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ON THE STABILITY OF HOMOGENEOUS EINSTEIN MANIFOLDS*

JORGE LAURETT

Abstract. Let g be a G-invariant Einstein metric on a compact homogeneous space M = G/K.
We use a formula for the Lichnerowicz Laplacian of g at G-invariant T'T-tensors to study the stability
type of g as a critical point of the scalar curvature function. The case when ¢ is naturally reductive
is studied in special detail.
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1. Introduction. Given a compact connected differentiable manifold M and a
transitive action of a compact Lie group G on M, the aim of this paper is to study
the stability of G-invariant Einstein metrics on M within the G-invariant setting. It
is well known that if M{ denotes the finite-dimensional manifold of all unit volume
G-invariant metrics on M, then g € M is Einstein (i.e. Re(g) = pg for some p € R,
which is necessarily positive if G is non-abelian) if and only if ¢ is a critical point of
the scalar curvature functional

Sc: M§ — R.

The G-action we have fixed provides a presentation M = G/ K of M as a homogeneous
space, where K C G is the isotropy subgroup at some origin point o € M.
We start by showing in §3 that

T,M§ =T, Aut(G/K) - g TTE,

where Aut(G/K) C Diff(M) is the Lie group of automorphisms of G taking K onto
K, giving rise to trivial variations of g, and 7T, := (Ker §, N Kertry)® is the space
of so-called TT-tensors (see §2) which are G-invariant. It is therefore natural to say
that an Einstein metric g € M§ is G-stable when the second derivative or Hessian of
Sc satisfies that

1"
SCg |TT9G <0,

which in particular implies that g is a local maximum of Sc : M§ — R. Recall that

without assuming G-invariance, g is called stable if ch is negative definite on 777, the

infinite dimensional space of all unit volume constant scalar curvature (non-trivial)

variations of g (see §2).

Some potential applications of establishing the G-stability type of G-invariant

Einstein metrics include:

o If g is G-non-degenerate (i.e., Sc;’ |T7—gc is non-degenerate), then g is G-rigid, in the
sense that g is an isolated point in the moduli space £/ Aut(G/K) of G-invariant
unit volume Einstein metrics on M. The main long standing open question in the
subject is whether such moduli space is always finite, which has been conjectured
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to hold in the multiplicity-free isotropy representation case by Bohm, Wang and
Ziller in [BWZ] (note that T,M$ = TT in that case and so £f must itself be
finite).

It is worth noticing that since £ is known to be compact (see [BWZ, Theorem 1.6]),
the finiteness of £F/ Aut(G/K) is equivalent to the G-rigidity of any G-invariant
Einstein metric on M. G-non-degeneracy seems to be a generic property, though
this is hard to put in a rigorous statement.

o In the case when g is G-unstable (i.e., Sc, (T, T) > 0 for some T € TT,%), one obtains
that g is also unstable relative to the v-entropy functional introduced by Perelman
(see [CH]) and so it is dynamically unstable, in the sense that there exists a nontrivial
normalized Ricci flow defined on (—oo, 0] which converges modulo diffeomorphisms
to g as t — —oo (see [Kr2, Theorem 1.3]). Additionally, it is known that a G-
unstable Einstein metric g does not realize the Yamabe invariant of M (see [BWZ,
Theorem 5.1]).

G-instability is also an expected behavior, as suggested by the graph theorem [BWZ,
Theorem 3.3] and its generalization, the simplicial complex theorem [B1, Theorem
1.5]. However, a rigorous result on this is still lacking.

e Beyond irreducible symmetric metrics and the special case when K is a maximal
subgroup of G (see [WZ2, B1]), G-stability is extremely rare if dim M{ > 1, it is
considered a mere coincidence or accident by the experts. It is for instance unknown
whether there can be two non-homothetic G-stable Einstein metrics for a given G.

e Since the normalized Ricci flow on M is precisely the gradient flow of Sc, its
dynamical behavior is mostly governed by the G-stability types of their fixed points,
the G-invariant Einstein metrics (see [AC] and references therein).

As known, the second variation Sc’g' of the total scalar curvature at any Einstein
metric g on M, say with Re(g) = pg, coincides on 77, with %(Qp id—Ap), where
Ay is the Lichnerowicz Laplacian of g (see §2). In §4, we consider the self-adjoint
operator

Ly = Ly(g) : sym(p)™ — sym(p)”,

defined by Ay under the usual identifications, where g = £ & p is any reductive
decomposition and sym(p)® := {A:p — p: A' = A, [Ad(K), A] = 0}. Note that
the G-stability type of ¢ is therefore determined by how is the constant 2p suited
relative to the spectrum of L,. We use moving bracket approach techniques to prove
the following formula for Ly:

(Ly A, A) = 10(A)pp |2 + 260 M, A2, VA € sym(p), (1)

where pp := pry, o[, ][pxp : p X p — p and the function M : A*p* @ p — sym(p) is the
moment map from geometric invariant theory (see [LfL, BL1]) for the representation
0 of gl(p) given by

O(A)N == AX(-,-) = MA- ) = A(, A)),  VAegl(p), AeA’p*®@p,
that is,

(M, A) = 1(0(A)pap, p1p), VA€ gllp).

This is actually the main part of Ricci curvature, the Ricci operator of the metric g is
given by Ric(g) = M,,, —3 By, where (B, -,-) := By |pxp and By denotes the Killing

- Ky

form of the Lie algebra g.

o
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As a first application of formula (1), we focus in §5 on the case when g is naturally
reductive with respect to G and p. We have in this case that

Tg/\/l? = 7'7;0 = Symo(p)K ={Ae€ sym(p)K ctr A =0},
and furthermore, the operator L, is non-negative and takes the following simpler form:
Ly A:= -1 "[ad, X;, [ady X;, A]], VA € sym(p)”, (2)

where {X;} is any g-orthonormal basis of p and ady, X; := p,(X;,-) (recall that
naturally reductive means that ad, X; is skew-symmetric for all 7). In particular,
if gp is the Killing left-invariant metric on any compact simple Lie group G, which
satisfies Re(gp) = igB, then

LP(gB) = %CT,7B97

where C; _p_ is the Casimir operator acting on the representation sym(g) of g given
by 7(X)A := [ad X, A]. Thus the G-stability type of gg can be obtained by using
representation theory to compute the spectrum of C, _p, (see Table 1). We obtain
that they are all G-stable, except for SU(n), n > 3 and Sp(n), n > 2, where gp is G-
neutrally stable of nullity n?—1 and G-unstable of coindex > w —1, respectively.
The picture in the G-invariant setting is therefore analogous to the general case, which
follows from Koiso’s results on the stability of irreducible symmetric spaces (see §2).

On the other hand, we use formula (2) to compute the matrix of L, in the
multiplicity-free case in terms of the structural constants of the metric. Given any
g-orthogonal decomposition p = p; @ --- @ p, in Ad(K)-invariant and irreducible
subspaces, the numbers

ligk] ==Y g([X%, X3), X5)?,
B,y

where {X!} is a g-orthonormal basis of p;, are invariant under any permutation of
17k by the natural reductivity of g and one has that Rc(g) = pg if and only if

%" 4;k Z[zgk] = p, Vk=1,...,r
i
where — By |p, = brglp, and dj := dimp,. We obtain in §5.2 that the entries of the
matrix of L, with respect to the orthonormal basis {ﬁlm e \/%TTIPT} of sym(p)¥
are given by

Lpler = 7= Y _[ijk], Yk, [Lpln = _w*lm Z[ijk], Vidk o (3)

J#k
K3

This formula is applied in §6 to prove that the standard metric is G-unstable (and
consequently Ricci flow dynamically unstable) on each of the following homogeneous
spaces,

e SU(nk)/S(U(k) x ---xU(k)), k>1
e Sp(nk)/Sp(k) x --- x Sp(k), k>1,
k>

o SO(nk)/S(O(k) x -+ x O(k)), 3,
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where the quotients are all n-times products with n > 3. Note that dim M = nn-1),
We also compute the coindex (see Table 2) and found that the standard metric is a
local minimum of Sc : M§{ — R in many cases (including SU(3)/7?) and it is G-
degenerate in some others (e.g., SU(4)/T?).

As a second application of formula (3), we study in §7 the G-stability of the left-
invariant Einstein metrics found by Jensen in [J2]. Given any simple Lie group H,
one considers the left-invariant metric on H given by

gt = =By la +t(=Bpy)le, >0,

where K C H is a semisimple subgroup and h = a @ £ is the By-orthogonal decom-
position. g; is therefore the Killing metric on H and for each ¢ # 1, the metric g; is
naturally reductive with respect to G = H x K (see [Z] or [DZ, Theorem 1]). If we as-
sume that a is Ad(K)-irreducible (i.e., H/K is isotropy irreducible), then the isotropy
representation of G/AK is mutliplicity-free and consists of r + 1 Ad(K)-irreducible
summands, where £ = £; @ --- D £, is a decomposition in simple ideals of £. Note that
therefore dim M§ = r. We also assume that Bg, = ¢By |¢, for any i = 1,...,7 and
some constant ¢. It is proved in [DZ, Corollary 2, p.44] that Ric(g:) = pI (¢t # 1) if
and only if,
t=tp:= (d+21?)c(17c)’ 2p =g, (1_20)tE7

where d = dima and k := dim¥. The explicit computation of Spec(L,) using (3)
shows that every g¢, is G-unstable with coindex r, and in particular, g;, is always a
local minimum. This provides at least one H-unstable (and so Ricci flow dynamically
unstable) left-invariant Einstein metric on most simple Lie groups, including one of
coindex > 3 on Eg and one of coindex > 2 on SO(2n), Sp(2n), SU(n?) and E.

Finally, we would like to mention that this is the first of a series of forthcoming
papers on G-stability of homogeneous Einstein metrics on compact manifolds. In
[LW2], we give a formula for the operator Ly (g) for any G-invariant Einstein metric g
in terms of its usual structural constants [ijk] with respect to a bi-invariant metric on
g. The formula is used to establish the G-stability types of several Einstein metrics
on well-known families of homogeneous spaces, including generalized Wallach spaces
and some generalized flag manifolds. On the other hand, we compute in [LL] the
G-stability types of all the standard Einstein metrics with G simple obtained in the
famous classification by Wang and Ziller in [WZ1].

Acknowledgements. I am very grateful with Emilio Lauret for computing the
first eigenvalue of the Casimir operator in Table 1. T also thank Christoph B6hm,
Toannis Chrysikos, McKenzie Wang and Wolfgang Ziller for many helpful conversa-
tions.

2. Stability of compact Einstein manifolds. Einstein metrics on a compact
differentiable manifold M, i.e., the Ricci tensor satisfies Re(g) = pg for some p € R,
were first studied by Hilbert, who proved that they are precisely the critical points of
the total scalar curvature functional

Sc(g) = y Sc(g) dvoly, (4)

restricted to the space M; of unit volume Riemannian metrics on M (see [B, 4.21]).
A fundamental problem is to determine whether a given Einstein metric g is rigid, in
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the sense that any Einstein metric sufficiently close to g (compact open C* topology)
is isometric to g up to scaling. Hilbert’s variational characterization, beyond being
a tool for the existence problem, allows the use of stability theory and calculus of
variations in the study of the rigidity of Einstein metrics.

The case of (M, g) being isometric to a round sphere will be excluded in what
follows. The tangent space T, M = S?(M) (symmetric 2-tensors) of the space M of
all Riemannian metrics on M at a metric g € M admits the following decomposition
(see [B, 4.57]):

TyM = (Lx(ayg ® CF(M)g) & Ty, (5)

where L, denotes orthogonality with respect to the usual L? inner product (-, ) Oon

S?(M) defined by g. The three summands are given by:

e Lxang = Imd; =T, Diff (M) - g is the space of trivial variations, where L de-
notes Lie derivative. Here &, : S*(M) — Q(M) is the divergence operator
6g(T) == = >_Vx,T(X;,-), where {X;} is any local orthonormal frame, and J; is

sometimes Czilled the Killing operator as its kernel consists of Killing vector fields.
An alternative decomposition is given by T, M = Im ¢} @t Ker d,,.

e C°(M)g is the space of conformal variations, i.e., the tangent space at g of the
space of metrics which are conformally equivalent to g. Note that Rg C C°°(M)g.

o 7T, =Kerd,NKertr, is the subspace of divergence-free (or transversal) and trace-
less symmetric 2-tensors, so-called T'T-tensors.

Let us now assume that ¢ is an Einstein metric on M. If

C:={g € M :Sc(g)is a constant function on M},
then at any g € C,
TgC = (ﬁgg(M)g (&) Rg) @t T’E (6)

Thus 77, can also be described as the space of all unit volume constant scalar cur-
vature non-trivial variations of g (see [B, 4.44-4.46]).

We consider the second variation (or Hessian) of Sc at g, i.e.,

S, (T,T) == & Selg+1T), VT e S (M).

dat?

Recall that g is a critical point of éa M, , so for traceless tensors, this can be computed
by using, instead of the line g + ¢7', any smooth curve g(t) € M such that g(0) =g
and ¢’(0) = T. The following properties of the second variation are well known (see
[B, 4.60]):

e Decomposition (5) is orthogonal with respect to Sc

the three summands can be studied separately.
—~

o Sclgl vanishes on Lx (g and /Szg(g,g) = 2Sc(g).
e Sc, is positive definite on C°°(M)g.
° /Svclg/\TTQ is negative definite on the orthogonal complement of a (possibly trivial)

finite-dimensional vector subspace of 77, (i.e., nullity and coindex are both finite).
These facts motivate the definition of the following concepts.

1

g SO its restriction on each of

DEFINITION 2.1. Let g € M be an Einstein metric. We call g
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e Sc-stable (or Sc-linearly stable): §gg/|7—7g < 0 (see [K, Definition 2.7] and [CH,
Definition 2.2]). In particular, g is a local maximum of ,S\E|c1 if g € My, where
C; is the space of all unit volume constant scalar metrics on M (indeed, by (6),
TyCr = Lx(m)g @ts TT, and one uses that 77, exponentiates into a slice for the
Diff (M)-action; see [B, 12.22] or [Krl, Lemma 2.6.3]). This is actually the definition
of g Sc-stable in many papers (e.g., [B2, WW]).

o Sc-unstable (or Sc-linearly unstable): éEZ(T, T) > 0 for some T' € TT, (see [K,
Definition 2.7] and [CH, Definition 2.2]).

e infinitesimally non-deformable: KerE/g NT Ty = 0, and otherwise infinitesimally
deformable (see [B, 12.29]). Here, E is the first variation of the operator

E: M — S*(M), E(g) := Re(g) — @g, (7)

n

so-called the Finstein operator (see [B, 12.26]). Note that g € M is Einstein if
and only if E(g) = 0. Each element of Ker E; NT Ty is called an infinitesimally
FEinstein deformation, which may or may not be the velocity of a genuine Einstein
deformation, i.e., a differentiable curve g(t) of Einstein metrics through g.

If Re(g) = pg, then for any T' € T T,

—~
Scy (T,T) = —5((AL —2pid)T,T), and E(T) = 3AL(T) — pT,
where Ay, is the Lichnerowicz Laplacian of g, given by,

AT = =V*VT —2Rmy(T, ) + Reg oT + T o Rey,

and VV* denotes the usual rough Laplacian of g (see [B, 4.64] and [B, 12.28’], respec-
tively). This implies that if Az (g) denotes the smallest eigenvalue of Ay |77, then
the following characterizations hold (cf. [CH, §4] and [WW, §1]):

e g is Sc-stable if and only if 2p < AL (g).

e g is Sc-unstable if and only if A1 (g) < 2p.

e ¢ is infinitesimally non-deformable if and only if 2p ¢ Spec (AL|T7’9), if and only if

é\c//g/|7—7-g is non-degenerate.
In particular, stability implies infinitesimal non-deformability (cf. [K, Remark (2)
below Definition 2.7]). On the other hand, the fact that any infinitesimally non-
deformable Einstein metric is rigid is a strong result by Koiso (see [K, Proposition
3.3] and [B, 12.66]).
After forty years, the stability picture for symmetric spaces has recently been
completed.

THEOREM 2.2 ([K, GG, SW, S]). All compact irreducible symmetric spaces are
Sc-stable, except for
Sp(n) (n>2), Sp(n)/U(n) (n >3), SO(5)/(SO(3) x SO(2)),
Sp(p +q)/(Sp(p) x Sp(q)) (p.q = 2),

which are Sc-unstable and infinitesimally non-deformable, and

SU(n)/SO(n), SU(2n)/Sp(n) (n > 3),
SU(p+q)/S(U(p) x U(q)) (p > q>2), Sp(3)/(Sp(2) x Sp(1)),
Fy/Spin(9), SU(n) (n >3), FEg/Fy,
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which are infinitesimally deformable and not Sc-unstable (i.e., Ar(g) = 2p), often
called Sc-neutrally stable.

The following questions remain open:

e Are the infinitesimally deformable irreducible symmetric metrics local maxima of
Scle, ? The only results we know on this question are that SU(3) and SU(2n)/Sp(n)
are not local maxima (see [J1] and [BWZ, Example 6.7], respectively). We refer to
[LW3] for a more detailed treatment of this question.

e Does there exist a Sc-stable Einstein manifold with Sc > 0 which is not symmetric?

e Are the irreducible symmetric spaces

SU(n)/SO(n), SU(2n)/Sp(n), SU(p+q)/S(U(p) x U(q)), SU(n), Ee/Fu,

rigid? Recently, the space SU(2n 4 1) has been shown to be rigid in [BHMW].

Another important kind of stability is v-entropy stability, relative to the v-entropy
functional v : M — R introduced by Perelman (see [CH] for the definition). It was
proved in [P] that v is strictly increasing along any Ricci flow solution unless the
solution consists of a shrinking gradient Ricci soliton (e.g., an Einstein metric with
positive scalar curvature).

Decomposition (5) is also v, -orthogonal and v, also vanishes on Lxn5)g (see
[CHI, CH]).

DEFINITION 2.3 ([CH, Definition 3.3]). An Einstein metric g € M is said to be,
o v-stable: vy < 0 (called v-linearly stable in [WW, Definition 1.2]). Equivalently,
vy los g <0 and v, <O0.
o strictly v-stable: v}/|co(ar)g < 0 and vy|rr, <O0.
e neutrally v-stable: g is v-stable and there is a non-zero symmetric 2-tensor 7' either
in C°°(M)g or in T'T, such that v/ (T,T) = 0.
e v-unstable: v,/ (T,T) > 0 for some T either in C>°(M)g or T7,.

REMARK 2.4. In particular, if ¢ € M, is strictly v-stable, then g is a local
maximum of v among conformal variations of g, as well as a local maximum of v|¢,
by (6) (this is called v-stable in [WW, Definition 1.2]).

Let A(g) denote the first eigenvalue of the Laplacian on functions A of the metric
g (i.e., the Laplace-Beltrami operator).

THEOREM 2.5 ([CHI]). Let (M,g) be a compact Einstein manifold other than
the standard sphere, with Re(g) = pg, p > 0. Then,
(i) v/ (T,T) > 0 for some T € C>(M)g if and only if A(g) < 2p (see also [CH,
Lemma 3.5]).
(ii) vy (T, T) > 0 for some T € T'Ty if and only if \(g) < 2p (i.e., g is Sc-unstable).

In particular,
e g is v-stable if and only if 2p < A(g) and 2p < A1 (g);
e it is neutrally v-stable if and only if in addition A\(g) = 2p or A1(g) = 2p;
e and g is v-unstable if and only if either A(g) < 2p or A\1(g) < 2p.

The following notion of stability is more intuitive.

DEFINITION 2.6 ([Kr2, Definition 1.1]). A compact Ricci soliton (M, g) is called
dynamically stable if for any metric gy near g, the normalized Ricci flow starting at gg
exists for all ¢ > 0 and converges modulo diffeomorphisms to an Einstein metric near
g, as t — 00. On the other hand, (M, g) is said to be dynamically unstable if there
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exists a nontrivial normalized Ricci flow defined on (—o0, 0] which converges modulo
diffeomorphisms to g as t — —oc.

Kroncke proved that if a compact shrinking Ricci soliton (M, g) is not a local
maximizer of v (in particular, if g is v-unstable), then (M, g) is dynamically unstable
(see [Krl, Corollary 6.2.5] or [Kr2, Theorem 1.3]). The following implications for a
positive scalar curvature Einstein metric follow:

Sc-instability = v-instability = dynamical instability.

3. Rigidity and stability of homogeneous Einstein manifolds. In this
section, we consider a connected differentiable manifold M (not necessarily compact)
and assume that M is homogeneous. We also fix the transitive action of a Lie group
G on M, which is assumed to be almost-effective (i.e., only a discrete subgroup of G
acts trivially). This provides a presentation M = G/K of M as a homogeneous space,
where K C G is the isotropy subgroup at some origin point o € M. Neither G nor K
are assumed to be connected.

We denote by S2(M)% the finite-dimensional vector space of all G-invariant sym-
metric 2-tensors on M, and by M% C S§?(M)%, the open cone of G-invariant Rieman-
nian metrics. Note that M is a differentiable manifold with 1 < dim M < w
and tangent space TgMG = S?(M)% at any g € MY, where n := dim M.

3.1. G-rigidity. The Lie group Aut(G/K) C Diff(M) of all Lie automorphisms
of G taking K onto K acts by pullback on M, so each of its orbits consist of pairwise
isometric metrics and the orbit Aut(G/K) - g can be viewed as the trivial G-invariant
deformations of a metric g € M. In this way, Aut(G/K) acts as the natural ‘gauge
group’ in the G-invariant setting.

REMARK 3.1. Two G-invariant metrics belonging to different Aut(G/K)-orbits
may however be isometric via some v € Diff (M) which is not an automorphism. This
cannot occur for left-invariant metrics on completely solvable Lie groups (see [A]).
For G' compact, one anyhow has that T, Aut(G/K) - g = T,(M% N Diff (M) - g) for
any g € MY (see Corollary 3.12 below).

Rigidity of Einstein metrics among M& can therefore be naturally defined as
follows.

DEFINITION 3.2. An G-invariant Einstein metric g is called G-rigid if there
exists an open neighborhood U of g in M such that any Einstein g’ € U belongs to
Aut(G/K) - g up to scaling.

In other words, a G-invariant Einstein metric g is G-rigid when ¢ is an isolated
point in the moduli space 9= EY /Ry Aut(G/K), where

Y9 .= {g € MY : gis Einstein},

and Ry = {a € R : a > 0} acts on MY by scaling. We note that g9 =
EF/ Aut(G/K), where £F := £9 N M§ and

ME = {g € M® :detyz g =1}.

Here g denotes a fixed background metric in MY. For G' compact, M§ is the space
of all G-invariant metrics of a given fixed volume.
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The space £9 is a real semialgebraic subset (i.e., the set of solutions of finitely
many polynomial equalities and inequalities) of S?(M)% (see [BWZ, Proposition 1.5]).
The following properties therefore follow from classical theorems of Whitney (see e.g.
[BCR]):

e £C has finitely many connected components.

e There is a (local) stratification of £ into real algebraic smooth submanifolds.

e Path components and connected components coincide, as £¢ is locally path-
connected.

In the compact case, we have in addition the following major result.

THEOREM 3.3 ([BWZ, Theorem 1.6]). Let G be a compact Lie group and M =
G/K be a connected homogeneous space with finite fundamental group. Then each
connected component of EC is compact, and the set of possible Einstein constants of
metrics among £ is finite.

In particular, in the compact case, the moduli space 9= EC ) Aut(G/K) is
also compact and hence £% is finite if and only if every g € M@ is G-rigid. It is
an open question whether EG is always finite. This has been conjectured for the
multiplicity-free isotropy representation case in [BWZ], where only finitely many triv-
ial deformations are possible, so conjecturally, £ is itself a finite set. Classes of

compact homogeneous spaces for which ?G is known to be finite include D’Atri-Ziller
metrics (see [DZ]), generalized Wallach spaces (see [LNF]) and spaces with only two
isotropy summands (see [WZ2]), but it is still open in general for generalized flag
manifolds, even for the full flag SU(n)/T for n large.

On the other hand, a left-invariant Einstein metric on a solvable Lie group G is
known to be G-rigid; moreover, £ is either empty or a singleton (see [H] and [BLL,
Corollary 4.3]).

PROPOSITION 3.4. If an Einstein metric g € M is not G-rigid, then there exists
a smooth path g : (—¢,€) — M such that g(0) = g, g(s) is Einstein for all s and

9'(0) Ly TR+ Aut(G/K) - g.

REMARK 3.5. It follows from the existence of a slice for the R Aut(G/K)-action
that the path g(s) is transversal to R} Aut(G/K)-orbits for sufficiently small €, in the
sense that g(s) ¢ Ry Aut(G/K) - g(s') for all s,s" € (—e,€), s # s'. In other words,

. . . -G
g(s) descends to a genuine curve through the class of g in the moduli space & .

Proof. As an element of £, the metric ¢ belongs to a finite number of connected
smooth submanifolds contained in £, each of which is invariant under the connected
component Aut(G/K)° of the Lie group Aut(G/K). Since g is not G-rigid, the
dimension of the orbit Ry Aut(G/K)°- g is strictly less than the dimension of at least
one of these submanifolds, so the existence of the smooth path g(s) follows. O

3.2. Variational principle. The manifold M is itself naturally endowed with
a Riemannian metric defined at each g € M& by

(T,T), :=tr A%, where T, =g,(A-,-), VT €S*(M)°. (8)

Note that the linear map A : T,M — T,M is go-self-adjoint and try T' = tr A, det, T' =
det A. Equivalently, (T, T), := > T,(X;, X;)?, for any g,-orthonormal basis {X;} of
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T,M. In particular, (-,-), is precisely the L? metric considered in §2 if M is compact
and g € M§.

In the case when G is unimodular, it is well known (see e.g. [N, H] and [W, (1.11)])
that relative to such metric on M, the gradient of the scalar curvature function

Sc: MY - R, Sc(g) = trg Re(g),
is given by
grad(Sc)y = —Re(g),  Vge MY, (9)

where Re(g) € S?(M)Y is the Ricci tensor of g. Since the tangent space of the
submanifold M$ at a metric g € M¢ is precisely

(Rg)*to = {T € 8> (M) : try, T = 0} = Kertr, NS> (M),

one obtains the following result, which it was first proved by Palais (see [B, 4.23]) for
G compact.

LEMMA 3.6. If M = G/K and G is unimodular, then g € MY is a critical point
of Sc |M§ if and only if g is Finstein.

This variational characterization has been successfully applied for decades, since
the pioneer articles [J1, WZ2], to study the existence of invariant Einstein metrics on
homogeneous spaces (see [BWZ, B1, W] and references therein). In this paper, we
aim to use the second variation of Sc : MY — R to study G-rigidity.

3.3. Trivial variations. According to §3.1, the space of trivial G-invariant vari-
ations of a metric g € M is given by the tangent space T, Aut(G/K)-g C S*(M)C.
A distinguished subgroup of Aut(G/K) is the normalizer Ng(K'), which acts on M
by n-(a-0) = I,(a-0) := nan™! -0 and on T,M = g/t by n- X := Ad(n)X.
Alternatively, the Lie group N := Ng(K)/K acts on M by G-equivariant diffeo-
morphisms (i.e., ¥(a-p) = a-P(p) for all a € G, p € M) in the following way:
n-(a-0) = Ry(a-0):=an-o. Thus N - g is contained in the so-called G-equivariant
isometry class of the metric g, and since Ryg = I*_,g for any n € N, one obtains
that

N.g=Ng(K)-g, VgeME°. (10)

We consider any reductive decomposition g = € @ p of the homogeneous space
M = G/K (ie., Ad(K)p C p), where g and ¢ are respectively the Lie algebras of G
and K, which provides the usual identification T,M = p. Thus S?(M)% will be often
identified, without any further mention, with the vector space of Ad(K)-invariant
symmetric 2-forms on p, and M with the open cone of positive definite ones. For
each X € p, consider the linear map

ady X :=pryoad X|, : p = p, (11)

where pr, : g — p is the projection on p relative to g = ¢ @ p.
As shown in [LW1, Lemma 6.10], at any g € MY, the trivial variations space
satisfies that

Ty Aut(G/K) - g C {go(S(D)-,-) : D € Der(g/t)}, (12)
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where S(A) := (A + A") denotes the symmetric part of a linear map A with respect
to g, and

Der(g/t) := {D € Der(g) : D(¢) C £}, D= {; 1*)] .

We note that if
po:={X e€p:[t,X] =0},

then adpy C Der(g/t) and the Lie algebra of N (K) is given by Ny(f) = €4 po. On
the other hand, g,(S(ady p)-, ) NS2(M)E C go(S(ady p)*-, ), where

S(ady p)* :={S(ad, X) : X € p, [ad €|y, S(ad, X)] = 0},

and equality holds if K is connected.
LEMMA 3.7. For any g € MY, S(ad, p)t = S(ad, po) and

TyN - g = go(S(ady po)-, ).

REMARK 3.8. In the Lie group case, i.e., M = G and K trivial, we have that
S(ady po) = S(ad g), so it is zero if and only if ¢ is bi-invariant.

Proof. Since [ad Z|,, S(ad, X)] = S(ad, [Z, X]|p) for any Z € £, we obtain that
S(adp po) C S(adyp)t. Conversely, given S(ad, X) € S(ad,p)*, we consider the
decomposition X = Xy + X;, where Xg € p :={Y € p: (ady V)" = —ad, YV}
and X; L p. Note that both p and its orthogonal complement are ad |,-invariant
subspaces. Thus [Z, X] and [Z, X] both belong to py and so [Z, X1] = 0 for any
Z € ¢, from which follows that S(ad, X) = S(ad, X1) € S(ad, po).

The second equality can be proved using (10) as follows. For any X € g such that
[X, €] C ¢

Ao Uexpix) g = |, go(Ad(exp tX)],-, Ad(exp tX)[,-)
ZQO(adX|P'7 ) +gO('7adX|P')' = 290(S(adX|P)'ﬂ ')7

Now if X = X+ X, then S(ad X|,) = S(ad, X,) (since ad X¢|, is skew-symmetric)
and [X,, 8] CtNp=0,ie, X, €po. O

Assume from now on in this subsection that G is compact, thus M and K are
also compact. In this case, it is known that N is the group of all G-equivariant
diffeomorphisms of M = G/K (see [Br, Chapter I, Corollary 4.3]) and so N-orbits (or
Ng(K)-orbits, see (10)) are precisely the equivariant isometry classes. Since Ng(K)
and Aut(G/K) have the same connected components of the identity, an Einstein
metric g is G-rigid if and only if any other G-invariant Einstein metric on M near g
is equivariantly isometric up to scaling to g. Furthermore, one obtains from Lemma
3.7 the following useful description of the space of trivial G-invariant variations.

COROLLARY 3.9. If G is compact, then at any g € M,

T, Aut(G/K) - g=T4N - g = go(S(ady po)-, -)-

Contrary to what happens in the Lie group case (see Remark 3.8), the space of
trivial variations vanishes in many cases if K is non-trivial:
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o If g € MY is naturally reductive with respect to G, i.e., there exists a reductive
decomposition g = £ ® p such that ad, X is skew-symmetric for any X € p, then
T, Aut(G/K) - g = 0 by Corollary 3.9.

e Another direct consequence of Corollary 3.9 is that T, Aut(G/K) - g = 0 for any
g € ME if the trivial representation does not appear in the €-isotropy representation
of M =G/K (ie., po=0).

e If G is compact and the isotropy representation of G/K is mutiplicity-free (i.e.,
any two different Ad(K)-invariant irreducible subspaces are inequivalent as Ad(K)-
representations), e.g., when rk(G) = rk(K), then Ng(K) - ¢ is finite and so
T,Aut(G/K)-g = 0 for any g € M®. Indeed, the multiplicity-free condition
is equivalent to the existence of only finitely many Ad(K)-invariant subspaces of p,
which implies that the connected component Ng(K)° necessarily leaves invariant
any Ad(K)-invariant and irreducible subspace of p and consequently Ng(K)° acts
trivially on M.

3.4. G-invariant TT-tensors. Recall from §2 the divergence operator d, at-
tached to a Riemannian metric g, and the space of TT-tensors 77, = Ker §,NKer tr,.
The proof of the following lemma is strongly based on the proof of [WW, Lemma 2.2].

PROPOSITION 3.10. If G is unimodular and g € ME, then
SAH(M)Y = g,(S(ady po)-,-) @17 Kerd, N S*(M)C.

REMARK 3.11. In particular, S*(M)% C Ker d, and so T’TgG = S2(M)“NKertr,
under any of the above three assumptions, where

TTy =8 (M) NTT,
is the space of all G-invariant TT-tensors.

Proof. Let {X;} be a g,-orthonormal basis of p and extend it to a local frame of
Killing vector fields. Consider T € S2(M)%. Then, at the point o we have that

5g(T)(X) == > (Vx,T)(Xi, X) =Y =Xi(T(Xi, X)) + T(Vx, Xi, X) + T(Xy, Vx, X)
=3 T(X:,[X, Xi]) + T(Xs, Vi, X) + T(Vx, X, X)
=) T(X:,VxXi) + T(Vx, Xi, X)
=Y g(VxXi, X)T(Xi, Xi) + > 9(Vx, Xi, X$)T(X, X).

It follows from the Koszul formula (recall that [X;, X ], = —[X;, Xj],, where [, -], de-
notes the Lie bracket of g restricted and then projected on p) that the right summand

equals
ZQO([kaXi]P» Xka ZT ka )ZQO([kaXi]ani)

_ZT Xy, X) trad, X;, =0,
since trad, Y =tradY = 0 for any Y € p as G is unimodular, and the left one gives
=32 90(1X, Xilo, Xi)T(Xi, Xi) = 5 D go([Xi, Xl X)T(Xs, Xi)
+ 3> 9o([Xny X, Xi)T(Xi, Xp) = =3 Y T([X, Xilp, Xi) — 5 > T([X, Xilp, Xi)
== > T(X, Xy, Xi) = (T, go(S(ady X)-,))g-
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Note that the middle term vanishes since [-, -], and T" are respectively skew-symmetric
and symmetric bilinear forms. Thus a tensor T' € S?(M)¢ is divergence-free if and
only if T L ¢,(S(ady X)-,-) for any X € p, which is equivalent to T' L ¢,(S(ady po)-, -)
by Lemma 3.7 and the fact that T is Ad(K)-invariant. O

It follows from Corollary 3.9 and Proposition 3.10 that the space of all G-invariant
variations T, MY = 8§?(M)® admits the following decomposition in the compact case.

COROLLARY 3.12. If G is compact, then at any g € M,

T,M% =Rg @t T, Aut(G/K) - g &t TTL.

Recall from Remark 3.11 that TyM% = Rg &*s TT therefore holds in many
natural cases. Curiously enough, as far as we know, S? x S3 = SO(4)/SO(2) is the
only homogeneous space G/K with dim K > 0 known such that T, Aut(G/K) - g is
nonzero for a G-invariant Einstein metric g (see [LW2, Example 3.7]).

3.5. G-stability. Since the function Sc is constant on Aut(G/K) - g, its second
variation Sc, vanishes on T, Aut(G/K) - g. Note that Sc”(g,g) = 2Sc(g). On the
other hand, if g € M is Einstein, then the orbit Aut(G/K) - g consists of Einstein
metrics and so E |su(q/K).g = 0 and E(R g) = 0, where

E: M — S*(M)%,  E(g):=Re(g) - 2y
is the Einstein operator or traceless Ricci tensor (cf. (7)).
At each g € MY, we consider the following decomposition,

T,MC = (Rg @ T, Aut(G/K) - g) & W, (13)

where W, is defined as the (:,-),-orthogonal complement of the space Rg &
T, Aut(G/K) - g of trivial variations. According to Proposition 3.10 and (13), if G
is unimodular, then W, C TTQG, and if in addition G is compact, then by Corollary
3.12,

W, =TTS, (14)
the vector space of G-invariant TT-tensors.

REMARK 3.13. The existence of G-invariant Einstein metrics on M = G/K for a
non-compact unimodular G is open. It is proved in [DLM] that G must be semisimple,
hence such existence would provide a counterexample to the Alekseevsky conjecture:
any non-compact and non-flat homogeneous Einstein manifold is isometric to a simply
connected solvmanifold (in particular, diffeomorphic to the Euclidean space). After
the conclusion of the first version of this paper, a proof of the Alekseevsky conjecture
was uploaded to arXiv by C. Béhm and R. Lafuente (see [BL2]).

We are now ready to define the notions of stability and deformability in the
G-invariant setting (cf. Definition 2.1).

DEFINITION 3.14. An Einstein metric g € M is said to be,
o G-stable: Sc, lw,xw, <0 (in particular, g is a local maximum of Sc |me, by using
a slice for the Aut(G/K)-action on MY).
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o G-unstable: Sc/g/(T7 T) > 0 for some T' € W, (g is a saddle point, unless
ch lw,xw, > 0, see below). The coinder is the dimension of the maximal sub-
space of W, on which Sc is positive definite.

e G-non-degenerate: Sc/g’ lw, xw, non-degenerate (thus g is an isolated critical point
up to the Aut(G/K)-action, i.e., ¢ is rigid), and otherwise, G-degenerate. The
nullity is the dimension of the kernel of Sc’g’ lw,xw,- Recall from §2 that G-non-
degeneracy is equivalent to G-infinitesimal non-deformability: KerdE |, N W, =0,
where dE |, : S2(M)% — S*(M)€ is the derivative of E.

e G-neutrally stable: Sc/g’ lw,xw, < 0 and degenerate (i.e., g is G-degenerate and it
is not G-unstable). Note that this must hold for any local maximum.

o G-strongly unstable: Scy |w,xw, > 0 (g is therefore a local minimum of Sc |me)-

REMARK 3.15. Recall that the prefix G in the name of the different notions is
referring not only to the group G but also to its action on M, which has been fixed
at the beginning of the section.

If an Einstein metric g € M® is G-stable, then g is clearly G-non-degenerate,
which in turn implies that g is G-rigid by Proposition 3.4. On the other hand, it
follows from (14) and §2 that if G is compact, then

G-instability = Sc-instability = r-instability = dynamical instability,

and that non-rigidity also follows from the assumption that the corresponding G-
invariant concept holds.

In [WW, Theorems 1.3, 1.4, 1.5], the authors obtained that all Einstein metrics
on Aloff-Wallach spaces are G-unstable, as well as any G-invariant Einstein metric on
a homogeneous space G/K ((G, K) not a symmetric pair) of dimension < 7, except
for SU(2) x SU(2) and the isotropy irreducible Sp(2)/SU(2) (see also [SWW]).

REMARK 3.16. In [LW1], the Ricci curvature function
Rc: M% = S2(M)“, g — Re(g),

and its derivative dRe|, : S2(M)¢ — S%(M)Y, at each g € MY, were used in the
study of the prescribed Ricci curvature problem. Given an Einstein metric g € MY,
say Re(g) = pg, it is easy to see that restricted to (Rg)*s, dE|; = dRc|, — pid. On
the other hand, we will show below in §4 that Sc (T,T) = ((pid —dRc|,)T, T),, for
any T € S?(M)®. Thus the stability type of g is determined by Spec (d Re |g|Wg).
The operator dRc |4, which restricted to W, is precisely one half of the Lichnerowicz
Laplacian Ay, when G is compact, was computed in [LW1] in terms of the moment

map of the variety of algebras via the moving bracket approach. This is developed in
84.

4. Second variation of the scalar curvature. Given M" = G/K as in §3,
we consider any reductive decomposition g = € @ p in order to obtain the usual
identifications T,M = p and

ST(M)C & sym*(p)%, M s sym? (p)F,

where sym?(p)X is the vector space of all Ad(K)-invariant symmetric 2-forms on the
n-dimensional vector space p and sym?2 (p)* the open cone of positive ones.
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REMARK 4.1. It is usual in the literature the choice of p as the orthogonal
complement of € relative to some bi-invariant inner product on g, which always exists
for G compact. However, this choice may hide, among other nice properties, the fact
that a metric is naturally reductive with respect to G.

We also fix a background metric g € MY and set (-,-) := g, € sym?% (p)®. This
allows the following alternative identifications in terms of operators:
sym(p)® 3 A T = (A-,-) esym*(p)™,  sym (p)" 2 h & (b, h) € symd (p)"

?

where sym(p) is the vector space of all self-adjoint (or symmetric) linear maps of p with
respect to (-,-) and sym, (p) the open subset of those which are positive definite. Note
that A € sym(p) belongs to sym(p)X if and only if [Ad(K)|y, A] = 0 (equivalently,
[ad €[,, A] = 0, if K is connected).

4.1. Ricci curvature. Let p denote the Lie bracket of g. We extend (-, -) in the
usual way to inner products on gl(p) and A%p* @ p, respectively:

(A,B):==tr AB", (AN =) |ady X;[> =D |A(X;, X;)?

where {X;} is any orthonormal basis of p relative to (-, -). We also consider the algebra
product,

Hp 1= PTp Optlpxp 1P X P — p, (15)
where pr, : g — p is the projection on p relative to g = €@ p, and consider the linear
maps ady X = pp(X,-), X €p, asin (11).

If G is unimodular, then the Ricci operator Ric(g) of the metric g (see e.g. [LW1,
(5)]) is given by

Ric(g) =M, —1 By, (16)
where (B, -,-) := By |pxp, By denotes the Killing form of the Lie algebra g and
(M, , A) = 3(0(A)pp, 1), YA€ gl(p). (17)

Here 0 is the representation of gl(p) given by,
O(A)N := AXN(-, ) — A(A- ) = A4 A, VA€ gl(p), AeA’p*@p. (18)

The function M : A%p* @ p — sym(p) is therefore the moment map from geometric
invariant theory (see e.g. [BL1] and the references therein) for the representation 6 of
gl(p). Equivalently,

M, = -3 (ad, X;) ady X; + 1)~ ad, X;(ad, X;), (19)
or
My, X, X) = =33 (up (X, X3), X5)° + 1) (up(Xi, X5), X)?, VX €p. (20)

It is easy to check that both operators M, —and B, belong to sym(p)%. The main
part of the Ricci curvature of g is M,,, observe that B, is just measuring in some
sense how far is g from being standard. It follows from (17) and (18) that tr M, =
(My, . I) = —%|pp|* and so by (16),

Sc(g) = —glupl* — 5 tr By (21)

We refer to [LfL] for more details on this viewpoint on Ricci curvature.
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4.2. Moving bracket approach. Recall that p is the Lie bracket of g. Given
h € sym, (p)¥, we consider the new Lie algebra (g, k- yt), where h € GL(g) is defined
by hle := I, h|p, := h. Here h - p := Qu(@fl-,ﬁfl-) is the usual action of GL(g) on
A%g*®g,s0 h: (g, 1) — (g,h- ) is a Lie algebra isomorphism. Now for any Lie group
G, with Lie algebra (g,h - p) such that there is an isomorphism G — G, with
derivative h, one obtains an isometry between the following Riemannian homogeneous
spaces,

(G/K> <h>h>) — (GQ'H/KE'M7<'7'>)’ (22)

where Kj,.,, is the image of K under the isomorphism. Note that K}.,, is a Lie subgroup
of Gy, with Lie algebra (£, h - plexe) and that g = £ p is a reductive decomposition
for every homogeneous space Gp.,./Kp.u, h € sym (p). Therefore, by varying the
Lie brackets as in the right of (22), one is covering the whole set MY (see [L] and
references therein for further information).

We assume from now on in this section that G is unimodular (see [LW1, §2.2] for
the general case). According to (16), for any h € sym, (p)¥, the Ricci operator of
(Ghop/Khw, (7)) is given by

Ricp.y = Mp.p, —3h ' B, a7 (23)

Note that ™! B, h~1 is the Killing form operator of the Lie algebra (g, h - 1) and by
(17),

(Miysy A) i= 3OA) (- i) B i), YA€ glp). (24)

It follows from (22) that the Ricci tensor and the Ricci operator of each metric gy :=
(h-,h-) € M are respectively given by

Re(gn) = (hRicp., by -, Ric(gn) = h~* Ricp, b, Vh € sym, (p)*,
and by (21),
Sc(gn) = —i|h . Mp|2 — %trBHh_Q. (25)

In order to study the different types of G-stability and G-deformability (see Definition
3.14), using the moving-bracket approach described above, we consider the functions

ﬁaE : Smer(p)K — Sym2(p)K> % : Sym+(p)K — Ra (26)

defined by Re(h) := Re(gn), Sc(h) := Sc(gn) and E(h) := E(gn) = Re(h) — @gh,
for any h € sym+(p)K

4.3. First variation of Sc. Let S : gl(p) — sym(p) denote the symmetric part
operator S(A) := (A + A?) relative to (-,-).

LEMMA 4.2. At any h € sym_ (p)%, if h(t) € sym, (p)&, h(0) = h, W'(0) = A
(e.g., h(t) = h+tA or h(t) = heth ' 4), then

Sci(A) == 4| Sc(h(t)) = —2(Ricp.u, S(ARTY)), VA € sym(p)¥.

REMARK 4.3. At the background metric g, i.e., h = I, in accordance with (9),
the following simpler formula holds:

S (T) := |, Se(g +1T) = 15¢;(A) = —(Ric,, A) = —(Re(g), Ty,
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for any A € sym(p)¥, where T € S2(M)%, T, = (A-,-) € sym?(p)X.
Proof. We first give the following useful formula, which is easy to prove using
(18):
ai (h(t) - ) = 0 (R (R() ™) (h(t) - pp) - (27)

It now follows from (25) and (27) that

dlo Sc(h(t) | [(t) - ) = & | 4B (1)~

| h(E) - g b ) — S 0B, [ h(t)~2

O(AR™ " pup, b pp) + Str B, h P ART2 + 2t B, h 2 ART!
My AR™Y) +trh ™' B, A7 S(ARTY)

Ricp.,., S(ARTY)),

I
|
M= D= |
o~~~
gl &

-2

{
2

where the last equality follows from (23). O
Since ddet |, A = (det h) tr Ah™1, if

sym, (p)1 := {h € sym, (p) : det h = 1},
then
Ty Sym+(p){( ={Ae sym(p)X s tr Ah™1 = 0},

so the following corollary analogous to Lemma 3.6 follows.

COROLLARY 4.4. h € sym_ (p)& is a critical point of Sc : sym, (p)¥ — R if
and only if the metric g, € M is Einstein.

4.4. First variation of Rc. The derivative of the Ricci curvature function at
the background metric g € MY ({,-) = g,) was computed in [LW1]. We consider the
maps

O, 1 0l(p) — A% ®@p, 0, A%pT@p — gl(p),

where 9, (A) := —0(A)u, (see (18)) and 5}; is the transpose of §,,,, and define the
following operator,

Ly = Ly(g) : sym(p) — sym(p), Ly A:= 1508, 5, (4)+ AM,, +M,, A. (28)

By using (17), it is easy to check that L, satisfies the following properties (see

[LW1]):

e L, is a self-adjoint operator.

o Ly I =0since d,,(I) = pp and 8}, 6, (I) = 6], (up) = —4M,,,. Thus Ly sym(p) C
symg(p) := {A € sym(p) : tr A = 0} by self-adjointness.

o (LpA,A) = %|9(A)Np|2 +2tr M, A% = %((Q(A)QJFG(AQ)) Iip, fip), for any A €
sym(p).

o Lysym(p)® C sym(p)®. This follows by a straightforward computation using that
Ad(z) € Aut(g, 1) and Ad(z)|, is (-, -)-orthogonal for any z € K.

e Moreover, L, sym(p) C sym(p)? for any g € M, where H is any intermediate
subgroup K C H C Ng(K).



572 J. LAURET
LeEMMA 4.5 ([LW1, Lemma 6.1]). For any T € S*(M)Y, T, = (A-,), A €
sym(p)”,

dRe|,T = LdRe|;A = L(L, A, ).

Since AT = 2dRc|,T on TT, (see B, 12.28’]), the following formula follows.

COROLLARY 4.6 ([LW1, Corollary 6.7]). Let M = G/K be a homogeneous space
with G compact, endowed with a reductive decomposition g = € @ p. Then the Lich-
nerowicz Laplacian Ay of any G-invariant Riemannian metric g on M is given by

ALT = (L, A), YT eTTE,

where T, = (A-,-) € sym?(p)K = S2(M)%, A € sym(p)X and (-,-) = go.

Recall from §3.4 the computation of the space Kerd, N S2(M)@ of G-invariant
divergence-free symmetric 2-tensors.

4.5. Second variation of Sc. As expected, at an Einstein metric, the second
derivative of the scalar curvature is strongly related to the first derivative of the Ricci
curvature.

LEMMA 4.7. Suppose that the background metric g is Einstein, say Re(g) = pg.
Then, for any T € S2(M)%, T, = (A-,-), A € sym(p)¥K

8¢ (T.T) =45¢] (A, 4) := } | Se(h(t))

=— 1L, A A) +ptrA2 = 1{(2pid—Ly)A, A),
where h(t) € sym (p)*, h(0) = I, 1'(0) = A.

REMARK 4.8. Alternatively, Sc) (T, T) = —|6(A)pp|* — 4 tr B, A%, which follows
from the fact that M, — 3B, = pl.

REMARK 4.9. Since [ is a critical point of Sc|gy, (p)x, the value of Sc7(A, A)
is well defined if tr A = 0, in the sense that it can be computed using any curve
h(t) € sym, (p)¥ through I with velocity A. On the other hand, §/I/(I, I) =4Sc(1),
so the formula also holds for A = I and thus Sc7 (A, A) is well defined for any A.

Proof. If h(t) := e, then Lh(t) - pp, = O(A)(h(t) - pp) by (27), and so

L] Sehe) =~ &1, (O -y, h(1) - ) + 2, tr A B,
= %<9<A> o 1) — HO(A)py, 0(A)sy) — 2tr A2 B,
— (6}, 6u, (A), A) — 2tr B, A?
(L, A Ay 4, 42— 215D, A
—2(Ly A, A) +4trRchA .

We are using formula (28) in the second last equality. The fact that Ric, = pI
concludes the proof. O
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4.6. First variation of E. The following formula for the derivative of the Ein-
stein operator follows from Lemma 4.5.

LEMMA 4.10. If g is Einstein, say Re(g) = pg, then
dE|,T = 3dE[;A = (($ Ly A= pA) -,-) + Lp(tr A)(-, ),
for any T € S2(M)C, T, = (A-,-), A € sym(p)¥.
In particular, dE |, = dRc|, — pid restricted to (Rg)=ts.

4.7. Stability in terms of L,. We assume in this subsection that the back-
ground metric g € MY is Einstein. Under the identifications in terms of operators,
the decomposition of the space of variations analogous to (13) is the following decom-
position of the tangent space Ty sym, (p)* = sym(p)* at the identity map I:

Trsym, (p)* = (RI & Ty Awt(G/K) - I) &+ W, (29)

where W is the (-, -)-orthogonal complement of RI @& Aut(G/K) - I and Aut(G/K)
acts on sym_ (p)¥ according to the identification sym_ (p)% = M%. Recall that if G
is compact, then 7"7;G = (W-,-) by Corollary 3.12. Note that

W C symo(p)K7

and if in addition any of the conditions listed at the end of §3.3 holds, then W =
sym (p) . o

It follows from [LW1, Lemma 6.10] that dRc|;S(D) = 2pS(D) for any D €
Der(g/€). We therefore obtain from (12) and Lemma 4.5 that

Ly |7, Aut(a/x).1 = 2pid, (30)

where Ly, is the operator attached to the metric g as in (28).

According to Definition 3.14, it follows from Lemmas 4.7 and 4.10 that the G-
stability and G-deformability types of the Einstein metric g are both determined by
the spectrum of the operator L, restricted to W, which coincides with the Lichnerow-
icz Laplacian in the compact case (see Corollary 4.6). All this is summarized in the
following proposition.

Let Ay = Ap(g) and A" = AJ***(g) denote, respectively, the minimum and
maximum eigenvalue of L, = L, (g) restricted to the subspace W defined in (29).

PROPOSITION 4.11. Let g be a G-invariant metric on a homogeneous space M =
G/K, where G is unimodular, endowed with a reductive decomposition g =€t ®p. If
g is Einstein, say Re(g) = pg, then the following holds:

(1) g is G-stable if and only if 2p < Ap.
(ii) g is G-unstable if and only if A\, < 2p.
(iii) g is G-non-degenerate if and only if G-infinitesimally non-deformable, if and
only if 2p ¢ Spec (Ly |w).
(iv) g is G-neutrally stable if and only if A, = 2p.
(v) g is G-strongly unstable if and only if \J'** < 2p.

REMARK 4.12. It follows from Corollary 4.6 that Az (g) < Ay(g) (see §2).
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In the case of a product homogeneous space, i.e., G = G X Ga, K = K1 x Ko,
K; C Gy, g; = ;®p, and g = g1+92, where g; is a G;-invariant metric on M; = G, /K,
we obtain that W = Wy & Wy & RAg, where

AO = (TLQIpl, —n1]p2), n; ‘= dim Mi7

and Ly (g) = Ly, (91) + Ly, (g2). Since A9 € W NKerL,, one deduces that A\, < 0 and
so any positive scalar curvature homogeneous product Einstein metric g is G-unstable.

5. Naturally reductive case. We consider in this section the case when g €
MEC is a naturally reductive metric on M with respect to G and some reductive
decomposition g = €®@p, i.e., the map ad, X : p — p is skew-symmetric for any X € p
(see (11) or (15)). Note that G is necessarily unimodular. We refer to [LW1, §7] and
references therein for further information on naturally reductive metrics.

The moment map takes the simpler form

MM: = % Z(adp Xi)27 (31)

and the operator L, also considerably simplifies in the naturally reductive setting (see
Lemma 4.5 and [LW1, Lemma 7.18]):

Ly A:= -3 [ady X;, [ady X, A]], VA € sym(p)”, (32)

where {X;} is any orthonormal basis of (p, (-,-)) and (-,-) = g,. Note that L, > 0; in
particular, A, > 0. We also recall that Tg/\/lG =Rg® 7'7;0 in the compact case, i.e.,
W = symg(p)*.

Since Ly, A = 0 if and only if [4, ad, p] = 0, the following conditions are equivalent
by results due to Kostant [Ko] (see [LW1, §7.1]):
e KerL, = RI.
e ¢ is, up to scaling, the unique naturally reductive metric on M with respect to G
and p.
g is holonomy irreducible. .
(M, g) is de Rham irreducible, where M denotes the simply connected cover of M.
t is g-indecomposable, in the sense that there exist no nonzero ideals g; and go of
g such that g=g1 @ go and t =tNg; ®tNgs (e.g., if g is indecomposable).

5.1. Killing metrics on Lie groups. For M = G a compact semisimple Lie
group, we consider the left-invariant metric gg € MS defined by — By, where By
denotes the Killing form of g. According to (31), M,, = —i Cad,-B, = —17, the
Casimir operator acting on the adjoint representation of g, and so Re(gs) = ;98 by
(16). On the other hand, p = g and it follows from (32) that

L,=1C,,

-2
where C; = C; _g, is the Casimir operator acting on the representation sym(g) of g
given by

T(X)A :=[ad X, 4],

ie, C, = —> 7(X;)? where {X;} is a — Bg-orthonormal basis of g. The first positive
eigenvalue A\, of C, can therefore be computed by using representation theory. We
have collected in Table 1 the values of A, for each simple Lie algebra g, which together
with Proposition 4.11, give the following. Note that A, = %)\T and 2p = %

PROPOSITION 5.1. Let G be a connected compact simple Lie group and let gg
denote the Killing metric, which is Einstein with Re(gs) = gs.
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Type g n Ar Stab. type

Ay su(2) 3 G-stable

A, | sun+1) [n>2| 1 | G-neut. stab.

Bs s0(7) 8 G-stable
B, |so(2n+1)|n>4| 3224 G-stable
Cp sp(n) n=>2| 5 | G-unstable
D, 50(2n) n>4| 25 G-stable
Ee ¢ s G-stable
E, e7 % G-stable
Eg es g G-stable
Fy fa % G-stable
Go g2 z G-stable
TABLE 1

First eigenvalue A+ of the Casimir operator Cr acting on sym(g) with respect to — By for a
compact simple g

e For G =SU(n), n > 3, the metric gg is G-neutrally stable with nullity n®> — 1.
e gp is G-unstable on any G = Sp(n), n > 2, with coindex > w —1.

e In all the remaining cases, gg is G-stable.

In particular, gp is a local maximum of Sc | m¢ in most of the cases. The question
of whether gg on SU(n) is a local maximum of Sc| g or not is still open for n > 4.
It was proved in [J1] that it is not for n = 3, while it is well known that it is a global

maximum for n = 2. Concerning Sp(n), since \'** = 22(2111) > 1 =2p, gg is a saddle

point of Sc |-

This shows that the picture in the G-invariant setting is completely analogous to
the general case studied by Koiso in [K], as described at the end of §2. In particular,
any bi-invariant metric on any compact simple Lie group G is G-rigid, except possibly
for SU(n), n > 3. Nevertheless, it was proved in [DG, Theorem 22.3] that on SU(n),
g is indeed G-rigid.

5.2. A formula for L, in terms of structural constants. Let M = G/K be
a homogeneous space with G compact and reductive decomposition g = ¢ @ p. Given
a non-degenerate ad g-invariant symmetric bilinear form @ on g such that Q(¢,p) =0
and Q|, > 0, we consider the metric gg € ME whose value at o is Qlp- Thus gg is
naturally reductive with respect to G' and p.
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REMARK 5.2. According to [Ko, Theorem 4] (see also [DZ, p.4]), if g = p + [p, p],
then any G-invariant metric on M which is naturally reductive with respect to G and
p is given in this way for a unique Q.

Recall that ¢ is called normal when @ > 0, and if in addition G is semi-simple
and Q = — By, then g is called standard. In particular, if G is simple, then gg is
necessarily standard (up to scaling).

Given any @-orthogonal decomposition p = p; & -+ @ p, in Ad(K)-invariant
and irreducible subspaces p1,...,p, (d; := dimp;), we consider the corresponding
structural constants given by,

[ijk] = > QXL X3], XF)?,
a, By

where {X¢} is a Q-orthonormal basis of p;. Since gq is naturally reductive relative
to G and p, the number [ijk] is invariant under any permutation of ijk.

Recall from (16) that the Ricci operator of g is given by Ric(gg) = M, —3 B,
Since M, is Ad(K)-invariant, for each k& we have that the linear map M,,, restricted
to pr and composed with the orthogonal projection on py is given by my 1, for some
my, € R. It follows from (20) that

my = -5 Y lijkl,  Vk=1,....r; (33)

indeed,
midy =tr My, [p, = > Q(M,, X% X’“)
:,%ZQMX X3 4ZQMp X5), x4)?
=— Y [kij] + 421]k [ijk].

Note that this can alternatively be computed using (31). The irreducibility of pg
also gives that — By restricted to pi equals b,Q|,, for some b, € R for any k, and
consequently, the restriction and projection of B, is given by —byl,,. Note that
br, > 0, where equality holds if and only if pi, C 3(g), and that if g¢ is standard, then
br = 1 for all k. We therefore obtain that

Ric(gQ”Pk = prlp,., Pk = %C - ﬁ Z[Z]k]v (34)

2%
and the Einstein equations become: Ric(gg) = pI if and only if
pe=p, Vk=1,...,r and (Ric(gg)p:,p;) =0, Vi#j.

We now assume that the isotropy representation of the homogeneous space M = G/ K
is multiplicity-free. Thus the right-hand side Einstein conditions above automatically
hold and

1 1
T

is an orthonormal basis of sym(p)X. Let [L,] denote the matrix of Ly, (gg) with respect
to this basis.
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THEOREM 5.3. Let gg € MY be the naturally reductive metric on M = G/K (G
compact) attached to a non-degenerate ad g-invariant symmetric bilinear form Q on
g, and assume that G/K 1is multiplicity-free. Then, the entries of the matriz [Ly] are
given by,

(Lolun = 2 Slkl, Wk (Lol = === Slkl, V£ k.

ik
2

REMARK 5.4. It is easy to check that the coordinates vector [/di,...,/d,]" of
the identity map is indeed in the kernel of [L,]. Note that the structural constants of
the form [kkk| are not involved in the above formulas.

Proof. We fix any Q-orthonormal basis { X/} of each p; and denote

adpl Xé (adp Xé)}g e (adp Xé)lr
ade X0 — —(adp X012 ady, X, o (adp X3 )2
L : : - : ’
—(ady X5 —(ad, X5, - ady, X},

where (ad, Xiy)jk : pr — p;. We also consider Ejy : p; — p;j and Fjp @ pr — br
defined by

Ejy = Z(adp Xa)jn(ad; Xé);k» Fijp = Z(adp Xé)é-k(adp X&) it Vj <k
[N (e
For any diagonal block map

A=laly,,a2ly,, ... 0.0, ] € sym(p)K,

a straightforward computation using (32) gives that the k-th block of Ly, A is given
by

> (ar —aj)Eji+ Y (ar — aj)Eyy.

i<k k<j

In particular, for each [,

t

-1 T
Ly Iy, = —Ell,u-,—Elq,l,Zsz-&- Z Ey,—Frit1,...,—F
Jj=1 Jj=l+1

Since Ly sym(p)® C sym(p)*, this implies that Ej, = ejply, and Fj, = fjily, for all
j < k, for some non-negative ey;, fjr € R. But tr Iy, = tr Fj, so

di fir = tr Fy, = Z[ij/ﬂ, ejr = %fjka Vi <k,

%

concluding the proof. O
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6. Three standard infinite families. In this section, we assume that M =
G/K is one of the following:

SU(nk)/S(U(k) x --- x U(k)), k>1,  Sp(nk)/Sp(k) x --- x Sp(k), k> 1;
(35)
SO(nk)/S(O(k) x -+ x O(k)), k>3,

where the quotients are all n-times products with n > 3. The standard block matrix
reductive decomposition is given by

g=tOpP2Op3D - DPr-1)n

where every p;; = pj; (note that always i # j) has dimension d = 2k?, 4k% k?
respectively, and they are all Ad(K)-irreducible and pairwise inequivalent. Thus
G/K is multiplicity-free and dim M = M

It is easy to check that [pi;,puly, = O if {i,j} and {k,l} are ecither equal or
disjoint, and [p;;, pix]p is nonzero and it is contained in pj; for all j # k. Moreover,
a straightforward computation gives that any nonzero structural constant [ijk] as in
§5.2 is equal to the same ¢ = ¢(G, k,n), where § is respectively given by

c 1 k k
d 200 2mk+1) 2nk-2) (36)

We consider the standard or Killing metric gg on G/K, i.e., Q = —By (see §5.2). It
follows from (34) that gp is Einstein with

2p:1—§(n—2). (37)
On the other hand, according to Theorem 5.3,
c c .
(L] i) (i) = gz(n - 2), [Lp] iy ity = - W#Ek

and [Ly](;;jy(k) = 0 otherwise. This implies that

L] = 5 (200~ 27 — Adj(X) ),

where X = J(n,2,1) is the Johnson graph with parameters (n,2,1) (see [GR, §1.6])
and Adj(X) denotes its adjacency matrix. Since the graph is strongly regular with

parameters (%, 2(n—2),n—2,4) for any n > 4 (see [GR, §10.1]), it follows from

[GR, §10.2] that the spectrum of Adj(X) is given by

-3
2n—2), n—4, -2,  with multiplicities 1, n— 1, "(”2 )
respectively. Thus Spec(Ly) = {0, Ap, Aj***}, where
c max c
Ap = P Ap = EQ(n - 1), n >4, (38)

and have multiplicities n — 1 and @7 respectively.

For n = 3, X is the complete graph on 3 vertices and so the spectrum of Adj(X)
equals {2, —1}, with multiplicities 1 and 2, respectively. Thus A\, = Ap® = £3 and
has multiplicity 2 if n = 3.
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G/K n k Crit.point | coindex
SU(3k)/S(U(k)?) 3 k>1 loc.min. 2
SU(4k)/S(UK)Y) | 4 k>1 | G-deg. 3

SU(nk)/S(Uk)™) |n>5| k>1 saddle n—1

Sp(3k)/Sp(k)? 3 k>1 | loc.min. 2
Sp(4k)/Sp(k)* 4 k>1 loc.min. 5
Sp(5)/Sp(1)® 5 1 loc.min. 9
Sp(10)/Sp(2)® 5 2 G-deg. 4
Sp(6)/Sp(1)8 6 1 G-deg. 5

Sp(kn)/Sp(k)™ | n>5 | otherwise | saddle n—1

SO(3k)/S(O(k)?) 3 k>3 loc.min. 2
SO(nk)/S(O(k)*) |n>4| k>3 saddle n—1

TABLE 2
Coindex and critical point type of the G-unstable Finstein metric gg on each of the spaces given

m (35).

The following proposition follows from a straightforward comparison between
(36), (37) and (38).

PROPOSITION 6.1. The standard metric gg on each of the homogeneous spaces
given in (35) is always G-unstable, and so Ricci flow dynamically unstable. The
coindex and type of critical point are given in Table 2. They are all G-non-degenerate,
and in particular G-rigid, except

SU(4k)/S(U(K) x U(k)x U(K)x U(K)), k>1,  Sp(10)/Sp(2)°,  Sp(6)/Sp(1)°.

We do not know whether gg is still a local minimum in the G-degenerate cases
or not.

7. Jensen’s metrics. Given a simple Lie group H and a semisimple subgroup
K C H, we consider the By-orthogonal decomposition ) = a® € and the left-invariant
metrics on H defined by

gt:_Bh‘a‘i‘t(_Bh”E» t>0.

Thus ¢; is the Killing metric on H. On the other hand, it was proved in [Z] (see also
[DZ, Theorem 1]) that for each ¢ # 1, the metric g; is naturally reductive with respect
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to G = H x K (acting on H by (h,k) - p:= hpk~—!) and the reductive decomposition
g=0EDp;, =P Ope, Pai=(a,0),  pe={(152.-2): Z et}

Indeed, g; is identified with gg,, where @); is the non-degenerate ad g-invariant bilinear
symmetric form on g = (h,0) & (0, ) given by

Qe = =By +15 (= By)le,

since for any Z € ¢, the Q;-orthogonal projection of (0, Z) on p; is (¢t — 1)(%_tZ, -7).
Note that g; is normal (i.e., @; > 0) if and only if t < 1. If t=¢, D --- D E, is a

By-orthogonal decomposition in simple ideals of £, then
P =pa®PL D DY, pi ={(52,-2):Zect;}, i=1,...r (39)

is an Ad(AK)-invariant @Q;-orthogonal decomposition of p;.

We assume from now on that a is Ad(K)-irreducible (i.e., H/K is isotropy irre-
ducible) and that for some constant ¢, By, = ¢By |¢, for any ¢ = 1,...,r. In particular,
the summands in (39) are all Ad(AK)-irreducible and most of the times pairwise in-
equivalent (see [LL, Remark 4.2] for a counterexample). We assume that they are
pairwise inequivalent, so dim M$ = r. It is easy to check that the only nonzero
structural constants are [jjj], [jaa] and [aaa] (see §5.2), which are next computed.

LEmMMA 7.1. Foreachj=1,...,r,

o (@t=1)% o . _ . . — _
[774] ——cdj, [jaa] = t(1 — ¢)d, [aaa] = d — 2(1 — ¢)k,

where dj := dimp; = dim¥§;, d := dimp, = dima and k := dim £.

Proof. These are straightforward computations which use for [j5j] that

N2
Ie; = Cag,— By, = — Z (adgj %Zﬁ) ,

where {Z7} is any — By-orthonormal basis of €; (recall that [jjj] = — 3 tr(ad XIp,)?

for any orthonormal basis {X7 ijzl of p;), and for [jaa] and [aaa] that

Za‘j(Xi)taj(Xi) = (]' _C)IE]'7 VJ = 1a"'7707
where
ada Xi al(Xi) aT(Xi)
—aq (Xi)t
ad;, XZ' = .
_ar(Xi)t
and {X,} is a — By-orthonormal basis of a. O
According to [DZ, Corollary 2, p.44], if ¢t # 1, then Ric(g¢) = pI if and only if

de c (1-o)tg

t=tpi=—  9y=
P d+2k)(1—c) T
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We know from [DZ, Theorem 11, (ii), p.35] that

d+ 2k

< —, that is, tp <1,
24+ 2k avs B

as the exception sp(n—1) C sp(n) does not appear in this case (see the last paragraph
of the proof of [DZ, Corollary 2, p.44]). In particular, g;, is normal with respect to
G and ptE'

It follows from Theorem 5.3 and Lemma 7.1 that the matrix of the Lichnerowicz
Laplacian Ly (g¢, ) relative to the orthonormal basis

1 1 1
{ﬁlpmﬁlpu'-wﬁjpr}v

of sym(p;, )2% is given by

k _Vdi . _ Ve
d Vd Vd
_Vdy 1 0
Ly] =t(1—c)| v
_\/ETr 0 1

Since the characteristic polynomial of m Lpis f(z) =z(z— 1)z — (1+ %)),
we obtain that

Spec(Ly) = {O, tp(l—2c), tg(l—c)(1+ %)} ,
with multiplicities 1,7 — 1, 1, respectively, and so
A =tep(l—c), A =tg(l-c)(1+%) r>2,

Ap = A = tg(1—c)(1+ %), r=1

PROPOSITION 7.2. Every gi, is G-unstable with coindex r (in particular, g:, is
always a local minimum,).

Proof. We have that

¢ (1—o)tp
A — o1 —e)(1+E)<2p=—
p B( e)( +d)< p 2tE+ 9 )
if and only if
c c c
0<— —tg(l—c)(i+5)=——=
< oUp E( c)(z + d) ty bR

if and only if tg < 1, as was to be shown. O

If M denotes the huge space of all left-invariant metrics on H, then MY is
identified with the subset of M of those metrics which are in addition K-invariant.
In particular, the Einstein metric g, is also H-unstable, that is, unstable as a left-
invariant metric on H, and so Ricci flow dynamically unstable. Recall that the H-
stability type of the Killing metric g; on the Lie group H has been established in
Proposition 5.1.
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It follows from the lists of isotropy irreducible homogeneous spaces given in [B,
Tables 7.102, 7.106, 7.107] that Proposition 7.2 provides at least one H-unstable
Einstein left-invariant metric on any simple Lie group, except Sp(2n + 1), n > 4 and
SO(n) for some odd n’s.

The only cases K C H with coindex > 2 (i.e., K non-simple) are (see [DZ, p.46]):

[A]
[AC]
[BHMW]
(B]
[BCR]
(B1]

[B2]
[BL1]
[BL2]
[BWZ]
[Br]
[CHI]
[CH]
[DZ]
[DG]
[DLM]

(GG

[GR]

[J1]
[J2]
(K]

[Ko]

[Kr1]

SO(n) x SO(n) C SO(2n), Sp(n) x Sp(n) C Sp(2n),
SU(n) x SU(n) € SU(n?) (tensor product),
SU(3) x SU(3) x SU(3) C Bs  Sp(3) x Ga C Ex.
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