 25, which implies that py (2o, 23) (n1 — 2) 21" 229 + c2521 2

cannot be divided by 23!, Contradiction.

Therefore, we obtain ¢ = 0. It follows that py (22, 23) € (zgrl). If py1 (22,23) #
0, we have wt (p1 (22,23)) > wt (zgrl) . Note that wt (p1 (22,23)) < a1 < ap <
wt (25*~"), which leads to a contradiction. Therefore, it is clear that py (22, 23) = 0
and D = 0.

In conclusion, there does not exist negative weight derivation of H;(V) and we
complete the proof. O

LEMMA 2.24 (Case (xx) of Proposition 2.4). Let (V,0) = {(z0,21,22,23) €
C*: f(z0,21, 22, 23) = 0} be an isolated singularity defined by f(zo, 21, 22, 23) = 24° 21+
21 2o + 25223 + 25° of weight type (aw,aq, g, as;d) where az > ag > ay > ay and
wt(f) > 3max {ag, a1, a0, a3} = 3as. Let Hi (V) be the 1-st Hessian algebra. Then
there does not exist negative weight derivation of Hy (V).

Proof. After renumbering to make ag > a3 > as > ag, the form of f changes to
f =25 +21" 234252 20+25° z2. After renumbering, if there exists some negative weight
derivation D, D must be in the form of D = pg(z1, 22, 23)8%0 + p1(2e, 23)8%1 +cz§8%2.

After renumbering, it is clear that ng > 4. Therefore, we have wt (f) = noag >
dayg. From 3a; + o < dag < wt(f) = nsa; + o, we get n; > 3 for (i,7) = (1,3),(2,0)
and (3,2). So we have n1 > 3,ns > 3 and ng > 3. Regardless of difference of constants,
we get the equations below.

-2 1

Joo  for foz fos 2g° 02 0 0 1

Hess(f) = fio fu fiz fis _ * 2 2 0 -
f20 far fa2o fos % “ e

fao fa1 fa2 fs3 * * * P
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From D( o 2) = po (21,22, 23) (no — 2)2,°" 3 =0, we get po (21,29,23) = 0.

From D( me 23) = pi(z2,23) (n1 —2) 20" 32 € (zgo 2 252 1), we get
P1 (Zg,Zg) (TL1 — 2) me 323 S ( 52 1).

So p1 (22, 23) can be divided by 25271 If py (20, 23) # 0, we get wt (p; (22, 23)) >
wt( a2 1) since wt( a2 1) = wt(f) —ap — as > 3ap — as > 2a9 > «ap and
wt (p1 (22,23)) < a1 < g, we get wt (py (22,23)) < wt( 52T 1) This leads to a
contradiction. Thus we obtain py (22, 23) = 0.

From D (25*7') = ch(na—1)22"7 € (0°7% 2 P2), we get
c2¥ (ng — 1) 25%~ e = 0. Therefore, it is obv1ous that ¢ =0 and D = 0.

In conclus1on, there does not exist negative weight derivation of H; (V) and we
complete the proof. O

LEMMA 2.25 (Case (xxi) of Proposition 2.4). Let (V,0) = {(z0, 21, 22,23) €
C*: f(z0, 21,22, 23) = 0} be an isolated singularity defined by f(zo, 21, 22, 23) = 20° 21+
21 2o 4 25223 + 252 of weight type (ap, a1, iz, az;d) where az > a1 > ag > ag and
wt(f) > 3max {ag, 01, a9, a3} = 3as. Let H1 (V) be the 1-st Hessian algebra. Then
there does not exist negative weight derivation of Hy(V).

Proof. After renumbering to make ag > a1 > ag > ag, the form of f changes to
| =20 +21" 23+ 252 21+ 25 z9. After renumbering, if there exists some negative weight
derivation D, D must be in the form of D = pg(z1, 2, 23)6%0 +p1 (22, 23)6%1 +cz§8%2.

After renumbering, it is clear that ng > 4. Therefore, we have wt (f) = noag >
dag. From 3o + o < 4oy < wit(f) = njo; + ¢y, we get ny > 3 for (4,7) = (1,3),(2,1)
and (3,0). So ny > 3,n2 > 3 and ng > 3. Regardless of difference of constants, we get

the equations below.

foo for  foz fos 20" ° 0 0 Zz?gil
Hess (f) — fio fu iz fis | * 222 zSi;l 2t

oo far faz fos * * 252 "2 0

fao far fs2 f33 * * * z§3_220

From D (z(°~ 2) = po (21, 22, 23) (no — 2)20° "% = 0, we get po (21, 22, 23) = 0.
no— 2 ns— 1

From D( me 23) = p1(z2,23) (N1 —2) 21"~ 323 € (Zo ) %5 ), we get
P1 (2’2,23) (’I’L1 — 2) me Z3 S ( ngil).

So py (29, 23) can be divided by 23372, If py (22, 23) # 0, we get wt (p1 (22, 23)) >
wt( 23T 2). Since wt( 237 2) = wt(f) — g — 203 > 300 — 2a3 > g and
wt (p1 (22,23)) < a1 < o, we get wt (py (22,23)) < wt (252 2). This leads to a
contradiction. Thus p; (22, 23) = 0.

Therefore, D is in the form of D = czk-2

3 0zo
From D( ng— 1) — C(ng—l) 232,;12 2 c (2610 2 Zgb3 1 ZIH 223) we get
= (zg?’ V). If ¢ # 0, we can get wt (2§) > wt (25°7"). From wt (25°7") =

wt (f) — agp — a3 and wt (zé“) < g, we can get as > wt (f) — g — a3. Therefore,

wt (f) < ap+ as + as < 3ap, which is in contradiction with wt (f) > 4ap. Therefore,
c=0and D =0.

In conclusion, there does not exist negative weight derivation of H;(V) and we
complete the proof. O

LEMMA 2.26 (Case (xxii) of Proposition 2.4). Let (V,0) = {(z0, 21,22, 23) €
C*: f(z0,21, 22, 23) = 0} be an isolated singularity defined by f(zo, 21, 22, 23) = 2{° 21+
21 20 4+ 25223 + 257 of weight type (ap, a1, az, az;d) where ag > a1 > as > ag and
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wt(f) > 3max {ag, a1, a9, a3} = 3as. Let Hi (V) be the 1-st Hessian algebra. Then
there does not exist negative weight derivation of Hy (V).

Proof. After renumbering to make ag > a1 > as > ag, the form of f changes to
[ =25 +21" za+252 20+ 25 % z1. After renumbering, if there exists some negative weight
derivation D, D must be in the form of D = pg(z1, 22, 23)6%, + 1 (22, zg)a%l —|—cz§8%2.

After renumbering, it is clear that ng > 4. Therefore, we have wt (f) = noag >
dag. From 3a; + o < dag < wt(f) = njo; + o, we get n; > 3 for (i,7) = (1,2),(2,0)
and (3,1). So we have n1 > 3,ns > 3 and ng > 3. Regardless of difference of constants,
we get the equations below.

—2 -1
Joo  for  foz  Jfos i 02 2y ) 0 )
Hess(f) = fio fu fi2 o fis | * 2 Z{”; 23"
fa0 far fa2 fos * * 252 %2 0
fao fa1 fs2 fas * * * 2572
From D (2(°7?) = po (21, 22, 23) (ng — 2)24° % = 0, we get po (21, 22, 23) = 0.
rom 252 ) =cz5 (ng — 1) 257 7 € (20 7, 27" “22), we get ¢ = 0.
From D (:°71) = c2f (na — 1) 232 € (02, 27 te=0
From D (2?17222) = p1(22,23) (n1 —2) 2?1732,2 S (28072, z;”*l), we get
ny

1 o) (1~ 2) oz € (52 )

So p1(22,23) 22 can be divided by 23271. If p1(22,23) # 0, we get
wt (p1 (22, 23) 22) > wt (zgz_l). Since wt (232_1) =wt(f)—ap—ag > 3ag—as > 29
and wt (p1 (22, 23) 22) < a1 + az < 2ag, we get wt (p1 (22, 23) 22) < wt (232_1) . Con-
tradiction. Thus p; (22,23) =0 and D = 0.

In conclusion, there does not exist negative weight derivation of H;(V) and we

complete the proof. O

LEMMA 2.27 (Case (xxiii) of Proposition 2.4). Let (V,0) = {(z0, 21, 22,23) €
C*: f(z0, 21, 22, 23) = 0} be an isolated singularity defined by f(zo, 21, 22, 23) = 24°21+
21 2o 4 25223 + 25° of weight type (o, a1, g, i35 d) where ag > s > ap > a1 and
wt(f) > 3max {ag, a1, a0, a3} = 3as. Let Hi (V) be the 1-st Hessian algebra. Then
there does not exist negative weight derivation of Hy (V).

Proof. After renumbering to make ag > a1 > as > a3, the form of f changes to
[ =25 +21" 20252 23+25°% z1. After renumbering, if there exists some negative weight
derivation D, D must be in the form of D = pg(z1, 22, 23)6%0 + p1(2e, 23)8%1 —i—cz?’f%.
After renumbering, it is clear that ng > 4. Therefore, we have wt (f) = noag >
dag. From 3o, + o < dag < wt(f) = nyo; + ¢, we get n; > 3 for (i,7) = (1,0),(2,3)
and (3,1). So we have n1 > 3,ns > 3 and ng > 3. Regardless of difference of constants,

we get the equations below.

—2 “1

foo for foz fos 24° 21 , 0 0 1

H _ | fio fu fiz fis | _ * 21 2 0 238~
ess (f) = f20 far for fas | * * 252720 22!
fs0 fa1 fa2 f33 * * % 2372

From D (ZSLO_Q) = po (21, 22, 23) (ng — 2)230_3 =0, we get po (21, 22,23) = 0.

From D (z{“fl) =p1(20,23) (m — 1) 2% € (26“’72), we get p1 (22,23) = 0.
From D (232 %z3) = ezb (no —2) 252 %25 € (20072, 20 71 20 220,257 1), we

get czb (ng —2) 202 323 € (z?371).
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If ¢ # 0, we have k > n3 —2 and wt (23) + a3 > wt ( a3 1) However, we can also
get wt (z3)+a3 < as+az < 200 and wt ( 23T 1) = wt(f)—a;—ag > dag—2a9 = 2ay.
This leads to a contradiction.

Thus we have ¢ =0 and D = 0.

In conclusion, there does not exist negative weight derivation of H; (V') and we
complete the proof. O

LEMMA 2.28 (Case (xxiv) of Proposition 2.4). Let (V,0) = {(zo, 21, 22,23) €
C*: f(z0,21, 22, 23) = 0} be an isolated singularity defined by f(zo, 21, 22, 23) = 2{° 21+
21 20 4 25223 + 257 of weight type (ap, a1, aa, az;d) where ag > as > a1 > ag and
wt(f) > 3max {ag, a1, 02,3} = 3as. Let Hi (V) be the 1-st Hessian algebra. Then
there does not exist negative weight derivation of Hy (V).

Proof. After renumbering to make oy > a1 > as > a3, the form of f changes to
| =20 +21" 20+ 252 21+ 25°% zo. After renumbering, if there ex1sts some negatlve Welght
derivation D, D must be in the form of D = pg(z1, 22, Zg) Do +p1(22, Z3) 5., TC%3 8’22

After renumbering, it is clear that ng > 4. Therefore, we have wt (f) = noag >
dag. From 3o+ o < 4oy < wit(f) = njo; + vy, we get n; > 3 for (¢,5) = (1,0),(2,1)
and (3,2). So we have ny > 3,n9 > 3 and n3 > 3. Regardless of difference of constants,
we get the equations below.

Joo for  foz fo3 AR 0 0
Hess (f) = fio fuo fiz fis | * 21722 Zgij 9_1
f20 far fa2o fas * * 2270 2
fso far fs2 fas * * * 233722
From D( 0 2) 21,22,23) (no —2)z0°" 3 =0, we get po (21,22, 23) = 0.
From D (21*7") = p1 (20, 23) (n1 — 1) 21"~ ke € (20°7?), we get p1 (22, 23) = 0.
From D (23> 1) = cz§( ng — 1) 23 = € (200722 P2), we get

czk (ng — 1) 25272 = 0. Therefore, we have c=0and D=0.
In COHClubIOH, there does not exist negative weight derivation of H; (V') and we
complete the proof. O

For f(zo,21,22,23) = 20°21 + 2{'22 + 23°23 + 23°, discussions when

2mazx {ag, a1, az, a3} < wt(f) < 3maz {ap, a1, @z, a3} are summarized in Propo-
sition 2.29.

PROPOSITION 2.29 (Case (ii) of Proposition 2.3). Let (V,0) = {(z0, 21, 22, 23) €
C*: f(z0,21, 22, 23) = 0} be an isolated singularity defined by f(zo, 21, 22, 23) = 2{° 21+
21 29 + 25225 + 25° of weight type (ap, a1, ag, as;d) where 2maz {ag, a1, a2, a3} <
wt(f) < 3max{ag, a1, 00,03} Let Hi (V) be the 1-st Hessian algebra. There exists
negative weight derivation of Hy (V) if and only if f is in one of the following forms
after renumbering the variables zgy, z1, zo and z3 so that ag > a1 > ag > ag (we
combine the cases that can be transformed into each other by simply renumbering the
variables, which is caused by the equal weights of asymmetrical variables ):

(i) f =23+ 2320+ 2520 + 25%21 (n3 > 21) . In this case, the set of negative weight

derivations of Hy (V') is {D|D = CZ?ZLISC%’C #0,1<k< g, ke Z}

(ii) f = 28 +2320+ 2323+ 2321. In this case, the set of negative weight derivations
of Hy (V) is {D\D = 0238%2,0 # O},

(iid) f = 2323+ 2320 + 2520 + 25 (n3 > 5). In this case, the set of negative weight
derivations of Hy (V') is {D|D = czga%l, c# 0};
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(iv) f = 2823+ 2320+ 2520 + 25 (ng > 8). In this case, the set of negative weight
derivations of Hy (V') is {D|D = 0236%1, c# 0};

(v) f = 2823+ 2t22 + 2520 + 253 (ng > 6). In this case, the set of negative weight
derivations of Hy (V') is {D|D = czza%l, c# 0};

(vi) f = 2822+ 2323+ 25 +23520. In this case, the set of negative weight derivations
of H (V) is {D|D = 0238%1,(: + O}.

Proof. We renumber the variables zg, z1, z2 and z3 to satisfy the weight relation-
ship ag > a; > as > ag. After renumbering, there are 2 cases:

() f==+..;

(i) f=222i+....

They correspond to Proposition 2.31 and Proposition 2.38 respectively. 0

LEMMA 2.30. Let (V,0) = {(20,21,22,23) € C*: f(20,21,22,23) = 0} be an
isolated singularity defined by f(zo, 21,22, 23) = 2(°21 + 21" 22 + 252 23 + 25° of weight
type (ap, a1, e, as; d) where 2max {ag, a1, ag, az} < wt(f) < 3maz {ag, a1, a2, as}.
Let H1 (V') be the 1-st Hessian algebra. We renumber the variables zo, z1, zo and z3
to satisfy the weight relationship ag > oy > ag > ag. If we get f = 23 + ... after
renumbering, whenever there exists any negative weight derivation D of Hy (V'), D
must be in the form of D = py (22, 23) 8%1 + c2b el

z2

Proof. Regardless of difference of constants, fog = 2z9. So D = py (22, 23) 6%1 +
czb 8%2. 0

In Proposition 2.31, we will discuss one case of Proposition 2.29. That is, for
f(z0,21, 22, 23) = 25°21 + 21" 22 + 252 23 + z5° satisfying 2a9 < wt(f) < 3ag, f takes
the form of f = 222; +--- after we renumber the variables zg, 21, z2 and z3 to satisfy
the weight relationship ag > a1 > as > as.

PROPOSITION 2.31 (Case (i) of Proposition 2.29). Let (V,0) = {(zo, 21, 22, 23) €
C*: f(z0,21, 22, 23) = 0} be an isolated singularity defined by f(zo, 21, 22, 23) = 2% 21+
21 2o 4 25723 + 23° of weight type (ap, a1, g, a3;d). Let H1 (V') be the 1-st Hessian
algebra. We renumber the variables zy, 21, z2 and zs to satisfy the weight relationship
Qg > a1 > ag > ag. If we get f = z3 + ... after renumbering, there exists negative
weight derivation if and only if f is in one of the two forms after renumbering:

(i) f =23+ 2320+ 2520 + 25221 (n3 > 21) . In this case, the set of negative weight

derivations of Hy (V') is {D|D = czzzé’“a%lm #0,1<k< g, ke Z};

(ii) f = 23+ 2320+ 2323+ 2321. In this case, the set of negative weight derivations
of Hi (V) is {D|D = czg(%?,c + O}.

Proof. There are 6 cases of f after renumbering:
() f =28+ 2120 + 25225 + 252 2¢;
(i) f =20 + 27023 + 25220 + 23° 22;
(iii) f = 28 + 27" 23 + 25221 + 252 20;

(iv) f =28 + 2020 + 20220 + 283215

(V) f =23+ 27" 20 + 25%23 + 253215

(Vi) f =28 + 2120 + 25221 + 252 20.

The calculation requires much effort. One can refer to the lemmas below ( from
Lemma 2.32 to Lemma 2.37 ) for further details. O
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LEMMA 2.32 (Case (i) of Proposition 2.31). Let (V,0) = {(z0,21,22,23) €
C*: f(z0,21,22,23) = 0} be an isolated singularity defined by f(zo,z21,22,23) =
28+ 2 20 + 252 23 + 25° 20 of weight type (ap, a1, o, ag;d) where ag > i > g > ag
. Let H (V) be the 1-st Hessian algebra. Then there does not exist negative weight
derivation of Hy (V).

Proof. By Lemma 2.30, whenever there exists any negative weight derivation D
of Hy (V), D must be in the form of D = p; (22, 23) 8%1 + czé“a%z after renumbering
the variables.

From 2a; + o < 3ag = wit(f) = njoy; + o for (4,7) = (1,2),(2,3) and (3,0), we
get ny > 2,n9 > 2 and n3 > 2. Regardless of difference of constants and monomials
in the ideal generated by elements of Hess(f), we get the equations below.

foo  for foz  Jfos 2o 0 0 X P

fio fuu fiz fis * 2Ty 2T 0

Hess = = 1 _ o
() f20 far fazo fos * * 2522 2!

fs0 fa1 fa2 f33 * * * 0

If ny = 2, the equations become

foo for  foz fos z 0 0 257t
fio fur fiz fi3 ¥ 2y 21 0
H p— =
ess(f) foo for fa2 fos * % 0 0
fao fa1 fa2 fs3 x % % 0

Then the nonzero elements of Hy (V) do not contain z; or z. Since D =
p1 (22, 23) 8%1 + czéf%, we have D = 0.

If ny > 2, we have the following discussions.

It is obvious that D (z9) = 0. From D (zi“_ng) = (n1 —2) p1 (22, 23) 21“_322 +
czé“z?rQ S (zo7z§371), we get (nq — 2) p1 (22, 23) z?rgzg + czéfz{”f2 € (zgrl).

We claim that both pi (z,23) and cz5 can be divided by zggfl. In fact,
if p1(22,23) cannot be divided by z§*~! there exists some monomial with re-
spect to zp, 21, 22 and z3 in (ny — 2)p1 (22, 23) zfl_?’zQ that cannot be divided

by 235!, It cannot be eliminated by cz§2"""2. If cz§ cannot be divided
by z§3_1, czé“z?l_z cannot be eliminated by any monomial with respect to =z,

z1, z2 and z3 in (ny —2)p; (zQ,zg)z?rgzg. Both cases are in contradiction to

(n1 — 2) p1 (22, 23) 2?173Z2 + czf)fz?l*z IS (zg?’*l).

If p1(22,23) # 0, we get wt (p1 (22,23)) > wt (zgmfl). Since wt (zg‘?’*l) =
wt(f) —ag — az = 2a9 — ag > ap and wt (p1 (22,23)) < a1 < «p, it is clear that
wt (p1 (22, 23)) < wt (zg'“”_l). This leads to a contradiction. Thus p; (22, z3) = 0.

If ¢ # 0, we get wt (2§) > wt (25°7") . From wt (25°") = wt(f) — ap — ag =
2000 — a3 > o and wt (z§) < ag < ag, we get wt (zéf) < wt (z§371). This leads to a
contradiction. Thus we get ¢ = 0. Therefore, D = 0 and we get a contradiction from
our discussions.

Therefore, there does not exist negative weight derivation of H; (V). O

LEMMA 2.33 (Case (ii) of Proposition 2.31). Let (V,0) = {(z0,21,%22,23) €
C*: f(20,21,22,23) = 0} be an isolated singularity defined by f(z0,21, 22, 23) = 25 +
2 zg + 25220 + 2529 of weight type (o, o1, o, ag;d) where ag > aq > e > as.
Let H{ (V) be the 1-st Hessian algebra. Then there does not exist negative weight
derivation of Hy (V).
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Proof. By Lemma 2.30, whenever there exists any negative weight derivation D
of Hy (V), D must be in the form of D = py (22, 23) 0%1 + czg)fa%Q after renumbering
the variables.

From 2a; + o < 3ap = wit(f) = nio; + o for (4,75) = (1,3),(2,0) and (3,2), we
get ny > 2,n9 > 2 and n3 > 2. Regardless of difference of constants and monomials
in the ideal generated by elements of Hess(f), we get the equations below.

foo for fo2 fos 20 0 2y 0
Hess (f) — Jioo fu o Siz fis | | % 22 0 Z{”j

Jao  for fa2o fes * * 0 z3°

fao fa1 fa2 fs3 * * * Zgl37222

If ny = 2, we get the relation 2a1 + as = 3ag. Considering ag > a1 > as > as,
we have ag = a1 = as = ag and ny = 2,19 = 2,n3 = 2. Thus the equations become

foo for foz fos 20 0 20 0

| fio fur o fiz fis | | o x oz 00z
Hess(f) = oo for fa2 fas | | x x 0 O
fao fa1 fs2 f33 x x % 0

Then the nonzero elements of Hessian algebra do not contain z1, zo or z3. From D =
p1 (22, 23) 8%1 + cz:’;alzg, we get D = 0.
If ny > 2, we have the following discussions.

Firstly, D(20) = 0 is obvious. From D (z5*7') = c2f(no—1)257 €
(zo,z?l_Zz;),), we get ¢ = 0. From D(z?1_223) = (n1 —2)p1 (22, 23) 2?1—323 €

(zo,zgrl), we get (ny — 2) p1 (20, 23) 2" P23 € (z;”*l).
So pi (22, 23) is divided by 252!

If p1 (22, 23) # 0, we get wt (p1 (22, 23)) > wit (2527") . Since wt (2527") = wt(f)—
apg— o = 209 — g > ap and wt (p1 (22,23)) < a1 < ap, we get wt (p1 (22,23)) <
wt (23>~ "). This leads to a contradiction. Thus we get p1 (z2,23) = 0 and D = 0.

Therefore, there does not exist negative weight derivation of Hy (V). O

LEMMA 2.34 (Case (iii) of Proposition 2.31). Let (V,0) = {(z0, 21, 22,23) €
C*: f(z0,21,22,23) = 0} be an isolated singularity defined by f(z9,21, 22,23) = 25 +
21 zs + 20721 + 23°20 of weight type (avo, o1, a2, az;d) where oy > aq > ag > ag
. Let H{ (V) be the 1-st Hessian algebra. Then there does not exist negative weight
derivations of Hy (V).

Proof. By Lemma 2.30, whenever there exists any negative weight derivation D
of Hy (V), D must be in the form of D = py (22, 23) 8%1 + czéfa%z after renumbering
the variables.

From 2a; + o < 30 = wt(f) = njoy; + o for (4,75) = (1,3),(2,1) and (3,0), we
get ny > 2,n9 > 2 and n3 > 2. Regardless of difference of constants and monomials
in the ideal generated by elements of Hess(f), we get the equations below.

1
foo for foz fo3 20 02 0 ) 253 )

Hess (f) — Jio fu o fiz fis | | x4 Tz 232; 247
fa0 far fa2 fos * * 2z 0
fs0 fa1 fs2 fa3 * * * 0
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If ny = 2, we get the relation 2a; + a3 = 3ag. Since ag > a1 > as > a3, we have
ap = a1 = ag = ag, np = 2,n9 = 2 and n3 = 2. The equations become

foo  for foz fo3 2 0 0 0

. | fio fu fiz fizs | | x oz oz oz
Hess(f) = fao for faz o fos | * x 0 0
fao fa1 fa2 fa3 x % % 0

Then the nonzero elements of Hy (V) do not contain z;,zs or z3. Since D =
p1 (22, 23) 22 3o+ czb az , we have D = 0.

If ng = 2, we get 2@3 + ap = 3ayg. Since ag > a1 > ag > a3, we have ag = ap =
as = ag, n1 = 2,n9 = 2 and ng = 2. The equations become

foo for fo2  Jfos zo 0 0 0
fio fir fiz fi3 23 22 oz

H = —
ess(/f) foo for fa2 fo3 x x 0 0
fao fa1 fa2  fa3 ¥ x x 0

Then the nonzero elements of Hessian algebra do not contain z7, 2z or z3. Since
D = p; (22, 23) 8%1 + cz:’;%, so we have D = 0.

If ny > 2 and ng > 2, we can deduct ag > 3. In fact, when oy = a3, we get
ap = a1 = ag = az. We can get n; = 2 and ng = 2, which leads to a contradiction.

In this case, if ny = 2, we get 2as + a1 = 3ag. Considering ag > a1 > as > ag,
we have ap = a3 = as > a3. The equations become

foo  for foz  fos 2 0 0 zp!
fio fuu fiz fi3 x 0 2 0
H = =
ess(/) foo for fa2 fa3 x ok o2 0
fao fa1 fa2 fa3 x % % 0

Then the nonzero elements of Hi (V) do not contain z; or zy. Since D =
p1 (22, 23) -+ c2b 32 , we have D = 0.

Thus We only need to consider the case when ny > 2,ny > 2 and ng > 2. It
follows that ap > ao since we can get no = 2 when ag = as. From D( me= 223) =

1 (22,23) (nq —2) 21" 325 € (zo,zg 71), we get py (22,23) € (z;f? 2) So py (22, 23)
is divided by 2537 2. From D (2327") = czb (n 2—1) n2=2 ¢ (20, 25° 71, 21 22),
we get czb (ny — 1) 25272 € (252~ 1). If ¢ # 0,25 is divided by 25*"! and we get
wt (23) > wt( w3 1) Since wt( w3 1) =wt(f)—ap—az = 2ap—ag > 29—y > ap
and wt (25) < az < ag, we get wt (25) < wt (252~ 1) . This leads to a contradiction.
Thus ¢ = 0.

We consider D(zi”_l) = p1 (22,23) (n1 — 1) m=2 ¢ (zo,z33 ! 21T 22, 2527 L
252" 2,21). Since p; (22, z3) is divided by z5°7 =, we get that py (22, 23) is divided by
z3.

So it is obvious that py (22,23) (n1 — 1) 272 € (21" %23).

no—2 2 ng—1 _ni—2 ne—1 _ni—1
From D (2527 21) = p1 (22, 23) 25° % € (20,233 c T g, 2027 2T, we get

p1 (22, 23) 2577 26('2;3 ).
If p1 (22, 23) # 0, since wt( s 1) =wt(f) — g — a3 =200 — a3z > 200 — ag >

ag > ap > wt(py (22,23)), we have p; (22,23),2;272 cannot be divided by z3°~ L

So p1 (29, 23) 23272 is divided by 23271, p1 (22, 23) is divided by 25 and p; (22,2'3) is
divided by 292532
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On the one hand, we have wt (p; (22,23)) > wt (2225°~2). On the other hand, we
have wt (2222?372) =as+ (n3—2)ag > (ng—1)az = wt( w3 1) > wt (p1 (22, 23)).
This leads to a contradiction. It follows that py (22,23) =0 and D=0.

Therefore, there does not exist negative weight derivations of Hy (V). O

LEMMA 2.35 (Case (iv) of Proposition 2.31). Let (V,0) = {(20, 21, 22, 23) €
C*: f(z0,21,22,23) = 0} be an isolated singularity defined by f(zo,z21,22,23) =
28+ 21 20 + 25220 + 25221 of weight type (o, o1, v, az;d) where g > g > ag >
ag . Let Hi(V) be the 1-st Hessian algebra. Then there exists negative weight
derivation of Hy (V) if and only if f is in the form of f = 23 + 2320 + 2520 +
25221 (ng > 21). In this case, the set of negative weight derivations of Hy (V') is

{D|D :0222173“8%1,07& 0,1<k< g ke Z}

Proof. By Lemma 2.30, whenever there exists any negative weight derivation D
of Hy (V), D must be in the form of D = p; (29, 23) 2 3. T 023— after renumbering
the variables.

From 2a; + a; < 3ag = wit(f) = nsoy + o, for (4,7) = (1,2),(2,0) and (3,1), we
get ny > 2,n9 > 2 and n3 > 2. Regardless of difference of constants and monomials
in the ideal generated by elements of Hess(f), we get the equations below.

foo for foz fo3 20 0 zy! 0
Hess(f) = fio i fiz fis | | x24T 229 2Tt gpeTt

Joo for fa2 o fos * * 0 0

f30 fa1 fs2 fa3 * * ST

If ny = 2, we get 2a1 + as = 3. Since ag > a1 > as > a3, we have ag =
a1 = az > ag and no = 2. Thus both z; and z5 are in the ideal of ideal generated by
elements of Hess (f). Then the nonzcro clcmcnts of Hessian algebra do not contain
z1 Or zo. Since D = py (22, 23) 3o T czb az , we have D = 0.

If ny > 2, from 3as < 207 + a2 < nja; + ay = wt(f) = 3ag, we have
agp > az > as. Thus from 20; + a; < 3o = wt(f) = nia; + o, we get
n; > 2 for (i,7) = (1,2),(2,0) and (3,1). So we have ny > 2,ny > 2 and
ng > 2. From D (z5°7") = ¢z (no — 1) 23 na=2 € (20,27 %22), we get ¢ = 0. Thus

D = py(29,23) 321. By the relation D( me 222) = (n1 —2)p1 (22,23) 2?1_322 €
(zo,zgz 1), we obtain (n1 — 2) p1 (22, 23) 27" B € ( e 1) So p1 (29, 23) is divided
by 25272,

D(,z’f1 ') should satisfy D (7*7") = p (22,23)(71171) 2 e (20,2577,

ny—2

21 zz) Since pp (22, 23) is divided by z”"‘ , p1(22,23) is dlvided by z3. By
the relation D (27" ™") = p1 (20, 23) (m — 1) 27 7% € (21" *22), it is obvious that
D (z{“ 1) p1(22,23) (N1 — 1)21" 2 ¢ (zo,z22 ! 21“_222) holds.

D(zga 22'1) should satisfy D(zg3 2z1) = p (zg,z;;)zgrz S (Zo,Z;LQ L
21 P2, 20 T 2807, from which we obtain py (22,23) 25° 77 € (25271 2327 If

p1 (22,23) #0, Wehavewt( N2 1):wt(f)fagfagfi’;aofaofag>a0>a1>

2= s a factor of py (22,23), we have wt (252~ 1) <

no—1

wt (p1 (22, 23)) . However, if 252
wt (p1 (22, 23)). This leads to a contradiction. Therefore, z)

p1 (22, z3) and it follows that pq (22, z3) 25°~ 2 e (zgs 1).

is not a factor of

In summary, nonzero py (22, z3) exists only if p; (22, 23) is divided by 252~ 2.
Y p » %3 Yy p y #3 Y 3
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Solving the equations

3ap = nsais + ag
3ap = njay +ag

we get
_ 1 _ 2
al—nl (3 nQ)Oéo )
Qg = TTOéQ

By (n2 —2)az < (n2 —2) az + az < wt (p1 (22, 23)) < a1, we have (ny —2) n%ao <
n% (3 — n%) ap. So np < 2%"27_2) Note that nq > 3, we have =22=2_ >~ 3 which

2(712—2)
means ng < 1— Note that ny > 2 we have nys = 3. So n1 < 23(’22*2) = Z. Note that
ny > 2 we have ny = 3. So we get f = 23 + 232 + 2520 + z5° 21, a1 = gao and

gy = %ao The constraint (ne —2) s + az < aj is equal to ag < 040 It follows

that a3 < as. From 3oy = nzas + a1, we have az = 9n agp. So ns > 20, which is

equivalent to n3 > 21. The necessary and sufficient condition for wt (z2 23) < o

and a3 < as < oy < g is that f is in the form of f = 23 +2720+2320+25° 21 (ng > 21).
In this case, the equations become

foo for foz Jfo3 zo O Z% 0 .
fio fuu fiz fi3 * zzo oz 2300
Hess = =
(/) foo for fa2 fo3 * * 0 0
fso fs1 fs2 f33 % x 2Ty

regardless of constants and useless polynomials. Since z3 and z§371 are in the ideal
generated by elements of Hess(f) and p; (29, z3) is divided by 223, it is clear that
p1(22,23) = c12028* (1 < by < ng — 2,¢1 #0). The derivation is negatively weighted
if and only if ag + k13 < aq, which is equivalent to %ao + Kk %ao < gao. We get
1<k < %

From the above discussions, when nz > 21, we have verified that such
D = clezg 7 (1 #0, 1<k <53,k € Z) does satisfy the restrictions of neg-
ative weight derivations. Therefore, the set of negative weight derivations of f is

{DID = czazh i c £ 0,1< k< B3,k € Z}.
Therefore, there exists negative weight derivation if and only if f is in the form

of f =23+ 2820 + 2320 + 2521 (ng > 21). In this case, the set of negative weight

derivations of Hy (V) is {D|D — bl e A0 1<k < B ke Z} O

LEMMA 2.36 (Case (v) of Proposition 2.31). Let (V,0) = {(z0,21,22,23) €
C*: f(z0,21,22,23) = 0} be an isolated singularity defined by f(z0, 21, 22,23) = 25 +
21 20 + 25223 + 3% 21 of weight type (ag, a1, g, as;d) where ag > a1 > ag > as .
Let Hi(V') be the 1-st Hessian algebra. Then there exists negative weight derivation
of Hy (V) if and only if f is in the form of f = 2§ + 2320 + 2323 + 2521. In this case,

the set of negative weight derivations of Hy (V') is {D|D = cz;ga%7 c# O},
Proof. By Lemma 2.30, whenever there exists any negative weight derivation D

of Hy (V), D must be in the form of D = py (22, 23) 6%1 + czz’)faizz after renumbering
the variables.
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From 2a; + o < 30 = wt(f) = njey; + o for (4,75) = (1,0),(2,3) and (3,1), we
get np > 2,n9 > 2 and n3 > 2. Regardless of difference of constants and monomials
in the ideal generated by elements of Hess(f), we get the equations below.

-1
foo for fo2 fos zo 21" 0 0 1

Hess(f) = Jio i fiz fis | | % 0 : 92 232371
fa0 far fa2 o fa3 * I -
f30 far fa2 f33 * * * 23372

It is obvious that D (z9) = 0. From D (27" 7') = py (22, 23) (n1 — 1) 21" 72 € (20), we
obtain py (z2,23) =0 and D = czé“%.

If ny = 2, we have 2as + a3 = 3ap. By ag > a1 > as > asz, we have ap = a1 =
oo = ag. Therefore, we get n; = 2 and nz = 2. The equations become

foo  for foz fo3 20 z1 0 0

o | fio fir fiz fiz | _ | x 0 0 z3
Hess(f) = fao fa1 fa2 faz | * % 0 2
fao fs1 fa2 f33 ¥ % % 0

Thus both z; and 25 are in the ideal of ideal generated by elements of Hess(f). Then
the nonzero elements of Hessian algebra do not contain z; or zo. From D = czéf%,
we can get D = 0.

If no > 2, we can get ag > agz. Otherwise, it is clear that oy = a3 = ay = ag,
from which we get no = 2. This leads to a contradiction. Therefore, from the relation
3ag = wt (f) =nzaz+ay < (ng + 1) ap, we get ng > 2, which is equivalent to ng > 3.
From D (252 %23) = ez (na — 2) 252 %23 € (20,2771, 2527 "), we have c2% (na — 2)
2P e (25071,

If ¢ # 0, on the one hand, it is clear that k > ng — 2 and wt (2§) > wt (25°7?);
on the other hand, we notice that wt (z§) < g and wt (zg3_2) =wt(f)— a1 —2a3 >
noay — ap — as. Therefore, nocs < a1 + ag + as. From nja; + ap = wt(f) =
NoQig + g < a1 + o + 2a3 < 3ag + g, we get nq < 3. Note that ny > 2, it is easy to
see that n; = 2. Therefore, from the weight relationship 3ay = 2a1+ag = neas+as =

1 2
nyas + ap, we get o = o, g = P (3—n—3
2

ns3

Qag, g = n%ao. Substituting them for

5 < % Note that ny > 2, we get ny = 3.

From 3 =ngy < %—F%, we get ng < 13—0 . Note that n3 > 3, we have ng = 3.

noay < aq + o + ag, we have ny < %—i—

Thus f is in the form of f = 23 + 2220 + 2523 + 2521. We have a3 = ag, ag = %ao
and ag = %ao.
Regardless of difference of constants and monomials in the ideal generated by

elements of Hess(f), we get the equations below.

foo  for fo2 fo3 20 21 O O2
fio fu fiz fis x 0 0 23

H = frng
ess(f) fo for fa2 fus * % 2923 23
fao fa1 fa2 fa3 x o+« % 0

Since 23 is in the ideal generated by elements of Hess(f), we have 0 < k < 1.

Since D (23) = 2c25 2, is in the ideal generated by elements of Hess(f), we have k = 1.

1o}

Therefore, D is in the form of D = CZ355>

qualified.

. It is easy to verify that this form of D is
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Therefore, there exists negative weight derivation if and only if f is in the form
of f =23 + 220 + 2323 + 2321. In this case, the set of negative weight derivations of

H (V) is {D|D—cz;>,8 c;éo}

LEMMA 2.37 (Case (vi) of Proposition 2.31). Let (V,0) = {(z0, 21, 22,23) €
C*: f(20,21,22,23) = 0} be an isolated singularity defined by f(z0,21, 22, 23) = 25 +
21120 + 25221 + 23° 20 of weight type (ao, a1, o, az;d) where ag > a1 > g > ag .
Let H1(V') be the 1-st Hessian algebra. Then there does not exist any negative weight

deriwation of Hy (V).

Proof. By Lemma 2.30, whenever there exists any negative weight derivation D
of Hy (V), D must be in the form of D = py (22, 23) 8%1 + c2b a after renumbering
the variables.

From 2a; + o < 30 = wt(f) = noy + o for (4,7) = (1,0),(2,1) and (3,2), we
get ny > 2,no > 2 and n3 > 2. Regardless of difference of constants and monomials
in the ideal generated by elements of Hess(f), we get the equations below.

1
foo for foz fo3 zo 21" 0 ) 0
Jio Juu fiz fi3 * 0 252" 0
Hess = = 2
() f20 far fa2 o fos * * 25272 et
fao fa1 fs2 fas * ok * 253722

It is obvious that the condition D (zo) = 0 is satisfied. From the condition
D (1"~ Y = pi(z0,23) (n1 — 1) 2"~ 2 € (20), we can see p; (z2,23) = 0. From the
condition D (z5°7") = cz¥ (no — 1 2272 € (29,277 "), we can see ¢ = 0. It is clear
that D = 0.

Therefore, there does not exist negative weight derivation of H; (V). O

In Proposition 2.38, we will discuss the other case of Proposition 2.29. That is,
for f(z0,21,22,23) = Zo 021 + 27t 20 + 2523 + 25° satistying 2a9 < wit(f) < 3o, f
takes the form of f = zozl + - -+ after we renumber the variables zg, z1, 2o and z3 to
satisfy the weight relationship ag > a1 > as > ag.

PROPOSITION 2.38 (Case (ii) of Proposition 2.29). Let (V,0) = {(zo, 1, 22, 23) €
C*: f(z0,21, 22, 23) = 0} be an isolated singularity defined by f(zo, 21, 22, 23) = 2(° 21+
21 2o + 25723 + 23° of weight type (cp, a1, a2, as;d). Let H1 (V') be the 1-st Hessian
algebra. We renumber the variables zg, z1, zo and z3 to satisfy the weight relation
ag > a1 > ag > ag. If we get f =232+ -+ after renumbering, there exists negative
weight derivation of Hy (V') if and only if f is in one of the following forms:

(i) f = 2323 + 2320 + 2520 + 25 (n3 > 5). In this case, the set of negative weight
derivations of Hy (V') is {D|D = 6226%17 c# 0},

(ii) f = 2823 + 2320 + 2520 + 23 (n3 > 8). In this case, the set of negative weight
deriations of Hy (V') is {D|D = 0258%170 + O};

(iii) f = 2823+ 2122+ 2520 + 23° (n3 > 6). In this case, the set of negative weight
derivations of Hy (V') is {D|D = czz8 ,C# 0}

(iv) f = 2820+ 2323+ 25 +2520. In this case, the set of negative weight derivations
of Hy (V) is {D\D = 0236%1,0 # 0};

(v) f = 2321+ 23 + 2523+ 2320. In this case, the set of negative weight derivations
of Hy (V) is {D\D = 0238%2,0 # O}.
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Proof. After renumbering, zo and z; are in the ideal generated by elements of
Hess(f). Thus there does not exist any nonzero monomial or polynomial with respect
to 20, 21, 22 and z3 that is divided by z¢ or z; in Hy (V). Since wt(f) is more than
2ay, the multiplicity of each monomial with respect to zg, 21, 22 and z3 is more than
2.

To simplify the problem, we renumber the variables again by letting the bigger
weight variable left be z;, and the smaller weight variable left be z;, .

In this case, if there exists some negative weight derivation D, D must be in the

ok d
form of D = ¢z}, az + g,

If z;, is an element in the ideal generated by elements of Hess(f), there does not
exist any nonzero element which is divided by z;, in Hy (V). Thus ¢;, = 0.

If zj, is not an element in the ideal generated by elements of Hess(f), regardless
of difference of constants, there exists an positive mteger k1 such that zkl‘H is in

the ideal generated by elements of Hess(f) while Zjl is not. From the fact that
D ( k1+1) =cj, (k1 +1) kll is in the ideal, we get ¢;, = 0.

31
In conclusion, ¢;, =0 and D = czk 2
J1 J1 az

There exists some p051tlve integer p such that zfo is in the ideal, while zﬁ;l is not.
Therefore, D(zfo) = cpz 31 ] Yis in the ideal, from which we get k > 1. Therefore,
Qjy > kajl > Qg -

We will discuss what element the ideal contain when both z;, and z;, are not in
the ideal generated by elements of Hess(f). Otherwise, it is clear that such negative
weight derivation D does not exist.

Similar to the cases in the proof of Proposition 2.4, we only need to check 18 cases
after renumbering to satisfy the weight relationship ay > a3 > as > as:

(i)f = 28z + 220 + 23%23 + 25%(nn > 3,ma > 3,n3 > 4) and D =
C’?"3 6Z2 (k 2 € 7& 0)7

(i) f = 2821 + 2123 + 252 + 23%20(ny > 3,m2 > 4,m3 > 3) and D =

b 5% (k> 1,c#0);

(iii) f = 2820 + 2123 + 25%21 + 23°(n1 > 3,m2 > 3,n3 > 4) and D =
czz’)faim(kz ,e #0);

(iv) f = 2823 + 2120 + 23% + 25%21(n1 > 3,m2 > 4,n3 > 3) and D =
czéa%l(k c#0)

(v) f = 2820 + 20" + 25223 + 23%21(n1 > 4,me > 3,n3 > 3) and D =
cz:’;a%l(k 10750)

(Vi) f = 2823 + 21t + 25%21 + 23%22(n1 > 4,m2 > 3,n3 > 3) and D =
czé%(kZl,c;éO)'

(vii) f = 2820 + 2120 + 25223 + 25%(n1 > 3,ma > 3,n3 > 4) and D =
cz:’;a%l k>1,¢c#0);

(viii) f = 2823 + 2720 + 25° + z5%29(n1 > 3,me > 4,n3 > 3) and D
czé“a%l(k:ZI,c;éO);

(ix) f = 2821 + 2123 + 23220 + 23°(n1 > 3,ne > 3,n3 > 4) and D =
cz:’,f%(kzl,c;é()),

(x) [ = 2821 + 2120 + 257 + 23%20(n1 > 3,me > 4,n3 > 3) and D =
czé‘?%(kzl,c#(]),

(xi) f = 2823 + 21 4+ 25%20 + 25%21(n1 > 4,me > 3,n3 > 3) and D =

czb 2= (k> 1,¢ % 0);
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(xii) f = 2820 + 2% + 25%20 + 23%20(n1 > 4,ma > 3,ng > 3) and D =
g;ai(k >1,¢#0);

(xiil) f = 282z3+27" 22+25%20+25% (N1 > 3,n2 > 3) andchzSa%l(k‘z 1,¢ #0);

(xiv) f = 28 20+27 23+25% +25° 20(n1 > 3,n3 > 3) andD:czga%l(kZ 1,¢ #0);

xv) f = 222542 2o+ 20221 + 20 >3n223 and D = 2k 2 (k> 1,¢#0);

( )f 0 1 2 3 ( 2 9z, ) )

xvi) f = 222042 2o+ 202 4283 21 (ng > 3,n3 > 3 and D = ¢zF 2 (k> 1,c#0);

0 1 2 3 39m

( vil) f = 2%z 4+ 2+ 25%23 + 23%z0(n2 > 3,m3 > 3) and D =
cz33z (k>1,¢#0);

(va) f = 2221 4+ 27" + 23%20 + 23%22(ng > 3,m3 > 3) and D =

czgaz (k>1,¢#0);
The calculation process is lengthy. One can look it up in the following lemmas (

from Lemma 2.39 to Lemma 2.56 ). O

LEMMA 2.39 (Case (i) of Proposition 2.38). Let (V,0) = {(zo, 21,22,23) €
C*: f(z0,21, 22, 23) = 0} be an isolated singularity defined by f(z0, 21, 22, 23) = 2521 +
21 2o + 25225 + 23%(n1 > 3,m2 > 3,ng > 4) of weight type (ao, a1, a2, as;d) where
ap > oy > ag > as . Let H (V) be the 1-st Hessian algebra. Then there does not exist
any negative weight derivation of Hy (V) in the form of D = cz% 0 (k>1,c#£0).

Proof. Assume that there exists some D in the form of D = cz% 82 (k>1,c#0).
Regardless of difference of constants and monomials in the ideal generated by
elements of Hess(f), we get the equations below.

foo  for foz fo3 21 2 0 0

| fio S fiz fuiz | | x+ O 0 0
Hess (/) = foo far far foz | | x ok 232772y 22!
fao fa1 fs2 fa3 * % * 25" 2

By D (252 %23) = c(no —2) 251120273 € (21, 20), we obtain ¢ = 0. There does
not exist any negative weight derivation in the form of D = ¢z} a (k>1,c#0).
Therefore, we complete the proof. 0

LEMMA 2.40 (Case (ii) of Proposition 2.38). X Let (V,0) = {(z0, 21, 22, 23) €
C*: f(z0,21, 22, 23) = 0} be an isolated singularity defined by f(zo, 21, 22, 23) = 2821 +
21 23 + 252 4+ 25°20(n1 > 3,2 > 4,n3 > 3) of weight type (ao, a1, a2, az;d) where
ap > a1 > ag > ag . Let Hi(V) be the 1-st Hessian algebra. Then there does not exist
any negative weight derivation of Hy (V) in the form of D = cz% 8 (k: >1,c#£0).

Proof. Assume that there exists some D in the form of D = ¢z} 3 9 (k>1,c#0).
Regardless of difference of constants and monomials in the ideal generated by
elements of Hess(f), we get the equations below.

Joo  for foz fos Z1 %o 0 0

| fio fur fiz fiz | _| x O 0 0
Hess (£) = foo for for faz | | x ok 2P !
fao fa1 fs2 fs3 x  x x 23Tz

By D (z5*~ 2) c(ng —2) 2525273 € (21, 20), we obtain c = 0. There does not
exist any negative weight derivation in the form of D = cz¥ 0 (k>1,c#0).
Therefore, we complete the proof. O
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LEMMA 2.41 (Case (ii7) of Proposition 2.38). Let (V,0) = {(z0, 21,22, 23) €
C*: f(20,21,22,23) = 0} be an isolated singularity defined by f(zo, 21, 22, 23) = 2822+
21t zs + 25221 + 25 (n1 > 3,ne > 3,n3 > 4) of weight type (ap, a1, ag, as;d) where
ag > ay > as > ag . Let Hi(V) be the 1-st Hessian algebra. Then there does not exist
any negative weight derivation of Hy (V) in the form of D = cz¥ 8 (k>1,c#0).

Proof. Assume that there exists some D in the form of D = cz§ a — (k>1,c#0).
Regardless of difference of constants and monomials in the ideal generated by
elements of Hess(f), we get the equations below.

foo  for foz  fos 22 02 20 0 )
Jio Jfu fiz fis * 2 %23 0 2T
H — _
ess (f) foo for fa2 o fos * * 0 0
fao fa1 fa2 f33 * * * g2

By D (21" ?23) = c(n1 —2) 27" 251 € (20, 20), we obtain ¢ = 0. There does
not exist any negative weight derlvatlon in the form of D = cz¥§ 3 (k>1,¢c#£0).
Therefore, we complete the proof. O

LEMMA 2.42 (Case (iv) of Proposition 2.38). Let (V,0) = {(z0, 21, 22,23) €
C*: f(z0, 21, 22, 23) = 0} be an isolated singularity defined by f(20, 21, 22, 23) = 2823+
21 20 + 252 4 253 z1(n1 > 3,n2 > 4,n3 > 3) of weight type (co, a1, a2, as;d) where
ap > ay > as > ag . Let Hi(V) be the 1-st Hessian algebra. Then there does not exist
any negative weight derivation of Hy (V) in the form of D = cz 8z (k>1,c¢#0).

Pmof After renumbering, assume that there exists some D in the form of D =
02282 (k>1,c#£0).

Regardless of difference of constants and monomials in the ideal generated by
elements of Hess(f), we get the equations below.

foo for foz Jfo3 23 02 0 | A

| fio fur o fiz fis | | o2 2Tz o2t 0

Hess (f) = foo for faz fes || % * 252~ 2 0
fao fa1 fa2 f33 * * * 0

By D (27"~ 222) = c(ng —2) 23T € (23, 20), we obtain ¢ = 0. There does
not exist any negative weight derlvatlon in the form of D = cz} az (k>1,¢c#0).
Therefore, we complete the proof. O

LEMMA 2.43 (Case (v) of Proposition 2.38). Let (V,0) = {(z0,21,22,23) €
C*: f(z0, 21, 22, 23) = 0} be an isolated singularity defined by f(20, 21, 22, 23) = 2822+
21+ 25225 + 25 21(n1 > 4,n9 > 3,n3 > 3) of weight type (a, a1, a2, az;d) where
ag > ag > as > as. Let Hi (V) be the 1-st Hessian algebra. Then there does not exist
any negative weight derivation of Hy (V) in the form of D = cz¥ 8 (k>1,c¢#0).

Proof. Assume that there exists some D in the form of D = cz& a (k>1,c#0).
Regardless of difference of constants and monomials in the ideal generated by
elements of Hess(f), we get the equations below.

foo  for foz fo3 k2 0 o, 0 )
Jio Ju fiz fis N
Hess _ _
ess (/) foo for fa2 fos * * 0 0
30 fa1 fs2 f33 * * x 25Tz
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By D (2"7?) = c(n1 —2) 21" %25 € (22, 20), we obtain c = 0. There does not
exist any negative weight derlvatlon in the form of D = ¢z 3 (k>1,¢#0).
Therefore, we complete the proof. 0

LEMMA 2.44 (Case (vi) of Proposition 2.38). Let (V,0) = {(z0, 21, 22,23) €
C*: f(20,21, 22, 23) = 0} be an isolated singularity defined by f(zo, 21, 22, 23) = 2823+
21+ 25221 4 25%29(n1 > 4,ne > 3,n3 > 3) of weight type (ao, a1, a2, az; d) where
ap >y > ag > ag. Let Hi(V) be the 1-st Hessian algebra. Then there does not exist
any negative weight derivation of Hy (V) in the form of D = cz} 8 (k>1,c#0).

Proof. Assume that there exists some D in the form of D = cz& a (k>1,c#0).

Regardless of difference of constants and monomials in the 1deal generated by
elements of Hess(f), we get the equations below.

foo for foz fo3 z3 0 ., 0 X 20
fio fu fiz fis A 0

H = =
ess (f) Joo for fa2 fos * T
fao fa1 fa2 fa3 * * * 0

By D (27"~ 2) = c(ny —2) 2" 325 € (23, 20), we obtain c = 0. There does not
exist any negative weight derlvatlon in the form of D = cz} a (k>1,¢#£0).
Therefore, we complete the proof. O

LEMMA 2.45 (Case (vii) of Proposition 2.38). Let (V,0) = {(zo, 21,22, 23) €
C*: f(z0,21, 22, 23) = 0} be an isolated singularity defined by f(20, 21, 22, 23) = 2822+
2120 + 25223 + 252 (N1 > 3,na > 3,m3 > 4) of weight type (ap, a1, iz, az;d) where
ag > oy > oo > as. Let Hi (V) be the 1-st Hessian algebra. Then there does not exist
any negative weight derivation of Hy (V) in the form of D = cz% 82 (k>1,c#0).

Proof. Assume that there exists some D in the form of D = c24 8 (k>1,c#0).
Regardless of difference of constants and monomials in the 1deal generated by
elements of Hess(f), we get the equations below.

1
foo  for foz fos z 2 oz 0

Hess (f) fio fu fiz fis

*

e}
o
o

f20 f21 f22 f23

fao fa1 fa2 fa3 * * x 2T

*
*
o
o

By D (27" 7") = c(ng — 1) 21" 7225 € (20), we obtain ¢ = 0. There does not exist
any negative weight derivation in the form of D = cz%-2- 82 (k>1,c#0).
Therefore, we complete the proof. O

LEMMA 2.46 (Case (viii) of Proposition 2.38). Let (V,0) = {(z0, 21, 22,23) €
C*: f(z0,21, 22, 23) = 0} be an isolated singularity defined by f(zo, 21, 22, 23) = 2823+
21120 + 252 4+ 25°22(n1 > 3,9 > 4,n3 > 3) of weight type (ao, a1, a2, az; d) where
ap > a1 > ag > ag. Let H (V) be the 1-st Hessian algebra. Then there does not exist
any negative weight derivation of Hy (V) in the form of D = cz% 8 (k>1,c#£0).

Proof. Assume that there exists some D in the form of D = 025% (k>1,¢c#£0).
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Regardless of difference of constants and monomials in the ideal generated by
elements of Hess(f), we get the equations below.

foo  for foz fo3 zy 2t 0 20

_ | fio S fiz fis | | = 0 0 0

Hess (/) = foo for fa2 fas || % « 232770
fao fs1 fa2 f33 * * * 0

By D (27" 7") = c(ng — 1) 21" 7225 € (23), we obtain ¢ = 0. There does not exist
any negative weight derivation in the form of D = czk e (k>1,¢#0).
Therefore, we complete the proof. O

LEMMA 2.47 (Case (iz) of Proposition 2.38). Let (V,0) = {(zo, 21, 22,23) €
C*: f(20,21,22,23) = 0} be an isolated singularity defined by f(zo, 21, 22, 23) = 2821 +
21t zs + 25220 + 25 (N1 > 3,ne > 3,n3 > 4) of weight type (ap, a1, a2, as;d) where
ag > ay > ag > ag. Let Hy (V) be the 1-st Hessian algebra. Then there does not exist
any negative weight derivation of Hy (V) in the form of D = cz¥ az (k>1,c#0).

Proof. Assume that there exists some D in the form of D = cz§ az (k>1,c#0).
Regardless of difference of constants and monomials in the ideal generated by
elements of Hess(f), we get the equations below.

Joo for fo2 fos 2oz 220
fio fui iz Jfis * 0 0 0
H = —
ess (/) foo for fa2 fos * ok 0 0
fao fa1 fa2 f33 * % * 2332

By D (232~ 1) = c(ng — 1) 25827225 € (21, 20), we obtain c = 0. There does not
exist any negative weight derlvatlon in the form of D = c2¥ 6 (k>1,c#0).
Therefore, we complete the proof. O

LEMMA 2.48 (Case (z) of Proposition 2.38). Let (V,0) = {(z0, 21, 22,23) €
C*: f(z0, 21, 22, 23) = 0} be an isolated singularity defined by f(20, 21, 22, 23) = 2821 +
21 2o + 252 4+ 255 20(n1 > 3,n9 > 4,n3 > 3) of weight type (ap, a1, ag, as;d) where
ag > oy > ag > ag. Let Hi (V) be the 1-st Hessian algebra. Then there does not exist
any negative weight derivation of Hy (V) in the form of D = cz¥ a (k>1,c#0).

Proof. Assume that there exists some D in the form of D = cz& a — (k>1c#0).
Regardless of difference of constants and monomials in the ideal generated by
elements of Hess(f), we get the equations below.

Joo  for  fo2 fo3 21 %0 0 23°%" !
| fio fir fiz fuis | _ | x O 0 0
Hess (f) = f2o far fe2 fas | | x ox 22720
Jso fs1 fs2 [f33 ok * 0

From the weight relaionship

2000 + o = wi(
niaq + s = wit(
noag = wi(
ngag + g = wit(
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we obtain

1 1
Q1 = \n] ~ ming t(f)
ag = -wt(f)
_ 1 1 1 1
043—773(§+m—2n1n2 t(f)

The only restriction we need to consider is that D (252 7%) = c(ny — 2) 25202 7% €

(zh 20, 25° ) Therefore, we have k > n3 — 1, or wt (23) > wt ( 23 1) However, it
is clear that wt (23) < ag. We can get wt ( ) < . Therefore, we have

1 1 1+ 1 1 - 1
ns 2 2n 2n1nsg ny’

which is equivalent to

n3
Therefore,
1 1 2
4114+ —) - — ,
< TL1> n1 1-— 7%3
which is equivalent to
3 2
44 — < T
7”1,1 —_ nig
However,
T <3<4+ —

This leads to a contradiction. There does not exist any negative weight derivation
intheforrnofD—czgt9 (k>1,¢c#0).
Therefore, we complete the proof. O

LEMMA 2.49 (Case (zi) of Proposition 2.38). Let (V,0) = {(20,21722,23) €
(C4 f (20, 21, 22, 23) = 0} be an isolated singularity defined by f(20,21, 22, 23) = 2823+

T4 25220 + 25 21(n > 4,ng > 3,n3 > 3) andD—0228Z (k>1,c#0) of weight
type (o, a1, g, gy d) where oy > p > g > «g. Let Hl( ) be the 1-st Hessian
algebra. Then there does not exist any negative weight derivation of Hy (V') in the
form ofD—czQi)z (k>1,c#0).

Proof. Assume that there exists some D in the form of D = c2} 8 (k>1,c#0).
Regardless of difference of constants and monomials in the ideal generated by
elements of Hess(f), we get the equations below.

foo for foz fos3 23 0 , 2z
fio fuu fiz fis e 0 0

Hess _ _ 1
ess () foo  for fao fos * * 0 0
fao fa1 fa2 fa3 * * * 0
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From the weight relaionship
200 + ag = wt(f)
niay = wit(f)
NoQig + g = U}t(f)
nsas + a; = wt(f)

we obtain

ap = @ - inns) wi(f)

a1 = n—w
_ 1 1
Q2 = no (5 2n3 2n1n3) wt(f)

az = (m m) wt (f)
The only restriction we need to consider is that D ( =c(ny —2) 257" e

(zd, 252 1, zo) Therefore, we have k > ny — 1, or wt (22) > wt ( i 1) However, it
is clear that wt ( ) < ay. We can get wt ( e 1) < «. Therefore, we have

1 1 1+ 1 1 - 1
o 2 2ng 2ning ny’

ny— 2)

which is equivalent to

Therefore,

which is equivalent to

3 2
4+ —< T
ns —n—Q
However,
2 3
<3<4+—
1- L n3

na

This leads to a contradiction. There does not exist any negative weight derivation
imtheforlrnofD—czQ(3 (k>1,c#0).
Therefore, we Complete the proof. O

LEMMA 2.50 (Case (xii) of Proposition 2.38). Let (V,0) = {(z0, 21, 22,23) €
C*: f(z0, 21, 22, 23) = 0} be an isolated singularity defined by f(20, 21, 22, 23) = 2822+
T4 2522 4 258 20(n1 > 4,n0 > 3,n3 > 3) of weight type (ap, a1, a2, as;d) where
ag > aq > ag > ag. Let Hi(V) be the 1-st Hessian algebra. Then there does not exist
any negative weight derivation of Hy (V) in the form of D = cz¥ az (k>1,c#0).

Proof. Assume that there exists some D in the form of D = cz& d (k>1,c#£0).
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Regardless of difference of constants and monomials in the ideal generated by
elements of Hess(f), we get the equations below.

foo for foz fo3 29 0 ) 2o 257!
fio fuu fiz fis x 2770 0
H = — 1
ess (f) foo for fo2 fo3 * * 0 0
fao fa1 fa2 f33 * * * 0
From the weight relaionship
20&0 + g = wt(f)
nity = Wt(f)
nocg + ap = wt(f) ’
nzas + ag = wit(f)

we obtain

ap = Q% - i + gninz) wt(f)
ap = ,Tl’LUt(f)

_ 1 1 1 1
a3 = n; §+m—2mn2)m(f)

[
=

The only restriction we need to consider is that D (27" 2) = ¢ (ny — 2) 2527 % €

(22, 20, 22?371). Therefore, we have k > n3 — 1, or wt (z§) > wt (zg***l). However, it

is clear that wt (z§) < 1. We can get wt (ngfl) < ay. Therefore, we have

1 1 1+ 1 1 - 1
n3 2 2ng  2nng ny’

which is equivalent to

Therefore,

which is equivalent to

However,

This leads to a contradiction. There does not exist any negative weight derivation
in the form of D = czéf% (k>1,c#0).
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Therefore, we complete the proof. O

LEMMA 2.51 (Case (ziii) of Proposition 2.38). Let (V,0) = {(z0, 21, 22,23) €
C*: f(20,21,22,23) = 0} be an isolated singularity defined by f(zo, 21, 22, 23) = 2823+
21 2o+ 252 20 + 25% (n1 > 3,n2 > 3) of weight type (ap, a1, ag, as;d) where ag > g >
ag > as. Let Hi (V) be the 1-st Hessian algebm Then there exists negative weight
derivation of Hy (V) in the form of D = cz¥ a (k>1,¢#0) if and only if [ is in
one of the following forms:

(i) f = 2823 + 2320 + 2320 + 23 (n3 > 5). In this case, the set of negative weight
derivations of Hy (V') is {D|D = czga%l, c# O},

(ii) f = 232z3+ 2320 + 2520 + 23° (n3 > 8). In this case, the set of negative weight
derivations of Hy (V') is {D|D = cz%a—il, c# 0},

(iit) f = 2823+ 2122+ 2520 + 23° (n3 > 6). In this case, the set of negative weight
derivations of Hy (V') is {D|D = 6228%1, c# O}.

Proof. Assume that there exists some D in the form of D = ¢z % (k>1,¢c#0).
Therefore, we have as < as < a1 < ag.

By the weight relationship 3a3 < 2ap + ag = nzas, we have ng > 3, which is
equivalent to ng > 4.

Regardless of difference of constants and monomials in the ideal generated by
elements of Hess(f), we get the equations below.

foo  for  fo2 fo3 23 O2 252" 1 20
fio fur fiz fi3 ¥ 2T 20

Hess = — 1 1
ess (/) foo for fa2 fos * * 0 0
fa0 fs1 fa2 f33 * s * 0

From the weight relaionship

200 + asz = wit(
niaq + as = wit(
noas + g = wit(

nzag = wi(

we obtain

0= () i

o= (1- 54 —ﬁ)wt(f)
05227%2 %—l—ﬁ)wt(f)

ag = -wt (f)

It is easy to verify that D ( me 1) =c(n1—1)z"" -2 2k € (23,232_1 20, 21" _222).
The only restriction of D we need to Verlfy is that D( . 222) =
c(ny—2)21"" -3 k“ € (zg,zgrl,zo). By our assumption that ¢ # 0, we have
kE+1 > ng — 1, which is equivalent to wt(z%) > wt(2522). Since D is negative
weight, we have wt(zQ) < ay. Therefore, we have wt(z52~?) < a;.

Substituting the weights of a; and «y for it, we get

< ! ! ! <2_"12 2+ ’
n - — = .
Sy o2 T+= m _2 ng — 2

n2
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If ny = 3, we obtain 3 < 2 + —— 5, which is equivalent to ny < 5. Note that
ng > 3, Wegetn2—3orn2—4whenn1 = 3.

If ny = 4, we obtain 4 < 2 4 —5, which is equivalent to ny < % Note that
ng > 3, wegetn2f3whenn1f4

If ny > 5, we obtain 5 < 2 + ——, which is equivalent to ny < 3. Note that

ny > 3, we get a contradiction When n1 2 5.
There are 3 cases left:
Case 1: ny =3, no = 3;
Case 2: n; = 3, no = 4;
Case 3: ny =4, no = 3.
In Case 1, the weights are

00:%( —%)U)t(f)
o =% (57%3)wt(f)
052:%(1"‘%) wt(f)

By ap > a1 > ag > ag, wt(z5?~ 2) < ay and n3 > 4, we get ng > 5. The
restrictions of k are k > no — 2 and kas < «q. Therefore, 1 < k < % < g
Therefore, k = 1. Since oy > ag when n3 > 5, we know k = 1 is valid when nz > 5.

Therefore in Case 1, there exists negative weight derivation D in the form of
D = 0228 (k >1 0760) if and only if f is in the form of f = 2323 + 2520 +
zg’zo + 23 (n3 > 5). Accordingly, the set of negative weight derivations of Hj (V)

{D|D = 02’26 ,CF 0}

In Case 2, the weights are
) wi(f)

% (7 ) wt(n)
o = % (1+%) wt(f)

e
)
|
N[
/N
I
|-

Q
s
I
I
kN
3
w

By ag > a3 > as > ag, wt(ngQ) < ay and ng > 4, we get nz > 7, which is
equivalent to ng > 8 The restrictions of k are k > ny — 2 and kas < ay. Therefore,
2<k< 333 _T_%) < %. Therefore, k = 2. Since wt(z3) < oy when ng > 8, we know
k = 2 is valid when ng > 8.

Therefore in Case 2, there exists negative weight derivation D in the form of
D = 6225 (k >1 0750) if and only if f is in the form of f = 2323 + 2§20 +
Z520 + 253 (n3 > 8). Accordingly, the set of negative weight derivations of Hy (V)
s {D|D = cz%a%l,c # 0}.

In Case 3, the weights are
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By ap > a1 > ag > as, wt(z5?" 2) < a1 and ng > 4, we get ng > 5, which is
equivalent to ng > 6. The restrictions of k are k > ny — 2 and kas < aq. Therefore,
1<k< % < g. Therefore, £k = 1. Since oy > as when n3 > 6, we know k =1
is valid when ng > 6.

Therefore in Case 3, there exists negative weight derivation D in the form of
D = czQa (k >1 C#O) if and only if f is in the form of f = 2223 + 2720 +
2320 + 23 (n3 > 6). Accordingly, the set of negative weight derivations of Hy (V)
s {D|D = czgé%,c # O}.

Therefore, we complete the proof. O

LEMMA 2.52 (Case (ziv) of Proposition 2.38). Let (V,0) = {(z0, 21, 22,23) €
C*: f(z0, 21, 22, 23) = 0} be an isolated singularity defined by f(20, 21, 22, 23) = 2822+
21 zs + 252 + 232 z0(n1 > 3,ng > 3) of weight type (ap, a1, ag, az; d) where ag > g >
ag > as. Let Hi(V) be the 1-st Hessian algebm Then there exists negative weight
derivation of Hy (V) in the form of D = czk 8 (k>1,¢#0) if and only if f is in
one of the following forms:

(i) f = 28320+ 2323+ 25 + 2320. In this case, the set of negative weight derivations
of Hi (V) is {D|D = czgé%,c + O},

(ii) f = 2820+ 2323+ 25 +2320. In this case, the set of negative weight derivations
of Hi (V) is {D|D = 0238%1,0 # 0}.

Proof. Assume that there exists some D in the form of D = cz& az (k>1,c#£0).
From the weight relationship 3as < 2ag + ao = noae, we have ng > 3

Regardless of difference of constants and monomials in the ideal generated by
elements of Hess(f), we get the equations below.

Joo for fo2 fos 22 02 20 Z;,L:’_i
fio fur fiz fi3 P | B
H = = 1 1
ess (/) foo  for foz o fos * * 0 0
fao fa1 fa2 fs3 * * * 0

From the weight relaionship

20 + ag = wit(f)
niay + as = wt(f)
Naliy = Wt(f) ’
nsas + ag = wt(f)
we obtain
o = % (1 — n%) wt(f)
al = ’n,il (1 - 27113 2’!1;77.3) wt(f)
Qg = n%wﬂf)
a3 = (3455 ) wt ()
It is easy to verify that D (z{” 1) =c(n1—1)z"" -2 2k e (22,zo7z33 ! 20T 223).

The only restriction of D we need to Verlfy is that D( "o 223) =
c(ng —2) 2387 ¢ (22,20,25?371). By our assumption that ¢ # 0, we have
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k > ng — 2, which is equivalent to wt(2§) > wt(25*?). Since D is negative weight,
we have wt(zg) < ay. Therefore, we have wt(z5°~ 2) < og.
Substituting the weights of a; and «jg for it, we get

1 1 1 2-L 3
< 2 I e B y =2+ :
1—M<2+2n? ns s ng —2

ns3

If ny = 3, we obtain 3 < 2 + =, which is equivalent to n3 < 5. Note that
ng > 3, Wegetn3—30rn3—4whenn1_3.

If ny = 4, we obtain 4 < 2 + ——, which is equivalent to n3 < 5. Note that
ng > 3, wegetng—?)whennl_4

If ny > 5, we obtain 5 < 2 + =, which is equivalent to n3 < 3. Note that
n3 > 3, we get a contradiction When n1 2 5.

There are 3 cases left:

Case 1: n; =3, ng = 3;

Case 2: ny =3, ng = 4;

Case 3: n; =4, ng = 3.

In Case 1, the weights are

040:%( —,%Z)Wt(f)
o =& <5fni2>wt(f)
042:7%21”(]0)

agzé(l—kn%)wt(f)

By ap > a1 > g > ag, wi(z3®" 2)<a1 andngzi’),weget%—ggn2§5.
Therefore, we have ny = 4 or no = 5 The restrictions of k are k > n3 —2 =1 and

kas < ay. Therefore, 1 < k < % < % Therefore, we have k = 1. Since a1 > as
when ny =4 or no = 5, we know k = 1 is valid when ny = 4 or ny, = 5.
Therefore in Case 1, there exists negative weight derivation D in the form of

D = cz¥ 6 (k >1,c# 0) if and only if f is in one of the following forms:
(i) f = 2820+ 2323+ 25 + 25 20. In this case, the set of negative weight derivations

of Hy (V) is {D|D = cmgl £ 0};

(ii) f = 2822+ 23 23+ 25 +2329. In this case, the set of negative weight derivations
of Hy (V) is {D|D = 0238%1,0 # 0}.

In Case 2, the weights are

2

o

I

[ NI
/N

I
3
~

g

=
—~
~
N~—

There does not exist any no which can satisfy the restrictions g > a3 > a9 > as,
wt(23*?) < ap and ny > 3 at the same time.

Therefore, in Case 2, there does not exist negative weight derivation D in the
formofD—czSd (k>1 ¢ #0).
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In Case 3, the weights are

Q
S
I

(155w
(1- %) wilh)
alz%l(S—ni)wt(f)
az = -wt(f)

= (14 L) wt()

[\

There does not exist any no which can satisfy the restrictions ag > a3 > as > ag,
wt(z5°~ 2) < ap and ny > 3 at the same time.

Therefore, in Case 3, there does not exist negative weight derivation D in the
formofD—cz3a (k>1,c#0).

Therefore, we complete the proof. O

LEMMA 2.53 (Case (zv) of Proposition 2.38). Let (V,0) = {(zo, 21,22, 23) €
C*: f(z0, 21, 22, 23) = 0} be an isolated singularity defined by f(20, 21, 22, 23) = 2823+
2120 + 25221 + 252 (ny > 3,n0 > 3) of weight type (co, a1, a2, as;d) where ag >
a1 > ag > as. Let Hi(V) be the 1-st Hessian algebra. Then there does not exist any
negative weight derivation of Hy (V) in the form of D = cz& az (k>1,c#£0).

Proof. Assume that there exists some D in the form of D = ¢z} 6 (k>1,¢c#0).
Therefore, ag > a1 > as > asz. From the weight relationship nzas = noag + a1 >
(ne + 1) as, we have n3 > no + 1. Since ny > 3, we obtain ng > 4, which is equivalent
to ns > 5.

Regardless of difference of constants and monomials in the ideal generated by
elements of Hess(f), we get the equations below.

foo for foz Jfo3 zg 2! 0 ) 20
fio fuu fiz fis * 0 Zy2T 0

H = - 2
s (f) fao far fa2 fas * 20272 0
fao fa1 fa2 f33 * * * 0

By D (27 71) = c(ng — 1) 21" 7225 € (z3), we obtain ¢ = 0. There does not exist
any negative weight derivation in the form of D = cz¥ 8 (k>1,c#0).
Therefore, we complete the proof. O

LEMMA 2.54 (Case (zvi) of Proposition 2.38). Let (V,0) = {(z0, 21, 22,23) €
C*: f(z0, 21, 22, 23) = 0} be an isolated singularity defined by f(20, 21, 22, 23) = 2822+
21120 + 257 + z5%z1(ny > 3,n3 > 3) of weight type (ao, a1, a9, as;d) where ag >
a1 > ag > as. Let Hi(V) be the 1-st Hessian algebra. Then there does not exist any
negative weight derivation of Hy (V) in the form of D = cz& 6 (k>1,c#£0).

Proof. Assume that there exists some D in the form of D = cz& 8 (k>1,¢c#0).
From the weight relationship noas = 209 + a2 > 3as, we have ng > 3

Regardless of difference of constants and monomials in the ideal generated by
elements of Hess(f), we get the equations below.

foo  for foz fo3 zo 27N 2 0 )
fio fuu fiz fiz * 0 0z
H = — 3
ess (f) foo for fa2 o fos * * 0 0
30 fa1 fs2 fa3 * * x 25Tz
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By D (27" 7") = c(ng — 1) 21" 7225 € (20), we obtain ¢ = 0. There does not exist
any negative weight derivation in the form of D = cz¥ 8 (k>1,c#0).
Therefore, we complete the proof. O

LEMMA 2.55 (Case (avii) of Proposition 2.38). Let (V,0) = {(z0, 21, 22, 23) €
C*: f(z0,21, 22, 23) = 0} be an isolated singularity defined by f(20, 21, 22, 23) = 2821 +
Tt 282z 4 25% z0(na > 3,n3 > 3) of weight type (o, a1, g, as; d) where oy > g >
ag > ag. Let Hi (V) be the 1-st Hessian algebm Then there exists negative weight
derivation of Hy (V') in the form of D = czk 8 (k>1,c¢#0) if and only if f in the
form of f = 2221423 + 2323+ 2320. In this case, the set of negative weight derivations

of Hy (V) is {D\D = 0238%2,0 =+ 0}_

Proof. Assume that there exists some D in the form of D = cz% 3 (k>1,¢c#0).
From the weight relationship nia; = 2a9 + a1 > 3a1, we have ny > 3

Regardless of difference of constants and monomials in the ideal generated by
elements of Hess(f), we get the equations below.

foo  for  fo2  fo3 z1 20 0 231
. | fio fir fiz fuiz | _ | x O 0 0
Hess () = foo far far fas | | x ok 2Pz 2hr
fao far fs2 fa3 * K * 0

From the weight relaionship

20 + a1 = wi(f)
niay = wit(f)
nga + ag = wt(f) ’
nsas + ap = wit(f)
we obtain
g = % 1-— ”11 wt(f)
oy = n—llwt(f)

_ 1 1 1
Qo — niz 1-— % — inns)wt(f)

— 1 1
Olg—a §+m)wt(f)

—

It is easy to verify that D (2527") = c(np — 1) 2527225 € (21,20, 25° 7, 257 2 23).
The only restriction of D we need to verlfy is that D ( 52 223) =
c(ng —2) 252" 3 k“ € (zl,zo,z33 1). By our assumption that ¢ # 0, we have
k>mn3—2, Wthh is equivalent to wt(25) > wt(25~?). Since D is negatively weighted,
we have wt(zg) < ay. Therefore, we have wt(z5*72) < ay.
Substituting the weights of s and ag for it, we get

1 1 1 2-L1 3
ng < -—— ] < 2 =2+ )
i 1—nz3<5+27111 ”3> - ng — 2

ns3

If no = 3, we obtain 3 < 2 + —— 5, which is equivalent to n3 < 5. Note that
ng > 3, Wegetn3—3orn3—4whenn2—3.
If ny = 4, we obtain 4 < 2 4 —25, which is equivalent to n3 < % Note that

ng > 3, wegetng—BWhenn2_4
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If no > 5, we obtain 5 < 2 + =5, which is equivalent to ng < 3. Note that
ns > 3, we get a contradiction When n2 2 5.

There are 3 cases left:

Case 1: ny =3, ng = 3;

Case 2: ng =3, ng = 4;

Case 3: no =4, ng = 3.

In Case 1, the weights are

aozé(l—n%)wt(f)
ar = -wi(f)

042:%(5—“%) wt(f)
agzé(l—i-n%)wt(f)

By ap > a1 > ag > ag, wt(zg®” 2) < ag and ny > 3, we get 3 < ny < 1—59.
Therefore, we have n; = 3. The restrictions of k are k > ng — 2 = 1 and kas < as.
Therefore, 1 < k < % and we have k = 1.

Therefore in Case 1, there exists negative weight derivation D in the form of
D = c2¥ az (k; >1,c# O) if and only if f in the form of f = 2221 + 2§ + 222:3 + 2320.
In this case, the set of negative weight derivations of Hy (V') is {D|D = c235 - 3 ,cF# 0}

In Case 2, the weights are

Cm:%<1—ni)w’5(f)
041:71}(( ) )

g = 7—— wt(f)
a3:§<1+nfl)w f)

There does not exist any n, which can satisfy the restrictions ag > a1 > as > ag,
wt(25* %) < ap and ny > 3 at the same time.

Therefore, in Case 2, there does not exist negative weight derivation D in the
formofD—cz3aZ (k>1,¢#0).

In Case 3, the welghts are

aozé(l—%)wt(f)

o3} Zn%UJt(f;
az =3 (5 i) wt()
o3 = ¢ <1+7711)wt(f)

There does not exist any n; which can satisfy the restrictions ag > a3 > as > ag,
wt(z5~ 2) < ay and nq > 3 at the same time.

Therefore, in Case 3, there does not exist negative weight derivation D in the
forrnofD_cz36 (k>1 c#0).

Therefore, we complete the proof. O

LEMMA 2.56 (Case (zwviii) of Proposition 2.38). Let (V,0) = {(zo, 21, 22, 23) €

C*: f(20,21,22,23) = 0} be an isolated singularity defined by f(zo, 21, 22, 23) = 2821 +
Y F 23220 + 25%29(ne > 3,n3 > 3) of weight type (ap,ar, a2, as;d) where ag >
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a1 > ag > az. Let Hi(V) be the 1-st Hessian algebra. Then there does not exist any
negative weight derivation of Hy (V) in the form of D = cz 6z (k>1,c¢#0).

Proof. Assume that there exists some D in the form of D = ¢z} 8 (k>1,c#0).
From the weight relationship nia; = 2ag + a1 > 3y, we have ny > 3

Regardless of difference of constants and monomials in the ideal generated by
elements of Hess(f), we get the equations below.

foo  for foz Jfos 2 oz zy Tt 0

Jfio fu fiz fis * 0 0 0
H == = —
ess (/) foo for fa2 fos * % 0 Zps~t

fao far fs2 fa3 * ok N

By D (2527") = c(na — 1) 252722k € (21, 20), we obtain c = 0. There does not
exist any negative weight derlvatlon in the form of D = cz¥ 3 (k>1,¢#0).
Therefore, we complete the proof. O

2.3. Type (III). Next we will discuss the case
=221+ 2" 22+ 232235 + 23° 20

where mult (f) > 3. The weight order of ag, a1, and as is not determined. All
results of this subsection are summarized in Proposition 2.57.

PROPOSITION 2.57 (Type (III) of Proposition 2.1). Let (V,0) = {(zo, 21, 22, 23) €
C*: f(z0, 21,22, 23) = 0} be an isolated singularity defined by f(zo, 21, 22, 23) = 20° 21+
21 2o + 252 23+ 252 20 of weight type (o, a1, aa, az; d) where mult (f) > 3. Let Hy(V)
be the 1-st Hessian algebra. There exists negative weight derivation of Hy (V) if and
only if f is in one of the following forms after renumbering the variables zo, z1, 22
and zs so that ag > a1 > g > ag:

(i) f = 2820+ 23 23+ 2521+ 25 20. In this case, the set of negative weight derivations
of Hy (V) is {D\D = 0233%1,0 # 0},

(ii) [ = 2823+2320+2520+25%21 (ng > 4) . In this case, the set of negative weight
derivations of Hy (V') is {D|D = 0226%1, c# 0},

(iii) f = 2823 + 2122 + 2520 + 25°21 (n3 > 5). In this case, the set of negative
weight derivations of Hy (V) is {D|D = czgé)%l, c# O},

(iv) f = 2823 + 2320 + 2520 + 23°21 (n3 > 6). In this case, the set of negative
weight derivations of Hy (V') is {D|D = 0236%17 c# 0};

(V) f = 2823 + 2320 + 2520 + 25221 (n3 > 24). In this case, the set of negative
weight derivations of Hy (V') is {D|D = CZQZ§8 , A0, 1<k<?® ke Z}

20’

Proof. After renumbering, the problem is divided into 6 cases, each of which
satisfies ag > g > g > a3
(1) f=2p"21+ 21" 22 + 23223 + 25° 20 (no > 2);

(i) f =221+ 21" 23 + 25220 + 23° 22 (no > 2);
(i) f = 20%%2 4 27" 23 + 25221 + 25% 20 (no > 2);
(iv) f = 2523 + 21 20 + 25220 + 25° 21 (ng > 2);
(V) [ =20%22+4 21" 20 + 25223 + 2521 (ng > 2);
(Vi) f = 2023 + 27 20 + 25221 + 25° 29 (ng > 2).
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There are 4! = 24 cases of weight relations.

Case (i) contains the original weight relationship ag > a1 > as > ag,a; >
Qg > ag > g, > a3 > g > ap and ag > g > a1 > Qg.

Case (ii) contains the original weight relationship ag > a1 > a3 > ag, a1 > ag >
ap > ag,qp > a3z > ai > ap and az > ag > ag > ai.

Case (iii) contains the original weight relationship ag > as > a1 > as,a; >
az > ay > ap, a2 > ap > ag > oy and a3 > a1 > ap > Q.

Case (iv) contains the original weight relationship ag > as > az > aj, a1 >
a3 > qp > o, 00 > g > a1 > ag and az > a; > as > ag.

Case (v) contains the original weight relationship ag > a3 > a1 > ag, a1 >
ap > Qg > 3,00 > ] > g > g and ag > g > o > .

Case (vi) contains the original weight relationship ag > a3z > «as
ap > a3 > o, 00 > > o > ag and az > @ > oy > ag.

The discussion about the 6 cases is rather trivial and occupies a certain space.
One can check the following lemmas ( from Lemma 2.58 to Lemma 2.63 ) for more
details. O

LEMMA 2.58 (Case (i) of Proposition 2.57). Let (V,0) = {(zo, 21,22,23) €
C*: f(z0,21,22,23) = 0} be an isolated singularity defined by f(zo,z21,22,23) =
20°71 + 21 20 + 25223 + 2520 (no > 2) of weight type (ap, a1, a2, az;d) where ag >
ap > ag > ag. Let Hi(V) be the 1-st Hessian algebra. Then there does not exist
negative weight derivation of Hy (V).

Y

1,01 2>

Proof. If there exists some negative weight derivation D, D must be in the form
of D = pO(Zl, Z9, 23)8iz0 + pl(ZQ, Zg)aizl + CZ?]f%

When ng > 3 holds, we obtain
20 + aj < 3o < wi(f) = ni0; +

for (i,7) = (1,2),(2,3) or (3,0). Then ny > 2, ny > 2 and ng > 2. Thus n; > 3,
ng > 3 and ng > 3. Regardless of difference of constants, we get

—2 -1 -1
foo  for  foz fo3 20° "z 2)° , 0 X z5°
* ny— ny— O
Hess(f) — fio fu fiz o fis | 21 %29 ?272 o
fa0 far S22 fes * * 252 %23z
fao far fs2 fss * * * 233722
From
D (°20) = po (21,22, 20) (g — D021 + p (22, 22) 2402 =0,
we obtain
Po (21,22, 23) (no — 2)21 + p1 (22,23) 20 = 0.
Therefore, py (22, 23) = 0 and pg (21, 22,23) = 0. So D = czéfaizz.
From
D (o %2) = kel € (o2, o, 247,
we obtain

cz§z?172 S (zg“‘*l) .
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If ¢ #£ 0, it is clear that wt (z§) > wt (ng—l)_ However, we can also see

wt (zgrl) = wt(f)—ag—az > noag+ar —ag—ap = (ng—2)ap+a; > ag+a > o,
while wt (z§) < ag < ap. We obtain wt (z§‘3_1) > wt (zg) This leads to a contradic-
tion. Thus ¢ = 0 and D = 0. Therefore, for any f = z(°21 + 21" 22 + 25223 + 25° 20,
when ng > 3, there does not exist negative weight derivation of Hy (V).

When ng = 2 holds, f is in the form of f = 2221 + 21" 22 + 25?23 + 2§° 2. From

a; +a; <200 < wt(f) = njou + oy

for (i,7) = (1,2),(2,3) or (3,0), we get ny > 1, ng > 1 and n3 > 1. Thus n; > 2,
ng > 2 and ng > 2. Regardless of difference of constants and monomials in the ideal
generated by elements of Hess(f), we get the equations below.

Joo  for foz  fos z 20 0 2331
Hess(f)— | 10 fu iz o | e AT A 0
fao for faz o fos * * 290 T2z 247
fao fa1 fa2 fa3 * * * 0

Since z; and zp is an element of Hess(f), there does not exist nonzero element in
H, (V) which is divided by z; or zp. So D is in the form of D = czé“%.
If ¢ £ 0,

D (2{”_222) =czb 2 e (zl,zo,zg‘“’_l)
is equivalent to
z:],fz?l_z € (zl,zg?’_l).
Since
wt (zg?’_l) =wt(f) — o — a3 =2a0+ a1 — g — az > qq
and
wt (z:’,f) < as < ag,
we obtain wt (ngfl) > wt (z§) and n3 —1 > k. We can see that 2% cannot be divided

by 25371 SO zi’)fz?l*z € (z1) . Therefore, D (2?722’2) € (zl,zo,zgrl) is equivalent to

z§z?172 € (z1), or ng > 3.

Note that D (232 *z3) should satisfy
D (zgrzz?,) =c(ny —2) z;”*gzg“ € (21, 20, zgrl, 2?17222, z{“il) ,
which is equivalent to
c(ng —2) 252 32611 ¢ (zgrl) .

From ¢ # 0, we have k 4+ 1 > ng — 1, from which we obtain k > ng — 2.

If k > ng — 1, we have 25 € (zl, 20, zgrl). Thus D = 0, which is equivalent to
c = 0. If D is negatively weighted, k has to be equal to ng — 2. If oy = a9, we have
n1 = 2, which contradicts to the conclusion that n; > 3. So we get ag > as > as.
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From
nias +az < njay + s = ngan + as,

we obtain ne > ny > 3. Since

D (zgrl) = cz§ (no —1) 23272 € (zl, 20, zg?’*l, 2?17222, z{”fl, z;’27223) ,

the relation

czg”' (ng — 1) 222_2 € (z§3_1,232_223)
is obtained.

From the weight relationship ag + a3 < 20 < wt(f) = nzaz + ap, we obtain
ng > 1. Thus n3 > 2 and z?rl is divided by z3. Therefore, czéC is divided by z3.
From the assumption ¢ # 0, we obtain k = ng —2 > 1 and ng > 3. If that is the
case, we get 2% (na — 1) 252> € (25°7?23). Therefore the condition D (2527") =
czk (ng — 1) 232_2 € (zl,zo, z§l3_17 2?1_222,2?1_1, 232_223) is satisfied.

The only thing we need to verify is D = cz?”%(c # 0) is negatively weighted.
If it is negatively weighted, we obtain ag > as > ag.

-2

From ay > wt(*?) = (1 - nl) wt (:1%) = (1 - nl) (wt(f) — ap) =
(1— n%) (a1 +ap) > 2 (1— n%) a9, we obtain n3 < 4. Thus n3 = 3. From
wt(f) = 200 + a1 > 20, we obtain ay < %wt(f). From wt(f) = 2ap + a1 < 3ap,
we obtain ag > fwt(f). Thus az = % (wi(f) — ) € (Fwt(f), 2wt(f)]. From
wit(f) = noas +az > (ng + 1) ag > "zgrlwt(f), we obtain no < 5. Therefore, no < 4.
From niaq + as = naoas + a3 < naap + ap, we obtain nqy < ny < 4. Therefore, ny < 3.
From n; > 3, we obtain n; = 3. From 3 = ny < ny < 4, we obtain no = 4. Thus f
can only be in the form of f = z%zﬁ— zi”zg + Z§Z3 + zgzo.

From the weight relationship

2000 + ap = wi(f
31 + ay = wi(f
dag + az = wi(f
3ag + ag = wt(f

we obtain
ag = Zwt(f)
a1 = But()
Qg = EU/t(f)
a3 = ﬁ“”f(f)

We can see that as < a3, which is in contradiction to as > asg.

Therefore, there does not exist negative weight derivation of Hy (V) when ng = 2
for any f = z0%21 + 21" 22 + 25223 + 25° 20.

In conclusion, there does not exist negative weight derivation of Hy (V') for any
f=201+ 21" 220 + 2523 + 2529 (ng > 2). O

LEMMA 2.59 (Case (ii) of Proposition 2.57). Let (V,0) = {(z0, 21, 22,23) €
C*: f(z0,21, 22, 23) = 0} be an isolated singularity defined by f(zo, 21, 22, 23) = 2% 21+
21t zg + 252 20+ 25% 22 (ng > 2) of weight type (v, o1, v, auz; d) where oy > aq > g >
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ag. Let Hi (V) be the 1-st Hessian algebra. Then there does not exist negative weight
derivation of Hy (V).

Proof. 1f there exists some negative weight derivation D, D must be in the form

K] 9 k_0
of D = po(21, 22, 23) g5 + p1(22, 23) 527 + c25 5

When ng > 3 holds, from 2«a; + a; < 3ap < wit(f) = na, + o, we get n; > 2 for
(4,7) = (1,3),(2,0) or (3,2). Then ny > 2, np > 2 and n3 > 2. Thus ny > 3, ny >3
and ng > 3. Regardless of difference of constants, we obtain

—2 -1 1
foo  for  foz fos 20" "z 2302 zy* 0 )
o _ | o fu S fis | * 2 2 0 2T
eSS(f) - - no—2 nz—1
J20 far fa2o fas * * 252 20 2y
fao fsr fa2 f33 * * * 233722
Since
no—2 — no—3 no—2 __
D (25°7%21) = po (21, 22, 23) (no — 2)25° 21 + p1 (22, 23) 20° 7 =0,

we obtain the equation

Po (21, 22, 23) (N — 2)21 + p1 (22, 23) 20 = 0.

Thus py (22,23) = 0 and pg (21, 22,23) =0. So D = cz§6%2.

From
D (z?z_l) =czi(ng—1)2027 % ¢ (280_221, Zpo—1, 2?1_223) ,

we obtain ¢ = 0. Thus D = 0, which contradicts to the assumption that D is
negatively weighted. Therefore, when ng > 3, for any f = z;°z1+2]" 23+252 20+ 25° 22,
there does not exist any negative weight derivation of Hy (V).

When ng = 2 holds, f is in the form of f = 2321 + 2] 23 + 25220 + 25 22. From

Q; + < 2ap < wt(f) = N0y + Q5

for (i,7) = (1,3),(2,0) or (3,2), we get ny > 1, ng > 1 and ng > 1. Thus n; > 2,
no > 2 and n3 > 2.

Regardless of difference of constants and monomials in the ideal generated by
elements of Hess(f), we get the equations below.

Joo  for foz fos z1 %, P 0
fio fu fiz fis x 2 %23 0 0
Hess(f) = _
ess(f) Joo  for fo2 fes * * 0 Zps~t
fao fa1 fa2 fa3 * * * 2372,

Since zp and z; are in the ideal generated by elements of Hess(f), the negative weight
derivation is in the form of D = czéf%. If ag = a1 = ag, we have ny = 2. Thus 29
is in the ideal generated by elements of Hess(f). There does not exist any nonzero
monomial in H; (V) that is divided by 2. Thus D = 0.

Otherwise we obtain ag > as > as.

From

niay + az = 200 + a1 > ap + a1 + ag > 2aq + as,
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we obtain n; > 2. Therefore, n; > 3.
From

D (z;’?_l) =(ng —1) cz§z§2_2 € (21,20,2?1_223) = (21,20) ,

we obtain ¢ = 0. Thus D = 0.

Therefore, when ng = 2, for any f = z;°21 + 21" 23 + 25220+ 23° 22, there does
not exist negative weight derivation of Hy (V).

In conclusion, there does not exist negative weight derivation of Hy (V') for any
=251+ 21" 23 + 25220+ 25°22 (ng > 2). O

LEMMA 2.60 (Case (iii) of Proposition 2.57). Let (V,0) = {(z0, 21, 22,23) €
C*: f(z0, 21,22, 23) = 0} be an isolated singularity defined by f(z0, 21, 22, 23) = 2% 22+
21 zs + 25221 + 23° 20 (ng > 2) of weight type (o, 0n, a0, as;d) where oy > o >
ag > as. Let Hi(V) be the 1-st Hessian algebra. Then there exists negative weight
derivation of Hy (V') if and only if f is in the form of f = 2320+ 2323+ 2321 +2520. In

this case, the set of negative weight derivations of Hy (V') is {D|D = 0238%1,0 #+ 0}.

Proof. If there exists some negative weight derivation D, D must be in the form
0

of D = po(zl,zg,z;»,)a%o —&-pl(zQ,z:),)a%l + 25 5

When ng > 3 holds, from 2a; + a; < 3ag < wt(f) = n;a; + o, we get n; > 2 for
(1,7) = (1,3),(2,1) or (3,0). Then ny > 2, ng > 2 and n3 > 2, which is equivalent to
ny > 3, no > 3 and ng > 3. Regardless of difference of constants, we obtain

—2 -1 -1
Joo for fo2 fo3 20° "z 0 2y° 253
Jfio i fiz fis * A1 2! i
Hess(f) = = no—2
fao for fa2 fus * * 25 % 0
fso fa1 fs2 fas * % % 233722
From
D (Z61072Z2) = po (21, 22, 23) (no — 2)2807322 + cz:l)fzg"*z =0,
we obtain
po (21, 22, 23) (no — 2) 22 + cz§zo =0.
Therefore, ¢ = 0, pg (21, 22, 23) = 0 and D = p; (29, 23) 6%1. From

D (2?1_223) =p1 (22,23) (N1 —2) zf’l_gzg € (230_222, zg"_17 zg'“"_l) ,

we obtain
p1 (22, 23) zf1_3 € (zg?’_?) .
If p1(22,23) # 0, we get pj(z2,23) contains factor z§3_2. Then we obtain
the equation ag > a1 > wt(p; (22,23)) > wt (zg372) = ”i—f (wt(f) —ag) =
"i—;z (noag + g — ) > ”2;2 (200 + ) > ”%—;22040 . Then n3 < 4, therefore,
ng = 3.
Since py (22,23) contains factor z§372 = z3, we get a3 < wt (p (22,23)) < a1 <

. From the relation ngag + as = 3a3 + ap < 3agp + as, we get ng < 3, which is in
contradiction to the assumption ng > 3. Thus py (22,23) =0 and D = 0.
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Therefore, when ng > 3, for any f = z;%z2 + 21" 23 + 25221 + 23° 20, there does
not exist any negative weight derivation of Hy (V).
When ng = 2 holds, we obtain

f=22+ 223+ 2522 + 25% 2.
From the relation
Q; + < 2ap < wt(f) =n;0y + Q5

for (4,7) = (1,3),(2,1) or (3,0), we obtain n; > 1, ng > 1 and n3g > 1. Therefore,
ny > 2, ng > 2 and ng > 2.

Thus
Joo  for foz Jfos Z2 02 20 Z;,Lri
fio fui fiz fis * 21" "z 0 2T
H = — 1 1
ess(f) fa0 fa1 S22 fos * * 2227220
fso far fs2 fas * * * 0

regardless of difference of constants and useless monomials. It is clear that zy and
zo are in the ideal generated by elements of Hess(f). There does not exist nonzero
element in H; (V') which is divided by zg and 2. Thus D = clz§1 8%1.

If ag = a1 = ag = a3, we obtain n; = ny = ng = 2. f13 and fao are in proportion
to z1. 2z is in the ideal generated by elements of Hess(f). There does not exist
nonzero element in H; (V') which can be divided by z;. Thus D = 0.

Otherwise we have oy > a3. In this case,

Qg + nzaz = 200 + ag > ag + as + ag > ag + 2ag.

Thus n3 > 2, which is equivalent to ng > 3.

If ny = 2, f13 is in proportion to z;. In this case, z; is in the ideal generated by
elements of Hess(f). There does not exist any nonzero element in H; (V') which is
divided by z;. Thus D = 0.

If ny > 3, we obtain

ni—2 ki1+1 _ni1—3 na—1
D (zll 23) =(m —2)c1zgt 2t € (32,z0,233 ) ,
which is equivalent to
n+1_ng— -1
125 T TR € (29, 20, 2571

If D # 0, it is clear that ¢; # 0. Therefore, we have k1 +1 > ng — 1. So k1 > ng — 2.
If ky > ng — 1, 25" is in the ideal generated by elements of Hess(f) and D = 0. This
leads to a contradiction. Thus k1 < nzg —1 < k; + 1. Therefore, we get n3 —1 =k +1
and k1 = n3 — 2. D is in the form of D = 612§13726%1-
In the following discussions, we assume ¢; # 0.

Consider the restriction
ny—1 n3—2_mni—2 n3—1 _ni—2 ng—2
D (2771 = (m — 1) ez 227072 € (22,20, 25° 7, 20 P2, 257 2 2)
Since ng > 3, we obtain 25?2 7% € (2" "?z3). The restriction is satisfied.
Consider the restriction

ng—2 n3—2 _no—2 n3—1 _n;—2 ni—1
D(z22 zl) =crz3° Tz 0 € (2'2,20,233 W e )
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It is equivalent to
233720272 ¢ (22,21“_223) .
If no = 2, fo5 is in proportion to z;. Therefore, z; is in the ideal generated by
elements of Hess(f). There does not exist nonzero element in H; (V') which is divided
by Z1.

If ny > 3, we obtain 25* 225272 € (29). The restriction is satisfied.
Therefore, the  restriction D (2327221) = c1 zgrzz;”*? €
(22,20, 25° 1, 21" 225, 2" ") is satisfied if and only if ny > 3.

D = Clz;3—28%1 is negative weight if and only if wt (z?‘”’_?) < aj.

If ap = a3 = g, we have no = 2, which contradicts to the assumption ny > 3.
Thus we have o > as. Since 20y < 29 + az = wit(f) < 3ag, we obtain ay €
(3wt(f), swt(f)). Therefore we have wt (z5*) = wt (f) — ag € (Fwt(f), Fwt(f)),

which is equivalent to ag € (ﬁwt(f), %wt(f))
Therefore,

wt (23°%) = (1 - 2) wt (z3%) > %wt (25°) > éwt(f)

n3

n3—2

wt (25°7%) = -
3

The conclusion

, 1
ar > wt (25°7%) > gwt(f)

and
1 1 1 - 2\ 1
o (1 - 2@) wt(f) > - (wt(f) — az) = a1 > wt (25°77) > (1 - ng> iwt(f)
follows.
From - (1 - ﬁ) wt(f) > (1 - n%) Lwt(f), we obtain an upper bound for ns:
2 .
ny <2+ ny—2

If n1 = 3, we have 3 < n3z < 5. Thus n3 = 3 or nz = 4.

If ny =4, we have 3 < nsz < % Thus n3 = 3.

If ny > 5, we have 3 <n3z <2+ ﬁ < 3, which leads to a contradiction.
When n; = 3 and ng = 3, from the weight relationship

20 + ag = wit(f)
3aq + ag = wt(f)
noag + a; = wt(f)
3as + ap = wt(f)

we obtain
Qp = ;982227_—711“(]0)
o1 = p—ut(f)
0z = g utf)
o = 3ng + 2 1)

1815 — 1
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From oy > a1 > as > ag, we obtain 9ng —7 > bny—1 > 13 > 3ny+2. Thus 15—4 <
ng < % Note that no > 3, we get 3 < ng < % Therefore ny = 3. wt (zgrQ) <o
is equivalent to %wt( f) < 158’32111 wt(f). The restriction is satisfied when ny = 3.

Thus when the conditions ng = 2,n1 =3 andng = 3in f = 2% 20427 23+ 25221+
z5° 2 are satisfied at the same time, there exist a negative weight derivation for Hy (V')
if and only if ny = 3. In other words, f is in the form of f = 2320+ 2723+2521+ 2520. In

this case, the set of negative weight derivations of Hy (V) is {D|D = cz;;%, c# O}.
When n; = 3 and ng = 4, from the weight relationship

(
3aq + ag = wt(f)
naas +a; = wt(f) ’
dag + ag = wt(f)
we obtain
12712 -9
= t
0= o, — 1V
777,2 —1
) = wt(f

(
(
s = — i
ag = ————wi(f

From oy > a1 > as > agz, we obtain the restriction 12n, — 9 > Tn, — 1 >

17 > 3ny + 2. Thus 1—78 < mny < 5. Note that no > 3, we get 3 < no < 5. Then

wt (z§3_2) < oy is equivalent to %ﬁff)wt(f) < 274’;32111 wt(f). Thus we have ng > 5,
which contradicts to ny < 5.

Thus when ng =2, ny =3 and ng =4 in f = 2522 + 27" 23 + 25221 + 23° 2 hold
at the same time, for any ny > 3, there does not exist negative weight derivation for
Hy (V).

When n; = 4 and ng = 3, from the weight relationship

200 + g = wit(f)
4o + az = wi(f)
noag + ap = wt(f)
3ag + ap = wt(f)
we obtain
127’12 — 10
= 2T St
0= Sy =1 V1)
5”2 -1
= Sy — 1)
19
2= 5 -1t
4TL2 +3
= ——wt
3= Sy — 1)

From ap > a1 > as > a3, we obtain the restriction 12ny — 10 > 5ne — 1 > 19 >
4no + 3. Thus 4 < ny < 4. Therefore, no = 4. Then wt (z§3_2) < aq is equivalent to

;Sfiﬁwt(f) < 2547527_11 wt(f). When ngy = 4, the inequation is false.
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Thus when ng =2, ny =4 and ng =3 in f = 2(%22 + 21" 23 + 25221+ 25° 2 hold
at the same time, for any no > 3, there does not exist negative weight derivation of
Hy (V).

Therefore, for any f = 2(%z + 21" 23 + 25221 + 25° 20 (ng > 2), there exists neg-
ative weight derivation of H; (V) if and only if f is in the form of f = 23z +
2323 + 2321 + 2520. In this case, the set of negative weight derivations of Hy (V) is

{D|D = cz?,a%l,c # O}. d

LEMMA 2.61 (Case (iv) of Proposition 2.57). Let (V,0) = {(20, 21, 22, 23) €
C*: f(z0,21, 22, 23) = 0} be an isolated singularity defined by f(zo, 21, 22, 23) = 24° 23+
21 2o + 25220 + 23° 721 (ng > 2) of weight type (o, 0q, a2, as;d) where oy > a >
as > az. Let Hi(V) be the 1-st Hessian algebra. Then there exists negative weight
derivation of Hy (V') if and only if f is in one of the following forms:

(i) f = 2823+ 2320+ 2520+ 25221 (ng > 4). In this case, the set of negative weight
derivations of Hy (V') is {D|D = czza%l, c# 0};

(ii) f = 2823 + 2f22 + 2520 + 25%21 (ng > 5). In this case, the set of negative
weight derivations of Hy (V') is {D|D = czQa%l,c # 0};

(iii) f = 2823 + 2320 + 2820 + 25%21 (n3 > 6). In this case, the set of negative
weight derivations of Hy (V') is {D|D = cz%(%l, c# O};

(iv) f = 2323+ 2320 + 2520 + 25°21 (n3 > 24). In this case, the set of negative
weight derivations of Hy (V') is {D|D = 022256%1,0 #£0,1<k< ™3 ke Z}.

20

Proof. If there exists some negative weight derivation D, D must be in the form
of D = 190(,21,z2,23,)8%O +p1(22,z3)8%1 + 0256%2.

When ng > 3 holds, we obtain
2a; + o < 3ap < wt(f) = njoy; + @
for (i,7) = (1,2), (2,0) or (3,1). Thus we obtain ny > 2, ne > 2 and ng > 2, which

is equivalent to n; > 3, ny > 3 and ng > 3. Regardless of difference of constants, we
obtain

-2 —1 —1
foo for foz fo3 25° "z3 02 2y ) zy° .
Hess(f) = fio fu fiz o fis | _ * A T 23"
- - 71272
foo  for fa2 fa3 * * Zy 20 0
fso f31 fs2 fas * * < 23372
From
D (Z(SLOizZS) = Po (21, 22, 23) (no - 2)230732;3 =0,
we obtain
po (21, 22,23) = 0.
From

D (zngl) = cz§ (ng —1) z;”*? c (2307223, 2'1“722,’2) ,

we obtain ¢ = 0. Thus D = py (22, 23) di

5z1



346 S. FAN, S. S.-T. YAU AND H. ZUO

From

D (2{“72,22) =p1 (22,23) (N1 —2) zfr?’zg IS (zgofzzg, z;”*l, zgofl) ,

we obtain
p1(22,23) 27" Pzp € (25771).
If p1 (22, 23) # 0, p1 (22, 23) contains factor 232_2.
From

D (2{”71) =p1 (22,23) (n1 — 1) 2?172 € (250722'3,zgrl,zg”*l,z?ﬁzzg) ,
we obtain

p1 (22,23) (N1 — 1) 21“72 € (zgrl,z?rzzg) .

Since p; (22,23) contains factor 232—27 p1 (22,23) contains factor zo. In the way
p1(22,23) (n1 — 1) 27772 € (27" %22), the condition py(22,23) (n1 —1)21" 7% €

1 _92 . .
(25277, 21" %2, is satisfied.

From
nz—2 _ ng—2 ng—2 no—1 _no—1 _ni1—2 ni—1 _nzg—1 _na—2
D (25° “21) = p1 (22, 23) 23 € (20° 23,252, 200 L2t Ta, 20t T 20T 297 T20)
we obtain

p1 (22, 23) z:’;?’_z S (z;’?_l,zg‘”'_l) .

Note wt (23271) = wt(f) — ag — ag = npag + az — ap — as > 200 — gy = Qg >

a1 > wt (p1 (22, 23)), p1 (22, 23) do not contain factor 2521, Thus p (22, 23) 25° 2 €

(zg‘”’_l) . Then p; (22, z3) contains the factor z3. Thus p; (22, z3) contains the factor

2527223, Then we obtain (ny — 2) as + az < wt (py (22, 23)) < a1 < ap. However, we

also notice that (ng — 2) as+az = (ny — 2) 7"00‘“?2‘3*““ +az = (ng —2) 7("07171‘;0+a3 +

ag > (ng — 1)("2;22)(10 > 2("2;22)0‘0. From the two inequations above, we obtain

9{n2=2)a0 o Therefore, ny < 4.

n

Note that ny > 3, we obtain n, = 3. From (ng—2)as + as =
(ng—Z)%;w’—&—ag, = (m—?)@%m—kag > (no—l)%, we ob-
tain

o
o + oz > (’I’LO — 1)30
From
(ng —2) ag +az < wt (p1 (22, 23)) < a1 < ag,

we get

oo + ag < Q.

From the inequation (no —1)%* < ag, we obtain ny < 4. Considering the as-

sumption ng > 3, we obtain ng = 3. From another fact that
nio + g — Qg

niog + Qo :30424—040:3042—1-#,
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we obtain
2niay; = Tag — ag < Tag.

Therefore, ny < %
Since ny > 3, we deduce n; = 3 and f is of the form f = 2323+ 2520+ 2520 +25° 21.
From the weight relationship

3ap + ag = 3a1 + as
3o + ag = 3as + g R
3ag + ag = nzaz + oy

we obtain
- 70[0 + 2@3
! 9
200 4+ ag
g = ———
2 3
20
a3 = ———
2T Oy —7 0

Substituting the first two equations into (ns — 2) ag + a3 < a1, we obtain ag >
10c3. Substituting the last solution, we obtain ng > 23, which is equivalent to

When ng > 23, we obtain a3 = 9n23(’_7
that ag — ay = % >0, a1 —ay = ¥5* >0 and az —az = % > 0, we
obtain ag > a1 > as > asz. Thus py (22, 23) = c12223(c1 # 0) is qualified if and only
if ng > 24.

So when ng > 3, there exists negative weight derivation if and only if f is in the
form of f = 2323+ 2320+ 2520+ 2521 and ng > 24. If ng > 24, D = 0122236%1 (c1 #0)
satisfies the restriction. Regardless of difference of constants, Hess(f) is in the form
of

oy < %an < ag. From the three equations

Joo for foz fo3 2023 0 23 23
Hess(f) — Jio fu Sz fis | x 2z 2 2Tt

Joo far fa2 fa3 * * 2220 0

fao fa1 fa2 fas * * x 2Ty

Considering py (22, 23) which is divided by 2223 and the elements of Hess(f), all the
possible forms of p; (22, 23) are p; (22, 23) = 01222§1 (k1 <m3 —2,¢1 #0) which sat-
isfies the "negatively weighted” restriction as + kg < ap. From a3 = MLQ%‘S and

g = 2”“’%, we obtain (9k; + 1)as < ap. Substituting as = %ao, we obtain
1<k <53 <ng—2.

In conclusion, when ny = 3, there exists negative weight derivation of
Hy (V) if and only if f is in the form of f = 28z3 + 220 + 2320 + 2521 and

ng > 24. In this case, the set of negative weight derivations of H; (V) is

{D|D — e c£0,1<k< 3 ke Z}.

When ny = 2 holds, we obtain

2 P
f=z523+ 2 20 + 25220 + 25°21.
From

az +nioar = 2ap + az > 209 > ap + oo,
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we obtain n; > 1, which is equivalent to ny > 2.
From

ap + ngae = 200 + az > 209 > o + o,

we obtain ny > 1, which is equivalent to no > 2.
From

a1 +nzag = 2a0 + az > 2ap > ag + as,

we obtain ng > 1, which is equivalent to ng > 2.
Regardless of difference of constants and useless monomials, we have

foo for foz fo3 23 02 232_1 20
fio fir fiz fis x 2Ty 2T 0
Hess = — 1 1
(/) foo for fa2 o fo3 * * 0 0
fao fa1 fs2 [f33 * * * 23372

If ap = a1 = ag = a3, we obtain ny = ny =ng = 2 and f = 2223 + 2520 + 2320 +
z%zl. Thus zp, z1 and 25 are in the ideal generated by elements of Hess(f). There does
not exist any nonzero element in H; (V') which is divided by zg, z1 or ze. Thus D = 0.

If ag > ag, from a;+nzas = 2ap+a3 > ap+2as > a1 +2as, we get ng > 2, which
is equivalent to n3 > 3. Regardless of difference of constants and useless monomials,
we have

foo  for foz  fo3 z3 02 23271 20
fio fu1 fiz fis x 2Tz 20

H = - 1 1
ess(f) foo  far faz fa3 * * 0 0
fao fs1 fa2 f33 * * * 0

Thus zg and z3 are in the ideal generated by elements of Hess(f). There does not exist
any nonzero element in H; (V') which is divided by zg or z3. If there exists negative

weight derivation D, D must be in the form of D = clzgl 8%1 + 020%2. From

D (25°7Y) = (na — 1) cazb? 72 € (23,27 %20)
we obtain 0225272 IS (2?722’2).

If ny = 2, it is clear that z; and zy are in the ideal generated by elements of
Hess(f). There does not exist any nonzero element which is divided by z; or z5. Thus
D =0.

If ny > 3, we have co = 0 and D = 012518%1- If ¢; # 0, from

D (21“722'2) = (ng —2) 1z T3 ¢ (zg,zgrl,zo) ,

we can get zi' ! € (zngl), which is equivalent to k; + 1 > ny — 1. However, 25!

is not in the ideal (2527"). Otherwise D = 0, which is equivalent to ¢; = 0. Thus
k1 < ng—1< k41, from which we get ky = ny — 2. Therefore, D (zf1_222) S
(23, z;“_l, zo) if and only if D is in the form of D = 01232_26%1.

_ na2—2 9 :
When D = ¢; 25 o7 and ¢ # 0, we obtain

D(zP7h) = (m =) ez 22" 72 € (23,25% 7 20,210 P2)
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which is equivalent to
n2—2 111—2 n1—2
297 "2 € (zl zz) .

Thus no —2 > 1 and ny > 3.
From the relation

’U}t(f) = 2a + a3z > 2y,

we obtain

ap < %wt(f)
From the relation
wt(f) = 2ap + as < 3ayp,
we obtain

ap > %wt(f)

Therefore, we have

wt (%) = wt () - o € gutth). Jutl).

which is equivalent to

as € <1wt(f)>?jgwt(f)> .

2712

So we get

wt (232_2) € (n2 — 2wt(f), 2(n2 — 2>wt(f)) .

QTLQ

We obtain a lower bound of «; from

1— 2
ay > wt (232_2) > Tnzwt(f)

If ny = 3, we have oy > jwi(f) and oy > gwit(f). Thus wt(f) = nioq + g >
"1T+1wt(f). Thus nq < 5. Note that n; > 3, we have n; = 3 or nq = 4.
If ny = 4, we have oy > Ywt(f). Thus wt(f) = nion +az > nja; > Zwt(f) and
ny1 < 4. Note that n; > 3, we have ny = 3.
If ny = 5, we have oy > Swt(f) and ap > Fswt(f). However, we also notice that
wt(f) =niag + as > 3oy + ag > wi(f). This leads to a contradiction.
2

If ny > 6, we have oy > 1_25wt(f) > fwt(f). However, we also notice that
wt(f) =niag + as > 3ag > wt(f). This leads to a contradiction.

In conclusion, there are 3 possibilities: (n1,n2) = (3,3), (4,3) or (3,4).

When (n1,n2) = (3,3), from the weight relationship

200 + ag = wt(f)

3aq + ay = wi(f)

3ag + ag = wt(f) ’
(f)

nsas + o = wt
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we obtain
ap = 1?87:7?3_7;1 wt(f)
a1 = 1;87;133121 wt(f)
Qo = 187%3+_1’th(f)
a3 = th(f)

From ag > a1 > as > a3, we obtain

972,3—7

5nz — 1 3ng + 2 13
T t(f) >
T8my —1VHF)

e s B > .
Z Tgny 1) 2 g, 7wt 2 g wt)

Thus nz > %, which is equivalent to ngz > 4. From the negative weight restriction, we
obtain (ny — 2) as < a1, in other words, as < 1. When nz > 4, the restriction holds.
Thus when (n1,n2) = (3,3) in f = 2323 + 27" 22 + 25220 + 25° 21, there exist negative
weight derivations if and only if ng > 4 and all the negative weight derivations are in
the form of D = clzga%l (c1 #0).

When (n1,n9) = (4,3), from the relations

|
&

|

g
222X
2222

2000 + a3 =
4oy + ap =
3as + ag = wt
nsas + ap = wt

we obtain
12n3 — 10
== wt
Qo 24n3_1w(f)
57?,371
N = s — 1)
Ing + 3
= 2T
2= o 1)
19
=— wt
s = g —qwilf)

From a¢ > a1 > as > ag, we obtain

127’L3 —10
W
24n3 — 1

dng + 3 19

t(f) =

5713—1
HF) > 7wt
(£) Z Sy 1

Z g 1) Z g v 1)
When n3 > 3, we get n3 > 4. From the negative weight restriction, we have
(ng —2) e < v, in other words, ay < «1. When n3 > 4, we get ng > 4, in other
words, ng > 5. Thus when (n1,n2) = (4,3) in f = 2323 + 2" 22 + 25220 + 25221, there
exist negative weight derivations if and only if ng > 5. In fact, all the negative weight
derivations are in the form of D = clzga%l (c1 #0).

When (n1,n2) = (3,4), from the relations

209 + a3 = wit(f)
a1 + ag = wi(f)
dag + ag = wit(f)
nsas + a; = wt(f)
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we obtain
ap = é;Zg:stt(f)
a1 = 2347?37_21 wt(f )
Q2 = 247:133;1wt(f)
a3 = g, —7wt(f)

From ag > a3 > as > ag, we obtain

77’L3—1

s = 2ng — Twif) = Mng — 1

12n3 - 9w
24TL5 —1

3ng +2 17

t(f) =

Z s 1),

When n3 > 3, we get ng3 > 5. From the negative weight restriction, we have
(ng —2) s < a1, in other words, 2as < ;. When ng > 5, we get ng > 5, in
other words, n3 > 6. Thus when (n1,n2) = (4,3) in f = 2323 + 2] 22 + 25220 + 25% 21,
there exist negative weight derivations of H; (V') if and only if ng > 6. In fact, all the
negative weight derivations of Hy (V) are in the form of D = 012:%8%1 (c1 #0).

Therefore, for any f = z(°z3+ 21 2o +25220+25° 21 (ng > 2), there exists negative
weight derivation of H; (V) if and only if f is in one of the following forms:

(1) f = 2823 + 2322 + 2520 + 2521 (n3 > 4). In this case, the set of negative
weight derivations of H; (V) is {D\D = czza%l, c# O};

(2) f = 2823+ 2t22+ 2520+ 25221 (n3 > 5). In this case, the set of negative weight
derivations of Hy (V) is {D|D = czza%l, c# 0};

(3) f = 2823+ 2320+ 2520+ 25221 (n3 > 6). In this case, the set of negative weight
derivations of Hy (V) is {D|D = czgé%, c# 0};

(4) f = 2823 + 2320 + 2320 + 25°21 (n3 > 24). In this case, the set of negative
weight derivations of H; (V) is {D\D = czgz:’;a%l,c #0,1<k< ™3 ke Z}. 0

20

LEMMA 2.62 (Case (v) of Proposition 2.57). Let (V,0) = {(z0,21,22,23) €
C*: f(z0, 21,22, 23) = 0} be an isolated singularity defined by f(z0, 21, 22, 23) = 2% 22+
21 20+ 252 25+ 25% 21 (ng > 2) of weight type (o, o1, o, gy d) where g > aq > ag >
ag. Let Hy(V) be the 1-st Hessian algebra. Then there does not exist any negative
weight derivations of Hy (V).

Proof. If there exists some negative weight derivation D, D must be in the form
of D = po(21, 22, 23)3%0 + p1 (22, 23)3%1 + Czéc%-

When ng > 3 holds, we obtain

20; + o < 3ap < wt(f) = njo; + @

for (i,7) = (1,0),(2,3) or (3,1). Therefore, ny > 2, ny > 2 and ng > 2. Therefore,
we have n; > 3, no > 3 and ng > 3. Regardless of difference of constants, we obtain

foo  for fo2  fos 2307222 2t 23071 0
Hess(f) = ho fu he fis = * 2?17220 f 92 ngj

fa0 far faz o fas * * 252 %23 232

fso far fs2 fas * % * 23372

From the equation

D (2307222) = po (21, 22, 23) (ng — 2)2807322 + czé“zg"*z =0,
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we obtain
po (21, 22, 23) (ng — 2)z2 + czz])fzo =0.

Therefore, we have ¢ = 0 and pg (21, 22, 23) = 0.
So D = py (22, 23) 6%1‘ From

D (") =p1(z2,28) (1 — 1) " 77 € (5 z2)

we obtain py (22,23) =0 and D = 0.
When ng > 3, there does not exist negative weight derivation of Hy (V') for any
[ =202+ 21" 20+ 25223 + 23° 1.
When ny = 2 holds, we obtain
f =220+ 20 20 + 25223 + 25% 2.
From

nioy + ag = 2ag + az > 2ap > ag + ag,

we obtain n; > 1, which is equivalent to ny > 2.
From

noaip + a3 = 2a0 + ag > 2ap > as + as,

we obtain ny > 1, which is equivalent to no > 2.
From

ngag + oy = 2ag + ag > 2ap > ag + aq,

we obtain n3 > 1, which is equivalent to ng > 2.
Regardless of difference of constants and useless monomials, we have

foo for foz fo3 zy 2Tt 20 0 )
fio fi1 fiz fis * 0 0 253"
H = =
ess(f) Joo fa1 fa2 fos * S 0
fso far fs2 fas * * * 23372

If such negative weight derivation D exists, we have D = clzgl 6%1. If g =y =

o, we obtain n; = 2 and f = ngQ + Z%Zo + 23223 + z5°21. Thus zp, 21 and 2z are in
the ideal generated by elements of Hess(f). There does not exist any nonzero element
in Hy (V) which is divided by zp, z1 or z3. Thus D = 0.

Otherwise we obtain oy > as. If ny = 2, similarly 2, z; and 29 are in the ideal
generated by elements of Hess(f). There does not exist nonzero element in H; (V)
which can be divided by zg, 21 or z5. Thus D = 0.

If n; > 3, we obtain D (zi”_l) =(n1—1) clzéflz{“_Q € (22). Thus ¢; = 0 and
D =0.

Therefore, when ny = 2, there does not exist negative weight derivation of H; (V)
for any f = z(%22 + 21" 20+ 25223 + 25°%21.

In conclusion, there does not exist negative weight derivation of Hy (V) for any
f= 2024 21" 20 + 25223 + 25%21 (ng > 2). O
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LEMMA 2.63 (Case (vi) of Proposition 2.57). Let (V,0) = {(z0, 21, 22,23) €
C*: f(z0,21, 22, 23) = 0} be an isolated singularity defined by f(zo, 21, 22, 23) = 2(° 23+
21t 20+ 29221 4 25% 20 (ng > 2) of weight type (v, o1, v, gy d) where oy > aq > ag >
ag. Let Hi(V) be the 1-st Hessian algebra. Then there does not exist negative weight
derivation of Hy (V).

Proof. If there exists some negative weight derivation D, D must be in the form
of D = po(zl,zg,z;g)a%o —&-pl(ZQ,z?,)a%l + cz§6%2.

When ng > 3 holds, we obtain

20 + o < 3ap < wt(f) = njo; + oy

for (i,7) = (1,0),(2,1) or (3,2). Therefore, ny > 2, ny > 2 and n3 > 2. Therefore,
ny > 3, ng > 3 and nz > 3. Regardless of difference of constants, we obtain

foo  for  foz  fos 200722 At 0 zgo1
Hess(f) = S Jufiz his = * 2?1_230 z;i;l Q_l

fao far faz fos * * 227 2

fso fau fs2 fas * * * 233722

From
D (zg”’fzz;;) = po (21, 22, 23) (no — 2)23"73,23 =0,
we obtain pg (21, 22, 23) = 0.
From

D (1) = pr (222 20) (m — 1) 212 € (50 22)

we obtain p; (22, z3) = 0.
From

D (232_1) =(ng—1)c2b22 2 ¢ (280_223,z;“_l,zgo_l,z?l_on) ,

we obtain ¢ = 0.

So D = 0.

When ng > 3, there does not exist negative weight derivation of H; (V') for any
f=25%23 + 2" 20+ 23221 + 25° 5.

When ng = 2 holds, f is in the form of f = 2323 + 21" 20 + 25221 + 25°22. We
obtain

a; + o <200 < wit(f) = nja; + o

for (i,7) = (1,0),(2,1) or (3,2). Therefore, n; > 1, ny > 1 and ng > 1, which is
equivalent to ny > 2, ny > 2 and n3g > 2.
Regardless of difference of constants and useless monomials, we have

“1

Joo for foz  fos z3 21! 0 ) 20

fio Juu fiz fi3 * 0 2527 0

Hess = — 2" -
(7) foo for fa2 fos * * z5? 2a 253 1
fso fa1 fs2 fas * % * 253722

_ ki 8 _9_
Thus D = c12, 92, T C235,;-
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From
D (7" = (n1— 1) crzh' 2] 72 € (23)

we obtain ¢y =0 and D = 028%2.
From

D (257" = (na — 1) e223> 7% € (23,27 ', 20)

we obtain ¢ = 0 and D = 0.

When ny = 2, there does not exist negative weight derivation of H; (V') for any
[ =20°23 + 21" 20+ 25221 + 25° 0.

In conclusion, there does not exist negative weight derivation of Hy (V') for any
f= 20234 21" 20 + 25221 + 25%29 (ng > 2). O

3. Type B Fewnomial Case. In this section, we will discuss the Type B fewno-
mial case where mult (f) > 3. The overall conclusion is written in Proposition 3.1.

ProposITION 3.1 (Type B fewnomial case of Theorem B). Let (V,0) =
{(20, 21, 22,23) € C*: f(z0,21,22,23) = 0} be an isolated singularity defined by the
Type B fewnomial f (20, 21, 22, 23) of weight type (ap, a1, as, az; d) where mult (f) > 3.
Let H{ (V') be the 1-st Hessian algebra. There exists negative weight derivation of
Hy (V) if and only if [ is in one of the following forms after renumbering the vari-
ables zy, z1, z2 and z3 so that ag > a1 > ag > a3 ((we combine the cases that can be
transformed into each other by simply renumbering the variables, which is caused by
the equal weights of asymmetrical variables ):

(i) f =230+ 23 + 2323 + 2320. In this case, the set of negative weight derivations

of Hy (V) is {D\D = cz3a%2,c # O};

(i) f =20+ 2323 + z§ + 2320. In this case, the set of negative weight derivations
of Hy (V) is {D\D = 0236 ,C 0}

(iii) f = 28 + 2320 + 2320 + 25° (ng > 5). In this case, the set of negative weight
derivations of Hy (V') is {D|D = 0228%1, c# 0}.

Therefore, if mult (f) > 4, there does not exist any negative weight derivation of
Hy (V).

Proof. By the definition of Type B fewnomial, after renumbering, we may assume
f(z0,21,22,23) = f(2iy, 241y Zjas Zis) = 9(2i) + h(25,, 2j,, 2j;) Where i1, 71, j2 and
Jj3 are any permutations of 0,1,2 and 3. g = g(z;,) is Type (I) and is equals to
zZl h = h(zj,,2,,25,) is Type (II) or Type (III). From mult (f) > 3, we can get
wt(f) > 2max {a,,, o), 0y, i, } = 2a.

We renumber z;,, 2;, and z;, again to satisfy the Weight relationship iy > Gy >
ai3 In the Type (II) case, h is in the form of h = 2. z;, + z 233 + 298 h =

J3 ’
Tjg i3 — — 71 Mo
P zjerz + 2z, zjz,hfz zj3+z zlerz hf +z zjs+z]3 Zj1s

J1 J1
h=2"2, + 2, 1192 +z ]3231 or h— 20 —l—z ”zjl —l—z zj2 In the Type (IH) case, h

Jl J1
is in the form ofhfz] Zj, +z % 2 +z 8z, or hfzj Zjg +z 2z +z 8 2jy-
If f contains the monomlal 1n proportlon to z'» where r € {11,]1,32,]3} from
nra, = wt(f) > 2max{oy,, aj,, aj,, 0} > 20, we get n, > 2, which is equivalent
to n, > 3. So n;, > 3. If f contains the monomial in proportion to z;'"z, where
r,s € {i1,J1, 72,73} and r # s, from nya, + as = wt(f) > 2max {ay,, @iy, @iy, iy >
o + ag, we get n,. > 1 and n, > 2.
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Since f;, does not contain the variable zj;,z;, or zj, it is clear that
fivivs fivgor firjs = 0 and fi;y = ni (ng, —1) ZZ“_Z only contains the vari-
able z;, . Since f;,, f;, and fj, do not contain the variable z;, it is clear that
Fivivs Fivdes Fivissr Jiajas iajs and fj,j, do not contain the variable z;, .

When ny = 2, we have the following discussions.

From wt(f) > 2ap, we know f cannot contain the monomial in proportion to
z3. So it has to contain the monomial in proportion to 23z, in which s’ € {1,2,3}.
From the structure of f, we know f does not contain the monomial in proportion
to Zg’ zo. Thus the ideal (fi1i1 s i firgas Jirgss Fivgus Fingas Fivas Fizgas Fizgss fj3j3) con-
tains zg and zy which are in proportion to fys and foo respectively, which means that
the nonzero elements of H; (V) cannot be divided by zg and zs. Obviously we have
0 # iy and s’ # 4. Since n;, a;, = wi(f) > 2c0 > 2, it is clear that n;, > 2, which
means n;, > 3. In the following paragraph, we refer to z;; as the variable different
from zp, z¢ and z;, .

It ni, =3, the ideal (filil ) fi1j1 ) fi1j27 filjs’ fjljl ) fjlj?’ fjljS’ szjz ’ fj2j3 ) fjsjs) con-
tains z;; which is in proportion to f;,;,, which means that the nonzero element of
H, (V) cannot be divided by z;,. In this case, if there exists some negative weight

derivation D, D must be in the form of D = ¢/ 8? -

If ¢ # 0, we have (fililvfiljlafi1j27fl1j37fjljl>fj1j2a fjljsaszjzvszjmfjsjz) = (1)
because at least one of f; ;+, fj,;» and fj,; is in proportion to a power of zj
and we can use D to reduce the power to 0. However, 1 is not in the ideal
(fililvfi1j17f’i1j23fi1j37fjljl7fjljZ’fjljS’fj2j27fj2j3’fj3j3) since wt (fTS) > wt (fOO) -
wt(f) — 2ag > 0 for r,s € {i1,71,72,7j3} when f.s is not equal to 0. This leads to a
contradiction. Thus D = 0.

It ny > 3, which is equivalent to n; > 4, the ideal

(fivies Fivgus firgas fivgss Fivgns fingas Findss Fizgas Fings Fisgs) = (Zo,zs/ o 1’2;?/') '
Therefore, we get k;, = n;; —2 > 2. We have k' > 1 because at least one of fo;/, fsr ;s
and fj/;+ is in proportion to a power of z;; where we can choose the one with the
smaller power or smallest power if more than one of them satisfies the restriction and
1 is not in the ideal (filil ) f’iljl? fi1j27 filjSV fjljl d fj1j27 fj1j37 fj2j2 ) szjga fj3j3) since
wt (frs) > wt(foo) = wt(f)— 2a > 0 for r, s € {i1, j1,Jo2, js} when f.s is not equal
to 0.

When «;, < ajr, if there exists some negative weight derivation D, D must

wir 9 Y, ki, _ ip—1
be in the form of D = ¢jz;, 9, Tt Cinaz, - From D (zil = ¢ k“zll €
ki k. . k. w i/ k r—1
(zo,zg/,zhl, i ), we get ¢;; = 0. Since D(zjf) = kjcjz;, I z €

(zo,zs/ zk ,zf, ), it is clear that ¢;; = 0 or z::j' is divided by zil”, both of which
imply D = 0 in the sense of H; (V).

When «o;, > ay, if there exists some negative weight derivation D, D must

) kj/ - } ] kj/—l
be in the form of D = ¢y dz + c“zj, e From D (z., ) = cjrkjzi €
b R btain ¢;; = 0. Therefore, D = ¢;, 25" =2~ Since D (2, ) =
20, Zs', %, 15 25 ), we obtain ¢jr = 0. erefore, D = ¢;, 2" 57— Since zi b)) =
3 Fin ¥ 27, it is clear that ¢;, = 0 or 2" is divided b
zlc“z]/ Yz € (20,25,2;, "2/ ), 1t is clear that ¢;; = 0 or z;,"" is divided by

zj,j , both of which imply D = 0 in the sense of H; (V). Thus D = 0.

In conclusion, if ng = 2, there does not exist negative weight derivation for any f
in Type B.

When ng > 3, we have the following discussions.
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We figure out what case we can exclude first.

From the weight relationship «o; > «j, > aj,, if there exists some nega-
tive weight derivation D, D must be in the form of D = p;, (zj,,%),, 2js) a% +
21

Pjy (Ziuzjz’ZjS) % + Pja (ZiNZjS) % + Pjs (Zi1) % Note that D (fi1i1) =

n;
iy (ni1 - 1) (nil - 2) Piy (ZJI ) Zjas Z]s) Zi v e (fjljl’fjlj27 fj1j37fj2j27fj2.13’ fjsjB)'
Any nonzero element of the set {f]m,fhjz, Fiviss Fingas finjss Fisis b cannot be divided
by z;,.

If pi, (25,5 2455 2j5) # 0, there exists some nonzero f,s (r,s € {Jj1,72,js}) satisfy-
ing wt (frs) < wt(piy (24,245, 24,)). Therefore, we have oy < 3 — ap — a5 <
wt (frs) < wt (pi, (2515 24,, 2j5)) < a4y < ap. This leads to a contradiction.

— _ o)
Thus p;, (Zjl s 2oy Zj3) = 0. Therefore, D = Pj, (zil ) Zj2> ZjS) dzj, +
) )
Dj, (Ziuzjs) 9z, + Djs (Zh) 0zjg "
. . . . =2 .
Since  fi,4, is in  proportion  to zn ey the  monomial in

Djy (Ziys Zjas Zjs ) s Djs (Ziy s Zjs) O Djy (7,) is 0 in the sense of Hy (V) if it is
divided by zn”

Thus we obtain D (f.) € (fj1j1 s fivgas Fivdss szjzvszjavfjsjs)-

We define
i —
Pjy (Ziys Zjar 2j3) = Z lep_]l (%j25 2js)
i —3
k (k)
pJZ 2117’2]3 Z Zzl J2 _73
n,i1—3
k (k)
Dy (2i,) = Z Zilc§'3
k=0
k) _ (k) o (k) 9 (k) _a _
If we define D(*) = p;, (Zj5s Zjs) 9o + ¢, ) % + ¢, 9o We get D =
niy =3 2k Dk
k=0 D( ).

On the one hand, D (f,s) = 22;1073 2 DX (f,.,).

On the other hand, from D (frs) € (fjijis firgos fivjar Fingas Fizas Fisis), we have

D (frs) =Pj141 (Zi1 » Zj1s Rjas sz) fj1j1 + Pjijo (Zi1 ) Zj1s Zjas Zj3) fjljz
+ jijs (Zins Zj1> Zjas Zjs) Firs + Piage (Zirs Zjrs Zjas Zis) Fiaja

+ ©jajs (Zil y Zj15 Zhas st) szjs + ©jsjs (Zil ) Zj15 R st) fjsjs'
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If
nll—
Piig (Zi172j17zj2’ Zj3) = E Z“ 9011]1 Zj172j27zj3)
nll
Pirja (Zirs Zjrs 2z Zjs) = § Zzl 9031]2 (2415 Zjas 2js)
7’14,1 —3
_ (k)
Pirjs (Zirs Zjrs Zjas Zjs) = E Ziy 903133 (%415 22+ 2js)
k=0
nil -3 ?
— Z k (k)
Pizje (2i Zj1r Zjas st) - Zi1Pjaja (Zjl ) g2 st)
k=0
nblf
Pizjs (Zi1 ) Zj1s gz st) = E Zh ijzjg Zh 1 Zj2s st)
nil —3
_ § : (k)
Pizs (Zi1 2 Zj1s gz zja) - Zi1Pjsjs (ZJI ) Zjas Z]S)
k=0
we have
D (frs)
ni—3 "71*
E 21190]1]1 (%315 24z 2j3) | fivin + E 2114»0]1]2 (%315 232 %43) | Firie
niy — n717
(k) . E Ry
+ E Z“ Pi1is (Zi1s 242> %is) | Firgs + 211 90]2]2 (%415 242> Zi3) | Finio
Mg — ng, —3
+ zr (2515 Zjas 2j3) | Jings + ()(zzz)f--
i1 90]2]3 J1s %j21 %j3 J273 L1 Pjsis \Zi1s Zias Zjs FEVES
k=0
iy -3
_ k (k) ) (k) o o (k) o .
- E Ziy (lejl (Zjl ) Zj2 st) fjljl + Pi1da (Zjl ) Zj2 z]s) f]l]2 + Piiis (Zjl ) Zj2 z]s) f]l]S
k=0
(k) (k) (k)
T Pisa (2515 Zjzs 2js) finga + Pinis (2515 Zjzs 2js) fings + Pisis (2315 Zj2s 243 ) Fisia ) -
So
k
D™ (frs)
_ (k) (k) (k)
=P (Zjl ) Zjas Zj3) fj1j1 + P12 (Zjl ) Zjas st) fjljz + P13 (Zj1 ) Zjas Zj3) f.hj3
(k) (k) (k)

+ Pjajo (Z.jl ) Zjas st) szjz + Pjais (Zjl ) %2 ij) szjs + Pjsis (Zjl ) Zjas ij) fjst'

If there exists such negative weight derivation D which is not equal to 0, there
exists k € {0,1,...,n;, — 3} so that D*) £ 0. The reverse is obvious.
Thus to judge the existence of negative weight derivation D of H, (V), we only

need to consider the derivation D in the form of D = p;, (2j,, 2j;) 52 5a T Cia? 572 ai +
J2

Cis 6213 ’
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Since wt(f) = npag > 3ayp, f does not contain any monomial which has multiplic-

2. 2 . 2 .
ity less than 3. If f contains a monomial in proportion to z3 01 %3201 2y Zins #5, %z OF

2 . . .
25 2y, Zj5 18 in proportion to figjss fijss fiajss fi1j1 OF fjag, Tespectively. Thus z;; is
in the ideal (fi,3,, filjl ) fi1j27 fi1j37 fj1j17 fj1j27 fj1j37 szjz ) szjzﬂ fj3j3)‘ There does not
exist nonzero element in H; (V') which is divided by zj,, from which we get ¢;, = 0.

In other cases, z;, is not in the ideal (fi,i,, fisjis/fires Sfirgss Fiijns

leJz’ leJS’ f]2]2 ’ fJZJS ) f]3]3)

Considering the structure of f, there exists m;, € N* so that zjn;“ is in the ideal
. mj,—1 .
(fi1i1 ) fi1j17 fi1j27 filjga fj1j17 fj1j2ﬂ fj1j3? fj2j27 fj2j37 fjgjg)a while Zj3J3 isnot. In faCta

Mjg o . o o o . Mg _ . . mj?’*l P

2y, 18 in proportion to fj, jss fiss OF fisjs- Since D (sz )= CjsMjy 2, is in the
ideal (filil ’ filjr ) fi1j2’ fi1j37 fj1j17 fj1j2’ fj1j37 fj2j2 ) szjsv fjsjs)’ we can get ¢;; = 0.
In conclusion, if there exists some negative weight derivation D, D must be in

— m. . X 1%} . kjy 9
the form of D = pj, (2,,2;,) e T Cia%iy e

If f contains the monomial in proportional to z?l Zj,, there does not exist any
monomial in f in proportion to z77z;,. Thus fj,;, and f;,;, are in proportion to z;,
and z;, respectively. There does not exist nonzero element in Hy (V') which is divided
by z;, or zj,. Therefore, D = 0.

If f contains the monomial in proportion to ZT-Ll“ zj, (nj, > 3), from D (f;,5,) =0,
we get (nj, —2)pj, (sz,zjg,)z;Zlf Zj, + €j,2 f“ z;l“fz = 0, which is equivalent to
(nj1 — 2)pjy (2425 2j5) 2o + €jo25,° 25, = 0. Therefore, ¢;, = 0 and pj, (2j,,2j,) = 0.
Thus D = 0. b,

The derivation D = p;, (2j,, 2j5) 52 5z T Cia%j

Ziy, 50 we only need to consider the functlon h. There are only 5 cases left If h is

in Type (II), h is in the form of h = z ZJS + zj, "y z zjz,h zjl Y2 + z Pz +

;Ljs h = Zﬁjl +ZT»LJ22J3 +Z 3zj, or h =z, “ +z j22]1+ Z; J?’ .Ifhisin Type (III)

h is in the form of h = zJ1 z]3 + z 225 —|— z 78 2y

It is clear that for any nonzero frs where r,s € {41,42,43}, D (frs) cannot be
divided by f;,,. We also notice that D (f;,;,) = 0. So we do not consider the element
fiyiy in the following inclusion relations.

We have the following discussions in the case h = z]1 'Zjs + 2, Mg Z; J3 Zjy-

From mult(f) > 3, we have nj, > 3,n;, > 2 and nj, > 2. Regardless of difference
of constants, we have

g, —2 ) nj, —1
hj1j1 hj1j2 hj1j3 Zi1 js no 9 Z]nr 1
— C . . — Jj2 73
Hess(h) = | hjoji hjajo Pjajs | = * Zjy Zjs
. . . Njs—2
h]3]1 h]3]2 hjs]a * * 273 T
J3 J2
It ny, = 2, we  have (hj1j1 s Pjigas Pgidas agas Nz o s hj3j3) =
-2 nj,—2
o ia . . . o
(zjd,zjl,zjz % Zj2>. If there exists some negative weight derivation D,
D must be in the form of D = ch%. If nj, = 3 or nj, = 2, we have
Zjg

(Rjigus Moy Pgidss Mjnjns Pjniss Pjsjs) = (255, 241,24, ) - There does not exist any nonzero

element in Hy (V') which is divided by z;,. Thus D = 0. If n;, > 4 and nj, > 3, we

can get szZ_Q is in the ideal (hj,j,, gy ias Pirjss Pjnjas Pjniss Pjsjs ) While z;;j"‘_3 is not.
Njo,—2 Nj, —3

From D ( 2 ) = (nj, —2)¢j32; " € (hjugis Pjugas Pjrjgs Mijajas Rjajas R ) We get

i, = 0. In conclusion, if np > 3 and n;, = 2, we have D = 0.
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n;, —2 n; 3

If n;, > 3, from D (Zjl-n st) = (nj, — 2) s (2555 255) 25,
Pj, (245, 25,) = 0. Therefore, if there exists some negative weight derivation D, D
k. -
. From D ( 12T 2) = (nj, —2) cjgzj;"‘z;;” =

, = 0, we get

. ki,
must be in the form of D = ¢, 2, az

=2 i —1 .
(z?l“ Zjgs z?l“ ), we get ¢;, = 0. Therefore, if no > 3 and n;, > 3, we have D = 0.

In conclusion, if ng > 3, there does not exist negative weight derivation when f
is in the form of f = zml—&— z; 1 2js + 25 1192 + z; ]32' -

We have the following dlscussmns in the case h = zj1 Yz, + z 22+ z
From mult(f) > 3, we obtain nj, > 3,n,, > 2 and n;, > 2.

Regardless of difference of constants, we have

njl —2 . n]‘271 njlfl
Rjigi Pjige Mg “i “Js :] 2 “
— .. . . — Jj2
Hess (h) - hJ2J1 hjzjz h]z]s = * 2y Zj1 0
.. .. .. MNjo—2
hJle h]3]2 h]sjs * * Zj;a

I ny, = 2, we have (g, Bgoas Pivios Pigas Piias hiais) = (2300230272 ). I
there exists some negative weight derivation D, D must be in the form of D = ¢;, %.
If nj, = 2, we have (hj 5., R o Pjijss Pjagas Pisjss Pisis) = (245> 215 25,) - There does
not exist any nonzero element in Hy (V') which is divided by z;,. Thus D = 0. If
nj, > 3, 2.2 is in the ideal (b, hjyjas Bjyjas Piajas Piagos Piajs ) while 27277 is
not. From D (ZZ“_l) = (n;, — 1) 0322]2” e (Rjrjns Pjrgor Pjiiss Pingns Piniss Pisis )

we get ¢j, = 0. Thus D = 0. Therefore, we have D = 0 if nj, = 2.

=2 -3
If nj, > 3, from D(z?l“ zj3> = (n;, —2)pj; (zjz,zh)z;l“ zj, = 0, we
k; 1
get pj, (2j,,2j;) = 0. Therefore, D = ¢j,2;7 af . From D(z;;’? ) =

(nj, — 1)Cj22f;22?2j2_2 € (zZ“_szS), we get ¢j, = 0. Therefore, we have D = 0
if T, Z 3.

In conclusion, if ng > 3, there does not exist negative weight derivation when f
is in the form off:zinl”—&— 2; 24 +z 224, +z

We have the following discussmns in the case h = Z;Llj 4 z;;“ Zj + z?g” Zj;-

From mult(f) > 3, we obtain nj, > 3,n;, > 2 and nj, > 2.

Regardless of difference of constants, we have

njy—2 njz—1
hjljl hjljz hjljB %1 . 02 Zjng L
— . . . — Jj2 J2
Hess(h) = | hjpjy Pjojs hjojs | = * 2y Zjs 2y
. L .. e —2
h’J3J1 h]a]z h’Ja]a * * Mig ==,
J3 J1

If nj, =3, 2;, is in the ideal (R, j,, Pjy gy gy jss Rjsjns Rjsjs s Rjsjs ). There does not
exist nonzero element in Hy (V') which can be divided by z;,. Thus if there exists

. . o . k;
some negative weight derivation D, D must be in the form of D = ¢;, zjg’z 82 .
2

If nj, = 2, we have (hjljl Py gy Njajas jaga hj3j3) = (Z]3 1) 'ZJ2) - There
does not exist nonzero element in H; (V') which can be divided by z;,. Thus D = 0.
If n;, > 3, we have 3a;, = wt(f) = nj,a;, + o, > 20, + o, Thus we get a;, >
oy, otherwise from o, > o, > aj,, we have aj, = a;, = a;, and 3o, = 25, + oy,
which leads to a contradiction. From 3a;, = wit(f) = nj,a, + o, < (nj, +1) oy,



360 S. FAN, S. S.-T. YAU AND H. ZUO

we get nj, > 2. Therefore, nj, > 3. Regardless of difference of constants and useless
polynomials, we have

. ’ﬂjsfl

hjljl hjljz hj1j3 Zj1 02 Zjs L

— . . o _ n; -
Hess () = | hjoji Pjoje Pings | = | = 2;0 iy Zj°
hj3j1 hj3j2 hj3j3 * * 0

Nj,—1
It is obvious that D( I3 ) =0 € (hjljl’hj1j27hj1j3’hj2j27hj2j37h‘j3j3)' From
1 k iy —2 —1 nj,—2 o
D(z?;? ) = (nj, —1)¢j, 1;22;2’2 € (zjl, 33]3 ,z;;” Zj:s)? it is clear that
Cj, = 0 or ]CjQ Z 1.
iy —2 kjy+1_nj,—3 s —1
Note that D (z;;” zj3> = (nj, —2) cm,zj;2+ 22277 € (zjwz;g“ ) If ¢, #

J2
kj,+1 .. nj,—1  kj .. njy—1 .
072]52 can be divided by z;* . zjf cannot be divided by z;® °, otherwise

D = 0 in the sense of derivation of Hy (V'), which is equivalent to ¢;, = 0. Thus

kj, +1 > nj, —1 > kj,, which is equivalent to k;, = n;, —2. Thus D = ¢j, 2 Z“ 2 828-

J2
and the only thing we need to check is whether k;, = n;, — 2 satisfies the "negatively
weighted” restriction.

Solving the equations

3aj1 = wt(f)

we get

1
A5 = 3 t(f)

1 2
Ajp = 7 ( - 3nj3)wt(f)

P)
ajfi = San wt(f)
From the ”negatively weighted” restriction of D = chz];3 2%, we get
J2

(nj, —2) aj, < aj,. Thus (nj, —2) 3n wt(f) < %2 (1 - i) wt(f), which is equiv-

1
alent to nj, < 5 (

w2t 3) Since n;, > 3, we have nj, < 1. From n;, > 3, we get

— 1
nj, = 3. From n;, < 3 (

_2+3>:7andnj223 Wegetnj2:3

In this special case, h is in the form of h = zj + zjz Zj, + z . 2j, - Regardless of

difference of constants and useless polynomials, we have

. 2

hjljl hj1j2 hj1j3 Zj1 0 zj23

Hess(h) = hj2j1 hj2j2 hjzjs = * Zja%js %,
hjsjl hj3j2 h‘jst * * 0

The weights of ag, a1, s and ag are

Qjy = %Wt(f)
= %7U)t(f)
Qg = (f)
Under this circumstance, the set of negative weight derivations of H; (V) is
— ey O
{D|D = 2y, 0 € # O}.

Q
[
¥

|
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nj, —2 nj, —3
If nj, > 4, from D (Zjlj ) = (njl _2)pj1 (Zj2azj3)zjlj

Djy (24,,25,) = 0. Therefore, if there exists some negative weight derivation D, D

. k;
must be in the form of D = ¢;, 2.2 -2
J2%j3 Oz, °

= 0, we get

' nj,—2 o ) kjp 41 mj,—3
We assume c;, # 0. Note that D (zj2 ZJS) = (ny, —2)cj,2,, s

-2 mjy—1 kj+l . oo . g —1
(z@“ 29 ) If ¢;, # 0, we have zj;2+ is divided by z;;“ . Thus kj, > nj, —2.

S

J1 LV E]

If oj, = aj, = aj,, all the nonzero elements in Hess(h) are of the same weight.
Since D is negatively weighted, we have D (z?;? _22j3> = 0, from which we get ¢;, = 0.
This leads to a contradiction. Thus we have ¢;, = 0 and D = 0.

If oj, > aj,, we have nj a; = wt(f) = njo 5, + a;, < (nj, +1)aj,. Thus
nj, > nj, — 1. In other words, n;, > n; > 4. Since f is quasi-homogeneous, we

have a;, = -Swt(f) and «aj, = i(wt(f) —a,) = = (1— i) wt(f). From

njy s i1
wt (227 = (1-2) (1= 2w = (1=2) (g = Doy, = (1-3) x
= 2aj, > a;, and wt sz) < aj, < ay,, we have wt (zf?fz) < wt (2213_2> :
which leads to kj, < nj, — 2 and it is in contradiction to k;, > nj, — 2. Thus ¢;, =0
and D = 0.
Therefore, when ng > 3 and nj, > 4, there does not exist negative weight deriva-
tion of Hy (V).
In conclusion, when ny > 3, there exist negative weight derivations for f =
nil + anl-l- znj2 Zj; + znj3 zj, in Type B if and only if f is in the form of f =
n” + 28 + 23, 2j,+ 22 2, (ng, > 3). If such condition satisfies, the set of negative

Welght derlvatlons of fis {D\D = CZj, 75— a ,CF# O}

3()[]‘1

We have the following discussions in the case h = z;Ll“ + z;.;“ Zj, + z;;‘"a Zjy-
From mult(f) > 3, we have nj, > 3,n;, > 2 and nj, > 2.
Regardless of difference of constants, we have

njy =2 g —1

hj1j1 hj1j2 hjljs “i sz 5 nO L
q — .. . . — vj2 T J3
Hess(h) = | hjyj  Rjaje hjajs | = * Ziy Fi Zjs
h]S]l h]sjz h]zaz * * 2.3

73 J2

92 -3
From D (zml ) = (n;, —2)pj, (zjz,zﬂ)z;l“ = 0, we get pj, (25,,2j,) = 0.

K
Therefore, D is in the form of D = ¢;, 2.2 9_
927 js BN
-1 k; 2 -2
From D (z;;” ) = (n;, — 1) chz];2 z;l;z € (z;ll“ ), we get ¢j, = 0. There-

fore, we have D = 0.
In conclusion, if ng > 3, there does not exist negative weight derivation for any
f= zZil + z;lljl + z?zhzjl + z;;“zjz in Type B.
We have the following discussions in the case h = z 2y + z 225+ z 78 2ia-
From mult(f) > 3, we have nj, > 2,n,;, > 2 and ”js 2 2.
Regardless of difference of constants, we have

njy =2, njy—1 njy —1
hjjv giga hiigs T Fs o F o
o — . . . — Jj2 tER
Hess(h) = | hjyji Pjaja Pjajs | = * Ziy T i Zjg
L .o . Nj,—2
h]Sjl h]3j2 h]sjs * * 2,78 T
Js3 J2
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Ifn; > 2, zj, and z;, are in.th'e ideal f)f (Rjigis Moy Pgidss Rnjns Pjnias jsjs ). Thus
D = Cjz%' If Nj, = 2, Zjp 18 111 the ideal of (hj1j17 hj1j2>hj1j3’hj2j27 hj2j3’hj3j3)'
Thus D = 0. If n;, > 3, we have D (z;lf_l = ¢, (nj, — 1) 2?2“_2 € (zj,). Thus
¢j, = 0 and D = 0. In conclusion, we have D = 0 if n;, = 2.

If n;, > 3, from D (2;1“722]-3) = (n;, —2)pj;, (zjz,zjg)z;j1732j3 = 0, we get

nj,—1 kj, mj,—2 nj, —2
Pjy (2js,2j5) = 0. From D (zj;"’ ) = (ng, —1)cjp2;,%2,,° ~ € (Zj1]1 zjs), we get
¢j, = 0. In conclusion, we have D = 0 if n;, > 3.
In conclusion, if ng > 3, there does not exist negative weight derivation for any

_ i iy, o, . iz . 3 o
f=2"+ 2" 2, + 2,22, + 2,7 zj, in Type B case.

J1
We can conclude that in Type B case, when ng > 3, there exists negative
weight derivation if and only if f is in the form of f = ZZ” + 2331 + z;’zzjg_ +

2% 2j, (ni, > 3). If such condition satisfies, the set of negative weight derivations of f

is {D|D = csz%,c # O}.

Therefore, in Type B case, when ng > 2, there exists negative weight derivation if
and only if f is in the form of f = zlnll +z§’1 —|—zj32 Zjy —|—zj33 zj, (ng; > 3) . If such condition
satisfies, the set of negative weight derivations of f is {D|D = czj3%, c# 0}.

Next we will discuss the relations between z;,, z;,, 2;, and z;, and zg, 21, 22 and

Z3.
The solution of the equations
ni, o, = wt(f)
3aj, = wi(f)
3aj, + aj, = wt(f)
3aj, + o, = wt(f)
is

When n;, = 3, we have oj, = v, > «j, > o, which means (41,41, jo2, j3) = (0,1,2,3)
or (i1,j1,J2,73) = (0,1,2,3); when n;, = 4, we have oj, > «aj, > a;, > «j,, which
means (j1, jo,?1,7J3) = (0,1,2,3); when n;, > 5, we have o, > «j, > a;, > a;,
which means (j1, j2, j3,%1) = (0, 1,2, 3).

Therefore, if (V,0) = {(z0,21,22,23) € C*: f(z0,21,22,23) = 0} is an iso-
lated singularity defined by the Type B fewnomial f(zo,z1,22,23) of weight type
(v, a1, g, gy d) where mult (f) > 3, let Hy (V') be the 1-st Hessian algebra and let
D be a derivation of H(V), then after renumbering the variables zg, z1, 22 and z3
to satisfy the weight relationship ag > a3 > as > g, there exists negative weight
derivation if and only if f is in one of the following forms ( we combine the cases
that can be transformed into each other by simply renumbering the variables, which
is caused by the equal weights of asymmetrical variables ):

(i) f =28 + 23 + 2323 + 232¢. In this case, the set of negative weight derivations

of Hy (V) is {D|D = 6238%276 # 0};
(i) f = 23 + 2323 + 25 + 23 20. In this case, the set of negative weight derivations
of Hy (V) is {D|D = 0238%1,0 # 0};
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(iii) f = 23 + 2322 + 2520 + 25° (n3 > 5) . In this case, the set of negative weight
derivations of Hy (V) is {D|D = CZQC,%, c# O}.

Therefore, if mult (f) > 4, there does not exist any negative weight derivation of
H, (V). O

4. Type C Fewnomial Case. In this section, we will discuss the Type C fewno-
mial case where mult (f) > 3. The overall conclusion is written in Proposition 4.1.

PROPOSITION 4.1 (Type C fewnomial case of Theorem B). Let (V,0) =
{(20, 21, 22, 23) € C*: f(z0,21,292,23) = 0} be an isolated singularity defined by the
Type C fewnomial f(zo, 21, 22, 23) of weight type (co, a1, aa, az; d) where mult (f) > 3.
Let Hy (V) be the 1-st Hessian algebra. Then there does not exist negative weight
derivation of Hy (V).

Proof. By the definition of Type C fewnomial, after renumbering, we may assume
f(ZO’ 21, %2, Z3) =f (Zil ) Zigs Zj1s ij) = g(zh ) Ziz) + h(zjl ) ij) where g(zil ) Ziz) and
h(zj,, z;,) are Type (I), Type (II) or Type (III) fewnomial. Here we assume o, > a,,
aj, > o, and oy, > aj, where 41,12, j1 and jp are any permutations of 0,1,2 and 3.

g has the following possible 4 forms:

Type (I): g = ZZ” + zZ’Q;

n;

Type (I1): g = zilnf Ziy + Z”n-

Type (II1): g = 2, " 2, + 2;,” 2, -

h has the following possible 4 forms:

Type (I): h = z;ll“ + z;l;z;

Type (II): h = z;l:vzh + z;;: or h= z;“ + ZZjZ 2

Type (H.I): b=z 2, + 2;,% 2j, .

It is obvious that fi1j1 y filjza fi2j1 and fz'sz are equal to 0. If any of fi1i1 y filiga fi2i2
is not equal to 0, it does not contain the factor z;, or z;,. If any of f; ., fi1jos fiajo 18
not equal to 0, it does not contain the factor z;, or z;,.

We divide the proposition into 2 cases:

. . . g
Case (i): f contains the monomial z; " z;,;
1

Tig _ i Tig .
i OT g =2, + 2" Zi;

Case (ii): f contains the monomial ;.

The calculation is lengthy. One can refer to the following two lemmas ( Lemma
4.2 and Lemma 4.3 respectively ) for more details. By the two lemmas, we complete
the proof. O

In Lemma 4.2, we will discuss Case (i) of Proposition 4.1. That is, for the Type C
fewnomial f(zg, 21, 22, z3) satisfying mult(f) > 3, f takes the form of f = z;%2z; + - -
after we renumber the variables zg, z1, 22 and z3 to satisfy the weight relationship
ap > a1 2 g > Qas.

LEMMA 4.2 (Case (i) of Proposition 4.1). Let (V,0) = {(z0,21,22,23) €
C*: f(20,21,22,23) = 0} be an isolated singularity defined by the Type C fewnomial
f (20,21, 22, 23) of weight type (o, a1, as, az;d) where mult (f) > 3. Let Hi (V) be
the 1-st Hessian algebra. We renumber the variables zo, z1, z2 and z3 to satisfy the
weight relationship ag > a1 > g > 3. If we get f = 2%z, + -+ after renumbering,
there does not exist negative weight derivation of Hy (V).

Proof. By the definition of Type C, after renumbering, f can be written in the
form of

f (Ziuzizvzjwzjz) =49 (Ziuziz) +h (Zjuzjz)
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where o, > ay,, aj, > aj, and a;, > «j,. In this form, i1, 42, j1 and jp are a
permutation of 0, 1, 2 and 3. There is no harm to let i1y = 0 and iy = i. By
mult (f) > 3, we get n;, > 2. It is clear that f; ;, =0, fi,j, =0, fi,;;, = 0 and
fizjs = 0.

If such negative weight derivation D exists, D can be written in the form of

0 k;, O
+ D (2i27zj2)87 + cjzzi22 Dz
J1

J2

0
+ Pis (2515 255) o

P2

0
D= Pil(ziwszzjz)aj

71

1

It is easy to see that f contains the monomial z; 1 2. Therefore, regardless of differ-

ng, —2
ence of constants, fi i, =2;"" "2i,.

If Ty > 3, from D(fi1i1) = 0, we get (ni1 - 2)pi1 (Zi27zj1’zj2)zziligzi2 +
Piy (ZJ'U’ZJQ)ZZZ1 ’ = 0. Thereforea (nh - 2) Piy (Zizazjuzjé) Ziy T+ Diy (Zj1vzj2)zi1 =0
We can get p;, (2iy, 25,5 2j,) = 0 and py, (25, 25,) = 0.

If n;, = 2, it is clear that f;;, = z;, regardless of difference of constants. If f
contains the monomial z:; 2 we can get f;,i, = 2;, regardless of difference of constants.
If f contains the monomial z-n’v2 zi,, we can get n;, > 2. Therefore, fi;, = 2z, +

z?ir”’_l regardless of difference of constants. In both cases, both z;, and z;, are in the

ideal (fuhafhbvfh]uf’ujza f2222af7,2]17f12j27f11]13 f]1]25 f]2]2) AIly nonzero element
in Hy (V) cannot be divided by z;, or z,. We can get p;, (2i,,%;,,25,) = 0 and
Pis (2j15 2j,) = 0.

Therefore, D is in the form of D = pj, (2i,,2j,) 52— + c]2 i o

azjz

Jl

J contains either the monomial z;”* or the monomlal zjl“ Zj

-
If f contains the monomial zjl , we can get n;, > 3. We have the following
discussions.

Regardless of difference of constants, f;;, = 2;1“72. From D (fj,;,)

(nj1 - 2) Pji (ziz’Z]é) Z;Lljlig € (fi1i17fi1i27f7:2i2)7 we get Pj (Ziwzjz) ng'Lljl - €
(firvirs firins finin)- It 18 clear that any monomial of the element in the ideal
(fiviys firins finin) has the property that the total weight with respect to z;, and z;, is
not less than wt (fi,;,)-

If pj, (2iy,25,) # 0, we can get wt (pj, (2iy,2j5,)) > wt (fiyi,) = wt(f) — 20y, .
Note that wt (pj, (2iy,25,)) < «j,. Therefore, a;, > wt(f) — 2a;,. We can get
ng, o, + o, = wt(f) < aj, +2a;, < 3a;, < 3a,, + a;,. Therefore, n;, < 3. Note
that n;, > 2, we can get n;, = 2. It is clear that f; ;, = z;, regardless of difference
of constants. If f contains the monomial zn”, we can get fiin, = 2, regardless of

difference of constants. If f contains the monomial z 2, we can get n;, > 2.

Therefore, fi,i, = 2i, + 2, iy~ regardless of difference of Constants. In both cases, we
have (fiviy, fivias fizia) = (Ziys Ziz)-

Therefore, we can remove the monomials in pj, (2i,,2;,) and ¢, 2; ” that is divided
by z;, and z;,. If ¢;, # 0, it is clear that ka =0. If p;, (2iy,25,) ;é 0, pj, (%iy 25s)

can be written in the form of pjl (z5,) = . Therefore, D can be written in the

k; W3
form of D = ¢, M“ 92,7 T Ci az . We consider the relation pj, (2,,2;,) 2" = €

J1
kj, mj, —3
(fivivs Jivins finin) again. Tt is equwalent to cj 2002707 € (2iy,2i,). We can get

¢, = 0 and pj, (z,,2j,) = 0, which contradicts to pj;, (2i,,2;,) # 0. Therefore, we

.. kjp o
have pj, (zi,,2j,) = 0 and D is in the form of D = ¢;,z;* 9o

Cjr 2 ]
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. nj, —2
It h = z LT 232”, we can get n;, > 3. It is clear that f;;, = z;' 7,
2
fij» = 0 and fhj2 = zj2 regardless of difference of constants. By D ( 2T ) =
kj, mj,—3
Cjz (njz - 2) Zzgm 2 (f11117f11127 fz1j17f21j2>f1212= f12jl7f’b2]27f.71.]17f]lj2’ f]2j2)

o —2 kj
can get D (Z;;] ) = Cjs (njz - 2) Zigjz nm (fnn?fllmvflzlz) If Ciia 7é 0, we have

zf;"’ z;;” e (fiviys finias finin)- It is clear that any monomial of the element in the

ideal (fiyiys firia, finio) has the property that the total weight with respect to z;, and
2, 1s not less than wt (f;,;,). Therefore, wt (sz) > wt (fiyiy) = wt(f) — 2ay,.

However, since D is negatively weighted, we have wt (zZ“) < «aj,. Therefore,

wt (f) < 20, +a;,. We can get n;, o+, = wt (f) < 204, +0y, < 3, < 30y, +a,.
Therefore, n;, < 3. Note that n;, > 2, we can get n;;, = 2. It is clear that
firi, = 7, regardless of difference of constants. If f contains the monomial z:; 2
we can get fivi, = #i, regardless of difference of constants. If f contains the mono-
mial z 2 2i,, we can get n;, > 2. Therefore, f;;, = zi, + ZZ 2t regardless of differ-
ence of constants. In both cases, we have (f““,filiz, fizia) = (2iy, 2i,). Therefore,

we have kj, = 0. Apply D to z; ’2 - n;, — 3 times and we get z;, is in the ideal
(full ’ flllz ’ fl1]13 fl1j27 f2212 ’ fl2J1 ’ fl2j2a fjljl ) f]l]Q ) f]z]z) Therefore, we have D = Oa
which is equivalent to c¢;, = 0. We get a contradiction. Therefore, ¢;, = 0 and D = 0.
In other words, such negative weight derivation D does not exist when h = 2 . +2z, ™z

If h = 2/ + 27722, we can get nj, > 2. When n;, = 2, we have
fijo = %j, regardless of difference of constants. Therefore, z;, is in the ideal
(fililvfilizvfi1j17fi1j27fi2i27fi2j12» fi2j27fj1jl7fjlj%’ fj2j2)' Therefore, D = 0. When

_ny o ny, o Mjy— 2 ]
nj, = 3, we have fj ;, =z, 7, [, = 2, and fJQJ2 z;;% " zj, regardless of

difference of constants. If k;, = 0, we can apply D to zj2 272 nj, — 3 times and we get

zj, is in the ideal (fi iy, fiviss firjis firjas finins fingis finjar fivrs Fiijes fFiaja). Therefore,
D = 0. We only need to consider the case when kj, > 1. From the Weight rela-

tionship, we have D (z;z”_l) =c¢j, (nj, — 1) sz sz2 (fml,fmz,fzm, zj; 2).
Therefore, D( TLj?_l) =¢j, (n;, — 1) zf;z 2 € (fivivs firias finin) I ¢jy # 0, we
have zfz JZ € (fiyiys Jivins Jinin)- It is clear that any monomial of the element in

the ideal (fi,4,, fiyins fizin) has the property that the total weight with respect to z;,
and z;, is not less than wt (f;,;,). Therefore, wt ( ) > wt (fiyiy) = wt (f) — 20,

. . . . k;
However, since D is negatively weighted, we have wt (zif) < aj,. We can get
g0y, + oy, = wt (f) < 204, + @, < 3ay, < 3a;, + a;,. Therefore, n;, < 3. Note
that n;, > 2, we can get n;, = 2. It is clear that f; ;, = 2;, regardless of difference
of constants. If f contains the monomial zn”, we can get fii, = 7, regardless of
difference of constants. If f contains the monomial z "2 2i,, we can get n;, > 2. There-
fore, fi i, = zi, + 2;, iy~ regardless of difference of constants. In both cases, we have
(fivivs fivias finiz) = (2iy, 2i,). Therefore, we have D = 0, which is in contradiction to
our assumption that D is negatively weighted. Therefore, c¢;, = 0 and D = 0. In other

. . . . . n; n;
words, such negative weight derivation D does not exist when h = zjl“ + zj2” Zj-

In conclusion, there does not exist any negative weight derivation when f contains
. n;
the monomial z; "

If f contains the monomial ZZ“ Zj,, we can get nj, > 2. We have the following
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discussions.
If nj, = 2, it is clear that f; ;, = zj;, regardless of difference of constants. If
. . n, .
f contains the monomial z.’?, we can get f; ;, = z; regardless of dirrerence of
J2 7 Jij2 J1

. . n;
constants. If f contains the monomial z;*z;, we can get n;, > 2. Therefore,

fijs = zj + szQ_l regardless of difference of constants. In both cases, we have
(Fjigis Fivjas finja) = (Zj1 25, ). Therefore, D = 0. Such negative weight derivation D
does not exist.

. i —2
If nj, > 3, regardless of difference of constants, we have f; ;, = z;°' z;, regard-

J1
. n;, —3
less of dlfference of constants. Note that D (fj,;,) = (nj, —2)pj, (2i5,255) 2,0 "2+
cnzf;2 nl“ € (fiyiys fivia, finin). It is clear that any monomial of the element in the

ideal (fml, fivias finio) has the property that the total weight with respect to z;, and
zi, 18 not less than wt (fi,i,)-

If pj, (2iy,25,) # 0, we can get wt (pj, (2i,,25,)) = Wt (fiyi,) = wt(f) — 2a,.
Note that wt (pj, (2iy,24,)) < «j,. Therefore, a;; > wt(f) — 2a;,. We can get
ni, o, + o, = wt (f) < aj, +2a;, < 3a;, < 3a;, + a;,. Therefore, n;, < 3. Note
that n;, > 2, we can get n;, = 2. It is clear that f;,;, = z;, regardless of difference
of constants. If f contains the monomial zniz, we can get fiyis = 2, regardless of

difference of constants. If f contains the monomial z 2, We can get n;, > 2.

Therefore, fii, = 2, + zizvz_l regardless of difference of constants. In both cases,

we have (fiyi,, fivias finia) = (%iy,2i,). Therefore, we can remove the monomials in
k; . .

Py (i, 25,) and ¢j, 2;7* that cannot be divided by z;, and z;,. If ¢;, # 0, it is clear that

k;, = 0. It is clear that pj, (zi,, zj,) can be written in the form of pjl (zj,) = ¢j, 2 f;l

. . kj
Therefore, D can be written in the form of D = cjlzh“ 3z, T S 62 . We consider

n;, —3 kj . .

the (njl - 2) Dj, (Ziz’zjz) Zj “ Zjy CJ2 o 22]1 . (filiufilim fi2i2) again. It is
. +1 2

equivalent to (nj.1 - 2)cjlzJ;1 ]"1“ + ¢y, 2 ;Ll“ € (2, %2,). We can get ¢;, = 0

and c;, = 0, which is contraditory to p;, (zwk, zj,) # 0. Therefore, it is clear that
iz 0

Dy (%iy,25,) = 0. D is in the form of D = ¢j, 2,7 57—
J2

If ¢;, # 0, we can get wt( ) > wt(fi,i,) = wt(f) — 20;,. Note that

wt ( ks ) < aj,. Therefore, aj, > wt (f) — 2a;,. We can get n;, a;, + oy, = wt (f) <
aj, + 204, < 3ay, < 3oy, + oy,. Therefore, n;, < 3. Note that n;, > 2, we can get
n;, = 2. It is clear that f;,;, = z;, regardless of difference of constants. If f contains
the monomial zm2 we can get f;,;, = z;, regardless of difference of constants. If f con-
tains the monomial z "2 2i,, we can get n;, > 2. Therefore, f;,;, = z;, +zin;271 regard-
less of difference of constants. In both cases, we have (fi iy, firia, finia) = (Ziy, 2ip). If
¢j, # 0, it is clear that k;, = 0. Otherwise, it is equivalent to D = 0, which contradicts
to D is negatively weighted. Therefore, D can be written in the form of D = ¢;, a%.
J2

. iy — k;
We consider the (njl - 2) Djs (Zizvzjz) Z;H Zjy T Cjy z“ Zn1]1 (f%1%17f21227f1212)

again. It is equivalent to c¢j, z;ll“fz € (2, #iy). We can get ¢;, = 0, which is contra-
ditory to c;, # 0. Therefore, ¢;, =0 and D = 0.

In conclusion, there does not exist any negative weight derivation when f contains
the monomial 2! 2, .

Therefore, we complete the proof. 0

In Lemma 4.3, we will discuss Case (ii) of Proposition 4.1. That is, for the Type
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C fewnomial f(zo, z1, 22, 2z3) satisfying mult(f) > 3, f takes the form of f = 2]° +-
after we renumber the variables zp, z1, 2o and z3 to satisfy the weight relatlonshlp
Qg > a1 2> Qg > Qs.

LEMMA 4.3 (Case (ii) of Proposition 4.1). Let (V,0) = {(z0,21,22,23) €
C*: f(z0, 21,22, 23) = 0} be an isolated singularity defined by the Type C fewnomial
f (20,21, 22, 23) of weight type (qo, a1, as, asz;d) where mult (f) > 3. Let Hi (V) be
the 1-st Hessian algebra. We renumber the variables zy, z1, zo and z3 to satisfy the
weight relationship oy > aq > ag > ag. If we get f = z5° + -+ after renumbering,
there does not exist negative weight derivation of Hy (V).

Proof. By the definition of Type C, after renumbering, f can be written in the
form of

f (Zilazi2vzj172j2) =9 (Ziuziz) +h (Zjuzh)

permutatior: of 0, 1, 2 and 3. There is no harm to let iy = 0. By mult (f) > 3, we get
1 > 3. It is clear that filjl = O7 file = 0, fizjl =0 and fi2j2 =0
If such negative weight derivation D exists, D can be written in the form of
Ky 9

0
+pj1(zi27zj2)az, +Cj2zi2 Oz "
J1 J2

where o, > a;,, aj, > a4, and a;, > ;. In this form, i, 42, j1 and jp are a

0
+ Diy (Zjl ’ Zj2)£

12

0
D= Pz'l(zizazjlazjz)g

71

It is easy to see that f contains the monomial ZZ” Therefore, regardless of difference
-2

of constants, f;,;, = z .

iy — -3

Since n;, > 3, from D (fiyi) = 0, we get (ni, — 2) i, (2iy, 2415 242) 2;, = 0.

Therefore, we have p;, (zi,,25,,25,) = 0.

kj
Therefore, D is in the form of D = p;, (2, , 2j,) 52— - o (2igs 2jy) 52— RREE 702 52—
J2

If g = zil” + 214227 we can get m;,, > 3. It is clear that fi1i1 = zmlfz,

1
fivio = 0 and f,i, = szz regardless of difference of constants. By D (zmz_g) =

g Ny —2
(77'1'2 - 2)pi2 (Zjuzjz) Z € ( t 7f]1]1af]1]2af]2]2) we can get D( 2 ) =

(niy — 2) pi, (zjl,zjz) z% € (fiiji> firjas Jiaja)- It is clear that any monomial of
the element in the 1dea1 (fjiji»> firjes [iajo) has the property that the total weight
with respect to z;, and z;, is not less than wt(f;,;,). If pi, (2,,25,) # 0, we
have wt (pi, (2j,,25,)) > wt(fj;,) = wt(f) — 2c;,. However, since D is negatively
weighted, we have wt (ps, (25,,25,)) < a4,. We can get wt (f) < 20@1 + i, <3a;, <
ni, i, = wt (f). This leads to a contradiction. Therefore, if g = z;, g

iy —3

.2, we have
2

ki o
Pi» (2j1,2j,) = 0 and D is in the form of D = p;, (21, 2j,) 52— -+¢, z)? bory

_ . ) o mig 2
Ifg=2z"+ zi2 2z, we can get n;, > 2. It is clear that fi,, = 2" 7,
o ni,—1 o Niy—2 .
fiin = 2, and fii, = 2z, z;, regardless of difference of constants. By
—2

Ny —1 i
D (zi22 ) = (ni, — 1) ps, (zjl,zh)z 2 7f]1]17fJ1]27fJ2J2) we can get

ip—1 ;
D (zln22 ) = (niz - 1)pi2 (Zjl?zjz) Ziy (f]l]l’f]l?Q’f72]2) It is clear that any

monomial of the element in the ideal (fjljl,fj1j2,fj2j2) has the property that the to-
tal weight with respect to z;, and z;, is not less than wt (f;,;,). If ps, (25, 25,) # O,
we have wt (py, (25,,25,)) > wt (fj,5,) = wt(f) — 2a,. However, since D is nega-
tively weighted, we have wt (p;, (25,,25,)) < a;,. We can get wt (f) < 2, + a;, <

TL,,l —

€ (2,
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3, < my,a, = wt(f). Contradiction. Therefore, if g = nil + zni2 Zi,, we have
k;
Pis (251, 2j,) = 0 and D is in the form of D = p;, (21, 2j,) 52— + a7 82_2.
ka lé)

Therefore, D is in the form of D = p;, (2, zjz)% +¢j, 2.
1

[ contains either the monomial z; 1

or the monomial 2" z;,.
If f contains the monomial zjl , we can get n;, > 3. We have the following

discussions.

Regardless  of  difference  of  constants, we  have  fj;, =

nj, —2 nj, —
25 . From (fjljl) = (njl - 2) Pj, (ziz’ zjz) Zj1]1 €
(fuhafz1l27fz171vf11]27f1212afzz]uflz]zvfjlhvfjljzaf]272) we get Pj, (Zizvzjé)
Z;Ll“ € (fiyiys firias finin). It is clear that any monomial of the element in

the ideal (fi i, firins fiziy) has the property that the total weight with respect to z;,
and z;, is not less than wt (fi,4,)-

If pj, (2iy,25,) # 0, we can get wt (pj, (2i,,25,)) = Wt (fiyi,) = wt(f) — 2a,.
Note that wt (pj, (2iy,24,)) < «j,. Therefore, a;; > wt(f) — 2a;,. We can get
ni, o, = wt(f) < aj, + 20, < 3ay,. Therefore, n;, < 3. Note that n;, > 3, we
get a contradiction. Therefore, it is clear that p;, (zi,,%j,) = 0. D is in the form of

D= chzf;2 622'

It h = z; 11 + ZJ;Z, we can get n;, > 3. It is clear that f;,;, = Z;lljl_Q’
firj» = 0 and f]zj2 = zj2 regardless of difference of constants. By D ( n;“’ 2) =
Cjz (njz - 2) ZZJQ ”12 (fllllaflllzvfh]l ’ f11]27 flzlz’ flzjl ’ f12J2>f]1J1’f31]27f32J2)
can get D (Z;LZ 2) — e, (ny, —2) ZZJQ z”n € (Fivias fivias finia). If i # 0, we

have szQ z?fﬁ € (fiyirs firins finin)- It is clear that any monomial of the element in
the ideal (fi 4y, firins fizin) has the property that the total weight with respect to z;,

and z;, is not less than wt (f;,;,). Therefore, wt ( ) > wt (fiyi,) = wt (f) — 20,

However, since D is negatively weighted, we have wt (zm“) < aj,. We can get

ni, 06, = wt (f) < 205, + ¢, < 3a;,. Therefore, n;, < 3. Note that n;, > 3, we get
a contradiction. Therefore, ¢j, = 0 and D = 0. In other words, such negative weight

. . . Uz n;g
derivation D does not exist when h = z;"* + 2, .
M g, . . J—
It h = 2" + 2,2, we can get n;, > 2. When n;, = 2, we have
fiij» = #j, regardless of difference of constants. Therefore, z;, is in the ideal

(filil ’ filigﬂ filjl ) filjg ) figiza figjl ) figjg ) fj1j1 3 fj1j21 fj2j2) Thereforev we obtain D = 0.
In other words, such negative weight derivation D does not exist when n;, = 2. When
nj, —2

— R 7 P _ a2
nj, > 3, we have f;, 5, =z, 7, fi;, = 2, and fj,j, = z;/* ~z;, regardless of

difference of constants. If k;, = 0 and ¢;, # 0, we can apply D to 2;2'7271 n;, — 2 times
and we get Zja is in the ideal (filila filiza fi1j17fi1j2,fi2i27 fizjlafi2j27fj1j17fj1j27 f]z]z)
Any nonzero element in H; (V) cannot be divided by z;,. Therefore, D =

0 when k;, = 0. We only need to consider the case when k;, > 1.
1 kj, nj,—2 -2
From D ( ng ) = Gy, (nj2 - 1) Zi;z Z_;ngz S (filil?fi1i27f7;27;27z_;zjl )a we get
1 k;
D (2?2]2 ) = Cjy (an - 1) 21272 Z] (fuua fivias fzzzz) If Cjy # 0, we have

zZ” z;)% " € (fivivs fivias finiy)- 1t is clear that any monomial of the element in the

ideal (fiyiy firia, finio) has the property that the total weight with respect to z;, and
2z, is not less than wt (f; ;). Therefore, wt (zi“) > wt (fii) = wt(f) — 2ay,.
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However, since D is negatively weighted, we have wt (zzlC ;2) < aj,. We can get
ng, 04, = wt (f) < 24, + o, < 3a;,. Therefore, n;, < 3. Note that n;,, > 3, we get
a contradiction. Therefore, ¢;, = 0 and D = 0. In other words, such negative weight
derivation D does not exist when n;, > 3. Therefore, such negative weight derivation
D does not exist when h = z;zjl + z;;” Zji -

In conclusion, there does not exist any negative weight derivation when f contains
the monomial z;ll’ L.

If f contains the monomial Z;Ll“ Zj,, we can get nj, > 2. We have the following
discussions.

Ifn; =2, we can get fj, 5, = zj, regardless of difference of constants.n If f contains
the monomial z; %, we can get fj,;, = zj,. If f contains the monomial z;%z;, , we can
get nj, > 2. Therefore, f;,;, = 2z, + z;l;éfl regardless of difference of constants. In
both cases, we have (fj, 1, fiijas finja) = (Zj152j,). Therefore, D = 0. Such negative
weight derivation D does not exist.

. i —2
If nj, > 3, regardless of difference of constants, we have f;,;, = P zj, regard-

J1
. nj, —3
less of difference of constants. Note that D (f;,;,) = (nj, — 2) pj, (2i5,2j,) 25, 25 +
Cjs zi‘” ZZ“_Q € (fiyiys fivias finin)- It is clear that any monomial of the element in the

ideal (fiyiys firia, finio) has the property that the total weight with respect to z;, and
zi, 1s not less than wt (f;,:,)-

If Pj (ziz”zjz) # 0, we can get wt (pjl (Zi27zj2)) > wt (filil) = wt (f) — 20y,
Note that wt (pj, (2iy,25,)) < «j,. Therefore, a;; > wt(f) — 2a;,. We can get
ng, 04, = wt(f) < a;, + 205, < 3a;,. Therefore, n;, < 3. Note that n;, > 3, we
get a contradiction. Therefore, it is clear that pj, (z,, 2;,) = 0. D is in the form of

ks 8
i2 BZjZ :

D =c¢j,z
If ¢;, # 0, we can get wt (zf;“) > wt(fiyi,) = wt(f) — 2a;,. Note that

wt (zZ”) < aj,. Therefore, aj;, > wt(f) — 2a;,. We can get n;, o, = wt(f) <
aj, + 205, < 30y, Therefore, n;, < 3. Note that n;; > 3, we get a contradiction.
Therefore, ¢j, =0 and D = 0.

In conclusion, there does not exist any negative weight derivation when f contains
the monomial z;“ Zjg-

Therefore, we complete the proof. O
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