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PARABOLIC HIGGS BUNDLES, ¢t*CONNECTIONS AND OPERS*

MURAD ALIM', FLORIAN BECK!, AND LAURA FREDRICKSON$

Abstract. The non-abelian Hodge correspondence identifies complex variations of Hodge struc-
tures with certain Higgs bundles. In this work we analyze this relationship, and some of its rami-
fications, when the variations of Hodge structures are determined by a (complete) one-dimensional
family of compact Calabi—Yau manifolds. This setup enables us to apply techniques from mirror
symmetry. For example, the corresponding Higgs bundles extend to parabolic Higgs bundles to the
compactification of the base of the families. We determine the parabolic degrees of the underly-
ing parabolic bundles in terms of the exponents of the Picard—Fuchs equations obtained from the
variations of Hodge structure.

Moreover, we prove in this setup that the flat non-abelian Hodge or t¢t*-connection is gauge
equivalent to an oper which is determined by the corresponding Picard—Fuchs equations. This gauge
equivalence puts forward a new derivation of non-linear differential relations between special functions
on the moduli space which generalize Ramanujan’s relations for the differential ring of quasi-modular
forms.

Key words. Parabolic Higgs bundles, tt* equations, opers, mirror symmetry, quasi-modular
forms.
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1. Introduction. The geometry of gauge theories and string theories has in-
spired many fruitful interactions between mathematics and physics and has put for-
ward new structures and relations within mathematics. In this work we focus on
different families of flat G-connections, coming from two entirely different physical
setups.

On the one hand we will consider G-Higgs bundles which originated in [Hit87a,
Hit87b] and were further developed by many people in various directions, see e.g.
[Sim92] for the extension to the parabolic setting and [Don95] for the extension to
G-Higgs bundles' . The physical origin of G-Higgs bundles are the Hermitian Yang—
Mills equations for a gauge theory with gauge group G C GL(N,C) in four real
dimensions. The dimensional reduction of the latter to two real dimensions, so-called
Hitchin’s (self-duality) equations, admit a formulation on any Riemann surface C.
These are equations for a pair ((F, ), h) consisting of a G-Higgs bundle (F, ¢) and
a Hermitian metric h on E. Recall that a G-Higgs bundle is a holomorphic vector
bundle E with a G-structure and a one-form ¢ € I'(C, K¢ ® ad(E)) with values in
the adjoint bundle ad(F) associated to E. The Higgs field ¢ encodes the gauge field
data in the two reduced dimensions. The pair ((E, ¢), h) satisfies Hitchin’s equations
if

Fp@ogn + [, 0™] =0, Omp=0. (1.1)

Here D(0g, k) is the Chern connection associated to the holomorphic structure dp
on F and the Hermitian metric h. The equations (1.1) are equivalent to the flatness
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1See [Dall7] for a survey and [AEFS] for some recent interactions and open problems.
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of the C*-family
Vian = D@8, h) + ¢ o+ (plh, (e (1.2)

of G-connections on E. Passing from (F,¢) to VI% ap and vice versa is the content
of the non-abelian Hodge correspondence?. We therefore refer to the family Vf\l Al 28
the family of non-abelian Hodge connections associated to the G-Higgs bundle (E, ).
For our purposes, it is sufficient to consider G = GL(N, C).

On the other hand we consider the geometry emerging from the variation of
Hodge structures (VHS) on the middle dimensional cohomology of certain families of
Calabi—Yau (CY) manifolds which features prominently in the mirror symmetry of CY
threefolds, sce e.g. [CK99]. The flat holomorphic Gaufi-Manin connection of the VHS
plays an important role in identifying the mirror isomorphism of CY threefolds with
the help of the associated Picard—Fuchs equations. The flatness conditions constrains
the base manifold to be a special Kidhler manifold, see [Str90, Fre99] for definitions
and [LMVPV10] for a review.

A vast generalization of special Kéhler geometry and the flat holomorphic Gaufi—
Manin connection is given by the notion of topological-anti-topological fusion or tt*-
geometry which was put forward by Cecotti and Vafa in [CV91]. The origin of ¢¢*-
geometry is the study of families of two dimensional physical field theories with N' = 2
supersymmetry. Some of these can be realized as non-linear sigma models into a target
manifold X which could be a CY manifold, or a Fano manifold. Others are only
realizable as Landau-Ginzburg models, which are non-compact manifolds equipped
with a complex-valued function called the superpotential.

In every case, the tt*-geometry refers to the data of a bundle F, together with
a Hermitian metric h on F and a symmetric complex pairing n on E, over a moduli
space B of theories. Their variation is described by a flat connection Vi which is
constructed as a combination of a connection D and a one-form C valued in the endo-
morphisms of the bundle E. Here the connection D is compatible with a Hermitian
metric h as well as with a complex pairing 7. The endomorphism-valued one-form C
is given by an underlying Frobenius manifold structure on B defined by the operators
of the two-dimensional theories parameterized by B. The tt*-geometry on E over B
is then governed by the tt*-equations:

[D',D"]+[C,C"]=0, D'C"=0=D"C, (1.3)
[D',D'|=0=[D",D"], [C,C]=0=[C",C"], [D',C']=0=[D",C"]. (14)
Here ' and " denote the (1,0)- and (0, 1)-part respectively and the commutators

are defined such that [C’,C’] is a (2,0)-form etc. Equations (1.3) and (1.4) are
equivalent to the flatness of the C*-family of ¢¢*-connections

VS,. =D+ (¢ 1C4+¢C", ¢eCX, (1.5)
on E. Here (1.3) is equivalent to }'(vlc’l) = 0, while (1.4) is equivalent to }-(vog,z) =0=
2’0 tt* tt*
FEO.

tt*

A differential-geometric approach to tt*-equations was given in [Dub93]. A com-
plex geometric framework was given for the t¢t*-equations in [Her03] in terms of

2As is well-known, see [Hit87a, Sim92], this correspondence is an equivalence between stable
G-Higgs bundles and irreducible flat G-connections. Stability/Irreducibility does not play a crucial
role in our work so that we suppress it here.
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DCC-structures ([Her03, Definition 2.9]) and TERP-structures (cf. [Her03, Definition
2.12]), see [Her06, HS08] for an overview.

Although Hitchin’s equations and the tt*-equations have different physical ori-
gins, they have a common mathematical structure. More precisely, solutions to
these equations determine twisted (pluri-)harmonic maps from the base manifold to
GL(N,C)/U(N) (cf. [Hit87a, §9], [Don87], [Dub93, Theorem 3|, [CS08])). In some
cases, the non-abelian Hodge machinery can be used to produce solutions of the ¢¢*-
equations. In [GIL15a, GIL15b, GIL20], Guest, Its, and Lin proves the existence
existence of radially-symmetric solutions of the tt*-equations when the base manifold
is C*. In [Mocl4],Mochizuki efficiently proves the existence of the same radially-
symmetric solutions using the Hitchin-Kobayashi correspondence, i.e. he describes
the relevant wild Higgs bundles then produces a harmonic map using the Hitchin-
Kobayashi correspondence.

We take a different perspective to compare the equations, namely we specialize the
tt*-equation to the following setup. If B is a Riemann surface parametrizing compact
Calabi—Yau manifolds, then solutions of the corresponding tt*-equations are solutions
of Hitchin’s equations on B which are invariant (up to gauge transformations) under
the C*-action rescaling the Higgs field. On higher-dimensional K&hler manifolds X,
the tt*-equations are Fv = 0 while Hitchin’s equations are instead

F'=0 FF=0  AFG' =0,

where A denotes contraction with the symplectic form of X. Thus, on a Kéahler
manifold, the tt*-equations are a special case of Hitchin’s equations.

However, tt*-equations are more general in other directions. Firstly, they can be
formulated on any complex manifold. Secondly, the physical theories which have a
geometric realization in terms of a non-linear sigma model admit more physical defor-
mations than just the geometric ones. All the additional deformations are governed by
the tt*-equations as well. A rigorous mathematical framework describing this general
version of the tt*-equations remains challenging.

In this paper, we relate the two setups in the case where the tt*-geometry is
governed by a VHS H determined by the middle-dimensional cohomology of a family
m: X — Bof CY d-folds with dim¢(B) = 1. This is, for example, the context of mirror
symmetry for CY manifolds where the family 7: X — B is assumed to be complete,
i.e. locally isomorphic around each u € B to the moduli space of complex structures
on X, := 7 1(u)3. In this context, we explain how various notions that originated on
the tt*-equation side naturally appear on the Higgs bundle side, and vice versa. This
goes far beyond comparing the equations (1.1) and (1.3) (cf. Remark 4.5).

For example, we show that opers, a distinguished family of flat connections which
play an important role in the geometric Langlands correspondence (see [BD05] and
the discussion of the conformal limit below), are equivalent to variations of Hodge
structures with special sections. We call such a section a generic cyclic vector. Its
derivatives with respect to the Gaufi—Manin connection give a basis of the complex
vector bundle H — B on an open and dense subset of 5. The existence of a generic
cyclic vector is natural from the perspective of mirror symmetry: if the VHS H is
induced by a complete family X — B of CY manifolds, then H admits a generic cyclic
vector. Hence mirror symmetry provides many concrete examples of opers.

31In the following we adopt the terminology in physics and refer to a ‘moduli space’ as a parameter
space with some non-degeneracy assumption like completeness of the parameterized families of CY
d-folds.
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Parabolic Higgs bundles [Sim90], [Yok93], a generalization of Higgs bundles, nat-
urally arise in the {¢*-geometry under consideration. Typically, the base B is a non-
compact Riemann surface and the family 7: X — B extends to a family 7: X =B
over the compactification B of B. The fibers over D := B— B are usually singular and
each d € D is a regular singular point of the holomorphic Gaui—~Manin connection V
of H. Equivalently, the Picard—Fuchs equations, which are locally determined by a
(generic) cyclic vector, are regular singular at d € D.

The qualitative behaviour of the (multi-)valued solutions to the Picard—Fuchs
equations at d € D is determined by their so-called exponents associated to d. Af-
ter reviewing how Deligne’s canonical extension of (#,V) ([Del70], [Sch73]) deter-
mines a parabolic Higgs bundle (E,$) on B with divisor D (see [Sim91] for D =
and [CMSP17, Chapter 13] for an arbitrary reduced divisor D), we compute the
(parabolic) degrees of (E, ) in terms of the exponents at each d € D. In the typical
context of mirror symmetry, where D = {0,1,00} C B = CP!, this is sufficient to
explicitly determine the corresponding parabolic Higgs bundles.

We point out that the first computation of the parabolic degrees in terms of the
exponents appeared in [EKZ14, §6] for D = {0,1,00} C B = CP! and certain VHS
H of weight 3 with rk(#H) = 4 in the context of Lyapunov exponents. This was taken
up by [DHT17] for the same base curve but more general VHS in order to compute
Hodge numbers of certain compact Kéhler manifolds which are fibered over CP*. Our
approach neither requires a restriction on B nor on H. The previous papers focus on
the underlying parabolic bundles whereas we focus on the parabolic Higgs bundles.

Another motivation for our work comes from Gaiotto’s conjecture ([Gail4, §4.2]).
It relates the family VCN an Of non-abelian Hodge connections associated to a Higgs
bundle (E, ¢) on B to a family of opers, associated to the same Higgs bundle, through
the so-called conformal limit. This limit is obtained by introducing an additional real
parameter R in the family VCN ap and taking an appropriate double scaling limit of
VCN’f‘H as R, approach 0, while holding their ratio A = % fixed. This conjecture
was proven if B is a compact Riemann surface in [DFK*16, CW19]. Understanding
the precise relation between the two families of flat connections is, in particular,
important for understanding the relation between the exact WKB-analysis* and the
works of Gaiotto, Moore and Neitzke [GMNO9].

All of the parabolic Higgs bundles B = CP* — {0,1,00} coming from the tt*-
equations are fixed by the natural C*-action ¢ — (¢ (up to isomorphism). It follows
that the two-parameter family Vﬁz’}? is independent of R, hence the conformal limit
limg_o Vﬁg’g is simply equal to Vﬁl ap- While the conformal limit is a trivial process,
the change of frame identifying V3, iy with the GauB-Manin connection VEM contains
highly non-trivial information: it gives a new way to derive certain differential rings on
the moduli space B, see §2.6. In our cases, the Hermitian metric h solving Hitchin’s
equations and the tt*-equations is expressed in terms of special functions g; on B.
These differential rings are rings with a differential D which are generated by finitely
many special functions g;, ¢ € I, on B. In fact, they are algebraic: the derivatives
Dg;, © € I, are polynomials in the g;, j € I, with holomorphic functions on B as
coefficients. These relations are called differential ring relations and give nonlinear
differential equations for the g;.

If B is a moduli space for elliptic curves, the differential ring relations are directly
related to the differential ring of quasi-modular forms developed by Kaneko and Za-

4See [IN14] and references therein.
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gier [KZ95] as shown in [Hos10, Mov12] (see Appendix A.3 for a short summary). If
B is a moduli space of CY threefolds, then the differential ring relations have strong
implications for mirror symmetry: in [YY04], Yamaguchi and Yau discovered differ-
ential ring relations for the moduli space of the mirror quintic CY threefold. In these
cases, the special functions on the moduli space B are given by the generating func-
tions for higher genus Gromov—Witten invariants on the quintic CY threefold (under
mirror symmetry). Hence the differential ring relations show that all higher genus
Gromov—Witten invariants are determined by finitely many data. These results were
later generalized to arbitrary mirror pairs of CY threefolds in [AL07] and developed
for lattice polarized K3 surfaces in [Alil7].

Besides mirror symmetry, such differential rings are interesting in their own right
because they provide an analogue for CY threefolds of quasi-modular forms for elliptic
curves®. By providing the explicit link between these developments and Higgs bundles,
we hope to further open the door towards new insights and generalizations of these
structures.

The plan of our paper is the following. In §2 we start with an explicit example
of a VHS which appears in the context of mirror symmetry for lattice polarized K3
surfaces with complex one-dimensional moduli spaces. This example will allow us to
elucidate the ingredients and the constructions relevant for our paper. We proceed
in §3 to motivate VHS and to show their precise connection to opers. In §4 we first
review the relation between Deligne’s canonical extensions of VHS and parabolic Higgs
bundles. Afterwards we compute the (parabolic) degrees of the resulting parabolic
Higgs bundles in terms of the associated exponents. Finally, in §5 we give further
examples motivated from mirror symmetry and review the necessary constructions,
we furthermore discuss the general structure of the gauge transformation from the
family of non—abelian Hodge flat connections to the family of opers. In the appendices
we collect basic definitions and notions concerning quasi-modular forms, differentials
rings as well as parabolic Higgs bundles.

In our beginning example in §2 and throughout the paper, we provide a number
of explicit and detailed examples in order to facilitate building a bridge between
the geometry of Higgs bundles on the one side and tt*-geometry, VHS and mirror
symmetry on the other side.

Acknowledgements. This project was initiated at the American Institute of
Mathematics (San Jose, CA) workshop titled “Singular geometry and Higgs bundles
in String Theory” from October 30 to November 3, 2017. We would like to thank
all the workshop participants for stimulating discussions and especially Szilard Szabd
and Rodrigo Barbosa for discussions related to this project. The work of the MA and
FB is supported through the DFG Emmy Noether grant AL 1407/2-1. The work of
LF is supported by NSF DMS-2005258. LF was supported by

2. Introductory example. In this section, we walk through the example of
Calabi—Yau manifolds of dimension 2, i.e. K3 surfaces. This example is simple enough
not to be overwhelming but complex enough to showcase some of our findings. For
example, we determine the gauge transformations between the families of opers and of
flat non-abelian Hodge connections attached to the corresponding variations of Hodge
structures of weight 2 and rank 3.

5See e.g. [Mov17] and references therein
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In the following, we consider families
X = B, dim(B)=1 (2.1)

of K3 surfaces and mostly B = CP' — {0,1,00}. Many such examples are obtained
from mirror symmetry of lattice polarized K3 surfaces ([Dol96]). A lattice polarized
(or M-polarized) K3 surface is a pair (X, 7) of a K3 surface and a primitive embedding
§: M < Pic(X) of a lattice M into the Picard group of X.

EXAMPLE 2.1. Let X be any smooth quartic surface in CP®. Then X is an
algebraic K3 surface with rk(Pic(X)) = 1. More precisely, Pic(X) is generated by
(the isomorphism class of) a line bundle L € Pic(X) with [y ¢1(L) A ci(L) = 4. In
particular, M := (L) is isomorphic to the even lattice (4) and j: M < Pic(X) is
primitive. Hence(X, j) is a (4)-polarized K3 surface.

Mirror symmetry of lattice polarized K3 surfaces is a statement about pairs of
complete families®

7: X = By and m: X — By (2.2)

of M- and M-polarized K3 surfaces respectively which are dual, or “mirror”, to each
other in a precise sense (see the introduction of [Dol96]). Here By, and By is the
moduli space of M- and M-polarized K3 surfaces respectively.

The lattice M is obtained from the lattice M as follows. For any algebraic K3 sur-
face X, H?(X,Z) with the natural intersection pairing is isomorphic to the orthogonal
sum

Lz :=U" | Eg? (2.3)

which has signature (t4,¢_) = (3,19). Here U is the lattice of signature (1,1) and
FEg is the lattice whose intersection product is determined by the Fgs-root system
and hence of signature (0,8). The orthogonal complement M of M in Lgs splits
(non-canonically) into M+ = U L M. The lattice M is uniquely determined up to
isomorphism and is called the mirror of M. It satisfies M = M. Moreover, if M is of
signature (1,¢), then M is of signature (1,18 — t).

The completeness condition on the families (2.2) implies

ToB = HY (X3)/ja(M), T.B=H"(X,)/j.(M).

This makes sense because Pic(X) ¢ (H"'(X) N H?*(X,Z)) c H"'(X) for any alge-
braic K3 surface X. If M is of rank one, which implies that M is isomorphic to one
of the even one-dimensional lattices (2n), n € Z, then

dim(B) = dim H**(X,) — k(M) = 20 — 19 = 1.
Constructions from mirror symmetry (cf. §5.1) therefore produce many families 7 :
X — B with dimc B = 1 as mirror families of (2n)-polarized K3 surfaces for n € Z.
EXAMPLE 2.2. Let 7: X - BM be a complete family of quartic K3 surfaces so
that M = (4), cf. 2.1, and
M:=(4)"=2U L Eg | Eg 1 (—2n),

6Every tangent space Ty, B of a complete family X — B is naturally isomorphic to the space
of infinitesimal deformations of the lattice polarized K3 surface (X, ju). In particular, a complete
family varies non-trivially if dim(B) > 0.
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see [Dol96, §7]. Then a mirror family 7 : X — By, simply called mirror quartic, is a
family of M-polarized K3 surfaces. In fact, B = CP' — {0,1, 00}, see [Dol96, §7].

2.1. Hodge decomposition and filtration. Let X be an algebraic K3 surface
so that we have the Hodge structure

H*(X,C) = H**(X)o H" (X)) ® H**(X), H20=pH"? (2.4)

of weight 2, cf. §3. }
Let M = (2n) and M := M be its mirror. If X is M-polarized, then the full
Hodge structure on H?(X,7Z) is too large for our purposes. Instead, we consider

T(X):=M*+=U L (2n) C H*(X,7Z). (2.5)

This defines a Hodge substructure of H?(X,Z) of weight 2 and rank 3 wit Hodge
decomposition space TP4(X). Since T>°(X) = H*%(X) and T*}(X) ¢ HV1(X), we

write
(X)) = HP1(X) (2.6)

by abuse of notation throughout this section. The equivalent data of a Hodge filtration
is denoted by

F*T(X) ={0} Cc F*(X) = H*"(X) c F}(X) c F'(X).
It satisfies TP4(X) = FPT(X)/FPHIT(X) for p = 0,1,2. The Hodge structure T(X)
carries a polarization given by the non-degenerate bilinear form

Q:T(X)xT(X)—Z, Q(a,,@):—/xoz/\ﬁ. (2.7)

which extends to T'(X, C) := T(X) ®z C. The Weil operator W € End(T(X,C)) acts
on T4 by multiplication with a constant:

W ggpg =779, (2.8)

Together with the polarization, it induces the non-degenerate pairing

n:T(X,C) xT(X,C) = C, n(w,w;)=QW(w),w,), (2.9)
as well as the Hermitian (Hodge) metric,

h:T(X,C)xT(X,C) - C, h(w,wj)=QW(w),w;), (2.10)
for w;,w; € T(X,C).

2.2. Variation of Hodge structure. We next consider a complete family
m: X = B:=CP' —{0,1,00}

of M-polarized K3 surfaces with rk(M) = 18. This setup generalizes Example 2.2
is the most common in mirror symmetry for such lattice polarized K3 surfaces. The
variation of the Hodge filtrations over the base manifold B is governed by the variation
of Hodge structures

(HZa va Q7 F.HO)
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Here Ho = Hz ® Op for the locally constant sheaf Hz, with stalks H?(X,,Z) and V is
the induced Gaufi—-Manin connection. The decreasing filtration F'*H o of holomorphic
sub-bundles F'He ,i = 2,1,0, is defined by taking fiberwise the previously defined
Hodge filtration. It satisfies Griffiths’ transversality: VFPHo C FP™'Ho @ Qj, see
§3 for more details. Moreover, we write HP*? = FPHo/FP 1 H o as in the fiberwise
case.

Let £ = F?He be the line bundle over B whose fibers are the spaces H*%(X,,)
and £7! be its dual. Further let wy be a local frame. By the properties of a VHS,
this form satisfies the following Picard—Fuchs equation in cohomology:

VSAWO = —b2V2 wo — bl(u)vang - bo(.do, (211)

2
du du

with rational functions b;(u),i = 0,1, 2.

This relation in cohomology becomes a third order ODE, the Picard—Fuchs equa-
tion, with regular singular points for the (multi-valued) periods 7% ,i = 0, 1,2 obtained
by integrating wg over a basis of cycles v°, v, 4% € Hy(X,,,Z).

d3+b d2+b d+b ‘(w)=0, i=0,1,2 (2.12)
— [ — ﬂ_ fr— = . .
dud 2 du2 1 du 0 ) P
In this example, the rational functions b; are related to the following Hodge-theoretic
pairing:

DEFINITION 2.3. The Griffiths—Yukawa coupling ¢ € T'(£L72® ((T*B)?) is defined
by

c(w,w’) :=n(w, V') € T(T*B)?), w,w’ €L. (2.13)

If we have fixed a local frame wy and % of £ and T'B respectively, then we denote by

Cuu = N(wo, Vawo), V= Vajou, (2.14)

the coordinate expression of c.

The next proposition gives the relation to the functions b; in the Picard—Fuchs
equation.

PROPOSITION 2.4. The coordinate expression ¢y, of the Griffiths—Yukawa cou-
pling satisfies the differential equation:

2
OuCun = —gbg Cuu » (2.15)

where by is the rational function appearing in the Picard—Fuchs equation.

Proof. We have

OuCun = / Vauwo A Viwo + / wo A Viwo , (2.16)
X X

u

and furthermore

/ wo A Vywg =0,
Xu
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by type considerations. By differentiating this last equation it follows that
Cyu = 7/ Vu (%) AN Vu wWo (217)
Xu
and hence
OuCuu = —2/ Vauwo A Viwo,
X’lt

the claim follows by substituting this last expression for the first term on the RHS of
(2.16) and the Picard-Fuchs equation for the second term. O

2.3. Frame for the bundle and Hermitian metric. We next construct a
local frame w = (wp,w1 ,ws) for the bundle H with fibers H?(X,, C) such that w; €
H2~H%. We choose a local frame wq of H?*? = £ and define

e K .= hog = h(wo,wo) = / wo N\ W (218)
Xy

where K : B — R defines a Kéhler potential for the projective special Kéhler metric
G on B. We then proceed to construct w; and we from wg using the Gaufi—Manin
connection. By Griffiths transversality we obtain

(Vuwo)du € F*H*(X,,C)®T*B, V.=V,
and hence we make the ansatz
Vwwodu = A, duwy + wq ,

with A,du € T'(T*B) and w; € H'1(X,)®T*B. Thus we obtain 4, = -9, K =: —K,
from

aueiK = 7K11,67K = / Vuwo A C‘_-)O = AU/ wWo A Wo ’
Xy

u

since —K,, = (hgg) " *0uhgp, this is also the coordinate expression for the Chern con-
nection one-form, and we have:

w1 = ((Vy — Dy)wo)du € H(X,,,C) @ T*B. (2.19)
We proceed by constructing we € H*2(X,,) ® (T*B)? similarly:
wy = (Vo — Dy) (wr))du, (2.20)
with Dywy = hﬁl@uhﬂ w1. We then obtain similarly:
(Vi = Dy)w2) =0, (2.21)
with
Dy wy = hoy Oyhos ws .

We get the following:



464 M. ALIM, F. BECK AND L. FREDRICKSON

~ PropoSITION 2.5. The expression for the Hermitian metric h = hgpdt* @
dt® ,a,b=0,1,2 in the frame (wo,w,ws) is given by

e K 0 0
(hap) = 0 e XGzdudu 0 . (2.22)
0 0 e KG2_du*du®

where Gyg = 0,0¢zK. The Kdhler metric Gygdudu further satisfies:
e K Gua = cun €™ GV ey, (2.23)

where GU* = G’Jﬂl are the components of the inverse metric. The expression for the

complex pairing n = Napdt®dt® ,a,b = 0,1,2 in this frame is:

1
(Mab) = cuu | O 0 | du®. (2.24)
1 0

Proof. The metric is diagonal in the frame (wp,w;,ws) because (1) the basis
respects the Hodge decomposition and (2) the polarization of the VHS obeys the
Riemann—Hodge bilinear relations I), II) given in §3.1. We have defined h(wq,wp) =
e~ % in (2.18), for the other entries we have

hii = h(wi,w1) = —/ w1 AWy

Xu

= —/ (Vywo + Kywo) A (Vawo + Kawo)du da

= (—0u0ze™  — KzOue ™ — K,0ze ™ — K, Kge ™) duda

=e KGaduda.

To obtain hgs = h(wa,ws) we first note that by construction we have wo €
H%2 @ (T*B)?. Since H"? is spanned by wp, we make the ansatz

Wy = @o Dy du?, (2.25)

with Dy,du? € (T*B)?. On the one hand, the polarization on H?(X,,Z) together
with the Riemann—Hodge bilinear relations give

/ wo A\ wy = / wo A (Vy — Du)Qdeu2
X X

= / wo /\Viwodu2 =y du? .
Xu
On the other hand, using the ansatz (2.25), we obtain
/ wo N\ wg = / wp N\ FoDuudUQ
Xu Xu
= e K Dyudu®.

Comparing the previous two equalities gives D,,, = cune’ and hence

hos = / wo ANz = e*K ¢y Can </ wo A w0> du? du? = ef ¢y tpgdu® da? .
X X

u u
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To obtain the expression relating Gz, K, ¢y, in (2.23) we note that wy € H'' ®
T*B; since H''! is one-dimensional we must have:

- 0
—o L du® 2.26
w1 =Wy L, du @ 90 ( )
with L% du® 8% € T*B®TB. To determine LY, we compute [y, w1 Aw; in two ways.
First,

—/ wi Awp = — </ (Vy — Dy)wo A (Vy — Du)wo) du?
X X

_ < / Vo wo A Ve, w0> du? 27 ¢ du?,
X

on the other hand, using the ansatz in (2.26) we obtain:

a 0
_/ wl/\w1:—</ wl/\wl> Lgdu®—_
X X ou

K a2
— K Gy Lidu?,
and hence L? = eXG%c,, . We have:

e KGaduda = —/

_ K i i I _
w1 AT = —e? G““G““cuucuu/ w1 A wr
X’U/

X
= K@ ey Canduda,

this also gives the form the the entry hys in (2.22). The entries of 5 follow from
(2.14),(2.17). O

REMARK 2.6. In (2.22) we use the fact that V is an oper to identify HP?
with HP~19t! @ TB via the map V — D (whose (1,0)-part is the Higgs field, see
Section 4). For example, e ® G zduda is a metric on H*° @ TB = H''. The entry
hos = e K G2 _du? du? is a metric on H*? @ TB®? = 302,

2.4. Holomorphic Gauf3i-Manin and non-abelian Hodge/tt* flat con-
nection. The variation of Hodge structure provides the data of a holomorphic Gauf3-
Manin connection which is reflected by the Picard—Fuchs equation describing the
variation of Hodge structure in (2.11),(2.12). Assume that wq is a cyclic vector, i.e.

2 2
weM = (wo , Vywo du, Viwo du ) ,

is a frame of H (cf. Definition 3.11)". From (2.11) we see that the GauB-Manin
connection V is given by

0 0 —by
Vo =d+ 1 0 —b du. (2.27)
0 1 —by

in this frame. Note that it is a holomorphic connection on H.

"In analogy to Remark 2.6 we do not contract with a vector field here.
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The C*-family of flat non-abelian Hodge (or tt*)-connections can be explicitly
given in terms of the previously defined entities. We denote the frame, which we have
constructed in Proposition 2.5, by

wNAH = (wo,w1,W2),
where wy = (V,, — Dy)wp and we = (V,, — Dy, )wy.

PROPOSITION 2.7. The Higgs field o € End(H?(X,,, C))®T*B in the holomorphic
frame wnan 1S

o= (2.28)

O = O

0
0
1

o O O

so that the following relationship is satisfied:
(Vu — Du) WNAH du = gp(wNAH). (229)
The Hermitian metric h = h,j dt® dtt ,a,b = 0,1,2, defined in (2.22), in the frame

I3 .
wWNag S

e K 0 0
(hap) = 0 e "Gugdudu 0 : (2.30)
0 0 e_KGuﬁ Guadugdﬂz

Thus the adjoint of the Higgs field with respect to h is:

0 Gugdudz 0
o= 0 0 Guadudt | (2:31)
0 0 0

so that the following relationship holds:

(Va — Da) wnan dit = ¢ (wnan) - (2.32)
This gives a solution of Hitchin’s equations (and the tt*-equations)

[Du, D3] = = [, ¢'] , Dap=0, (2.33)

hence we get the family of flat non-abelian Hodge (tt* )-connections:

1
VﬁAH:Ewmwt (eCx, (2.34)

where

D=d+h'9,hdu.

For the general setup of this proposition, see Section 4.

Proof. The basis elements w; and wo are defined in (2.19) and (2.20) in such a
way that the difference of the Gau—Manin and the Chern connection is

(Vu = Dy) (wo , w1, w2) du = (wo , w1 ,w2)

o = O

0 0
00 |. (2.35)
10
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The matrix on the right hand side of this equation is the Higgs field in (2.28). We
then compute p! = h='@Th for h defined in (2.30). The result matches with the
expression in (2.31). The equation Dgzp = 0 imposes no equations on the function K
and G,z featured in h. Meanwhile, the equation [D,, Dz] = — [<p, ng] imposes that
Guz = 0,07 K and that G5 satisfies

&ﬂglog Guﬂ = Guﬁ. (236)

The differential ring relation in (2.41) is 9, log Gz — 0, K = —%bg. Taking g of
both sides in the first differential ring relation (2.41) and using that dzbs = 0, we get
(2.36). O

We next construct a one—parameter family V?;M of flat connections, h € C*, from
Veum- It will be explicitly related to Vf\I an later on. For the construction, consider a
solution wf of the h-deformed Picard-Fuchs equations

V% wi(u) = by h2V% wg(u) — by hV o wg(u) — bo w (u) (2.37)
for any A € C*. Then we consider the frame
wing = (Wl s AVl du, B (V,,)?wl du?) . (2.38)
In this frame we define the connection
0 0 —bo

1
ng:d+ﬁ 1 0 —b |du (2.39)
0 1 —by

where b; = b;(u) as before.

REMARK 2.8. The study of the asymptotics in & of the periods of the fi-deformed
wg is subject of the higher rank WKB method, see e.g. [HN19] and references therein.

We note furthermore that the differential equation (2.15) obeyed by the coordinate
expression of the Griffiths—Yukawa coupling becomes:

2
U uu:_ib uu ) 2.4
Ouc arb2¢ (2.40)

after using the 7i-deformed Picard-Fuchs equation (2.37).

2.5. The differential ring relations. We next derive three differential ring
relations between functions associated to the Kéahler metric G, ; dudu and the coef-
ficient functions of the Picard-Fuchs equation in (2.12). This will be very useful to
explicitly relate the families V& ap and V?}M of flat connections. At the end of this
subsection we comment on how these differential ring relations are related to the ones
found in [Alil7].

PROPOSITION 2.9. Let h € C, K, := 0, K ,T%, := GU%0,Gyq, wh € H>(X,,,C)
and by(u) ,i = 0,1,2 the coefficients of the h-deformed Picard—Fuchs equation describ-
ing the variation of Hodge structure (2.37). The following relations hold:

(1)

1
% — Ky =—— by, 9.41
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1 1
p— 2 R —
DK, = Ku 3hb2K W a b + b (2.42)
(3)
4
12 02y + 2027 Oyby — 31 0,by + §b§ — 2b1by + 6by = 0. (2.43)

Proof. The first relation follows from the relation (2.23), proven in Proposition
2.5:

e K Guu = cun e G, (2.44)
by taking the derivative with respect to u and then using the differential equation
satisfied by the Griffiths—Yukawa coupling in (2.40). We obtain the second and third
relations by considering (2.21):

B3 (Vo — Dy)wh =0. (2.45)

This innocent looking equation turns out to be very rich once its ingredients are
spelled out, using the first relation as well as the explicit coordinate expressions for
the Chern connection components we obtain the following equation:

B (Ve + Ky — 2T ) (Vo + Ky —=T%) (Vo + K, wh =0, (2.46)

2 1
(hvu — hK, + 3b2> (hvu + 3b2) (hV, + hK,)w) =0, (2.47)

in this equation we substitute for 23V3w using the A-deformed Picard—Fuchs equation
(2.37) and obtain three independent equations in cohomology, namely the coefficients
of R2V2wl hV,wh and of wf. The coefficient of h2V2w{ is zero by the algebraic
equations, which were shown to hold in the first part of the proposition. The vanishing
of the coefficient of AV, w{ gives the second relation of this proposition. Substituting
this relation into the coefficient of w gives the third part of the proposition. O

REMARK 2.10.

e Note that first relation can be derived from the second relation by taking 0y
of both sides, and then dividing by G,z. Similarly, by taking 0z of the first
relation we get 0,07 log Gz = Guz. This means that G,zdudu is a metric of
constant curvature —2% on the Riemann surface B = P! — {0, 1, co}.

e The function K is a Kahler potential for the metric G determined by the
choice of w{ by (2.18). Given a choice of wy, the coefficients of the Picard-
Fuchs equation are determined and the differential ring gives algebraic rela-
tions between K,d,K and 02K encoded in (2.42). Different choices of wf
result in different potentials K, namely rescaling wf by wo +— fwg shifts the
potential K +— K + log|f|?. The functions by, by, by change accordingly. We
note that the third relation doesn’t feature the metric G,zdudu at all.

8Recall that the curvature of a metric Gzdud@ on a Riemann surface is —&&l%log Gua-
uu
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e We note here that the first and second parts of this proposition were derived in
a different manner in [Alil7], namely by using the explicit expressions for the
curvature of the Chern connection in terms of the Higgs field. The outcome
in [Alil7] are differential ring relations which are determined up to rational
functions on the moduli space which are determined case-by-case. This is due
to the fact that for obtaining the relations in [Alil7] a successive integration
of the J; was used, which yields relations up to holomorphic functions. In
the current derivation, the holomorphic functions are determined by using the
Picard-Fuchs equation. As a qualitative example highlighting the difference
of the approach of [Alil7] to our current approach we note that the resulting
Hitchin equation of the current setup (2.36):

8u8510g Guﬂ = Guﬂ ;
can be integrated to give:
Iy, — K, =hol,

where hol is an undetermined holomorphic function, which is in the ker-
nel of Jz. This is in contrast to the relations in cohomology which use the
Picard—Fuchs equations and have no undetermined data. In this example
hol(u) = —#bg. Moreover the third relation is completely novel to the cur-
rent work. It is a constraint on the coefficients of the Picard-Fuchs equation
which we interpret as the constraint that this Picard—Fuchs equation describes
a polarized variation of Hodge structures.

2.6. Gauge transformation and conformal limit. Using the differential ring
relations, we next give an explicit gauge transformation between the non-abelian
Hodge connection V%, and the oper V&, for any i € C*. As an application we
determine the A-conformal limit ([Gail4], [DFK'16]) for any A € C* associated to

the family VCN an Of non-abelian Hodge flat connections. For the next proposition, let
h

WI;EIAH - (wga @u("‘)g)a 5012;(“}0))'

PROPOSITION 2.11. For any h € C* fizx wl solving the h-deformed Picard-
Fuchs equation in cohomology (cf. (2.11)). Then Vi gy = %Lp + D + ho' is gauge
equivalent to V?}M- Concretely, let wl,, be the frame (2.38) of H". Define the gauge
transformation A" satisfying

win = wianA”, (2.48)
which is concretely given by
1 hK,du h?By,du?
(AMH~t =10 1 hE, + b2 | (2.49)
0 0 1
with
1 1 1 1 (2.42) 1

Then the gauge transformation A" transforms the h-non-abelian Hodge flat connection
Vi aq into the oper Vi, i.e.

Vi = (A" o Vi 0 A" (2.50)
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Proof. Recall that in the frame w,,, the connection V%,, is given by

0 0 —by
ng:dJrﬁ 10 —b |du. (2.51)
0 1 —b

Then the proof that V2, = (A")"1o VL, ;0 A" is a tedious but straightforward com-
putation and follows from Propositions 2.7 and 2.9. We give the details to illustrate
how the differential ring relations in (2.41)-(2.43) and the relation G,z = 0,0z K are
used. We compute that

my-1 6yt hon 0D 0 *12) *13)
(A o Viago A —VE )Y —hl0 0 swy|. (@52
0 0 0

where

*(1,2) = Gug — 8u65K7
*(1,3) = —0gBuuy + GuuKy
*(2,3) ‘= Guﬂ - auaﬁK .

This vanishes since Gz = 0,0zK by definition, and similarly 0zBy, := 0z(3K2).
The (1, 0)-part is given by

hy—1 h h o\ (1,0) 0 *a *us
(AN oVian o A" =Vin) T =(0 *@22 *@23) | (2.53)
0

*(3,3)

where

1 u
*(2,2) 1= —by+ 1, — Ky

3h

*(3,3) 1= %bz + 21, — 2K,

*(1,2) = 2—‘%191 - %b% - éaub2 + Il K, — F%Ki — hdu K,

*(2,3) 1= %bl - éaub2 - %szu - gKi + %rzubQ + % Ky — hOu Ky,

*(1,3) = %bo - &bﬂm + %bg — %&Jn + %bgaubg + gaﬁbg +bile, — %b%l“zu
—gaubzrzu — 0 Ky, + %bgKu + gaubQKu — %bgr;ﬁum + gbgKi + gbzauKu.

These five entries vanish because of the three differential ring relations. Indeed, the
(2,2)-entry and (3,3)-entry vanish because ', — K, = —3-bs. Similarly the (1,2)-
entry vanishes because

. 1 .
*(1,2) (2:42) h(iKZ + FZuKu> + ngKu (2:41) 0.

The (2, 3)-entry vanishes because of (2.41) and (2.42). The (1, 3)-vanishes because
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(2.41),(2.42) bo 2 0, (2.43)
— - —b b b b b “by ="0.
*(2,3) T 2+ 27h 8 1+ 5b20ub2 + 3 2 0

d

Having studied the relation between the non—abelian Hodge flat connection V% ,
and the oper V2, ,, we will now study the relation between the one-parameter family
of non-abelian Hodge flat connections V& Ap and the oper V?;M.

Following [Gail4, DFK"16], we can extend the one-parameter family of VIC\I Al
to a two—parameter family

Vian = ¢ 'Re + D(hg) + (Ryl"x, (2.54)

parameterized by ( € C* and R € R™. The Hermitian metric hy solves the R-rescaled
Hitchin’s equations

Fpmp) = —R? [p,¢"r] , Dap =0. (2.55)

The A-conformal limit of V%’fH is defined by taking ¢ — 0 and R — 0 but fixing the
ratio (/R to be equal to A € C*| in particular AR = . Gaiotto conjectured [Gail4]
that limg_,¢ Viﬁ’ff is defined and is an oper. In this particular case, Proposition 2.11
will imply that the limit is gauge equivalent to

1 0 0 —=by
0 1 —bo

an oper (cf. Example 3.7) determined by the h-deformed Picard-Fuchs equation
(2.37).

COROLLARY 2.12. Consider the two-parameter family of non—abelian Hodge flat
connections

R
vNAH c ~¢+ Dgr+ R¢pr,

where Dg is the Chern connection for the pair (E,hr). Then its A-conformal limit
exists for any A € C* and is given by

Lim vf&? = Vg = )\90+Dh + a0, h=hy.

Moreover, 9;1/5 o VRan © 9nn = Viay = A" o Vi o (A"~ where

1 0 0
gan=[0 A 0 ; (2.57)
0 0 R2\~2

i.e. the A-conformal limit is gauge equivalent to VEM for any h € C*.

Proof. This claim essentially follows from the fact that the Higgs bundle (E, € @)
is isomorphic to (E,¢) for any £ € C*. More precisely, let hr be the Hermitian
metric which solves the R-rescaled Hitchin’s equations in (2.55). In the frame wl g
it is given by

e K 0 0
hr=| 0 |R|2e KGzdudu 0 . (2.58)
0 0 |R|~*e K G uG ymdu?du?
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Now define
1 0 0
gr=10 Rt 0 (2.59)
0 0 R?Z
with respect to the direct sum decomposition of £. Then we check that
Ry =gg'ogr. hr = gkhigr. (2.60)
Hence it follows that AR?pf"r = \pfr1 and similarly D(hgr) = D(h;). Consequently,

Vgi’}lf is independent of R and the A-conformal limit is equal to

1
VAl = 19+ Dy, + Ao'n, (2.61)

for b = hy. One can immediately check that g5 ;, © Vg © gan = Viag- O

2.7. Quartic example.  In the following we will provide the geometric data
of the VHS H of weight 2 attached to the mirror quartic family as a specific example
of the previous discussion. We postpone the definition of the mirror quartic and the
discussion of how to obtain the associated Picard—Fuchs equation to 5.3 in §5 because
we will need some notions of mirror constructions to do this. The moduli space in
this case is B = P\ {0, 1,00}. The Picard-Fuchs equation is given in terms of a local
coordinate z € B centered around 0 as!'?

3
d
— p3 ; —
Lpp =10 —21:11(9—1-1/4), =2, (2.62)
the discriminant of this operator is:
A=1—=z. (2.63)
And the Griffiths—Yukawa coupling can be computed to be:
K
Cyy = % y (264)

with k an integration constant which we set to 1.
The solutions of the Picard—Fuchs (PF) equation, corresponding to the integrals
of the holomorphic form wqy over a basis of integral cycles, i.e. periods, are given by

[Ali17]:
113
0— - =, =11 :
us 3F2 <472747 ) 7Z> ) (265)
1=y ! G23 P21 2.66
T TR (1/4)0(3/4) 33( 00 0 Z) ’ (2:66)
2= %(Wl)z/wo. (2.67)

9Here and in the following concrete computations, we do not consider the fi- or (-dependence of
the solutions which is the starting point of their exact WKB analysis (see e.g. [HN19]). This will be
discussed elsewhere.

10We will use z throughout this paper as a local coordinate whenever it is centered around a regular
singular point or when it is obtained from the toric data of the mirror symmetry constructions of
85. We will denote by w either the local coordinate of generic point in the base manifold or, if the
context is clear, some explicit coordinate system.
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Here 7%, 7! are given in terms of the hypergeometric functions 3F, and Meijer G-
functions respectively. We define:

= q= eQﬂ'iT , (268)

The integrality and modular properties of the inverse mirror map z(q) have been
addressed in [LY96]. The periods ¥, 7!, mirror map and Kihler potential of this
example can be expressed in terms of the differential ring of quasi-modular forms
associated to the congruence subgroup T'g(2) of SL(2,Z). A careful study of the
Picard-Fuchs operator and of the monodromy of its solutions reveals that the mon-
odromy group in this case is I'g(2)+ [LY96, Hos00]. We will use the quasi-modular
forms, reviewed in Appendix A:

A(7) = (Ba(7) + 03(7)) /2, (2.69)
B(1) = 63(27) (2.70)
C(r) = %93(7) 2.71)
B(r) = % (2E5(27) + Ea(7)) (2.72)
which obey the algebraic relation
A =Bt 4+ C*.

We have moreover the differential ring relations for I'y(2), given in Appendix A:

1 A* —2p*

0rA = SA(E+ ——5—), (2.73)
1

0,B = §B(E — A?),

0, E = é(E2 — AY).

We find an expression for the inverse mirror map

(1) = , (2.74)

and moreover
70(1) = A%(1). (2.75)

and we obtain for the Kéhler potential and metric

1
—K _ 9. 0)2 2 _ 2 4122 2 _ =
e” " =2|7|*(Im7)* = 2A(7)” A(T)*(Im7)*, G = i T)QdeT. (2.76)

We note that G is the Poincaré metric on H/Ty(2)* which is isomorphic to B.
For the coefficients of the Picard-Fuchs equation for the holomorphic form wyq:

V3 wo = —bz(z)vigwo — b1(2)V 2w — bo(2)wo , (2.77)
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we obtain from (2.62):

3 5lz — 16 6 —9z

W) = e 06 = e Be) = e

(2.78)
We can now verify the differential ring equations 2.73 and map these using the modular
expressions for z, 7% and e ¥ to the differential ring relations of the quasi-modular
forms of I'g(2).

Finally, we turn to the parabolic Higgs bundle (E, ) on B = CP' with divisor
D = {0,1,00} defined by the VHS H of weight 2. As reviewed in detail in §4, the
filtered holomorphic bundle (Hep, F*Hep) extends to a filtered holomorphic bundle
(ﬁo,ﬁ ";Qo). Likewise the holomorphic Gaufl-Manin connection V extends to a
logarithmic connection V on 7—70 with logarithmic poles along D.

Define the holomorphic bundle E := E20@& E1 @ E%2 on B for EP? = ﬁp/ﬁp+1.
Together with Griffiths’ transversality, V induces the logarithmic Higgs field ¢ =
®2_o PP with components

Gr: E2PP — B2 Lkl @ O1(B, log(D)).

As an application of Theorem 4.9, we make the bundle E explicit for this example.

EXAMPLE 2.13 (Mirror quartic). The exponents of the Picard-Fuchs equations
at the points d € D = {0, 1,00} (see (3.20) below for a definition) are given by

d [0 1 oo
IR
e 3
py |01 g

Then the induced parabolic Higgs bundle (E', ©) satisfies
E=E@QE" @ E% =~ Op @ Opi(—1) ® Opi (—1).

This follows from Theorem 4.9 and the classification of line bundles over P'. Hence
the logarithmic Higgs field ¢ has components

?° e HO(P', Op1) = C,
gl e HO(P', Opi(1))

since Q1 (P!, log(D)) = Op:1(1).

3. Variations of Hodge structures and their relation to opers. The aim of
this section is twofold. Firstly, we motivate and review variations of Hodge structures.
Secondly, we show that variations of Hodge structures over a Riemann surface C' with
a so-called generic cyclic vector are equivalent to opers.

3.1. Variations of Hodge structures. We begin with a single projective mani-
fold X < CPY of dim¢(X) = n with Kihler class w € H?(X,Z). For every 0 < k < n,
the cohomology groups H*(X,C) admit the Hodge decomposition

HYX,C)= P HM(X), H"(X)=H"P(X). (3.1)
p+q=k
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It is equivalent to the Hodge filtration F'* H*(X,C) defined by

FPHMX,C) = P H*(X), FPNFI=0ifp+qg=Fk+1,

i>p

via H?4(X) = FPH*(X,C)NF1H*(X,C). The group H*(X,Z) carries an additional
structure, namely the bilinear form Q : H*(X,7Z) ®z H*(X,Z) — 7Z,

Qa,pB) = (_1)%’“’“—1) / anBAWNE (3.2)

X

It is symmetric if £ is even and skew-symmetric if k is odd. To state the Riemann-
Hodge bilinear relations ([Huy05]) satisfied by @, we introduce the Weil operator
W € End(H*(X,C)) defined by

W pa =79 (3.3)

The Riemann-Hodge bilinear relations are then given by

I) Q(HP H™*) =0, (r,s) # (g,p), or equivalently Q(F!, F*~*1) =0,
IT) for every non-zero primitive cohomology class'' a € H:;,. (X, Q),
Mo, o) == Q(Wa,a) > 0. (3.4)

Abstracting these properties yields the following

DEFINITION 3.1. An integral Hodge structure (Z-Hodge structure) of weight k is
a pair (Hyz, F'® Hc) consisting of a free abelian group Hyz of finite rank and a decreasing
filtration F*Hc of He = Hz ® C such that FPHc N FIHe =0if p4+qg =k + 1.
A polarization on (Hy, F®*Hg) is a bilinear map @ : Hz ® Hy — Z such that I) and
II) are satisfied. The Hermitian metric h on defined by (3.4) is called Hodge metric.

The notions of a rational or real Hodge structure (Q-/R-Hodge structure) and
polarizations are defined analogously by replacing Z with @ or R.

EXAMPLE 3.2. Using the Lefschetz decomposition of H*(X,C), it is possible
to construct a polarization Q on all of H¥(X,C) and not just on the primitive part
ngim(X ,Z). However, the polarization is no longer defined over Z in general because
the Lefschetz decomposition is only defined over Q. Hence H*(X, Q) is a polarizable
rational Hodge structure of weight k.

ExaMPLE 3.3 (Hodge structures of K3 surfaces). Let X be an algebraic K3
surface, i.e. a compact connected Kéhler surface X such that Q% = Oy, H*'(X) =
0 = H'%(X) and X admits an integral Kéhler class w € H?(X,Z). Then H?*(X,Z)
together with the intersection form (3.2) is a polarized Z-Hodge structure of weight
2. It has the property that

h0,0 — h2,2 — 17 hl,O — hO,l —_ O, hQ,O — hO,Q — 1’ hl,l =920

and all other hP? := dim¢ HP?(X) are zero.

The previous discussion works in the family case as well. More precisely, let 7 :
X — B be a family of projective manifolds of dimension n over the complex manifold

Recall that a cohomology class o € H*(X,Q) is primitive if a A w *—*+1 =,



476 M. ALIM, F. BECK AND L. FREDRICKSON
B. Then the polarized integral Hodge structures (HE; (Xy, Z), FCHE; (X3, C), Qp)
of weight k vary nicely over B and determine a polarized integral variation of Hodge
structures ([Gri68]):

DEFINITION 3.4. Let B be any complex manifold. An integral variation of Hodge
structures (Z-VHS) of weight k is a tuple H = (Hz, F*Ho) consisting of
e a locally constant sheaf Hz of free abelian groups of finite rank,
e a decreasing filtration F*Ho of the associated holomorphic bundle Hp =
Hz ® Op in holomorphic subbundles.
These are subject to the conditions
i) the fibers Hy = (Hzp, F*Ho,p) form an integral Hodge structure of weight k,
and
ii) the filtration F*Ho satisfies Griffiths transversality with respect to the holo-
morphic Gau3i-Manin connection V:

VEPHo C FP ' Ho @ QL.

A polarization of a Z-VHS H is a morphism Q) : Hz ® Hyz, — Zg, for the constant
sheaf Z g, such that its restriction (), to the fiber over b is a polarization of the integral
Hodge structure Hp. A Z-VHS together with a polarization @ is called a polarized
Z-VHS. 1t is called polarizable if it admits a polarization.

REMARK 3.5. By working over R = Q, R instead of Z, we obtain the notion of an
R-VHS. A polarization of an R-VHS is defined analogously. In §4 we further review
complex VHS. Clearly, every polarized Z-VHS (H,Q) on B determines a polarized
R-VHS by tensoring with the constant sheaf Rz for R = Q,R.

All of the following result in this section hold true for R-VHS for R = Z,Q, R.
We concentrate on Z-VHS because these arise from our geometric examples.

Given a polarized Z-VHS (H, Q) of weight w with Hodge filtration F*Hep, we
define the Hodge bundles

HP = FPHo N Fi1Ho = FPHeo /FPT He. (3.5)

The last isomorphism is only a C'*°-isomorphism. However, the bundles on the right-
hand side of (3.5) are holomorphic bundles. Hence each HP? is naturally endowed
with a holomorphic structure. The smooth splitting

Ho= P M (3.6)
ptg=w

therefore endows Hep with another holomorphic structure. For better distinction, we
denote the resulting holomorphic bundle as

E= P E". (3.7)
pHg=w

As for a single polarized Hodge structure, the polarization ) induces the Hodge metric
h(v,w) = Q(W(v),w) on E and the decomposition (3.7) is orthogonal with respect
to h.

Besides the Hodge metric, we further obtain the non-degenerate pairing

n(v,w) = QW (v), w).
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It is related to the Hodge metric h by h(v, w) = n(v, 7(w)) for the complex conjugation
7(v) = ¥ with respect to Hz. The tuple (H,h,n) is an example of a tt*-geometry of
Cecotti-Vafa [CV92] (see [Her03] for a mathematical account).

In the following, we concentrate on any Z-VHS over a not necessarily compact
Riemann surface C, generalizing the setup of Section 2.2.

3.2. From Z-VHS to opers and back. We next explain how VHS on a Rie-
mann surface C' are related to (GL(r, C)-)opers ([BD05]).

DEFINITION 3.6. A (GL(r,C))-oper over the Riemann surface C' is a pair
(F*V,V) consisting of
e a holomorphic bundle V of rank r with a decreasing filtration

V=F%Vo . .2F " 'ZWOFV=0

such that tk(Gr&V) =1 for GrkV = FFY/FF1Y and all 0 < k < r — 1,
e a holomorphic connection V such that F'®V satisfies Griffiths transversality

VF*Y c FF=Y 2 0.

Moreover, the Oc-linear morphisms GriV — Gri 'V @ QL induced by V
are isomorphisms for all 0 < k <r — 1.
We call such a filtration of (V, V) an oper filtration. An oper (F*V,V) is an SL(r,C)-
oper if V induces the trivial connection on det V.

ExaMPLE 3.7. Locally, for every oper (V, V) there is a frame of V such that the
corresponding connection 1-form of V has the form

3 %k .. e *
0
0 - 0 + =

Here + are nowhere vanishing entries and * are arbitrary ones.
A global standard example is given as follows: let C' be a compact Riemann
surface of genus > 2 and £ a spin bundle, i.e. £2 2 K. Let

0 c % cr 0 (3.8)

be the non-trivial extension. Let g be a Riemannian metric in the conformal class of
C. Then the Levi-Civita connection of ¢ defines a holomorphic connection 9% on L.
With respect to the smooth splitting of (3.8), define the holomorphic connection

¢ 0
oo (8
Note that 1 makes sense here because K¢ ® Hom(L, L*) =2 O¢. Then (V,V) is an

oper, in fact an SL(2,C)-oper.

Opers are closely related to VHS. The only missing datum is a compatible integral
(or rational/real) structure, i.e. a locally constant sheaf V C V of free abelian groups
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of rank r such that Vz ®z Oc = V and V coincides with the canonical connection on
the left-hand side under this isomorphism. Moreover, we require that F'® is a Hodge
filtration on Vz @ O¢ = V. In this case, (Vz, F*V) is a Z-VHS of weight w =r — 1
and type (1,...,1), Le. 7k(GriV) =1for all p € {0,...,r — 1}.

EXAMPLE 3.8 (Families of elliptic curves). Let X — C be a family of elliptic
curves over the Riemann surface C' and let (Hz, F*Ho) be the induced polarizable
Z-VHS of weight 1 over C. It defines the period map P : C — H/T" (see [CMSP17,
§4.5]) where I' C Aut(H) is the monodromy group of the family X. Here we have
identified the period domain D for Hodge structure of weight 1 and rank 2, i.e. the
space of all Hodge filtrations F' ¢ He = C2, with H ¢ CP'.

The condition that (F*He,V) is an oper is rephrased as a condition on P as
follows. The tangent space T, H to the period domain D = H is canonically identified
with T,H = Hom(F}, F°/F!). Then the derivative dP, : T,C — T,H of the period
map is identified with

T,C — Hom(F!, FY/FL), v~ (o~ V,a mod Fl), (3.9)

see ((CMSP17, Lemma 5.3.2.]). Hence (F*Hp, V) is an oper if, and only if, dP,, is an
isomorphism if, and only if, P is a local isomorphism. If the last condition is satisfied,
then the family X — C is called complete.

ExXAMPLE 3.9 (Families of K3 surfaces). Let (Hz, F*Heo) be a Z-VHS of weight
2 which is determined by a family of algebraic K3 surfaces over a Riemann surface C.
In this case Hy is always of rank 22, compare Example 3.3 and

tk(Gry) =1, tk(Grk) =20, tk(Gr%)=1.

Therefore (F*Ho, V) cannot be an oper for dimension reasons. However, by working
with complete families of M-polarized K3 surfaces for M = (2n), we obtain integral
variations of Hodge structures with a generic cyclic vector, cf. Section 2.1.

REMARK 3.10. The previous two examples show that complete families X — C'
of elliptic curves and certain lattice polarized K3 surfaces determine an oper over C'.
It seems plausible that an analogous statement is true for all complete families of
Calabi—Yau d-folds even over higher-dimensional bases.

To explain how to pass from Z-VHS to opers, we need the notion of a (generic)
cyclic vector:

DEFINITION 3.11. Let (V, V) be a holomorphic bundle of rank 7 on the Riemann
surface C with a holomorphic connection V. A cyclic vector of (V, V) is a holomorphic
section w € H°(C,V) such that for each u € C' and every holomorphic vector field X
with X (u) # 0,

Vhw, k=0,....,r—1 (3.10)

is a local frame of X around w. A generic cyclic vector of (V,V) is a non-zero
meromorphic section w € M(C,V) such that w)c is a cyclic vector where " = C—D,,
is the complement of the divisor D,, defined by w.

ExampPLE 3.12. In Example 3.8 we have seen that the filtered holomorphic bundle
(F*Ho, V) with holomorphic connection determined by the family X — C of elliptic
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curves is an oper if, and only if, the period map P : C — H/T is a local isomorphism.
This is in turn equivalent to the existence of a generic cyclic vector:

Let w € M%(C, F') be a non-zero meromorphic section and ¢’ = C — D, C C
the complement of its zeros and poles. Fix u € C’ and identify FJ/F} = H2!. In the
bases w, € F? = H? and @, € H%! the homomorphism dP,(v) € Hom(H!°, H1)
for v € T,,C' is represented by

Q(wua v'uwu)
Q(wua (Du)

This is non-zero for v # 0 if, and only if, (w, Vyw) is a local frame of Heo around
u (for an holomorphic vector field V' extending v), i.e. if, and only if, w is a generic
cyclic vector.

A similar discussion holds true for a family X — C' of compact Calabi-Yau three-
folds over a Riemann surface C' which is complete, i.e. the Kodaira-Spencer map
Ky : T,C — HY(X,,Tx,) is an isomorphism for each u € C. We refer [BG83, (1.4)]
for details.

e C. (3.11)

Every generic cyclic vector w € M(C,V) defines an oper filtration F3. Define
F®*=l w =17 —1, as the smallest subbundle of V which contains

Vhw, k=0,...,1
for every local holomorphic vector field X. Since w is a generic cyclic vector,
rk(FY~") =141 and rk(Grf, ) =1 for k € {0,...,w}.

PROPOSITION 3.13. The filtration E2 of (V,V) is an oper filtration. Conversely,
if (Ho,V) carries an oper filtration F*Heo, then (Ho,V) admits a generic cyclic
vector w € M(C,V) such that FS = F*°.

In particular, if a Z-VHS (Hz, F*Ho) of rank r and weight w = r — 1 admits
a generic cyclic vector w € M(C,F"), then (F*Hp,V) is an oper with F* = F?.
Hence it is of type (1,...,1).

Proof. Let C' = C — D be the complement of the pole and zero divisor D of w.
By the construction of F? since w is a cyclic vector, (F5, V) is an oper on C”.

Now let d € D and choose a local coordinate z centered at d. Then w = zFw’ for
a holomorphic section w’ with w’(0) # 0. Let s; be a local flat frame of V around d.
Then the section w’ is given by

T
w’ = ijSj.
j=1

We denote by ud = v4(f;) the vanishing order of f; at d and assume without loss of
generality that pf < pd <--- < ud. By Remark 3.17 below, we know that

pl=j-1, 1<j<nr (3.12)
This implies that the k-th derivatives f;k) satisfy

(k) _ (k) _ :
f;70)#0for k=j5—1, f;7(0)=0for k > j. (3.13)
As a consequence,

k+1
Vhaw' =Y £0)s;, k=0,...,1 (3.14)

j=1
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is a basis of F,(f*l)fl at 0. Therefore w’ is a cyclic vector around d and hence
(F2Hp, V) is an oper.
Conversely, if (F*Ho, V) is an oper, then there exists a non-zero meromorphic
section w € M(C, F"~1). By the properties of an oper, w is a generic cylic vector.
The last claim follows from the fact that the generic cyclic vector w is a mero-
morphic section of F* and Griffiths’ transversality. O

Hence opers with a compatible integral structure are equivalent to Z-VHS with a
generic cyclic vector.

3.3. From Z-VHS to Picard—Fuchs equations. We next recall the relation
between polarizable Z-VHS with a generic cyclic vector and Picard-Fuchs equations.

Let (Hz, @, F'®*) be a polarized Z-VHS of weight w = r — 1 on the punctured disk
A* C A. Then the monodromy 7" around 0 € A is quasi-unipotent by a result of Borel
([Sch73, Lemma 4.5]) We assume that there exists a cyclic vector w € H?(A*, Fv).
This implies the existence of a; € O(A*) satistying

Vijaw + ar—1(2) Vi 0 + -+ + ag(2)w = 0. (3.15)

DEFINITION 3.14. The point 0 € A* is...
o ... called a regular point of V if a; extends to holomorphic functions at 0;
e ... a regular singular point of V if b; := 27a; extends to a holomorphic
function at 0.

The Gaufi—Manin connection is known to be regular singular ([Sch73, Theorem
4.13)), i.e. the limiting point 0 € A is either a regular point or a regular singular
point.

Assume that 0 € A is a regular singular point so that

Viasasw +br—1(2) Vi w =+ +bo(2)w =0 (3.16)

for b; € O(A). If v € HY(A*, 1Y) is a (multi-valued) section, then the (multi-valued)
function f := Q(v,w) satisfies the scalar differential equation

d
Lopf=0"f+0b_1(2)0" ' f+- +bo(2)f =0, 0= et (3.17)
It is called the Picard—Fuchs equation associated with w and is an ordinary differential
equation with a regular singularity at 0. Its solutions, the periods, form a local system
which is denoted by Sol(Lpy). The next lemma is immediate.

LEMMA 3.15. Let w € HO(A*, F™) be a cyclic vector as before. Then the mor-
phism
Hz — Sol(Lpp), v+ Qv,w) (3.18)

is an isomorphism of local systems. In particular, w =Y _._, fis; for a multi-valued
frame s; of Hz on A* and f; corresponds to the y; such that Q(v;,s;) = 0;; under
the isomorphism (3.18).

REMARK 3.16. If w is not cyclic but only non-vanishing on A*, then (3.18) is
only a surjection.
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In particular, if 7" is the local quasi-unipotent monodromy of Hy around a punc-
ture d € D, then the local monodromy of the periods is the dual TV. If we represent
T as a matrix A with respect to a basis, then T corresponds to (A~1)! in the dual
basis. Under the isomorphism Hz = Hy induced by @ we therefore identify 7" with
TV. In particular, the eigenvalues \; of T do not only satisfy \; € U(1) C C* but
also A\ --- A\, = 1.

These eigenvalues are related to the Gaufi—Manin connection: in the frame
V’;d/dzw, k=0,...,7 — 1, the connection 1-form is given by

B(2)L = | . & (3.19)
0 <0 1 —ba(2)

cf. Example 3.7. It is known ([Del70, 1.17.2.]) that exp(27iB(0)) has the same
eigenvalues \; as T. The eigenvalues of exp(27iB(0)) are in turn of the form \; =
exp(2mip;) for the eigenvalues pj of B(0). These are the roots of the polynomial

p(X) = X" +b,_1(0) X" + ... +bo(0) € C[X] (3.20)

(and B(0) is its companion matrix). Since \; = exp(2miu;) € U(1), we must have
1; € R and we choose the ordering p1; < --- < p.

On the other hand, p; are called exponents of the Picard-Fuchs equation (3.17).
They determine the structure of solutions to (3.17). Let p;;, < --- < p;, be the
pairwise distinct exponents where f;; has multiplicity m;. The Frobenius method
([Fro73], [CL55, §3]) shows that a basis of solutions to (3.17) is given by multi-valued
functions of the form

T
S (log2) T gl(), G =T, (3:21)
k=1

for holomorphic functions gi on A with gi (0) #£ 0.

REMARK 3.17. If 0 € A is a regular point of V, then the monodromy 7" is trivial
and the Z-VHS canonically extends to 0. In this case the exponents p; are defined as
well and are given as follows. If k = vo(w) is the order of w at 0, then p; = k+(j—1).

The previous discussion globalizes: let C° C C be the complement of a reduced
divisor Dy C C in a compact Riemann surface C. If (Hz, F'®, Q) is a polarized Z-VHS
of weight w = r — 1 on C° with a generic cyclic vector w € M(C°, F'*), then the
exponents pf < --- < p¥ are defined for any u € C by the local discussion above.
Note that p3 are independent of a local chart around each u € C' and only depend on
w. Moreover, if f € M(C) is a non-zero meromorphic function, then the exponents
fi defined by @ = fw are given by i} = uj + vy (f) for the order v, (f) of f at u.

Therefore Z-VHS together with a generic cylic vector determine local Picard-
Fuchs equations and their exponents 7. The later will play a crucial role in the
relation between Z-VHS with a generic cyclic vector and (parabolic) Higgs bundles
as we explain next.
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4. From Z-VHS to (parabolic) Higgs bundles. In the beginning of this
section, we review the relationship between (complex) variations of Hodge structures
over a compact Riemann surface C' and Higgs bundles (E,¢) such that (E,¢) is
isomorphic to (E,(p) for any ¢ € C*. These are called systems of Hodge bundles,
cf. [Sim91] (also see [CMSP17, Chapter 13]). Afterwards we explain how Z-VHS
determine parabolic Higgs bundles. Finally, we determine, in the presence of a generic
cyclic vector, the degrees of the resulting parabolic Higgs bundles in terms of the
exponents introduced in the last section.

4.1. From Z-VHS to Higgs bundles with harmonic metric. Let H =
(Hz,Q,F*Ho) be a polarized Z-VHS of weight w over the Riemann surface C. The
local system Hz induces the flat smooth Gaufi—~Manin connection V¢ on the smooth
bundle Hg,, underlying Hep. Griffiths’ transversality and the smooth decomposition
(3.6) implies that

Ve=D+ep+79¢ (4.1)
where!? D : Q0 (HP9) — QL (HP9) is a connection preserving the (p, q)-types and
£ 00, (M) QL)

100, () — QL (),
Note that the holomorphic Gaufi~Manin connection V is just the (1,0)-part of V¢,
V=vg'=D" o

In particular, we recover the filtered holomorphic bundle F*H» with holomorphic
connection V.

LEMMA 4.1. The connection D is the Chern connection for the Hodge metric
h and the direct sum holomorphic bundle E = @ EP9 (with respect to the

holomorphic structure D% ). Moreover,

h(p(s0),51) = h(s0,¥(s1))
for all (local) sections sq, s, of E so that ¢ = o',

ptg=w

Proof. First of all, the holomorphic structure on E coincides with D%!. We prove
that D is compatible with h. Let sg,s; be local sections of EP*9. Then we compute
(the sign is determined by (3.3))

dh(So, 81> =42 dQ(So, 51)
= +i (Q(Veso, 51) + Q(s0, V1)) (flatness of Q)
= +1(Q(Dso, 51) + Q(s0, D51)) (by (4.1))
= ]’L(DS(), 51) + h(SO7 D§1),
i.e. D is h-unitary. Thus, D is the Chern connection.

Now let sg and s1 be (local) sections of EP and EP¢ respectively with p # p’
(hence g # ¢’). A similar computation as before together with h(sg, s1) = 0 shows

0= h(p(so),s1) + h(so,¥(s1))

2Here QF, (#P:9) stands for smooth k-forms with values in the smooth bundle HP+¢ (dropping
the subscript ‘sm’ for HP:?).
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which concludes the proof. O

The smooth GauBB—Manin connection and the previous lemma motivates a weaker
notion than an R-VHS for R =7Z,Q, R:

DEFINITION 4.2. A complex variation of Hodge structure (C-VHS) of weight w
is a pair (V, V¢) consisting of a smooth bundle V over C' with a decomposition

V = GOppgu VP (4.2)

and a flat connection V¢ admitting a decomposition as in (4.1). A polarization
is a Hermitian metric h on V such that (4.2) is orthogonal with respect to h and
(=1)?h(s,s) > 0 for any non-zero (local) section s of VP4,

In particular, every (polarized) R-VHS, R = Z,Q, R induces a (polarized) C-VHS.
The converse is false in general. There might not be an underlying locally constant
sheaf of R-modules inducing a Hodge filtration.

Every C-VHS gives rise to a Higgs bundle:
LEMMA 4.3 ([Sim91]). Let (V,Vc¢,h) be a polarized C-VHS of weight w with
decomposition V = @pyq=w VP and Ve =D + ¢ + . Then the pair
(V= (V,D"),¢) (4.3)

is a Higgs bundle on C. It is the system of Hodge bundles associated to C-VHS.
In particular, (V,p,h) is a harmonic Higgs bundle on C. It is C*-invariant (up to
isomorphism), i.e. (V,@) is isomorphic to (V,\p) for each X € C*. Conversely,
every Higgs bundle with this property is of this form.

REMARK 4.4. If C' is compact, then every C*-fixed Higgs bundle is induced by a
complex VHS under the non-abelian Hodge correspondence. We emphasize that such
Higgs bundles are often referred to as VHS in the literature. However, in our context
it is crucial to distinguish between VHS and systems of Hodge bundles (as originally
done by Simpson ([Sim91])).

Proof. Type considerations together with the decomposition V¢ = D+ o+t in
(4.1) imply that the flatness condition VZ = 0 decomposes into the following equations

(DO’1)2 =0 = (DI,O)Z,
Dy = 0 = Dy, (4.4)
FP 4 [p, o] = 0.

For example, Dy is the only summand in VZ = 0 that maps
HP Q;m(y_[pfl,tﬁl)).

and hence has to be zero. Its (0, 1)-part gives D%y = 0 as claimed.
The statement about the C*-invariance follows by a standard argument using a
decomposition of V into the generalized eigenspaces of ¢. O

REMARK 4.5. The equations (4.4) are clearly equivalent to the tt*-equations (1.3)
by setting D = D and C = ¢ + . Note that the equations [C’,C'] = [¢,¢] = 0, and
analogously for C"" = @7 are here trivially satisfied for type and dimension reasons.
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The Higgs field ¢ can be expressed in terms of the holomorphic Gaufi~-Manin con-
nection: under the isomorphism (3.5), its (w— g, ¢)-components (all other components
are zero) correspond to

@l FY9/FYmatt o pUmatl FUi @ O, (45)
s mod F~7 s Vs mod F* 4. .
4.2. Parabolic Higgs bundles from Deligne’s canonical extension. Let

D C C be a reduced divisor on the compact Riemann surface C' and C° := C'— D be
its complement. Further let H = (Hz, Q, F'®*) be a polarized integral VHS on C°.

EXAMPLE 4.6. Such examples naturally arise from geometry. For example, let
m : X — C be a compact elliptic surface. Then the middle cohomology groups
H'(X,,7Z) of the smooth fibers X,,, u € C, define a polarized Z-VHS of weight 1 over
the smooth locus C° C C of w and D is the divisor of singular fibers.

We give one example of an extension of the VHS H on C° to C' as a filtered holo-
morphic bundle with logarithmic connection. This is Deligne’s canonical extension
(H,V) ([Del70, §II, Proposition 5.4]) which eventually determines a parabolic Higgs
bundle.

Since an extension across u € D is a local question, it suffices to consider the case
C°=A"C C=A. Let

e:H— A", e(r) = exp(2mir)

be the universal covering of A* and T € Aut(Hz .,) be the monodromy of Hy for a
fixed zg € A*. Recall that T is necessarily quasi-unipotent'. Hence any multi-valued
section s of Hz on A* satisfies

e*s(t+1) =T(e"s)(1). (4.6)

IfT =TT, is the Jordan decomposition of T" into its semisimple part T and unipotent
part T, then we define

N = N, + N5,

1 1
Nu = flOgTua ]Vs = flOgT&
271, 271,

Here log T’ is the logarithm of T which is determined by requiring that its eigenvalues
v satisfy

—1<v<O0.

In particular, exp(27iv) € ST C C* are the eigenvalues of Ty. Since exp(27iN) =T,
the section

S(7) = exp(—2miNT)e*s(1), s € Hz(A") (4.7)

13 All what follows works for C-VHS if we assume that the monodromy around the punctures is
quasi-unipotent. Since we are interested in geometric examples, we phrase everything in terms of
Z-VHS.
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is invariant under monodromy and descends to A*. Sections of the form 5 define
Deligne’s canonical extension H on A. Deriving equation (4.7) implies that the holo-
morphic Gaufi—-Manin connection V extends to the logarithmic connection V with
residue

reso(V) = —N.

In particular, the eigenvalues of the residue —N lie in [0, 1) which uniquely determines
7—[ Finally, the holomorphic subbundles /' C He extend to holomorphic subbundles
Fr c ’Ho such that

V:F? = FP '@ QL(log D). (4.8)

This due to [Sch73, Theorem 4.13] for unipotent monodromy and was generalized
by [Kol86, §2.5 (iii)] to qua51 unipotent monodromy.

The extension (#,V) of (H,V) determines a parabolic Higgs bundle on C' as
follows. The underlying holomorphic bundle is

E= @ EPa, EP .= Pr/FPHL (4.9)

ptg=w
on C. The logarithmic connection V induces the maps
@l B0 5 B9 @ O (log D) (4.10)
analogously constructed as in (4.5). Hence they define the meromorphic Higgs field
$:=@®,0": E — E®QL(log D).

To construct the parabolic structure on By at d € D, we only look at D = {0} cC=
A to simplify notation. Let 14

0<-1n<-1<---<-1<l1

be the eigenvalues of N;. Moreover, we let 1 < iy < --- < iy < r be the indices of
pairwise distinct eigenvalues with multiplicity m;, j = 1,...,s. For any v = v; the
subspace

= iveHt, | (exp2miv — T)Nv =0 for some N € Z}

is the generalized eigenspaces of T for the eigenvalue exp(2miv). The span of 5(0) € 7-70
for s € HY defines the subspace Hg for v € (—1,0] and we set

v) = P Hs. (4.11)

These subspaces define

14T his convention will become clear in when we consider the exponents of Picard—Fuchs equations,
see in particular (4.15) and (4.16).
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and hence determine the parabolic structure (see (B.1))

EO = EO(_Vil) 2 Eo(—yiz) Do _':2 EO(_ViS) 20 (412)

with parabolic weights 0 < —v;, < —v;, < -+ < =y, < L.

PROPOSITION 4.7. Let H be a VHS of weight w on C° and H Deligne’s canonical

extension to C. Then (E, ) with the parabolic structure determined by monodromy
at each uw € D 1is a parabolic Higgs bundle.

Proof. Let T be the local monodromy around a puncture u € D and s; be a local
multi-valued frame of H. In the local frame 5; of H, we have Res,(V) = —N. Since

[T, N] = 0, it follows that G(E,(—v;,)) C Ey(—v;,). O

4.3. Parabolic degrees from Picard—Fuchs equations. As before, let C' be
a compact Riemann surface and C° = C'— D C C a Zariski-dense subset which carries
a polarizable Z-VHS H of weight w = r — 1. We assume that H admits a generic
cyclic vector w € H°(C®°, F"), In this section we express the degree of the extended
Hodge bundle Fv ¢ H of Deligne’s canonical extension in terms of the previously
defined exponents pf <--- < u¥ for u € C.

To state the results, it is convenient introduce the divisor D, C C° defined by w.
By Remark 3.17 it is given by

Dy={ueC°|ueZ—{0}} (4.13)

Note that C" = C° — D,, is the largest open subset of C° on which w is a cyclic vector.
We further define D := D,, + D C D the divisor in C' on which the extension @ of w
to C, cf. the next proof, possibly vanishes or has poles.

PROPOSITION 4.8. Let H be a polarizable Z-VHS of weight w =r —1 on C° and
w € H°(C°, FY) be a generic cyclic section. Further let p < --- < u%, u € C, be the
exponents of w. Then the degree of the extended Hodge line bundle v of Deligne’s
canonical extension H to C' is given by

deg(F™) = Y [ut] = > [ut]- (4.14)

uel ueD

Even though the exponents p¥ clearly depend on w, the sum on the right-hand
side of (4.14) is independent of w. In particular, rescaling by a non-zero meromorphic
function does not change the result.

Proof. As before we order the exponents pf < --- < u for each u € C. Let
C’ C C° be the dense subset such that w is cyclic. In particular, w(u) # 0 and pj =0
for all u € €', cf. Remark 3.17. If u € C' — C’, we choose v}’ € (—1,0], as in the
construction of H, such that!®
exp(2mivy') = A} = exp(—2mipy). (4.15)

Here A} are the eigenvalues of the monodromy 7'(u) of Hz around u. Moreover, we
denote by N(u) the logarithm of 7'(u) determined by v/}

15Note that (4.15) does not imply v} < V;-l for ¢ < j in general. However, this is not important
at the moment because we do not consider the parabolic structures at u here.
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From now on, we drop u from the notation. Let (s1,...,s,) be a multi-valued
frame of Hz Then we express
fi fi g1
w=(51,...,8) | + | =61,...,5)exp@2miNT) | ¢ | = (51,...,5.) | ¢
f”’ f?” g?”
Note that fi,..., f, form a basis of solutions to (3.17) by Lemma 3.15 and that
g1, - - -, gr are single-valued holomorphic functions. It follow from (3.21) that they are

of the form
9;(z) = g (2)

with holomorphic g} such that g7(0) # 0. In order for g; to be holomorphic, we must
have

kj = [ + Vj 7. (416)
By the choice of v;, this implies k; = |x;]. Thus we can write
g1 97
— ZLMJ
9 !
with ¢} (0) # 0 so that w = zl#1]w’ for a nowhere vanishing section ' € HO(A, F).
Therefore we conclude the claim:

deg(F") ="y =" lut].

ueC weD

0

Proposition 4.8 enables us to compute the degrees of the bundles EP constructed
from Deligne’s canonical extension, cf. (4.9). To give the formula, we decompse
D =D, + D,. Here the divisor

Dy={ueD|pteZforalj=1,....,r} =D, + D,

is the union of the divisor of apparent singularities D, C D of the corresponding
Picard-Fuchs equations and the divisor D, C C° defined by w. The divisor Dy C D
is the divisor of regular singularities of V.

THEOREM 4.9. Consider the line bundle E* = E“”k*k, I =0,...,w, where
w =r — 1 is the weight of the Z-VHS (Hyz, F'®) with generic cyclic vector w. Then its
degree is given by'®

deg(E*) = > [i41) =k (1Dl + D] + (290 — 2)) (4.17)
uelA)

for the genus gc of C.

16We denote by |D| the number of irreducible components of a divisor D C C.
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REMARK 4.10. Clearly, the formula (4.17) coincides with (4.14) for k =

Moreover, observe that deg(Ek) for EF = Bv—kk ig completely determined by w and
the pair (C, D).

Proof. The components
2" : E¥ - E* QL (log D),

k=0,...,w— 1, of the Higgs field ¢ give the formula

deg(E* 1) = deg (Div(g")) + deg(E*) — deg(Q: (log D)) (4.18)
= deg (Div(3")) + deg(E") — (ID| + (20c — 2)) '
for the divisor Div(*) defined by @*. The order v, (%*) of @* at u is given by
~ b - I ’ S Dsa
va(FF) = LuZHJ LﬂZHJ H (4.19)
|_1u’k:+2J - |_1u’k+1J - 11 u € Daa

see [EKZ14, Lemma 6.3] and [DHT17, Theorem 2.7]. Note that @* is an isomorphism
for the regular points u € D, C D, because uj., ; = puj;+1 in these cases, see Remark
3.17. Summing over u € C' gives

deg(Div(3*) = | S Lk ia) — Luiyal | — [Dal- (4.20)
weD

Now we prove (4.17) inductively: For k = 0, combining (4.20) with Proposition
4.8 and (4.18) yields

deg(E") = 3" L] = (1Dal + D] + 2gc - 2)) -
ueD
The induction step k — 1 — k gives:
deg(Ek) = deg(Div(@") + deg(Ek_l) — deg(Q¢ (log D))
= > Ltta) =k (1Dal + 1D + (29¢ - 2))
uef)
il

COROLLARY 4.11. Assume p — py € [0,1) for all w € Ds. Then the parabolic
degrees of pdeg(E¥), EF = EY=Fk with respect to the induced parabolic structure,
are

pdeg(E*) = deg(E*) — Y vty .
ueDg
fork=0,...,w
Since pjy, + vy, = |1y, ] for u € Dy the parabolic degrees are given by (4.17)

with [ ] replaced by pujl ;. Note that [uj | = pj,, for u € D, = D — D,
anyway.
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REMARK 4.12. A formula for pdeg(Ew_k’k) first appeared in Theorem 6.1 of
[EKZ14] in the special case of 14 VHS of Calabi-Yau type over C' = CP!, see Example
5.5 for more details. Moreover, [DHT17] give degree formulas in the example of
families of elliptic curves (n = 2) and K3 surfaces (n = 3) over C' = CP".

_Proof. The statement is equivalent to the claim that the induced parabolic weights
of E* at u are —vyt,, for every u € Ds. Elsewhere the parabolic structure of E and
hence of EF is trivial.

Fix u € Ds. We denote by i;, j = 1,..., s, the indices such that 0 < —v;, <--- <
—v;, < 1 and each v;; has multiplicity m;. Observe that this implies

rk(E(-v;,)) =Y m and » =r. (4.21)

We claim that

E* C E(-v,), EFNE(-vi,,,)=0 (4.22)
if vjy1 = v;;. We first show that

E¥ c E(—v,), E*NE(-v,)=0 (4.23)

fork=0,...,m;—1. Assume the contrary, i.e. EF E(—z/i].) for some k < m;—1 and
j > 2. By assumption on the exponents at u and (4.19), ¥ maps Efj isomorphically
to E\fj“. Since @ preserves the parabolic filtration, E{f“ CE (—vi,). Inductively, we
see that B! C E(—I/ij) for all [ > k. But then

J
—Vi; )) > Z m;
=1

contradicting (4.21) so that (4.23)) follows. Repeating this argument successively we
arrive at (4.22). Finally, (4.22) implies that E* has parabolic weight —v;, = —v441
as claimed. 0

5. Examples and oper gauge transformation. We will discuss examples of
Calabi—Yau manifolds over complex one-dimensional moduli spaces B which arise in
mirror symmetry. These are obtained as mirror families of Calabi—Yau hypersur-
faces Y in toric varieties with dimc H*(Y) = 1. The data of the mirror families
is given by dual polyhedra A, A using Batyrev’s construction [Bat94], equivalently
using Hori—Vafa’s construction [HV00]. We briefly review the necessary ingredients of
these constructions and refer to Refs. [CK99, CR14] and references therein for further
background.

We will start with an analogous discussion to §2 of the rank 2 Higgs bundles
obtained from VHS of general elliptic curves and then specialize to the Legendre and
cubic families. In these cases, Theorem 4.9 together with the classification of line
bundles on CP* allow us to completely determine the parabolic Higgs bundles which
we illustrate in concrete examples. Moreover, we will see in Example 5.5 that our
formula reproduces the parabolic degrees computed in [EKZ14].
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5.1. Mirror construction and Picard—Fuchs equations. To describe the
mirror pair of d-dimensional CY hypersurfaces we use Batyrev’s construction [Bat94].
We consider A a reflexive polyhedron in R%*2 defined as a convex hull of d+ 3 integral
vertices v; € Z2 c R4+2 i =0,...,d+2 lying in a hyperplane of distance one from
the origin. W = Py, 5y is the toric variety with fan X (A) defined by the set of cones
over the faces of A. A is the dual polyhedron and W is the toric variety obtained from
Y(A). The mirror pair of CY d-folds given as hypersurfaces in (W, W) is denoted by
(X, X).

The hypersurface X' is determined as the vanishing locus of the equation:

d+2
P(X) = Zaiyi = Z a; X", (5.1)
=0 v; €Y

where a; are complex parameters and y; certain homogeneous coordinates on W
[HV00]. Xi,k = 1,...,d + 1 are inhomogeneous coordinates on an open torus
(C)¥*t ¢ W and X¥ =[], X,g”i)’“ [Bat94], where (v) denotes the k—th entry
of v;.

The integral points v; and the homogeneous coordinates y; fulfill one relation
specified in terms of a d 4+ 3 dimensional vector [:

d+2 d+2

Z lilli = O7 H yfl =1. (52)
=0 i=0

The integral vector [ specifies the charge of the matter fields of the gauged linear
sigma model associated with X' [Wit93].
The period integrals of the holomorphic d—form on X are given by:

1 1
ﬂai)@m’)‘“/m—ll)%) = (5.3)

These periods are annihilated by a system of differential equations of GKZ hy-
pergeometric type!”:

cn) ) e

;>0 1; <0
d+2 d+1
Ze=> vipbi k=1,...,d+1, Z4=> 0;+1, (5.5)
=0 1=0

where 0; := aia%,»' The differential equation L7 (a;) = 0 is satisfied by definition. The
equations Zj7(a;) = 0 express the invariance of the period integral under the torus
action and imply that the period integrals depend only on special combinations of the
parameters a;. These are given by:

z:=(=1)b Haéi , (5.6)

and define local coordinates on the moduli space of complex structures B of X.

17See [GKZ08] for background and definitions.
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5.2. Rank two. For the rank two case we consider families of elliptic curves
T: X — B

with fibers 771 (u) = X, ,u € B. Following the notation of §2, we have a line bundle
L — B whose fibers are the cohomology groups H°(X,). In particular, the associ-
ated VHS H of weight 1 decomposes smoothly into H = £ & £. We choose a local
trivialization of £ given by a choice of holomorphic one-form wy. By working on a
local coordinate chart of B with coordinate u, we arrive at the second order equation

h2vsz = —blhvu wo — b() wo , Vu = VQ/QU (57)

where we have considered the one—parameter deformation by A as in the introductory
example. In particular, it yields the Picard—Fuchs equation for the two periods of wy.
The Griffiths—Yukawa coupling ¢ € T'(£L~2 @ T*B) is defined by

c(w,w") =nw, V'), ww €L, (5.8)

cf. Definition 2.3. Its coordinate expression with respect to u and wy is

¢y = n(wo, Vywo) = z/ wo A Vuwo
Xu

From (5.7) we derive the following equation satisfied by ¢, :'®

— Cy - (5.9)
We proceed to construct a basis for the fibers of the Hodge bundle that respects the
Hodge decomposition. We construct w; € H*(X,) @ T*B as:

w1 = (Vu — Dy)wodu, (5.10)
where D, denotes the Chern connection. Moreover, we define

e 5 = h(wo,wo) = hoy = z/ wo A W - (5.11)

u

Then the Hodge metric h = hagdt“dt_g,a,b,: 0,1 in the local holomorphic frame
wNaH = (wo,w1) is given by

b (" 0 (5.12)
ab — 0 e KGuududu ‘
with Gua = 0,0;K is a Kihler metric on P! — {0,1,00}, we have moreover the
relation
e K Gua = |eu? X .

As in Proposition 2.9, we next derive the following differential ring relations: let
re, = GY9,Guy be the Levi-Civita connection of the previous Kéhler metric and
let K, := 0, K. Then we have

re, —2K, = —%1 , (5.13)
h?0,K, = h*K2 — hb1 K, + b, (5.14)

18See also [Alil7].
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Here the b; are the coefficient functions of the Picard-Fuchs equation (5.7). The
coordinate expressions of the Higgs field ¢ and its adjoint ¢f, as well as the flat
non-abelian Hodge/tt* connections Vﬁ ap = limpg_0 Vﬁi’g are obtained in complete
analogy to Proposition 2.7. The limit V&, = limg_o V;ﬁ’g in the basis wli\y =
(wo, hwy ) is given by

1/0 0 -K 0 0 Gyugdudu
h _ - u I
VNAH—d+h <1 O)—i— ( 0 FZu—Ku> du—!—h(o 0 ) (5.15)

The gauge transformation A" between the frame wl i = (wo, hw1) and wiy; =
(wo, h Vwo du)

no_ R i
wen = waan A

is completely determined by K,,:

(A~ = ( (1) hKf du ) : (5.16)

as can be easily seen by writing out:
hw, = hVywodu + h K, wo du
In particular, we arrive again at

(A" 0 Vi 0 ANOT = (A") 7! 9 A da + (A7) o A"

0 0
and
(A" "o Vi o A")~HMY
(AN Dy Aldu + (AP AR 4 (A ("B 0 angy,
0 It K,
B h(TY, K, — 0,K, — K2) (5.13),5.14) 1 (0 —bg
And hence
Ve = (A") 1o Vg o A", (5.17)

for the family of opers

1/0 —b
véM:dJrh(l _b‘1)>du. (5.18)

ExXAMPLE 5.1 (Legendre family). We continue with the case of families of elliptic
curves in Example 3.8, but now in the parabolic case. Concretely, let 7: X — C = P!
be the elliptic surface determined by the Legendre family

v =x(xr—1)(z —u), weC.
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The fibers are non-singular over C° = P! — {0,1,00} and wy = dz/y is a cyclic
vector on all of C° so that |C, pq| = 0. We denote the periods of wy over a basis of
integral cycles A, B € Hy(X,,Z) by w°, 7. These are annihilated by the following
Picard-Fuchs operator:'?

1\ 2
Lzeg—u(9u+2> , (5.19)
whose exponents are
d ‘ 0 1 o
pt [0 0 3
d 7
py |00 5

Hence the formula for the degrees of E** in (4.17) implies
E=FE"Ya@E" ~0p & Opi(-1).
The parabolic structure is trivial at d = 0,1 whereas at d = oo it is given by
Ew 2 EOO(%) = EOO(%) 2 0
The former two cases follow because the local monodromy around d € {0, 1} is max-

imally unipotent. For d = oo, the local monodromy has the eigenvalue ¢ with multi-
plicity 2. In particular, we directly compute

~ 1
pdeg(E)=—-1+2- 3 =0,

. 1 N
pdeg(E'") = 5 = —pdeg(E™).

The solutions of L7 = 0,,i = 0,1 are given by:

— oF1(1/2/1/2,1,u), = %2F1(1/2/1/2, 1,1 —u), (5.20)
where we chose the normalization such that the modular coordinate is:
xl
T=—".
70

Their monodromy group is I'g(4). Generators of the corresponding quasi-modular
forms (see Appendix A) are given by

A=0327), (5.21)
B = 03(27), (5.22)
o % (4E5(47) + Ea(7)) — gEz(zT) . (5.23)

These satisfy the following differential ring relations:
1
0rA = JA(E + A? - 2DB?), (5.24)
1
0,B = ZB(E — A?),

0, E = i(E2 — AY).

198ee for example [CMSP17] for the derivation of this operator and for the discussion of the
modular properties.
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We obtain expressions for the geometric data in terms of quasi-modular forms:

()= A(r), and e K =2A()Im T, z(r)=1- B(r)” (5.25)
) ) A(T)2 M .
From the Picard—Fuchs operator we read off:
1—2u 1
by(u) = wi—u) bo(u) = Th(i—u) (5.26)

In this case, the coordinate expression for the Griffiths—Yukawa coupling is given
by
K

i (5.27)

Cy =
where & is an integration constant which we will set to 1.

One can now easily verify with the Picard-Fuchs coefficients by, by in (5.26) as
well as the modular expressions in (5.25) the differential ring relations (5.13). These
translate into the differential ring relations for the quasi-modular forms for I'g(4)
(5.24).

Our analysis shows that the data of the oper corresponds to the data of the first
order formulation of the Picard—-Fuchs equation describing the VHS. The latter does
however not correspond to the Higgs field of the non-abelian Hodge flat connection as
was assumed in [DM14, Table I]. Rather, the oper data is a combination of the Higgs
field and holomorphic remnants of a gauge transformation.

EXAMPLE 5.2 (Cubic curve). We consider the cubic curve X' given by a section of
the anti-canonical bundle over the projective plane P? and its mirror X. The vertices
of A are given by:

vo=(1,0,0), v =(1,1,0), wvy=(1,0,1), w3=(1,-1,-1), (5.28)
satisfying the relation E?:o l;v; = 0 where:
= (-3]1 1 1) . (5.29)

X is defined as a suitable compactification of

a3

{(X1,X3) € (C)? | P(X) =ap+ a1 X1 + az Xo + =0}. (5.30)
X1 Xo
We define a local coordinate z = —27‘1(11% on the moduli space B of X and obtain
8]
the Picard—Fuchs operator:
d
L=0*—20+1/3)(0+2/3), Gzz%, (5.31)
with discriminant A =1 — z. We determine the exponents to be:
d 0 1 o
A
pg |00 3

Again Theorem 4.9 implies
B Op1 @ Op1(—1).

But the parabolic structure differs from the one in Example 3.8. It is again trivial at
d=0,1 but at d = oo it is given by
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Ew = EBEx(l) 2 Ex(?) 2 o0

=

It follows that pdeg(E) = = —pdeg(E1).
The solutions of L7* = 0 for i = 0,1 are given by
o
27T\/§
with monodromy group I'gp(3). We chose the normalization such that the modular
coordinate is:

0 = (1/3/2/3,1,2), =! oF1(1/3/2/3,1,1 — 2), (5.32)

1 z 52 3722
T T 8\gr) T T T (5.33)

As generators of the quasi-modular forms of I'y(3) we choose

o i(EQ(T) +3E,(31)), (5.34)
_ 2m(3n)" + n(r)')?
BT e R (53
T 3
B= :77533) , (5.36)
C= 3(28)3 : (5.37)

which satisfy the algebraic relation:
A3 =B+ 03, (5.38)

as well as the differential ring relations:
_1 3_opn3
0:A = 6(EA + A —2B°), (5.39)

0,B = éB(E — A?),

1
0, E = 6(E2 — A%,

As before, the quasi-modular forms completely determine the periods, Kéhler
metric and mirror map

()= A(r), and e K =2A(7)[Am T, z(r)=1- B(r)* (5.40)
5 ) A(T)3 '
From the Picard-Fuchs operator we read off:
1—-2z2 2
b = — b = ——". 5.41
1(2) 2(1—2)" 0(2) 92(1 — 2) (541)
The coordinate expression Griffiths—Yukawa coupling in this case is given by
K
= — 5.42
¢ z(1—2) (5:42)

where £ is an integration constant which we will set to 1.

One can now again verify with the Picard-Fuchs data (5.41) as well as the modular
expressions (5.40) the differential ring relations (5.13), which in turn translate into
the differential ring relations for the quasi-modular forms for I'y(3) (5.39).
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5.3. Higher rank. For higher rank, we consider (complete) families of Calabi—
Yau d-folds (d > 2)

T X =B

with fibers 771(u) = X, ,u € B and again dim¢c B = 1. In §2 we have explicitly
discussed the rank 3 case attached to the VHS H of mirror lattice polarized K3
surfaces. We will therefore only shortly provide the definition of the mirror without
repeating the analysis of §2.

EXAMPLE 5.3 (The mirror quartic). We consider the K3 surface X given by a
quartic hypersurface in P3, and its mirror X'. The vertices of A are given by:

VO:(170’050)7 1/1:(1,].,0,0), 1/2:(1,0,1,0),
v3=(1,0,0,1), wvy=(1,—-1,-1,-1)

satisfying the relation E?:o liv; = 0 where:
= (4|1 1 1 1) . (5.43)
X is defined by:
X ={P(X)=ao+a1 X1 +axXo +a3X3+as(X1X2X3) "' =0C (C*)3}. (5.44)

We define a local coordinate z = 44‘“;‘% on the moduli space M of the mirror
0
quartic X and obtain the Picard-Fuchs operator:

3
d
Lpr=0"—z]](0+i/4), o=z (5.45)
i=1

In the following we explain how how the gauge transformation, and hence differ-
ential ring relations, carry over to higher rank.

Let H be the VHS of weight d attached to 7 with the line subbundle £ := F9%H.
We choose a local frame wg of £, which we may assume to be a cyclic vector, given
by a fiberwise choice of holomorphic d-form wg, we moreover assume that it depends
further on h € C*. By working on a local coordinate chart of B with coordinate wu,
we arrive at the (d + 1)** order equation

RAFIYAFL g = — zd:bi WViwo, Vii=Vao,. (5.46)
i=0
It yields the Picard-Fuchs equation for the periods of wy (around singular points).
The Griffiths-Yukawa coupling ¢ € T'(£~2 ® Sym®(T*B)) is defined by
c(w) :==n(w, Viw), wedL, (5.47)
cf. Definition 2.3. Its coordinate expression with respect to u and wy is
Cureeu = 1)(w0, Vo).
The frame

wEAH = (wo, hwy, .. ., hdwd)
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of the smooth bundle H is constructed as in §2 or §5.2. In particular, w; is a local
frame of H%%*. Since wy is a cyclic vector,

why = (wo , AV ywo du, . .. hivdw dud)
is a frame as well. The gauge transformation A", which transforms wl,; into wf, y,
n h
wen = wNan A”,

can be explicitly determined by writing out h* (V, — D, )fwo,k = 1,...,d and ex-
pressing the result in terms of wll,,;. As before it satisfies

Vi = (A") 1 o Viag o A™ (5.48)
Here V1 ,y is the family of flat ¢#*-connections and

0 O 0 —bo

11 o . —b

n 1

= d —
Vaum . _

du (5.49)
0 -+ 1 =by
of the family opers associated to the Gaufi—~Manin connection as before.

We next determine the parabolic Higgs bundles induced by families of Calabi—Yau
threefolds.

EXAMPLE 5.4 (Mirror quintic). We consider the quintic threefold X given by
a quintic hypersurface in P*, and its mirror X. This can be described by the toric
charge vector:

I= (-5]1 1 1 1 1. (5.50)

We define a local coordinate »z = —3125%4-#2229445 on the moduli space B of the
0

mirror X and obtain the Picard—Fuchs operator:

4
d
L=6'- 0+i/5), 0=z—. 5.51

Aqlo+is). 0-sg (551)
The exponents satisfy

d ‘ 0 1 o

pi [0 0 %

pg | 01 §

pi |01 3

pd 10 2 5 -

Hence E is given by
E=E°gE> @ EY2 @ E" =~ Op & Op & Op(—1) & Opa (—1).

The parabolic structure is only non-trivial at oo with

Eoo = EOO(%) 2 EOO(%) 2 Ew(é) ;E\OO(%> 20
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Moreover, we compute
pdeg(E*") = = = —pdeg(E*?),

pdeg(E*') = = = —pdeg(E"?),

Ut DO Ot =

ExXAMPLE 5.5 (14 VHS of Calabi-Yau type). The previous example generalizes
to all of the 14 variations of Hodge structures of Calabi-Yau type with three regular
singular points with a maximally unipotent point at 0 and a conifold point at 1 (see
[DMO6]). The exponents in these examples satisfy

d [0 1 o

pf 100

I 1 2

Ng L 1—pe

pg |0 21—
1

for 0 < p1 < p2 < 5 and we immediately obtain

o O

E =~ O]Pn D Oﬂm () O]P)l(—l) D 011:)1(—1).
The parabolic structure is determined analogously as before. Corollary 4.11 gives

pdeg(E*°) = py = —pdeg(E*?),
pdeg(E*') = py = —pdeg(E"?),

which in particular reproduces Theorem 6.3 in [EKZ14].

6. Conclusion. In this work we have linked (parabolic) Higgs bundles and opers
to mirror symmetry in non-trivial ways. Along the way, we have shown that opers
with a compatible integral structure on any Riemann surface are equivalent to VHS
with a generic cyclic vector. In these cases, we computed the parabolic degrees of
the induced parabolic Higgs bundles in terms of the exponents of the corresponding
Picard—Fuchs equations which we have worked out explicitly in examples from mirror
Symmetry.

In these examples, the ¢t* or non-abelian Hodge flat connections are gauge equiv-
alent to the opers determined by the GauB3—~Manin connections. This is because the
corresponding Higgs bundles are fixed points of the C* action ¢ — (¢. In all of these
cases, the conformal limit V2, = limp o Vian of [GMN09, DFK*16] is trivial
because Viewit is independent of R. The gauge transformation relating V2,4 and
the Gauf-Manin connection VgM gives a new derivation of the differential rings on
B which generalize the Ramanujan relation between quasi-modular forms.

We expect our analysis of the gauge transformation relating the opers to the
non-abelian Hodge flat connection to be useful in the study of exact WKB methods
for higher order differential operators as was done e. g. in [HN19]. Moreover, there
have been many exciting links between Higgs bundles, opers, exact WKB and the
topological recursion, see for example [DM15, DM17]. We expect that the further
investigation of the connections to non-abelian Hodge theory, tt* geometry and mirror
symmetry will lead to further exciting insights.

Finally, let us comment on the role of the base curve B and potential generaliza-
tions. In our work, B is both the base of the parabolic bundles as well as the base
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of the tt*-geometry. In the ¢t* geometries which we have considered in this work, B
is the complex one-dimensional moduli space of a Calabi—Yau d-fold. The techniques
which we have employed for obtaining the frames for the non-abelian Hodge (¢t*) flat
connections, as well as the gauge transformation to the oper can be easily generalized
to higher dimensional B, with higher rank Higgs bundles. The differential rings, which
we re-derived using the gauge transformation are also known for the Hodge bundles of
CY d—folds, with d = 1,2, 3, see [Alil7]. We note that the holomorphic Gaul-Manin
connnection obtained in these cases would represent a generalization of the notion of
oper used in our work.

We would like to further comment on the relation to the works of Gaiotto, Moore
and Neitzke (GMN) [GMNOQ9], where Hitchin systems and ¢t*-like equations feature
prominently. In the setup of GMN, the base curve C of the Higgs bundle is a curve
associated to a physical N' = 2 gauge theory in four dimensions, called the UV curve.
A covering of the base curve C, gives the IR curve ¥. The UV curve C of a given
physical theory has a moduli space B, which corresponds to the Coulomb branch of
the physical theory.

To establish the connection to moduli spaces of Calabi-Yau geometries as we have
studied, the GMN setting can be understood as being obtained from a field theory
limit of 10 dimensional string theories living on the four dimensional space times a non-
compact Calabi-Yau manifold. Mirror symmetry in this context refers to the fact that
identical four dimensional theories can be obtained from two different string theories
considered on mirror families of non-compact CY manifolds. The Seiberg—Witten
curves can be understood as a degeneration locus of the non-compact CY manifold
in question on the B-side of mirror symmetry. The relevant data on the curve is
naturally obtained from the variation of Hodge structure and special geometry of the
underlying threefolds, this was first obtained in [KLM196].

In this geometric setting, the UV curves are, however, not the complex structure
moduli spaces B of the underlying CY threefolds which were used to obtain them.
The curves can nevertheless be understood as moduli spaces of objects living on
the geometry. This interpretation was put forward in the work of Aganagic and
Vafa [AV00], where the mirror curves are identified with the moduli space of branes
ending on points of the curve, giving components of the open string moduli space.
Physically the curves are moduli spaces of defects of the theory. The Hitchin systems
of GMN thus correspond to tt*-equations on moduli spaces of objects of the underlying
geometry as opposed to the tt*-equations attached to the geometry itself.

Appendix A. Quasi modular forms and differential rings. In this appendix
we summarize some basic concepts about modular forms and quasi modular forms,
following the exposition of [ASYZ14], and we refer to [DS05, BvdGHZ08] and the
references therein for more details on the basic theory.

A.1. Modular groups and modular curves. The generator for the group
SL(2,7) are given by:

T=<(1) }) S:(i’ _01>, S — _I, (ST)®=—I. (A.1)

We consider the genus zero congruence subgroups called Hecke subgroups of I'(1) =
PSL(2,Z) = SL(2,Z)/{+£I} given by:

wn-{(:

¢=0 mod N} < TI(1) (A.2)
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with NV =2,3,4. A further subgroup that is considered is the unique normal subgroup
in T'(1) of index 2 which is often denoted T'g(1)*. We write N = 1* when listing it
together with the groups I'o(N).

The group SL(2,7Z) acts on the upper half plane H = {r € C|Im7 > 0} by
fractional linear transformations:

at +0b a b
T|—>'y7'—c7_+d for 'y—<c d>€SL(2,Z).

The quotient space Yy(N) = T'o(N)\H is a non-compact orbifold with certain punc-
tures corresponding to the cusps and orbifold points corresponding to the elliptic
points of the group I'g(N). By filling the punctures, one then gets a compact orbifold
Xo(N) = Yo(N) = Lo(N)\H* where H* = H U {ico} UQ. The orbifold Xy(N) can
be equipped with the structure of a Riemann surface. The signature for the group
I'o(N) and the two orbifolds Yy(N), Xo(N) could be represented by {p, i; v, s, Voo }
where p is the genus of Xo(N), p is the index of T'o(N) in I'(1), and v; are the num-
bers of I'y(N)-equivalent elliptic fixed points or parabolic fixed points of order 7. The
signatures for the groups I'o(N), N = 1*,2,3,4 are listed in the following table (see
e.g. [Ran77]):

N vy |vs | Voo | 4| D
1*]1 0|1 2 1210
211101 2 (3|0 (A.3)
31011 2 1410
41010 3 (6|0

The space Xo(N) is called a modular curve and is the moduli space of pairs
(E,C), where E is an elliptic curve and C' is a cyclic subgroup of order N of the
torsion subgroup Ey = Z3,. It classifies each cyclic N-isogeny ¢ : E — E/C up to
isomorphism, see for example Refs. [DS05, Hus04] for more details.

In the following, we will denote by I' a general subgroup of finite index in I'(1).

A.2. Quasi modular forms.

A.2.1. Modular functions. A (meromorphic) modular function with respect
to the a subgroup I of finite index in I'(1) is a meromorphic function f : Xt — PL.
Consider the restriction of f to Yr = I'\'H. Since the restriction is meromorphic, we
know f can be lifted to a function f on H. Then one gets a function f : H — P! such
that

() fOor)=f(r), WyeT.

(ii) f is meromorphic on H.

(iii) f is “meromorphic at the cusps” in the sense that the function

fly 7= f(y7) (A4)

is meromorphic at 7 = ico for any v € I'(1).
The third condition requires more explanation. For any cusp class [o] € H* /T2 with
respect to the modular group I', one chooses a representative o € Q U {ico}. Then
it is easy to see that one can find an element v € I'(1) so that 7 : ico — o. Then

20We use the notation [7] to denote the equivalence class of 7 € H* under the group action of T'

on H*.
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this condition means that the function defined by 7 — f o+ (7) is meromorphic near
7 = 400 and that the function f is declared to be “meromorphic at the cusp ¢” if this
condition is satisfied.

Therefore, equivalently, a (meromorphic) modular function with respect to the
modular group is a meromorphic function f : H — P! satisfying the above properties
on modularity, meromorphicity, and growth condition at the cusps.

A.2.2. Modular forms. Similarly, we can define a (meromorphic) modular
form of weight k with respect to the group I' to be a (meromorphic) function
f: H — P! satisfying the following conditions:

(i) f(yr) = jy(1)*f(r), Vv € I', where j is called the automorphy factor
defined by

) ,T> = Jy (1) = (eT + d).

ISR~

j:T'xH—C, (’yz(

a
C

(ii) f is meromorphic on H.
(iii) f is “meromorphic at the cusps” in the sense that the function

Fly 270 Gy (1) f () (A.5)
is meromorphic at 7 = ico for any v € I'(1).
A.2.3. Quasi modular forms. A (meromorphic) quasi modular form of weight
k with respect to the group I is a (meromorphic) function f : H — P! satisfying the

following conditions:

(i) There exist meromorphic functions f;,7 =0,1,2,3,...,k — 1 such that
k=1 ‘
1) =)+ i) = (
i=0

(ii) f is meromorphic on H.
(i) fis “meromorphic at the cusps” in the sense that the function

fly om0 gy (1) 5 f(ym) (A.7)
is meromorphic at 7 = ico for any v € I'(1).

We proceed by introducing the modular forms which are used in our paper, start-
ing with the Jacobi theta functions with characteristics (a,b) defined by:

! M (z2,7) = Y g2 Prilntal ), (A8)
nez

for special (a,b) these are denoted by:
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0:(z7) =¥ %g ()= 3 (—1)rghntezmine, (A.9)
- nez+1

O2(z,7) = _1(/)2_ (u,7) = Z g™ e2minz (A.10)
- nez+}

Os(z,7) =1 _ 8 _ (u,7) = z:q%"Ze%mz7 (A.11)
B - nez

O4(z,7) =0 _1‘/)2_ (u, ) = 2(—1)%%*6%”2 . (A.12)
B - ne

We further define the following #—constants:
92(7’) :92(077'), 93(7’) :93(077'), 94(7’) :92(077'). (A13)

The n—function is defined by

n(r) =g [J(1—q"). (A.14)
n=1
It transforms according to
i 1 T
n(r+1) =etn(r), - )=/70(). (A.15)

The Eisenstein series are defined by

n*"lq
Eu(r)=1- B—kz = (A.16)

n=1

where By denotes the k-th Bernoulli number. Ej is a modular form of weight %k for
k > 2 and even. The discriminant form and the j invariant are given by

A(T) = gose (Balr)? = Bol(r)?) = n(r)*, (a17)
j(r) =1728 Ba(r)’ (A.18)

Ey(1)3 — Eg(1)? "

A.3. Differential ring. The modular forms obey the following differential equa-
tions:

1
0; logn(r) = ﬂEQ(T), (A.19)
1 —
07 log VIm 7|n(1)]* = ﬁEQ(T, 7). (A.20)
where we denote by 9, := %0%’ E, is the non-homolorphic modular completion of

the quasi-modular form Es. Fs, Ey and Fg satisfy the following differential ring:
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1
0, By = E(E§ — Ey),
1
O0r By = g(EzEzL — Eg), (A.21)

1
0, Eg = §(E2E6 —E3).

For the subgroups I'o(N) we introduce three modular forms A, B, C of weight 1,
which are given by:

N A B C
1 Ea(r)} (E4<T>%2+EG(T>)% (E4(T)%2—E6(T))é
6, (27)24 )24y 5 )4 3 e
I S T
3 (87n(37) 240 (r)!2) 5 n(r)’ 3137’
n(T)n(37) n(37 n(r)

4| @nentanmnE _ pen n(r)’ 92n(4r)*

n(27)? T on(m)in(4r)t n(27)? n(27)?

These satisfy by definition

A"=B"+C". (A.23)
with the following values of r:
N|1* 2 3 4
r|6 4 3 2

We introduce the analog of the Eisenstein series Fs as a quasi-modular form as follows:

E=0.logB"C". (A.24)
The differential ring structure becomes:
0;A = %A(E + CA%QB) )
0,B = iB(E — A?),
217" (A.25)
0,C = QC(E + A?),

_i 2 4
OnE = o-(E? - A").

Appendix B. Parabolic Higgs bundles. Let D C C be an effective divisor
in a compact Riemann surface. A parabolic Higgs bundle on (C, D) is a pair (E,9)
consisting of
e a holomorphic vector bundle E on C. Each fiber FE4 over d € D is endowed
with a filtration

Eq= Eq(a1) 2 Eg(az) 2 - 2 Eq(as) 20 (B.1)

of subspaces. The real numbers 0 < a7 < as < --- < ay < 1 are the

corresponding parabolic weights (which, together with s, depend on d as
well).
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e A holomorphic section @ € HY(C,QkL(logD) @ End(E)) such that
@d(Ed(aj)) C Ed(aj) for each d € D and every j € {1,...,s = s(d)}.
If the Higgs field ¢ satisfies @d(ﬁd(aj)) C Ed(osz) for each d and j, then a parabolic
Higgs bundle is called a strongly parabolic Higgs bundle (see [LM10]). Accordingly,
what we defined as a parabolic Higgs bundle is sometimes defined as a weakly parabolic
Higgs bundle.
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