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MOMENT MAP FOR COUPLED EQUATIONS OF KÄHLER FORMS
AND CURVATURE∗

KING LEUNG LEE†

Abstract. In this paper we introduce two new systems of equations in Kähler geometry: The
coupled p equation and the generalized coupled cscK equation. We motivate the equations from the
moment map pictures, prove the uniqueness of solutions and find out the obstructions to the solutions
for the second equation. We also point out the connections between the coupled cscK equation, the
coupled Kähler Yang-Mills equations and the deformed Hermitian Yang-Mills equation.

Moreover, using this moment map, we can show the Mabuchi functional for the generalized
coupled cscK equation, and a special case of the coupled Kähler Yang-Mills equations and the
deformed Hermitian Yang-Mills equation are convex along the smooth geodesic, which is different
from the one using the moment map picture from the gauge group. In our case, the geodesic is given
by the natural metric on the product of smooth Kähler potential K(X,ω0)× · · · × K(X,ωk).
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1. Introduction.

1.1. Motivation. Over the years, many important equations in complex geom-
etry have been given moment map interpretations. A few examples of equations with
moment map interpretations are the cscK equation ([Don00] and [Fuj92]), the coupled
Kähler Yang-Mills equation ([ACGFGP13]) and the coupled constant scalar curvature
([DP20]). In this paper, we combine the moment maps for the latter two together
with some new ideas to define a new type of canonical metrics. We begin by recalling
the definition of the coupled Khler-Yang-Mills equation.

Definition 1.1 ([ACGFGP13]). Let P be a principal U(k) bundle on a Kähler
manifold (X,ωX), A be a connection on P , and FA be the curvature which is an
Lie(G)-valued 2 form. Then the coupled Kähler equation is given by

α0Sg + α1

∧2
FA ∧ FA = c∧

FA = z

where z ∈ Lie(G) is invariant under the adjoint U(k) action and c is a constant,
which depended on the topological constraint on P and α0, α1, [ω]. Also, we need the
integrability condition

F 0,2
A = 0.

If P = U(1)k, then the Lie algebra is u(1) ⊕ · · · ⊕ u(1), and the FA can be
represented as

FA = ω1 + · · ·+ ωk,
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where ω1, ..., ωk are L-valued Kähler forms on X, which can be realized as Kähler
forms on X. In this special case, the moment map equation is given by

α0Sg + α1

k∑
i=1

ω2
i ∧ ω

n−2
0

ωn0
= c0

Trω0
(ω1) = c1
... =

...
Trω0

(ωk) = ck.

.

In [HWN18], Hultgren and Witt Nyström introduced another type of canonical met-
rics: the coupled Kähler Einstein equation. This equation was later generalized by
Datar and Pingali ([DP20]) to the coupled cscK equation:

Definition 1.2 ([DP20]). Let X be a Kähler manifold and ω0, ..., ωk be Kähler

forms on X, and let ω =

k∑
i=0

ωi. Then the coupled cscK equation is given by

ωn0
vol(ω0)

= · · · = ωnk
vol(ωk)

Sω0 = Trω0ω + c,

here c is the topological constant depending on the class of ωi and Ric(ω). If c = 0,
then this reduces to the coupled Kähler-Einstein equation.

Both the cKYM equation and the ccscK equation are moment map equations.
For both setups, the domains are in a subspace of Y ⊂ J × A, which for each
(J,A), A ∈ Ω1,1

J (ad(P )) (See [ACGFGP13], [DP20]). Notice that in order to get the
topological constraint, the setups are in the complexifed orbit. But we can study
deformation of ths solutions if we consider the bigger subspace Y. When P is a
principal U(1) bundle, the moment map for the coupled Kähler Yang-Mills equation
is

µcKYM (J,A)(ϕ, ξ) =

∫
X

ϕ

(
c− S(J)− α2

ωn−2X ∧ ω2
A

ωnX
+ α1

ωn−1X ∧ ωA
ωnX

)
ωnX
n!

+

∫
X

θAξ ∧
(
α1z − α2

ωn−1X ∧ ωA
ωnX

)
ωnX ;

and the moment map for coupled cscK equation is

µccscK(J,A)(Hξ,0, Hξ,A) =

∫
X

Hξ,0

(
c− S(J) +

ωn−1X ∧ ωA
ωnX

)
+

∫
X

Hξ,A

(
ωnA
ωnX
− z
)

We will now explain how both these moment maps can be constructed using the
moment map for the cscK metrics together with a new construction involving maps
between two symplectic manifolds (X,ωX) and (Y, ωY ) which are diffeomorphic to
each others.

Definition 1.3 (Defintion 2.2). We denote the map

µp : Map(X,Y ; p)+ → Lie(Ham(X,ωX)×Ham(Y, ωY ))∗
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by

µp,ωXωY (f) =
n

n− p

(
c1
ωnX
n!
−

ωn−p−1X ∧ f∗ωp+1
Y

(n− p− 1)!(p+ 1)!
, c2

ωnY
n!
−
f∗ω

n−p
X ∧ ωpY

(n− p)!p!

)
, (1)

where c1 =

∫
X
ωn−p−1X ∧ f∗ωp+1

Y∫
X
ωnX

, c2 =

∫
Y
f∗ω

n−p
X ∧ ωpY∫
Y
ωnY

.

We also have the classical moment map: Denote Jint(X) be the space of all
integrable almost complex structure, and let

J (X,ω0) := {J ∈ Jint(X)|ω0(•, •) = ω0(J•, J•), ω0(•, J•) > 0}

be the space of integrable almost complex structure compactible with ω0. The metric
gJ := ω(•, J•) induces a pairing on TJJ (X,ω0), and

ΩJ (δ1J, δ2J) :=

∫
X

gJ(δ1J, δ2J)
ωn

n!
.

Then the map

µJ (J) = (SJ − SJ)
ωn0
n!

= Ric(X,J) ∧ ωn−10

(n− 1)!
− Sωn

n!

is a moment map corresponding to (J (X,ω0),ΩJ ) (see [Don97], [Fuj92]), where

SJ =
1

V ol(X,ωn)

∫
X

SJ
ωn0
n!

is the average of SJ .

As X is diffeomorphic to Y , if we take ωA = f∗ωY , then under suitable domain,
1) µcKYM (J,A) = 0 iff µJ (J)+c1µ

∗
1(f)−c2µ∗0(f) = 0 for some suitable constant

c1, c2;
2) µccscK(J,A) = 0 iff µJ (J) + cµ0(f) = 0 for some suitable constant c.

Notice that with a suitable choice of domain and symplectic form, the sum of two
moment maps can also be a moment map. Therefore, we unify the ccscK equations
and coupled Kähler Yang Mills equation into one general moment map setup, namely,
the sum of different moment maps µp with the standard moment map µJ . Moreover,
using the same idea, we reconstruct the moment map for deformed Hermitian Yang
Mills equation (dHYM) (see [CXY17]) and the coupled dHYM ([SS19]) in section 3.4.

1.2. Construction. We will now explain how to choose the symplectic form,
the domain and the range to make the sum of two moment maps a moment map in
general by considering the construction for the moment map µJ +µ0, i.e, the moment
map for ccscK, as an example.
Step 1 Define

µJ ,0: J (X,ω0)×Map(X,X)

→ Lie(Ham(X,ω0))∗ ⊕ Lie(Ham(X,ω0)×Ham(X,ω1))∗

by

µJ ,0(J, f) := (µJ , µ0).
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We need to show that this is a moment map for the Kähler form

ΩJ ,0 := ΩJ + Ω0

For this moment map, the range contains more equations than we want, and
the domain J and f has no relation. We will fix this issue by the following
steps.

Step 2 Consider the subgroup H ∼= Ham(X,ω0) × Ham(X,ω1), and the embedding
map ι : H → Ham(X,ω0)×Ham(X,ω0)×Ham(X,ω1) by

ι(σ, η) = (σ−1, σ, η)

It induces a map ι∗ : Lie(Ham(X,ω0) × Ham(X,ω0) × Ham(X,ω1))∗ →
Lie(H)∗, and the map

ι∗ ◦ µJ ,0 =

(
ωn−10 ∧ (−Ric(ω0, J) + f∗ω1 − c1ω0)

(n− 1)!
,
f∗ω

n
0 − c2ωn1
n!

)
is also a moment map.

Step 3 In order to make sure the solution indeed is Kähler, we consider the subspace

Y0 := {(J, f)|DfJDf−1 ∈ J (X,ω1)},

and we need to show that this space has the following properties:
a) It is closed under the action of H;
b) It is a smooth manifold. If we want the solutions to be Kähler, we need

this space to be a Kähler manifold.
Then f∗ω1 is J invariant and hence it is a Kähler form. But our theory also
need the domain to be the complexified orbit space HC · (J0, f0). Notice that
this space is equivalent to

{(ϕ0, ϕ1) ∈ Map(X,X)|ϕ∗iωi = ωi +
√
−1∂∂̄hi

for some hi ∈ PSH(X,ωi), i = 0, 1}.

We will show that the solution of ι∗ ◦ µJ ,0|HC·(J0,f0) = 0 is equivalent to the
solution of ccscK equation in the Kähler class [ω0], [ω1].

Remark 1.4.
1) we may also choose ΩJ ,0;a1,a2 := a1ΩJ + a2Ω0 in step 1 for some positive

number a1, a2 to affect the constant of the outcome moment map, that is,

ι∗ ◦ µJ ,0 =

(
ωn−10 ∧ (−a1Ric(ω0, J) + a2f

∗ω1 + c′1ω0)

(n− 1)!
,
a2f∗ω

n
0 − c′2ωn1
n!

)
but a1, a2 need to be positive so that ΩJ ,0 is still a symplectic (or Kähler
form if it is J invariant).

2) Notice that the embedding is not unique. For example ,it may also be (σ, σ, η),
(σ, σ−1, η) or (σ−1, σ, η−1) . These embedding change part of the sign of the
moment map. For example, if we change the embedding to be (σ, σ, η), then
the moment map becomes

ι∗ ◦ µJ ,0 =

(
ωn−10 ∧ (−a1Ric(ω0, J)− a2f∗ω1 − c′1ω0)

(n− 1)!
,
a2f∗ω

n
0 − c′2ωn1
n!

)
.
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3) Notice that if (J, f) ∈ Y0, then (J−1, f) = (−J, f) ∈ Y0. This implies
the above choices of embedding won’t affect the space Y0. However, the
corresponding Mabuchi functional will be the same.

In general, the main technical part for this set up is to find the correct domain space
(which is Y0 here). We need a space that is closed under the action and is a Kähler
submanifold. In section 5, we will discuss the difficulties of finding the suitable
complex submanifold of Map(X,X) for the moment map µp.

Similarly, for coupled Kähler Yang-Mills equation, we first construct

µ01 = (µJ + a1µ
∗
0 − a2µ∗1)|cKYM01

= ι∗ ◦ (µJ , µ
∗
0, µ
∗
1)|YM01

using step 1 and step 2 with a suitable embedding restricted in a suitable subspace
YM+

01. The subspace we take in step 3 should be

YM01 ⊂{(J, f, g) ∈ J (X,ω0)×Map(X1, X0;n− 2)+ ×Map(X1, X0;n− 1)+|g
= f−1, DfJDf−1 ∈ J (X,ω1)},

such that

ΩJ ,01;α0,α1,α2 = α0ΩJ − α1Ω∗0 + α2Ω∗1 > 0}.

Here µ∗ and Ω∗ are defined in Definition 2.9, as we need∫
X

(α1ω1 ∧ ω[n−1]
0 − α2ω

[n]
0 ) = 0,

where ω[k] =
ωk

k!
. If we take the undual one, α0ΩJ − α1Ω0 + α2Ω1 must not be

positive.

1.3. Main result. To discuss the main result, We first define the coupled p
equation.

Definition 1.5 (coupled p equation). Let (X,ωX), (Y, ωY ) be symplectic mani-
folds which are diffeomorphic to each other, 0 ≤ p ≤ n− 1 and let Map(X,Y ; p)+ be
the space of diffeomorphism such that ωn−pX ∧ f∗ωpY is a volume form (see definition
(2.1)). Then the couple equation p is given by

µp = 0,

where µp : Map(X,Y ; p)+ → Lie(Ham(X,ωX)×Ham(Y, ωY ))∗ is defined by

µp(f) :=

(
c1
ωnX
n!
−

ωn−p−1X ∧ f∗ωp+1
Y

(n− p− 1)!(p+ 1)!
, c2

ωnY
n!
−
f∗ω

n−p
X ∧ ωpY

(n− p)!p!

)
,

with c1, c2 ∈ R such that∫
X

ωn−p−1X ∧ f∗ωp+1
Y

(n− p− 1)!(p+ 1)!
= c1

∫
X

ωnX
n!

;∫
Y

f∗ω
n−p
X ∧ ωpY

(n− p)!p!
= c2

∫
Y

ωnY
n!
.
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After that, we will study the procedure of combining the moment maps µp and
µJ by a special case which we call the generalized ccscK equation:

Definition 1.6. Let X be a compact Kähler manifold with Kähler forms
ω0, ..., ωk. Then we define the generalised ccscK equation to be the following:

k∑
i=0

(
ωpi+1
i,ϕi

(pi + 1)!
∧

ωn−pi−10,ϕ0

(n− pi − 1)

)
− Ric(ω0,ϕ0

, J0) ∧ ωn−10

(n− 1)!
− c0

ωn0,ϕ0

n!
= 0

ωn−p10,ϕ0

(n− p1)!
∧
ωp11,ϕ1

p1!
− c1

ωn1,ϕ1

n!
= 0

...

ωn−pk0,ϕ0

(n− pk)!
∧
ωpkk,ϕk
pk!

− ck
ωnk,ϕk
n!

= 0.

We will show that this system of equations has a moment map setup. Moreover,
there exists a underlying space which has a Kähler structure and is compatible with
the action. Hence, by considering the orbit space

OJ,~f :=

(
k∏
i=0

HamC
Ji(Xi, ωi)

)
· (J, f1, ..., fk).

Then the moment map equation is given by theorem 3.11:

Theorem 1.7. Consider the moment map µ~p : OJ,~f → Lie(H0×...×Hk)∗ defined
by theorem 3.9 restricted on OJ,~f . Then µ~p = 0 has a solution iff the generalized ccscK

equation has a solution (ϕ0, · · · , ϕk).

In particular, if X0 = · · · = Xk, f1 = f2 = · · · = fk = id, ~p = (0, ..., 0), then
this is the ccscK equation with the classes fixed. Also, using similar idea, we can get
an alternate setup for the coupled Kähler Yang-Mills equation (see [ACGFGP13]) for
the case G = U(1)k.

1.4. Application. As a result, similar consequences in [Don00], [Wan04] (see
also [PS04], [PS10], [Szé10], [LS15], [ACGFGP13]) can be applied for generalised
ccscK:

1) Corollary 4.2: If the solution of µJ ,p = 0 exists, then

k⋂
i=0

Aut(Xi, Li) is

reductive.
2) Corollary 4.4: Futaki invariant is given by 〈µJ ,p, ξ〉; and if solution exists,

then Futaki variant are 0.
3) Corollary 4.5: Calabi functional is defined by ||µJ ,p||2; and if ||µ||2 have a

critical point and Futaki invariant vanished implies µ = 0 has a solution.
4) Corollary 4.9: The Mabuchi functional can be defined. (See definition 4.8)

This functional is geodesic convex along the geodesic e
√
−1ξ · p, where ξ ∈

Lie(G), and the minimums (if exists) are the solutions of µ = 0.
5) Corollary 4.10: If the manifold X is a toric variety, then the (S1)n invariant

solution is unique (if it exists).

Remark 1.8. Notice that if G = Ham(X,ω), there is no complexified group
GC. We can still define an orbit space, but the uniqueness of the solution still need to
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investigate. If the orbit is geodesically convex, i.e., any two points can be connected
by the geodesic e

√
−1ξ ·p, then the solution is unique. However, in general, by [Dar14],

HamC(X,R) is not geodesically convex. Hence the uniqueness still need to study.

Denote K(X,ωi) := {hi ∈ C∞(X,R)|ωi,hi := ωi +
√
−1∂∂̄hi > 0}. The smooth

gedosic we defined is given by (h0,t, h1,t, · · · , hk,t) ⊂ K(X,ω0)×· · · K(X,ωk) such that
for all 0 ≤ i ≤ k,

ḧi,t = |∇ḣi,t|2ωi .

Consider k = 1 case. In [ACGFGP13], denote the space of metic on the line bundle L
to be H(L), then the geodesic (Proposition 3.17 of [ACGFGP13]) is given by (h,H) ∈
K(X,ω)×H(L).

ḧ0,t = |∇ḣ0,t|2ω0
,

Ḧt − 2dḢt(JXḣ0,t
) +
√
−1FHt(Xḣ0,t

, JXḣ0,t
).

Notice that the second equation is twisted by the Kähler potential h, while in our
note, the geodesic are independent by each other. Therefore, in this note, we show
that the functional is convex along different geodesic, which is more natural in the
space of K(Xω0)× · · · K(X,ωk).

1.5. More result of µp. After the above applications, we will study if the cou-
ple p equation can be viewed as a moment map in a Kähler manifold. Unfortunately,
there is no Kähler submanifold in the domain which is closed under the action of
Ham(X,ωX) × Ham(Y, ω), and Ω is non -degenerated . The best result is in Propo-
sition 5.7, which implies that µp is a pseudo moment map in X+

f,p (as Ωp|X+
f,p

may be

degenerated).

After that, we give a special case for the moment map µp is still a moment map
when X is a submanifold of Y .

Finally, in the appendix, we will give a rough idea about the relation between
this setup and the setup in [ACGFGP13] and [DP20].

Acknowledgments. First, the author would express the appreciation from the
Asian Journal of Mathematic, and the comment from the reviewer, which points out
some mistakes in the earlier version. The author thank for my advisors in my doctorate
degree, Jacob Sturm and Prof. Xiaowei Wang, for many advises. Besides, I appreciate
the help from Raymond Yat Tin Chow, and the discusion with Ved V. Datar, K.K.
Kwong, Alen Man Chun Lee, John Man Shun Ma, Macro Yat Hin Suen and YingYing
Zhang. The last but not the least, I appreciate the help from my former advisor,
Changzheng Li and I want to say thank you for the explanation about the moment
map theory in cKYM equation by my current advisor Mario Garcia-Fernandez.

Finally, this work is supported from Sun Yat-Sen University and
the author is currently partially funded by Grant EUR2020-112265
funded by MCIN/AEI/10.13039/501100011033 and by the European
Union NextGenerationEU/PRTR, and Grant CEX2019-000904-S funded by
MCIN/AEI/10.13039/501100011033, and also funded by MICINN under grant
PID2019-109339GA-C32.



228 K. L. LEE

2. moment map for coupled equation p. In this section, we will define a class
of moment map µp on a open subset of Map(X,Y ; p)+ ⊂ Map(X,Y ), with a sympectic
form Ωp on Map(X,Y ; p)+. To do so, first, we define the domain Map(X,Y ; p)+ and
the symplectic form Ωp on Map(X,Y ; p)+:

Definition 2.1. Let (X,ωX), (Y, ωY ) be two compact symplectic manifolds
which are diffeomorphic to each other. We define (Map(X,Y ; p)+,Ωp) to be the
space

Map(X,Y ; p)+ := {f ∈ Diffeo(X,Y )|ωn−pX ∧ f∗ωpY > 0}.

that is, ωn−pX ∧ f∗ωpY is a volume form, with the symplectic form

Ωp(δ1f, δ2f) :=
1

(n− p)!p!

∫
X

ωY (δ1f, δ2f)ωn−pX ∧ f∗ωpY ,

where δ1f, δ2f ∈ Tf (Map(X,Y )) = f∗(TY ) := {sf : X → TY ||sf |x ∈ Tf(x)Y }.

Notice that Ωp is a symplectic form on Map(X,Y ; p) as ωY is non degenerate and
closed. Also, we have a group H := Ham(X,ωX)×Ham(Y, ωY ) acts on Map(X,Y ; p)
defined by

(σ, η) · f := η ◦ f ◦ σ−1,

where Ham(X,ωX) and Ham(Y, ωY ) are the Hamiltonian groups with respect to ωX
and ωY respectively. Also, Map(X,Y ; p)+ is an open set in Map(X,Y ; p), hence it is
also a symplectic manifold.

We will first show that the Hamiltonian action on Map(X,Y ; p) is closed in
Map(X,Y ; p)+. Then up to constants, we can define a map µp by

Definition 2.2. We denote the map

µp : Map(X,Y ; p)+ → Lie(Ham(X,ωX)×Ham(Y, ωY ))∗

by

µp,ωXωY (f) =
n

n− p

(
c1
ωnX
n!
−

ωn−p−1X ∧ f∗ωp+1
Y

(n− p− 1)!(p+ 1)!
,
f∗ω

n−p
X ∧ ωpY

(n− p)!p!
− c2

ωnY
n!

)
, (2)

where c1 =

∫
X
ωn−p−1X ∧ f∗ωp+1

Y∫
X
ωnX

, c2 =

∫
Y
f∗ω

n−p
X ∧ ωpY∫
Y
ωnY

.

We will show that this is a moment map corresponding to (Map(X,Y ; p)+,Ωp).
In particular, if we take (X,ωX) = (X,ω0) and (Y, ωY ) = (X,ω1), then we will get
the moment map for coupled equation p.

Lemma 2.3. The group action H on Map(X,Y ; p) is closed in Map(X,Y ; p)+.
Also, Ωp is invariant under the action of H for p = 0, ..., n− 1.

Proof. Let ϕ : X → R be a test function, that is ϕ ≥ 0 is a smooth function, and
there exists x ∈ X such that ϕ(x) > 0
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Let f ∈ Map(X,Y ; p)+ and denote u = σ−1(x). Then∫
X

ϕ(x)ωn−pX ∧ (η ◦ f ◦ σ−1)∗ωpY =

∫
X

ϕ(x)ωn−pX ∧ (σ−1)∗f∗η∗ωpY

=

∫
X

ϕ(u)σ∗ωn−pX ∧ f∗η∗ωpY |u

=

∫
X

ϕ(u)ωn−pX ∧ f∗ωpY |u

=

∫
X

ϕ(x)ωn−pX ∧ f∗ωpY > 0.

Hence η ◦ f ◦ σ−1 ∈ Map(X,Y ; p)+. Also,if we choose ϕ such that ϕ(x) = 1, by
the above calculation, we can see that the volume is unchanged. Finally, notice that
(σ, η) · (δf)|x = 9Dη)(δf)|σ−1(x). Hence∫

X

ωY (Dη)(δ1f), (Dη)(δ2f))|η◦f◦σ−1(x)ω
n−p
X ∧ (σ−1)∗f∗η∗ωpY

=

∫
X

ωY ((Dη)(δ1f), (Dη)(δ2f))|η◦f(x)σ∗ωn−pX ∧ f∗σ∗Y ω
p
Y

=

∫
X

η∗ωY ((δ1f), (δ2f))|f(x)σ∗ωn−pX ∧ f∗η∗ωpY

=

∫
X

ωY ((δ1f), (δ2f))|f(x)ωn−pX ∧ f∗ωpY .

Remark 2.4. The proof also applies to the case p = n. Indeed, Sym(X,ωX) ×
Sym(Y, ωY ) ⊂ Sym(Map(X,Y ),Ωp) for all p = 0, ..., n.

Before we prove the first main theorem, we first prove a technical lemma.

Lemma 2.5. Let (X,α, β) be a symplectic manifold with symplectic forms α, β.
Denote γp := αn−1−p ∧ βp. If αn−p ∧ βp > 0, then for any u, v ∈ TX,

nιuα ∧ ιvβ ∧ γp = −β(u, v)α ∧ γp.

Similarly, we have

nιuα ∧ ιvα ∧ γp = −α(u, v)α ∧ γp.

Proof. We prove it on local coordinate. As α ∧ γp > 0, it is a volume form, so if
we denote α = Aij , then for any 2 form η = dij ,

nη ∧ γp
α ∧ γp

= dijA
ji,

where Aji is the inverse matric of Aij . As a result, if we denote u = ui, v = vi,
β = Bij , then

nιuα ∧ ιvβ ∧ γp
α ∧ γp

= uiAijv
kBklA

lj = ulvkBkl = −β(u, v).

the second statement follows from the same proof.
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Notice that We now give the first theorem of this note.

Theorem 2.6. Let 0 ≤ p ≤ n − 1, then the map µ : Map(X,Y ; p)+ →
Lie(Ham(X,ωX)×Ham(Y, ωY ))∗ defined by

µp(f) :=
n

n− p

(
c1
ωnX
n!
−

ωn−1−pX

(n− 1− p)!
∧ f∗

ωp+1
Y

(p+ 1)!
, c2

ωnY
n!
−
f∗ω

n−p
X

(n− p)!
∧
ωpY
p!

)
is a moment map with respect to the action η ◦ f ◦ σ−1, where

c1 := c1(f) =
n!

(n− 1− p)!(p+ 1)!

∫
X
ωn−1−pX ∧ f∗ωp+1

Y∫
X
ωn1

,

c2 := c2(f) =
n!

(n− p)!p!

∫
Y
f∗ω

n−p
X ∧ ωpY∫
Y
ωnY

.

Proof. Recall that Lie(Ham(X,ωX)) ∼= C∞0 (X,R) := {ϕ|
∫
X
ϕωnX = 0} such that

for any ϕ ∈ C∞(X,R),

dϕ = ιξϕωX .

Hence we have Lie(Ham(X,ωX))∗ ∼= Ωn(X,R), the space of volume form of X.

We let (ϕ,ψ) ∈ C∞(X)× C∞(Y ) and H(ϕ,ψ)(f) := 〈µp(f), (ϕ,ψ)〉. Then

H(ϕ,ψ)(f) =
n

n− p

(
−
∫
X

ϕ
ωn−1−pX

(n− 1− p)!
∧ f∗

ωp+1
Y

(p+ 1)!
+ c1

∫
X

ϕ
ωnX
n!

−
∫
Y

ψ
f∗ω

n−p
X

(n− p)!
∧
ωpY
p!

+ c2

∫
Y

ψ
ωnY
n!

)
.

Our goal is to show that

ιX(ϕ,ψ)
Ωp(v) = dH(ϕ,ψ)(v).

Let ft be a family of diffeomorphism. By defining ηt = ft ◦ f−1, then ft = ηt ◦ f .
we denote

v =
d

dt

∣∣∣∣
t=0

ηt ∈ Tid(Map(Y, Y ; p)+).

Notice that f∗ωY is a symplectic form which is closed, therefore,

d

dt

∣∣∣∣
t=0

f∗t ωY =
d

dt

∣∣∣∣
t=0

f∗η∗t ωY = f∗LvωY = f∗dιvωY = df∗ιvωY .

Similarly,

d

dt

∣∣∣∣
t=0

ft∗ωX =
d

dt

∣∣∣∣
t=0

ηt∗f∗ωX = dιvf∗ωX .

Notice that these are exact forms. By the fact that for any compact manifold M2n,
and for any 2k − 1 form β and 2n− 2k closed form α,∫

M

α ∧ dβ = −
∫
M

(dα) ∧ β = 0.
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It implies

d

dt

∫
X

ωn−pX ∧ f∗t ω
p
Y =

d

dt

∫
Y

ft∗ω
n−p
X ∧ ωpY = 0.

We now identify v′ ∈ TMap(X,Y ) and v ∈ TMap(Y, Y ) by

v|f(x) = v′|x.

Then

dH(ϕ,ψ)(v
′)

=
−n

(n− p)!(p)!

∫
X

ϕωn−1−pX ∧ f∗ωpY ∧
(
d

dt
f∗t ωY (·, ·)

)
− n

(n− p)!p!

∫
Y

ψ

(
d

dt
(f−1t )∗ωX

)
∧ f∗ωn−p−1X ∧ ωpY

=
−n

(n− p)!(p)!

∫
X

ϕωn−1−pX ∧ f∗ωpY ∧ df
∗ιvωY

+
n

(n− p)!p!

∫
Y

ψdιvf∗ωX ∧ f∗ωn−p−1X ∧ ωpY

=
n

(n− p)!(p)!

∫
X

dϕ ∧ f∗ιvωY ∧ ωn−1−pX ∧ f∗ωpY

− n

(n− p)!p!

∫
Y

dψ ∧ ιvf∗ωX ∧ f∗ωn−p−1X ∧ ωpY

=
n

(n− p)!(p)!

∫
X

ιξϕωX ∧ f∗ιvωY ∧ αf −
n

(n− p)!p!

∫
Y

ιξψωY ∧ ιvf∗ωX ∧ f∗αf ,

where αf = ωn−p−1X ∧ f∗ωpY . By Lemma 2.5, as f∗αf = f∗ω
n−p−1
X ∧ ωpY ,

nιξψωY ∧ ιvf∗ωX ∧ αf = −nιvf∗ωX ∧ ιξψωY ∧ αf
= ωY (v, ξψ)f∗ωX ∧ αf
= −ωY (ξψ, v)f∗ωX ∧ αf .

Moreover,

nιξϕωX ∧ f∗ιvωY ∧ αf |x =nf∗
(
ιf∗ξϕf∗ωX ∧ ιvωY ∧ f∗αf |f(x)

)
=− ωY (f∗ξϕ|x, v|f(x))f∗(f∗ωX ∧ f∗αf |f(x))
=− ωY (f∗ξϕ, v

′)ωX ∧ αf .

Therefore,

dH(ϕ,ψ)(v
′)

=
1

(n− p)!p!

(
−
∫
X

ωY (f∗ξϕ, v
′)ωX ∧ αf +

∫
Y

ωY (ξψ, v)f∗ωX ∧ f∗αf
)

=
1

(n− p)!p!

(
−
∫
X

ωY (f∗ξϕ, v
′)ωX ∧ αf +

∫
X

ωY (ξψ ◦ f, v′)ωX ∧ αf
)

=
1

(n− p)!p!

(∫
X

ωY (ξψ ◦ f, v′)ωX ∧ αf −
∫
X

ωY (f∗ξϕ, v
′)ωX ∧ αf

)
.
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On the other hand, for the action η ◦ f ◦ σ−1 with (ϕ,ψ) ∈ C∞(X) × C∞(Y ), the
induced vector field is given by

X(ϕ,ψ) = ξψ ◦ f − f∗ · ξϕ.

So

ιX(ϕ,ψ)
Ωp(v) =

1

(n− p)!p!

∫
X

ωY (ξψ ◦ f − f∗ · ξϕ, v′)ωX ∧ αf = dH(ϕ,ψ)(v).

Remark 2.7. Notice that Map(X,Y ; p)+ is an open set in Map(X,Y ; p), hence it
is still a symplectic submanifold. Also, c1, c2 may not be constant, as Diffeo(X,Y ; p)+

may not be connected. However, if f1, f2 are path connected, then c1(f1) = c1(f2)
and c2(f1) = c2(f2).

Definition 2.8. We call the above moment map to be the moment map p with
respect to ωX , ωY , denoted as µp;ωX ,ωY , or simply µp if no confusion arises.

Finally, we define the ”dual” moment map by the following.

Definition 2.9. We define the dual moment map of µp to be µ∗p : Map(Y,X;n−
p− 1)+ → Ham(Y, ωY )×Ham(X,ωX), with

µ∗p(g) := µn−p−1,ωY ,ωX (g) =
n

p+ 1

(
c1
ωn
Y

n!
− ωp

Y ∧ g
∗ωn−p

X

p!(n− p)! , c2
ωn
X

n!
− g∗ω

p+1
Y ∧ ωn−p−1

X

(p+ 1)!(n− p− 1)!

)
.

Notice that (µ∗p)
∗ = µp. Also, it is obvious that

Lemma 2.10. f : X → Y solves the coupled equation p (i.e., µp(f) = 0) iff f−1

solve

µ∗p(g) = 0.

Proof. f∗ = f−1∗ and f∗ = (f−1)∗; and the result follows.

The main difference between µp(f) and µ∗p(f
−1) is the following: if we put g =

f−1, and we reorder the domain into Lie(Ham(X,ωX)×Ham(Y, ωY ))∗,

µ∗p(f
−1) =

p+ 1

n− p
µp(f).

Hence, we can change the sign of the moment map without changing the action on
Map(X,Y ).

Also, we can change the sign by changing the action. For example, we may change
the action to be η−1 ◦ f ◦ σ−1, then the sign of the second part of the moment map
will change.



MOMENT MAP FOR COUPLED EQUATIONS 233

3. moment map picture for coupled equations with curvature.

3.1. Combining moment maps. We now use this moment map to get some
coupled equations related to Ricci curvature. Recall that we have the following fact:

Lemma 3.1. Let (M1, α1), (M2, α2) be two symplectic manifolds with hamiltonian
group action G1, G2, and let their corresponding moment map be µi : Mi → Lie(Gi)

∗.
Let H be a subgroup of G1 × G2 and M be a (even dimensional) submanifold of
M1×M2 such that H is closed under M and (Ω1 + Ω2)|M is non degenerate (i.e, it is
a symplectic form). Then the map µ : M → Lie(H)∗ corresponding to the symplectic
form Ω1 + Ω2 defined by

µH = ProjLie(H)∗(µ1, µ2)|M

is a moment map, where ProjLie(H)∗ : Lie(G1)∗×Lie(G2)∗ → Lie(H)∗ is the projec-
tion map.

Using this lemma, we can combine the moment map we defined above and the
scalar curvature to get different coupled equations.

Remark 3.2. If Ω is a Kähler form, and M is a complex submanifold, then
Ω|M is also a Kähler form. However, in general, for a submanifold M , Ω|M may be
degenerate. For example, we may take M ⊂ L, where L is the Lagrangian of M1×M2.

Let Y = X with symplectic forms ωi. Let Zi := Map((X,ω0), (X,ωi); p)
+,

Ωp,i((δf)1, (δf)2) :=
1

(n− p)!p!

∫
X

ωi((δf)1, (δf)2)ωn−p0 ∧ f∗ωpi .

Denote Ham(X,ωi) := Hi, and we denote the corresponding moment map to be µp,i,
in which

µp,i(f) :=
n

n− p

(
c1,i

ωn0
n!
− ωn−1−p0

(n− 1− p)!
∧ f∗ ωp+1

i

(p+ 1)!
,
f∗ω

n−p
0

(n− p)!
∧ ω

p
i

p!
− c2,i

ωni
n!

)
,

by theorem 2.6. Then by considering the space Z1 ×Z3 × · · · Zk with

Ω =

k∑
i=1

n− p
n

π∗i−1Ωp,i,

we have a moment map µp : Z1 × ...Zk →
k∏
i=1

(H0 ×Hi) defined by

µp =
n− p
n

(µp,1, ..., µp,k).

The next step is finding the suitable subgroup so that the image of moment map
can be combined. To be precise, the embedding ι : H1 × ...Hk → (H0 ×H1) × · · · ×
(H0 ×Hk) defined by

ι(σ0, ..., σk) = (σ0, σ1, σ0, σ2, ..., σ0, σk)
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induces a map ι : Lie(

k∏
i=1

(H0×Hi))
∗ → Lie(H0×H2× ...×Hk)∗. Hence the moment

map µp := ι∗ ◦ µp|Z is given by

µp(f1, ..., fk) =



c0
ωn0
n!
−
f∗1ω

p+1
1 + ...+ f∗kω

p+1
k

(p+ 1)!
∧ ωn−p−10

(n− p− 1)!
f1∗ω

n−p
0

(n− p)!
∧ ω

p
1

p!
− c1

ωn1
n!

...

fk∗ω
n−p
0

(n− p)!
∧
ωpk
p!
− ck

ωnk
n!
.

In general, for different i, we can choose different 0 ≤ pi ≤ n− 1, hence we have
the following:

Lemma 3.3. Let (Xi, ωi, Ji) be Kähler manifolds, and X0 is diffeomorphic to Xi

for all i = 0, 1, ..., k. Denote ~p = (p1, ..., pk). Consider the space

Z~p :=

k∏
i=1

Map(X0, Xi)
+
pi ,

where

Map(X0, Xi)
+
p := {f ∈ Map(X0, Xi)|ωn−pi0 ∧ f∗ωpii > 0}.

We define the symplectic form on Z(p1, ..., pk) by

Ω~p((v1, ..., vk), (w1, ..., wk)) :=
∑
i

n− pi
n

∫
X

ωi(vi, wi)ω
n−pi
0 ∧ ωpii .

Then with the action of

k∏
i=0

Ham(Xi, ωi), the moment map is given by

µ~p(~f) :=



c0
ωn0
n!
−

k∑
i=1

ωn−pi−10

(n− pi − 1)!
∧ f

∗
i ω

pi+1
i

(pi + 1)!

f1∗ω
n−p1
0

(n− p1)!
∧ ω

p1
1

p1!
− c1

ωn1
n!

...

fk∗ω
n−pk
0

(n− pk)!
∧
ωpkk
pk!
− ck

ωnk
n!

.

Also, by identifying Zi and Z∗i , and considering

Ω∗ =

k∑
i=1

p+ 1

n
π∗i−1|Ωi,
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we have

µ∗~p(
~f) :=



k∑
i=1

ωn−pi−10

(n− pi − 1)!
∧ f

∗
i ω

pi+1
i

(pi + 1)!
− c0

ωn0
n!

c1
ωn1
n!
− f1∗ω

n−p1
0

(n− p1)!
∧ ω

p1
1

p1!
...

ck
ωnk
n!
− fk∗ω

n−pk
0

(n− pk)!
∧
ωpkk
pk!

.

Let (J (X,ωX),ΩJ) to be the space of all integrable almost complex structure
which are compatible to ωX , and for all A,B ∈ TJJ (X,ωX),

ΩJ(A,B) =
1

n!

∫
X

〈A,B〉gJωnX ,

where gJ(v, w) = ω(v, Jw). Also, let the action Ham(X,ωX) acts on J (X,ωX) by

σ · J = Dσ−1 · J ·Dσ,

and denote

∧n0 (X) := {α ∈ ∧n(X)|
∫
X

α = 0}.

Then we have a moment map ([Don00],[Don01])

µJ : J (X,ωX)→ Lie(Ham(X,ωX))∗ ∼= ∧n0 (X)

which is given by

µJ(σϕ) = Ric(ωϕ) ∧
ωn−1ϕ

(n− 1)!
− S̄ ω

n

n!
=
(
Sϕ − S

)
ωnX,ϕ,

where σ∗ϕωX = ωX,ϕ. To sum up, we have the following lemma.

Lemma 3.4. Let Z~p be as above and consider J (X,ωX) × Z~p,ΩJ,~p := π∗JΩJ +
π∗ZΩ~p, then we have a moment map

µ̂J ,~p : J (X,ωX)×Z~p → Lie(H1 ×H1 × ...×Hk)∗

defined by

µ̂J ,~p(J, f1, ..., fk) = (µJ , µ
∗
Z).

Moreover, by considering the group action ι : H0× ...×Hk → H0×H0×H1× ...×Hk

by

ι(σ0, σ1, ..., σk) = (σ−10 , σ0, σ1, ..., σk)

we can restrict the moment map to be

µJ ,~p : J (X,ωX)×Z~p → Lie(H0 × ...×Hk)∗
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which is given by

µJ ,~p(J, f1, ..., fk) =



c0
ωn
0

n!
−

k∑
i=0

(
f∗i ω

pi+1
i

(pi + 1)!
∧ ωn−pi−1

0

(n− pi − 1)!

)
+Ric(ω0, J) ∧

ωn−1
0

(n− 1)!

c1
ωn
1

n!
− (f1)∗ω

n−p1
0

(n− p1)!
∧ ω

p1
1

p1!
...

ck
ωn
k

n!
− (fk)∗ω

n−pk
0

(n− pk)!
∧
ω

pk
k

pk!


.

Remark 3.5. We can consider the action on Zi to be (σ, η) ·fi = (η−1 ◦fi ◦σ−1),
then we can change the sign of all the expression ciω

n
0 − fi∗ωni .

Notice that it is not the equation we aim to obtain yet. In the next section, we
will define a suitable submanifold as the domain of the moment map, and discuss how
to transform this moment map equation into the moment map equation we want.

3.2. Kähler structure on generalized ccscK. We now define the domain
of the generalized ccscK Y~p, which hope to be the largest Kähler manifold which is
closed in the group action, and

Y~p ⊂ {(ω0, · · ·ωk) ∈ Ω2(X0,R)× · · · × Ω2(Xk,R)|ωi is Kähler}.

This space is important as it is useful to study the deformation of solutions. Also,
with this Kähler manifold, any complex orbit is a Kähler manifold.

Definition 3.6. Denote Jf := DfJDf−1. Define Y~p ⊂ J (X0, ω0)×Z~p by

Y~p := {(J, f1, .., fk)|Jfi ∈ J (Xi, ωi).}

Our goal is to show that Y~p is Kähler with respect to the symplectic form

ΩJ ,p := ΩJ + Ω~p.

As a remark, in [DS02], the defintion of complex manifold is really the classical
one; locally homeomorphic to the tangent space, and the change of coordinate maps
is biholomorphic. Or in this case, the change of coordinate maps perserve the J .

Notice that we have a natural almost complex structure on J (X0, ω0) ×
k∏
i=1

Map(X0, Xi), denote by Ĵ , which

Ĵ(δJ, δf1, ..., δfk) = (JδJ, Jf1δf1, ..., J
fkδfk).

On the other hand, let (Xi, ωi) be Kähler manifolds diffeomorphic to each other.

Definition 3.7. Let X be a compact smooth manifold. Then we define J (X) is
the space of all almost complex structure, and Jint(X) be the space of all integrable
almost complex structure. Moreover, suppose (X,ω) be a Kähler manifold. Then we
denote

J (X,ω) := {J ∈ Jint(X)|ω(J•, J•) = ω(•, •), ω(J•, •) > 0}.



MOMENT MAP FOR COUPLED EQUATIONS 237

There is a natural almost complex structure in J (X0, ω0)×
∏k
i=1 J (Xi)), where

J̃ ∈ End(TX)× End(TX1)× · · · × End(TXk) which is defined by

Ĵ |(J0,··· ,Jk)(A0, · · · , Ak) := (J0A0, · · · , JkAk).

By [DS02], J̃ is indeed integrable, and it is a Kähler manifold. Moreover, the map

F : J (X0, ω0)×
k∏
i=1

Map(X0, Xi))→ J (X0, ω0)×
k∏
i=1

J (Xi)

defined by

F (J, f1, ..., fk) = (J, Jf1 , ..., Jfk) = (J,Df1JDf
−1
1 , ..., DfkJDf

−1
k )

is a smooth map satisfying

J̃(DF (A,~v)|(J,f1,...,fk)) = (JA, Jf1v1, ..., J
fkvk) = (DF )(Ĵ(A,~v)|(J,f1,...,fk)).

Hence J (X0, ω0) ×
∏k
i=1 Map(X0, Xi)) can be considered as a J̃ closed submanifold

of J (X0, ω0)×
k∏
i=1

Map(X0, Xi)), and

Y~p = F−1(J (X0, ω0)×
k∏
i=1

J (Xi, ωi)).

Therefore, Ĵ is integrable as Ĵ = F ∗J̃ , and hence F is biholomorphic. By theorem
4 of [DS02], (J (X0, ω0)×

∏k
i=1 J (Xi, ωi)) is a complex manifold, hence we have:

Lemma 3.8. Y~p is a complex manifold with integrable almost complex structure

Ĵ .

As a consequence, we have the following result:

Theorem 3.9. (Y~p,ΩJ,~p := ΩJ + Ω~p, Ĵ) is a Kähler manifold which is closed

under the action

k∏
i=0

Ham(Xi, ωi), in which

(σ0, ..., σi) · (J, f1, ..., fk) =(σ−10 · J, σ1 ◦ f1 ◦ σ
−1
0 , · · · , σk ◦ fk ◦ σ−10 )

=(Dσ0JDσ
−1
0 , σ1 ◦ f1 ◦ σ−10 , · · · , σk ◦ fk ◦ σ−10 ).

Therefore, the moment map defined in Lemma 3.4 can be restricted in Y~p.

We denote this moment map as µJ ,~p.

Proof. Let (A,ϕ1, ..., ϕk), (B,ψ1, ..., ψk) ∈ T(J,f1,...,fk)Y~p. Then

ΩJ,~p((A,ϕ1, ..., ϕk), (B,ψ1, ..., ψk))

:= 〈A,B〉ω0
+

k∑
i=1

(n− pi)
(n− pi)!pi!

∫
Xi

ωi(ϕi, ψi)ω
n−pi
0 ∧ f∗i ω

pi
i .
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Then

ΩJ,~p(Ĵ(A,ϕ1, ..., ϕk), Ĵ(B,ψ1, ..., ψk))

= 〈JA, JB〉ω0 +

k∑
i=1

(n− pi)
(n− pi)!pi!

∫
Xi

ωi(J
fiϕi, J

fiψi)ω
n−pi
0 ∧ f∗i ω

pi
i

= 〈A,B〉ω0
+

k∑
i=1

(n− pi)
(n− pi)!pi!

∫
Xi

ωi(ϕi, ψi)ω
n−pi
0 ∧ f∗i ω

pi
i

= ΩJ,~p((A,ϕ1, ..., ϕk), (B,ψ1, ..., ψk))

as Jfi ∈ J (Xi, ωi). Hence ΩJ,~p is J invariant, which implies it is a Kähler form.

For the action part, first,

(σ0, ..., σi) · (J, Jf1 , · · · , Jfk)

= (Dσ0JDσ
−1
0 , Dσ1Df1Dσ

−1
0 Dσ0JDσ

−1
0 Dσ0Df

−1
1 Dσ−11 , · · · ,

DσkDfkDσ
−1
0 Dσ0JDσ

−1
0 Dσ0Df

−1
k Dσ−1k )

= (Dσ0JDσ
−1
0 , Dσ1Df1JDf

−1
1 Dσ−11 , · · · , DσkDfkJDf−1k Dσ−1k ).

As Jfi ∈ J (Xi, ωi), ωi(J
fi•, Jfi•) = ωi(•, •),

ωi((DσiJ
fiDσ−1i )•, (DσiJfiDσ−1i )•) =σ∗i ωi(J

fiDσ−1i •, J
fiDσ−1i •)

=ωi(J
fiDσ−1i •, J

fiDσ−1i •)
=ωi(Dσ

−1
i •, Dσ

−1
i •)

=σ∗i ωi(Dσ
−1
i •, Dσ

−1
i •)

=ωi(•, •).

Hence (σ0, ..., σi) · (J, Jf1 , · · · , Jfk) ∈ Y~p.

Recall that HamC
J(X,ωX) is given as

HamC
J(X,ωX) = {σ ∈ Map(X,X)|ϕ∗ωX = ωX +

√
−1∂J ∂̄Jhσ}

for some Kähler potential h. Notice that the

k∏
i=0

Ham(Xi, ωi) action is closed in Y~p

and Y~p is a complex manifold implies that the orbit space is given by

OJ,~f :=

(
k∏
i=0

HamC
Ji(Xi, ωi)

)
· (J, f1, ..., fk)

is in Y~p. Moreover,

F ((σ0, · · · , σk) · (J, f1, · · · , fk))

= F (Dσ0JDσ
−1
0 , σ1 ◦ f1 ◦ σ−10 , · · · , σk ◦ fk ◦ σ−1k )

= (Dσ0JDσ
−1
0 , D(σ1 ◦ f1 ◦ σ−10 )(Dσ0JDσ

−1
0 )D(σ1 ◦ f1 ◦ σ−10 )−1, · · · ,

D(σk ◦ fk ◦ σ−10 )(Dσ0JDσ
−1
0 )D(σk ◦ fk ◦ σ−10 )−1)

= (Dσ0JDσ
−1
0 , D(σ1 ◦ f1)JD(σ1 ◦ f1)−1, · · · , D(σk ◦ fk)JD(σk ◦ fk)−1)

= (ϕ0, · · · , ϕk) · F (J, f1, · · · , fk).



MOMENT MAP FOR COUPLED EQUATIONS 239

Therefore, we have

OJ,~f = F−1(

k∏
i=0

(
HamC

Ji(X,ωi)
)
,

hence OJ,~f is also a Kähler submanifold of Y~p.

Remark 3.10. Notice that although (ϕ0, · · · , ϕk) · (J, f1, ..., fk) is well defined,
HamC

J(X,ωX) is not a group. As a remark, we can consider the orbit space as a subset

of the action coming from

k∏
i=0

Diffeo(Xi).

Theorem 3.11. Consider the moment map µJ ,~p : OJ,~f → Lie(H0 × ... ×Hk)∗

defined by Theorem 3.9 restricted on OJ,~f . Then µ~p = 0 iff

k∑
i=1

(
f∗i ω

pi+1
i,ϕi

(pi + 1)!
∧

ωn−pi−10,ϕ0

(n− pi − 1)!

)
− Ric(ω0,ϕ0

, J0) ∧
ωn−10,ϕ0

(n− 1)!
− c0

ωn0,ϕ0

n!
= 0

ωn−p10,ϕ0

(n− p1)!
∧
f∗1ω

p1
1,ϕ1

p1!
− c1

f∗1ω
n
1,ϕ1

n!
= 0

...

ωn−pk0,ϕ0

(n− pk)!
∧
f∗kω

pk
k,ϕk

pk!
− ck

f∗kω
n
k,ϕk

n!
= 0.

In particular, if X0 = · · · = Xk, f1 = f2 = · · · = fk = id, ~p = (0, ..., 0), then this is
the ccscK equation with the classes fixed.

Proof.



k∑
i=0

(ϕ−10 )∗f∗i ϕ
∗
iω

pi+1
i ∧ ωn−pi−10

(n− pi − 1)!(pi + 1)!
− Ric(ω0, J

ϕ−1
0

0 ) ∧ ωn−10

(n− 1)!
− c0

ωn0
n!

= 0

c1
ωn1
n!
− ϕ1∗(f1)∗(ϕ

−1
0 )∗ω

n−p1
0 ∧ ωp11

(n− p1)!p1!
= 0

...

ck
ωnk
n!
−
ϕk∗(fk)∗(ϕ

−1
0 )∗ω

n−pk
0 ∧ ωpkk

(n− pk)!pk!
= 0



k∑
i=0

f∗i ω
pi+1
i,ϕi

∧ ωn−pi−10,ϕ0

(pi + 1)!(n− pi − 1)!
− ϕ∗0Ric(ω0, J

ϕ−1
0

0 ) ∧ ϕ
∗
0ω

n−1
0

(n− 1)!
− c0

ωn0,ϕ0

n!
= 0

ϕ∗0ω
n−p1
0 ∧ f∗1ϕ∗1ω

p1
1

(n− p1)!p1!
− c1

f∗1ϕ
∗
1ω

n
1

n!
= 0

...

ϕ∗0ω
n−pk
0 ∧ f∗kϕ∗kω

pk
k

(n− pk)!pk!
− ck

f∗kϕ
∗
kω

n
k

n!
= 0
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k∑
i=0

f∗i ω
pi+1
i,ϕi

∧ ωn−pi−10,ϕ0

(pi + 1)!(n− pi − 1)!
− Ric(ω0,ϕ0

, J0) ∧
ωn−10,ϕ0

(n− 1)!
− c0ωn0,ϕ0

= 0

ωn−p10,ϕ0
∧ f∗1ω

p1
1,ϕ1

(n− p1)!p1!
− c1

f∗1ω
n
1,ϕ1

n!
= 0

...

ωn−pk0,ϕ0
∧ f∗kω

pk
k,ϕk

(n− pk)!pk!
− ck

f∗kω
n
k,ϕk

n!
= 0.

Finally, if fi = id, and pi = 0, then f∗i ωi,ϕi = ωi,ϕi , the equations become

k∑
i=0

(ωi,ϕi − Ric(ω0,ϕ0
), J0) ∧ ωn−10,ϕ0

− c0ωn0,ϕ0
= 0

ωn0,ϕ0
− c1ωn1,ϕ1

= 0
...

ωn0,ϕ0
− ckωnk,ϕk = 0,

which is the ccscK equation.

As a remark, ci are constants along the whole orbit. Also, we can replace ωi by
aiωi, so the equation becomes

k∑
i=1

ai

(
ωpi+1
i,ϕi

(pi + 1)!
∧

ωn−pi−10,ϕ0

(n− pi − 1)!

)
− Ric(ω0,ϕ0

, J0) ∧
ωn−10,ϕ0

(n− 1)!
− b0

ωn0,ϕ0

n!
= 0

ωn−p10,ϕ0

(n− p1)!
∧
ωp11,ϕ1

p1!
− b1

ωn1,ϕ1

n!
= 0

...

ωn−pk0,ϕ0

(n− pk)!
∧
ωpkk,ϕk
pk!

− bk
ωnk,ϕk
n!

= 0,

where bi are the normalizing constants.

3.3. An alternate setup for a special case of the coupled Kähler
Yang-Mills equation. We first construct the moment map equation described in
[ACGFGP13] for U(1) case. Notice that to solve the equation, we first need

µ(J, f) = α0µJ (J) + α1µ
∗
1(f) + α2µ

∗
0(f)

under a suitable subspace. We define

ΩJ ,01;α0,α1,α2
= α0ΩJ − α1Ω∗0 + α2Ω∗1,

that is, for g = f−1 : Y → X

(α2Ω∗1 − α1Ω∗0)(δg1, δg2) =

∫
Y

ωX(δg1, δg2)(α2ω
[2]
Y ∧ g

∗ω
[n−2]
X − (α1)ωY ∧ g∗ω[n−1]

X ).

Notice that we take dual moment map as we need∫
Y

(α1ωY ∧ ω[n−1]
X − α2ω

[n]
X ) = 0,
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so we cannot choose this as the Kähler form.

Also, we take

YM01 ⊂ {(J, f, g) ∈ J (X,ωX)×Map(Y,X;n− 1)+

×Map(Y,X;n− 2)+|f = g−1, Jf ∈ J (X,ωX)}

such that

ΩJ ,01;α0,α1,α2
> 0}.

Then we have the following proposition.

Proposition 3.12. YM01 is Kähler and closed under the action. Moreover, if

α0ΩJ − α1Ω∗0 + α2Ω∗1 > 0,

then the map µJ ,01 : YM01 → Lie(Ham(X,ωX)×Ham(Y, ωY ))∗

µ(J, f) =

α0
Ric(X,ωX , J) ∧ ωn−1

X

(n− 1)!
− α1

ωn−1
X

(n− 1)!
∧ f∗ωY + α2

ω2
X ∧ f∗ωn−2

Y

(n− 2)!2!
+ zωn

X

+α2
f∗ω

n−1
X

(n− 1)!
∧ ωY − α1

f∗ω
n
X

n!



is a moment map, where z =
S̄

2
− c10α1 − c11α2, and here we choose α1 such that

α1 − α2 = 0. As a corollary, µJ ,01 = 0 iff
α0

Ric(X,ωX , J) ∧ ωn−1X

(n− 1)!
+ α2

ω2
X ∧ f∗ω

n−2
Y

(n− 2)!2!
= c

ωnx
n!

f∗ω
n−1
X

(n− 1)!
∧ ωY = d

f∗ω
n
X

n!

,

where d =
α1

α2
, c = α1d+ z.

Proof. Notice that YM01 is a submanifold of Y0, so the complex structure is
defined directly by Y0. Then ΩJ is J invariant and Ω0 is Jf invariant. Also, if we
define inv : Map(X,Y )→ Map(Y,X), and we define J ′ on Map(Y,X) such that

inv∗(J
fδf) = J ′inv∗δf,

then

J ′Df−1 = Df−1Jf = JDf−1.

That means the map inv is a biholomorphism, and Ω∗ is also Kähler if Ω is. As ωX
is J-invariant, Ω1 is also J-invariant, hence

ΩJ ,01;α0,α1,α2
= α0ΩJ − α1Ω∗0 + α2Ω∗1

is J-invariant, which implies YM01 is Kähler.
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Moreover, the moment map is given by

µJ ,01(J, f)

=


α0

Ric(X,ωX , J) ∧ ωn−1X

(n− 1)!
− α1

ωn−1X

(n− 1)!
∧ f∗ωY

+α2
ω2
X ∧ f−1∗ ωn−2Y

(n− 2)!2!
−
(
S̄

2
− c10α1 − c11α2

)
ωnX

α2
f−1

∗
ωn−1X

(n− 1)!
∧ ωY − α1

f∗ω
n
X

n!
− (c20α1 − c21α2)

ωnY
n!



=

α0
Ric(X,ωX , J) ∧ ωn−1X

(n− 1)!
− d

ωn−1X

(n− 1)!
∧ f∗ωY + α2

ω2
X ∧ f∗ω

n−2
Y

(n− 2)!2!
+ zωnX

α2
f∗ω

n−1
X

(n− 1)!
∧ ωY − d

f∗ω
n
X

n!

 ,

where z =
S̄

2
− c10α1 − c11α2, and we choose d = α1 such that c20α1 − c21α2 = 0.

The last part is obvious.

Hence we get the same moment map equation for the Kähler Yang-Mill’s equation
with G = U(1) case (see [ACGFGP13] for general). As a remark, we can easily
generalize it into U(1)n case. We can generalized this moment map by considering
the following equation:

ΩJ ,pq := α0ΩJ −
α1(n− p)

n
Ω∗p +

α2(q + 1)

n
Ω∗q .

Define

YMpq ⊂ {(J, f, g) ∈ J (X,ω0)×Map(Y,X;n− p)+

×Map(Y,X;n− q − 1)+|g = f−1, Jf ∈ J (Y, ωY )}

such that ΩJ ,pq > 0. That is, f ∈ Map(X,Y ; p)+ ∩Map(X,Y ; q)+. Then YMpq is
closed under the action of Ham(X,ωX)×Ham(Y, ωY ), and the map

µJ ,p,q,α0,α1,α2
(J, f) := α0µJ (J)− α1(n− p)

n
µp(f) +

α2(q + 1)

n
µq(f)

is the moment map for

µJ ,pq(J, f)

=

α0
Ric(X,ωX , J) ∧ ωn−1

X

(n− 1)!
+ α1

ωn−p−1
X

(n− p− 1)!
∧ f

∗ωp+1
Y

(p+ 1)!
− α2

ωn−q−1
X ∧ f−1

∗ ωq+1
Y

(n− q − 1)!(q + 1)!
+ zωn

X

−α2
f−1∗ωn−q

X

(n− q)! ∧
ωq
Y

q!
+ α1

f∗ω
n−p
X

(n− p)! ∧
ωp
Y

p!
− (c20α1 − c21α2)

ωn
Y

n!

 .

Moreover, we can choose α1 such that c20α1 − c21α2 = 0.

3.4. Coupled DHYM types equation. In [SS19], Schlitzer and Stoppa
studied coupled Deformed Hermitian Yang-Mills equation using Extended Gauged
group theory. We now using the theory in this note to recover the coupled DHYM
equation.
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Recall that the DHYM equation is given by the following: Let (X,ω,L) be a
projective manifold, and α =

√
−1F (L). Then the DHYM is given by

Im(e
√
−1θ(ω +

√
−1α))n = 0

with Re(e
√
−1θ(ω +

√
−1α))n > 0. Here θ is some constant defined by the class of ω

and α. Expend the expression e
√
−1θ(ω +

√
−1α)n, we get

Imarginay part : cos θ

k∑
r=0

(−1)rCn
2r+1ω

n−2r−1 ∧ α2r+1 + sin θ

k∑
r=0

(−1)rCn
2rω

n−2r ∧ α2r = 0;

Real part : cos θ

k∑
r=0

(−1)rCn2rω
n−2r ∧ α2r − sin θ

k∑
r=0

(−1)rCn2r+1ω
n−2r−1 ∧ α2r+1 > 0.

Here k is the value such that the 2k = n− 1 or n.
Under the previous construction, consider

k∑
r=0

(−1)r cos θCn2rµ2r − sin θ

l∑
s=0

(−1)rC2r+1µ2r+1,

where k is chosen such that 2k ≤ n− 1, 2l + 1 ≤ n− 1 under the domain

YdHYM ⊂
n−1⋂
p=0

Map(X,Y ; p)+

such that

cos θ

k∑
r=0

(−1)rCn2rω
n−2r ∧ f∗α2r − sin θ

k∑
r=0

(−1)rCn2r+1ω
n−2r−1 ∧ f∗α2r+1 > 0.

Suppose this space is non empty, the equation is given by

cos θ

k∑
r=0

(−1)rCn2rω
n−2r−1 ∧ f∗α2r+1 − sin θ

k−1∑
r=0

(−1)rCn2r+1ω
n−2r−2 ∧ f∗α2r+2 = c1ω

n

cos θ

k∑
r=0

(−1)rCn2rf∗ω
n−2r ∧ α2r − sin θ

k∑
r=0

(−1)rCn2r+1f∗ω
n−2r−1 ∧ α2r+1 = c2α

n.

Rewrite it, we get

cos θ

k∑
r=0

(−1)rCn2rω
n−2r−1 ∧ f∗α2r+1 + sin θ

k∑
r=1

(−1)rCn2r+1ω
n−2r ∧ f∗α2r = c1ω

n

X cos θ

k∑
r=0

(−1)rCn2rf∗ω
n−2r ∧ α2r − sin θ

k∑
r=0

(−1)rCn2r+1f∗ω
n−2r−1 ∧ α2r+1 = c2α

n,

where k is the value such that the 2k = n− 1 or n. Notice that the 2 form

Ω(δf1, δf2) =

∫
X

α(δf1, δf2)

(
cos θ

k∑
r=0

(−1)rCn2rf∗ω
n−2r ∧ α2r

− sin θ

k∑
r=0

(−1)rCn2r+1f∗ω
n−2r−1 ∧ α2r+1

)
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define a positive symplectic form iff

cos θ

k∑
r=0

(−1)rCn2rω
n−2r ∧ α2r − sin θ

k∑
r=0

(−1)rCn2r+1ω
n−2r−1 ∧ α2r+1 > 0.

Hence, when this Ω, we get the domain of the moment map. If we also restrict the
subgroup to be Ham(X,ω), it is the DHYM equation. So we can recover a moment
map set up in [CXY17]. However, we cannot recover the coupled DHYM using this
moment map as we will couple the scalar curvature with the imginary part, not the
real part.

To recover the setup of the coupled deformed HYM, we consider another setup,
namely,

µJ + cos θ

l∑
s=0

(−1)sCn2s+1µ2s+1 + sin θ

k∑
r=0

(−1)rCn2rω
n−2rµ2r;

where k, l is chosen such that 2k ≤ n− 1, 2l+ 1 ≤ n− 1. Denote the space as Y ′dHYM
similar to the definition of YdHYM , and we can define

YcdHYM ⊂ Jint × Y ′dHYM

to be the largest Kähler submanifold which is closed under the orbit similar to the
setup of gerenal ccscK. Then the resulting moment map equation is given by

Ric(ω, J) ∧ ωn−1 + cos θ

k∑
r=0

(−1)rCn2rω
n−2r ∧ f∗α2r

− sin θ
∑k
r=0(−1)rCn2r+1ω

n−2r−1 ∧ f∗α2r+1 = c1ω
n

cos θ

k∑
r=0

(−1)rCn2rf∗ω
n−2r−1 ∧ α2r+1 + sin θ

k∑
r=1

(−1)rCn2r+1f∗ω
n−2r ∧ α2r = c2α

n

if c2 is positive. In particular, if we consider the orbit space

(Ham(X,ω)×Ham(X,α))C · {f0 = id},

then the equation can be reformulated as

Ric(ωϕ) ∧ ωn−1ϕ + cos θ

k∑
r=0

(−1)rCn2rω
n−2r
ϕ ∧ α2r

ψ

− sin θ
∑k
r=0(−1)rCn2r+1ω

n−2r−1
ϕ ∧ α2r+1

ψ = c1ω
n
ϕ

cos θ

k∑
r=0

(−1)rCn2rω
n−2r−1
ϕ ∧ α2r+1

ψ + sin θ

k∑
r=1

(−1)rCn2r+1ω
n−2r
ϕ ∧ α2r

ψ = c2α
n
ψ

.

Finally, to avoid the sign problem, we may replace all −µr into µ∗r , then we can make
sure the Ω is positive.
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4. Application.

4.1. Obstructions on solving generalized ccscK. For moment maps on the
complexified orbit, there are some standard results (see [Wan04]). For example, we
can define the Futaki invariant, Calabi functional and Mabuchi functional that can
provide some obstructions of the moment map equation µ = 0 (see [Don01], [Don02],
[PS10] for cscK, [DP20] for ccscK, and [ACGFGP13] for Kähler Yang Mill). We will
consider the generalized ccscK equation

µJ ,~p : OJ ,id → Lie

(
k∏
i=0

Ham(Xi, ωi)

)∗
.

For fix fi, we can define a map f∗i : Diffeo(Xi, Xi)→ Diffeo(X0, X0) by

f∗i ϕ := f−1i ◦ ϕ ◦ fi.

We also denote (fi)∗ = (f−1i )∗. Then we can define

G
~f
0 := Aut(X0, L0) ∩ ∩ki=1f

∗
i Aut(Xi, Li),

and

G
~f
j = (fj)∗G

~f
0 .

Lemma 4.1. G
~f
j are subgroup of Aut(Xj , Lj). Moreover, the embedding map

ι : G
~f
0 →

k∏
i=0

Aut(Xi, Li)

defined by

ι(ϕ) = (ϕ, (f1)∗ϕ, · · · , (fk)∗ϕ)

is an homomorphism, and G
~f
0 is the stabilizer of (J, ~f) as a subgroup of

k∏
i=0

Aut(Xi, Li).

Proof. Let ϕ,ψ ∈ f∗i Aut(Xi, Li) Then fi ◦ ϕ ◦ f−1i , fi ◦ ψ ◦ f−1i ∈ Aut(Xi, Li).
Then

(fi ◦ ϕ ◦ f−1i ) ◦ (fi ◦ ψ ◦ f−1i )−1 = fi ◦ ϕ ◦ ψ−1 ◦ f−1i ∈ Aut(Xi, Li),

hence ϕ ◦ ψ−1 ∈ f∗i Aut(Xi, Li).
For the second part, first,

πi(ι(ϕ)ι(ψ)−1) = (fi ◦ϕ ◦ f−1i ) ◦ (fi ◦ψ ◦ f−1i )−1 = fi ◦ϕ ◦ψ−1 ◦ f−1i = πi(ι(ϕ ◦ψ−1)).

It is well known that we can identify Aut(X0, L0) with GJ . We can identify
f ∈ gJ with ξf ∈ aut(X0, L0) defined by

gJ := {f ∈ gCJ |∂̄ξf = 0, ιξfω = df.}
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Also, for ϕ ∈ G~f
0 ,

((fi)∗ϕ) · fi = fi ◦ ϕ ◦ f−1i ◦ fi ◦ ϕ−1 = fi.

Finally, if (ϕ0, · · · , ϕk) ∈
k∏
i=0

Aut(Xi, Li) such that ϕi ◦ fi ◦ ϕ−10 = fi, then

ϕi = fi ◦ ϕ0 ◦ f−1i ,

which implies ϕ0 ∈ G
~f
0 .

Corollary 4.2. Suppose (Xi, Li) is a projective manifold with line bundles with
their respective curvatures ω0, ..., ωk. Suppose generalized ccscK has a solution, then
k⋂
i=0

Aut(Xi, Li) is reductive.

Proof. We use the result in [Wan04], corollary 12. Suppose

µ(J
ϕ−1

0

X , ϕ0, ϕ1, ..., ϕk) = 0 has a solution. Then GC
ϕ0,ϕ1,...,ϕk

is reductive. By as-
suming (ω0,h0

, · · · , ωk,hk) be the solution, we have fi = id and

G
~f
0 = Gid0 =

k⋂
i=0

Aut(Xi, Li)

is reductive.

We can also define the Calabi functional, Futaki invariant and Mabuchi functional
as follow.

Definition 4.3. Let ξ = (ξ0, ..., ξk) be an C∗ action on

k∏
i=0

Aut(Xi, Li), where

ιξiωi = dhi, ∂̄Jiξi(t) = 0.

Then the Futaki invariant for the moment map defined in Theorem 3.11 is defined by

FJ ,~p(ξ) :=〈µJ ,~p(f), ξ〉

=

∫
X0

h0

(
k∑
i=1

f∗i,0ω
pi+1
i ∧ ωn−pi−10

(pi + 1)!(n− pi − 1)!
− Ric(ω0) ∧ ωn−10

(n− 1)!
− c0

ωn0
n!

)

+

k∑
i=1

∫
Xi

hi

(
ωpii ∧ fi,0∗ω

n−pi
0

pi!(n− pi)!
− ci

ωni
n!

)
.

The Futaki invariant of the ccscK equation is the case fi,0 = id and pi = 0 for all
i = 1, ..., k.

Again, by the standard result (for example, see proposition 6 in [Wan04], theorem
3.9 in [LSW22] for the independence; or see [Fut83] for the KE case), we have

Corollary 4.4. Futaki invariant is independent of the choice of ωi with the given
class. Moreover, if the Futaki invariant is non zero for some holomorphic vector field,
then this moment map equation has no solution in the given Kähler classes.
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Besides, we can define the Calabi functional, which is ||µ||2 .
By [Wan04], corollary 13, we have the following:

Corollary 4.5. We define the extremal metric corresponding to µJ ,~p to be the
critical point of CJ ,~p. Then the extremal metric solves µJ ,~p = 0 (in the domain OJ,id)
iff the Futaki invariaant are zero for all holomorphic vector field.

Let K be a Lie group, and KC be the complexify orbit. Suppose K acts on a
space X with a hamilitonian group action, and µ : X → Lie(K)∗, we can define a K
invariant one form on (KC/K), defined by the following: for any v ∈ Lie(K),

α

(
d

dt
e−
√
−1tv · g

)
:= 〈µ(g · z), v〉.

It is well-defined and independent of the choice of g′ ∈ K · g as

〈µ(kg · z),Adkξ〉 = 〈Adkµ(g · z), Adkξ〉 = 〈µ(g · z), ξ〉.

Lemma 4.6. α is closed. Therefore, it is an exact form, and hence, there is a
functional M : KC/K → R defined by

M(g) :=

∫ 1

0

α(gt)dt,

where gt is any curve connecting a fix point g0 and g.

Proof. Assume [ξ, η] = 0, then by identifying Lie(K) and Lie(K)∗,

dα(ξ, η) =

〈
d

dt

∣∣∣∣
t=0

µ
(
e−
√
−1tξ · z

)
, η

〉
− d

dt

∣∣∣∣
t=0

〈
µ
(
e
√
−1tη · z

)
, ξ
〉

=〈dµ(JXξ), η〉 − 〈dµ(JXη), ξ〉
=ω(JXξ, Xη)− ω(JXη, Xξ)

=0,

where Xξ is the vector field
d

dt

∣∣∣∣
t=0

e−
√
−1tξ · z. Therefore it is closed.

As a result, given a moment map, we can define the Mabuchi functional by

Mµ(g) :=

∫ 1

0

α(ġt)dt,

where g0 = id.
In our case, we can define KC as a complex manifold (the orbit space). Notice

that

KC/K · id ∼=
k∏
i=0

PSH(Xi, ωi),

so we can define the Calabi functional and Mabuchi functional by the following.
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Definition 4.7. Let (Xi, ωi) be Kähler manifold, then we denote

Hi,p
j (hi, hj) :=

n!

(n− p)!p!
ωn−pi,hi

∧ ωpj,hj
ωnj,hj

,

and the mean is defined by

Hi,p
j (hi, hj) :=

∫
X

Hi,p
j (hi, hj)

ωnj
n!
.

As

Lie(Ham(Xi, ωi)) ∼= {ϕi ∈ C∞(X)|dϕ = ιXϕωi}/R,

and ∫
Xj

ϕj
ωn−pj ∧ f∗ωpi
(n− p)!(p)!

=

∫
σj(Xj)

ϕj(σj(x))
ωn−pj,hj

∧ ωpi,σi
(n− p)!!

∣∣∣∣∣
σj(x)

=

∫
Xj

ϕiH
i,pi+1
0 (h0, hi)

ωn0,h0

n!
,

the explicit formula of Calabi and Mabuchi functional is given by the following:

Definition 4.8. The Calabi functional CJ ,~p :

k∏
i=0

PSH(Xi, ωi)→ R is defined by

the formula

CJ ,~p(~h) =||µJ ,~p( ~σh)||2

=

∫
X0

∣∣∣∣∣
k∑
i=1

Hi,pi+1
0 (h0, hi)− Sh0 −

k∑
i=1

Hi,pi+1
0 (h0, hi) + Sh0

∣∣∣∣∣
2
ωn0,h0

n!

+

k∑
j=1

∫
Xj

|H0,n−pi
j (h0, hi)−H0,n−pi

j (h0, hi)|2
ωnj,hj
n!

.

The Mabuchi functional corresponding to µJ ,~p is given by

MJ ,~p :

k∏
i=0

PSH(Xi, ωi)→ R

such that the variational formula is

dMJ ,~p|h0,...,hk(~ϕ)

:= 〈µJ ,~p((σ0, · · · , σk) · (J, ~f)), ~ξϕ〉

=

∫
X0

ϕ0

(
k∑
i=1

Hi,pi+1
0 (h0, hi)− Sh0 + S −

k∑
i=1

Hi,pi+1
0 (h0, hi)

)
ωn0,h0

n!

+

k∑
j=1

∫
Xj

ϕj

(
H0,n−pi
j (h0, hi)−H0,n−pi

j (h0, hi)
) ωnj,hj

n!
,
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where ϕ ∈ C∞(X,R).

Following the standard result of moment map on the comlex orbit (for example,

see [Don02],[Wan04]), as the geodesic is given by e−
√
−1tξ · g,

M′(t) = 〈µ(e−
√
−1tξ · z), ξ〉,

M′′(t) = ω(−Jξ, ξ) = ||ξ||2 > 0.

We have the following corollary.

Corollary 4.9. MJ ,~p is convex along smooth geodesics. Hence the solution of
the generalized ccscK is the minimum of MJ ,~p.

Notice that by [Dar14], not any two Kähler potential can be connected by the
smooth geodesic in general, not even the limit of a sequence of smooth geodesic.
Therefore, in general, the convexity of Mabuchi functional for smooth geodesic cannot
imply the critical point is unique. However, under some special case, we will still have
uniqueness result directly.

Let (X,L0, · · · , Lk) to be a polarized toric manifold and the curvature of the toric
equivariant line bundle Li is ωi which are positive. Let Pi be the moment polytopes
corresponding to Li. We also denotePi is defined by the equations

∩α{lαi (x) ≥ 0},

where lαi (x) are affine functions. Recall that (See [Gua99] [Don02], [Gue14]), the space
of the (S1)n invariant Kähler form with the Kähler class [ωi]

{ϕ ∈ C∞(X,R)|ωi +
√
−1∂∂̄ϕ > 0, ϕ(θ · x) = ϕ(x), θ ∈ (S1)n}

is isometric to the space

Hi := {u ∈ C∞(P 0
i )|u is convex, ui =

∑
α

(lαi (x) log(lαi (x))), u− ui ∈ C∞(Pi)},

with the geodesic is given by u + tv, v ∈ C∞(Pi,R). Therefore, the orbit space is
isometric to the space

H0 × · · · × Hk
which is geodesicly convex. Therefore, as a direct consequence of 4.9, if we have
two minimum point, we can connect them by a stricly convex geodesic, which lead a
contradiction. Therefore, we have

Corollary 4.10. Let (X,L0, · · · , Lk) to be a polarized toric manifold and the
curvature of the toric equivariant line bundle Li is ωi. Then the (S1)n invariant
solution of the equation

k∑
i=1

(
f∗i ω

pi+1
i,ϕi

(pi + 1)!
∧

ωn−pi−10,ϕ0

(n− pi − 1)!

)
− Ric(ω0,ϕ0

, J0) ∧
ωn−10,ϕ0

(n− 1)!
− c0

ωn0,ϕ0

n!
= 0

ωn−p10,ϕ0

(n− p1)!
∧
f∗1ω

p1
1,ϕ1

p1!
− c1

f∗1ω
n
1,ϕ1

n!
= 0

...

ωn−pk0,ϕ0

(n− pk)!
∧
f∗kω

pk
k,ϕk

pk!
− ck

f∗kω
n
k,ϕk

n!
= 0

is unique (if exists).
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5. Kähler construction for coupled equation p. In this section, we will
try to find a suitable space for the coupled equation p which is a Kähler manifold.
However, the case is much more subtle then the pervious case. The problem is,
unlike J ×Map(X,Y ; p)+, it is not easy to find a good complex submanifold inside
Map(X,Y ; p)+ such that both f∗ωY and ωX form of X and f∗ωX and ωY are Kahler
forms of Y . Before we go on our main disscusion, notice that if we restrict the group
to be either Ham(X,ωX) or Ham(Y, ωY ) we do have a good complex submanifold.
For the first subgroup, the coupled moment map equation become

ωn−p−1X ∧ f∗ωp+1
Y = c1ω

n
X .

The second subgroup gives

f∗ω
n−p
X ∧ ωpY = c2ω

n
Y .

We have seen this trick when we re-construct the deformed HYM.
The method we suggest is the following: we consider Ff : Map(X,X) ×

Map(Y, Y )→ Map(X,Y ) by

Ff (σ, η) = η ◦ f ◦ σ−1,

and consider the pull back image F−1f (Map(X,Y ; p)+). Notice that F−1f (Ωp) is not
a symplectic form as it may be degenerated. Then we can find a ”lagrest com-
plex submanifold” X+

p , and the orbit space HamC(X,ωX) × HamC(Y, ωY ) inside

F−1(Map(X,Y ; p)+). And we will show that if Ff (X+
p ) and Ff (HamC(X,ωX) ×

HamC(Y, ωY )) are complex manifold, then these are the spaces for the moment map
picture for moment map p.

Let JX to be an integrable almost complex structure of X. Then for any diffeo-
morphism g : X → Y , we can define an almost complex structure of Y by

JY := JgX := DgJXDg
−1.

This is integrable as the complex local coordinate of Y can be defined by X and g,
namely, if

{Ui, ϕi : Ui → Ωi ⊂ Cn}

are complex local coordinate of X, then {g(Ui), ψi := ϕi ◦ g−1 : g(Ui) → Ωi} with
transition map

ψj ◦ ψ−1i |ψi(g−1(Ui∩Uj)) = ϕj ◦ ϕ−1i |ϕi(Ui∩Uj)

defines the complex local coordinate of Y .
However, let (X,ωX , JX), (Y, ωY , JY ) be two Kähler manifold. Notice that JX is

compatible with ωX doesn’t implies JgX is compatible with ωY .

Definition 5.1. Let (X,ωX , JX), (Y, ωY , JY ) be compact Kähler manifolds.
Define

J (X,ωX) := {J ∈ Jint(X)|ωX(J ·, J ·) = ωX(·, ·), ωX(J ·, ·) > 0}.

Define Ff : Map(X,X)×Map(Y, Y )→ Map(X,Y ) to be

Ff (ϕ,ψ) := ψ ◦ f ◦ ϕ−1.
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We also denote JϕX := Dϕ ◦ JXDϕ−1 for any ϕ ∈ Map(X,X) (and similarly for JψY .)
Notice that

Dϕ−1JϕX = JXDϕ
−1.

Then we define the following:

Definition 5.2. Let (X,ωX , JX), (Y, ωY , JY ) be compact Kähler manifolds.
Then we define

KMapωY (X,Y ; JX) := {f ∈ Diffeo(X,Y )|JfX = DfJXDf
−1 ∈ J (Y, ωY )}.

We denote KMap(X,Y ) = KMapωY (X,Y ; JX) if there is no confusion on the Kähler
form.

As a remark, we can also define KMap(X,Y ) by fixing JY and moving JX .

Lemma 5.3. The manifold (Map(X,Y ), J), where Jδf := DfJXDf
−1δf = JfX ,

is a complex manifold.

Proof. It is obvious that (Map(Y,X), JX) is a complex manifold as JX is inte-
grable. Notice that the map inv : Map(X,Y )→ Map(Y,X) defined by

inv(f) = f−1

is a diffeomorphism, hence we can consider J on KMap(X,Y ) by

inv∗JX = D inv−1JXD inv.

For any v ∈ TfKMap(X,Y ), D(inv(v)) = Df−1v ◦ f−1 ∈ Tf−1KMap(Y,X). There-

fore, for any w ∈ T−1f KMap(Y,X),

inv∗J(v) = Df(JXDf
−1v ◦ f−1) ◦ f = DfJXDf

−1v.

Therfore, (KMap(X,Y ), J) is a complex manifold with integrable almost complex
structure J .

Lemma 5.4. KMap(X,Y ) and KMap(X,Y ; p)+ is a complex submanifold.

Proof. Consider Map(X,Y ) × J (Y, ωY ) with the product complex structure

J(σ,A) = (JfXσ, JYA) for all (σ,A) ∈ Tf,JY Map(X,Y ) × J (Y, ωY ). Then we have a
subvariety

W := {(f, JY )|Df(J0
X)Df−1 = JY },

here J0
X is fixed. We can rewrite the relation as f∗JY − JX = 0 as an endmorphism.

By this, we can consider the map F : Map(X,Y )× J (Y, ωY )→ End(TX) by

F (f, JY ) = f∗JY − JX .

Then W = {F (f, JY ) = 0}. When we differenate with respect to JY direction, say A,
then

δAF (f, JY ) =
d

dt

∣∣∣∣
t=0

(Df−1J tYDf) = Df−1ADf
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which is bounded and indeed c|A| < |δAF (f, JY )| < C|A| for some c, C, and for any
norm. So W is locally a graph, which gives the smooth structure of W.

We now show W is a complex subvariety. Let
d

dt
ft = σ and

d

dt
J tY = A at t = 0.

Then the condition on tangent space is given by

−Df−1DσDf−1JYDf +Df−1ADf +Df−1ADσ = 0.

We now see if the vector (JfXσ, JYA) with JfX = JY satisfies this relation. Notice that

JfX = JY implies

JXDf
−1 = Df−1JY .

So

−Df−1DJfXσDf
−1JYDf +Df−1JYADf +Df−1JYDJ

f
Xσ

= −JXDf−1DσDf−1JYDf + JXDf
−1ADf +Df−1JfXJYDσ

= −JXDf−1DσDf−1JYDf + JXDf
−1ADf + JXDf

−1JYDσ

= JX(−Df−1DσDf−1JYDf +Df−1ADf +Df−1ADσ)

= 0.

Also, we need to show that the map π : W → Map(X,Y ) is injective, holomorphic
and the image is KMap(X,Y ). The injectivity is obvious as if π(f, JY ) = π(f ′, J ′Y ),

then f = f ′. When f = f ′, JfX = Jf
′

X . By the definition, JY ∈ J (X,ωX), hence it is
KMapωX (X,Y ). Finally it is holomorphic as this is the restriction of the projection
map π : Map(X,Y )× J (Y, ωY )→ Map(X,Y ) which is holomorphic.

Notice that KMap(X,Y ; p)+ is an open subset of KMap. As ωn−pX ∧ ωpY is J
invariant for (JX , JY ) ∈ J (X,ωX)× J (Y, ωY ), so this is a complex submanifold.

Remark 5.5. Using the same argument, we can prove that KMap(X,Y ) is a
complex submanifold of (Map(X,Y ), JY ) as well.

Definition 5.6. Let (X,ωX , JX), (Y, ωY , JY ) be compact Kähler manifolds.
Then we define

KMapωY (X,Y ; JX) := {f ∈ Diffeo(X,Y )|JfX = DfJXDf
−1 ∈ J (Y, ωY )}.

We denote KMap(X,X) = KMapωX (X,X, JX) if there is no confusion on the choice
of the Kähler form. Then we define

X+
f,p := (KMap(X,X)×KMap(Y, Y )) ∩ F−1f (Map(X,Y ; p)+).

Moreover, let (v, w) ∈ T(ϕ,ψ)(Map(X,X)×Map(Y, Y )) we also define an almost com-
plex structure on Map(X,X)×Map(Y, Y ) by

JMap(v, w) := (JϕXv, J
ψ
Y w).

We now prove the main proposition in this section:

Proposition 5.7. Let f : X → Y is a biholomorphism, and define an action
Ham(X,ωX)×Ham(Y, ωY ) on Map(X,X)×Map(Y, Y ) which is given by

(σ, η) · (ϕ,ψ) := (σ ◦ ϕ, η ◦ ψ).

Then
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1) Ff commutes with the group action.
2) X+

f,p is a complex submanifold,

3) The action Ham(X,ωX)×Ham(Y, ωY ) is closed in X+
f,p.

4) F ∗f Ωp is JMap invariant.

Proof.

1) Ff (σ ◦ ϕ, η ◦ ψ) = η ◦ ψ ◦ f ◦ ϕ−1σ−1 = (σ, η) · Ff (ϕ,ψ).
2) To show X+

f,p is a smooth manifold, we only need to show KMap(X,X) is

smooth. As Ff is continuous, so it implies X+
f,p is an open subset, hence it is

smooth.

Define G : J (X,ωX)×KMap(X,X)→ End(Γ(TX)) by

G(J, ϕ) = JϕX − J.

Then KMap(X,X) ∼= {(J, ϕ)|G(J, ϕ) = 0.} Also, let A ∈ TJ,ϕJ (X,ωX), then

DGJ,ϕ(A, 0) = −Id,

hence the implicit function theorem implies that there exists H : U ⊂
KMap(X,X) → V ⊂ J (X,ωX) which for G : U × V → End(Γ(TX)), we
have

G(J, ϕ) = G(H(ϕ), ϕ) = 0.

Therefore, (U,H) gives a local coordinate, which implies KMap(X,X) is
smooth. Hence KMap(Y, Y ) is also smooth, and thus X+

f,p is smooth.

We now show X+
f,p is J invariant. Again, as F−1f (Map(X,Y ; p)) is open,

and KMap(X,X) and KMap(Y, Y ) have the same defining function, we only
need to show KMap(X,X) is JϕX invariant. Then the argument can be used

as showing KMap(Y, Y ) is also JψY invariant. Suppose σ ∈ TϕKMap(X,X).
The equation we have is the following: for all (v, w) ∈ TxX

ϕ∗ωX(JXv, JXw) = ϕ∗ωX(v, w).

Differentiating it along v, we get

ωX(DσJXv,DϕJXw) + ωX(DϕJXv,DσJXw)

= ωX(Dσv,Dϕw) + ωX(Dϕv,Dσw).

Now

ωX(JϕXDσJXv,DϕJXw) + ωX(DϕJXv, J
ϕ
XDσJXw)

− ωX(JϕXDσv,Dϕw)− ωX(Dϕv, JϕXDσw)

= ωX(DσJXv, J
ϕ
XDϕJXw) + ωX(JϕXDϕJXv,DσJXw)

−ωX(Dσv, JϕXDϕw)− ωX(JϕXDϕv,Dσw)

= ωX(DσJXv,DϕJXJXw) + ωX(DϕJXJXv,DσJXw)

−ωX(Dσv,DϕJXw)− ωX(DϕJXv,Dσw).
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We let u = JXw, then w = −JXu, hence the expression becomes

ωX(DσJXv,DϕJXu)− ωX(Dϕv,Dσu)

− ωX(Dσv,Dϕu) + ωX(DϕJXv,DσJXu)

= ωX(DσJXv,DϕJXu) + ωX(DϕJXv,DσJXu)

−ωX(Dϕv,Dσu)− ωX(Dσv,Dϕu)

= 0.

3) As Ff preserves the group action, we only need to show KMap(X,X) ×
KMap(Y, Y ) is closed under the action. Let (σ, η) ∈ Ham(X,ωX) ×
Ham(Y, ωY ). Then

(σ ◦ ϕ)∗ωX = ϕ∗σ∗ωX = ϕ∗ωX ,

hence (σ ◦ ϕ)∗ωX is JX -invariant. Similarly, (η ◦ ψ)∗ωY is JY -invariant.
4) For (v, w), (v′, w′) ∈ Tϕ,ψKMap(X,X)×KMap(Y, Y ),

DFpϕ,ψ(v, w)|x = w|f◦ϕ−1(x) −DψDfDϕ−1v|ϕ−1(x),

so

F ∗pΩp(JMap(v, w), JMap(v′, w′))

= F ∗pΩp(J
ϕ
Xv, J

ψ
Y w), (JϕXv

′, JψY w
′)

= Ωp(J
ψ
Y w −DψDfDϕ

−1JϕXv, J
ψ
Y w
′ −DψDfDϕ−1JϕXv

′)

= Ωp(J
ψ
Y w −DψDfJXDϕ

−1v, JψY w
′ −DψDfJXDϕ−1v′)

(∵ Dϕ−1JϕX = JXDϕ)

= Ωp(J
ψ
Y w −DψJYDfDϕ

−1v, JψY w
′ −DψJYDfDϕ−1v′)

(∵ JYDf = DfJX)

= Ωp(J
ψ
Y (w −DψDfDϕ−1v), JψY (w′ −DψDfDϕ−1v′))

(∵ DψJY = JψYDψ)

=

∫
X

ωY (JψY (w −DψDfDϕ−1v), JψY (w′ −DψDfDϕ−1v′))ωn−pX ∧ ωpY

=

∫
X

ωY ((w −DψDfDϕ−1v), (w′ −DψDfDϕ−1v′))ωn−pX ∧ ωpY

(∵ JψY ∈ J (Y, ωY ))

= F ∗pΩp((v, w), (v′, w′)).

Hence it is JMap-invariant.

As X+
f,p is a complex manifold, we observe that if (v, w) ∈ T(ϕ,ψ)(X+

f,p), then

JMap(v, w) = (JϕXv, J
ψ
Y w) ∈ T(ϕ,ψ)(X+

f,p). As ωY (JψY u, u) > 0 if u 6= 0, so for any
(v, w), if

w −DψDfDϕ−1v 6= 0,

then we can choose

(v′, w′) = −JMap(v, w).



MOMENT MAP FOR COUPLED EQUATIONS 255

However, if w = DψDfDϕ−1v, then it is degenerate. Indeed, the problem is Ff may
not be injective. Indeed, if we consider X = Y , ωX = ωY , then f = id solve the
problems, but for any σ ∈ HamC(X), (σ, σ) will solve the equation as well. Therefore,
we cannot apply the theory directly.

As X+
f,p is closed under the action of Ham(X,ωX)×Ham(Y, ωY ) and Ff preserves

the action, we can still consider the orbit space

Of := HamC(X,ωX)×HamC(Y, ωY ) · (id, id) ⊂ (X+
f,p)

(as we mentioned before, HamC(X,ωX)× HamC(Y, ωY ) is not a group). Notice that
it may not be a manifold, but only a complex variety.

Indeed, suppose there exists σ ∈ HamC(X,ωX)∩HamC(Y, ωY ), and ωX , ωY solved
coupled equation p, then σ∗ωX , σ∗f∗ωY also solved equation p. This example exists,
say,

Example 5.8. Consider (X,ω0, ω1) with

[ω0] = [ω1].

Then by definition, there exists σ ∈ HamC(X,ω0) such that

σ∗ω1 = ω0.

Then

ωn−p−10 ∧ σ∗ωp+1
1 = ωn0 ; σ∗ω

n−p
0 ∧ ωp1 = ωn1 ,

that is (id, σ) ∈ Oid solves the equation. Moreover, for any η ∈ HamC(X,ω0) =
σ∗HamC(X,ω1), (η, ση) ∈ Oid and

σ ◦ η ◦ η−1 = σ

implies it also solves the same moment map equation.

Notice that we can consider the equivalent class, namely,

(σ, η) ∼ (σ′, η′) if Ff ((σ, η)) = Ff ((σ′, η′)),

that is,

η′ ◦ f ◦ σ′−1 = η ◦ f ◦ σ−1.

Notice that we may simply consider [Of ] ⊂ Map(X,Y ; p)+. Hence we can restrict the
moment map into [Of ] if it is a manifold.

Corollary 5.9. Let (X,ωX) and (Y, ωY ) be two Kähler manifolds with two
Kähler forms, and f is a biholomorphism. Suppose [Of ] is a manifold, then µp :

[Of ] → Lie

(
k∏
i=0

Ham(Xi, ωi)

)∗
is a moment map. In particular, if Ham(X,ωX) ∩

f∗Ham(Y, ωY ) = id , then µp is well defined.

Proof. Notice that [Of ] ⊂ Map(X,Y ; p)+, and it is closed under the action. Hence
µp|[Of ] is well defined.
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6. moment map for embedding. In the previous theory, we always assume
X = Y as a same Kähler manifold, and f0 = id. We now provide a case that X and
Y are not diffeomorphic.

Let (X,ωX), (Y, ωY ) be two symplectic manifolds with dimensions n,m, where
n ≤ m. Define EMap(X,Y ) to be the space of embedding maps and

EMap(X,Y ; p)+ := {f ∈ EMap(X,Y )|ωn−pX ∧ f∗ωpY > 0}.

Notice that f−1 is well defined on f(X) and for this case, f∗ = f−1 on f(X). Let
Z ⊂ Y be a k dimensional submanifold. Then we denote δZ be the m− k current on
Y , which ∫

Y

δZ ∧ α :=

∫
Z

α

for all k forms α on Y .

Lemma 6.1. Let (X,ωX), (Y, ωY ) are two symplectic manifolds with finite vol-
ume with respect to ωX , ωY , and let 0 ≤ p ≤ n − 1. Then the moment map
µp : EMap(X,Y ; p)+ → Lie(Ham(X,ωX)×Ham(Y, ωY ))∗ is given by

µp(f) =

(
n

n− p

(
c1
ωnX
n!
−

ωn−p−1X ∧ f∗ωp+1
Y

(n− p− 1)!(p+ 1)!

)
,

m

m− p

(
c2
ωmY
m!
− δf(X) ∧

(
f∗(ω

n−p
X ∧ f∗ωpY )

)))
.

Proof. The proof is basically the same as the proof of theorem 2.6. The main
difference is that EMap(X,Y ) and Map(Y, Y ) is not a one-one correspondence. How-
ever, given v′ ∈ TfEMap(X,Y ), v′|x ∈ Tf(x)Y . Hence, we can still identify it as
v ∈ TgMap(f(X), Y ), where gt(y) := ft ◦ f−1(y). After that, we extend this gt to
ĝt : Y → Y . Then the same proof can be applied.

d

dt

∣∣∣∣
t=0

∫
ft(X)

ψ(y)
ft∗(ω

n−p
X ∧ f∗t ω

p
Y )

(n− p)!p!

=
d

dt

∣∣∣∣
t=0

∫
X

ψ(ft(x))
ωn−pX ∧ f∗t ιvω

p
Y

(n− p)!p!

=

∫
X

dψ(v ◦ f)
ωn−pX ∧ f∗t ιvω

p
Y

(n− p)!p!
+ p

∫
X

ψ(f(x))
df∗ιvωY ∧ ωn−pX ∧ f∗t ιvω

p−1
Y

(n− p)!(p)!

=

∫
X

ωY (ξψ, (v ◦ f))
ωn−pX ∧ f∗t ιvω

p
Y

(n− p)!p!
− p

m

∫
f(X)

ωY (ξψ, (v))
ωn−pX ∧ f∗t ιvω

p
Y

(n− p)!p!

=
m− p
m

∫
X

ωY (ξψ, (v ◦ f))
ωn−pX ∧ f∗t ιvω

p
Y

(n− p)!p!
.

Notice that this is independent of the choice of extension of g as the term f∗t ιvωY
only depends on v and ft, but not the extension v̂ := ˙̂gt|t=0.

Remark 6.2. Notice that as p is fixed, we can take Ω′X :=
n

(n− p)
ΩX , Ω′Y =

m

m− p
ΩY to remove the leading coefficient. We will denote this moment map as µp

from now on.
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Remark 6.3. When Y is compact, given any function ψ,

ψ − 1

V ol(Y )

∫
Y

ψ
ωmY
m!
∈ Lie(Ham(Y, ωY )).

However, for the case where Y is non compact, and

∫
Y

ωmY
m!

=∞, we cannot normal-

ized ψ. So we need to assume

∫
Y

ψωmY = 0.

Remark 6.4. For p = n, the map µn(f) : EMap(X,Y ; p)+ →
Lie(Ham(Y, ωY );n)∗ is a moment map. Therefore, we can still get a non-trivial mo-
ment map for p = n if this is an embedding.

Appendix A. Analytic compuation of convexity of MJ ,p. In this section,
we will show that the Mabuchi functional MJ ,p is stictly convex along the smooth
geodesic (h0,t, · · · , hk,t), where the geodesic equation is given by

ḧi,t − |∇ḣi,t|2ωi,hi = 0

for all 0 ≤ i ≤ k. As the standard Mabuchi functionalMJp is well known to be convex,
it suffices to consider Mp = MJ ,p −MJ . For simplicity, we will only consider the

case k = 1. We also denote ϕi,t = ˙hi,t, and ω[k] :=
ωk

k!
. As

|∇ϕi|2ωi =
ωi(Xϕi , JXϕi)

ω
[n]
i

,

The geodesic equation with Lemma 2.5 implies that

|∇ϕi|2ωiω
n−p
i ∧ αp =

√
−1n∂ϕ ∧ ∂̄ϕi ∧ ωn−p−1i ∧ αp.

Hence

n− p
n

∫
X

|∇ϕi|2ωiω
[n−p]
i ∧ α[p] = −

∫
X

ϕ ∧
√
−1∂∂̄ϕi ∧ ω[n−p−1]

i ∧ α[p].

As

dMp(ϕ0,t, ϕ1,t) :=

∫
X

ϕ0,t(ω
[n−p−1]
0,t ∧ω[p+1]

1,t − c1ω[n]
0,t)+

∫
X

ϕ1,t(ω
[n−p]
0,t ∧ω[p]

1,t− c2ω
[n]
1,t),

d2

dt2
Mp(h0,t, h1,t)

=

∫
X

ϕ̇0,t(ω
[n−p−1]
0,t ∧ ω[p+1]

1,t − c1ω[n]
0,t) +

∫
X

ϕ̇1,t(ω
[n−p]
0,t ∧ ω[p]

1,t − c2ω
[n]
1,t)

+

∫
X

ϕ0,t(
√
−1∂∂̄ϕ0,t ∧ ω[n−p−2]

0,t ∧ ω[p+1]
1,t − c1

√
−1∂∂̄ϕ0,t ∧ ω[n−1]

0,t )

+

∫
X

ϕ1,t(
√
−1∂∂̄ϕ0,t ∧ ω[n−p−1]

0,t ∧ ω[p]
1,t) +

∫
X

ϕ0,t(
√
−1∂∂̄ϕ1,t ∧ ω[n−p−1]

0,t ∧ ω[p]
1,t)

+

∫
X

ϕ1,t(
√
−1∂∂̄ϕ1,t ∧ ω[n−p]

0,t ∧ ω[p−1]
1,t − c2

√
−1∂∂̄ϕ1,t ∧ ω[n−1]

1,t )
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=

∫
X

ϕ̇0,t(ω
[n−p−1]
0,t ∧ ω[p+1]

1,t − c1ω[n]
0,t) +

∫
X

ϕ̇1,t(ω
[n−p]
0,t ∧ ω[p]

1,t − c2ω
[n]
1,t)

−
∫
X

|∇ϕ0,t|2ω0,t
(c1ω

[n]
0,t −

n− p− 1

n
ω
[n−p−1]
0,t ∧ ω[p+1]

1,t )

−
∫
X

|∇ϕ1,t|2ω1,t
(
p

n
ω
[n−p]
0,t ∧ ω[p]

1,t − c2ω
[n]
1,t)

+

∫
X

ϕ1,t(
√
−1∂∂̄ϕ0,t ∧ ω[n−p−1]

0,t ∧ ω[p]
1,t) +

∫
X

ϕ0,t(
√
−1∂∂̄ϕ1,t ∧ ω[n−p−1]

0,t ∧ ω[p]
1,t)

=
p+ 1

n

∫
X

|∇ϕ0,t|2ω0,t
ω
[n−p−1]
0,t ∧ ω[p+1]

1,t +
n− p
n

∫
X

|∇ϕ1,t|2ω1,t
ω
[n−p]
0,t ∧ ω[p]

1,t

+

∫
X

ϕ1,t(
√
−1∂∂̄ϕ0,t ∧ ω[n−p−1]

0,t ∧ ω[p]
1,t) +

∫
X

ϕ0,t(
√
−1∂∂̄ϕ1,t ∧ ω[n−p−1]

0,t ∧ ω[p]
1,t)

=
(p+ 1)

√
−1

n− p− 1

∫
X

∂ϕ0,t ∧ ∂̄ϕ0,t ∧ ω[n−p−2]
0,t ∧ ω[p+1]

1,t

+

√
−1(n− p)

p

∫
X

∂ϕ1,t ∧ ∂̄ϕ1,t ∧ ω[n−p]
0,t ∧ ω[p−1]

1,t

−
√
−1(

∫
X

∂ϕ1,t ∧ ∂̄ϕ0,t ∧ ω[n−p−1]
0,t ∧ ω[p]

1,t +

∫
X

∂ϕ0,t ∧ ∂̄ϕ1,t ∧ ω[n−p−1]
0,t ∧ ω[p]

1,t)

Using the same proof as in Lemma 2.5, and

√
−1∂ϕi,t ∧ ∂̄ϕj,t = dϕi,t ∧ dcϕj,t = ωi,t(Xϕi,t , •) ∧ ωj,t(−JXϕj,t , •),

the expression becomes

1

(n− p− 1)!p!

∫
X

ω0,t(Xϕ0,t , •) ∧ ω0,t(−JXϕ0,t , •) ∧ ω
n−p−2
0,t ∧ ωp+1

1,t

+
1

(n− p− 1)!p!

∫
X

ω1,t(Xϕ1,t , •) ∧ ω1,t(−JXϕ1,t , •) ∧ ω
n−p
0,t ∧ ω

p−1
1,t

− 2

(n− p− 1)!p!

∫
X

ω1,t(Xϕ1,t , •) ∧ ω0,t(−JXϕ0,t , •) ∧ ω
n−p−1
0,t ∧ ωp1,t

=
1

(n− p− 1)!p!

∫
X

ω0,t(Xϕ0,t , JXϕ0,t) ∧ ω1,t ∧ ∧ωn−p−10,t ∧ ωp1,t

+
1

(n− p− 1)!p!

∫
X

ω1,t(Xϕ1,t , JXϕ1,t) ∧ ω
n−p−1
0,t ∧ ωp1,t

− 2

(n− p− 1)!p!

∫
X

ω1,t(Xϕ1,t , JXϕ0,t) ∧ ω
n−p
0,t ∧ ω

p
1,t.

We claim that if α, β are two forms, then

ιvιwα ∧ β = α ∧ ιvιwβ = ιvιwβ ∧ α.

With this claim, and

ω1,t(Xϕ1,t , JXϕ0,t) = ω1,t(Xϕ0,t , JXϕ1,t),
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the expression becomes

1

(n− p− 1)!p!

∫
X

ω1,t(Xϕ0,t
, JXϕ0,t

) ∧ ω0,t ∧ ∧ωn−p−10,t ∧ ωp1,t

+
1

(n− p− 1)!p!

∫
X

ω1,t(Xϕ1,t
, JXϕ1,t

) ∧ ωn−p−10,t ∧ ωp1,t

− 2

(n− p− 1)!p!

∫
X

ω1,t(Xϕ1,t
, •) ∧ ω0,t(−JXϕ0,t

, •) ∧ ωn−p−10,t ∧ ωp1,t

=
1

(n− p− 1)!p!

∫
X

ω1,t(Xϕ0,t
−Xϕ1,t

, J(Xϕ0,t
−Xϕ1,t

))ωn−p0,t ∧ ω
p
1,t.

We finally show the claim. To show that, observe that

(ιvιwα) ∧ β = ιv(ιwα ∧ β) + ιwα ∧ ιvβ = ιv((ιwα) ∧ β) + ιw(α ∧ (ιvβ))− α ∧ ιwιvβ.

Therefore,

(ιvιwα) ∧ β − α ∧ ιvιwβ = ιv((ιwα) ∧ β) + ιw(α ∧ (ιvβ)).

Also,

(ιvιwα) ∧ β − α ∧ ιvιwβ = (ιwιvβ) ∧ α− β ∧ ιwιvα = ιw((ιvβ) ∧ α) + ιv(β ∧ (ιwα)).

as

ιw((ιvβ) ∧ α) + ιv(β ∧ (ιwα)) = −ιw(α ∧ (ιvβ))− ιv((ιwα) ∧ β),

2((ιvιwα)∧ β−α∧ ιvιwβ) = ((ιvιwα)∧ β−α∧ ιvιwβ) + (ιwιvβ)∧α− β ∧ ιwιvα = 0.

Remark A.1. We could point out that from this definition, we can see thatMp

is not strictly convex when Xϕ = Xφ. Hence we can see that µp is not a moment map
unless we mod out this relation.
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[Szé14] G. Székelyhidi, An Introduction to Extremal Kähler Metrics, Graduate Studies in
Mathematics, vol. 152, American Mathematical Society, 2014.

[Tia00] G. Tian, Canonical metrics in Kähler geometry, Lectures in Mathematics ETH
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