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ON THE STABILITY OF LINEAR FEEDBACK PARTICLE FILTER*

XIUQIONG CHENT AND STEPHEN S.-T. YAU?

Abstract. In this paper, we study the stability of feedback particle filter (FPF) for linear
filtering systems with Gaussian noises. We first provide some local contraction estimates of the
exact linear FPF, whose conditional distribution is exactly the posterior distribution of the state as
long as their initial values are equal. Then we study the convergence of the linear FPF formed by
N particles, and prove that the mean squared errors between the actual moments (mg, P¢) and their

approximations (mgN)7 Pt<N>) by FPF are of order O(1/N) and decay exponentially fast as time ¢

goes to infinity.
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1. Introduction. The feedback particle filter (FPF) proposed by Yang et al. in
2013 [21], whose feedback control law is obtained by minimizing the Kullback-Leibler
divergence between the actual posterior and the common posterior of any particle, is
motivated by the mean-filed game theory. In the mean-field limit (N = oco), where
N is the number of particles, the FPF is exact, i.e., the distribution of the particle
and the posterior distribution of the state at any time are equal provided that they
are equal at ¢ = 0. For linear system, the optimal control law of the exact FPF is
determined by the conditional mean and covariance of the state. In real computations,
the linear FPF, with approximations of the control law in the evolution equation, is
formed by N particles .

It is well known that, for linear system with Gaussian noises, Kalman and Bucy
proposed the famous Kalman-Bucy filter (KBF) [11] , which provides the optimal
solution. There are many works investigating the stability of KBF such as [2, 6], and
the work [4] provides an excellent survey on this problem.

In KBF, we need to solve a differential Riccati equation, which is the computa-
tional bottleneck in simulations for high dimensional problems. Therefore, the filters
combined with Monte Carlo techniques, such as FPF, are still very promising even for
linear filtering problems, if they can avoid solving the differential Riccati equation.
Another filter using Monte Carlo idea is the ensemble Kalman filter (EnKF). The
EnKF was introduced by Evensen in 1994 [9], and it is often used to solve the high
dimensional forecasting and data assimilation problems, which arised in atmosphere
sciences [1], whether forecasting [3] and so on. The theoretical analysis of EnKF is
very active and we refer the interested readers to the paper [8] and the references
therein. Compared with EnKF, the simulation variance of FPF is less. And the
comparison of EnKF and FPF can be found in [17].

In this paper, we focus on the FPF for linear filtering problems with Gaussian
noises, and we just call it linear FPF. There are two kinds of linear FPF considered
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in this work. The first one is the exact linear FPF X; defined in (3.7), where the
control law is optimal without any approximation. Obviously, X, is the conditional
Mckean-Vlasov diffusion process, whose solution cannot be easily obtained since the
conditional mean and covariance of the state in the evolution equation (3.7) cannot be
obtained. Therefore, we use Monte Carlo method and replace the conditional mean
and covariance by their empirical approximations formed by N particles {X}}Y |, and
this is the second kind of linear FPF defined in (3.8). In this work, we shall analyze
the stability of linear FPF. Actually, there have been some works on this problem. We
have provided the convergence of FPF for nonlinear filtering systems with continuous
state and discrete observations in [7]. However, we have not discussed the relationship
between the estimation error and time ¢. Besides, the stability of FPF w.r.t. the initial
conditions has also not been investigated. Taghvaei and Mehta analyzed the errors of
deterministic and stochastic linear FPF in [19] and [20]. Kang et al. gave the error
analysis of linear FPF for linear filtering systems with correlated noises [12]. However,
they all assumed that the dimension of the state is 1 in [12, 19, 20], while we consider
the any dimensional state in this paper.
The contributions of this paper are listed as follows:

e For KBF, we give a local contraction estimate of the conditional mean m;.
We prove that, for m; and mj, which start from two possible initial values
(mo, Py) and (mf, PF) and satisfy the KBF, the LP-error between them will
decay exponentially fast to 0 w.r.t. the initial error. Besides, the decay rate
is determined by the logarithmic norm of A — P, S, where P, is the solution
of algebraic Riccati equation (4.5), and this result is summarized in Theorem
4.4.

e For exact linear FPF (3.7), which is a conditional Mckean-Vlasov diffusion
process, we estimate the p-th Wasserstein distance between the distributions
of X; and Y:, which starts from two initial values. Similarly, we prove that
the error will decay exponentially fast to 0 w.r.t. the initial error and the
decay rate is determined by the logarithmic norm of A — P,,S/2. This result
is listed in Theorem 4.6.

e For linear FPF (3.8) formed by N particles, where the actual conditional

X . N
mean m; and covariance P; are approximated by sample mean mg ) and

. N
covariance Pt( )

(miN), Pt(N)). More explicitly, we prove that the errors are of order O(1/N)
and decay exponentially fast as time t goes to infinity. This result can be
found in Theorem 4.9.

The organization of this paper is as follows. In section 2, we shall introduce some
preliminary results to be used in the subsequent sections. In section 3, the KBF and
FPF for linear Gaussian filtering systems will be introduced. Section 4, which is also
the main section, is devoted to present the stability of FPF. In this section, we shall
firstly give some contraction estimates of the exact linear FPF and then analyze the
convergence of the linear FPF formed by N particles. In the final section, we will
present a brief summary of this article and propose an avenue of future works.

, we analyze the mean squared errors between (my, P;) and

2. Preliminary. In this section, we shall present some preliminary knowledges,
including notations and some results which will used in the subsequent contents.

2.1. Notations. S, represents the set of all n x n real symmetric matrices.
S;" is the subset of S, where the matrices are positive definite. For two matrix
A, B € S, we write A > B if A — B is a positive definite matrix, and A > B
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if A — B is positive semidefinite. For a (n x n)-matrix A, let Spec(A) be the set
of all eigenvalues, and Apin(A) and Apax(A) denote the minimal and the maximal
eigenvalue of A, respectively.

Let ||-|| represent the Euclidean norm of the vectors on R™. The spectral norm
(or 2-norm) of A is the largest singular value of A, i.e., ||4] := \/Amax(ATA). The
Frobenius matrix norm of a given (nq x ng)-matrix A is defined by

|A||3 = Tr (ATA)  with the trace operator Tr(-).

More properties of trace can be found in Appendix B.1, which will be frequently used
in the following sections. For any (n x n)-matrix A, these exist the following norm
equivalence formulae:

IAI® = Anax (AT A) < Tr (ATA) = AR < n [l A]"
We define the logarithmic norm p(A) of a (n x n)-square matrix A by

w(A) :=inf {a Ve e RV 2T Az < « ||x||2}

= Amax ((A+ A7) /2)
= inf{a:V 1 >0,|lexp (At)|| < exp(at)}.

Besides, using definition, we also have
1A+ B) < pu(A) + u(B). (2.1)
It can be proved that [15]
w(A) = ¢(A) ;= max{Re()\) : A € Spec(A)}, (2.2)

where Re(\) stands for the real part of the eigenvalues A. The parameter ¢(A) is often
called the spectral abscissa of A. We use N(m, P) to denote the Gaussian distribution
with mean m and covariance P.

For p > 1, the p-th Wasserstein distance between two probability measure v and
vy on R™ is defined as follows:

W (1, v2) = inf {EV? (|21 — 2]},

where the infimum is taken over all joint distributions of the random variables Z; and
Z5 with marginals 1y and vs, respectively.

The state transition matrix associated with a smooth flow of (r x r)-matrix A :
u+— A, is denoted by

£, 4(A) = exp { f t Audu}

d
<~ ﬁé's,t(A) = At857t(A) and 658”(14) = —837,3(14)145
for any s < ¢, with €5, = I, the identity matrix. When s = 0, we write ¢(A) :=
€0,1(A). Some semigroup estimates of the state transition matrices associated with a
sum of drift-type matrices can be found in the following lemma.
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LEMMA 2.1 (Perturbation lemma, [8]). Let A :uw— A, and B : u+— B, be some
smooth flows of (n X n)-matrices. For any s < t, we have

t t
|Eus(A + B)| < exp ( [ nadus [ ||Bu||du) |

In addition, we have

t
|Eaa(A + B)| < apexp [—m —9)+an [ 1B du}
as soon as
VO<s<t |Ess(A)| <aasexp(—PLalt—ys)),

where a4 and B4 are some constants depending on A.

For time homogeneous matrices A, = A, we have &, (A) = elt=9)4 — ¢, (A),
and it is known that [8], when ¢(A) < 0, for any ¢ € (0,1] and any ¢ > 0, we have

W <& (A)] < r(e)el A, (2:3)

with some constants k(g) only depending on the parameter ¢.

The quadratic variation (M) of a n-column vector continuous martingale M is
the (n x n) matrix (M) such that MM T — (M) is a martingale. Given a real-valued
continuous martingale M; with My = 0, for any p > 1 and any time horizon ¢ > 0,
we have the following Burkholder-Davis-Gundy inequality [13]:

1/p

]E( sup |Ms|p>1/p < 2v2VE ((an)?) (2.4)

0<s<t

2.2. A technical theorem. The following theorem is used to control the mo-
ments of Riccati-type stochastic differential equations uniformly w.r.t. the time hori-
zon, and is frequently used in the proofs of the subsequent sections.

THEOREM 2.2 (Lemma 7.1 in [8]). Let a; be some stochastic processes adapted
to some filtration F; and taking values in some measurable state space (E,E). Let ¢
be some nonnegative measurable function on (E,E) such that

di (ar) = Lyt (ar) dt + dMy(¢)

with a Fy-martingale My (¢) and some Fi-adapted process L) (ay).
I: Assume that

Lo (ar) < 293 (ar) + o) (ar) — B (ar)? + 7,
D)) <6 (@) (70 + 720 (a0) + 720 ()

for some parameters a« < 0 and v, 8,7, 70, 71,720 > 0. In this situation, we
have the uniform moment estimate

supE [ (a;)"] < 00, V1 < p <1+ 2min(8/72,|al/m)
>0

with the convention $/0 = oo = |«&|/0 when 172 =0 or when 1 = 0.
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II: Assume that
L (ar) < 27 (ar) VO (ae) + 200 (ag) + B (ar)

%mw)n < ¢ (ar) i (ar)

for some oo < 0 and some nonnegative functions (¢, B, V) S.t.
br4(p) = Elr (a)"]7 < 00,04.(p) := E[5 (ar)"]? < 0 and
1.4(p) = E i (@)"] < o0
for any p > 1. In this situation, we have the estimate
B[ (@)"]? < e [1 (a0)")?

e (52l + 6 0) + (0= 16,1 (0)2] s

REMARK 2.3. For case I in Theorem 2.2, according to the proof of Lemma 7.1 in
[8], we have the more explicit result:

Bl (@)} < gpa e {2 (a+ 50 o (B0 oy

S

2 - gp70) 5

where g, ; is a function satisfying

gpt > 0,Yt >0, and supg,; < oo.
>0

REMARK 2.4. From case II in Theorem 2.2, it can be concluded that, if

sup max{0-¢(p),0s,¢(p), 05,:(p)} < c(p) < o0,

for some constant ¢(p) depending on p, then we have

E [ (ar)")? < e™E [ (an)*)” +&(p) /0 =) ds

for some &(p) < co. It follows that

supE [¢ (a;)"] < o0, ¥V p > 1.
>0

3. Filtering algorithms. The time homogeneous linear-Gaussian filtering
model considered here is of the following form:

{dXt = AX,dt + R\?dB,, 51)

dZ, = HX,dt + RY*dw,,

where X, is the n-dimensional state, Z; is the m-dimensional observation, B; and W,
are independent standard Brownian motions which are also independent of the initial
state Xo, R}/Q and Ré/Q are invertible symmetric matrices, and Yy = 0. Define the
o-algebra formed by the observations till to time t as % := o{Z; : 0 < s < t}.
Then the optimal estimate of X; based on .%; in minimum mean squared error sense

is E [X|-#], i.e., the conditional expectation of the state X; based on .%#; [10].
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3.1. Kalman-Bucy filter. It is well known that, if the initial state X is Gaus-
sian, i.e., Xo ~ N(mg, Py), then the conditional distribution of the state X; condi-
tioned on .%; is a Gaussian distribution with the mean m; and covariance P, defined
as follows:

My = [Xt|ﬁ‘t] 7Pt = Cov [Xﬂﬁt} 5 (32)

where the conditional covariance Cov [X;|.%;] = E [(Xt —my) (Xt — mt)T‘ ﬂt] In

addition, the evolution equations of m; and P; are given in the Kalman-Bucy filter [10]:

dmy =Amudt + P,H" Ry " (dZ; — Hmydt) (3.3)
dPp, ,
d—tt = Rice(P), (3.4)

where Rice(+) : S;F — S, is the Riccati drift function defined for any @Q € S} by
Rice(Q) := AQ + QA" —QSQ + R, (3.5)
with
S:=H R;'H. (3.6)

3.2. Feedback particle filter. Although the KBF is optimal for linear Gaus-
sian problem (3.8), FPF may provide a computationally efficient option for filtering
problems with very large state dimension n, since we need to solve differential Riccati
equation (3.4) in KBF.

The evolution equation of the exact linear FPF is as follows:

o o X, +m
dX, =AX,dt + RV/*dB, + P,H Ry (dZt - Ht;mtdt) : (3.7)

where B, is an independent copy of By,
my = E [Yt| ,g.t] s and ﬁt := Cov [Yt‘ yt] .

Apparently, X, is a conditional Mckean-Vlasov diffusion process.
For diffusion process (3.7), the following lemma tells us it is exact.

LEMMA 3.1 ([18]). Consider KF' (3.3)-(3.4) and Mckean-Vlasov diffusion process
(3.7). If mg = mg, Py = Py, then we have
mt:mh and?t:Pt

for ¥ t > 0. Furthermore, if p(Xo) = p(Xo), then we have

P(YtLgt) = p(XtLth)'

In simulations, 77; and P; are approximated by the sample mean and covariance
formed by N particles { X/} ;, whose evolution equation is as follows:
Xi+m™

dX! =AXidt + R}*dBi + PV HT R;! (dZt ~H=

>, 1<i<N, (3.8)
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where the sample mean mgN) and sample covariance Pt(

N 1 i
m§ ):: NZXt7

i=1

pv 1 i( (N)) (Xz (N))T
t 1 ’

i=1

N) are computed according to

2

the initial particles are generated according to X &2 N(mo, Py), and {B{}¥ | are N
independent copies of B;. The evolution equations of mgN) and Pt( ) are listed in the
following lemma.

LeEMMA 3.2. The evolutions of mgN) and Pt(N) satisfy

am™ =am{Mat + 7y 2aBN + PO HTRS (42— Hmf™),

(3.10)
dP™) = Rice(P™)dt + dM, + dM,T
~ 1 . 1 . . .
where BgN) = sz\;l B} and dM; = meil R}/z (dB}) (91)" with 9} =
XZ — mgN).

The proof can be found in Appendix A.1.

4. Stability analysis. In this part, firstly, the Lipschitz property of the Mckean-
Vlasov diffusion process X; will be discussed and the contraction estimate of the
conditional mean m; is also provided. Then, we shall investigate the convergence of
the FPF formed by N particles.

We first need to make two assumptions w.r.t. the linear system (3.1).

ASSUMPTION 1. A in system (3.1) satisfies

p(A) < 0. (4.1)

From (2.2), it is known that, under this assumption, A is Hurwitz. In other words,
Assumption 1 makes sure that the linear system (3.1) is stable.

ASSUMPTION 2. S defined in (3.6) is a scalar matriz, i.e.,
S = p(S)I, for some p(S) >0, (4.2)

where I € R™*" is the identity matric.

We shall discuss this assumption w.r.t. the observation after we use it in the
subsequent contents.

Since all our results are based on the contraction estimates of Riccati semigroups
and related fundamental matrices, we need to introduce the stability of KBF first.

4.1. Stability of Kalman-Bucy filter. We first need to make the standard
assumption w.r.t. the linear system (3.1).
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ASSUMPTION 3. We assume that for linear Gaussian system (3.1), (A7 Ri/2> 1S

a controllable pair and (A, H) is observable, that is the matrices

H

HA
[R}/Q, A (R}/“') v ARV and , (4.3)

HA”71
have rank n.

Under Assumption 3, there exist some parameters v, w4 > 0 such that
v T
w_I< / e Ried Sds < wyl and
0
v T
w_l S/ e~ sGe=4%ds < wl.
0

The parameter v is the so-called interval of observability-controllability. Then we
have the following famous result for P;.

THEOREM 4.1 (Bucy [5]). Under Assumption 3, for any t > s > v, we have the
uniform estimates

sup
Poesy

exp Vt (A— P,S) du}

’ < ayexp {—Bu(t — 5)}

for some parameters o, < oo and B, > 0. In addition, for any t > 0 we have
1P = PYI| < oy (Poy By) exp {—28,t} | P — Py | (1.4)

for some constant «, (Po, Py) whose values only depend on (v, Py, P§).

Let P be the solution of the following algebraic Riccati equation:
Ricc(Ps) = APy 4 Py AT — PouSPy + Ry = 0. (4.5)

The existence and uniqueness of Py, € ST is ensured by Assumption 3 [14]. And this
unique fixed point is called the steady state error covariance matrix. According to
Bucy’s theorem, if Assumption 3 holds, then P; converges exponentially fast to Py,
as t 1 oco. In addition, the matrix difference A — P...S is asymptotically stable even
when the signal drift matrix A is unstable. Taking advantage of (4.4), we can easily
get

sup [P < [ Pooll + cw (Pos Poo) [[Po = Pos - (4.6)
t>

Combing Theorem 4.1 and Lemma 2.1, we have the following result.

COROLLARY 4.2 (Corollary 5.7, [8]). Under Assumption 3, for any ¢ € (0,1],
any Py € S, and any s <t we have the exponential semigroup estimates

exp [ ]f t (A—P,S) du}

\ < Fee (Poyv)exp((1— )C(A— PuS)(t—5))  (47)
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and

e | (A-R.S) ]

< Ry (Po,v) exp(i(A — P S)(t — 9)). (4.8)
In the above displayed formulae, the finite constants k,, (Po,v) and k. ¢ (Py,v) defined
by

log &y, (Po,v) = r(e) " log [Fe,c (Po,v) /K(e)]
= [Py — Pool| |S]lcwe, (Po, Poc) / (28B0)

with the parameters (k(€), o (Po, P) , Bv) presented in (2.3) and (4.4).

(4.9)

Let (P, PY) be a couple of solutions of the Riccati equation (3.4) starting at two
possibly different values (P, P}), and (m¢, m}) be a couple of solutions of the equation
(3.3) starting at two possibly different values (mg, m§). Besides, let (YhY:) be a
couple of linear FPF diffusions (3.7) starting from two random states (Yo, YS) with
covariances matrices (P, Py) and mean vectors (mg, mf). We denote by (m, 77) the
distributions of Yt,yz ) Here we choose the same observation process {Z;,t > 0}

and the same noise {By,t > 0}.

Since
d
7 (Pi=P) = (A= F8) (P~ F}) + (P~ ) (A~ P.5)"
;

t t
= (P, — P]) =exp (jl{ (A—P;S) du) (Ps — PY) [exp <?§ (A—P,S) du)] )
we have the following result using Corollary 4.2.

CoROLLARY 4.3 (Corollary 5.8, [8]). Under Assumption 3, for any ¢ € (0,1],
and any t > 0, we have the exponential semigroup estimates

[1P: = P ly <kec (Po,v) Fe ¢ (Fg,v) exp(2(1 — €)s(A — P S)t) [ Po — Fyll,
as well as
[1Pr = Pilly < Ry (Po,v) Ry (Fg, v) exp(2u(A — PooS)t) || Po — Fyll, (4.10)
with functions Q — K, (Q,v) and Rc(Q,v) defined in Corollary 4.2.

4.2. Contraction estimate. The first result is about a quantitative contraction
estimate for the conditional mean m; of the state X;.

THEOREM 4.4. We assume Assumption 8 holds, and also assume that p(A —
P, S) <0 where Py is the solution of algebraic Riccati equation (4.5), then we have
the following estimate:

E{lm: —=mi|"]” < exp (1 (A = PxS)t) [C1 lmo — mi|| + Co | Po = P3|} (411)

for ¥ p > 1, where the parameters Cy := i, (Po,v), and Cy := Ri (Py,v) Ry (P, v)

(=181 supes 1 = mf 1% /1 (A= Pou8) + 4/prlIST/ /=25 (A= PS)) . with
R, defined in (4.9).
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Before we give the proof, we need the following lemma, whose proof can be found

in Appendix A.2.

LEMMA 4.5. Under Assumption 3, and also assume that there exists a positive
semidefinite fized point Py of the algebraic Riccati equation (4.5). For any p > 1,

o if (A — PxS) <0, then

sup E [|| Xy — my|”] < o0,
t>0

o if (A — PxS/2) <0, then

supE [HXt —Ytnp} < Q.
t>0

Now we give the proof of Theorem 4.4.

Proof. Define
eri=my —my, € :=X;—mj
Qi:=P, — P}, a:=pu(A—PyS)
According to (3.3), we know
de; = (A — P.S) edt + Q,Se,dt + Q. H ' Ry /2 dw,
2 (A= P,S)eydt + QuSédt + dM,
with

d

(M)t = QuSQr.

Let Uy :=exp (fst (A-P,S) du). Then we know that

t t
e = Wo.re0 + / W, ,Q,Se,ds + / v, M, .
0 0

Now we shall analyze the three terms of RHS of (4.14) individually.
Step I: By (4.8), we have

1 1 1
E{[[%oe0"]? < [Wo| Eflleoll”]” < Cr1exp(at)E [[leo]”]” ,

with 011 = I_{I_L (P07U) .
Step II: Using (4.8) and (4.10), we have

t
< 021/ e =942054 | oIl < —Cn e[| Qo
0

E

t p % t
_ _ 1
/O‘I’s,thSesds ] </0 10 e Qa IS [fles]I7) ds

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

where we use generalized Minkowski inequality in the first inequality, and Cy; :=

1
i, (Po,v) Ry (B§,0) [|SIIsupgso [ Xe — mi[IP]7 .
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Step III: Define

t
Yt = / \I]s,ths'
0

(o]
k=1

n

n ) n ¢ 2p %
< E[ek)*]" =Y E (Z /O ws,t<k,l)dMs<Z>> 7
k =1

k=1 =1

Then we have

3

E[j)”]” =B

where a(k) denotes the k-th entry of vector a and A(k,l) denotes the (k,[)-th entry
of matrix A.

Using the Burkholder-Davis-Gundy inequality (2.4), we have

E (;/O \I/S,t(kJ)dMs(l))

P

n t
<16pE || > / Uy o (k, )Wy (k1) d (ML), M (1)),
11r=1"0

= 16p i /Ot oy (kD)W (k1) (QeSQy) (1,1) ds

1L,I'=1
t
= 16p/ (U50QsSQs V] ) (K, k)ds.
0

Therefore,

1
E[ln®]” < 16 |

t
2 2
< 16pn||S| / 1Qu|2 [0, | ds

t

t
Tr (V,,Q.5Q. 0] ,) ds < 16p / 1QuSQu|| 2.2 ds
0

t
< 16pn| S|, (Po, v) &, (ng'l))/o exp(a(ds + 2(t - 5)))ds | Qo* -

It follows that

1

E el < Car exp(at) | Qo

with Csy := 4+/pnl|S[|&?. (Po,v) &y (P§,v) /v —2a.

And we also have

E ([P < Ca1 exp(at) [ Qo (4.17)

1 1
since E [||’Yt||2pil} T <E [H’)’tHQp} . ,forVp>1.



106 X. Q. CHEN AND S. S.-T. YAU

Combining (4.15), (4.16) and (4.17), we obtain the desired result. O

The second result provides a estimate of the Wasserstein distance between m; and
. . . . ~ ~* .
7y, which are the distributions of X; and X, respectively.

THEOREM 4.6. When Assumption 1, 2 and 3 hold, for ¥V p > 1, we have the
following result:
W, (my, ) <exp [ (A — P S/2) 1]

4.18
(W (o, m8) + Ca mo — mi| + Cs [P — B2y, 1)

where

Cri=exp [ay (5, Poo) S]] [[Poo — 3 ll / (28,)]

G +=C (| Pacll + s (P, Po) 1P — Pocl) IS (Pov) /21 — o)), )

and

Cs =Ry (Po,v) Fu (P5,v) {C1lISII/ (—2p1) + Ch (||P<>o\| + ay (P5, Poo) | Fg — Pool|)
ISR (Po,v) (-HSH sup (1Xe = mi (P17 /pa + 44/pn||S]| /\/—2M1> 2(p2 — p))
+4\/pn|\S||Cl/\/72u2},

with the parameters (R, o, (Py, Pso),By) presented in (4.9) and (4.4), p =
U(A_POOS)7 and piz ::M(A_POOS/2)'

Since (Yt, YZ) are a couple of linear FPF diffusions (3.7) starting from two ran-
dom states (YO,YS) with covariances matrices (Py, P}) and mean vectors (mq, mg),

and (m, 77) are the distributions of (yt,fz>7 it is known that the difference of X,

and Y: are caused by the initial error between X, and YS which are measured by
three terms W, (mo, 7g), Ca |[mo — m|| and || Py — P§||. Theorem 4.6 tells us that the
error W, (m;, m7) between 7, and 7} decays exponentially fast w.r.t. time ¢ and the
decay rate is —pu (A — PxS/2).

Before we give the proof, we mneed to estimate the semigroup
exp [f; (A—P,S/2) du}, which is shown in the following Corollary, and the

proof is given in Appendix A.3.

COROLLARY 4.7. Under Assumption 3, for any € € (0,1], any Py € S}

-, and any
s <'t, we have the exponential semigroup estimates

’ exp [j{t (A—P,S/2) du} < C1 (e, Py,v) exp (1 — £)C (A — PouS/2) ( — 5))

(4.20)

and
exp {f (A—P,S/2) du] ‘ < Cy (e, Py, v) exp(p(A — P S/2)(t — 9)). (4.21)
where Cy (e, Py,v) =  k(e)exp[r(e)ay (Po, Pso) |S]| | Peo — Poll / (28,)], and

(Po, Poo) ||S]| 1P — Poll / (2By)], with the parameters

Cy (e, Py,v) = explay,
») presented in (2.3) and (4.4).

(k(g), ay (Po, Pxo) ,
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Now we can start the proof of Theorem 4.6.
Proof. Firstly, we define
e =X, —Y:,Qt =P, — Pf
€1t :=my —my,egy = X — X4, es = Xy —my,
p1 = p (A= PgS), p2 = p(A— Py 5/2).
Under Assumption 1, 2 and 3, we know that

p < p(A) + p(=p(S)Pos) < pu(A) <0,
p2 < p(A) 4+ p(=p(S)Px) /2 < p(A) <0,

and

pr = (A = PooS/2 = Poo5/2) < iz + 1 (=p(S) Pos) /2 < 2. (4.22)
By (3.7), we have

X
de, = Aeydt + Q,H ' Ry (HXtdt + RY2dw, — Ht;mtdt)
+P HTRyY (—H (e; +e14) /2) dt

1 1 _
= |:(A — 2Pt*S> €t + QtS (62’75 + 63’75) /2 - 2Pt*S€1A’t:| dt + QtHTRQ 1/2th.

Let @, , := exp [;,5: (A— PrS/2) du} M, := Q.H R, “/dW,, then we have

d

(M) = QuSQ,

and

1 t 1 t t
ey = (I)O,teO + 5/ q)sthSS (62’5 + 63’5) ds — 5/ q)s’tPS*SELSdS +/ q)s,ths
0 0 0

1 1
é11+§[2*513+f4. (423)
For I, using Corollary 4.7, we have

< CnietE [[leo|”]7 (4.24)

=

E[IL°]7 < [1@o.l Elleoll”]

with Cyy == expla, (P, Poo) 1S [ Poc — Pi 11/ (28,):
For I, Using generalized Minkowski inequality, we have

1 t 1 1
B[l < /0 15l Qs ISl (E[Hez,sllp]’” +1E[H63,s||p]’”> ds

t 4.25
<Ca [ e Qo] 3]s (4.25)
0

< Co1 [|Qoll[|S]le""/ (—p12) .

where the second inequality is due to Lemma 4.5, Corollary 4.3 and
Corollary 4.7, the third inequality comes from (4.22), and Coy =

1 1
Oy (Po,0) Ry (P 0) suppsg (Elllea”)” +E[fleas|]7).
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Similarly, for I3, we have
1 “ 1
TARE / 1@a ol [PF I ISIE [fler o]7)F ds

< Cs /Ot et (t=s)ems g (CszE [||61,o||p}% + Cs3 HQOH) (4.26)
< Cure! (CoaB [lerol”)” + Cha | Qoll ) / (2 = 1),
where we use (4.6), Corollary 4.7 and Theorem 4.4 in the second inequality,
Ca1 := O ([ Pocl| + v (F5, Poo) [ F5 = Pooll) [|S]], Cs2 := Fp (Fo, v)

and
1
Cay = 72 (Poy ) iy (P 0) (—Sn sup {1 = ")/ + 4\/pn||5||/\/—2u1) .
For I,, arguing as in the step III of the proof of Theorem 4.4, we can obtain that

E[[[L]"]" < Care" [|Qoll, (4.27)

where Cyy := 4y/pn||S||C11E, (Po,v) ky (Pg,v) /v/—2p2.
Putting (4.24)-(4.27) into (4.23), we arrive at the desired result. O

REMARK 4.8. From the proof, it can be seen that, in Theorem 4.6, Assumption 1
and 2 can be replaced by the weaker conditions p (A — PxS/2) < 0, (A — PxS) <0
and p (A — PxoS) < (A — PS/2).

4.3. Convergence of FPF (3.8). In this part, we shall analyze the convergences

of empirical mean and covariance in FPF (3.8), which are shown in the following
theorem.

THEOREM 4.9. If Assumption 1-3 hold, then for any o1 with

o1 € <4M(A) ~ 25(5) fnf A (P2, o) , (4.28)

there exists positive integer Ny, such that for¥ N > No, V t > 0, we have that

2 c
E [HWEN) - th ] Sﬁg exp {0t} + Nijl’
(4.29)
E[ ( —PtH ] —exp{glt}—i—CiQ,
o (N 1)

where 0o = 2u(A), c1,c2,c3 and cq are some positive parameters independent of N.

Before we give the proof, we list one result first and put its proof into Appendix
A4,

LEMMA 4.10. Let M; be defined in Lemma 3.2, then we have
Tr{d (M, + M,")d (M, + M,")}
2
T N-1

[Te(Ra P+ T () Te(PY) . (4.30)
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Now we are ready for the proof of Theorem 4.9.

Proof. Step I: We first analyze the error between the Pt(N) formed by FPF and
the actual conditional covariance P;. Define the error matrix

g =P~ P,
then according to (3.4) and (3.10), we have the following evolution equation for Z;:
- _ . (N) . T
A=, = (RlCC(Pt ) — Rlcc(Pt)> dt + dM, + dM,

.
1 1
_ [A -3 (P§N> n Pt) s} =,dt + 5, [A -3 (PfN) + Pt) S} dt + dM, + dM, .

(4.31)
Using It6’s lemma [13], we can easily obtain
d(27) = Ldt + I, + I, (4.32)
with
1 T
Li=|A-3 (P}N) + Pt> 5} =2 4 &, {A — = (Pt(N) + Pt> 5] =
- (4.33)
1 1
—2 = (N) — = (N) e
+ 22 [A (PN + ) S} +E, {A 5 (P +P)S] =,
and
I :=Fyd (M + M,") +d (M; + M,") =y, (434)
Iy i=d (M, + M,") d (M, + M,") . '
Now we analyze these three terms separately.
Using Assumption 2 and Lemma B.2, we have
E(Te(1)] =2E [Te {[A+ 4T — (P™ + p) 8] =2 }]
<D (A+ AT = (PN = p(5)P) B[Tr ()] (4.35)

SQ [QIU’(A) - p(S))‘min (Pt)] E [TI" (E?)} )
where the last inequality comes from the result that
Amax (A + AT - p(S)Pt(N) - p(S)Pt)

<Amax (A + AT - P(S)Pt(N)) + P(S))‘max (_Pt)
<2u(A) = p(S)Amin (P2) -

It can easily obtained that

E[Tr(L)] = 0 (4.36)
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since M; is a martingale. As for I3, using Lemma 4.10, we can have

E [Tr{d (M, + M,") d (M, + M,") }]
2
N -1
2
N -1
<2(n + Du(Py) Tr(Ry) 4+ Tr(R?) + n Tr*(Ry)

- N -1

2 -

E [TT(RlPt(N)) + Te(Ry) Tr(PfN))} dt

E[Te(R1 ) + Tr(RaZr) + Tr(Ry) Tr(P) + Te(Ry) Te(E))dE (g a7

dt

where the last inequality is due to the facts that

Tr(R1P;) <p (P) Tr(Ry),
Tr(Ry) Tr(P;) <nu (P;) Tr(Ry),

and
Tr(R1Z¢) + Tr(Ry) Te(1 - Zp) <y/Tr(R2)\/Tr(E2) + Tr(R1)v/ny/ Tr(E2)

Tr(R?) + Tr (27)  nTr’(Ry) + Tr (23)
< 5 + 5 :

Put (4.35), (4.36) and (4.37) into (4.32), we can have

by

4.38
dn(439)

aE |12:/3) = d& [Tx (2)] < @i ||1Z:]7] dt +

with

2
Q¢ :4/,L(A> — 2p(5))\mm (Pt) + ﬁ7

by :=2(n + 1)pu(P,) Tr(Ry) + Tr(R?) + n'Tr?(Ry).

It follows that, for any o; satisfying (4.28), there exists a positive integer Ny, such
that for V N > Ny, we have

supa; < 01 < 0.
>0

Therefore, by Theorem B.3 and Gronwall’s inequality, we can get that

i ; ¢ ¢ ¢
1
IE[HEtH%} <E HEOH% exp{/ audu}—i—/ bsexp{/ audu} ds
|1=0llr o N—1J, )

M _ 1 t
<E ||ZolIp eXP{Qlt}Jrﬁ/ bsexp {o1(t — s)}ds (4.39)
. / —LJo

SUp;>q bt
—o1(N —1)

o
<E |||Z0l|z | exp {01t} +

Then we can easily obtain the second inequality in (4.29).
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Step II: Next we analyze the error between the sample mean m,gN) formed by

FPF and the actual conditional mean m;. Similarly, we define the error

e 1= m,gN) — mg.
Using (3.3) and (3.10), we can have
de; = (A - Pt(N)S) edt +Z,H ' Ry (dZ, — Hmydt) + RY/?dB™). (4.40)

By Ito’s lemma, we can get
d (ete;r)
_ (A - Pt(N)S) ece] dt + ee; (A - Pt(N)S)T dt +Z.H Ry (dZ, — Hmydt) e]
+e, (dZ, — Hmydt) " RyVHZ, + RV2dB™ el + e, <dBt(N)> TRy

.
+ 5. H Ry '\RY*aw,aw, RY*R; ' HE, + RY/?dB"Y) (dB§N>> RY?
(4.41)
from which we can conclude that
dE [||etH2} =dE [Tr (ete:)]
1
_E [Tr { (A v AT pMg 5P§N>) etetTH dt + E [Tt {£,55,}] dt + — T {Ry} dt
N
i 1
<2(AE [Jlec|?] dt + p(S)E [|Zl] dt + - Tr (R}
(4.42)

since Z; — f(f Hmygds is a martingale. Similar to (4.39), we have

p(S) sup;>o E |:||Et||%} + Ry/N
—2u(A) ’

E [llec]|*] <E[lleoll*] exp {2tu(A)} +

and then we can obtain the first inequality of (4.29). O

REMARK 4.11. From (4.35) in the proof, it can be seen that, we need to estimate
the eigenvalue of the matrix A + AT — (Pt(N) + Pt) S, which varies with N. And

it is hard to make assumptions w.r.t. A+ AT — (Pt(N) + Pt> S. Using Assumption
2, we only need to estimate p(A). Then take advantage of the stability assumption
1w(A) <0, i.e., Assumption 1, we can easily obtain the desired result.

5. Conclusion. In this paper, we analyze the stability of linear FPF for time-
invariant system (3.8). We give some local contraction estimates of the conditional
mean and the exact linear FPF process w.r.t. the initial values. In addition, for linear
FPF formed by N particles, we analyze the errors between actual moments (my, P;)
and their empirical approximations (mgN), Pt(N)). However, all our discussions are
restricted to the linear case. Therefore, how to analyze the long behavior of the
general FPF is an important future work.
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Appendix A. Proofs.
A.1. Proof of Lemma 3.2.

Proof. The evolution of mEN) can be obtained directly from (3.8). For the error
process 9% , we can get

(V)
: P, . ~
vy = (A -5 S> 9 + Ry (dB; — ngN)) : (A.1)

where S is defined in (3.6). Using It6’s lemma, we have

(N) M\ "
ap™) = (A - Pt25> rMat + pV (A - Pt25> dt

+ Z 9 (dBZ dB(N)) R/?
Z RY/* (aBi - dB{™) (o))"
+ Z RY/* (aB; — aB™) (aB; - aB™) Ry
- (APt( )+ Pt(N)A - PSP ) at
+7Zz91 (dB}) Ry* + 1_1 iR}/Q (dBY) (9)" + Rydt

- Rlcc(Pt(N))dt +dM, + dM,,

since Zfil ¥i=0.0
A.2. Proof of Lemma 4.5.

Proof. We shall prove the two inequalities by two steps.
Step I: We shall prove the first inequality (4.12). Define e; := X; — my, then
according to (3.1) and (3.3), we have

de, =Ae,dt + RY?dB, — P,H" Ry (Hetdt +RY Qth)
= (A - P,S)eydt + RY/*dB, — P,H Ry “/*dw,.
Using It6’s lemma, one has
dllec|* = Ly |les|| dt + dM g,
where
Lo lled® :==e] (A—P,S+ AT —SP,) e, + T (Ry + P,SP,)
<2u (A = P.S) |les||” + Tr (Ry + P,SP,),

and

dM, 4 :=2¢] RY?dB, — 2¢] P,HT Ry "2dW,
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with
d
dt
According to Theorem 4.1, for any u € (0, 1], there exists some time horizon 7, > 0,

such that, for any ¢ > 7,, we have

sup 1 (A — P;S) < (1— )i (A — PwcS)

(M), = 4e Rie; + 4e] PuSPre; < 4|le;|* Tr (Ry + P,SP;).

p(A—PS)=p(A— PSS+ (P —P)S)
< (A = PooS) 4 1 (P — P1) S)
< (A = PooS) + pu (Pso — P,) Tx(S)
< (A = P S) + v/n||Psx — P;|| Tx(S)

by (2.1) and (B.3). Therefore, for ¥V ¢ > 7,, we have
Lelledl” < 2(1 = w)p(A = PocS) lee]” + e(w)

and
d

S, < ew) e

where

c(u) = dsup (Tr (Ry) + nu(S) ||Pt||2) .

t>0

Then the desired result (4.12) can be concluded using Theorem 2.2. o
Step II: We now prove the second inequality (4.13). Define &; := X; — X,.
According to (3.1) and (3.7), we have

de, =A#, + RY? (dB, — dB,) — P,H" Ry ( (& +e) /2+ RY Qth)
—(A— P,S/2) e — PiSe;/2 + R)/? (dB, — dB,) — P.H ' Ry /?aw,
By Ito’s lemma, we have
d|e]® = Ly ||e]|® dt + dMs
with
Lo l|&]? :==¢] (A— P,S/2+ AT — SP,/2) & — & P,Se, + Tr (2R, + P,SP,)
<2u (A= PS/2) [|ec])* — (A = PeS/2) |le|?
+ 11 (A= P S/2)[ TP (ISP llenl® /4 + 2 T (Ry) + npa(S) || Py
< (21 (A = P,S/2) = p(A = PuS/2)) |lee]|” + Ch [led]|” + C

where Cy = sup,= {|u (A— P8/2) |IB) HS||2/4}, Ch == sup,o {2 Tr (Ry) +
nu(S) ||Pt||2}, and we use the inequality |aTb| < €|lal|* + ||b]|* /e,V € > 0 in the first
inequality. Besides, we also have

d

= (M), =42 (2R, + PiSP) & < Cs e,
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where C3 1= sup,> {4 (2,u(R1) + nu(S) ||Pt||2>}
Using Remark 2.4 of Theorem 2.2 and the similar procedure in Step I, we can
obtain (4.13). O

A.3. Proof of Lemma 4.7.
Proof. Let A:= A — P,,S/2, B, := (Psx — P,)S/2. Then we have

A-P,S/2=A+B,
and

exp [ 7{ (A P82 du| = £ i(A+ B).
By (2.3), we get
[€.4(A)]| = [|€t=s(A)]| < K(e)etDE=2)
from which and Lemma 2.1, we obtain
1€, (A + B)| < r(e) exp [(1 — (At — 5) + r(e) /: 1B, du} .
Since

t
1B du= 2 / (Pa — ) S| du

[ /\

s / 1o = Pulldu

IN

1 t
SlSllan (P ) [P = Poll [ exp (26,0 du
< ay (Po, Poo) [|S]| |1 Poc — Poll / (280)

using Theorem 2, we can obtain (4.20). Following the similar procedure, we can also
get (4.21). O

A.4. Proof of Lemma 4.10.

Proof. Since dM; = —— ZZ 1 Rl/2 (dBj) (9})", we have
dM,dM, = Z RY? (dBf) (08) 7RI (dBJ) AN
i,j=1
Z RY? (d (dBJ) RY29i(o])T
7,7=1
1 i(ginT
:lezﬂt(ﬁt) dt

1 (N)
—_ t
N 1R1Pt d
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and

N T
AM,dM, = I Z RY? (dBY) (91) 9] (ng) R/?
1,j=1

1 . N T . )
T(N-1)2 Z Ry (dB;) (ng> RyY2(0]) ]
Q=1

1 N

:ﬁm T (PV) d.

It follows that
Tr{d (M, + M,")d (M, + M,") } =2Tr {dM;dM, + dM,dM, }

__ 2 (M) (V)
- [Tr(RlP ) + Tr(Ry ) Tr (P! )} dt.

Appendix B. Some results.

B.1. Trace of a square matrix. We list some results about matrix trace here:
for any A, B € R™*" we have

i=1
Tr(4) = Tr(aT), )
TH(4) = TH(PAPY),
Tr(AB) = Tr(BA),
1A|5 = Tr(4AT),

where A(i,4) is the (i,4)-th entry of matrix A, and P € R™*" is any invertible matrix.

LEMMA B.1. For any A, B € R"*"™ we have

ITr(ABT)|* < Tr(AAT) Tx(BBT). (B.2)

Proof. Define (A, B) := Tr(AB"). It can be easily checked that such defined (-, -)
is a inner product on the Euclidean space R"*™. Then by Cauchy-Schwarz inequality,
we have

|<A,B>|2 < <A7A> ! <BvB>v
which is the desired result. O
LemMMA B.2. For any A, B € S,,, if B is also positive semidefinite, then we have

Amin(A) Te(B) < Tr(AB) < Amax(A) Tr(B). (B.3)
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and

% ITr(A)|* < Tr(A?) < |Tr(A)|*. (B.4)

Proof. Since A € S,,, there exists an orthogonal matrix P, such that
A= P\, P,

with A, := diag{)\1, -, A\, } which is the diagonal matrix composed by all eigenvalues
of A. Then we can get

Tr(AB) = Tr(P,A.P; ' B)
=Tr(A, P, 'BP,)

n

= Z X (P7YBPR,) (i,4).
Since B is positive semidefinite, we know that there exists Py, such that B = PbTPb.
Therefore

P7'BP, = (P,P,) " (P,P,),

and from which we can conclude

[Pa_lBPaL,i =0
It follows that

Amin(A) Tr(P,'BP,) < Tr(AB) < Apax(A) Tr(P, ' BPR,).

Then we obtain the first desired result using the property Tr(B) = Tr(P, ' BP,).
On the one hand, when B = I and by Lemma B.1, we have

ITr(A)[> < n'Tr(A?).
On the other hand,
Tr(A?) < Amax(A) Tr(A) < |Tr(A)%.

Then we obtain the second result. O

B.2. Estimates of the initial errors méN) —mg and PO(N) — Py . In this part,

we shall consider how close are the sample mean and covariance matrix to the actual
mean and covariance matrix of Gaussian distribution.

THEOREM B.3. Let the n-dimensional random vectors X; "~ N(m, P),i =

., N. Define
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Then forV p > 1, we have

E [m™ — mp]

-

b~

IN
B
S

=l

and

1
E[IP™) = PIG]” < Cup—re, (B.6)

-

where Cy, , and C,,, are some parameters depending on n and p.
Before we prove it, we need to state two results.

LEMMA B.4 (Rosenthal type inequality [16]). Let p > 0, and let {&, i =

1,---, N} be conditionally independent random variables given o—algebra G such that
E[&|9] =0 and E[|&|P|§] < co. Then
N p/2
lgkz Co | D_E(&I"19) + (ZEMA@) . (BT
i=1

where C), is a constant that depends only on p. This inequality holds in the almost
sure sense.

Using Lemma B.4, we have the following result for the estimate of the moment
of the random vectors.

COROLLARY B.5. Letp > 1, andlet {&, i = 1,--- N} be independent identically
distributed n-dimensional random vectors with E[§;] =0 and E [||§i\|2p} < 00. Then

2p
< C, pN?, (B.8)

N
>
i=1

where C,, ,, is a finite parameter depending on n and p.

Proof. Let & ; be the j-entry of vector §;. It is obvious that for V 1 < j < n,
{&,j, i = 1,--- N} are independent identically distributed random variables with

E¢ ;] =0 and E [\§i7j|2p} < 00. Then using Jensen’s inequality and Lemma B.4, we

have
p

‘21’ =E i(iém)z

j=1 \i=1

n N 2p
<np_le <Z§m‘>
=1 i=1
n N N P
o [Soaler] s (el
j=1 Li=1 i=1

5 (v )+ )

Jj=1
< CppNP. O
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Now we start the proof of Theorem B.3.

Proof. Step 1: We first prove (B.5).

Using Corollary B.5 and X; —m e N(Opx1,P),i=1,2,...,N, we have

% 1o
E [m™ —m|[*]” = E nymﬂ

1

2p7 2p

¥
S|

1
<

Hence we obtain (B.5) by the inequality

1 1
E[m® —m|1] 77 <E [jm®™ — m|@]*.

Step 2: Now we prove (B.6). Define ¢; = X; — mW), 1 <i < N, then we have
Eé;] =0 and

Define & = (€1, éa,...,éx) € RN we have

vec(é) ~ N (0pnx1, By ® P),

where vec(A) denotes the vectorization of the matrix A, 0,x1 denotes n x 1 zero
vector, and

1 1
NN Y
N N N

By = . ) .
1 -1
N N N

It can be easily computed that

Spec (By) ={1,---,1,0}.
Since By is symmetric, there exists an orthogonal matrix A, s.t.

-1 | In—1
im0 ]

Define

e=(e1,...,en) = €A,

and we have

vec(e) = (AT @ I,,) vec(é).
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Therefore

vec(e) NN(Oanl, [ INna®P 0 ])

since

Cov(vec(e)) = (AT @ I1,) (BN ® P) (A® I,,)
=(A"ByA)® P
{ In.1®P }
NE

It can be concluded that
ei ~N(0px1,P),1<i<N—1ley=0,
{e1,...,en—1} are independent, and

N-1
P :Léé-r — 1 eA 1 AeT = 1 ee!l = ! Z eier .
N*]. Nf]- Nﬁ]‘ N711,=1 o

Let Y; = vec (eje] — P), 1 <i < N—1. It can be easily checked that {Y1,...,Yn_1}
are independent and identically distributed, with E[Y;] = 0 and E {||Y;||2p } < oo.
Then according to Corollary B.5, we obtain
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from which we obtain the desired result. O
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