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A CRITERIA FOR CLASSIFICATION OF WEIGHTED DUAL
GRAPHS OF SINGULARITIES AND ITS APPLICATION*

STEPHEN S.-T. YAU', QIWEI ZHUY, AND HUAIQING ZUOS$

Abstract. Let (V,p) be a normal surface singularity. Let 7 : (M, E) — (V,p) be a minimal good
resolution of V, such that the irreducible components E; of E = 7~ 1(p) are nonsingular and have
only normal crossings. There is a natural weighted dual graph I' associated to E. Along with the
genera of the E;, I' fully describes the topology and differentiable structure of the embedding of E
in M. Intuitively, normal surface singularity has simplest topology if all the irreducible curves in the
exceptional set are smooth rational curves with self-intersection number —2. It can be shown that
these are necessary ADE-singularities. In our previous work we classify all the weighted dual graphs
of E = U}, E; such that one of the curves E; is —3 curve, and the rest all are —2 curves. This is a
natural generalization of Artin’s classification of rational triple points. However there is no general
method to classify or examine all possible weighted dual graphs of £ = U?_; E;. In this article, we
introduce a new concept, component factor, which is useful and computable for classifying weighted
dual graphs. Based on it, we present a criteria for verifying whether a graph is the weighted dual
graph associated to E. As a result, we give a complete classification of weighted dual graphs consist
of —2 curves and exactly one —4 curve.

Key words. normal singularities, topological classification, weighted dual graph.

Mathematics Subject Classification. 14B05, 32525.

1. Introduction. Let (V,p) be a normal surface singularity and #: M — V be
a resolution of V such that the irreducible components E;, 1 <1i < n, of E = 7~ 1(p)
are nonsingular and have only normal crossings. Associated to F is a weighted dual
graph T (e.g., see [4] or [9]) which, along with the genera of the F;, fully describes the
topology and differentiable structure of E' in M [15]. On a nonsingular surface M, a
—k curve means a nonsingular rational curve with self-intersection —k.

M. Artin [1] has studied the rational singularities (i.e., those for which R, (0) =
0). He has shown that all weighted dual graphs of rational double points are one of the
graphs: Ay, k > 1; Dy, k > 4; Eg, E7 and Eg which arise in the classification of simple
Lie groups. He also shows that the existence of fundamental cycle (see Definiton 2.1)
are equivalent to the negative definiteness of (E;- E;). Moreover, rational triple points
are also classified into 9 classes according to the dual graphs in [1]. These 9 classes
graphs consist of —2 curves and exactly one —3 curve. In our recent work [28], we
classify all the weighted dual graphs of E = U}, E; such that one of the curves E; is
—3 curve, and the rest all are —2 curves. This is a natural generalization of Artin’s
classification of rational triple points.

The simple here usually means that only finitely many isomorphism classes occur
in the versal deformation. By the rational double points and rational triple points
are simple. Stevens [18] conjectures that the simple normal surface singularities are
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exactly those rational singularities whose resolution graph can be obtained from the
graph of a rational double point or rational triple point by making any number of
vertex weights more negative. He shows that no other rational singularities can be
simple. He proves simpleness for some special classes of singularities, namely rational
quadruple points or sandwiched singularities in [18]. For the classification of certain
classes of rational singularities, the interesting readers can refer the recent papers [20],
[19], [23], [24].

In [12], Laufer investigates a class of elliptic singularities which satisfy a mini-
mality condition. These minimally elliptic singularities have a theory much like the
theory for rational singularities. Laufer [12] also lists all dual graphs which corre-
spond to minimally elliptic hypersurface singularities. These singularities are exactly
Gorenstein singularities with geometric genus equals to 1. Such a list is extremely
useful for researchers in the field. For the classification of Gorenstein singularities
with geometric genus greater than 1, the interesting reader can refer to the papers
[16], [5], [25], [27], [22], [6]-[7], [8], [15]. Later, in [29] (resp. [2]), the authors general-
ize Laufer’s list of dual graphs of minimally elliptic hypersurface singularities. They
classify all weighted dual graphs of the simplest Gorenstein non-complete intersection
(resp. complete intersection) singularities of dimension two. These singularities are
exactly those minimal elliptic singularities with fundamental cycle self intersection
number -5 (resp. -4).

In [13], Laufer classifies all possible taut singularities. Though his classification is
complete, the last step for verifying the negative definiteness of weighted dual graph
is not illustrated. In this paper, we solve this problem completely. We give an explicit
criteria for verifying whether a graph is negative-definite. As a result, we give a
complete classification of weighted dual graphs consist of —2 curves and exactly one
—4 curve. This generalizes the work in [28].

Our article is organized as follows. In Section 3, we introduce a new concept,
component factor, for tree graph (cf. Definition 3.6). Furthermore, we generalize this
construction to loop and multiple edge graphs in Section 4 (cf. Definition 4.5 and
Definition 4.8). The following criteria for negative definiteness can be concluded:

THEOREM 1.1. Let I' be a weighted dual graph. Let T'; ’s be subgraphs connected
to E; such that T'; ’s are negative-definite. Let CF(I';) be component factor of T';.
Then T is negative-definite if and only if

E?+> CF(Iy) <0.

As an application of Theorem 1.1, we give the complete classification of weighted
dual graphs consist of —2 curves and exactly one —4 curve as follows.

THEOREM 1.2. Let (V,p) be a normal surface singularity. Let w : (M,E) —
(V,p) be a minimal good resolution of V', such that the irreducible components E; of
E = 771(p) are nonsingular and have only normal crossings. T is the weighted dual
graph associated to E. Assuming that all the exceptional curves E; are —2 curves and
except exactly one E; is a —4 curve. Then the weighted dual graph I' must be one
of the three cases: Tree graph, Loop graph or Multiple edge graph (cf. Section 8 for
tree case and Section 4 for the last two cases). The complete classifications of tree
graphs are listed in Section 3 (c¢f. Theorem 3.5, and from Theorem 3.11 to Theorem
3.24), loop graphs and multiple edge graphs are listed in Section 4 (cf. Theorem 4.7
and Theorem 4.10).
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2. Preliminaries.

2.1. Riemann-Roch and fundamental cycle. Let 7: M — V be a resolution
of the normal two-dimensional Stein space V. We assume that p is the only singularity
of V. Let n71(p) = E = UE;, 1 <i < n, be the decomposition of the exceptional set
F into irreducible components.

A cycle D = ¥d;F;, 1 < i < n is an integral combination of the F;, with d; an
integer. There is a natural partial ordering denoted by >, between cycles defined by
comparing the coefficients: Y, m;E; > Y. n;E; if m; > n; for all i. If Dy > Dy but
D, # D5 then we write D1 > Dy. We let supp D = UE;, d; # 0, denote the support
of D.

Let O be the sheaf of germs of holomorphic functions on M. Let O(—D) be the
sheaf of germs of holomorphic functions on M which vanish to order d; on E;. Let
Op denote O/O(—D). Define

x(D) := dim H*(M, Op) — dim H' (M, Op). (2.1)

The Riemann-Roch theorem [17, Proposition IV.4, p. 75] says
1
X(D)= —L(D* + D K), (22)

where K is the canonical divisor on M and D - K is the intersection number of D and
K. In fact, let g; be the geometric genus of F;, i.e., the genus of the desingularization
of E;. Then the adjunction formula [17, Proposition IV, 5, p. 75] says

Aj K = —A? +2g; — 2+ 26 (2.3)

where §; is the “number” of nodes and cusps on A;. Each singular point on E; other
than a node or cusp counts as at least two nodes. It follows immediately from (2.2)
that if B and C' are cycles, then

x(B+C)=x(B)+x(C)-B-C. (2.4)

DEFINITION 2.1. Associated to 7 is a unique fundamental cycle Z [1, pp. 131-132]
such that Z > 0, E; - Z < 0 for all F; and such that Z is minimal with respect to
those two properties.

The fundamental cycle Z may be computed from the intersection as follows via
a computation sequence for Z in the sense of Laufer [10, Proposition 4.1, p. 607].

Z():O,Zl :Eil,Z2:Z1+Ei2,...,Zj :ijl‘f'Eij,---;

Zo=Zy_q —|—Ei[ =7

where E“ is arbitrary and Ei,-Zj1>0,1<j5</.
O(-Z;-1 / )/O(—Z;) represents the sheaf of germs of sections of a line bundle over
E;; of Chern class E i+ Zj—1- S0

(MO JI/O Z;)) =0
for j > 1.
0— O(=2;-1)/O(=Z;) = Oz, = Oz, , -0 (2.5)
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is an exact sheaf sequence. From the long exact cohomology sequence for (2.5), it
follows by induction that

H(M,0z)=C, 1<k</ (2.6)
dim H'(M,0z,) = > dim H'(M,0(=Z;_1))/O(-Z)). (2.7)
1<<k

LEMMA 2.2 ([12]). Let Zy be part of a computation sequence for Z and such that
X(Zx) = 0. Then dim H*(M,Op) < 1 for all cycles D such that 0 < D < Zj. Also
x(D) = 0.

2.2. Classfication of weighted dual graphs. In this section, we recall two
beautiful results given by Artin in [1]. Let (V, p) be a normal 2-dimensional singularity,
m: M — V be the minimal resolution and Z be the fundamental cycle.

DEFINITION 2.3. The singularity (V,p) is said to be rational if x(Z) = 1.

If p is a rational singularity, then 7 is also a minimal good resolution, i.e., excep-
tional set with nonsingular F; and normal crossings. Moreover each A; is a rational
curve and E? = —2.

THEOREM 2.4 ([1]). If (V,p) is a hypersurface rational singularity, then (V,p)
s a rational double point. Moreover the set of weighted dual graphs of hypersurface
rational singularities consists of the following graphs:

-2 =2 -2
(1) An,nzl @@ - Y Z:111
) 1
(2) Dn,n>4 ._I_’ _________________ Y Z=122 21
-2 -2 =2 -2
-] 9
(3) Es Z=12321
-2 -2 -2 -2 =2
-] 9
(4)  Er Z=234321

-2 -2 -2 -2 -2 =2

(5) Es ..I.... Z=2465432

-2 -2 -2 -2 -2 -2 =2

Theorem 2.4 completely classifies the weighted dual graphs with all E2 = —2,
which are called ADE graphs. In general, to classify the weighted dual graph we
firstly need to classify corresponding negative definite matrices:

PROPOSITION 2.5 ([1]). Let {E;},_, ..., be a connected bunch of complete curves
on a regular two-dimensional scheme: Y
(1) Suppose that ||(E; - E;)|| is negative definite, then there exist positive cycles
Z =% riF; such that (Z - E;) <0 for all i.



CLASSIFICATION OF WEIGHTED DUAL GRAPHS 265

(ii) Conversely, if there exists a positive cycle Z =3 r;F; such that (Z - E;) <0
for all'i, then ||(E; - E;)|| is negative semi-definite. If in addition (Z*?) < 0,
then ||(E; - E;)| is negative definite.

3. Classfication of tree graph based on component factor. In this section,
we give a complete classification of the weighted dual graphs consist of —2 curves and
exactly one —4 curve, i.e., all E;’s are nonsingular rational curves, EJ2 = —4 for one
j and E? = —2 for all i such that i # j. We use the notation @ to denote those E;
with E7 = —2 and * denotes the Ej; with E? = —4. All the exceptional curves are
assumed to be rational.

By [3], we know the classification of weighted dual graphs which we want is
equivalent to classification of all negative definite matrix (E; - Ej).

By Theorem 2.4, if all E; have E? = —2, then the graph must be ADE graphs.
Recall that a tree graph is a connected graph without loops. ADFE graphs are all tree
graphs.

NOTATION. For a tree graph with a curve F, we denote the subgraphs connected
to E as I'y,...,I', the point connected to E as Fi,..., Fs. The subgraphs connected
to F; are denoted as G, 1,...,G; r,:

Gi,T‘,;
' —E “Gia
F;

THEOREM 3.1 (Tree determinant formula). Let the weighted dual graph T' be as
above. Then

det(T') = (ﬁ det(T; E2 + Z I:[ié; de)t(G ))
i=1

Proof. We do it by induction. Assume the formula is proved when s < k — 1,
now we prove it is true for k. Let the weighted dual graph be as in notation with the
number of subgraphs connected to F is k, i.e. the weighted dual graph is:

Gk,’l‘k
' —F - Gra
Ey
Let n; be the number of points of I';. The intersection matrix can be represented
as :
1 0 1 1
1 E? 1 0 0
0 1 E? 1 1
0 0 1 Ggia 0
0 0 0
0 0 1 0 Gr.ry
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/
For simplicity here we use (I; ;2) to denote

E? 1 ... 1
1 I 0
10 ... Ty
When doing Laplacian expansion on F, we get
I’ 1 1 1
. 0 1 1 1
det(F):det((E E12>)det(Fk)+(—1)det( 0 0 Gea ... 0 |
oo = 0
0 0 O Giry
I 1
=det((} o ))det(Ty) + (~1)det(T Hdet (Gri).

By induction assumption:

/ k-1 k— 1 .

Thus

k— 1
det() = (] det(I':))((E?) +Z det de)t(Gj’l))det(Fk)

k—1 Tk
-1) H det(I;) H det(G}.1)

k
:(Edet(n (E?) +Z det d‘g’;(G Uy,

LEMMA 3.2. Assumptions as in notation. If

det k)]
E2 Hk: 1 ‘
Z |det(T <0,

then there exists a rational cycle D with D-E < 0 and D - E; = 0 for any exceptional
curve E; # E.

Proof. Denote points connected to F; as E; ;, and the subgraph connected to E; ;
as H; jp, i.e:

4,7,

E —F - Hi

%]
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We construct a rational cycle D supported on exceptional set by induction.
Let the coefficient of D on E be 1, on F; be [];|det(G;;)|/|detl;|.  Next,
let the coefficient of F; be [[;|det(G;;)|/|detls|, the coefficient of E;; be
(I1; |det(Gi )/ |detls]) - (11 |det( H; ;1)|/|det(G; ;)]). Repeat this procedure to
get the coefficient of D on all the exceptional curves. Then we get

|det(
D-E= E2+ZH |detF| <0,

|det( 11 [det(Hiw)| |d€t i, z k)l
D -F,=1+ )
H|mm DD Tr
Use Theorem 3.3 for I';:

|det(L;)| = H \det (G ;)| - |(F2 + Z | HIletetszl)l k) )l

J
Notice that I'; is negative-definite, hence

2 [T, det( zlk) 1, det(H; 1)
I(E; Z| det(G,) Z| det(G,) -

Combining with the above three equations we get
D-F;=0.

We get a rational cycle D, such that D - F < 0, D - E; = 0 for any exceptional curve
E,#FE. 0

THEOREM 3.3 (Criteria for negative definiteness of tree graph). Assumptions
as in Notation. Assume furthermore that each T'; is negative definite for i =1,...;s
Then the weighted dual graph is negative definite if and only if

[15L, ldet(Gjir)|
E2 +Zw<o

Proof. Let n; be the number of points in I';. By I'; is negative-definite, we have
det(T';) = (—1)"|det(T;)|, [I,2, det(Gjx) = (=)™ [,2, |det(Gjx)|. Combine
this with Theorem 3.3 we get:

det(T) = (—1)Ziz1mi(

ﬁdet(Fi E2+Z|Hk1det )\).

det(T
If T is negative-definite then (—1)+2i=1 ") det(T) > 0, thus

2 y |det(Gy,
E+an#w”m<0

The converse is immediately by Lemma 3.2. O
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Now we turn to the classfication. We first begin with tree weighted dual graphs.
We abuse the notation of weighted dual graphs and the corresponding matrices in the
following discussion, if without any confusion. Henceforth, whether Aj; a weighted
dual graph or a matrix should be clear from context. For example, A,, could either
denote the weighted dual graph:

oo - o

or the matrix:
-2 1 0 0 0 0
1 -2 1 0 0 0
0 1 o0 0
0 0 N | 0
0 0 0 1 -2 1
0 0 0 0 1 -2

We choose —4 curve to be E. The remaining connected graphs are denoted as
I'y,...,Is. In a dual graph, the * represents the —4 curve. We call it —4 point
or —4 cycle later. Others are the point corresponding —2 curve, we call it —2 point
or —2 cycle later.

LEMMA 3.4. s <7, and I'; must be ADE for any 1 <1i < s.

Proof. 1t is easy to see that the matrix

-4 1 1 1 1 1 1 1 1
1 -2 0 0 0 0 0 0 0
1 0 -2 0 0 0 0 0 0
1 0 0 -2 0 0 0 0 0
1 0 0 0O -2 0 O 0 0
1 0 0 0 0 -2 0 0 0
1 0 0 0 0 0 -2 0 0
1 0 0 0 0 0 0 -2 0
1 0 0 0 0 0 0 0 -2

has determinant 0, so the —4 curve can not connect with more than seven —2 curves,
thus we have s < 7. As for I';, notice that if we require I" to be negative definite, then
the fundamental cycle Z, when restricted to each I';, satisfies Z|r, - E; < 0,VE; € T
(here it means that Ej is in the support of I';). Denote E;, the cycle in I'; connected
with —4 point, then Z|r, - Ej, < 0. Thus by Proposition 2.5, we conclude that I'; is
negative definite, which must be ADFE. O

We can classify weighted dual graph according to s. s = 0 is the simplist case.
When s = 1, we need to illustrate the different connection way of I'; with —4 point.
For s > 1, we should compute if the matrix is negative definite, which is based on a
general formula.

Case 1. s =0.

The weighted dual graph is just one —4 point:

*

Case 2. s = 1.
THEOREM 3.5. When s =1, I'1y must be one of the following:
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k=0,1,2,3, n>2k+1;
k=4, 9<n<23;

k=5, 11 <n < 16;
k=6, 13 <n < 15.
(2) k—Dn: k=0,1,2 withn > k + 4.
(3) D.:5<n<15
(4) D' n—4,5
(5) Es, 7, Eg
(6) E7.
(7) 1— Ee.
(8) Eg,E7

k + 1 points

with n > 2k + 1. 0 — A,, means that the -4 curve connects A,, at the left or right end
point.
Similarly the notation 1 — D,, means I'y = D,,, with n > 5 and T is

0 — D,, means that the -4 curve connects longest branch of D,,.
D) is

D! is

Ey, k=6,7,8 are
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Ef is
'—.—.—I—.—F*
1— FEgis
EY is
El is

Proof. Use the criteria, for k — A,, case, we require:

det(Ak)det(An,k,l)

—4 <0,
* det(A,) |
ie.
1 _
_gq B D=k
n+1
Thus we have
kE+1)2
k _ 3 < u
n+1

For k < 3, this is right. For k£ > 4, we have

(k+1)2
1< —.
n+1< 3

However, when I'y = k — A,,, we must require n > 2k + 1. Thus

(k+1)2

2k+1<n<
+1<n 3

_]_7

which gives
9<n<23 k=4
11<n <16, k=5.
13<n <15, k=6.
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For k — D,, case, we require:

det(Dn,k,l)det(Ak)

—4+] det(D,,) <0,
ie.
—-44+k+1<0.
Thus £ =0,1,2, withn >4+ k.
For D], case, we require:
1 <o

thus 4 <n < 15.

For D//-case, we require:

det(A,—3)ndet(Ay)det(Ay))
det(D,,) |

—4+ | <0,

thus n =4,5. 0
DEFINITION 3.6 (Component factor). Assumptions as in Notation. The compo-

nent factor of I'; is defined to be

_ Il [det(Gjin)]
CF(T;):= W.

REMARK 3.7. One should be careful that the component factor of I'; not only
depends on the graph of I';, but also depends on the connection way of I'; with the
central curve.

The criteria for tree graph immediately implies:

COROLLARY 3.8. Assumptions as in Notation. Assume each T'; is negative def-
inite for 1 = 1,...,s. Then the weighted dual graph is negative definite if and only

if

E?+) CF(Iy) <0.

LEMMA 3.9. The component factor of graphs in s = 1 case (cf. Theorem 3.5) is

as follows:
. (k+1)

(2) k—Dy: k+1.

(3) Di: o
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(4) DJ:n—2.
(5) Eo: 3, E7:3, Fg: 2.
(6) E.:2.
(7) 1—Eg: 2.
(8) EY :2, EY: L.

ExaMPLE 3.10. Let the weighted dual graph be D,, + Fg: Then by Corollary 3.8
we need to check

—44 CF(D,)+CF(Es) = —4+1+2<0,

which is satisfied. Furthermore, by Corollary 3.9 (5)(6) and (8), we know that D,,+E?,
D,, + E{ are negative-definite because CF(Es) = CF(E}) = CF(E{) = 2.

To classify all the possible I'; we need to know the lower bound of each component
factor. For I'; = k — A,,, the lower bound is taken when n = 2k + 1:

CF@—AmZk+1fﬁglzﬁgi

Thus the smallest number of component factor of k — A,, is 1/2, and is taken when
k =0,n = 1. The lower bound of other graphs are listed below:

CF(k—D,)>1,CF(D.) > g, CF(D!) > 2.

Case 3. s = 2.

THEOREM 3.11. Let s = 2, when I'y = k1 — A,,,, then I'y + I's must be one of
the following:
(1) (kl - Anl) + (kQ - A’ﬂz) :

(ki +1)* | (k2 +1)

— 2.
ny+1 ng + 1 > kA ko

(2) (k1 — Any) + (k2 — D)

(k1 +1)?

—_— - 2.

] >k + ko
(3) (k1 —An,)+ (D) :

(b +1)? n2

P >k + 1 3.

(4) (k1 — A, + (D,/;Q) :
If no =4,k = 0,1, then ny can be arbitrary.
If ng =4,k =2, thenny =5,6,7,8.
If ng =5, then k1 = 0 and nq arbitrary.
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(5) (k1 — An,) + (Fo) :
If k1 = 0,1, ny can be arbitrary.
If k1 =2, then 5 <ny < 26.
(6) (k1 — An,) + (Er):
If ky = 0,1, ny can be arbitrary.
If ki =2, then 5 < np < 17.
(7) (k1 — An,) + (Es, B7, EY) :
If k1 = 0,1, ny can be arbitrary.
If ky =2, thenny =5,6,7,8.
(8) (A1) + (1 Eg).

Proof. We have already known that CF(A;) = 1/2, thus when I'y = k; — A,
we only require

CF(Ty) <4— CF(A) =4—1/2=17/2,

which gives (1) to (8). (1) to (3) are simply component factor inequality. We discuss
(4) to (8).
(4): If ng = 4, then it is same as (7) (See below). If ng = 5, then
(k1 +1)°
——>k -5=k
Y > K1+ N2 15

which holds only when k; = 0. And in this case, n; can be arbitrary.
(5): The component factor inequality shows

(kl—i-l)z 5
L -
n1+1 > ! 3

Thus if k; = 0,1, ny can be arbitrary. If ky = 2, then

thus 5 < n; < 27.
(6): The component factor inequality shows

(]{il + 1)2 3
—— >k - =.
mrl T2
Thus if k; = 0,1, ny can be arbitrary. If ky = 2, then
9 o 1
ny+1 ’
thus 5 < ny < 18.
(7): The component factor inequality shows
ki 4 1)2
g > kl —1.
ny —+ 1
Thus if k; = 0,1, ny can be arbitrary. If ky = 2, then
9

>1

)

ny+1
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thus nq, = 5,6,7,8.
(8): CF(1— Eg) =10/3 > 3, thus k1 = 0. The component factor inequality shows
! >

Sony=1.0

THEOREM 3.12. Let s = 2, whenI'y = k1 — Dy, and 'y # ko — A,,,, then I'1 +T'5
must be one of the following:
(1) (Dn,)+ (ks — Dy,) : ko =0, 1.
(2) (k1 — Du) + (D)) -
]{71:0, 5§n2§11
k‘1=1,5§n2§7.
(3) (Du) + (DY),
(4) (kl — Dnl) + (E67E7) : kl = 172
(5) (Dm) + (EB’E% Eé,)

Proof. CF(ky — Dp,) = k1 + 1, thus the bound of k; is 4 — CF(I'3). And
CF(T'2) <4 — CF(D,) = 3, which gives (1) to (5). O

THEOREM 3.13. Let s =2, when 'y = D), and I'y # ky — Ay, or ka — D, then
'y + T's must be one of the following:
(1) (D7) + (D) :

16 > nq + no.

(2) (Dy,,) + (Es) : 5 <ny <10.
(3) (Dy,)+ (Br):5<m <9.
(4) (D;ll) + (DZI/?E87E'/77Eé/) cny = 576a 758

THEOREM 3.14. Let s = 2, besides Theorem 3.11, Theorem 3.12 and Theorem
3.13, the rest I'y + 'y must be one of the following:

(1) (DY) + (B, Er):

(2) (Ee) + (Eg, B, Es, B, Ef).

(3) (E7) + (E77 E87E§’ Et/‘)/) .

Case 4. s = 3.
THEOREM 3.15. Let s = 3, when I'y = k1 — Ay, and I'y = ky — A,,, then
I'y + Ty + I's must be one of the following:

(1) (kl - Anl) + (kg - AnQ) + (kg - An\;) kl + ]{32 + kg S 4.
If k1 + ko + k3 < 1, then n; can be arbitrary. If else, then n; must satisfy

)2 &

3
(ki +1
Zm>—1+2kz

i=1

(2) (k1 —Ap,) + (k2 — Ap,) + (ks — Dy ) ki + ko +2ks < 3.
If k1 + ko 4+ k3 < 1, then n; can be arbitrary. If else, then n; must satisfy
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(3) (kl - Am) + (/CQ - Anz) + (D;LS) 2k + 2ky + ng < 11.
If 4k + 4k + n3 < 8, then n; can be arbitrary. If else, then n; must satisfy:

(4) (kjl — An1) + (kg — Anz) + (D;.ZB) k14 ko+mn3 <9.. Ifk =ky=0,n3 =4,
then n; can be arbitrary. If else, then n; must satisfy

2

Z IjL+1 > ng —4+Zk

=1

(5) (kl — Anl) + (kg - Ang) + (EG): kl + kz S 3.
If k1 = ko = 0, then n; can be arbitrary. If else, then n; must satisfy

(ki +1)2 2 &
; n; +1 7§+;ki'

(6) (k] - Anl) + (k? - Anz) + (E?)-' kl + k2 S 2.
If k1 = ko = 0, then n; can be arbitrary. If else, then n; must satisfy

k—i—l 1
Z TL7,—|—1 5‘1‘2]{52

=1 i=1

N

(7) (kl - A”h) + (k2 - An2) + (E87E’/75Eé/)" kl + k2 S 1.
If k1 = ko = 0, then n; can be arbitrary. If else, then n; must satisfy

3 3
(k‘i—i—l)Q
Z;imﬂ >—1+Z;ki.

If k1 + ko + k3 < 1, then n; can be arbitrary. The rest is to discuss the bound of k;.
The lower bound of CF(k; — Ay,;) is (k; + 1)/2 when n; = 2k; + 1. In this case, the
inequality can be exchanged to

3
4>Zk
=1

Thus
3
> k<4
i=1

(2): Similar as (1), by computing component factor we get:

2

(ki +1)> -
> o >—1+;ki.

i=1
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if k& + ko + k3 < 1 then n; can be arbitrary. Now consider the lower bound of
CF(k; — Ap,) we get

k1;1+k2+1

4> + ks + 1,

i.e.

k1 + ko + 2k3 < 3.

(3): By computing component factor we get:
2 (ki +1)°

> 24— k;.
A 0Y

Consider the lower bound of CF(k; — A,,;) we get

k1+1+l{32+1 ns

4
~ 2 2 4’

i.e.

le + 2k2 + n3 < 11.

(4): By computing component factor we get: (k1 — Ay,) + (k2 — An,) + (D).):

2
Z(Z:rll) >n3—4—|—2k

Consider the lower bound of CF(k; — A,,) we get

k1+1+k2+1

4>
2 2

+ ns — 2a
i.e.

ki +ky+ng <9.

(5): By computing component factor we get:

Consider the lower bound of CF(k; — A,,;) we get

k1+1+k2+1 4
2 2 3’

4>
i.e.

k1 + ke < 3.
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(6): By computing component factor we get:

Consider the lower bound of CF(k; — A,,;) we get

k1+1+k‘2—|—1

4>
2 2

3
2’
ie.
ki + ko < 2.

(7): By computing component factor we get:

Consider the lower bound of CF(k; — A,;) we get

ki+1 ko1
1 4

4>
2 2

+ 2,
ie.
ki1 + ko <1.

d

THEOREM 3.16. Let s = 3, when I'y = ky — A,,, and I's = ko — D,,,, then
'y + T2 + I's must be one of the following:
(1) (k’l — Anl) + (kg - Dn2) + (kg - Dng) kl S 2,]{32 = kg =0 or ]{11 = kg =
0,k = 1.
If k1 = 2 then n1 = 5,6,7, ny,n3 can be arbitrary.
If else, all n; can be arbitrary.
(2) (/4}1 — Anl) + (kjg — Dn2) + (D,lng) 2k, + 4ks +n3 <9, ng > 5. And

(k1 + 1)

2
n3
> -2+ — k;.
ny +1 +4+;

(3) (Any) + (Dny) + (DY): n1,no can be arbitrary.
(4) (/4}1 — Anl) + (kjg — Dng) + (EG) ki, = 0,1,2, ko =0o0rk = 0, ko =1. And

(k1 +1)2 2
Wr, 2 ;.
1 372

(5) (kjl — Anl) + (k’Q — DnQ) + (E7) ki, = 0,1, ko =0. And

(k1 +1)2 1
AL Ay
1~ a2l

(6) (An,) + (Dny) + (Es, EZ, EY): n1,ng can be arbitrary.
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Proof. (1): The lower bound of CF(k; — Ay, ) shows that

k 1
4> 1+

+ko+1+4+ks+1,
ie.
k1 + 2ky + 2k3 < 2.
Thus it holds only when k1 < 2, ks = k3 =0 or k; = k3 = 0,k2 = 1. The component

factor shows that

3
(]{71 + 1)2
— > -1 k;.

Note when k1 + ko + k3 < 1 then n; can be arbitrary. When ki = 2, ks = k3 = 0, then

9
> 1,
ny+1
ie.ny <8 Thus 5 =2k +1<n; <T.
(2): The lower bound shows
ky+1
R S SIS

4
i.e.
9 > 2k + 4ko + ns.

The component factor gives

2
(k1—|—1)2 ns
— > 24 — k;.
s R A +; ;
Note ng > 5, thus
2k + 4ko < 4.

Only k1 =0,1,2, ko =0or k; =0, ko = 1 is permitted.
(3): Consider (ky — Ay, ) + (k2 — Dy,) + (D;;,). The lower bound shows

k 1
4> 1+

+k2+1+n3_23
i.e.
9 > k1 + 2ky + 2ng

However, ng > 4, thus n3 = 4,k = ks = 0. The component factor gives

2
>—24n3 -2+ ki,
i=1

(/ﬁ + 1)2
ny+1
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ie.
1
> —242
ny —+ 1
which always holds.
(4): The lower bound shows
k 1 4
ik tha 14,
ie.
7
— > kq + 2ks.
3
Thus kl :0,1,2, kQ =0or kl :0, kz = 1.
(5): The lower bound shows
ki +1 3
4> s +k2+1+§,
ie.
2 > ky + 2ks.

Thus k1 = 0,1, ko = 0.
(6): This is same as (3). O

THEOREM 3.17. Let s =3, whenT'y = ky — A, andT'y = D, thenT1+T2+1T'3
must be one of the following:
(1) (k1 — An,) + (Dy,,) + (Dy,): k1 =0,1.
2k1 +no +nz < 13, no,n3 > 5. And

(k‘l + 1)2 < no + N3
TL1+1 4

(2) (An,) +(Dg) + (DF): ma =1,2.
(3) (k1 — An,) +(Dy,) + (Bg): k1 =0,1.

2k1 +ng <8, ny > 5. And

(k1+1)2 N2 8
Wr om0
M+l 4 3TMm

(4) (k1 = An,) + (Dy,) + (B7): k1 =0, 1.

no

2]€1 + no < 7, na > 5. And

(k1+1)2 ny 3
W S22 k.
w1l 4 5 Th

(5) (An,) + (DE) + (Es, Ef, Ef): nqp = 1,2.
Proof. (1): The lower bound shows

>k1+1+n2+n3

4 ;
2 4
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i.e.
14 > 2]171 + ng + n3.

No, N3 > 5, thus kl = 071
(2): Consider (ky — Ay, ) + (Dy,,) + (Dy,,). The lower bound shows

na

ki+1 n
——+ -2,

4>
4

ng > 5,n3 > 4, thus k; = 0, no =5, ng = 4. Then component factor inequality shows
that

5
> —4+24° 41,
o +2+ 5+

thus ny =1, 2.
(3): The lower bound shows

k1+1+n2+4
2 4 3

4>

i.e.

26
? > 2k + no.

Then component factor inequality shows that

(k1+1)2 N9 4
— >34+ —+ -+ k.
ny +1 - * 4 +3+ !

(4): The lower bound shows

ie.
8 > 2k, + ns.
Thus k1 = 0,1. Then component factor inequality shows that

(k1 +1)2 ny 3
A N SR Ry
mtl Tyt th

(5): The same as (2). 0

THEOREM 3.18. Let s =3, when I'y = ky — A,,,, besides Theorem 3.15, Theorem
3.16 and Theorem 3.17, the rest I'y + I's 4+ I's must be one of the following:
(1) (Ar) + (Fo) + (DY, s, 2, BY).
(2) (k‘l - An1) + (EG) + (E6>.' kl = 0, 1.
If k1 =0, then ny can be arbitrary.
If k1 =1, then ny = 3,4,5.
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(3) (k1 — Apy) + (Eg) + (E7) ki =0,1.
If k1 =0, then ny can be arbitrary.
If ky =1, then ny = 3.
(4) (An,) + (E7) + (E7): ny can be arbitrary.

Proof. (1): Consider (k1—A,,)+(Es)+ (DY, Es, EL, E{). The lower bound shows
that

k1+1 4
4 24+ —.
> 5 + 2+ 3
Thus k; = 0. The component factor inequality gives that
ki +1)2 4
(T L )
ni + 1 3
Thus n; = 1.
(2): The lower bound shows that
kit+1 8
4 =.
T T3

Thus k; = 0,1. The component factor inequality gives that if k& = 0, then ny can be
arbitrary, if k; = 1 then

4 8
4>-4+1+1.
ny+1 * 3 Tt
ny > 2ky + 1, thus when k1 =1, ny = 3,4, 5.
(3): The lower bound shows that

ki +1 4 3

2 T3ty
Thus k; = 0,1. The component factor inequality gives that if k& = 0, then ny can be
arbitrary, if k&1 = 1 then

4>

4 4 3
4> -+ -+1+1
n1+1+ 3+2+ +

ny > 2k; + 1, thus when k; =1, ny = 3.
(4): Similar as (3). O

THEOREM 3.19. Let s = 3, when I'y = k1 — D,,,, and T's # ko — A,,,I's #
ks — Ay, then I'y +T's 4+ I's must be one of the following:

Dy,) + (Es, Er).

Proof. Firstly by computing component factor of (k1 — Dy, ) + (k2 — Dy, ) + (k3 —
D,,,) we know

4>k +14+ko+1+k3+1.
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Thus ]{31 = k2 = k3 =0.

For T'; # k; — Ay, we have CF(T';) > CF(D,,) = 1. Thus for I'y + I's + I'3 with
Iy #k;,—A,,, ifsome I'; = k; — D,,,, then k; = 0. The rest is to compute component
factor, we omit here. O

THEOREM 3.20. Let s = 3, when I'y = D, ,
then 'y + T’y 4+ I's must be one of the following:
(1) (Ds) + (D5) + (Dg).
(2) (Ds) + (D5) + (Eé).
(3) (D5) + (E6) + (Ee)-

Proof. The criteria shows that above three are permitted. One may consider
D{ + E¢ + E7, Di + D} + Er, Di + D} + D which are not permitted. O

and Iy # ko — Ay, or ke — Dy,

Later we will not emphasize on the inequality induced by component factor if
there is no further conclusions.

Case 5. s = 4.

THEOREM 3.21. Let s = 4, then there must be some i such that I'; = ki — A, .
Assume I'y = k1 — Ay, then 'y +T's +I's + 'y must be one of the following:
(1) (Anl) + <k2 - Anz) + (k?) - A’ﬂs) + (k4 - A’ﬂ4):

4 k+1 4
nl—&—lJrlZ n; ;kl

(2) (Anl) + (kQ - Anz) + (k?) - Ans) + (k4 - DTL4)"

ny+1 n; +1 ‘
i= =2

3 4

1 +Z(ki+1)2 >Zki'
2

(3) (Any) + (k2 — Apy) + (k3 — Any) + (Dy,,):

5 k+1
n1+1+z o >Zk+—71.

1=

(4) (Apy) + (k2 — Ap,) + (ks — Aps) + (Fs):

1 L (k; +1)2
n1+1+; n; +1 Zk+

(5) (Apy) + (k2 — Ap,) + (ks — Apy) + (BE7):

L (k; +1)2 1
Jr; n;+1 Zk1+§

(6) (An,) + (An,) + (An;) + (DY, Es, E7, E):

SR
;ni+l>
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(1) (An) + (k2 = Any) + (k3 — D) + (Dy,, )

1 k’g-‘r
k; ——1
’I'Ll+1 n2+1 Z +

(8) (Anl) + (kQ - An2) + (k?’ - Dn3) + (EG)

1 (k;2+1
k;

Mw
3
l\)\»—t

283
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Proof. If T'; # A,,, for all i = 1,2, 3,4. Then the lower bound of CF(T;) will give
ZCF )>14+1+14+1=4,

which means negative definiteness is not satisfied. Thus there must be at least one
I'i = A,,. With out loss of generality let I'y = A,,,. Note the lower bound of
CF(A,,) =1/2, when n; = 1. Thus the criteria tells us

CF(Ts) + CF(Is) + CF(Iy) <

Thus, for example, A,, + Dp, + D, + D, is not permitted. Next, we consider
Iy = ko — Ay, If ko =1, then we must require
5
CF(Fg) + OF(F4) <4 - CF(Al) — CF(l — Ag) = 5,
Thus when CF(T'3) + CF(T'y) > 5/2, ko = 0. This gives above all cases. O
Case 6. s = 5.

THEOREM 3.22. Let s = 5, then I'y + T's + I's + 'y + I's must be one of the
following
(1) (Anl) + (Aﬂz) + (Aﬂ?,) + (k4 - An4) + (k5 - An5)

3 5
Zn‘ +Z k'n+1 > ky+ ks + 1.

i=1 " i=4

(2) (Anl) + (An2) + (Ans) + (k4 - An4) + (k5 - Dn5)

1 (ks +1)2
ky+ ks + 1.
;ni+1+ 1 kaths

(3) (Any) + (Any) + (Any) + (ks — Any) + (D)

3
1 (k‘4—|-1)2 ns
> ky 4+ 2.
;niHJr Ny + 1 4t

~.

(4) (An,) + (Any) + (Ang) + (ks — Apy) + (Ep):

3
1 (k’4+1)2 4
> kg4 -

N
Il
-

(5) (Am) + (Anz) + (A’ﬂ3) + (k4 - An4) + (E7)
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Proof. Similar as the discussion in s = 4 case, we can assume 'y = A,,,, I's = 4,,,,
I's = A,,,. The rest is to consider component factor, which we omit here. O

Case 7. s = 6.

THEOREM 3.23. Let s =6, then 'y + s + '3 + 'y + ['5s 4+ I's must be one of the
following:

(1) (Any) + (Any) + (Any) + (Any) + (Any) + (ks — Ang): ke =0, 1.

5

1 ke +1)2
PR R M S

1=

—

(2) (Any) + (Any) + (Ang) + (Any) + (Ang) + (k6 — Dny)-

°1
Z > 2+ kg.
i1 nz—i—l

Proof. Similar as above we can show there must be at least five A,, in I'y,

..., L.
Thus

)
which gives (1) to (4). O
Case 8. s =T.

THEOREM 3.24. When s =7, then 'y + o+ T34+ 14+ 1T's +T'g + 'y must be one
of the following:

Ap, +An, + A1+ A1+ AL+ AL+ A ng = 1,ng arbitrary or ng = 2,n1 = 2,3, 4.
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Proof. 1t is easy to show that all I'; must be A4,,,. The component factor inequality
shows that

7

1
Zni+1>3.

i=1

Without loss of generality we can assume n; > ng > ... > ny. Thus

7 > 3.
ny+1 7

This means ny = 1. Take ny = 1 into inequality we get

1
Z?’Ll+1>

i=1

N | Ot

This means ng = 1. Repeat this argument we stops at

1 1 1

>
n1—|—1 TL2+1 2

Thus ny = 1, ny arbitrary or no = 2,ny = 2,3,4.

4. Component factor of non-tree graphs and classfication. In this section,
we explain the definition of component factor for loop graph and multiple edge graphs.
Then we generalize the criteria for tree graph and use it to classify all possible the
non-tree graphs. Similarly as some Ef = —3 presented in [28], the following two cases
are allowed:

@ —x
and

We first consider loop case, it is easy to show that

are not negative definite. Thus we only need to consider one loop case.

NoOTATION. Denote the total graph as I'. Let E be a point in loop. Denote the
two points in loop connected to E as Fp, F5. Denote the tree subgraphs connected to
loop as G, Hy.Hs, G, ..., G5, where G is connected to E and H;, Hs are connected to
Fy, F5 respectively. Removing point E and subgraph G to get a tree graph, we denote
it as Rg. Removing point E and E; together with G and H; to get two treegraphs,
we denote it as R;, i = 1,2. Denote F — G as Fg.

Total graph I':
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1
no @
\FI’“‘\:'
7E. ,'7Gs
Fy -

LT

H,

G

Total graph I': (We omit G;, i = 1,...,s.)

H,y
E—C
N
g,
REg:
H,
Fl/
Iy
g,
Ry:
Iy
g,
Rs:
Hy
Fl/
e
FEq:
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THEOREM 4.1 (Loop determinant formula). Assumptions as in Notation. Then

det(T") =det(Rg)det(Eq) — det(G)det(Ry)det(Hy) — det(G)det(Rz)det(Hz)
— (=1)" - 2det(G)det(Hy)det(Hy) | | det(G:)

i=1
where L is the number of points in the loop.

Proof. We begin with the simplist case that G, G; = ), and F}, F5 are connected.
Then

E2 1 1 0 0
1 B 1 1 0
'=11 1 F O 1
0o 1 0 H;y O
0 0 1 0 H
Using Laplacian expansion we get
11 1 0 1 A 1 0
2 _ 1 F 1 1 1 0 1
det(T') = E*det(Rg) — det 0 0 H 0 + det 0 1 H, o0
0 1 0 H 0 0 0 H
While
L 1
det( > ) =det(Hy)det([1 Fr 1 |])
0 0 Hy 0 0 1 H
0 1 0 H 2

= det(Ry)det(H,) — det(H;)det(Hs).
Similarly, the third term equals
det(Rz)det(Hz) — det(Hy)det(Hs).
Replace E? by det(Eg), the formula holds.

Now we turn to the case that Fj, Fy are connected by one point, say A. And G, is
connected to A outside the loop, i.e.

G 1 0 0 0o 0 0 O
1 E2 1 0 1 0 0 0
0 1 K 1 0 1 0 0
r— 0o o 1 A 1 0 O 1
0 1 0 1 F O 1 0
o o 1 0 0 H 0 0
0 0o o0 0 1 0 Hy O
0 0 o 1 0 0 0 Gy
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det(Eg)det(Rg)
— det {

The second term is

Use Laplacian expansion on Eg we get

det(T)

001000ﬂm
-
coo—ofo

0100H200

—

001F010
= =E=R]
— - O - O OO

oocoocococo

i

001000Gl

00010H20

OlOOHlOO

cCo—Eo—o

= ==
—n O A O OO

boocoococooco

Expand on first colomn we get

—
OloG
00H20
OO

— <G O

g

The last thing is to illustrate the (—1). Note when Fy, Fy is connected by L — 3

points, then the expansion

—
100G
01H20

[a\

1F10

< — O

det (

Take them into det(T") we get the formula.

—
01000

001H20

OIE/.IO

— <t~ O

— O — O O

det (

det(Rl) + det(Hg)det(Gl).

—
OloG
OOHzO
g

— <{ o —

g

—
100G
01H20

(]

1F10

< — O —~

det (

)

—
OlooG

001H20

01F210

— T — O

— O — O O

det(Rl) + det(HQ)det(Gl)

det (
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changes to
1 1 0 0 0
0 A 1 0 1
det|1 1 Fy 1 0
0 0 1 Hy 0
01 0 0 Gy
A 1 0 1 1 0 O 0
B 1 F, 1 0 N (—2) A1 0 1
= det 0 1 Hy, 0 + (1) det 0 1 Hy 0
1 0 0 Gy 1 0 0 Gy
= det(Ry) + (—1)"det(Hy)det(G).

When s > 1, i.e. Gy,...,Gs connected to A, it does not affect this expansion. Thus
the formula is proved. O

REMARK 4.2. The determinant of Rg, Eq, R;, H;, G, G; can be computed by us-
ing tree graph determinant formula (Theorem 3.3). Compared to tree graph formula,
there exists an extra term 2det(G)det(H,)det(Hs) [],_, det(G;).

EXAMPLE 4.3. Consider the weighted dual graph:
AN
<"
° \. ’
where E2 = —4. Then Hl = H2 == 14]_7 RE = A57 Rl == R2 = A3. Thus

det(T) = (—4) - (—=6) =2+ (=2) - (—4) —2. —2. -2 =0.

THEOREM 4.4 (Criteria for loop graph). Assumptions as in Notation. Assume
furthermore Rg and G are negative-definite. Then ' is negative definite if and only

if:

2 det(R1)det(H1) det(R2)det(H2) det(Hy)det(H2) [],_, det(Gy)
E A OO+ — e T detme) det(R) | <0.
Proof.  Notice that |det(Eg)] = |E? - det(G) - CF(G)|. Thus dividing

|det(G)det(Rg)|, we know the only if part holds.

For the if part, we construct a rational cycle D such that D-E < 0and D-E; =0
for any F; # E exceptional curve.

First remove the connection between E and F; and together remove G, we get a
tree graph:
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Use the construction on tree graph (cf. Lemma 3.2) we get a rational cycle Dy such
that Dy - E < 0. Dy - E; = 0. And the coefficient of Dy on Fj is

| det(Rg)det(HQ) ‘
det(RE) '

We need to compute the coefficient of Dy on Fy. If all G; are empty then the induction

of coefficient tells us the coefficient of Dy on Fj is
|det(H1)det(H2) |
det(RE) ’

Now if G; is not empty then G; will add a term on numerator, i.e. the coefficient of

Doy on Fj is

det(Hl)det(Hg) Hi:l det(Gi)
det(RE)

Similarly we construct D; by removing G and the connection between £ and F5. The
coefficient of Dy on Fj is

det(R1 )det(Hl)

| det(RE) ‘7

on Fj is
det(Hl)det(Hg) Hi:l det(Gi)
det(RE)

Let D3 be the rational cycle constructed on Fg.
Let D=D1+Dy+D3—2E. D-E; =0 for any E; # Fy, F5, E because D1, Dy, D3, E -
E; =0if E; # Fy, F», E. Meanwhile,

D-Fi=(Dy+Dy+D3s—2E) - F;=0+14+0-1=0.
Sois D - Fy. At last

D-E=E*+CF(G)+ ﬂeﬂi;if;éé[ﬁ) I+ |det(dzzzdReEt()H2)|
det(Hy)det(Hz) [[;—, det(G;)
2 det(REg) | <0.

Thus T is negative-definite by Proposition 2.5. O

DEFINITION 4.5 (Component factor for loop graph). Assumptions as in notation.
The component factor of Rg is defined to be

det(Rl)det(Hl) det(Rg)det(Hg)

det(Hy)det(Hs) [],_, det(G;)
det(RE) | | det(RE)

det(RE)

CF(Rg) = | | + 2| |.
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Notice that CF(Rpg) only depends on the graph and connection way of R with F.

COROLLARY 4.6. Assume Rg and G are negative-definite. The loop graph is
negative-definite if and only if

E? + CF(Rg) + CF(G) < 0.

THEOREM 4.7. The loop graph must be one of the following:
(1) Rg is A-type:

e
AKA

1

m

m=4,5 n=0, G=10.
m=3, n=12 G=10.
m=2 G=
0
A2 n=0,ny=1230rn=1,2, no =1.

=1,G=
0;
Dy,; Ap,; 1—A,,, if no=4thenn=0, if no =3 then n > 0 can be arbitrary.
Ap, +Ap,, no=n3=1, n>00rny=3, n3 =2, n=0,1.
m=0,G=
0;
Dng; _An2§ Eg, Er; 2_An27n2§73 Dn;»n2§7

1
(Any) + (Ang); (Ang) + (1= A3)/(Dny); (Any) + (Dny )i (A1) + (Ee)/(E7);
(1—Ap,)+ (A1),n2 <6; (1—Ay)+ (An,),n2 <3; (D) + (Ap,),na < 2.
(A1) + (A1) + (Any); (A1) + (A2) + (Apy), n2 <4
E is D-type:
= 0.
=A,,,n=0n2>10rn=1ny <2.

N
K E—G
PN

A] A,

Proof. Let E be the —4 point. Then Rg must be ADFE graph. We first discuss
cases in the condition that G =0, i.e. Eq = E.
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Step 1: Rg is A-type.
Consider following graph:
Rp = Apio, Hi = Hy = Ay, G, = 0.

ie.

Then D := ) 1-E; is the fundamental cycle with D - E; = 0 for any exceptional curve
E;. Thus this graph has determinant 0, which is not negative-definite.
When Rpg is A-type, next we consider the following:

Ay
PN
A
\

ATTL

Then
Rp=Anmint2, HH=0,Hy=A,,,G=G; =0,Ry = Appin+1, Ro = Apy1.
If T is negative-definite, then if m > 1.
—A4m+n+3)+(m+n+2)+n+2)(m+1)+2(m+1) <0,
ie.

m—2n+mn —6 < 0.

Thus
m=20,1,2, n > 0.
m=3, n<2.
m=4,5 n=0.

Step 2: Rg is D-type.
In general Ry = D,, has 5 possibilities:
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Where the lines imply the connection to —4 point.
In fact only the first one is permitted. Consider the following graph:

A,

A
4 N

Ay

Al/ \A1
Then
Rg = Dyinyas R1 = Dnys, Ry = Amints, Hi = A, Hy = Ay
If T is negative-definite, then
—4-4+4-m+)+(m+n+4)+2-2-(m+1) <O0.

Thus m = 0,n < 3. The rest cases are not permitted by computing similarly.
Step 3: Rg is E-type.
We use Rg = Eg as an example, the rest are similar. Consider the following graph:

Ay
Al/ ‘
/

Al 714\ E
A ‘
AN
Ay
Then
det(T') = —4 - det(Eg) — 2 - det(Ds) — 2 - det(A;) = 0.

If we change the connection way of E with Rg = Eg, then —2 - det(D5) — 2 - det( A1)
will be exchanged for larger value terms. Thus Rp = Fg is not permitted. Similarly
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for R = E7 and Ey.

Step 4: G is not empty.

By Step 1,2 and 3, we know that the only possibilities for G nonempty are the fol-
lowings:

Ay
SN
AV

S
Ay
A< \E—G
PN
Ay Aq

We use Corollary 4.6 to determine G. First we consider the case Rg is A-type.
|det(Rg)| = m+n+ 3,|det(R1)] = m +n+ 2, |det(Rz)| = n+ 2, |det(Ha)| = m + 1.

This shows

mn+5m+2n+6 mn + 3m —m?
= 2=————+m+2.

CF(Rg) = =
(Rr) m+n+3 m—l—n—&—?)Jr m+n+3

We can compute CF(Rpg) of cases listed in Step 1:

m =0, CF(Rg) = 2.

1
=1, CF(Rg)=3—
m ’ (Rg) n+4
4
=2 CF(Rg)=4— .
m =2, CF(Rg) EE
3 n=1, OF(Rp)=5-—> —4_2
mEs e R
9 1
=3, n=2 CF(Rp)=5———— =4— -
m =3, n=2 CF(Rg) 31243 8
16 2
25 1

Note CF(A;) = 1/2, thus m = 3,4,5 cannot connect more subgraphs.
When m = 2, then G = A,,, and

4
— +1—
n—+5 ng + 1

-4 <0,

ie.

4 n 1
n+5 ng+1
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Thusn=0,n,=1,2,30orn=1,2, ny, = 1.
When m =1, then CF(G) <1+ 1/(n+4). Thus G = D, is satisfied.
When G = ks — A,,, then

(/C2+1)2 1
k l1—-—<1+ —.
2+ ng +1 +n—|—4
So ko = 0 is always satisfied. When ko = 1 then
1< ! + A
n+4 nag+1

Note ng > ko +1 =3, thus n = 0,n3 =4 or no = 3,n > 0. ky > 2 is not permitted
by lower bound of CF (ke — A,,) >3/2>1+1/(n+4).
When G = A4,,, + A, then

1 1 1

1< )
n—|—4+n2—|—1+n3+1

ie.no=nzg=1, n>0o0rny =3, ng=2, n=0,1.

The case m = 0 is the same as tree graph with some I'; = (E{, E%, Eg), we list them
in the theorem.

Next we consider the case Rg is D-type.

|det(RE)| = 4,|det(Ry)| = 4, |det(Rz2)| = n + 4, |det(G1)| = 2.

This shows

4 44+2-2

CP(Rg) = - nt2t22 7 5
4 4
Thus CF(G) <1— %, G must be A,, and
1 - n

ng + 1 4’

So

n=0, ng >1.
n=1, no <2.
O

Next we consider multiple edge graph. The criteria for multiple edge graph is
similar. To be more specific, we present it as follows:

DEFINITION 4.8 (Component factor for multiple edge). Let G be a subgraph
connected to E with the multiplicity equals n. Denote this connection way as G—".
Define

CF(G-") = n?CF(G).
THEOREM 4.9 (General criteria for negative definiteness). Let T' be a weighted

dual graph. Let T'; be subgraphs connected to E such that I'; is negative-definite. Then
I is negative-definite if and only if

E*+) CF(Iy) <0.
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Proof. We have already illustrate the cases when I'; is tree graph or loop graph
in Corollary 3.8 and Corollary 4.6. Note component factor only depends on the
connection way and the graph of I';, thus we only need to show the case for multiple
edge graph. This is a direct observation of Laplacian expansion.

Assume the weighted dual graph is:

Gk‘,’l"k

[ —E&— Gy

Fy,

Where —" denotes the multiplicity is n, i.e. T'y connects E with multiplicity n.
The intersection matrix can be represented as :

rr 1 o0 1 1

1 E2 n 0 0

0 n F?Z 1 1

0 0 1 G 0

0o 0 0

0 0 1 0 G
" 1 1 1
0 n 1 1

delt(F)=det((F1 E12>)det(l“k)+(—1)("’“)~n-det( 0 0 G 0 )

0o 0 0
0 0 0 Grory

/
:det(G gg))det(l“k)+(—1)(""‘)-n2-det Hdet (Gr1).

Here ny is the number of points in I'y. Compared Wlth the determinant formula for
tree graph, I'y contributes n?CF(T'y). By definition, CF(I'y—") = CF(T},), thus the
criteria holds. O

This criteria helps us for classify possible multiple edge graphs with one —4 point:

THEOREM 4.10. If T is multiple edge graph, then there exists only one multiple
edge with multiplicity 2. Denote the subgraph connected to E with multiplicity 2 as
Ty, then 'y = A,,,. And the rest I'; ’s are the followings:
ny = 1:

Dy,; 1= Ay Ee,Er; 2—Ap,,n2 <7 Dpyyng <T.

(Any) + (Ans); (Ang) + (1= A3)/(Dny); (Any) + (Dny); (A1) + (Ee)/(E7);

(1= Ap,) + (A1), n2 <67 (1—Ag) + (Any) 2 <3 (D5) + (Apy),m2 < 2.

(A1) + (A1) + (Any); (A1) + (A2) + (An,), n2 <4

ny = 2:

I_Angan2:374; Anza DTLQ? D/5
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An,

satisfying

>1-— .
ny+1 no + 1

71127,Fi ’SZ[b.

Proof. We first discuss the multiplicity. By CF(I';—=") = CF(I'™) and CF(A

1/2 we know n < 2.
Now let 'y be the subgraph connect —4 point with multiplicity 2. Then

CF(I'1—?) =4CF(T) < 4
i.e. CF(Fl) <1l. SoTy= An1
The rest graph must satisfy

> CF(Ty) <4—4CF(An,) =4 —4(1 - ! )= 1
i>2 TL1+1 TL1+].

We discuss n;.
ni =1 then > 5, CF(I';) <2. Thus I'; ’s are the following:

D7L27 1 Anza E67E77 2 Anzan2 < 7 D , N2 S 7

(An'z) + (Any); (Any) + (1 = A3)/(Dny); (Am) + (Dny); (A1) + (Eo)/ (E7);
(1= Ap,) + (A1),n2 <6 (1= Ag) + (Apy),n2 <3 (Dg) + (Any),n2 < 2.
(

Al) ( )+(An3)a (A1)+(A2)+(An2)7 ng < 4.
ni =2 then } 5, CF(I';) <4/3. Thus I'; ’s are the following:

1—A4,,,n2=3,4; A,,; Dn,; Dg.

1) =

6 > ny > 3 then 2122 CF(T;) < 1, thus when ny > 3, T'; ’s can only be A,,, satisfying

4 -1 1
77,1+1 n2+1

When ny > 7, then I'; 's = . O

REMARK 4.11. In fact, ADFE graphs help us to completely classify all possible
I'; ’s such that ), CF(I';) < 2. We can select any point in ADE graphs to be E
and the subgraphs connected to E are the possible I'; ’s. For example, if we remove
a point in the chain of A, (not the point on sides), then the rest graphs are I'; ’s,

which are A,, + A,,:

oo -0 -0 o

Any Ang
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Remove all possible points in ADFE graphs we get I'; ’s are the following:

Dnz; l_An27 E67E7; Z—AngynQS’?; DnévTLQS?

(Any) + (Any); (Any) + (1= A3)/(Dny); (Any) + (Dny); (A1) + (E6)/(E7);
(1 - Anz) + (A1)7n2 < 6; (1 - A4) + (AHQ)anQ <3 (Dg) + Aﬂa)vn? <2
(A1) + (A1) + (Any); (A1) + (A2) + (Any), m2 < 4.
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