ASIAN J. MATH. (© 2022 International Press
Vol. 26, No. 5, pp. 617-634, October 2022 002

DIRAC STRUCTURES ON THE SPACE OF CONNECTIONS*

YUJI HIROTAT AND TOSIAKI KORI*

Abstract. We shall investigate the Dirac structures on the space of connections over three-
manifolds and over four-manifolds. We show that the space of irreducible connections on the trivial
SU(n)-bundle over a three-manifold is canonically endowed with a Dirac structure twisted by a 3-
form. We also give a family of Dirac structures twisted by the 3-form on the space of irreducible
connections on the trivial SU(n)-bundle over a four-manifold. These twisted Dirac structures in-
duce (non-twisted) Dirac structures on the space of flat connections. The Dirac structure on the
space of flat connections over the three-manifold is obtained as the boundary restriction of the cor-
responding Dirac structure over the four-manifold. We also discuss the action of the group of gauge
transformations over these Dirac structures.
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1. Introduction. Let X be a four-manifold with the boundary three-manifold
M. Let Ax and Ay be the spaces of irreducible connections on the principal bundles
X x SU(n) and M x SU(n) respectively. In physics language these are phase spaces
of gauge fields. As a mathematical counterpart of Bohr-Sommerfeld theory we have
geometric quantization theory where we deal with symplectic structures on the space
of connections and the corresponding Hamiltonian theory. The Lagrangian subspaces
correspond to the Dirac structure on this bundle. We shall investigate twisted Dirac
structures on the spaces Ax and Ajp;. These twisted Dirac structures are affected
by the presence of closed 3-forms. Twisted Poisson structures arose from the study
of topological sigma models and play an important role in string theory [6, 11]. P.
Severa and A. Weinstein, [13], investigated how Poisson geometry on a manifold
is affected by the presence of a closed 3-form, and they found that the notions of
Courant algebroids and Dirac structures provide a framework where one can carry
out computations in Poisson geometry in the presence of background 3-forms. On
the other hand the geometric quantization of the moduli space of flat connections on
a two-manifold was studied extensively in the last decade of 20th century, [1], [5].
The geometric prequantization problem of the moduli space of flat connections on a
four-manifold was investigated in [8]. In [10], [8] one of the authors of the present
article proved that there is a presymplectic structure on Ax that is induced from
the canonical symplectic structure on the cotangent bundle 7*Ax by a generating
function C'S' : Ax — T*Ax which is given by the Chern-Simons form:

CS(A) = (AFA +FA— ;A3> . (1.1)
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The presymplectic form is given by the formula:

Qala,b) = #/X‘cr[(ab—ba)FA] —ﬁ/Mtr [(ab— ba) 4] .
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fora, be Ty Ax.

Let w be the boundary reduction of this presymplectic form to Ap;. w is no
longer presymplectic but twisted by the Cartan 3-form on Aj;. Associated to the
2-form w, we have the correspondence:

wa: TaAy 2a — wala,-) € ThAr,
at each A € Aps. Then we have the subbundle
Dy = {aEBwA(a) ETAx@T*Ax‘GETAAM,AEAM}.

Dy gives a twisted Dirac structure of the standard Courant algebroid Eo(M) =
TAy &T*Aypy. N
The exterior derivative of the 2-form w is the Cartan 3-form x = dw on Aj;:

1
HA(a,b,c)ZS?/ tr [abc — bac], a,b,c € TaApy, A € A,
M

where abc = a A b A ¢ ete., and it describes the twist of the Dirac structure Djy.
On the space of connections Ay over a four-manifold X we consider the corre-
spondence

qi)A: TaAx Da — Faa+aFy GTZA)(, AGAx,

where F4 is the curvature of A. Then we have the following subbundle of the standard
Courant algebroid Eo(X)=TAx ® T*Ax:

D;é = {a@¢A(a) EEO(X)‘G/ETA.A)(,AG.A)(}.

Df; gives a twisted Dirac subbundle of Fy(X). The twist in this case is given by the
following 3-form s on Ax:

kala,b,c) =ra(a, b, ), abcecTaAx, Ac Ax,

where @, b and ¢ indicate the restriction of a,b and ¢ respectively to the boundary M,
and the right-hand side is the 3-form x on Aj; described above.
Moreover if we deal with the correspondence from T4 Ax to T} Ax given by

vi(a) = (Fa+tA%) a+a(Fa+tA%), teR,
then we have the s-twisted Dirac structure
D = {a®vf(a) € Eo(X) | a€TaAx,Ac Ax }.

As for the presymplectic structure on the space of connections Ay we have a family
of closed 2-forms on Ay given by

Q' (a,b) = flwg/xtr [(ab —ba) {34 — (1~ 1)4?}] —ﬁ/}wtr [(ab — ba) 4]

for a, b € TaAx. Q! is the presymplectic form discussed in [10], [8].
If we restrict ourselves to the spaces of flat connections we will have (non-twisted)
Dirac structures. In fact we have the following Dirac structures

Diy = {a®wala) € (M) e Tadly, Ac By},

Dy = {a® k(@) € BolX) [a e Taky . Ac Ay ).



DIRAC STRUCTURES ON THE SPACE OF CONNECTIONS 619

where A%, and A% are flat connections in Ajys and Ax respectively. By the boundary
restriction from X to M we have the correspondence 7 : A'}( — "4?\/[ and we proved
in [10] that the image of r consists of those flat connections A € A%, with degree
0. Here, the degree of a connection A € Aj; is defined by using the 3-dimensional
Chern-Simons form

1
deg A=——

1
tr[ AFy — A7),
82 / " (AP = 3 47]
If A is a flat connection, deg A = 55 [,, tr[A%] = 0. Then we sce that Dy " =
{a ®wala) € Dy, | degA = 0} is a Dirac substructure of D%, and there is an
isomorphism of Dirac structures between Df’x and D?V’[dego induced by the boundary
restriction map.

2. Preliminaries.

2.1. Differential calculus on the space of connections. Let M be a com-
pact, connected and oriented m-dimensional Riemannian manifold possibly with
boundary OM. Let G be a compact Lie group with Lie algebra g. We shall denote by
I'(M, E) the space of smooth sections of a smooth vector bundle E — M. Especially,
if E = TM we write Vect (M) for I'(M,TM) if E = A*T*M we write QF(M) for
T(M,NFT*M). QF(M, E) denotes the space I'(M, A\*T*M @ E) of E-valued k-forms
on M.

Let P be a principal G-bundle on M. A connection 1-form on P is a g-valued
1-form on P that is invariant under G, acting by a combination of the action on P
and the adjoint action on g. Let Ajy; be the space of irreducible connections on P.
The space Ay is an affine space modeled on the vector space Q!(M, ad P); the space
of 1-forms with values in the adjoint bundle ad P over M. For the trivial principal
bundle P = M x G it is merely the space of g-valued differential 1-forms on M. So
the tangent space at A € Ay is

TAAM = Ql(M,g) :
The cotangent space at A € Ay is
TZA]VI = Qm_l(M7 g) .

The dual pairing of Ta Ay = QY (M, g) and T5Ay = Q™ (M, g) is given by
(o, a)a :/ tr(ana), a€TaAn,acTiAy.
M

For a function H = H(A) on Ay with values in a vector space V, the directional
derivative (0, H)(A) at A € Ajs to the direction a € T4 Ay is defined by

(0uH) (4) = lim + {H(A + 1a) — H(A)}.

For example, the directional derivative of the identity map Id : A — A on Ay, is
(04 1d)(A) = a. The curvature 2-form of A € Ap; Fa =dA+3[ANA]=dA+ANA
is viewed as a function F over Aj; with values in Q?(M,g). Since Fayy, — Fa =
t (da+anA+ ANa)+t2aAa we have (0,F)(A) =da+aA A+ ANa.
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Let V' be a vector field over Ajp;. The directional derivative 9,V of V to the
direction a at A € Ay, is defined by taking the directional derivative of the coeffi-
cients of V. Namely, if V' is written locally as V' = ", §;0; with coefficients ;, the
directional derivative 0,V to the direction a € T4 Ay is given by

(PaV)(A) = (9a&)(A) O,
Then the Lie bracket of vector fields V and W on A, is given by
[V, W](A) = (v yW)(4) = Ow)V)(A4), AecAun. (2.1)

Let 6 be a k-form (k = 1) on the connection space Ay, and W' a vector field on
Apnr. The directional derivative Ow 6 of 6 to the direction of W is a k-form that is
obtained by the directional derivative of the component functions of 8 to the direction
W (A) at each A € Ay;. That is, if 0 is written locally in the form § = )", f;e; with
component functions f; and local frames {e;} of cotangent bundle T* Ay, Ow 6 is
given by

(Ow0)a = Z(BW(A)fi)(A) €

i

Let (6 | V') denote the evaluation of a 1-form 6 and a vector field V. Then it holds
that

Ow (0| V)= (0wl |V)+(0]|wV). (2.2)

The exterior derivative of a k-form 6 on Ay is the (k + 1)-form d# that is given
by

(d0)a(V1(A),- -+ Vi (4))

k+1
*Z 2+1 aV G(Vla avia"' 7Vk+1))(A)
+Z D904 ([Vi, ViI(A), Vi(A), -+ Vi(A), -+ V() Vi (A)),
1<j
for any vector fields Vq,-+-, Vi1 on Ap. It can be shown that dod =0. In

particular the exterior derivative of a 1-form 6 becomes
(d0)(V'1, Vo) = (0v,0 | Vi) — (dv,0 | V1) (2.3)
by (2.1) and (2.2). And also, the exterior derivative de of a 2-form ¢ is given by

(dp)a(V1, V2, Vi) = (0v,9) (Va, Via) + (v, 9) (V3, Vi) + (9v,0) (V1, Vo).
(2.4)
The Lie derivative is also defined by the same manner as in the case of finite
dimensional smooth manifolds. Let 6 be a k-form and W be a vector field on Ay,
The Lie derivative Ly 0 of # by W is defined to be a k-form on Ay, by

(ﬁwe)A(V1(A), ,Vk(A)) = (8We(V1, ,Vk))(A)
- Ze (W, Vi](A), Vi(A), -, Vi(A) -, Vi(4)).
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at each A € Ay;. Especially, for k = 1, we have
(Lw0)(V)=0w (0| V)— (0] [W,V]). (2.5)

For further details of differential calculus on Banach space we refer the readers to
(2, 4, 14].

2.2. Courant algebroids and Dirac structures. The notions of Courant
algebroid and Dirac structure are developed in many forms since T. Courant’s work
in 1990 [3]. P. Severa and A. Weinstein showed that Courant algebroid and Dirac
structure provide a framework to carry out computations in Poisson geometry in
the presence of a background 3-form. Poisson structures on a manifold M may be
identified with certain Dirac structures in the standard Courant algebroid Ey = TM &
T*M, and a closed 3-form ¢ on M may be used to modify the bracket on Fy, yielding
a new Courant algebroid Fy. Here we shall give a explanatory introduction of these
subjects after [12, 13].

DEFINITION 2.1. A Courant algebroid over a manifold M is a vector bundle
E — M equipped with a field of nondegenerate symmetric bilinear forms (-, -) on
the fibers, an R-bilinear bracket [-, -] : '(M,E) x I'(M,E) — I'(M,E) on the
space of sections on E , and a bundle map p : E — TM ; the anchor, such that the
following properties are satisfied:

(1) for any e1, e2, e3 € I'(M, E), [e1, [e2, e3]] = [[e1, e2], e3] + [e2, [en, es]];

(2) for any e, e2 € I'(M,E), p([e1, e2]) = [p(e1), ple2)];

(3) for any e, ea € I'(M,E) and f € C>®(M), [e1, fea] = fle1, ea] +
(pler)f) ez

(4) for any e, hy, hy € I'(M,E), p(e) (h1, ha) = ([e, ha], ha) + (ha, [e, hao]);
(5) forany e € I'(M,E), [e,e] = D(e, e),
where D = % B~ 1p*d and B is the isomorphism between E and E* given by the bilinear
form: (Bz)(y) = (x, y). That is, (Df, ¢) = L ple);.

The assertion 5 says that there is a linear map Z : I'(E) 3 e — Z. € Vect (E)
such that Z, is a lift of p(e) € Vect (M), and the first four axioms say that the flow
of Z, preserves the structure of E. The bracket [e;, es] is the Lie derivative of ey by
Z.,.

DEFINITION 2.2. A Dirac structure in E is a mazximal isotropic subbundle D of
FE whose sections are closed under the bracket, i.e., which is preserved by the flow of

Z, for every e € I'(D).

The restriction of the bracket and anchor to any Dirac structure D forms a Lie
algebroid structure on D.
On any manifold we have the standard Courant algebroid Fo = TM & T* M with

bilinear form (X, @ &, X2 ® &) = 3 {gl(XQ) n gg(Xl)} , the anchor p (X®€) = X
and the bracket

(X104, Xod &) = [X1, Xo]® (Lx, & — ix,d&). (2.6)

Now let ¢ be a 3-form on M. We define a new bracket on Ey by adding the term
¢(X1, Xa2,-) to the right-hand side of (2.6):

[(Xi®&, Xo0&], = [X1, Xo]® (Lx, & — ix,d6 —ix,nx,0). (2.7)
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A simple computation shows that the new bracket together with the original
bilinear form and anchor constitute a Courant algebroid structure on Fy = TM&T* M
if and only if d¢ = 0. We denote this modified Courant algebroid by Eg. A maximal
isotropic subbundle D of E4 whose sections are closed under the bracket [-, -] 6 18
called a ¢-twisted Dirac structure.

We endow the following canonical skew symmetric form on the standard Courant
algebroid Fg =TM & T*M:

AXiea | o) = {(E]X) -] X)} 2

for X1 @ &1, Xo ® & € Ey.

3. Dirac structures on the space of connections. We shall introduce several
Dirac structures on the space of connections over the manifolds of dimension 3 and
4. First we give an explanation about the related presymplectic structures.

3.1. Presymplectic structures on the space of connections. Let X be a
four-manifold with the boundary three-manifold M. Let Ax and Ap; be the spaces
of irreducible connections on the principal bundles X x SU(n) and M x SU(n) respec-
tively. The symplectic structure on the space of connections over a Riemann surface
was introduced in 1983 by M. Atiyah and L. Bott in their study of the geometry and
topology of moduli spaces of gauge fields (see [1]). In [10], we introduced a presym-
plectic structure on the space Ax of irreducible connections over a four-manifold X.
That was given by the 2-form:

Qa(a,b) = # /X r [(ab—ba)FA]—ﬁ /Mtr [(ab — ba)A] (3.1)

for a,b € T4 Ax ~ Q' (X, g). We often abbreviate the exterior product of differential
forms a A'b to ab. Let 6 be the the canonical 1-form on the cotangent bundle 7™ Ax,
and let o = df be the canonical 2-form. A 1-form ¢ on Ax gives a tautological section
of the cotangent bundle T*Ax so that the pullback 0% of § by ¢ becomes ¢ itself:
0¥ = ¢, this is the characteristic property of the canonical 1-form 6. The pullback o¥
of the canonical 2-form ¢ by ¢ is a closed 2-form on Ax. In particular if we take the
1-form on Ax given by

1

= 943" (3.2)

1
CS(A) = q (AFA + FaA— 2,43) . g

then we see that the pullback Q = ¢““ is given by the equation (3.1) (the notation
CS comes from the Chern-Simons function). Thus, for a four-manifold X there is a
presymplectic form on Ax that is induced from the canonical symplectic form on the
cotangent bundle T*Ax by the generating function C'S : Axy — T* Ax.

The quantity ﬁ I} Y tr[A3] for a connection A € Ax plays an analogous role of
winding number. In fact, when A is a pure gauge; A = f~ldf for a f € C>(X,G),
it is equal to the degree of f around M. We shall change the ratio of counting this
number and look for the family of presymplectic structures affected by it.

Put

@g(a)zq/x r [(AFA+FAA—;A3) a} . (teR).
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By the same observation as above the pullback of the canonical 2-form ¢ on the cotan-
gent space T* Ax by the generating function ©! provides a presymplectic structure
Q! on Ax. It holds that

Qh(a,b) =(dO0")a(a,b) = ((0.0M)a|b) — ((BO")a|a)
:q/ tr [2(ab—ba)FA — t(ab — ba) A
X
—(dAa/\b—a/\dAb—dAb/\a+b/\dAa)/\A}
= I a0 — oa — — ao — oa 2 _ rilab — o0a
—q/Xt[sw ba) Fy — (t — 1)(ab — ba) A?] q/Mth ba) 4],
because

tr [—(dAaAb— andab — dAb/\a+b/\dAa)/\A}

=tr {(ab —ba) Fy + (ab— ba)AQ} — dtr {(ab - ba)A} .

THEOREM 3.1. We have a family of presymplectic structures on the space Ax
parametrized by t € R:

QZ(G, b) - QA(avb) - (t - 1) 714(0” b):
with v (a, b) = q [y tr[(ab— ba) A?].

The case for t = 1 was discussed in [10].

It is a well known fact that given a principal G-bundle P over a 3-manifold M
there exists an oriented 4-manifold X with boundary 0X = M and a principal G-
bundle P over X that extends P. And any connection A on P has an extension to a
connection A on P. These are essentially consequences of Tietze’s extension theorem
for continuous functions on a closed subset [7]. So we can detect a 2-form on Ay that
is the boundary restriction of the presymplectic structure Q on Ax. The boundary
2-form w is given by

1
wala,b) = 213 /M tr[(ab —ba)A], A€ Anp, a,b€TaAy. (3.3)

But it is not a closed form and does not give a presymplectic structure on Ay;. Instead
it gives the following 3-form on Ay, that is called the Cartan 3-form. Let k be the
3-form on A, defined by

ka(a,b,c) = 8771r3 /M tr[(ab — ba) c] (3.4)

for any a,b,c € TaAp. It holds that ka(a,b,c) = ka(b,c,a) = ka(c,a,b). We have
then

dw = k. (3.5)
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In fact, (2.4) yields

( )A<a7 b, C)
w)A (b, ¢) + (Opw) a (¢, a) + (Ocw) a (a, b)

1
tr | b/\c—c/\b)/\a]—i——/ tr[(eAa—aAc)ADb
/M 2473 s

1
+m/Mtr[(a/\b—b/\a)/\c]

24773

83/ [(aAb—bAa)Ac].
T

The 2-form (3.3) gives a presymplectic structure twisted by the Cartan 3-form k.
In the next section we shall describe twisted Dirac structures that are associated
to the twisted presymplectic structures discussed above.

3.2. Twisted Dirac structure on the space of connections on a 3-
manifold M. In this section M is a compact connected oriented Riemannian 3-
manifold and G = SU(n) with n = 2. We shall write g = su(n). Let P be a
G-principal bundle. Any principal bundle over a 3-manifold has a trivialization so
that we may assume P = M x G. Let Q. (M, g) be the Sobolev space of L2-

sections of g-valued r-forms on M, where we assume s = g It is the completion of

{¢p® X |¢peQr(M), X € g} by the L2norms. Q! (M g) is a Hilbert space by the
inner product

€| n) = /M<s, n) volag (3.6)

for any &, € QL_,(M,g). Here, volys stands for a volume form on M, and (-,) is
the inner product induced from the Riemannian metric on M and the Killing form
on g.

We write Ajy; the space of irreducible connections over P. We note that dg :
Q°(M,g) — QY(M,g) is injective for an irreducible connection A. Ay is an affine
space modeled by the vector space 2} (M, g). So the tangent space at A € Ay is

TaAn = Q1 (M,g),

that is, the space of differential 1-forms with values in su(n) whose component func-
tions are of class L2_;. The dual pairing of a 2-form « € Q?_,(M,g) and a 1-form
a€Ql | (M,g) is given by

1

= t A = —
(@lahi=a [ wlana), =g

which yields the identification of the cotangent space T5.Ay and Q2_, (M, g).

Let Eo(M) = TAy = T Ay & T* Apr be the standard Courant algebroid with
the bilinear form

1
(a®a,be By =5 {{a]blu+(Bla)u}, (3.7)
the anchor p(a @ a) = a, and the bracket [-, -] for sections that is defined by
l[a®a, b® ] = [a,bl @ (Lo — ipda). (3.8)
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We take the Cartan 3-form x on A of (3.4). Since k = dw is a closed 2-form we
have the Courant algebroid E, (M) modified by the bracket

[a®a, b® Bl =[a,b] @ (LaB — ipda — ignph ). (3.9)

Note that the bilinear form and the anchor of E, (M) are the same ones as for the
standard Courant algebroid Eq(M).
We define a vector subbundle Dy of E. (M) by

Dy = H {a@(A/\a—a/\A) | aETAAM}. (3.10)
Ac Ay

Let w: TAy — T*Apr be a bundle homomorphism given by
wala) =ANa—aNA, a€TsApy, Ac Ay (3.11)

Any vector field a : Ay — T Aps gives rise to a section @ of Dy by a = a ® w(a),
where w(a) denotes the section of T* Ayr: w(a)(A) = wa(a(A)).

LEmMA 3.2. (a, l~)>+ =0 for any section a,b of Dy.

In fact, for a = a(A), b = b(A), we have

(a®w(a), b®w(d))(A)
= % { (wala) | bYar + (wa(d) | a)m }

=4 r a—a g r — a
_Q/Mt (AN AA)Ab]+2/Mt [(AAb—=bAA)Ad

= 0.
As mentioned in Section 1, the 3-form s which describes the twist on Ey(M) is defined

by

kala,b,c) = tr [abe — bac], a,b,c € TaAp, A€ Ay,

873 s
where abc = a A b A ¢ etc..

LEMMA 3.3. The space of sections I'(Apr, Dar) of Dy is closed under the bracket

(3.9):
[I(An, Dar), T(Anr, Dar)lw € T'(Anr, Dar) -
Proof. Tt suffices to show that
Law(b) — ipdw(a) = iappr = w([a, b))

for any vector field a,b on Aj;. Let a,b and ¢ be vector fields on Ay, and put
a=a(A), b=>b(A) and ¢ = ¢(A4). From (2.5) and (2.2)
(Law(b))a(€(A) = La(AND—bA A)(C)
=0, (ANb—bANA|)m(A) —(AND—=DANA|[a,c](A))m
= (aNb+AN(0ab) = (b)) NA—=bNa|c),, +(ANb=bANA|D.a),,. (3.12)
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On the other hand, we see from the formula (2.3) that ipdw(a)(c) is equal to

d(w(@)) 4, ¢) = Owa(0) | ar — (Oewa(a) | B
=(bAa+AN(Ba)— (Da) NA—anb|c),,
—(ena+AN(Ba)— (Bca) NA—ane|b),,
=(bANa+AN(Ba)— (Qa) NA—anb|e),,
7<a/\b—b/\a\C>M7<b/\A—A/\b|8ca>M. (3.13)
By Egs.(3.12) and (3.13),
La(w(b))ale) = d(w(@)a(b, c)
= (AN (0ab) — (Bpa) NA— AN (Opa) + (8ba)/\A|C>M—|—3<a/\b—b/\a|c>M
=(AN]a,b] = [a, b)) NA | )y +3(aNb—DbAalc)n
:< ([ a, ])‘C>A+<ia/\bﬁ)A<C);
which proves the lemma. O

The definition of twisted Dirac structure in (2.7) together with Lemmas 3.2 and
3.3 yield the following theorem.

THEOREM 3.4. Dy is a k-twisted Dirac structure on Ajpy.

If a, b, ¢ are su(2)-valued 1-forms on M, it holds that tr(ab—ba)c = 0 (see Lemma
1.3 in [9]). Accordingly, Dy is a non-twisted Dirac structure when G = SU(2).

3.3. Dirac structures on the space of connections on a 4-manifold X.

3.3.1. The twisted Dirac structure induced from the curvature form.
Let X be a four-manifold with the boundary 0X = M which may be empty. We
denote by Ax the irreducible connection space for the trivial bundle X x G over
X with G = SU(n). We denote g = su(n) for n = 2. The tangent space TaAx at
A € Ay isidentified with the space Q;% (X, g) of g-valued 1-forms, and the cotangent

space 13 Ax is identified with Qi’,; (X, g). The pairing of Ty Ax and T} Ay is given
2
by

1 *
<a|a>X::@/Xtr(aAa), for a e ThAx, a € TaAx .

Let Ep(X) = TAx be the standard Courant algebroid over Ax. We define a
twist k on the Courant algebroid Ey(X) by the following 3-form:

ka(a,b,c) =ra(a, b, ), for a,bc€TaAx, A€ Ax, (3.14)

where @, b and ¢ indicate the restriction of a, b and ¢ respectively to the boundary M,
and the right-hand side is the 3-form x on Aj; described in the subsection 3.2.

LEMMA 3.5. k can be represented in the form

ka(a,byc) =(daa ANb 4+ bA daa | c)x + (dabAc+ cAdadb | a)x
+ (dacAh a+aAndac]| b)x,

for a, b, ce Ty Ax .
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Proof. By the Stokes theorem

1 1
kala,b,c) = 8?/1\/[ tr[(ab—ba) Ac] = S?/X dtr[(ab—ba) Ac] .
Since

dtr[(ab — ba)c]
=tr[(daaANb— aAdab — dabAha + bAdaa )Aec+ (aANb—bAa) A dac]
=tr{(daa Ab+ bAdaa)Ac] —tr[(aAdab + dabAa)Ad]
+tr[(anb—bAa)A dad, (3.15)
the lemma is proved. O

Let ¢ : TAx — T* Ax be a bundle homomorphism defined by
dala) =FaNa+aANFa, foracTsAx,Ac Ax, (3.16)

where F4 is the curvature form of A € Ax. Let ’Df( be the vector subbundle of
Ep(X) defined by

DY = H {aEquA(a) | a € TaAx } (3.17)

AeAx

We shall show that ’Df( gives a k-twisted Dirac structure on Ay .
First, for vector fields @ and b on Ax, we have

1

<¢(a)|b>X(A):8?/Xtr(¢A(a)/\b):%/Xtr(FAAaAbjLaAFA/\b)

1
—ﬁAtr[(aAb—bAa)AFA],

where a = a(A) and b = b(A). Then we have the following;:
PROPOSITION 3.6. It holds that

(¢(a) | b)x + (6(b) | a)x =0 (3.18)
for any vector fields a,b on Ax .

Next, we shall show that the sections of fo( is closed under the bracket [-, -].

LEMMA 3.7. Let a,b and ¢ be vector fields on Ax and put a = a(A),b =
b(A), c=c(A) for A€ Ax. We have the following formulas:

(Lad(b))a(c) = (¢a(0ab) | ¢)  + (daaAb+bAdaalc),
+(pa(b) | (8ca)(A)) ., (3.19)

and

(isdd(a)) 4(c) = (da(Dha) | ¢) y + (a(b) | (Dca)(A))
—<dAb/\C + ecAdab ‘ a)X — <a/\dAc + dacAa | b>X (320)
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Proof. Since 0,F4 = daa for the curvature Fs of A. We have from (2.2) and
(2.5)

(Lad(b))a(c)
=La(FANb+bANFa)(c)
= 0a(FANbD+bAFa|c)y —(FANb+bAFa|[a,c](A)),
= (daa Ab+ FANOab+0bAFa+bAdaalc), +(FaNb+bAFa|dac),
—<FA/\b—|—b/\FA|8ac—8ca>X
= (FaNOb+8ubNFalc)y+(daanbt+bAdaalc)y + (FANb+DAFA|Dea),,

which proves the first formula (3.19). Next, we have

(i436()) 5(0) (3:21)
:(a(FAAa+a/\FA))A(b,c)
=0y (Faha+alFy|c), —0(Fanha+aNFalb), — (aANFa+Faha|[b, cl)x
:<FA/\8ba—|—6ba/\FA+a/\dAb—|—dAb/\a\c>X+<a/\FA—|—FA/\a\8bc>
—(FANOca+0.aNFa+andac+dachal|b), — (aANFa+Falal|db)x
—(aANFa+FsNal|dpe —0b)x
= (FaNOpa+0paNFalc)x + (FANb+DANFy | Oca)x
— (eNdab+dabAc|a)x 7<a/\dAc+dAc/\a|b>X,
where we used <a/\dAb+dAb/\a|c>X = —(ecANdab+dabAc|a)x. The second
formula (3.20) is proved. O
Lemmas 3.5 and 3.7 yield the following:

PROPOSITION 3.8. For any vector field a,b on Ax,

La6(b) — ivdd(a) — iarsrk = ¢([a,b]).

Propositions 3.6 and 3.8 yield the following:

THEOREM 3.9.

D?} = H {a@d)A(a) | aETA.AX}
AeAx
is a k-twisted Dirac structure.

3.3.2. A non-twisted Dirac structure on Ayx. On the subspace of flat con-
nections A% C Ax the subspace D?( C Eo(X) reduces to the subspace TA% @ T.A%.
That implies no knowledge about the Courant algebroid structure on TA% @ T*A%.
In the sequel we shall introduce a more precise Dirac structure over Ax that relates

to the winding number of flat connections.
We introduce the following bundle homomorphism:

yila) = A*Na+an A?, A€ Ax, (3.22)

where A2 = AN A.
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THEOREM 3.10. The subbundle of Ey(X) given by

Dy = H {a@’yA ‘aGTAAX}
AeAx

1s a Dirac structure.

For the proof we verify the following two conditions

1) (a, by, =0,

(2) La7'(b) —ivdy'(a) =7'([a,b])
fora=a®~'(a) and b=ba~'(b). It is easy to check (1) since
<7’(a)|b>X:8% tr (A2 Aa+an A%) A / (anb—bAa)A A,

As for (2), the Lie derivative Lg7’(b) is calculated to be

(Lay'(B)) ,(€) = LalA> AD+bAA%)(c)

= 0a(A* ANb+bAA% ) — (A ANb+bAA%|[a,c)(A)),

((aNA+ANa)ANb+DA(aNA+ANa)+ A% NDb+ 0.b N A% | c)

+ (A*Ab+bAA% | O4¢)

—(A*ANb+bA A | Dac — Oca)
:<(a/\A+A/\a)/\b|c>X

+<b/\(a/\A+A/\a)|c>X

+ (A2 NDub+ 0bANA% [ ) + (AP Ab+bAA | Dea)

On the other hand, we have by (2.3) the following:

(v’ (@) (0
= (d(A* Aa+anA?),(bc)

= (0(A? Na+anA?) |c), —(0(A* Na+anA®)|b),

=((bAA+ANb) ANa+ A’ NDpa+ Opa NA* +aN(DAA+AND) | c),
{((chNA+AN)Na+ A ND.a+ OcaNA® +an(chNA+ANc)|b)
:<(aAA+A/\a)/\b\c>X+<b/\(a/\A—|—A/\a)|c>X
+<A2/\8ba+8ba/\A2\c>X+

(A>Ab+bAA%| Dea)
Therefore,

(ﬁa’Y/(b))A(C) - (ib&’Y/(a))A(C) = <A2 A (Oab — Opa) + (0ab — Opa) A A? | C>X
= (A2 A [a,b](A) + [a,b](A) A A | &),
= (v4([a,b](4)) [ )y,

which proves (2).

3.3.3. A family of k-twisted Dirac structures on Ayx. Now we discuss the
perturbation of the x-twisted Dirac structure Df( by the (non-twisted) Dirac structure
DY . We consider the bundle homomorphism ~*

: TAx — T* Ax given by
vala

(a) = (Fa+tA*)Aa+an(Fa+tA?), teR. (3.23)

629
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We have vt = ¢ + tv’.
The following theorem is a consequence of Theorems 3.9 and 3.10
THEOREM 3.11. Fort € R, put

DY = H {a@vﬁ(a) | a € TaAx } : (3.24)
AcAx

Then {D)t(} ter JIVES @ family of k-twisted Dirac structures.

3.3.4. Dirac structure over the space of flat connections. In this subsec-
tion, we shall describe several Dirac structures on flat connections. Let

Ay ={AecAx |Fa=0}

be the space of flat connections on a SU(n)-bundle over a 4-manifold X with 0X = M.
The tangent space to Af‘x at A is given by

Taly ={ac Q) ;(X,g)|daa=0}.
If vector fields a,b on A% satisfy dsa = dab = 0 with a = a(A4),b = b(A) at
each A € A%, then their Lie bracket [a, b] again satisfies d4[a,b] = 0 at A because
da[a,b] = [daa, b] + [a,dab]. So, TA% is a integrable subspace of TAx .
Let

DYy = H {a@ﬁ‘(a) | a € Tady } ; (3.25)
AeAx
with
Yi(a) = v4(a) = A2 Na+anA?, Ae Ay, (3.26)

By virtue of Lemma 3.5, we know that the Cartan 3-form x vanishes on AbX .
Therefore we have the following:

THEOREM 3.12. D% is a Dirac structure over A% C Ax .

Now we shall look at the restriction of the Dirac manifold D% to the boundary
M of X. Let A%, be the space of flat connections over M:

.A%IZ{AE.AM|FA=0}.
The tangent space of A%, at A € A5, is given by
TaAy ={a €9 1(M, g)|daa=0}.

Let X be an oriented 4-manifold whose boundary is M and let P be the principal
G-bundle over X that extends P. As we have remarked in the subsection 3.1, a
connection A on P has an extension to a connection A on P. Then the boundary
restriction map r : Ax — Ay is well defined and surjective. The tangent map of
r at A € Ax is also given by the restriction to the boundary:

(Or)a : TaAx = Q! 1 (X,9) — Tady = QL (M,g), A=r(A).

1
2
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In [10], it is proved that the space of flat connections A'}( is mapped by r onto the
space of flat connections over M that are of degree 0:

Aptes? = {A € Ay ] /Mtr A% = 0} :

Let D%, and D;’/[dego be the subbundles of E”(M) that are defined by
D5, = {a@wA(a) | acTy Ay, Ac At}u},

and

D0 — {aEBwA(a) la€ T A0 A e A fes? }

LEMMA 3.13. For any a € T4 A% we have
vala) = wya)((0r)a(a)). (3.27)

Proof. Let A € A and a, b € TaA% . Put A’ =r(A) € Ay, a = (0r)a(a) €
Ta Ay and b= (0r)a(b) € Tar Ay, . We have

(war (@) | B :q/ tr [(ab— ba) A :q/ dtr [(ab— ba) A].
M p's

Since F'4 = 0 and dga = dab = 0 for a,b € TA,AE(, by a similar calculation as in

(3.15) we find that the last formula is equal to

q/X tr [(ab—ba)daA] = q/X tr [(ab — ba) A%] = (v}(a) | ).

0
From the discussion hitherto we are convinced to have the following consequences.

THEOREM 3.14.
(1) D5, is a Dirac structure over A%, .
(2) D380 is a Dirac structure over A% 5.
(3) The boundary restriction map r implies an isomorphism between the Dirac
structures D and D80,

4. The action of the group of gauge transformations on Dirac spaces.
Let G = SU(n) and P — N be a G-principal bundle over a n-dimensional Rie-
mannian manifold N as in subsection 2.1. Let Ad P be the fiber bundle Ad P =
P X G — N. The group of smooth sections of Ad P under the fiber-wise multipli-
cation is called the group of gauge transformations. We denote by Gj, the group of
L2-gauge transformations, i.e., G5 = Q%(N,Ad P). G} acts on Ay by

g-A=g'dg+g'Ag=A+g 'dag, g€<Gy.

G} is a Hilbert Lie Group and its action is a smooth map of Hilbert manifolds. The
action of g € Gl on the tangent space Ty Ay is given by

Ady-1: TAAN 3 a — Adg1a =g lag € Ty Ay .
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We choose a fixed point pg € N and deal with the group of gauge transformations
that are identity at po:

Gy ={9€Gn | glpo) =1}.

Gn acts freely on Ay. We have LieGy = QO(N,ad P). The action of LieGy on Ay
is given by the covariant exterior derivative:

da=d+[ANA-]: LieGy = QYN,adP) > ¢ — daé € Q:_(N,ad P) = Ta Ay .
So, the fundamental vector field on Ay corresponding to & € Lie Gy is given by
da& = 4 (exp t&) - A
A& = | (o :

ker d4 = 0 because A € Ay is irreducible by our assumption. The tangent space to
the orbit at A € Ay is

Ta(Gy - A) = {da& | €€ QY(N,ad P)}.

Moreover, {d4£ | € € LieGy} is tangent to the space of flat connections A% , because
da(daé) = [Fa, €] =0 on A% . Evidently, the condition F4 = 0 is Gy-invariant, so
.A?V is also Gy —invariant manifold,

Now we restrict ourselves to the case treated previously, that is, N = X is a
four-manifold or N = M is the boundary three-manifold M = 0 X.

4.1. ng under the action of Gx. Let ¢4 : Ty Ax — T4 Ax be the bundle
homomorphism ¢4(a) = Fa Aa+aA Fa in (3.16). Since F,. 4 = g~ 'Fag, we have

bga =9 "oag. (4.1)
We also see that « is invariant under Gx. Therefore we have the following;

PROPOSITION 4.1. The k-twisted Dirac manifold Dj; s invariant under the
action of Gx.

4.2. D), under the infinitesimal action of Gy;. In [10] we saw that the action
of Gyr on the space of flat connections A?V[ is infinitesimally presymplectic, that is, the
Lie derivative of the 2-form w in (3.3) by the fundamental vector field d 4€ vanishes:

Laew=0, AecA,, (4.2)

The counterpart of this assertion for the infinitesimal action of G;; on the Dirac
structure D‘]’V[ holds as well. We shall explain it in the following.

We have the canonical skew symmetric form Ag on Eg(M) = T Ay @ T* Ay as
defined in (2.8)

1
Apla®a | b P) = 5{(& | b)ar — (B | a)as }-
We know that the space of connections Aj; admits the Dirac structure

Dy = H {a@ wa(a) | aGTAAM}, wala) = Aa — aA.
AcA N
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whose anchor map is p: Eg(M) — T Ay (see (3.10)).

LEMMA 4.2. Restricted to Dy; the canonical 2-form Ao is the pull back of the
presymplectic form w by p: No|Dy = p*w.

Proof. For any section a @ w(a),b @ w(b) of Dy, we have

{(Ada—aA | b) — (Ab—bA |a) }

N |

Ao (a@ wa(a) } ba wA(b)) =

q /M tr [(ab — ba) Al = wala,b),

which is equal to (p*w)(a® wala), b wa(b)). O
Lie Gpr acts on Dy C Eo(M) by the fundamental vector field

ve = dal Bwa(dal), E€LlieGu, Aec Ay

The derivation of the 2-form Ay along the orbit of Lie G, is given by the Lie derivative
Ly (a)Ao. Then, we have the following result.

PROPOSITION 4.3. It holds that Ly, (a) Ao = 0 at each A € Ab, . Hence the action
of Gyr on the Dirac manifold DIJ’M is infinitesimally symplectic.

Proof. Since p(ve(A)) = p(dad @wa(daf)) = da, Lemma 4.2 and the equation
(4.2) imply

Lycay Mo = La,eowaag) (P w) = p*(Layew) = 0.
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