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NEVANLINNA-TYPE THEORY BASED ON HEAT DIFFUSION*

XIANJING DONGT

Abstract. We obtain an analogue of Nevanlinna theory of holomorphic mappings from a com-
plete and stochastically complete Kahler manifold into a complex projective manifold. When certain
curvature conditions are imposed, some Nevanlinna-type defect relations based on heat diffusion are
established.
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1. Introduction. In 2010, Atsuji introduced the notion of the so-called
Nevanlinna-type functions T, (t), N,(t,a) and 7, (t,a) for meromorphic functions
on complete and stochastically complete Kéhler manifolds based on heat diffusion.
By means of the techniques from Brownian motion theory (see, e.g., [6, 17, 19]), he
obtained an analogue of the Second Main Theorem in Nevanlinna theory:

THEOREM 1.1 (Atsuji, [4]). Let f be a nonconstant meromorphic function on
a complete and stochastically complete Kdhler manifold M. Let ay,--- ,aq be distinct
points in P(C). Assume that Ty(t) < oo as 0 <t < 0o, Tp(t) — 0o ast — oo and
|N..(t, Ric)| < 0o as 0 <t < co. Then

Eq: i (t, a;) + Ni(t, ) < 2T,(t) + 2N, (t, Ric) + O(log™ To.(t)) + O(1)

j=1
holds for all t > 0 outside a subset of finite Lebesque measure.

To see how Brownian motion can be applied to the Nevanlinna theory, we refer
the reader to [1, 2, 3, 4, 5] and refer to [8, 10, 11] also.

In this paper, we shall generalize Theorem 1.1. In doing so, first of all, we will
extend the notion of Nevanlinna-type functions for meromorphic functions to the
case of holomorphic mappings (see Section 2.1). As a generalization of Theorem 1.1,
we prove an analogue of the Second Main Theorem for holomorphic mappings into
complex projective manifolds (see Theorem 1.3 below). Furthermore, we discuss some
defect relations which can be regarded as an analogue of the classical defect relations
in Nevanlinna theory.

In the statement of our main results in what follows, M is assumed to be a
complete and stochastically complete Kahler manifold. We first obtain the following
logarithmic derivative lemma:

_ THEOREM 1.2. Let ¢ be a nonconstant meromorphic function on M such that
Ty(t,wps) < 00 as 0 <t < oco. Then for any 6 > 0, there exists a subset Es C [0, 00)
of finite Lebesque measure such that

m (t, Hvﬁ;#”) < 349 log™ T¢(t,wps) +0(1)
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holds for all t > 0 outside Ej.
The following result is the so-called Second Main Theorem:

THEOREM 1.3. Let L be a positive line bundle over a complex projective manifold
N with dim¢ N < dimg M. Let D € |L| be of simple normal crossing type. Let f :
M — N be a differentiably non-degenerate holomorphic mapping such that Tf (t,L) <
0o and |T(t,Zr)| < oo for 0 < t < co. Then

Ty(t, L) + Ty (t, Kn) + T (t, Br)
< N¢(t,D) — Ny p(t,0) + O(log™ Ty (t, L)) + O(1)

holds for all t > 0 outside a subset of finite Lebesgue measure.

In 1972s, Griffiths and his co-authors ([7, 14, 15]) devised an equi-distribution
theory of holomorphic mappings between algebraic varieties intersecting simple nor-
mal crossing type divisors. In our investigations, Theorem 1.3 gives an analogue of
Griffiths’ equi-distribution theory in terms of heat diffusion.

When M has non-negative Ricci curvature, we prove a defect relation:

THEOREM 1.4. Let L — N be a positive line bundle over a complex projective
manifold N with dime¢ N < dim¢ M. Let D € |L| be of simple normal crossing type.
Let f: M — N be a differentiably non-degenerate holomorphic mapping satisfying

/ e‘"er/ ey (L,n)()dV (x) < 00 (1)
1 B, (r)

o

for any € > 0. Then

2. First Main Theorem.

2.1. Dynkin Formula. Let M be a Riemannian manifold with Laplace-
Beltrami operator Ap;. A Brownian motion X; = (X;)>0 in M is a heat diffusion
process generated by Ajs/2, with transition density function p(t, z,y) being the min-
imal positive fundamental solution of the following heat equation

1
ﬁu(tw) - §AMu(t,x) =0.

The parabolicity of M means the recurrence of Brownian motions in M. We say that
M is stochastically complete if

/ p(t, z,y)dV (z) = 1
M

holds for all z € M. By Grigor’yan’s criterion (see [12]), M is stochastically complete
if Ryr(z) > —cr?(z) — c for some constant ¢ > 0, where Ry, is the pointwise lower
bound of Ricci curvature defined by

Baa (@) = 5eTzzi\?,f||£H=1 Riear (6.4 @
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Let P, and E, be the law and expectation of X; started at = respectively. The It6
formula (see [2, 16, 17]) states that

w(X)) — ulx (/ 1V sl 2(X ) /AMu Vit, Py — a.s.

for u € €?(M), where B, is the standard Brownian motion in R and V,; is the
gradient operator on M. Take expectation on both sides of the equality, it follows the
Dynkin formula

B lu(X0)] - u(e) = 35, | [ t Ayl X)s 3)

provided that each term makes sense.

2.2. Nevanlinna-type functions. Let (M, g) be a Kihler manifold of complex
dimension m, whose Laplace-Beltrami operator is denoted by Aj; and Kéhler form
is defined by

-1 & -
a=— Z gijdzi N\ dzj.

i,j=1

Let L be a holomorphic line bundle over a complex projective manifold N. We
denote by HY(N, L) the space of all holomorphic global sections of L over N, and by
|L| the complete linear system of all effective divisors which are zero divisors of the
sections in H°(N, L). Moreover, we use the following standard notations

d=0+0, d°=Y— (a d) so that dd®= V=19,
47 2

Let X; be a Brownian motion in M started from a reference point o € M. Let
f : M — N be a holomorphic mapping satisfying f(M) ¢ SuppD, where D € |L|
is a given divisor. Equip L with a Hermitian metric h, there defines the Chern form
c1(L,h) := —dd°log h. It’s trivial to check that Aslog(h o f) is well defined. Since
M is Kahlerian, then

f*a(L,ZL/\ am—1 ' 1)

Consider a local trivialization covering ({U,},{eq}) of (L,h). Taking 0 # s €
H°(N, L) and writing s = 3e,, on U, locally. We also see that Ay, log |50 f|? is well
defined on M. By a simple computation, we obtain

dde 1 Pt 2 m—1
Anrlogléo fI2 = 4m Og'iﬁ na

Aprlogllso f||? = Aprlog(ho f) + Aprlog|é o f|%.

Aprlog(ho f) = —4m

)

For a (1,1)-form ¢ on M, we use the following convenient symbol

C /\ am—l

ec =2m o

According to (4),

1
ef*cl(Lh) = _iAM 10g(h e} f)
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Let w be a (1,1)-form on N. The characteristic function of f with respect to w is
defined by

Ty(t.w) = 55 | [ t crruliXe)as).

Define Ty(t, L) := Ty(t,c1(L, h)), which is well defined up to a bounded term since
the compactness of V.

Let sp be the canonical section determined by D. Suppose that ||sp|| < 1, since
the compactness of N. The proximity function of f with respect to D is defined by

1
mys(t,D) =E, [log } .
’ [sp 0 FX]
To define the counting function via Brownian motions, we need to assume that

M is stochastically complete. The counting function of f with respect to D is defined
by

N¢(t,D) = lim AP, ( sup logm > )\> : (5)

A—00 0<s<t

In what follows, we assume that L > 0. In addition, we also assume that f is
differentiably non-degenerate, by which we mean that the Jacobian matrix of f is of
full rank at some point. We first give conditions for Tf (t,L) <ooas 0 <t<ooand
Ty(t,L) — oo as t — oco.

LEMMA 2.1. Let Rys be defined by (2). Each of the following conditions ensures
that Ty(t,L) < 0o as 0 <t < 00:
(a) f has finite energy, i.e.,

/ epeey(L,h)(2)dV (x) < 00;
M

(b) the energy density function ef-c, (r n)(x) is bounded;
) Ry(z) > —k(r(z)) for a nondecreasing function k > 0 on [0,00) with
k(r)/r?> = 0 as r — oo and (1) is assumed,
(d) Ryr(x) > —k for a constant k > 0 with

o0
/ e~ SUP  €fec,(L,n)(T)dr < 00
1 x€B,(r)

for any € > 0, where B,(r) denotes the geodesic ball centered at o with radius r in M.

Proof. (a) and (b) are immediate. (c) is proved using the estimate of p(¢, o, z) due
to Li-Yau [18]. (d) is confirmed by (c), because the boundedness of Ricci curvature
implies that Vol(B,(r)) has at most the exponential growth. The arguments here
refer to [4], Proposition 6. O

LEMMA 2.2. FEach of the following conditions ensures that Tf(t,L) — 00 as
t— 00

(a) there exists no nonconstant bounded subharmonic functions on M. In partic-
ular, M is parabolic;

(b) Ricps > 0.
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Proof. Since L > 0, we can identify N with an algebraic subvariety of P*(C) for
some integer £ > 0. Let Jy be the restriction of hyperplane line bundle 57 over
P*(C) to N. Note that

CiTy(t, ) < Ty(t, L) < CoTy(t, i) (6)

for some constants Cy,Cy > 0. Let [wyg : -+ : wy] stand for the homogeneous coordi-
nate system of P*(C). Assuming wg o f # 0 without loss of generality. Then

u = log(lwg o f|* + -+ + |wg o f|*)

is a nonconstant subharmonic function on M. Since f is differentiably non-degenerate,
then (a) implies that

t
Tf(t,%N) = iEO |:/0 AMU(Xg)d$:| — OO

as t — o0o. By (6), we have (a) holds. (b) follows from [4], Proposition 7 (ii) (see the
details of arguments in [1]). O

In general, Nt (t, D) # 0 even if f omits D. In fact (see [10] for arguments), we
have

~ 7'(m

N (t,D 27/ g0, z)a™ 1 7
Rl R CEY @

provided that both sides of the above inequality make sense, where

t
gt(o,x):/ p(s,0,)ds.
0

So, to guarantee N (¢, D) = 0 for 0 < t < oo if f omits D, certain geometric conditions
on M needed to be assumed. Let u be a nonnegative function on M. Set

N(t,u) = AILII;O AP, ( sup u(Xs) > )\> .

0<s<t

LEMMA 2.3 ([4]). Assume that the Ricci curvature of M satisfies Ryr(x) >
—c2r%(z) — ¢ for all x € M and a constant ¢ > 0, where Ry is defined by (2). If u is
a nonnegative smooth subharmonic function with

1
liminf — log/ Apru(z)dV(z) < oo,
r—oo T Bo(r)

where B,(r) is the geodesic ball centered at o with radius v in M, and if

E, [/Ot AMu(Xs)ds} < 00

for 0 <t < oo, then N(t,u) =0 for 0 < t < co.

THEOREM 2.4. Let (L,h) be a positive Hermitian line bundle over N. Assume
that the Ricci curvature of M satisfies Ry (x) > —c?r?(z) — ¢ for all x € M and
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a constant ¢ > 0, where Ry is defined by (2). Suppose also that Tf(t,L) < oo for
0<t< oo and

r—o0 T2

1
liminf — log/ eprey (,p)dV (z) < oo
B, (r)

If f omits D, then Nf(t,D) =0 for 0 <t < oc.

Proof. The curvature condition means the stochastically completeness of M. Let
({Ua}, {ea}) be a local trivialization covering of (L,h). Write sp = Spe, on U,
locally. Then

1
Aprlog ————— = 2ep+, — Aprlog|ip o fI2.
HSD Of||2 f & (L,}L) ‘ |

If f omits D, one obtains Ajyslog|§pof| = 0. Notice that ¢1(L, h) > 0, thus —log ||spo
£l is subharmonic if f omits D. Using Lemma 2.3, we have the theorem proved. O

2.3. First Main Theorem. Assume the same notations as before.

THEOREM 2.5. Let M be a stochastically complete Kdhler manifold and L be
a positive line bundle over a complex projective manifold N. Let f : M — N be a
holomorphic mapping with f(M) ¢ Supp(D), where D € |L| is a given divisor. If
Ty(t,L) < 00 as 0 <t < oo, then

Ty(t, L) = ms(t, D) + N¢(t, D) + O(1).
Proof. Equip L with a Hermitian metric h such that w := ¢ (L, h) > 0. Set

1
Ty =inf{t>0: sup log ——————— > \».
A { oeser 2 sp o f(XS)] }

Let ({Ua}, {ea}) be alocal trivialization covering of (L, k). Write sp = §pe,, locally
on U,. Then

log |sp o f||* =log|5p o f|* + log(h o f). (8)

Apply Dynkin formula to log ||sp o f|| =1, we get

1
E, log‘]
[ I5p 0 FXonr)]
1 EATX 1 1
:71@0/ Aplog———ds| +log ——— 9
21, Tsp o FX] Tsp o 7] ®)

where t ATy = min{t, Ty }. Since log ||sp o f(X,)||~! has no singularities as 0 < s < T),
due to the definition of Ty, it concludes by (8) that

1 j—
lsp o F(X)II

as 0 < s < Ty, where we use a fact that log|3p o f| is harmonic on M \ f~(D).
Hence, (9) turns to

1
Ay log *iAM log(h o f(Xs))

1
- __E,

1
E, |log —mMm ———
gsDoﬂXm)J 4

tAT
/ A]\/[ log(hof(Xg))dS +O(1)
0
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Since f*w = —dd°log(ho f), then

dedc log(ho f) Aam~1

am

= 7%AM10g(hof). (10)

€f*w = —

By the monotone convergence theorem, we see from (10) that

/ ’ ef*w(Xs)ds] (11)
0

— T¢(t, L)

-_E,
4

tATy 1
/ Aprlog(ho f(XS>)d81 = §EO
0

as A — oo, where we use a fact that Ty — 0o a.s. as A — oo since f~1(D) is polar.
Write the left hand side of (9) as two parts:

1 1
I+1I:=E, [bg”sDOf(Xt) it <T>\} + E, [IOgHsDof(Xn) 2Ty gt} .
Using the monotone convergence theorem, then
I — rmy(r, D) (12)
as A — o0o. Moreover, by the definition of T}, it is trivial to see that
IT = \P, ( sup 1og; > )\) — Ny(t, D) (13)
o<s<t  llspo f(Xs)l

as A — 0o. Combining (11)-(13), we have the desired result. O
3. Second Main Theorem and Defect Relation.

3.1. Logarithmic Derivative Lemma. Let (M, g) be a complete and stochas-
tically complete Kahler manifold of complex dimension m, with the Kéhler form «
and the gradient operator Vj; associated to g. Let X; be the Brownian motion in M
with generator %A M, started at a fixed point o € M, with transition density function

p(t,o0,z).

LEMMA 3.1 (Calculus Lemma). Let k be a non-negative function on M so that
Eo[k(Xy)] < oo and Eo[fot k(Xs)ds] < oo for 0 <t < co. Then for any § > 0, there
exists a set Es C [0,00) of finite Lebesgue measure such that

+ 1+6
E, [k(X,)] < <]E[/ k(Xs)dsD
0
holds for all t > 0 outside Es.

Proof. Set y(t) := Eo[fot k(Xs)ds] and Es := {t € (0,00) : v/ (t) > y'T9(t)}, then
v'(t) = Eo [k(X;)]. The claim holds for k = 0. If k # 0, then we suppose that (1) # 0
without loss of generality. Note that

/ dt < 1+/Oo7/(t)dt< 1467 1979(1) < .
Es e A (O N

This completes the proof. O
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Let ¢ be a meromorphic function on M. Define

) ”VW')_E [1 o 1900
m(“ ] o [log” g (Kol

where

m 8¢ aw
2=9
IVl gz:l 9z 0z,

in which (gﬁ ) is the inverse of (g;;). Regarding ¢ as a meromorphic mapping into
P(C). The characteristic function of 1 with respect to the Fubini-Study form wgg
on P(C) is defined by

Ty (t,wrs) [/ Barlog (1-+9(X)2)ds].

Adopting the spherical distance |[|-,-|| on P!(C). The proximity function of 1 with
respect to a € P1(C) is defined by

o0) = B, [log g .

Again, set

N, = lim AP 1 :
ot = Jim A2, s 1og s > )

0<s<t
Using the similar arguments as in the proof of Theorem 2.5, we obtain
Ty(t,wps) = my(t,a) + Ny(t,a) + O(1).

Define a singular metric

1 V=
= 5 d( Ad¢
[CI2(1 + log® ¢]) 4m*
on P1(C). A direct computation gives that
* m—1 2
/ o =1, 4m7r¢ e /\7:[ = HVM¢||2 . (14)
P1(C) a [W[2(1 + log™ [¥])
Set
5 1 t w*(I) A am—l
Ty(t,®) = -E, epra(Xs)ds|, epa(x) =2m———-—.
2 0 a™
According to (14), we obtain
~ 1 ¢ 2
Ty(t,®) = —E, {/ QHVW”Q (Xs)ds| . (15)
dr Lo [92(1 +log” [¢])



NEVANLINNA-TYPE THEORY BASED ON HEAT DIFFUSION 85

_ LEMMA 3.2. Let ¥ be a nonconstant meromorphic function on M such that
Ty(t,wps) < 0o as 0 <t < oco. Then for any & > 0, there exists a set Es C [0,00) of
finite Lebesgue measure such that

Eo |:10g+ HvaHj
[9[2(1 + log” [¢)]

holds for all t > 0 outside Es.

)(Xt):| < (14 6)log™ Ty (t,wrs) + O(1)

Proof. By Jensen inequality

E, [log* — VoVl t]<EOP 14 Vel t]
[Og TR g ) < e o (1 i oy )

i IV 2002 }
< log™ o mel 107 o) Y T OW

Invoking Lemma 3.1 and (7) and (15), we get

Y |: 2HvaH2 (Xt):|
[9[2(1 +log™ [¢])

¢ 2
+ IV 2| }
<(1+9)log"E, {/O GE(L+ o2 o) (Xs)ds

t
<(1+49) 10g+/ ds/ p(s,0,2)*® A ™ +0O(1)
0 M

log" E

< (1+6)log™ Ny (t,¢)®(¢) + O(1)
PL(C)

< (14 6)log™ Ty (t,wrs) + O(1).

Proof of Theorem 1.2. On the one hand,

. |V1v11/1||)

(1
Tt (Ve o))
=55 [ (G g X001+ 108" 30

[ IV ar)]? X}
B o+ logZ o) )

IN
|
&

S

n %Eo [log™ (1 +log® [1(X1)])]

1T | Vare||? }
~E, |log™ ;
2" |18 R+ 1og o) )

+E, |log (1 +log™ [¢(X4)| + log™

IN

Eeall

In which, Lemma 3.2 gives that

IV )|
[Y[2(1 + log? [¢|

E, [log+ )(Xt)] < (14 8)log™t Ty (t,wrs) + O(1).
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Moreover, by Jensen inequality

E, [log (1 +log™ [1(X¢)| + log* |¢(;(t)l)]

< log™ (ify(t, 00) + 17y (1,0)) + O(1)
<log" Ty(t,wrs) + O(1).
Combining the above, we prove the theorem. O

3.2. Second Main Theorem. Let (M, g) be a complete and stochastically com-
plete Kéhler manifold of complex dimension m, whose Kéahler form is written as

V-1

a=— Zgﬁdzi NdzZ;.
0.
Then
N V-1
a™ = m!det(g;;) /\ ——dz; N dz;.
™
j=1

Define the Ricci form Zys of M by

\/jl m -

i,j=1

Xy = —dd°logdet(gsp) =

where

2

RZ; - 7821‘82]‘

log det(gsi)-

A well-known theorem by S. S. Chern asserts that %), is a real and closed smooth
(1,1)-form, which represents the first Chern class of M in de Rham cohomology group
H3g(M,R). Let sy be the scalar curvature of M, then

_ i
SM = E ijijv
i.j

where (g%) is the inverse of (g;;). A direct computation yields that
1
Syp = _iAM log det(gsz)-

Let (L, h) be a positive Hermitian line bundle over a complex projective manifold
N with dim¢ N = n < m. It defines a volume form Q = A"¢y(L,h) on N. Write
D= 25:1 D; € |L| into a sum of irreducible components, which is of simple normal
crossing type, one can equip every Lp, (1 < j < q) with a Hermitian metric such
that the induced Hermitian metric on L = ®9_, Lp, is h. Taking s; € H°(N, Lp,)
satisfying (s;) = D; and ||s;|| < 1. On N, one can define a singular volume form
Q

P=— (16)
falssl?
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Set
ffona™ ™ =¢cam.
Recall that

1
Ty =inf<t>0: sup logc—— > \ 3.
g { 02ser & Tsp o FOX)] }

Introduce

O Aam

Ny p(t,0) = Jim E, [log o (Xn) I < t} :

Let J; denote the set of points in M such that f is differentiably degenerate, i.e.,
the rank of Jacobian matrix of f is not full. Notice that T\ — 0 a.s. as A — oo and
the image of f approaches D infinitely a.s. as A — oo, thus one sees that ]\~ff/7D(t, 0)
measures the size of J N f~Y(D) counting multiplicities. Nf/}D(t, 0) may be divergent
unless certain curvature conditions are imposed.

LEMMA 3.3. If N¢(t, D) + Eo[long £(Xy)] < o0 for 0 <t < oo, then
- - 1
< Ny(t,D) — Ny p(t,0) + 51E0[1og§(xt)] +0(1).

Proof. Since
Anrlog|[sp o f(Xi)I> = Aarlogh o f(Xy)

as 0 <t < T), then it yields from Dynkin formula that

1
§Eo [log g(Xt/\TA )] (17)
1 tAT
:ZEO / Aplogé(Xs)ds| +0(1)
0
tAT c m—n
:i]Eo / 4 BN |+ 01)
0 am™

=Tyt NTr, L) + Tr(t AT, Kn) + T(t ATy, Znr) + O(1).
On the other hand,

]Eo[logf(Xt/\TA)] = Eo[logf(Xt) < TA} +Eo[log§(XTA) Ty < t]
<Eo[log" &(Xy) i t < Th] + Eo[log&(Xp,) : Th < t],

where

Eo[l()g S(XTx) : T)\ < t]

*0) m—n
—E, {log frQna™

am

f*Q /\ aTIl—'I’L
am

1
v :T,\gt} VE, [1og
lsp o f(X7,)|?

1
<2X\P, [ sup log—m——— > /\) + E, [10
<0§sgt & 1sp o F(X)] &

(X7,) : T < t]

(Xr,) : Tn gt].
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Thus,
1
§Eo[10g§(Xt/\T,\)]
1 1
<AP, [ sup log—————— > A) + =E,[log" ¢(X,): t < T
(ogf; B o o 7 ) B[ log” €(Xe) 1t <]
1 QA ™
+§IEO [h)g ————(Xp,): Th < t} )

Since |[sp|| < 1 and Ty — o0 a.s. as A — o0, it follows from the monotone convergence
theorem that

3 1 1 + .
lim |:AIPO ( sup IOg m > )\) + EEO[IOg f(Xt) < T)\]

A—00 0<s<t
N 1
= Ny(t,D) + §Eo[log+ £(Xy)]

and

*Q /\ m—n
lim E, [1og AN Vit < t} = —Np . p(t,0).
— 00

Therefore,
Jim %Eo [log §(Xinr,)] < Ny(t, D) = Ny p(t,0) + %Eo[long £(X0)]. (18)
Combining (17) and (18) with conditions, we get
lim {Tf(t ATx, L) + Ty (t ATy, Kn) + T(t A TX,L@M)} (19)

< Ny(t,D) — Ny p(t,0) + %Eo [log* €(X,)] +0(1) < %0

Apply Lebesgue’s control convergence theorem to (19), we have the desired result. O

Proof of Theorem 1.3. Following Ru-Wong’s arguments (see [21], pp. 231-233;
see also [20]), there exist a finite open covering {Ux} of N and rational functions
Wiy, -+ Wi, o0 N for every A such that wyi,- -, wy, are holomorphic on Uy and

dwxy A+ ANdwyn(y) # 0, Yy e Uy;

UyxND= {w>\1-~-w>\hA ZO}, ah)\ <n.

In addition, we can require Lp, |y, = Ux x C for A, j. On Uy, we have

b = |w)\1|2 lw}\hA ‘2 /\ dek A dwyg,

where @ is given by (16) and ey is a smooth positive function. Let {¢x} be a partition
of unity subordinate to {Uy}, then ¢yey is bounded on N. Set

e
D, = 2¢)\ A /\ d’LU)\k A dw .
w1 ]? -+ - [wan, [?
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Put far = wyg o f, then on f~1(Uy) we obtain

wr Oaof-exof
f(I)/\_|f,\1|2'-'|f,\hA|2/\ dekAdek

Set
[rexna™™ =&,
then we have £ =), &x. Again, set
frei(L,h) Aa™ ! = pa™.

Then

1
= —— € fx*,,.
© om 1

89

(20)

(21)

(22)

For each A and any z € f~1(Uy), take a local holomorphic coordinate system z around
x. Since ¢y o f - ey o f is bounded, it is not very hard to see from (20) and (21) that

&y is bounded from above by Py, where P is a polynomial in

ij Ok 50 fk af)\k
:Q; g 821

/\fAk|2 1<i,j<m, 1<k<n.
It yields that

log™ &, <O(10g Q—kz:log+ Iv Mf)‘kH) +0(1).

| fael
Thus,
log™ € < O(log+ o+ zzlog+ M) +0(1).
- Y | Fxkl
By this with Theorem 1.2
i]Eo[lOgg(Xt)}
+ IVar el } +
< O(kz;]E [log o (X1) ) + O(EO [log™ o(X})] ) +0(1)
<0 Zm <t, Wf”“”) + O(log+ E, [g(Xt)}) +0(1)
-\ | fael
< o(z log T, (t, wp5)> n O(log+ E, [0(X})] ) +0(1)

)
< O(log™ Ty(t,L)) + O<10g+ E, [o(X4)] ) +O(1).

Moreover, Lemma 3.1 and (22) imply that

log" B4 [o(X0)] < (1 +9)log &, | [ t o(0X.)as|

(1+6), o+ /t
=—71 E, ‘e X
om 0g ) er 1(L7h)( )ds

(149)

< log" Ty(t, L) + O(1).
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Combining the above with Lemma 3.3, we prove the theorem. O

3.3. Defect Relation. Let L1, Ly be holomorphic line bundles over a complex
projective manifold N. Define
C1 (Lg)

MZSM){CLGR:Lg >ali}, Ll(Ll)] =inf{a €R: Ly <aL}.

It is clear that

{cl(LQ)} < lim infw < lim sup jjf(t’lq) < cu(Lz)
Cl(Ll)

T ot=oo Ty(t,Ly) T r—oo Ty(t,Ly) [Cl(Ll)}

(23)

Let M be a complete and stochastically complete Kahler manifold with dim¢ M >
dim¢ N, and let (L, h) be a positive Hermitian line bundle over N. For f: M — N,
a differentiably non-degenerate holomorphic mapping such that Tf(t,L) — 00 as
t — oo, we define the defect of f with respect to D by

64(D) =1 — limsup Ny (6, D)
t—o0 Tf(t,L)

THEOREM 3.4 (Defect relation). Assume the same conditions as in Theorem 1.3
and T¢(t,L) — 0o as t — oo. Then

s [F5]- [2r]

Proof. Tt follows from Theorem 1.3 that

_ Nf(tvD) < Tf(t’K;f) _ T<t7‘%7M)
Te(t,L) — Ty(t,L) Ty(t, L)

Let t — oo, then we have the theorem proved. O

COROLLARY 3.5. Assume the same conditions as in Theorem 3.4. If Ricy; > 0,
then

Proof. Since Ricy; > 0, then

[f*iﬂfm] =0

This proves the corollary. O

COROLLARY 3.6. Let D; € |L| for 1 < j < q such that 25:1 D; is of simple
normal crossing type. Assume the same conditions as in Theorem 3.4. If sy > 0,
then

W

;Sf(Dj)S o) ]

Q| =
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COROLLARY 3.7. Let Dy,---, Dy be hypersurfaces in P™(C) of degree dy,--- ,d,
such that 25:1 D;j is of simple normal crossing type. Let f : M — P™(C) be a

differentiably non-degenerate holomorphic mapping such that Tf (t,wps) < o0 for 0 <
t <oo. If spr >0 and

E, Uot sM(Xs)ds] < o0

for 0 <t < oo, then
q ~
> disp(D;) <m+ 1.
j=1

Proof. Since sy, > 0 implies that Z); > 0, then it follows Ry; > 0. Thus, it yields
from Lemma 2.2 that Ty(¢, L) — oo as t — oo. Furthermore,

t
0 S T(t,%M) = _%Eo |:/ AM logdet(gw)(Xs)ds]
0

= %Eo [/0 sM(Xs)ds] < 00
and
Cl(K];n((c)) =(n+ 1)[&)}75], Cl(LDj) = dj[(.qu}.

Hence, we have the corollary proved. O

COROLLARY 3.8. Let ay,--- ,aq be distinct points in a compact Riemann surface
S of genus g. Let f : M — S be a differentiably non-degenerate holomorphic mapping
such that Ty(t, Lq,) < 00 for 0 <t < oo. If spr > 0 and

E, [/Ot sM(Xs)ds] < 0

for 0 <t < oo, then
q ~
> o(ay) <2-2g.
j=1

If M is parabolic, namely, X; is recurrent, then we obtain

THEOREM 3.9. Let L be a positive line bundle over a complex projective manifold
N. Let D € |L]| be of simple normal crossing type. Let f: M — N be a differentiably
non-degenerate holomorphic mapping. If

/ sy (z)dV(z) < oo, (24)
M
then

(a) Let Ry (z) > —er?(x) — ¢ for a constant ¢ > 0, where Ry is defined by (2).
If [ has finite energy, i.e.,

E(f) = /M ey (L,h)(T)dV (x) < o0,
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then

5:(D) < [Clcig)] Ly SIV][E((xf))dV(x).

(b) Let Rpy(x) > —k(r(z)) for a nondecreasing function k > 0 such that
k(r)/r? — 0 as r — oo. If (1) is satisfied and f has infinite energy, then

o< [y |

Proof. From Lemma 2.2, we note that Tf(t, L) — oo as t — oco. Ricci curvature
assumption implies that M is stochastically complete, and parabolicity assumption
implies that ratio ergodic theorem holds (see [19]). Using ratio ergodic theorem, we
get

T(t,%M) _ EO [fot SM(XG)dS] - fM SM(QS)dV(JU)
Tf(t’ L) E, [fot €f*ei(L,h) (Xs)ds} fM €frer(L,h) CE)dV(I)
_ S su(@)dv (@)
E(f)

as t — oo. Thus, T(t, L) < oo for t < oo and

[ ]<Jys&@mvw>
Fa@l = B0

By Theorem 3.4, (a) follows. For (b), we first note that T} (¢, L) makes sense since
Lemma 2.1. By ratio ergodic theorem, we see that (b) holds provided with E(f) =
co. O

If M is non-parabolic, namely, X; is transient, then we obtain

THEOREM 3.10. Assume that (24) holds and Ryr(x) > —k(r(z)) for a nonde-
creasing function k > 0 satisfying k(r)/r> — 0 as r — oo. Let L be a positive line
bundle over a complex projective manifold N and D € |L| be of simple normal cross-
ing type. Let f : M — N be a differentiably non-degenerate holomorphic mapping
satisfying (1) and T¢(t, L) — 0o as t — co. Then

o< (5]

Proof. If Zp; > 0, the assertion follows from Theorem 3.4. If Z); < 0, then

T(t, Znr)| = %Eo Uooo sM(Xt)dt] .

The non-parabolicity of M implies that (see [5], Theorem 22)

E, [/Om RM(Xt)dt} < o0,
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By sy > mRy, we see that

\T(t, %ar)| = %EO UOOO sA_/I(Xt)dt] < %]Eo UOOO R;,(Xt)dt} < .

Hence, T(t, %) is bounded. The theorem follows from Theorem 3.4. O

Proof of Theorem 1.4. Ricy; > 0 implies that Tf(t,L) — o0 as t — oo since

Lemma 2.2, and the energy assumption means that Tf(t,L) < oo for t < oo since
Lemma 2.1. By Zy; > 0, the theorem follows from Theorem 3.4. O

3.4. The case when M is an algebraic manifold. In Section 4, we obtain
an analogue of Nevanlinna theory on a wide class of Kéahler manifolds. Sometimes,
we are more concerned with domain M which is an algebraic manifold. Consider the
algebraic manifold M := X \ S, where X is a complex projective manifold and S is
a hypersurface of simple normal crossing type in X. Note that M is stochastically
complete. Let S = 25:1 S; be a decomposition into irreducible components. Taking
o€ H'(M,Lg) and 0; € H°(M, Lg,) satisfying 0 = 01 ® --- ® 0, and (o) = Sj.

Assume that (Lp,7) > 0, ie., the Chern form ¢;(Lp,7) > 0. We consider
situation for the following three typical complete Kéhler metrics o on M (see [4], pp.
1023), where the Second Main Theorem (Theorem 1.3) still holds.

(I) Projective type: a = dd°log ||| ~2. Under this metric, M is parabolic, namely,
the Brownian motion is recurrent. However, M is not stochastically complete. Hence,
we cannot ensure the desired property: N¢(t, D) = 0 if f omits D.

(IT) Euclidean type: o = dd®||c|~2. Under this metric, the Ricci curvature of M
is bounded and therefore N ¢(t,D) = 0 if f omits D. Moreover, M is non-parabolic
for dimg¢ > 2, i.e., the Brownian motion is transient (see [13]).

(ITT) Poincaré type: a = CddClog |o||=2 — > =1 dd° log(log loj]1?)?. The metric
was introduced by Cornalba-Griffiths [9]. In this case, we can consider a defect relation
by choosing a suitable metric 7 and a constant C.

LEMMA 3.11. Assume that L > 0. Then there exist a constant C > 0 and a
Hermitian metric 7 on L such that « satisfies the following properties:

(a) a is complete;

(b) M has finite volume with respect to «;

(¢) Ricps is bounded. More precisely, —2a < Zp < 0.

_ In the above lemma, (b) implies the parabolicity of M; (a) and (c) ensures that
N¢(t,D) = 0if f omits D.

THEOREM 3.12. Let f: M — N be a differentiably non-degenerate holomorphic
mapping into a complex projective manifold N with dime N < dim¢ M, where M =
X\ S is equipped with a complete Kdhler metric a satisfying the properties of Lemma
3.11. Let L be a positive line bundle over N. If f satisfies (1), then

= [ - E

where m = dim¢ M.
Proof. By Lemma 3.11, —2a < %)y < 0. It is therefore

RN am1 200 A a™ !
m <2m

= 4m.

Sy =-—2

™ ™
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According to Theorem 3.9, we have the theorem proved. O

COROLLARY 3.13. Assume the same condition as in Theorem 3.12. If

then

mo__
/ef*q(L,h)Oé =%,
M
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