
ASIAN J. MATH. c© 2023 International Press
Vol. 27, No. 1, pp. 095–120, February 2023 004

ON THE STABILITY OF LINEAR FEEDBACK PARTICLE FILTER∗

XIUQIONG CHEN† AND STEPHEN S.-T. YAU‡

Abstract. In this paper, we study the stability of feedback particle filter (FPF) for linear
filtering systems with Gaussian noises. We first provide some local contraction estimates of the
exact linear FPF, whose conditional distribution is exactly the posterior distribution of the state as
long as their initial values are equal. Then we study the convergence of the linear FPF formed by
N particles, and prove that the mean squared errors between the actual moments (mt, Pt) and their

approximations (m
(N)
t , P

(N)
t ) by FPF are of order O(1/N) and decay exponentially fast as time t

goes to infinity.
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1. Introduction. The feedback particle filter (FPF) proposed by Yang et al. in
2013 [21], whose feedback control law is obtained by minimizing the Kullback-Leibler
divergence between the actual posterior and the common posterior of any particle, is
motivated by the mean-filed game theory. In the mean-field limit (N = ∞), where
N is the number of particles, the FPF is exact, i.e., the distribution of the particle
and the posterior distribution of the state at any time are equal provided that they
are equal at t = 0. For linear system, the optimal control law of the exact FPF is
determined by the conditional mean and covariance of the state. In real computations,
the linear FPF, with approximations of the control law in the evolution equation, is
formed by N particles .

It is well known that, for linear system with Gaussian noises, Kalman and Bucy
proposed the famous Kalman-Bucy filter (KBF) [11] , which provides the optimal
solution. There are many works investigating the stability of KBF such as [2, 6], and
the work [4] provides an excellent survey on this problem.

In KBF, we need to solve a differential Riccati equation, which is the computa-
tional bottleneck in simulations for high dimensional problems. Therefore, the filters
combined with Monte Carlo techniques, such as FPF, are still very promising even for
linear filtering problems, if they can avoid solving the differential Riccati equation.
Another filter using Monte Carlo idea is the ensemble Kalman filter (EnKF). The
EnKF was introduced by Evensen in 1994 [9], and it is often used to solve the high
dimensional forecasting and data assimilation problems, which arised in atmosphere
sciences [1], whether forecasting [3] and so on. The theoretical analysis of EnKF is
very active and we refer the interested readers to the paper [8] and the references
therein. Compared with EnKF, the simulation variance of FPF is less. And the
comparison of EnKF and FPF can be found in [17].

In this paper, we focus on the FPF for linear filtering problems with Gaussian
noises, and we just call it linear FPF. There are two kinds of linear FPF considered
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in this work. The first one is the exact linear FPF Xt defined in (3.7), where the
control law is optimal without any approximation. Obviously, Xt is the conditional
Mckean-Vlasov diffusion process, whose solution cannot be easily obtained since the
conditional mean and covariance of the state in the evolution equation (3.7) cannot be
obtained. Therefore, we use Monte Carlo method and replace the conditional mean
and covariance by their empirical approximations formed by N particles {Xi

t}Ni=1, and
this is the second kind of linear FPF defined in (3.8). In this work, we shall analyze
the stability of linear FPF. Actually, there have been some works on this problem. We
have provided the convergence of FPF for nonlinear filtering systems with continuous
state and discrete observations in [7]. However, we have not discussed the relationship
between the estimation error and time t. Besides, the stability of FPF w.r.t. the initial
conditions has also not been investigated. Taghvaei and Mehta analyzed the errors of
deterministic and stochastic linear FPF in [19] and [20]. Kang et al. gave the error
analysis of linear FPF for linear filtering systems with correlated noises [12]. However,
they all assumed that the dimension of the state is 1 in [12, 19, 20], while we consider
the any dimensional state in this paper.

The contributions of this paper are listed as follows:

• For KBF, we give a local contraction estimate of the conditional mean mt.
We prove that, for mt and m�

t , which start from two possible initial values
(m0, P0) and (m�

0, P
�
0 ) and satisfy the KBF, the Lp-error between them will

decay exponentially fast to 0 w.r.t. the initial error. Besides, the decay rate
is determined by the logarithmic norm of A−P∞S, where P∞ is the solution
of algebraic Riccati equation (4.5), and this result is summarized in Theorem
4.4.

• For exact linear FPF (3.7), which is a conditional Mckean-Vlasov diffusion
process, we estimate the p-th Wasserstein distance between the distributions
of Xt and X

�

t , which starts from two initial values. Similarly, we prove that
the error will decay exponentially fast to 0 w.r.t. the initial error and the
decay rate is determined by the logarithmic norm of A−P∞S/2. This result
is listed in Theorem 4.6.

• For linear FPF (3.8) formed by N particles, where the actual conditional

mean mt and covariance Pt are approximated by sample mean m
(N)
t and

covariance P
(N)
t , we analyze the mean squared errors between (mt, Pt) and

(m
(N)
t , P

(N)
t ). More explicitly, we prove that the errors are of order O(1/N)

and decay exponentially fast as time t goes to infinity. This result can be
found in Theorem 4.9.

The organization of this paper is as follows. In section 2, we shall introduce some
preliminary results to be used in the subsequent sections. In section 3, the KBF and
FPF for linear Gaussian filtering systems will be introduced. Section 4, which is also
the main section, is devoted to present the stability of FPF. In this section, we shall
firstly give some contraction estimates of the exact linear FPF and then analyze the
convergence of the linear FPF formed by N particles. In the final section, we will
present a brief summary of this article and propose an avenue of future works.

2. Preliminary. In this section, we shall present some preliminary knowledges,
including notations and some results which will used in the subsequent contents.

2.1. Notations. Sn represents the set of all n × n real symmetric matrices.
S
+
n is the subset of Sn where the matrices are positive definite. For two matrix

A,B ∈ Sn, we write A > B if A − B is a positive definite matrix, and A ≥ B
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if A − B is positive semidefinite. For a (n × n)-matrix A, let Spec(A) be the set
of all eigenvalues, and λmin(A) and λmax(A) denote the minimal and the maximal
eigenvalue of A, respectively.

Let ‖·‖ represent the Euclidean norm of the vectors on R
n. The spectral norm

(or 2-norm) of A is the largest singular value of A, i.e., ‖A‖ :=
√

λmax(A�A). The
Frobenius matrix norm of a given (n1 × n2)-matrix A is defined by

‖A‖2F = Tr
(
A�A

)
with the trace operator Tr(·).

More properties of trace can be found in Appendix B.1, which will be frequently used
in the following sections. For any (n × n)-matrix A, these exist the following norm
equivalence formulae:

‖A‖2 = λmax(A
�A) ≤ Tr

(
A�A

)
= ‖A‖2F ≤ n ‖A‖2 .

We define the logarithmic norm μ(A) of a (n× n)-square matrix A by

μ(A) := inf
{
α : ∀x ∈ R

n×1, x�Ax � α ‖x‖2
}

= λmax

((
A+A�) /2)

= inf {α : ∀ t ≥ 0, ‖exp (At)‖ ≤ exp (αt)} .

Besides, using definition, we also have

μ(A+B) ≤ μ(A) + μ(B). (2.1)

It can be proved that [15]

μ(A) � ς(A) := max{Re(λ) : λ ∈ Spec(A)}, (2.2)

where Re(λ) stands for the real part of the eigenvalues λ. The parameter ς(A) is often
called the spectral abscissa of A. We use N(m,P ) to denote the Gaussian distribution
with mean m and covariance P .

For p ≥ 1, the p-th Wasserstein distance between two probability measure ν1 and
ν2 on R

n is defined as follows:

Wp(ν1, ν2) = inf
{
E
1/p [‖Z1 − Z2‖p]

}
,

where the infimum is taken over all joint distributions of the random variables Z1 and
Z2 with marginals ν1 and ν2, respectively.

The state transition matrix associated with a smooth flow of (r × r)-matrix A :
u �→ Au is denoted by

Es,t(A) = exp

[∮ t

s

Audu

]
⇐⇒ d

dt
Es,t(A) = AtEs,t(A) and ∂sEs,t(A) = −Es,t(A)As

for any s ≤ t, with Es,s = I, the identity matrix. When s = 0, we write Et(A) :=
E0,t(A). Some semigroup estimates of the state transition matrices associated with a
sum of drift-type matrices can be found in the following lemma.
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Lemma 2.1 (Perturbation lemma, [8]). Let A : u �→ Au and B : u �→ Bu be some
smooth flows of (n× n)-matrices. For any s ≤ t, we have

‖Es,t(A+B)‖ ≤ exp

(∫ t

s

μ (Au) du+

∫ t

s

‖Bu‖ du
)
.

In addition, we have

‖Es,t(A+B)‖ ≤ αA exp

[
−βA(t− s) + αA

∫ t

s

‖Bu‖ du
]

as soon as

∀ 0 ≤ s ≤ t ‖Es,t(A)‖ ≤ αA exp (−βA(t− s)) ,

where αA and βA are some constants depending on A.

For time homogeneous matrices At = A, we have Es,t(A) = e(t−s)A = Et−s(A),
and it is known that [8], when ς(A) < 0, for any ε ∈ (0, 1] and any t ≥ 0, we have

eς(A)t ≤ ‖Et(A)‖ ≤ κ(ε)e(1−ε)ς(A)t, (2.3)

with some constants κ(ε) only depending on the parameter ε.
The quadratic variation 〈M〉 of a n-column vector continuous martingale M is

the (n× n) matrix 〈M〉 such that MM� − 〈M〉 is a martingale. Given a real-valued
continuous martingale Mt with M0 = 0, for any p � 1 and any time horizon t � 0,
we have the following Burkholder-Davis-Gundy inequality [13]:

E

(
sup

0�s�t
|Ms|p

)1/p

� 2
√
2
√
pE

(
〈M〉p/2t

)1/p
. (2.4)

2.2. A technical theorem. The following theorem is used to control the mo-
ments of Riccati-type stochastic differential equations uniformly w.r.t. the time hori-
zon, and is frequently used in the proofs of the subsequent sections.

Theorem 2.2 (Lemma 7.1 in [8]). Let at be some stochastic processes adapted
to some filtration Ft and taking values in some measurable state space (E, E). Let ψ
be some nonnegative measurable function on (E, E) such that

dψ (at) = Ltψ (at) dt+ dMt(ψ)

with a Ft-martingale Mt(ψ) and some Ft-adapted process Ltψ (at).
I: Assume that

Ltψ (at) ≤ 2γ
√
ψ (at) + 3αψ (at)− βψ (at)

2
+ r,

d

dt
〈M(ψ)〉t ≤ ψ (at)

(
τ0 + τ1ψ (at) + τ2ψ (at)

2
)

for some parameters α < 0 and γ, β, r, τ0, τ1, τ2 ≥ 0. In this situation, we
have the uniform moment estimate

sup
t≥0

E [ψ (at)
p
] < ∞, ∀ 1 ≤ p < 1 + 2min (β/τ2, |α|/τ1)

with the convention β/0 = ∞ = |α|/0 when τ2 = 0 or when τ1 = 0.
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II: Assume that

Ltψ (at) ≤ 2τt (at)
√
ψ (at) + 2αψ (at) + βt (at)

d

dt
〈M(ψ)〉t ≤ ψ (at) γt (at)

for some α < 0 and some nonnegative functions (τt, βt, γt) s.t.

δτ,t(p) := E [τt (at)
p
]
1
p < ∞, δβ,t(p) := E [βt (at)

p
]
1
p < ∞ and

δγ,t(p) := E [γt (at)
p
]
1
p < ∞

for any p ≥ 1. In this situation, we have the estimate

E [ψ (at)
p
]
1
p ≤ eαtE [ψ (a0)

p
]
1
p

+

∫ t

0

eα(t−s)
[
δτ,s(2p)

2/|α|+ δβ,s(p) + (p− 1)δγ,s(p)/2
]
ds.

Remark 2.3. For case I in Theorem 2.2, according to the proof of Lemma 7.1 in
[8], we have the more explicit result:

E [ψ (at)
p
]
1
p ≤ gp,t + exp

{
2

(
α+

(p− 1)

2
τ1

)
t

}(
E [ψ (a0)

p
]
1
p − gp,0

)
,

where gp,t is a function satisfying

gp,t ≥ 0, ∀ t ≥ 0, and sup
t≥0

gp,t < ∞.

Remark 2.4. From case II in Theorem 2.2, it can be concluded that, if

sup
t≥0

max{δτ,t(p), δβ,t(p), δγ,t(p)} ≤ c(p) < ∞,

for some constant c(p) depending on p, then we have

E [ψ (at)
p
]
1
p ≤ eαtE [ψ (a0)

p
]
1
p + c̃(p)

∫ t

0

eα(t−s)ds

for some c̃(p) < ∞. It follows that

sup
t≥0

E [ψ (at)
p
] < ∞, ∀ p ≥ 1.

3. Filtering algorithms. The time homogeneous linear-Gaussian filtering
model considered here is of the following form:{

dXt = AXtdt+R
1/2
1 dBt,

dZt = HXtdt+R
1/2
2 dWt,

(3.1)

where Xt is the n-dimensional state, Zt is the m-dimensional observation, Bt and Wt

are independent standard Brownian motions which are also independent of the initial

state X0, R
1/2
1 and R

1/2
2 are invertible symmetric matrices, and Y0 = 0. Define the

σ-algebra formed by the observations till to time t as Ft := σ{Zs : 0 ≤ s ≤ t}.
Then the optimal estimate of Xt based on Ft in minimum mean squared error sense
is E [Xt|Ft], i.e., the conditional expectation of the state Xt based on Ft [10].



100 X. Q. CHEN AND S. S.-T. YAU

3.1. Kalman-Bucy filter. It is well known that, if the initial state X0 is Gaus-
sian, i.e., X0 ∼ N(m0, P0), then the conditional distribution of the state Xt condi-
tioned on Ft is a Gaussian distribution with the mean mt and covariance Pt defined
as follows:

mt :=E [Xt|Ft] , Pt := Cov [Xt|Ft] , (3.2)

where the conditional covariance Cov [Xt|Ft] � E

[
(Xt −mt) (Xt −mt)

�
∣∣∣Ft

]
. In

addition, the evolution equations ofmt and Pt are given in the Kalman-Bucy filter [10]:

dmt =Amtdt+ PtH
�R−1

2 (dZt −Hmtdt) , (3.3)

dPt

dt
=Ricc(Pt), (3.4)

where Ricc(·) : S+n → Sn is the Riccati drift function defined for any Q ∈ S
+
n by

Ricc(Q) := AQ+QA� −QSQ+R1 (3.5)

with

S := H�R−1
2 H. (3.6)

3.2. Feedback particle filter. Although the KBF is optimal for linear Gaus-
sian problem (3.8), FPF may provide a computationally efficient option for filtering
problems with very large state dimension n, since we need to solve differential Riccati
equation (3.4) in KBF.

The evolution equation of the exact linear FPF is as follows:

dXt =AXtdt+R
1/2
1 dBt + P tH

�R−1
2

(
dZt −H

Xt +mt

2
dt

)
, (3.7)

where Bt is an independent copy of Bt,

mt := E
[
Xt

∣∣Ft

]
, and P t := Cov

[
Xt

∣∣Ft

]
.

Apparently, Xt is a conditional Mckean-Vlasov diffusion process.
For diffusion process (3.7), the following lemma tells us it is exact.

Lemma 3.1 ([18]). Consider KF (3.3)-(3.4) and Mckean-Vlasov diffusion process
(3.7). If m0 = m0, P 0 = P0, then we have

mt = mt, and P t = Pt

for ∀ t ≥ 0. Furthermore, if p(X0) = p(X0), then we have

p(Xt|Ft) = p(Xt|Ft).

In simulations, mt and P t are approximated by the sample mean and covariance
formed by N particles {Xi

t}Ni=1, whose evolution equation is as follows:

dXi
t =AXi

tdt+R
1/2
1 dBi

t + P
(N)
t H�R−1

2

(
dZt −H

Xi
t +m

(N)
t

2

)
, 1 ≤ i ≤ N, (3.8)
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where the sample mean m
(N)
t and sample covariance P

(N)
t are computed according to

m
(N)
t :=

1

N

N∑
i=1

Xi
t ,

P
(N)
t :=

1

N − 1

N∑
i=1

(
Xi

t −m
(N)
t

)(
Xi

t −m
(N)
t

)�
,

(3.9)

the initial particles are generated according to Xi
0

i.i.d∼ N(m0, P0), and {Bi
t}Ni=1 are N

independent copies of Bt. The evolution equations of m
(N)
t and P

(N)
t are listed in the

following lemma.

Lemma 3.2. The evolutions of m
(N)
t and P

(N)
t satisfy

dm
(N)
t =Am

(N)
t dt+R

1/2
1 dB̃

(N)
t + P

(N)
t H�R−1

2

(
dZt −Hm

(N)
t

)
,

dP
(N)
t =Ricc(P

(N)
t )dt+ dMt + dM�

t ,
(3.10)

where B̃
(N)
t :=

1

N

∑N
i=1 B

i
t and dMt =

1

N − 1

∑N
i=1 R

1/2
1

(
dBi

t

)
(ϑi

t)
� with ϑi

t :=

Xi
t −m

(N)
t .

The proof can be found in Appendix A.1.

4. Stability analysis. In this part, firstly, the Lipschitz property of the Mckean-
Vlasov diffusion process Xt will be discussed and the contraction estimate of the
conditional mean mt is also provided. Then, we shall investigate the convergence of
the FPF formed by N particles.

We first need to make two assumptions w.r.t. the linear system (3.1).

Assumption 1. A in system (3.1) satisfies

μ(A) < 0. (4.1)

From (2.2), it is known that, under this assumption, A is Hurwitz. In other words,
Assumption 1 makes sure that the linear system (3.1) is stable.

Assumption 2. S defined in (3.6) is a scalar matrix, i.e.,

S = ρ(S)I, for some ρ(S) > 0, (4.2)

where I ∈ R
n×n is the identity matrix.

We shall discuss this assumption w.r.t. the observation after we use it in the
subsequent contents.

Since all our results are based on the contraction estimates of Riccati semigroups
and related fundamental matrices, we need to introduce the stability of KBF first.

4.1. Stability of Kalman-Bucy filter. We first need to make the standard
assumption w.r.t. the linear system (3.1).
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Assumption 3. We assume that for linear Gaussian system (3.1),
(
A,R

1/2
1

)
is

a controllable pair and (A,H) is observable, that is the matrices

[
R

1/2
1 , A

(
R

1/2
1

)
, . . . , An−1R

1/2
1

]
and

⎡⎢⎢⎢⎣
H
HA
...

HAn−1

⎤⎥⎥⎥⎦ (4.3)

have rank n.

Under Assumption 3, there exist some parameters v,�± > 0 such that

�−I ≤
∫ v

0

eAsR1e
A�sds ≤ �+I and

�−I ≤
∫ v

0

e−A�sSe−Asds ≤ �+I.

The parameter v is the so-called interval of observability-controllability. Then we
have the following famous result for Pt.

Theorem 4.1 (Bucy [5]). Under Assumption 3, for any t ≥ s ≥ v, we have the
uniform estimates

sup
P0∈S

+
n

∥∥∥∥exp [∮ t

s

(A− PuS) du

]∥∥∥∥ ≤ αv exp {−βv(t− s)}

for some parameters αv < ∞ and βv > 0. In addition, for any t ≥ 0 we have

‖Pt − P �
t ‖ ≤ αv (P0, P

�
0 ) exp {−2βvt} ‖P0 − P �

0 ‖ (4.4)

for some constant αv (P0, P
�
0 ) whose values only depend on (v, P0, P

�
0 ).

Let P∞ be the solution of the following algebraic Riccati equation:

Ricc(P∞) = AP∞ + P∞A� − P∞SP∞ +R1 = 0. (4.5)

The existence and uniqueness of P∞ ∈ S
+ is ensured by Assumption 3 [14]. And this

unique fixed point is called the steady state error covariance matrix. According to
Bucy’s theorem, if Assumption 3 holds, then Pt converges exponentially fast to P∞
as t ↑ ∞. In addition, the matrix difference A − P∞S is asymptotically stable even
when the signal drift matrix A is unstable. Taking advantage of (4.4), we can easily
get

sup
t≥0

‖Pt‖ ≤ ‖P∞‖+ αv (P0, P∞) ‖P0 − P∞‖ . (4.6)

Combing Theorem 4.1 and Lemma 2.1, we have the following result.

Corollary 4.2 (Corollary 5.7, [8]). Under Assumption 3, for any ε ∈ (0, 1],
any P0 ∈ S

+
n , and any s ≤ t we have the exponential semigroup estimates∥∥∥∥exp [∮ t

s

(A− PuS) du

]∥∥∥∥ ≤ κ̄ε,ς (P0, v) exp((1− ε)ζ(A− P∞S)(t− s)) (4.7)
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and ∥∥∥∥exp [∮ t

s

(A− PuS) du

]∥∥∥∥ ≤ κ̄μ (P0, v) exp(μ(A− P∞S)(t− s)). (4.8)

In the above displayed formulae, the finite constants κ̄μ (P0, v) and κ̄ε,ς (P0, v) defined
by

log κ̄μ (P0, v) = κ(ε)−1 log [κ̄ε,ς (P0, v) /κ(ε)]

= ‖P0 − P∞‖ ‖S‖αv (P0, P∞) / (2βv) ,
(4.9)

with the parameters (κ(ε), αv (P0, P∞) , βv) presented in (2.3) and (4.4).

Let (Pt, P
�
t ) be a couple of solutions of the Riccati equation (3.4) starting at two

possibly different values (P0, P
�
0 ), and (mt,m

�
t ) be a couple of solutions of the equation

(3.3) starting at two possibly different values (m0,m
�
0). Besides, let

(
Xt, X

�

t

)
be a

couple of linear FPF diffusions (3.7) starting from two random states
(
X0, X

�

0

)
with

covariances matrices (P0, P
�
0 ) and mean vectors (m0,m

�
0). We denote by (πt, π

�
t ) the

distributions of
(
Xt, X

�

t

)
. Here we choose the same observation process {Zt, t ≥ 0}

and the same noise {Bt, t ≥ 0}.
Since

d

dt
(Pt − P �

t ) = (A− P �
t S) (Pt − P �

t ) + (Pt − P �
t ) (A− PtS)

�

⇒ (Pt − P �
t ) = exp

(∮ t

s

(A− P �
uS) du

)
(Ps − P �

s )

[
exp

(∮ t

s

(A− PuS) du

)]�
,

we have the following result using Corollary 4.2.

Corollary 4.3 (Corollary 5.8, [8]). Under Assumption 3, for any ε ∈ (0, 1],
and any t ≥ 0, we have the exponential semigroup estimates

‖Pt − P �
t ‖2 ≤κ̄ε,ς (P0, v) κ̄ε,ζ (P

�
0 , v) exp(2(1− ε)ς(A− P∞S)t) ‖P0 − P �

0 ‖2
as well as

‖Pt − P �
t ‖2 ≤ κ̄μ (P0, v) κ̄μ (P

�
0 , v) exp(2μ(A− P∞S)t) ‖P0 − P �

0 ‖2 (4.10)

with functions Q �→ κ̄μ(Q, v) and κ̄ς(Q, v) defined in Corollary 4.2.

4.2. Contraction estimate. The first result is about a quantitative contraction
estimate for the conditional mean mt of the state Xt.

Theorem 4.4. We assume Assumption 3 holds, and also assume that μ(A −
P∞S) < 0 where P∞ is the solution of algebraic Riccati equation (4.5), then we have
the following estimate:

E [‖mt −m�
t ‖p]

1
p � exp (μ (A− P∞S) t) [C1 ‖m0 −m�

0‖+ C2 ‖P0 − P �
0 ‖] (4.11)

for ∀ p ≥ 1, where the parameters C1 := κ̄μ (P0, v), and C2 := κ̄2
μ (P0, v) κ̄μ (P

�
0 , v)(

−‖S‖ supt≥0 [‖Xt −m�
t ‖p]

1
p /μ (A− P∞S) + 4

√
pn‖S‖/√−2μ (A− P∞S)

)
, with

κ̄μ defined in (4.9).
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Before we give the proof, we need the following lemma, whose proof can be found
in Appendix A.2.

Lemma 4.5. Under Assumption 3, and also assume that there exists a positive
semidefinite fixed point P∞ of the algebraic Riccati equation (4.5). For any p ≥ 1,

• if μ(A− P∞S) < 0, then

sup
t≥0

E [‖Xt −mt‖p] < ∞, (4.12)

• if μ(A− P∞S/2) < 0, then

sup
t≥0

E

[∥∥Xt −Xt

∥∥p] < ∞. (4.13)

Now we give the proof of Theorem 4.4.

Proof. Define

et := mt −m�
t , ēt := Xt −m�

t

Qt := Pt − P �
t , α := μ (A− P∞S)

According to (3.3), we know

det = (A− PtS) etdt+QtSētdt+QtH
�R−1/2

2 dWt

� (A− PtS) etdt+QtSētdt+ dMt

with

d

dt
〈M〉t = QtSQt.

Let Ψs,t := exp
(∮ t

s
(A− PuS) du

)
. Then we know that

et = Ψ0,te0 +

∫ t

0

Ψs,tQsSēsds+

∫ t

0

Ψs,tdMs. (4.14)

Now we shall analyze the three terms of RHS of (4.14) individually.
Step I: By (4.8), we have

E [‖Ψ0,te0‖p]
1
p � ‖Ψ0,t‖E [‖e0‖p]

1
p � C11 exp(αt)E [‖e0‖p]

1
p , (4.15)

with C11 := κ̄μ (P0, v) .
Step II: Using (4.8) and (4.10), we have

E

[∥∥∥∥∫ t

0

Ψs,tQsSēsds

∥∥∥∥p
] 1

p

�
∫ t

0

‖Ψs,t‖ ‖Qs‖ ‖S‖E [‖ēs‖p]1/p ds

� C21

∫ t

0

eα(t−s)+2αsds ‖Q0‖ � −C21/αe
αt ‖Q0‖ ,

(4.16)

where we use generalized Minkowski inequality in the first inequality, and C21 :=

κ̄2
μ (P0, v) κ̄μ (P

�
0 , v) ‖S‖ supt≥0 [‖Xt −m�

t ‖p]
1
p .
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Step III: Define

γt :=

∫ t

0

Ψs,tdMs.

Then we have

E

[
‖γt‖2p

] 1
p

= E

[(
n∑

k=1

(γt(k))
2

)p] 1
p

�
n∑

k=1

E

[
(γt(k))

2p
] 1

p

=

n∑
k=1

E

⎡⎣( n∑
l=1

∫ t

0

Ψs,t(k, l)dMs(l)

)2p
⎤⎦

1
p

,

where a(k) denotes the k-th entry of vector a and A(k, l) denotes the (k, l)-th entry
of matrix A.

Using the Burkholder-Davis-Gundy inequality (2.4), we have

E

⎡⎣( n∑
l=1

∫ t

0

Ψs,t(k, l)dMs(l)

)2p
⎤⎦

1
p

� 16pE

⎡⎣⎛⎝ n∑
l,l′=1

∫ t

0

Ψs,t(k, l)Ψs,t (k,l
′) d 〈M(l),M (l′)〉s

⎞⎠p⎤⎦
1
p

= 16p

n∑
l,l′=1

∫ t

0

Ψs,t(k, l)Ψs,t (k, l
′) (QsSQs) (l, l

′) ds

= 16p

∫ t

0

(
Ψs,tQsSQsΨ

�
s,t

)
(k, k)ds.

Therefore,

E

[
‖γt‖2p

] 1
p � 16p

∫ t

0

Tr
(
Ψs,tQsSQsΨ

�
s,t

)
ds � 16p

∫ t

0

‖QsSQs‖ ‖Ψs,t‖2F ds

� 16pn‖S‖
∫ t

0

‖Qs‖2 ‖Ψs,t‖2 ds

� 16pn‖S‖κ̄4
μ (P0, v) κ̄

2
μ (P

�
0 , v)

∫ t

0

exp(α(4s+ 2(t− s)))ds ‖Q0‖2 .

It follows that

E

[
‖γt‖2p

] 1
2p � C31 exp(αt) ‖Q0‖

with C31 := 4
√
pn‖S‖κ̄2

μ (P0, v) κ̄μ (P
�
0 , v) /

√−2α.
And we also have

E [‖γt‖p]
1
p � C31 exp(αt) ‖Q0‖ (4.17)

since E

[
‖γt‖2p−1

] 1
2p−1 � E

[
‖γt‖2p

] 1
2p

, for ∀ p ≥ 1.
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Combining (4.15), (4.16) and (4.17), we obtain the desired result.

The second result provides a estimate of the Wasserstein distance between πt and
π�
t , which are the distributions of Xt and X

�

t , respectively.

Theorem 4.6. When Assumption 1, 2 and 3 hold, for ∀ p ≥ 1, we have the
following result:

Wp(πt, π
�
t ) ≤ exp [μ (A− P∞S/2) t]

· (C1Wp(π0, π
�
0) + C2 ‖m0 −m�

0‖+ C3 ‖P0 − P �
0 ‖) ,

(4.18)

where

C1 := exp [αv (P
�
0 , P∞) ‖S‖ ‖P∞ − P �

0 ‖ / (2βv)] ,

C2 :=C1 (‖P∞‖+ αv (P
�
0 , P∞) ‖P �

0 − P∞‖) ‖S‖κ̄μ (P0, v) /(2(μ2 − μ1)),
(4.19)

and

C3 :=κ̄μ (P0, v) κ̄μ (P �
0 , v) {C1‖S‖/ (−2μ1) + C1 (‖P∞‖+ αv (P

�
0 , P∞) ‖P �

0 − P∞‖)

· ‖S‖κ̄μ (P0, v)

(
−‖S‖ sup

t≥0
[‖Xt −m�

t ‖p]
1
p /μ1 + 4

√
pn‖S‖/

√
−2μ1

)
/ (−2(μ2 − μ1))

+4
√

pn‖S‖C1/
√
−2μ2

}
,

with the parameters (κ̄, αv (P0, P∞) , βv) presented in (4.9) and (4.4), μ1 :=
μ (A− P∞S), and μ2 := μ (A− P∞S/2) .

Since
(
Xt, X

�

t

)
are a couple of linear FPF diffusions (3.7) starting from two ran-

dom states
(
X0, X

�

0

)
with covariances matrices (P0, P

�
0 ) and mean vectors (m0,m

�
0),

and (πt, π
�
t ) are the distributions of

(
Xt, X

�

t

)
, it is known that the difference of Xt

and X
�

t are caused by the initial error between X0 and X
�

0 which are measured by
three terms Wp(π0, π

�
0), C2 ‖m0 −m�

0‖ and ‖P0 − P �
0 ‖. Theorem 4.6 tells us that the

error Wp(πt, π
�
t ) between πt and π�

t decays exponentially fast w.r.t. time t and the
decay rate is −μ (A− P∞S/2).

Before we give the proof, we need to estimate the semigroup

exp
[∮ t

s
(A− PuS/2) du

]
, which is shown in the following Corollary, and the

proof is given in Appendix A.3.

Corollary 4.7. Under Assumption 3, for any ε ∈ (0, 1], any P0 ∈ S
+
n , and any

s ≤ t, we have the exponential semigroup estimates∥∥∥∥exp [∮ t

s

(A− PuS/2) du

]∥∥∥∥ ≤ C1 (ε, P0, v) exp ((1− ε)ζ (A− P∞S/2) (t− s))

(4.20)
and ∥∥∥∥exp [∮ t

s

(A− PuS/2) du

]∥∥∥∥ ≤ C2 (ε, P0, v) exp(μ(A− P∞S/2)(t− s)). (4.21)

where C1 (ε, P0, v) := κ(ε) exp [κ(ε)αv (P0, P∞) ‖S‖ ‖P∞ − P0‖ / (2βv)], and
C2 (ε, P0, v) := exp [αv (P0, P∞) ‖S‖ ‖P∞ − P0‖ / (2βv)], with the parameters
(κ(ε), αv (P0, P∞) , βv) presented in (2.3) and (4.4).
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Now we can start the proof of Theorem 4.6.

Proof. Firstly, we define

et := Xt −X
�

t , Qt := Pt − P �
t

e1,t := mt −m�
t , e2,t := Xt −Xt, e3,t := Xt −mt,

μ1 := μ (A− P∞S) , μ2 := μ (A− P∞S/2) .

Under Assumption 1, 2 and 3, we know that

μ1 ≤ μ(A) + μ (−ρ(S)P∞) < μ(A) < 0,

μ2 ≤ μ(A) + μ (−ρ(S)P∞) /2 < μ(A) < 0,

and

μ1 = μ (A− P∞S/2− P∞S/2) � μ2 + μ (−ρ(S)P∞) /2 < μ2. (4.22)

By (3.7), we have

det = Aetdt+QtH
�R−1

2

(
HXtdt+R

1/2
2 dWt −H

Xt +mt

2
dt

)
+P �

t H
�R−1

2 (−H (et + e1,t) /2) dt

=

[(
A− 1

2
P �
t S

)
et +QtS (e2,t + e3,t) /2− 1

2
P �
t Se1,t

]
dt+QtH

�R−1/2
2 dWt.

Let Φs,t := exp
[∮ t

s
(A− P �

uS/2) du
]
,Mt := QtH

�R−1/2
2 dWt, then we have

d

dt
〈M〉t = QtSQt,

and

et = Φ0,te0 +
1

2

∫ t

0

Φs,tQsS (e2,s + e3,s) ds− 1

2

∫ t

0

Φs,tP
�
s Se1,sds+

∫ t

0

Φs,tdMs

� I1 +
1

2
I2 − 1

2
I3 + I4. (4.23)

For I1, using Corollary 4.7, we have

E [‖I1‖p]
1
p � ‖Φ0,t‖E [‖e0‖p]

1
p � C11e

μ2tE [‖e0‖p]
1
p (4.24)

with C11 := exp [αv (P
�
0 , P∞) ‖S‖ ‖P∞ − P �

0 ‖ / (2βv)].
For I2, Using generalized Minkowski inequality, we have

E [‖I2‖p]
1
p �

∫ t

0

‖Φs,t‖ ‖Qs‖ ‖S‖
(
E [‖e2,s‖p]

1
p + E [‖e3,s‖p]

1
p

)
ds

� C21

∫ t

0

eμ2(t−s)e2μ1s ‖Q0‖ ‖S‖ds
≤ C21 ‖Q0‖ ‖S‖eμ2t/ (−μ2) ,

(4.25)

where the second inequality is due to Lemma 4.5, Corollary 4.3 and
Corollary 4.7, the third inequality comes from (4.22), and C21 :=

C11κ̄μ (P0, v) κ̄μ (P
�
0 , v) supt≥0

(
E [‖e2,s‖p]

1
p + E [‖e3,s‖p]

1
p

)
.
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Similarly, for I3, we have

E [‖I3‖p]
1
p �

∫ t

0

‖Φs,t‖ ‖P �
s ‖ ‖S‖E [‖e1,s‖p]

1
p ds

� C31

∫ t

0

eμ2(t−s)eμ1sds
(
C32E [‖e1,0‖p]

1
p + C33 ‖Q0‖

)
� C31e

μ2t
(
C32E [‖e1,0‖p]

1
p + C33 ‖Q0‖

)
/ (μ2 − μ1) ,

(4.26)

where we use (4.6), Corollary 4.7 and Theorem 4.4 in the second inequality,

C31 := C11 (‖P∞‖+ αv (P
�
0 , P∞) ‖P �

0 − P∞‖) ‖S‖, C32 := κ̄μ (P0, v)

and

C33 := κ̄2
μ (P0, v) κ̄μ (P

�
0 , v)

(
−‖S‖ sup

t≥0
[‖Xt −m�

t ‖p]
1
p /μ1 + 4

√
pn‖S‖/

√
−2μ1

)
.

For I4, arguing as in the step III of the proof of Theorem 4.4, we can obtain that

E [‖I4‖p]
1
p � C41e

μ2t ‖Q0‖ , (4.27)

where C41 := 4
√
pn‖S‖C11κ̄μ (P0, v) κ̄μ (P

�
0 , v) /

√−2μ2.
Putting (4.24)-(4.27) into (4.23), we arrive at the desired result.

Remark 4.8. From the proof, it can be seen that, in Theorem 4.6, Assumption 1
and 2 can be replaced by the weaker conditions μ (A− P∞S/2) < 0, μ (A− P∞S) < 0
and μ (A− P∞S) < μ (A− P∞S/2).

4.3. Convergence of FPF (3.8). In this part, we shall analyze the convergences
of empirical mean and covariance in FPF (3.8), which are shown in the following
theorem.

Theorem 4.9. If Assumption 1-3 hold, then for any �1 with

�1 ∈
(
4μ(A)− 2ρ(S) inf

t≥0
λmin (Pt) , 0

)
, (4.28)

there exists positive integer N0, such that for ∀ N ≥ N0, ∀ t ≥ 0, we have that

E

[∥∥∥m(N)
t −mt

∥∥∥2] ≤ c3
N

exp {�2t}+ c4
N − 1

,

E

[∥∥∥P (N)
t − Pt

∥∥∥2
F

]
≤ c1
N

exp {�1t}+ c2
−�1(N − 1)

,

(4.29)

where �2 = 2μ(A), c1, c2, c3 and c4 are some positive parameters independent of N .

Before we give the proof, we list one result first and put its proof into Appendix
A.4.

Lemma 4.10. Let Mt be defined in Lemma 3.2, then we have

Tr
{
d
(
Mt +M�

t

)
d
(
Mt +M�

t

)}
=

2

N − 1

[
Tr(R1P

(N)
t ) + Tr(R1) Tr(P

(N)
t )

]
dt.

(4.30)



ON THE STABILITY OF LINEAR FEEDBACK PARTICLE FILTER 109

Now we are ready for the proof of Theorem 4.9.

Proof. Step I: We first analyze the error between the P
(N)
t formed by FPF and

the actual conditional covariance Pt. Define the error matrix

Ξt := P
(N)
t − Pt,

then according to (3.4) and (3.10), we have the following evolution equation for Ξt:

dΞt =
(
Ricc(P

(N)
t )− Ricc(Pt)

)
dt+ dMt + dM�

t

=

[
A− 1

2

(
P

(N)
t + Pt

)
S

]
Ξtdt+ Ξt

[
A− 1

2

(
P

(N)
t + Pt

)
S

]�
dt+ dMt + dM�

t .

(4.31)

Using Itô’s lemma [13], we can easily obtain

d
(
Ξ2
t

)
= I1dt+ I2 + I3, (4.32)

with

I1 :=

[
A− 1

2

(
P

(N)
t + Pt

)
S

]
Ξ2
t + Ξt

[
A− 1

2

(
P

(N)
t + Pt

)
S

]�
Ξt

+ Ξ2
t

[
A− 1

2

(
P

(N)
t + Pt

)
S

]�
+ Ξt

[
A− 1

2

(
P

(N)
t + Pt

)
S

]
Ξt,

(4.33)

and

I2 :=Ξtd
(
Mt +M�

t

)
+ d

(
Mt +M�

t

)
Ξt,

I3 :=d
(
Mt +M�

t

)
d
(
Mt +M�

t

)
.

(4.34)

Now we analyze these three terms separately.

Using Assumption 2 and Lemma B.2, we have

E [Tr(I1)] =2E
[
Tr
{[

A+A� −
(
P

(N)
t + Pt

)
S
]
Ξ2
t

}]
≤2λmax

(
A+A� − ρ(S)P

(N)
t − ρ(S)Pt

)
E
[
Tr
(
Ξ2
t

)]
≤2 [2μ(A)− ρ(S)λmin (Pt)]E

[
Tr
(
Ξ2
t

)]
,

(4.35)

where the last inequality comes from the result that

λmax

(
A+A� − ρ(S)P

(N)
t − ρ(S)Pt

)
≤λmax

(
A+A� − ρ(S)P

(N)
t

)
+ ρ(S)λmax (−Pt)

≤2μ(A)− ρ(S)λmin (Pt) .

It can easily obtained that

E[Tr(I2)] = 0 (4.36)
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since Mt is a martingale. As for I3, using Lemma 4.10, we can have

E
[
Tr
{
d
(
Mt +M�

t

)
d
(
Mt +M�

t

)}]
=

2

N − 1
E

[
Tr(R1P

(N)
t ) + Tr(R1) Tr(P

(N)
t )

]
dt

=
2

N − 1
E [Tr(R1Pt) + Tr(R1Ξt) + Tr(R1) Tr(Pt) + Tr(R1) Tr(Ξt)] dt

≤2(n+ 1)μ(Pt) Tr(R1) + Tr(R2
1) + nTr2(R1)

N − 1
dt

+
2

N − 1
E
[
Tr
(
Ξ2
t

)]
dt,

(4.37)

where the last inequality is due to the facts that

Tr(R1Pt) ≤μ (Pt) Tr(R1),

Tr(R1) Tr(Pt) ≤nμ (Pt) Tr(R1),

and

Tr(R1Ξt) + Tr(R1) Tr(I · Ξt) ≤
√
Tr(R2

1)
√
Tr(Ξ2

t ) + Tr(R1)
√
n
√

Tr(Ξ2
t )

≤Tr(R2
1) + Tr

(
Ξ2
t

)
2

+
nTr2(R1) + Tr

(
Ξ2
t

)
2

.

Put (4.35), (4.36) and (4.37) into (4.32), we can have

dE
[
‖Ξt‖2F

]
= dE

[
Tr
(
Ξ2
t

)] ≤ atE
[
‖Ξt‖2F

]
dt+

bt
N − 1

dt, (4.38)

with

at :=4μ(A)− 2ρ(S)λmin (Pt) +
2

N − 1
,

bt :=2(n+ 1)μ(Pt) Tr(R1) + Tr(R2
1) + nTr2(R1).

It follows that, for any �1 satisfying (4.28), there exists a positive integer N0, such
that for ∀ N ≥ N0, we have

sup
t≥0

at ≤ �1 < 0.

Therefore, by Theorem B.3 and Grönwall’s inequality, we can get that

E

[
‖Ξt‖2F

]
≤E

[
‖Ξ0‖2F

]
exp

{∫ t

0

audu

}
+

1

N − 1

∫ t

0

bs exp

{∫ t

s

audu

}
ds

≤E

[
‖Ξ0‖2F

]
exp {�1t}+ 1

N − 1

∫ t

0

bs exp {�1(t− s)} ds

≤E

[
‖Ξ0‖2F

]
exp {�1t}+

supt≥0 bt

−�1(N − 1)
.

(4.39)

Then we can easily obtain the second inequality in (4.29).
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Step II: Next we analyze the error between the sample mean m
(N)
t formed by

FPF and the actual conditional mean mt. Similarly, we define the error

et := m
(N)
t −mt.

Using (3.3) and (3.10), we can have

det =
(
A− P

(N)
t S

)
etdt+ ΞtH

�R−1
2 (dZt −Hmtdt) +R

1/2
1 dB

(N)
t . (4.40)

By Itô’s lemma, we can get

d
(
ete

�
t

)
=
(
A− P

(N)
t S

)
ete

�
t dt+ ete

�
t

(
A− P

(N)
t S

)�
dt+ ΞtH

�R−1
2 (dZt −Hmtdt) e

�
t

+ et (dZt −Hmtdt)
�
R−1

2 HΞt +R
1/2
1 dB

(N)
t e�t + et

(
dB

(N)
t

)�
R

1/2
1

+ ΞtH
�R−1

2 R
1/2
2 dWtdW

�
t R

1/2
2 R−1

2 HΞt +R
1/2
1 dB

(N)
t

(
dB

(N)
t

)�
R

1/2
1 ,

(4.41)

from which we can conclude that

dE
[‖et‖2] = dE

[
Tr
(
ete

�
t

)]
=E

[
Tr
{(

A+A� − P
(N)
t S − SP

(N)
t

)
ete

�
t

}]
dt+ E [Tr {ΞtSΞt}] dt+ 1

N
Tr {R1} dt

≤2μ(A)E
[‖et‖2] dt+ ρ(S)E

[
‖Ξt‖2F

]
dt+

1

N
Tr {R1} dt,

(4.42)

since Zt −
∫ t

0
Hmsds is a martingale. Similar to (4.39), we have

E
[‖et‖2] ≤E

[‖e0‖2] exp {2tμ(A)}+
ρ(S) supt≥0 E

[
‖Ξt‖2F

]
+R1/N

−2μ(A)
,

and then we can obtain the first inequality of (4.29).

Remark 4.11. From (4.35) in the proof, it can be seen that, we need to estimate

the eigenvalue of the matrix A + A� −
(
P

(N)
t + Pt

)
S, which varies with N . And

it is hard to make assumptions w.r.t. A + A� −
(
P

(N)
t + Pt

)
S. Using Assumption

2, we only need to estimate μ(A). Then take advantage of the stability assumption
μ(A) < 0, i.e., Assumption 1, we can easily obtain the desired result.

5. Conclusion. In this paper, we analyze the stability of linear FPF for time-
invariant system (3.8). We give some local contraction estimates of the conditional
mean and the exact linear FPF process w.r.t. the initial values. In addition, for linear
FPF formed by N particles, we analyze the errors between actual moments (mt, Pt)

and their empirical approximations (m
(N)
t , P

(N)
t ). However, all our discussions are

restricted to the linear case. Therefore, how to analyze the long behavior of the
general FPF is an important future work.
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Appendix A. Proofs.

A.1. Proof of Lemma 3.2.

Proof. The evolution of m
(N)
t can be obtained directly from (3.8). For the error

process ϑi
t , we can get

dϑi
t =

(
A− P

(N)
t S

2

)
ϑi
t +R

1/2
1

(
dBi

t − dB̃
(N)
t

)
, (A.1)

where S is defined in (3.6). Using Itô’s lemma, we have

dP
(N)
t =

(
A− P

(N)
t S

2

)
P

(N)
t dt+ P

(N)
t

(
A− P

(N)
t S

2

)�
dt

+
1

N − 1

N∑
i=1

ϑi
t

(
dBi

t − dB̃
(N)
t

)�
R

1/2
1

+
1

N − 1

N∑
i=1

R
1/2
1

(
dBi

t − dB̃
(N)
t

)
(ϑi

t)
�

+
1

N − 1

N∑
i=1

R
1/2
1

(
dBi

t − dB̃
(N)
t

)(
dBi

t − dB̃
(N)
t

)�
R

1/2
1

=
(
AP

(N)
t + P

(N)
t A� − P

(N)
t SP

(N)
t

)
dt

+
1

N − 1

N∑
i=1

ϑi
t

(
dBi

t

)�
R

1/2
1 +

1

N − 1

N∑
i=1

R
1/2
1

(
dBi

t

)
(ϑi

t)
� +R1dt

=Ricc(P
(N)
t )dt+ dMt + dM�

t ,

since
∑N

i=1 ϑ
i
t = 0.

A.2. Proof of Lemma 4.5.

Proof. We shall prove the two inequalities by two steps.
Step I: We shall prove the first inequality (4.12). Define et := Xt − mt, then

according to (3.1) and (3.3), we have

det =Aetdt+R
1/2
1 dBt − PtH

�R−1
2

(
Hetdt+R

1/2
2 dWt

)
=(A− PtS) etdt+R

1/2
1 dBt − PtH

�R−1/2
2 dWt.

Using Itô’s lemma, one has

d ‖et‖2 = Lt ‖et‖2 dt+ dM1,t,

where

Lt ‖et‖2 :=e�t
(
A− PtS +A� − SPt

)
et +Tr (R1 + PtSPt)

�2μ (A− PtS) ‖et‖2 +Tr (R1 + PtSPt) ,

and

dM1,t :=2e�t R
1/2
1 dBt − 2e�t PtH

�R−1/2
2 dWt
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with

d

dt
〈M1,·〉t = 4e�t R1et + 4e�t PtSPtet � 4 ‖et‖2 Tr (R1 + PtSPt) .

According to Theorem 4.1, for any u ∈ (0, 1], there exists some time horizon τu � 0,
such that, for any t � τu, we have

sup
t�τu

μ (A− PtS) � (1− u)μ (A− P∞S)

since

μ (A− PtS) = μ (A− P∞S + (P∞ − Pt)S)

� μ(A− P∞S) + μ ((P∞ − Pt)S)

� μ(A− P∞S) + μ (P∞ − Pt) Tr(S)

� μ(A− P∞S) +
√
n ‖P∞ − Pt‖Tr(S)

by (2.1) and (B.3). Therefore, for ∀ t � τu, we have

Lt ‖et‖2 ≤ 2(1− u)μ(A− P∞S) ‖et‖2 + c(u)

and

d

dt
〈M1,·〉t � c(u) ‖et‖2

where

c(u) := 4 sup
t�0

(
Tr (R1) + nμ(S) ‖Pt‖2

)
.

Then the desired result (4.12) can be concluded using Theorem 2.2.
Step II: We now prove the second inequality (4.13). Define ēt := Xt − Xt.

According to (3.1) and (3.7), we have

dēt =Aēt +R
1/2
1

(
dBt − dBt

)− PtH
�R−1

2

(
H (ēt + et) /2 +R

1/2
2 dWt

)
=(A− PtS/2) ēt − PtSet/2 +R

1/2
1

(
dBt − dBt

)− PtH
�R−1/2

2 dWt

By Itô’s lemma, we have

d ‖ēt‖2 = Lt ‖ēt‖2 dt+ dM2,t

with

Lt ‖ēt‖2 :=ē�t
(
A− PtS/2 +A� − SPt/2

)
ēt − ē�t PtSet +Tr (2R1 + PtSPt)

≤2μ (A− PtS/2) ‖ēt‖2 − μ (A− P∞S/2) ‖ēt‖2

+ |μ (A− P∞S/2)|−1 ‖Pt‖2 ‖S‖2 ‖et‖2 /4 + 2Tr (R1) + nμ(S) ‖Pt‖2

≤ (2μ (A− PtS/2)− μ (A− P∞S/2)) ‖ēt‖2 + C1 ‖et‖2 + C2

where C1 := supt≥0

{
|μ (A− P∞S/2)|−1 ‖Pt‖2 ‖S‖2/4

}
, C2 := supt≥0 {2Tr (R1)+

nμ(S) ‖Pt‖2
}
, and we use the inequality |a�b| ≤ ε ‖a‖2 + ‖b‖2 /ε, ∀ ε > 0 in the first

inequality. Besides, we also have

d

dt
〈M2,·〉t = 4ē�t (2R1 + PtSPt) ēt ≤ C3 ‖ēt‖2 ,
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where C3 := supt≥0

{
4
(
2μ(R1) + nμ(S) ‖Pt‖2

)}
.

Using Remark 2.4 of Theorem 2.2 and the similar procedure in Step I, we can
obtain (4.13).

A.3. Proof of Lemma 4.7.

Proof. Let Ā := A− P∞S/2, B̄u := (P∞ − Pu)S/2. Then we have

A− PuS/2 = Ā+ B̄u

and

exp

[∮ t

s

(A− PuS/2) du

]
= Es,t(Ā+ B̄).

By (2.3), we get ∥∥Es,t(Ā)
∥∥ =

∥∥Et−s(Ā)
∥∥ � κ(ε)e(1−ε)ζ(Ā)(t−s),

from which and Lemma 2.1, we obtain

‖Es,t(Ā+ B̄)‖ � κ(ε) exp

[
(1− ε)ζ(Ā)(t− s) + κ(ε)

∫ t

s

∥∥B̄u

∥∥ du] .
Since ∫ t

s

∥∥B̄u

∥∥ du =
1

2

∫ t

s

‖(P∞ − Pu)S‖ du

≤ 1

2
‖S‖

∫ t

s

‖P∞ − Pu‖ du

≤ 1

2
‖S‖αv (P0, P∞) ‖P∞ − P0‖

∫ t

s

exp (−2βvu) du

≤ αv (P0, P∞) ‖S‖ ‖P∞ − P0‖ / (2βv)

using Theorem 2, we can obtain (4.20). Following the similar procedure, we can also
get (4.21).

A.4. Proof of Lemma 4.10.

Proof. Since dMt =
1

N − 1

∑N
i=1 R

1/2
1

(
dBi

t

)
(ϑi

t)
�, we have

dMtdMt =
1

(N − 1)2

N∑
i,j=1

R
1/2
1

(
dBi

t

)
(ϑi

t)
�R1/2

1

(
dBj

t

)
(ϑj

t )
�

=
1

(N − 1)2

N∑
i,j=1

R
1/2
1

(
dBi

t

) (
dBj

t

)�
R

1/2
1 ϑi

t(ϑ
j
t )

�

=
1

(N − 1)2
R1

N∑
i

ϑi
t(ϑ

i
t)

�dt

=
1

N − 1
R1P

(N)
t dt
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and

dMtdM
�
t =

1

(N − 1)2

N∑
i,j=1

R
1/2
1

(
dBi

t

)
(ϑi

t)
�ϑj

t

(
dBj

t

)�
R

1/2
1

=
1

(N − 1)2

N∑
i,j=1

R
1/2
1

(
dBi

t

) (
dBj

t

)�
R

1/2
1 (ϑj

t )
�ϑi

t

=
1

(N − 1)2
R1

N∑
i

(ϑj
t )

�ϑi
tdt

=
1

N − 1
R1 Tr

(
P

(N)
t

)
dt.

It follows that

Tr
{
d
(
Mt +M�

t

)
d
(
Mt +M�

t

)}
=2Tr

{
dMtdMt + dMtdM

�
t

}
=

2

N − 1

[
Tr(R1P

(N)
t ) + Tr(R1) Tr(P

(N)
t )

]
dt.

Appendix B. Some results.

B.1. Trace of a square matrix. We list some results about matrix trace here:
for any A,B ∈ R

n×n, we have

Tr(A) =

n∑
i=1

A(i, i),

Tr(A) = Tr(A�),

Tr(A) = Tr(PAP−1),

Tr(AB) = Tr(BA),

‖A‖2F = Tr(AA�),

(B.1)

where A(i, i) is the (i, i)-th entry of matrix A, and P ∈ R
n×n is any invertible matrix.

Lemma B.1. For any A,B ∈ R
n×n, we have∣∣Tr(AB�)
∣∣2 ≤ Tr(AA�) Tr(BB�). (B.2)

Proof. Define 〈A,B〉 := Tr(AB�). It can be easily checked that such defined 〈·, ·〉
is a inner product on the Euclidean space Rn×n. Then by Cauchy-Schwarz inequality,
we have

|〈A,B〉|2 ≤ 〈A,A〉 · 〈B,B〉,

which is the desired result.

Lemma B.2. For any A,B ∈ Sn, if B is also positive semidefinite, then we have

λmin(A) Tr(B) ≤ Tr(AB) ≤ λmax(A) Tr(B). (B.3)
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and

1

n
|Tr(A)|2 ≤ Tr(A2) ≤ |Tr(A)|2 . (B.4)

Proof. Since A ∈ Sn, there exists an orthogonal matrix Pa such that

A = PaΛaP
−1
a ,

with Λa := diag{λ1, · · · , λn} which is the diagonal matrix composed by all eigenvalues
of A. Then we can get

Tr(AB) =Tr(PaΛaP
−1
a B)

=Tr(ΛaP
−1
a BPa)

=

n∑
i=1

λi

(
P−1
a BPa

)
(i, i).

Since B is positive semidefinite, we know that there exists Pb, such that B = P�
b Pb.

Therefore

P−1
a BPa = (PbPa)

�(PbPa),

and from which we can conclude [
P−1
a BPa

]
i,i

≥ 0.

It follows that

λmin(A) Tr(P−1
a BPa) ≤ Tr(AB) ≤ λmax(A) Tr(P−1

a BPa).

Then we obtain the first desired result using the property Tr(B) = Tr(P−1
a BPa).

On the one hand, when B = I and by Lemma B.1, we have

|Tr(A)|2 ≤ nTr(A2).

On the other hand,

Tr(A2) ≤ λmax(A) Tr(A) ≤ |Tr(A)|2 .
Then we obtain the second result.

B.2. Estimates of the initial errors m
(N)
0 −m0 and P

(N)
0 −P0 . In this part,

we shall consider how close are the sample mean and covariance matrix to the actual
mean and covariance matrix of Gaussian distribution.

Theorem B.3. Let the n-dimensional random vectors Xi
i.i.d∼ N(m,P ), i =

1, 2, . . . , N . Define

m(N) :=
1

N

N∑
i=1

Xi,

P (N) :=
1

N − 1

N∑
i=1

(
Xi −m(N)

)(
Xi −m(N)

)�
.
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Then for ∀ p ≥ 1, we have

E

[
‖m(N) −m‖p

] 1
p ≤ Cn,p

1√
N

. (B.5)

and

E

[
‖P (N) − P‖pF

] 1
p ≤ C̄n,p

1√
N

, (B.6)

where Cn,p and C̄n,p are some parameters depending on n and p.

Before we prove it, we need to state two results.

Lemma B.4 (Rosenthal type inequality [16]). Let p > 0, and let {ξi, i =
1, · · · , N} be conditionally independent random variables given σ−algebra G such that
E[ξi|G] = 0 and E [ |ξi|p|G] < ∞. Then

E

[∣∣∣∣∣
N∑
i=1

ξi

∣∣∣∣∣
p∣∣∣∣∣G

]
≤ Cp

⎡⎣ N∑
i=1

E(|ξi|p|G) +
(

N∑
i=1

E(|ξi|2|G)
)p/2

⎤⎦ , (B.7)

where Cp is a constant that depends only on p. This inequality holds in the almost
sure sense.

Using Lemma B.4, we have the following result for the estimate of the moment
of the random vectors.

Corollary B.5. Let p ≥ 1, and let {ξi, i = 1, · · · , N} be independent identically

distributed n-dimensional random vectors with E[ξi] = 0 and E

[
‖ξi‖2p

]
< ∞. Then

E

⎡⎣∥∥∥∥∥
N∑
i=1

ξi

∥∥∥∥∥
2p
⎤⎦ ≤ Cn,pN

p, (B.8)

where Cn,p is a finite parameter depending on n and p.

Proof. Let ξi,j be the j-entry of vector ξi. It is obvious that for ∀ 1 ≤ j ≤ n,
{ξi,j , i = 1, · · · , N} are independent identically distributed random variables with

E[ξi,j ] = 0 and E

[
|ξi,j |2p

]
< ∞. Then using Jensen’s inequality and Lemma B.4, we

have

E

⎡⎣∥∥∥∥∥
N∑
i=1

ξi

∥∥∥∥∥
2p
⎤⎦ = E

⎡⎣⎛⎝ n∑
j=1

(
N∑
i=1

ξi,j

)2
⎞⎠p⎤⎦

� np−1
n∑

j=1

E

⎡⎣( N∑
i=1

ξi,j

)2p
⎤⎦

� np−1Cp

n∑
j=1

[
N∑
i=1

E

[
|ξi,j |2p

]
+

(
N∑
i=1

E

[
|ξi,j |2

])p]

� np−1Cp

n∑
j=1

(
NE

[
|ξi,j |2p

]
+Np

E

[
|ξi,j |2p

])
� Cn,pN

p.
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Now we start the proof of Theorem B.3.

Proof. Step 1: We first prove (B.5).

Using Corollary B.5 and Xi −m
i.i.d∼ N(0n×1, P ), i = 1, 2, . . . , N , we have

E

[
‖m(N) −m‖2p

] 1
2p

= E

⎡⎣∥∥∥∥∥ 1

N

N∑
i=1

(Xi −m)

∥∥∥∥∥
2p
⎤⎦

1
2p

= E

⎡⎣∥∥∥∥∥
N∑
i=1

(Xi −m)

∥∥∥∥∥
2p
⎤⎦

1
2p

≤ Cn,p
1√
N

.

Hence we obtain (B.5) by the inequality

E

[
‖m(N) −m‖2p−1

] 1
2p−1 ≤ E

[
‖m(N) −m‖2p

] 1
2p

.

Step 2: Now we prove (B.6). Define ẽi = Xi −m(N), 1 � i � N, then we have
E [ẽi] = 0 and

E
[
ẽiẽ

�
j

]
=

{ (
1− 1

N

)
P i = j,

− 1
N P i �= j.

Define ẽ = (ẽ1, ẽ2, . . . , ẽN ) ∈ R
n×N , we have

vec(ẽ) ∼ N (0nN×1, BN ⊗ P ) ,

where vec(A) denotes the vectorization of the matrix A, 0n×1 denotes n × 1 zero
vector, and

BN =

⎡⎢⎢⎢⎣
1− 1

N − 1
N · · · − 1

N− 1
N 1− 1

N · · · − 1
N

...
...

. . .
...

− 1
N − 1

N · · · 1− 1
N

⎤⎥⎥⎥⎦ .

It can be easily computed that

Spec (BN ) = {1, · · · , 1, 0}.
Since BN is symmetric, there exists an orthogonal matrix A, s.t.

A−1BNA =

[
IN−1

0

]
.

Define

e = (e1, . . . , eN ) := ẽA,

and we have

vec(e) =
(
A� ⊗ In

)
vec(ẽ).
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Therefore

vec(e) ∼ N

(
0nN×1,

[
IN−1 ⊗ P

0

])
since

Cov(vec(e)) =
(
A� ⊗ In

)
(BN ⊗ P ) (A⊗ In)

=
(
A�BNA

)⊗ P

=

[
IN−1 ⊗ P

0

]
.

It can be concluded that

ei ∼ N (0n×1, P ) , 1 � i � N − 1, eN = 0,

{e1, . . . , eN−1} are independent, and

P (N) =
1

N − 1
ẽẽ� =

1

N − 1
eA−1Ae� =

1

N − 1
ee� =

1

N − 1

N−1∑
i=1

eie
�
i .

Let Yi = vec
(
eie

�
i − P

)
, 1 � i � N−1. It can be easily checked that {Y1, . . . , YN−1}

are independent and identically distributed, with E [Yi] = 0 and E

[
‖Yi‖2p

]
< ∞.

Then according to Corollary B.5, we obtain

E

[
‖P (N) − P‖2pF

] 1
2p

= E

[
‖ vec(P (N) − P )‖2p

] 1
2p

= E

⎡⎣∥∥∥∥∥ 1

N − 1

N−1∑
i=1

Yi

∥∥∥∥∥
2p
⎤⎦

1
2p

= E

⎡⎣∥∥∥∥∥
N−1∑
i=1

Yi

∥∥∥∥∥
2p
⎤⎦

1
2p

≤ Cn,p
1√
N

,

from which we obtain the desired result.
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