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COMPACTNESS AND RIGIDITY OF SELF-SHRINKING SURFACES∗

TANG-KAI LEE†

Abstract. The entropy functional introduced by Colding and Minicozzi plays a fundamental
role in the analysis of mean curvature flow. However, unlike the hypersurface case, relatively little
about the entropy is known in the higher codimensional case. In this note, we use measure-theoretic
techniques and rigidity results for self-shrinkers to prove a compactness theorem for a family of self-
shrinking surfaces with low entropy. Based on this, we prove the existence of entropy minimizers
among self-shrinking surfaces and improve some rigidity results.
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1. Introduction. For an n-dimensional submanifold Σ in R
N (N > n), the

F -functional (or the Gaussian area) of Σ is defined by

F (Σ) := (4π)−
n
2

ˆ
Σ

e−
|x|2
4 dx, (1.1)

and its entropy is given by

λ(Σ) := sup
x0∈RN ,t0>0

F (t0Σ+ x0). (1.2)

The F -functional has been studied in various places (for example, see [AIC95], [Hui90],
and [Ilm94]). In [CM12a], this functional was systematically investigated by Colding
and Minicozzi to study the stability of the singularities of mean curvature flow (MCF)
for hypersurfaces (i.e., when N = n + 1). The critical points of the F -functional are
called self-shrinkers. Self-shrinkers not only lead to the simplest examples of MCF
(cf. Proposition 2.2) but also provide the singularity models for the flow (cf. [Hui90],
[Ilm95] and [Whi94]). As a result, the analyses of self-shrinkers, and thus those of the
F -functional and the entropy functional, are crucial in the study of MCF.

One of the central topics in the study of geometric objects is the compactness
problem. There are lots of compactness results for self-shrinkers and, more classically,
minimal surfaces, such as [CM12b] and [CS85]. However, most of the compactness the-
orems of self-shrinkers are valid for hypersurface self-shrinkers, that is, self-shrinkers
of codimension one. In this note, we focus on two-dimensional self-shrinkers, or self-
shrinking surfaces, of any codimension. To this end, we consider the family SN of all
complete, non-flat, and smooth embedded self-shrinking surfaces without boundary
in R

N (N > 2). Our main compactness theorem is stated as follows.

Theorem 1.3. Given any δ < 2 and N > 2, the space {Σ ∈ SN : λ(Σ) ≤ δ} is
compact in the C∞loc-topology.

It is worth mentioning that there are plenty of example of self-shrinking surfaces,
even in the hypersurface case. In fact, unlike the one-dimensional case, where all
the self-shrinking curves have been classified by Abresch and Langer [AL86], it seems
impossible to classify all higher dimensional self-shrinkers. For example, any minimal
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submanifold of the n-spheres Sn(
√
2n) with radius

√
2n is a self-shrinker, and when

n is large, the n-sphere contains many minimal surfaces.
In the proof of Theorem 1.3, the fact that the entropy bound is strictly less than

2 is crucial. This assumption prevents the situation of higher multiplicities. It is
interesting to see if this bound could be relaxed. The proof of Theorem 1.3 makes
use of techniques in geometric measure theory, along with some rigidity results for
self-shrinkers. We will briefly describe the proof strategies in Section 1.3.

It is expected that compactness theorems will lead to many applications. In this
note, we use this compactness theorem to study the existence of entropy minimizers
and to improve some rigidity results for self-shrinking surfaces.

1.1. Entropy Minimizers. In [CIMW13], Colding, Ilmanen, Minicozzi and
White proved that the n-spheres Sn(

√
2n) with radius

√
2n have the least entropies

among all closed smooth n-dimensional self-shrinkers in R
n+1. They then conjectured

that Sn(
√
2n) minimizes the entropy among all closed smooth hypersurfaces, which

was later settled by Berstein-Wang [BW16] when 2 ≤ n ≤ 6 and Zhu [Zhu20a] for
all dimension n ≥ 2. We remark that when n = 1, the statement directly follows
from earlier results of Gage-Hamilton [GH86] and Grayson [Gra87] since the entropy
is monotone along the MCF.

A further natural question is whether a similar statement on entropy minimizers
holds when the codimensions of self-shrinkers are higher. The analysis of higher
codimensional MCF is a much more difficult problem than that of hypersurface MCF.
The reasons for this scenario include the complexity of the second fundamental form
and the lack of certain maximum principles. Consequently, many techniques and
results for hypersurface MCF are hardly generalized to higher codimensional MCF.

In [CM20], Colding and Minicozzi conjectured that the only n-dimensional self-
shrinkers of arbitrary codimensions and with entropies close to λ(S1) are round cylin-
ders Sk(

√
2k) × R

n−k when n ≤ 4. If this conjecture is true, then based on the
codimension bounds proven in [CM20], it will imply that any ancient solution Mn

t to
the MCF with n ≤ 4 is a hypersurface MCF if its entropy is close to λ(S1). Note that
the conjecture holds when n = 1 since the uniqueness of ODE implies all self-shrinking
curves are planar.

The first application of the compactness theorem is about the existence of entropy
minimizers in the higher codimensional setting. To be precise, we have the following
result.

Theorem 1.4. For any N > 2, there is a complete, non-flat, and smooth embed-
ded self-shrinking surface Σ in R

N without boundary such that λ(Σ) ≤ λ(M) for all
M ∈ SN .

This theorem, in particular, also implies Brakke’s gap theorem [Bra78] in a con-
crete manner when the dimension of the self-shrinker is two. In other words, we
established the following corollary.

Corollary 1.5. There exists ε = ε(N) such that if Σ is a smooth complete
self-shrinking surface in R

N with λ(Σ) ≤ 1 + ε, then Σ is flat.

When N = 3, [CIMW13] says that the 2-sphere S2(2) with radius 2 is the unique
entropy minimizer among closed self-shrinkers. At this moment, it is still not clear if
S2(2) minimizes the entropy functional in SN for general N > 2. However, using the
codimension bound in terms of the entropies of self-shrinkers established in [CM20,
Corollary 0.8], we can immediately obtain that any minimizer Σ in Theorem 1.4 is
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contained in a Euclidean subspace of controlled dimension. This also tells us that the
constant ε(N) in Corollary 1.5 does not depend on N when N is large enough.

Theorem 1.6. Let Σ minimize the entropy functional among all surfaces in SN .
Then Σ is contained in a Euclidean subspace of dimension bounded by a constant
C independent of N. In particular, there exists some N0 > 0 such that any entropy
minimizer of SN0 also minimizes the entropy functional among self-shrinkers in SN

for all N ≥ N0.

1.2. Rigidity of Self-shrinkers. The second application of the compactness
result is to improve some rigidity properties of self-shrinking surfaces. Rigidity means
that the object is isolated in the space of solutions modulo some specific geometric
symmetries of the equations. The rigidity properties we will focus on in this note
are those similar to the “strong rigidity” established in [CIM15] by Colding, Ilmanen
and Minicozzi. They showed that any hypersurface self-shrinker that is close to a
round cylinder must also be a round cylinder. Later, Colding and Minicozzi extended
the result to the higher codimensional case [CM20]. Strong rigidity of other self-
shrinkers are also investigated, such as Abresch-Langer cylinders ([Zhu20b]), Clifford
tori ([ELS20] and [SZ20]), and even Ricci shrinkers ([CM21]).

In this note, we establish strong rigidity properties based on different characteri-
zations of round cylinders. Essentially, we will use the gap theorems in terms of the
second fundamental form proven in [CL13] and [CXZ14] in the first result. To state
our theorems, for a submanifold Σ, we let H be its mean curvature vector, A be its
second fundamental form and Å be its traceless second fundamental form. Also, we
let BR be the open ball of radius R centered at the origin.

Theorem 1.7. Given N > 2, δ < 2, and η > 0, there exist constants
R1 = R1(N, δ) and R2 = R2(N, δ, η) such that the following statements hold.
(1) If Σ is a self-shrinking surface in R

N such that λ(Σ) ≤ δ and |A|2 ≤ 1
2 on

Σ ∩BR1
, then Σ = Sk(

√
2k)× R

2−k for some k = 0, 1, 2.
(2) If Σ is a self-shrinking surface in R

N such that λ(Σ) ≤ δ, |Å|2 ≤ 1
4 and |H| ≥ δ

on Σ ∩BR2 , then Σ = Sk(
√
2k)× R

2−k for some k > 0.

Recently, there are more and more global refined rigidity results for self-shrinking
surfaces. Using those improved results, the bounds in Theorem 1.7 are expected to
be relaxed.

The second rigidity result is about the characterization of being of codimension
one. To elaborate, we would like to obtain a statement in the form that if an n-
dimensional self-shrinker Σ in R

N is a hypersurface on a large compact set (in the
sense that Σ ∩ BR is contained in an (n + 1)-dimensional linear subspace for some
large R), then Σ should be a hypersurface self-shrinker. At this moment, using the
compactness theorem and a quantification of planarity used in [CM20] (cf. Proposition
5.4), we are able to derive the following result for self-shrinking surfaces in R

4.

Theorem 1.8. Given δ < 2 and η > 0, we can find R = R(δ, η) such that the
following statement holds. If Σ is a self-shrinking surface in R

4 such that λ(Σ) ≤ δ
and Σ ∩ BR satisfies |H| ≥ η and is contained in a 3-dimensional linear subspace of
R

4, then the whole Σ is also contained in the same 3-dimensional subspace.

We remark that we require the lower bound of the mean curvature vector in
Theorem 1.7 (2) and Theorem 1.8. This guarantees the presence of the global principal
normal vector H

|H| , which is essential in [CXZ14] and [CM20].
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1.3. Organization and Proof Outline. The idea of the proof and the struc-
ture of this note are as follows. In Section 2, we introduce some background knowledge
and notations of self-shrinkers and rectifiable varifolds. Later, in Section 3, we start
with an arbitrary sequence in SN . Based on the entropy bound, Allard’s compactness
infers that we can extract a (weakly) convergent subsequence, which is done in Section
3.1. Then in Section 3.2 and 3.3, we argue, essentially based on Allard’s regularity,
that the limiting varifold is smooth and that the convergence is in the strong sense.
Using the maximum principle and the rigidity of self-shrinkers, we show that the lim-
iting self-shrinker is non-trivial and non-flat in Section 4. This concludes the proof of
Theorem 1.3, which implies Theorem 1.4. Finally, we use the compactness to improve
a variety of rigidity results in Section 5.

Acknowledgement. The author is grateful to Prof. Bill Minicozzi for his invalu-
able encouragement and advice. He would also like to thank Kai-Hsiang Wang for his
comments on an earlier draft and the referees for the constructive comments. Part of
this work was completed when the author visited the National Center for Theoretical
Science in Taiwan, and he is grateful for the warm hospitality of people there.

2. Preliminaries. In this note, we often use Σ or M to denote a submanifold or
a self-shrinker (or an F -stationary varifold). In this section, we will introduce some
notations and basic properties of them.

2.1. Characterizations of Self-Shrinkers. Given an n-dimensional subman-
ifold Σ in R

N , we call it a self-shrinker if it satisfies

H = −x⊥

2
(2.1)

where H is the mean curvature vector of Σ, and x⊥ is the normal component of the
position vector x. We have mentioned that the critical points of the F -functional are
self-shrinkers. In fact, there are several equivalent conditions of self-shrinkers.

Proposition 2.2 ([CM12a]). The following statements are equivalent.
(1) Σ satisfies the self-shrinker equation (2.1).
(2)

√−tΣ (t < 0) forms a mean curvature flow. i.e., it satisfies (∂tx)
⊥ = H.

(3) Σ is a critical point of the F -functional defined by (1.1).

(4) Σ is a minimal submanifold with respect to the metric e−
|x|2
2n δij , where δij is

the standard metric on R
N .

Proof Sketch. The equivalence between (1) and (2) follows from direct change-of-
variable computations. One can see [CM12a, Lemma 2.2] for a complete argument.
The equivalence between (1) and (3) is based on the first variation formula of the F -
functional. In fact, if Σs (s ∈ (−ε, ε)) is a normal variation of Σ with the variational
normal vector field V, then

d

ds
F (Σs)|s=0 = −(4π)−

n
2

ˆ
Σ

〈
V,H+

x

2

〉
e−

|x|2
4 dx. (2.3)

When N = n+1, this formula is established in [CM12a, Lemma 3.1]. The general case
is similar, and one can find it in [ALW14], [AS13] or [LL15]. Finally, (3) and (4) are
equivalent based on the formula (2.3), the first variation formula of the volume, and

the fact that the volume form of the conformal metric e−
|x|2
2n δij is exactly e−

|x|2
4 dx.
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The round cylinders Sk(
√
2k)×R

n−k are the simplest n-dimensional self-shrinkers.
They are also the only stable singularity models in the hypersurface case, in the sense
that they are, as proven in [CM12a], the only self-shrinkers that could not be perturbed
away.

2.2. Entropy and Polynomial Volume Growth. By definition, the entropy
of a given n-dimensional submanifold Σ is

λ(Σ) = sup
x0∈RN ,t0>0

F (t0Σ+ x0) = sup
x0∈RN ,t0>0

(4πt0)
−n

2

ˆ
Σ

e−
|x−x0|2

4t0 dx (2.4)

via a change of variables. This expression can give us a volume control for self-
shrinkers with finite entropy (cf. [CM12a, Section 2]).

Lemma 2.5. Let Σ be an n-dimensional submanifold in R
N . If λ(Σ) < ∞, then

Σ has polynomial volume growth. More precisely, for any R > 1, we have

Vol(Σ ∩BR) ≤ C · λ(Σ)Rn

for some C = C(n) > 0 where BR := BR(0) is the R-ball centered at the origin in
R

N .

Proof. Using the expression (2.4), for any R > 1,

(4πR2)−
n
2 · e− 1

4Vol(Σ ∩BR) ≤ (4πR2)−
n
2

ˆ
Σ∩BR

e−
|x|2
4R2 ≤ λ(Σ).

This proves the lemma with C(n) = e
1
4 · (4π)n

2 .

As we mentioned, the round cylinders Sk(
√
2k) × R

n−k are the most important
self-shrinkers. In [Sto94], Stone calculated their entropies:

λ(S1) =

√
2π

e
≈ 1.52 > λ(S2) =

4

e
≈ 1.47 > λ(S3) > · · · . (2.6)

This gives a complete list for the entropies of the round cylinders because λ(Σ×R) =
λ(Σ). In this note, we only care about those self-shrinkers with entropy less than 2 or
λ(S1) (when studying entropy minimizers). As a result, all of them have polynomial
volume growth. Also, It is easy to see that if an immersed submanifold has entropy
less than two, then it is embedded. Therefore, we will always assume (and obtain)
embeddedness for submanifolds in our discussion.

2.3. Varifolds and Flat Chains. In this note, we only discuss and deal with
integer multiplicity rectifiable n-varifolds. Given an n-varifold V in R

N , we write μV

to be its corresponding measure, and δV to be the first variation functional of V. Its
support, regular part, and singular part are denoted by sptV, Reg(V ) and Sing(V ).
For a detailed background knowledge of varifolds, one could consult [Sim83].

We say V is a stationary varifold if its first variation or its generalized mean
curvature H vanishes. Using μV , we can also define the F -functional and the entropy
functional for V, in a natural manner that

F (V ) := (4π)−
n
2

ˆ
RN

e−
|x|2
4 dμV ,
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and

λ(Σ) := sup
x0∈RN ,t0>0

(4πt0)
−n

2

ˆ
RN

e−
|x−x0|2

4t0 dμV .

Accordingly, we call V an F -stationary varifold if it is a critical point of the F -
functional for varifolds. Equivalently, this means that its generalized mean curvature
H satisfies

H(x) = −x⊥

2

for μV -a.e. x ∈ sptV. Note that this equation makes sense since an integer multiplicity
rectifiable varifold admits an approximate tangent space for μV -a.e. x ∈ sptV.

We also need to introduce rectifiable mod 2 flat chains. The space of n-dimensional
rectifiable mod 2 flat chains consists of n-dimensional polyhedra endowed with the flat
topology and Z2 coefficients and with some natural identifications among them. Given
an integer multiplicity rectifiable n-varifold V, it corresponds to an n-dimensional
rectifiable mod 2 flat chain [V ] in a natural way. For more details about flat chains
(and their relations with varifolds), one could consult [Fed69]. The only properties we
will use are White’s result (Theorem 3.8) and the fact that three half-planes meeting
at the origin with angles 2π/3 form a mod 2 flat chain P with ∂P 	= 0.

3. Smooth Convergence. We start to do some preparations for the proof of
Theorem 1.3. Recall that we let SN be the set of all non-flat complete self-shrinking
surfaces without boundary in R

N , and aim at proving that the family

SN,δ := {M ∈ SN : λ(M) ≤ δ}
is compact for any δ < 2. Suppose we are given a sequence Σi in SN,δ. Our goal is to
show that Σi admits a subsequence converging to a self-shrinker in SN,δ.

3.1. Extracting a Limit. To extract a (weakly) convergent subsequence of Σi,
we need Allard’s compactness theorem for varifolds [All72]. The version we state here
is the one in [Sim83].

Theorem 3.1 (Allard’s compactness [All72]). Suppose Vi is a sequence of integer
multiplicity rectifiable n-varifolds in an open set U of RN . If there exists a uniform
constant C > 0 such that

μVi
(W ) + ‖δVi‖(W ) ≤ C

for all i ∈ N and W � U, then Vi admits a subsequence converging to an integer
multiplicity rectifiable varifold in U.

Based on this fact, we can first extract a convergent subsequence of Σi.

Proposition 3.2. A subsequence of Σi converges to an integer multiplicity 2-
varifold Σ.

Proof. Since Σi ∈ SN,δ, they have a uniform entropy bound. Lemma 2.5 then
infers that for any R > 1, there is a uniform volume bound

Vol(Σi ∩BR) ≤ C = C(R) (3.3)

for any i. On the other hand, the first variation is represented by the mean curvature
when the varifold is given by a smooth submanifold. As a result, based on the area
bound (3.3) and the self-shrinker equation (2.1), we can use Allard’s compactness
theorem 3.1 and a standard diagonal argument to obtain a subsequence of Σi which
converges to a rectifiable varifold Σ (and we still denote the subsequence as Σi).
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3.2. Smooth Limit. Our next goal is to show that the varifold Σ constructed
in Proposition 3.2 is in fact a smooth limiting space.

Proposition 3.4. The limiting varifold Σ constructed in Proposition 3.2 is
smooth.

To prove the smoothness of Σ, we need Allard’s regularity theorem [All72]. The
version we employ here is the one stated in [Ilm95].

Theorem 3.5 (Allard’s regularity [All72]). There exist constants ε1, δ, α and C
depending only on n and N such that the following holds. Suppose V is an integer
multiplicity rectifiable n-varifold in R

N with locally L1(μV ) generalized mean curvature
H and 0 ∈ sptV. If

|H| ≤ ε

r
for μV -a.e. x ∈ Br and μV (Br) ≤ (1 + ε)ωnr

n

for some ε < ε1 and r > 0, then there is an n-plane T ⊆ R
N containing 0, a domain

Ω ⊆ T, and a C1,α function u : Ω → T⊥ such that

sptV ∩Bδr = graph u ∩Bδr

and

sup
Ω

∣∣∣u
r

∣∣∣+ sup
Ω

|Du|+ rα sup
x �=y in Ω

|Du(x)−Du(y)|
|x− y|α ≤ Cε

1
4N .

We also need a Federer-type dimension reduction, which is often implicitly used
in various dimension reduction arguments (cf. Lemma 5.8 in [CIMW13]).

Lemma 3.6. Let Γ be a conical stationary rectifiable varifold in R
N . If y ∈

Sing(Γ) \ {0}, then every tangent cone to Γ at y is of the form Γ′ ×Ry, where Γ′ is a
conical stationary varifold in R

N−1 and Ry is the line in the direction of y.

Proof of Proposition 3.4. Based on Allard’s regularity theorem 3.5, it suffices to
show that any tangent cone to Σ is a multiplicity one hyperplane, since the density
of the tip y of a tangent cone is the same as the density of y in Σ.

Let Γ be a tangent cone to Σ at some y ∈ Σ. Note that Σ satisfies the shrinker
equation (2.1) in the weak sense based on the weak convergence. In other words,
Σ is an F -stationary varifold. Therefore, Σ has a locally bounded generalized mean
curvature, so Γ is a stationary cone. As a result, Reg(Γ) is a minimal cone, and hence
Reg(Γ) ∩ SN−1 is a union of geodesics on SN−1. This implies that each connected
component of Reg(Γ) is contained in a 2-plane through the origin.

Let P be a 2-plane that intersects Reg(Γ). Suppose P is not contained in Reg(Γ).
Then there exists y ∈ P ∩ Sing(Γ) \ {0}. Lemma 3.6 then implies that any tangent
cone to Γ at y is of the form Γ′ × Ry, where Γ′ is a 1-dimensional conical stationary
varifold in R

N−1 and Ry is the line in the direction of y. Thus Γ′ is a union of rays
through the origin.

On the other hand, the weak convergence Σi → Σ and the lower semicontinuity
of the entropy functional implies that

λ(Σ) ≤ lim inf
i→∞

λ(Σi) ≤ δ < 2. (3.7)

In particular, this implies that λ(Γ′) < 2, so Γ′ consists of at most three rays through
the origin since Γ′ is stationary. As a result, the possibilities include only three rays
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(triple junctions) or two rays (straight line). We would like to show that triple junc-
tions could not happen as a blow-up limit. In fact, we will apply White’s convergence
result [Whi09, Theorem 3.3] to rule out this scenario.

Theorem 3.8 ([Whi09]). Let Vi be a sequence of integer multiplicity rectifiable
varifolds that converge with locally bounded first variation to an integer multiplicity
rectifiable varifold V. If their boundaries ∂[Vi] converge (in the flat topology) to a limite
chain P, then ∂[V ] = P.

Both the convergence of rescaling of Σ to Γ and that of rescaling of Γ to Γ′ ×Ry

satisfy the conditions in Theorem 3.8. As a result, since Σ has no boundary, we
obtain that Γ′ × Ry also has no boundary (as a mod 2 flat chain), so Γ′ could not
be triple junctions, which implies that Γ′ × Ry could only be a 2-plane. Hence, a
tangent cone at y is a 2-plane, which leads to a contradiction since y is a singularity.
In conclusion, we prove that P ⊆ Reg(Γ). The entropy bound (3.7) guarantees that P
is the only 2-plane that intersects Reg(Γ). Consequently, we derive that Γ = P, and
the smoothness of Σ follows.

3.3. Smooth Convergence. Using Allard’s regularity and the fact that Σ is
smooth (Proposition 3.4), we can improve the regularity of the convergence (which,
a priori, is only a weak convergence of varifolds). Also, a simple argument based on
the maximum principle can lead to the fact that Σ is non-trivial.

Proposition 3.9. The convergence Σi → Σ is in the locally smooth sense, and
Σ is a non-trivial self-shrinker.

To prove the non-triviality of Σ, we observe the following simple fact of self-
shrinkers.

Lemma 3.10. Any n-dimensional complete embedded self-shrinker M in R
N

intersects the closed ball B√2n with radius
√
2n.

Proof. We will write ∇ and Δ to be the Levi-Civita connection and the Laplacian
operator on M. First we prove the following simple relation. That is,

Δ|x|2 = −|x⊥|2 + 2n. (3.11)

This was first established in [CM12a] when N = n + 1, based on which we give a
simple proof for all codimension. In fact, since Δx = H, the self-shrinker equation
(2.1) gives

2Δxi = 2 〈H, ∂i〉 = − 〈
x⊥, ∂i

〉
= −xi +

〈
xT , ∂i

〉
.

As a result,

Δ|x|2 = 2 〈Δx, x〉+ 2|∇x|2 =
(−|x|2 + 〈

xT , x
〉)

+ 2n = −|x⊥|2 + 2n.

Thus we verify (3.11).
Now we take R > 0 such that M ∩ BR 	= ∅. On this compact set (by the com-

pleteness and the embeddedness of M), we can take p ∈ M ∩BR such that

|p|2 = min
x∈M∩BR

|x|2.

Then the maximum principle implies

Δ|x|2(p) ≥ 0 and pT =
1

2
∇|x|2(p) = 0.
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Plugging these into (3.11) leads to

0 ≤ −|p|2 + 2n,

so

|p| ≤
√
2n.

This concludes the proof of Lemma 3.10.

Now we can prove Proposition 3.9 using Allard’s regularity, Proposition 3.4 and
Lemma 3.10.

Proof of Proposition 3.9. Based on the entropy bound (3.7), the multiplicity
of the convergence is 1. Since Σi and Σ are all smooth (Proposition 3.4) and have
locally bounded (generalized) mean curvatures, Allard’s regularity theorem 3.5 gives
a uniform local C1,α graphical estimate. The standard elliptic PDE theory then leads
to uniform higher derivative estimates, and thus the smooth convergence.

Lemma 3.10 infers that each Σi intersects B√2n, so the smooth convergence im-

plies that Σ ∩B√2n 	= ∅, and thus Σ is a non-trivial surface.

4. Non-flat Limits and Entropy Minimizers. We are now in a position to
prove the main compactness result (Theorem 1.3) and the first application (Theorem
1.4). To this end, we need a rigidity property of self-shrinkers from [CM20, Corollary
6.21]. Essentially, it says that if a self-shrinker is close to a round cylinder on a
sufficiently large bounded set, then it must be a hypersurface in some Euclidean
space.

Theorem 4.1 ([CM20]). Given k < n, there exists R > 2n such that if M is an
n-dimensional self-shrinker in R

N with λ(M) < ∞ and M∩BR is the graph of a vector
field U over Sk(

√
2k)×R

n−k with ‖U‖C1 < 1/R, then there is an (n+1)-dimensional
Euclidean subspace W so that M ⊆ W.

Also, we need a strong rigidity result for graphical hypersurface self-shrinkers
proven by Guang and Zhu [GZ17]. We only state it in the surface case.

Theorem 4.2 ([GZ17, Theorem 0.1]). Given λ0 > 0, there exists R = R(λ0)
such that the following holds. If Σ2 ⊆ R

3 is a smooth complete self-shrinker with
λ(Σ) ≤ λ0 and Σ ∩BR is graphical, then Σ is a hyperplane.

Using these rigidity properties, we can prove the main theorem. We state it here
again.

Theorem 4.3 (Theorem 1.3). Given any δ < 2 and N > 2, the space SN,δ =
{Σ ∈ SN : λ(Σ) ≤ δ} is compact in the C∞loc-topology.

Proof. By Proposition 3.4, Proposition 3.9 and the lower semicontinuity of the
entropy, the smooth limit Σ given by Proposition 3.2 satisfies the entropy bound.
Thus, it remains to show that Σ is not flat, which then implies that Σ ∈ SN,δ.

We use a contradiction argument. Suppose Σ is flat. Apply Theorem 4.1 for
k = 0 and get the corresponding R > 0. On the closed ball BR, by its compactness
and the convergence in the locally smooth topology (Proposition 3.9), we may assume
Σi ∩BR is the graph of a vector field Ui over the planar domain Σ∩BR with ‖Ui‖C1

arbitrarily small for i large. Then when i is so large that ‖Ui‖C1 < 1/R, Theorem
4.1 infers that Σi is contained in a 3-plane. Theorem 4.2 then implies that Σi is a
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hyperplane. Thus we derive a contradiction since we assume all Σi’s are non-flat.
Hence, we prove that Σ is not flat, so Σ ∈ SN,δ.

As a corollary, we prove that there exists an entropy minimizer in SN for any
N > 2.

Corollary 4.4 (Theorem 1.4). For any N > 2, there exists Σ ∈ SN such that
λ(Σ) ≤ λ(M) for all M ∈ SN .

Proof. Take a minimizing sequence Σi in SN,δ for some δ ∈ (λ(S2), 2) such that

λ(Σi) → inf
M∈SN

λ(M)

as i → ∞. Then Theorem 1.3 implies that Σi admits a subsequence converging to a
non-flat self-shrinker Σ ∈ SN in the locally smooth topology, which gives that

λ(Σ) = inf
M∈SN

λ(M)

by the lower semicontinuity of the entropy functional again. This proves Theorem
1.4.

5. Strong Rigidity. In this section, we will give some other applications of our
main compactness theorem.

5.1. In Terms of Curvature. To prove the first rigidity theorem, we will apply
a gap theorem proven by Cao and Li [CL13].

Theorem 5.1 ([CL13]). Let M is an n-dimensional complete self-shrinker with-
out boundary and with polynomial volume growth in R

N . If its second fundamental
form satisfies 1

|A|2 ≤ 1

2
,

then M is Sk(
√
2k)×Rn−k for some k = 0, · · · , n.

This result was first proven by Le and Sesum [LS11] for the hypersurface case,
and then generalized to the full generality by Cao and Li later. Now, we are going
to prove the first rigidity result using this gap theorem and the main compactness
theorem.

Proposition 5.2. Given δ < 2, there exists R = R(N, δ) > 0 such that the
following statement holds. If Σ is a smooth complete self-shrinking surface in R

N

with λ(Σ) ≤ δ and its second fundamental form satisfies |A|2 ≤ 1
2 on BR, then

Σ = Sk(
√
2k)× R

2−k for some k = 0, 1, 2.

Proof. We will prove the statement by contradiction. If the statement were wrong,
then for any R > 0, there would exist a smooth complete self-shrinking surface ΣR in
R

N with λ(ΣR) ≤ δ such that ΣR is not a round cylinder but its second fundamental
form satisfies |A|2 ≤ 1

2 on ΣR ∩ BR. Then, Theorem 1.3 implies that we can find a
sequence Ri → ∞ as i → ∞ such that the sequence ΣRi converges to a non-flat limit
Σ in the C∞loc-sense.

1Note that our definition of self-shrinkers is different from that in [CL13] up to a constant, so
the bound also differs from a multiple 2.
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We can use Theorem 4.1 and the same argument in the proof of Theorem 4.3 to
show that this limit is not a round cylinder. However, the smooth convergence implies
that |A|2 ≤ 1/2 on Σ. As a result, we know that Σ is a round cylinder by the gap
theorem 5.1. Therefore, we derive a contradiction.

This proves the first conclusion of Theorem 1.7. Using exactly the same argument,
we can prove the second conclusion of Theorem 1.7 based on [CXZ14, Theorem 1.6].
Note that we need a uniform lower bound of the magnitude of the mean curvature
here since in the result of [CXZ14], they focused on self-shrinkers with non-vanishing
mean curvature (so that the principal normal is well-defined and they could proceed
their arguments).

5.2. In Terms of Planarity. Next, we discuss self-shrinking surfaces that are of
codimension one on large compact sets. To this end, we need to “quantify” the notion
of planarity. This was done in [CM20] for those surfaces in R

4 with non-vanishing
mean curvature vector.2

Definition 5.3 ([CM20]). Given a surface Σ2 ⊆ R
4 with non-vanishing mean

curvature H, let N := H
|H| be its principal normal. Let J be the almost complex

structure of the normal bundle NΣ, and we define the binormal B := JN.

An important property of this binormal is the following fact, which can be proven
via a system of Frenet-Serret type equations and a general derivative equation of H.

Proposition 5.4 ([CM20]). Given a self-shrinking surface Σ2 ⊆ R
4 with non-

vanishing mean curvature, it is contained in a 3-dimensional hyperplane if and only
if 〈A,B〉 = 0 on Σ.

Using this characterization, we are able to give a rigidity result in terms of the
planarity for the self-shrinking surfaces in R

4. In fact, we will require a mean curvature
lower bound and use the planarity in a large compact set to show that the self-
shrinking surface must be round cylinders. In particular, they are of codimension
one.

Theorem 5.5 (Theorem 1.8). Given δ < 2 and η > 0, we can find R = R(δ, η)
such that the following statement holds. If Σ is a self-shrinking surface in R

4 such
that λ(Σ) ≤ δ and Σ ∩ BR satisfies |H| ≥ η and is contained in a 3-dimensional
linear subspace of R4, then the whole Σ is also contained in the same 3-dimensional
subspace.

Proof. We will prove the statement by contradiction. If the statement were wrong
for any R > 0, then for any R > 0, we can find a self-shrinking surface ΣR in R

N

with λ(ΣR) ≤ δ such that ΣR ∩ BR has |H| ≥ η and 〈A,B〉 = 0 but ΣR is not
contained in any 3-dimensional linear subspace. (That is, ΣR is not a hypersurface.)
Then, Theorem 1.3 implies that there is a sequence Ri → ∞ as i → ∞ such that the
sequence ΣRi converges to a non-flat limit Σ in the C∞loc-sense.

Using Proposition 5.4 again, we know that Σ is a hypersurface, and also it satisfies
|H| ≥ η. In particular, it is a mean convex self-shrinking surface of codimension one.
Therefore, by the classification of mean convex self-shrinker (cf. [Hui90] and [CM12a]),
Σ must be a round cylinder. However, by the rigidity of round cylinders (Theorem
4.1), this implies that for i large enough, ΣRi is also a hypersurface, contradicting the
fact that ΣRi is not contained in any 3-plane.

2For the details, see Section 12.2 in [CM20].
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