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SPECIAL TERMINATION FOR LOG CANONICAL PAIRS∗

VLADIMIR LAZIĆ† , JOAQUÍN MORAGA‡ , AND NIKOLAOS TSAKANIKAS§

Abstract. We prove the special termination for log canonical pairs and its generalisation in the
context of generalised pairs.
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1. Introduction. The first goal of this paper is to give a rigorous and complete
proof of the following result, which is a natural step towards proving one of the big
open problems in the Minimal Model Program (MMP) in characteristic zero – the
termination of flips.

Theorem 1.1. Assume the termination of flips for Q-factorial klt pairs of di-
mension at most n− 1.

Let (X1, B1) be a quasi-projective log canonical pair of dimension n which is
projective over a normal quasi-projective variety Z. Consider a sequence of flips over
Z:

(X1, B1) (X2, B2) (X3, B3) . . .

Z1 Z2

θ1

π1

θ+
1

θ2

π2

θ+
2

π3

Then there exists a positive integer N such that

Exc(θi) ∩ nklt(Xi, Bi) = ∅ for all i ≥ N.

The result is usually referred to as special termination for log canonical pairs ; in
other words, in any sequence of flips of a log canonical pair, the flipping (and thus
also the flipped) locus will avoid the non-klt locus of the pair.

The theorem has its origins in [Sho92] and was stated in this form in [Sho03,
Sho04]; however only a sketch of a proof in a special case is given. On the state of
the art, see comments in [Fuj07, Section 4.2] and [Fuj11, Section 5].

The only complete proof of special termination is in [Fuj07] for dlt pairs; in that
case, special termination says that the flipping locus is eventually disjoint from the
round-down of the boundary of the dlt pair. Even though that statement suffices in
many applications, it seems that the generalisation to log canonical pairs is necessary
if one wants to attack the termination of flips. In particular, special termination as
in Theorem 1.1 was used in [Bir07].

Our second goal is to prove a form of special termination in the context of g-pairs.
This is a recently introduced category which includes the usual pairs, see Section 2
for details.
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Theorem 1.2. Assume the termination of flips for NQC Q-factorial klt g-pairs
of dimension at most n− 1.

Let (X1, B1 +M1) be a quasi-projective NQC log canonical g-pair of dimension n
which is projective over a normal quasi-projective variety Z. Consider a sequence of
flips over Z:

(X1, B1 +M1) (X2, B2 +M2) (X3, B3 +M3) . . .

Z1 Z2

θ1

π1

θ+
1

θ2

π2

θ+
2

π3

Then there exists a positive integer N such that

Exc(θi) ∩ nklt(Xi, Bi +Mi) = ∅ for all i ≥ N.

As demonstrated in recent papers [Mor18, HL22, HM20, LT22], understanding
the Minimal Model Program of g-pairs is indispensable even if one is interested only
in results involving the usual pairs or even only varieties. We expect Theorem 1.2 to
play a prominent role in future developments on the existence of minimal models and
the termination of flips.

Acknowledgements. Lazić was supported by the DFG-Emmy-Noether-
Nachwuchsgruppe “Gute Strukturen in der höherdimensionalen birationalen Geome-
trie”. We would like to thank O. Fujino and K. Hashizume for useful discussions
related to this work.

2. Preliminaries. Throughout the paper we work over an algebraically closed
field of characteristic zero. All morphisms are projective.

Given a projective morphism f : X → Z between normal varieties and two R-
Cartier divisors D1 and D2 on X, we say that D1 and D2 are numerically equivalent
over Z, denoted by D1 ≡Z D2, if D1 ·C = D2 ·C for any curve C contained in a fibre of
f . We say that D1 and D2 are R-linearly equivalent over Z, denoted by D1 ∼R,Z D2,
if there exists an R-Cartier R-divisor G on Z such that D1 ∼R D2 + f∗G.

An R-divisor D on a variety X over Z is an NQC divisor if it is a non-negative
linear combination of Q-Cartier divisors on X which are nef over Z. The acronym
NQC stands for nef Q-Cartier combinations.

Definition 2.1. Let X be a normal variety which is projective over a normal
variety Z and letD be an R-Cartier divisor onX. An NQC weak Zariski decomposition
of D over Z consists of a projective birational morphism f : W → X from a normal
variety W and a numerical equivalence f∗D ≡Z P +N such that P is an NQC divisor
and N is an effective R-Cartier divisor on W .

Definition 2.2. Let X and Y be normal varieties and let ϕ : X ��� Y be a
birational contraction, i.e. the map ϕ−1 contracts no divisors. Let D be an R-Cartier
R-divisor on X and assume that ϕ∗D is R-Cartier. Then ϕ is D-nonpositive if there
exists a smooth resolution of indeterminacies (p, q) : W → X × Y of ϕ such that

p∗D ∼R q∗ϕ∗D + E,

where E is an effective q-exceptional R-Cartier divisor on W .
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2.1. The relative stable base locus. Let X → Z be a projective morphism
of normal varieties and let D be an R-divisor on X. The R-linear system associated
with D over Z is

|D/Z|R := {G ≥ 0 | G ∼R,Z D},

and the stable base locus of D over Z is defined as

B(D) :=
⋂

E∈|D/Z|R
SuppE.

Lemma 2.3. Let f : Y → X and g : X → Z be projective birational morphisms
between normal varieties. Let D be an R-Cartier R-divisor on X. Then B(f∗D/Z) =
f−1

(
B(D/Z)

)
.

Proof. It suffices to show that f∗|D/Z|R = |f∗D/Z|R. It is clear that f∗|D/Z|R ⊆
|f∗D/Z|R. For the converse inclusion, let G ∈ |f∗D/Z|R. We may write f∗f∗G =
G + E, where E is f -exceptional. There exists an R-Cartier R-divisor L on Z such
that

G ∼R f∗D + (g ◦ f)∗L = f∗(D + g∗L),

and thus

E ∼R f∗(f∗G−D − g∗L).

Therefore E = 0 by the Negativity Lemma [KM98, Lemma 3.39(1)], and consequently
f∗f∗G = G. This proves that f∗|D/Z|R ⊇ |f∗D/Z|R and completes the proof.

2.2. Generalised pairs. For the definitions and basic results on the singularities
of pairs and the MMP we refer to [KM98]. Below we discuss briefly generalised pairs,
abbreviated as g-pairs; for futher information we refer to [BZ16, Section 4], and in
particular to [HL22, §2.1 and §3.1] for properties of dlt g-pairs.

Definition 2.4. A generalised pair or g-pair (X,B + M) consists of a normal
variety X equipped with projective morphisms

X ′ f−→ X −→ Z,

where f is birational and X ′ is normal, B is an effective R-divisor on X, and M ′ is an
R-Cartier divisor on X ′ which is nef over Z such that f∗M ′ = M and KX +B+M is
R-Cartier. We say often that the g-pair (X,B+M) is given by the data X ′ → X → Z
and M ′.

Moreover, if M ′ is an NQC divisor on X ′, then the g-pair (X/Z,B + M) is an
NQC g-pair.

Finally, we say that a g-pair (X,B + M) admits an NQC weak Zariski decom-
position over Z if the divisor KX +B +M has an NQC weak Zariski decomposition
over Z.

For simplicity, we denote such a g-pair only by (X/Z,B +M), but we implicitly
remember the whole g-pair structure. Additionally, we note that the definition is
flexible with respect to X ′ and M ′: if g : Y → X ′ is a projective birational morphism
from a normal variety Y , then we may replace X ′ with Y and M ′ with g∗M ′. Hence,
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we may always assume that f : X ′ → X in the above definition is a sufficiently high
birational model of X.

Definition 2.5. Let (X,B +M) be a g-pair with data X ′ f→ X → Z and M ′.
We can then write

KX′ +B′ +M ′ ∼R f∗(KX +B +M)

for some R-divisor B′ on X ′. Let E be a divisorial valuation over X which is a prime
divisor on X ′; its centre on X is denoted by cX(E). The discrepancy of E with respect
to (X,B +M) is a(E,X,B +M) := −multE B′. The g-pair (X,B +M) is:

(a) klt if a(E,X,B +M) > −1 for all divisorial valuations E over X,
(b) log canonical if a(E,X,B +M) ≥ −1 for all divisorial valuations E over X,
(c) dlt if it is log canonical, if there exists an open subset U ⊆ X such that the

pair (U,B|U ) is log smooth, and if a(E,X,B +M) = −1 for some divisorial
valuation E over X, then the set cX(E) ∩ U is non-empty and it is a log
canonical centre of (U,B|U ).

If (X,B +M) is a log canonical g-pair, then:
(i) an irreducible subvariety S of X is a log canonical centre of (X,B + M)

if there exists a divisorial valuation E over X such that cX(E) = S and
a(E,X,B +M) = −1,

(ii) the non-klt locus of (X,B +M), denoted by nklt(X,B +M), is the union of
all log canonical centres of (X,B +M).

When M ′ = 0, one recovers the definitions of singularities of usual pairs.

It is clear from the definition that if (X,B + M) is a dlt g-pair with �B = 0,
then (X,B +M) is klt.

If (X,B+M) is a Q-factorial dlt g-pair, then by definition and by [BZ16, Remark
4.2.3], the underlying pair (X,B) is Q-factorial dlt and the log canonical centres of
(X,B +M) coincide with those of (X,B). In particular

nklt(X,B +M) = nklt(X,B) = Supp�B

by [Fuj07, Proposition 3.9.2]. We will use this repeatedly in the paper without explicit
mention.

We adopted the definition dlt g-pairs from [HL22], which behaves well under
restrictions to log canonical centres and under operations of an MMP; such operations
are analogous to those in the standard setting, see [BZ16, Section 4] or [HL22, §3.1]
for details.

Notation. We will use the following notation throughout the paper. Let (X,B+
M) be a dlt g-pair and let S be a log canonical centre of (X,B+M). We define a dlt
g-pair (S,BS +MS) by adjunction, i.e. by the formula

KS +BS +MS = (KX +B +M)|S
as in [HL22, Proposition 2.8].

The next result is [HL22, Proposition 3.9] and is used frequently in the paper.

Lemma 2.6. Let (X,B +M) be a log canonical g-pair with data X ′ f→ X → Z
and M ′. Then, after possibly replacing f with a higher model, there exist a Q-factorial
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dlt g-pair (Y,Δ + N) with data X ′ g→ Y → Z and M ′, and a projective birational
morphism π : Y → X such that

KY +Δ+N ∼R π∗(KX +B +M).

The g-pair (Y,Δ+N) is a dlt blowup of (X,B +M).

Remark 2.7. If f : (Y,Δ+N)→ (X,B +M) is a dlt blowup of a log canonical
g-pair (X,B +M), then by a suitable analogue of [KM98, Lemma 2.30] we have

nklt(X,B +M) = f
(
nklt(Y,Δ+N)

)
= f

(
Supp�Δ).

In particular, the number of log canonical centres of a given log canonical g-pair is
finite.

2.3. Monotonicity of discrepancies. Parts (i) and (iii) of the following result
are a version of the so-called monotonicity lemma for g-pairs. Parts (ii) and (iv) will
also be needed below, when we deal with the difficulty of g-pairs.

Lemma 2.8. Let (X,B +M) and (X ′, B′ +M ′) be g-pairs such that there exists
a diagram

Z

X X ′

Y,

g g′

ϕ

f f ′

where Y and Z are normal varieties, all morphisms are proper birational, KX′ +B′+
M ′ is f ′-nef, and there exists a nef R-Cartier R-divisor MZ on Z with g∗MZ = M
and g′∗MZ = M ′.

(i) Assume that B′ = ϕ∗B + E, where E is the sum of all prime divisors which
are contracted by ϕ−1, and that

a(F,X,B +M) ≤ a(F,X ′, B′ +M ′)

for every ϕ-exceptional divisor F on X. Then for any geometric valuation F
over X we have

a(F,X,B +M) ≤ a(F,X ′, B′ +M ′).

(ii) Under the assumptions of (i), assume additionally that (X,B + M) is dlt
and let S be a log canonical centre of (X,B + M). Assume that ϕ is an
isomorphism at the generic point of S and define S′ as the strict transform
of S on X ′. Then for any geometric valuation F over S we have

a(F, S,BS +MS) ≤ a(F, S′, BS′ +MS′).

(iii) Assume that −(KX + B +M) is f -nef and that f∗B = f ′
∗B

′. Then for any
geometric valuation F over Y we have

a(F,X,B +M) ≤ a(F,X ′, B′ +M ′),

and strict inequality holds if either
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(a) −(KX + B + M) is f -ample and f is not an isomorphism above the
generic point of cY (F ), or

(b) KX′ + B′ + M ′ is f ′-ample and f ′ is not an isomorphism above the
generic point of cY (F ).

In particular, if (X,B + M) is log canonical and if either (a) or (b) holds,
then F is not a log canonical centre of (X ′, B′ +M ′).

(iv) Assume that −(KX +B+M) is f -nef, that f∗B = f ′
∗B

′ and that (X,B+M)
is dlt. Let S be a log canonical centre of (X,B + M), assume that ϕ is an
isomorphism at the generic point of S and define S′ as the strict transform of
S on X ′. Let T be the normalisation of f(S), so that we have the following
diagram:

(S,BS +MS) (S′, BS′ +MS′)

T.

f |S

ϕ|S

f ′|S′

Then for any geometric valuation F over T we have

a(F, S,BS +MS) ≤ a(F, S′, BS′ +MS′),

and strict inequality holds if either
(a) −(KX + B + M) is f -ample and f |S is not an isomorphism above the

generic point of cT (F ), or
(b) KX′ + B′ + M ′ is f ′-ample and f ′|S is not an isomorphism above the

generic point of cT (F ).
In particular, if either (a) or (b) holds, then F is not a log canonical centre
of (S′, BS′ +MS′).

Proof. The proofs of (i) and (iii) are analogous to the proofs of [KM98, Lemma
3.38 and Proposition 3.51] and we provide the details for the benefit of the reader.

By possibly replacing Z by a higher birational model, we may additionally assume
that cZ(F ) is a divisor on Z. Set h := f ◦ g = f ′ ◦ g′. Then

KZ +MZ ∼R g∗(KX +B +M) +
∑

a(Fi, X,B +M)Fi

∼R (g′)∗(KX′ +B′ +M ′) +
∑

a(Fi, X
′, B′ +M ′)Fi.

Consider the R-Cartier R-divisor

H :=
∑(

a(Fi, X,B +M)− a(Fi, X
′, B′ +M ′)

)
Fi (1)

∼R (g′)∗(KX′ +B′ +M ′)− g∗(KX +B +M).

Under the assumptions of (i) the divisor H is g-nef and g∗H ≤ 0, hence H ≤ 0 by
[KM98, Lemma 3.39(1)]. Under the assumptions of (iii) the divisor H is h-nef and
h∗H = 0 since f∗B = f ′

∗B
′, hence H ≤ 0 by [KM98, Lemma 3.39(1)]. This yields (i)

and the first statement of (iii).
If the case (a) or the case (b) of (iii) holds, then H is not numerically h-trivial over

the generic point η of cY (F ). Then [KM98, Lemma 3.39(2)] implies that h−1(η) ⊆
SuppH and therefore that F ⊆ SuppH. This yields the second statement of (iii).

For (ii) and (iv), by [KM98, Lemma 2.45] there is a sequence of blowups of S
along the centres of F such that the centre of F becomes a divisor. By considering
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these blowups as blowups of X and possibly blowing up further, we may assume
that the centre cSZ

(F ) is a divisor, where SZ is the strict transform of S on Z, and

that there exist finitely many prime divisors F̂i on Z such that F̂i|SZ
= cSZ

(F ) and

cT (F ) = cY
(
F̂i

)|T for each such F̂i. Then (ii) follows by restricting the relation (1)
to SZ : indeed, SZ � SuppH since ϕ is an isomorphism at the generic point of S.

In the case (a) of (iv) we have then that f is not an isomorphism above the

generic point of each cY
(
F̂i

)
, so (iv) follows from (iii) as in the proof of (ii) above.

We obtain (iv) in the case (b) analogously, by first blowing up along the centres of F
on S′ instead.

2.4. Minimal models and canonical models.

Definition 2.9. Let (X,B+M) be a log canonical g-pair with dataX ′ f→ X → Z
and M ′ and consider a birational map ϕ : (X,B +M) ��� (Y,BY +MY ) over Z to a
Q-factorial g-pair (Y/Z,BY +MY ). We may assume that X ′ is a high enough model
so that the map ϕ ◦ f is a morphism. Then ϕ is a minimal model in the sense of
Birkar-Shokurov over Z of the g-pair (X,B +M) if BY = ϕ∗B + E, where E is the
sum of all prime divisors which are contracted by ϕ−1, if MY = (ϕ ◦ f)∗M ′, if the
divisor KY +BY +MY is nef over Z and if

a(F,X,B +M) < a(F, Y,BY +MY )

for any prime divisor F on X which is contracted by ϕ. Note that then the g-pair
(Y,BY +MY ) is log canonical by Lemma 2.8(i).

If, moreover, the map ϕ is a birational contraction, but Y is not necessarily Q-
factorial if X is not Q-factorial (and Y is Q-factorial if X is Q-factorial), then ϕ is a
minimal model of (X/Z,B +M).

For the differences among these notions of a minimal model, see [LT22, §2.2]; note
that here we allow a minimal model in the sense of Birkar-Shokurov to be log canonical
and not only dlt, which is in alignment with the definitions in [Has18, Has19].

Remark 2.10. Let (X,B+M) be a log canonical g-pair and let ϕ : (X,B+M) ���
(Y,BY + MY ) be a minimal model of (X,B + M) over Z. Then any dlt blowup of
(Y,BY +MY ) is a minimal model in the sense of Birkar-Shokurov of (X,B+M) over
Z.

Definition 2.11. Assume that we have a commutative diagram

(X,B +M) (X ′, B′ +M ′)

Y

ϕ

f f ′

where (X,B + M) and (X ′, B′ + M ′) are g-pairs and Y is normal, f and f ′ are
projective birational morphisms and ϕ is a birational contraction, ϕ∗B = B′, and M
and M ′ are pushforwards of the same nef R-divisor on a common birational model of
X and X ′. If (X,B +M) is log canonical, if KX′ + B′ +M ′ is ample over Y and if
a(F,X,B + M) ≤ a(F,X ′, B′ + M ′) for every ϕ-exceptional prime divisor F on X,
then (X ′, B′ +M ′) is a log canonical model of (X,B +M).

The following result shows how a minimal model and a log canonical model of a
g-pair are related.



430 V. LAZIĆ, J. MORAGA AND N. TSAKANIKAS

Lemma 2.12. Let (X/Z,B +M) be a log canonical g-pair, let (Xm, Bm +Mm)
be a minimal model of (X,B+M) over Z and let (X lc, Blc +M lc) be a log canonical
model of (X,B +M) over Z. Then there exists a birational morphism α : Xm → X lc

such that

KXm +Bm +Mm ∼R α∗(KX lc +Blc +M lc).

In particular, KXm + Bm + Mm is semiample over Z and there exists a unique log
canonical model of (X,B +M), up to isomorphism.

Proof. The proof is analogous to the proof of [Fuj17, Lemma 4.8.4] and we provide
the details for the benefit of the reader.

Let W be a common resolution of X, Xm and X lc, together with morphisms
p : W → X, q : W → Xm and r : W → X lc. We may write

p∗(KX +B +M) ∼R q∗(KXm +Bm +Mm) + F

and

p∗(KX +B +M) ∼R r∗(KX lc +Blc +M lc) +G,

where F is effective and q-exceptional and G is effective and r-exceptional, see Lemma
2.8. Therefore,

q∗(KXm +Bm +Mm) + F ∼R r∗(KX lc +Blc +M lc) +G.

Note that q∗(G−F ) ≥ 0 and −(G−F ) is q-nef, and that r∗(F −G) ≥ 0 and −(F −G)
is r-nef. This implies that F = G by the Negativity lemma [KM98, Lemma 3.39], and
therefore,

q∗(KXm +Bm +Mm) = r∗(KX lc +Blc +M lc). (2)

Let C be a curve on W which is contracted by q. Then

0 = q∗(KXm +Bm +Mm) · C = r∗(KX lc +Blc +M lc) · C
= (KX lc +Blc +M lc) · r∗C,

hence C is contracted by r as KX lc +Blc+M lc is ample over Z. Thus, by the Rigidity
lemma [Deb01, Lemma 1.15] there exists a birational morphism α : Xm → X lc such
that r = α ◦ q, and the first statement follows from (2).

Assume that there exists another log canonical model (Y,BY +MY ) of (X,B+M).
Then analogously as above, there exists a birational morphism β : X lc → Y such that

KX lc +Blc +M lc ∼R β∗(KY +BY +MY ).

Since the divisor KX lc + Blc +M lc is ample over Z, the map β must be an isomor-
phism.

Definition 2.13. Assume that we have a commutative diagram

(X,B +M) (X ′, B′ +M ′)

Y

ϕ

f f ′
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where (X,B + M) and (X ′, B′ + M ′) are g-pairs and Y is normal, f and f ′ are
projective birational morphisms and ϕ is an isomorphism in codimension one, ϕ∗B =
B′, and M and M ′ are pushforwards of the same nef R-divisor on a common birational
model of X and X ′.

(a) If −(KX + B +M) is ample over Y and if KX′ + B′ +M ′ is ample over Y ,
then the diagram is an ample small quasi-flip.

(b) An ample small quasi-flip is a flip if f and f ′ are isomorphisms in codimension
one and if ρ(X/Y ) = ρ(X ′/Y ) = 1.

We recall that flips for log canonical pairs exist by [Bir12, Corollary 1.2] or [HX13,
Corollary 1.8]. On the other hand, the existence of flips for g-pairs is not known yet
in full generality. We refer, however, to [BZ16, Section 4] and [HL22, §3.1] for known
special cases.

The following result follows from [Fuj17, Lemmas 4.3.8 and 4.9.3].

Lemma 2.14. The termination of flips for Q-factorial klt pairs of dimension at
most d implies the termination of flips for log canonical pairs of dimension d.

2.5. The difficulty. In this subsection we follow closely [HL22] and we include
the details for the benefit of the reader. The difficulty stands as a collective noun
for various invariants related to the discrepancies of a pair or a g-pair, which behave
well under the operations of the Minimal Model Program. The first version of the
difficulty was introduced in [Sho85]. The version below was defined in [HL22].

Definition 2.15. Let (X,B +M) be an NQC Q-factorial dlt g-pair with data

X ′ → X → Z and M ′. We may write B =
∑k

i=1 biBi with prime divisors Bi and

bi ∈ (0, 1], and M ′ =
∑�

i=1 μiM
′
i with M ′

i Cartier divisors which are nef over Z and
μi ∈ (0,+∞). Let S be a log canonical centre of (X,B +M). Set b = {b1, . . . , bk},
μ = {μ1, . . . , μ�}, and

S(b, μ) =
{
m− 1

m
+

k∑
i=1

ribi
m

+
�∑

i=1

siμi

m
≤ 1

∣∣∣ m ∈ N>0, ri, si ∈ N

}
.

Note that the coefficients of BS belong to the set S(b, μ) by the proof of [BZ16,
Proposition 4.9]. For each α ∈ S(b, μ) set

d<−α(S,BS +MS) = #
{
E | a(E,S,BS +MS) < −α, cS(E) � Supp�BS

}
and

d≤−α(S,BS +MS) = #
{
E | a(E,S,BS +MS) ≤ −α, cS(E) � Supp�BS

}
.

The difficulty of the g-pair (S,BS +MS) is defined as

db,μ(S,BS +MS) =
∑

α∈S(b,μ)

(
d<−α(S,BS +MS) + d≤−α(S,BS +MS)

)
.

Lemma 2.16. In the notation from Definition 2.15:
(i) there exists γ ∈ (0, 1) such that a(E,S,BS + MS) ≥ −γ for each geometric

valuation E over S such that cS(E) � Supp�BS;
(ii) the set S(b, μ) ∩ [0, γ] is finite;
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(iii) we have

db,μ(S,BS +MS) < +∞.

Proof. Let S′ σ→ S → Z and M ′
S be the data of the g-pair (S,BS+MS). Consider

the set U := S \ Supp�BS and let U ′ := σ−1(U). Then we obtain the klt g-pair
(U,BS |U +MS |U ) with data U ′ → U → U and M ′

S |U ′ . Define B′
S by the equation

KS′ +B′
S +M ′

S ∼R σ∗(KS +BS +MS).

Then for each geometric valuation E over S such that cS(E) � Supp�BS we have

a(E,S,BS +MS) = a(E,U,BS |U +MS |U )
= a(E,U ′, B′

S |U ′ +M ′
S |U ′) = a(E,U ′, B′

S |U ′),

hence

d<−α(S,BS +MS) = #
{
E | a(E,U ′, B′

S |U ′) < −α} (3)

and

d≤−α(S,BS +MS) = #
{
E | a(E,U ′, B′

S |U ′) ≤ −α}. (4)

Since the pair (U ′, B′
S |U ′) is klt, by (3) and (4) there exists γ ∈ (0, 1) such that (i)

holds, and in particular:

d<−α(S,BS +MS) = d≤−α(S,BS +MS) = 0 if α > γ.

On the other hand, d<−α(S,BS +MS) and d≤−α(S,BS +MS) are finite for any α ∈
S(b, μ) by (3) and (4) and by [KM98, Proposition 2.36(2)]. Since the set S(b, μ)∩[0, γ]
is finite by [K+92, Lemma 7.4.4], (ii) and (iii) follow.

Proposition 2.17. Assume the notation from Definition 2.15. Consider a flip

(X,B +M) (X+, B+ +M+)

Z
θ

π

θ+

Assume that π is an isomorphism at the generic point of S and define S+ as the
strict transform of S on X+. Moreover, assume that π|S is an isomorphism along
Supp�BS. Then the following hold.

(i) We have

db,μ(S,BS +MS) ≥ db,μ(S
+, BS+ +MS+).

(ii) If there exists a geometric valuation E over S such that cS(E) is a divisor
but cS+(E) is not a divisor, then there exists α0 ∈ S(b, μ) \ {1} such that

d≤−α0(S,BS +MS) > d≤−α0(S
+, BS+ +MS+).

(iii) If there exists a geometric valuation E over S such that cS(E) is not a divisor
but cS+(E) is a divisor, then there exists α0 ∈ S(b, μ) \ {1} such that

d<−α0
(S,BS +MS) > d<−α0

(S+, BS+ +MS+).
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(iv) If π|S is not an isomorphism in codimension 1, then

db,μ(S,BS +MS) > db,μ(S
+, BS+ +MS+).

Proof. Part (i) follows immediately from Lemma 2.8.
For (ii), note that cS(E) �⊆ Supp�BS and cS+(E) �⊆ Supp�BS+ since π|S is an

isomorphism along Supp�BS. Then there exists α0 ∈ S(b, μ) \ {1} such that, by
Lemma 2.8,

−α0 = a(E,S,BS +MS) < a(E,S+, BS+ +MS+),

and (ii) follows.
For (iii), as above we again have cS(E) �⊆ Supp�BS and cS+(E) �⊆ Supp�BS+.

Then there exists α0 ∈ S(b, μ) \ {1} such that, by Lemma 2.8,

a(E,S,BS +MS) < a(E,S+, BS+ +MS+) = −α0,

and (iii) follows.
Part (iv) is an immediate consequence of (ii) and (iii).

3. Lifting a sequence of quasi-flips. The following result allows us to pass
from a sequence of (quasi-)flips of log canonical pairs to a sequence of flips of dlt pairs.

Lemma 3.1. Let (X1, B1) be a quasi-projective log canonical pair over a quasi-
projective variety Z. Consider a sequence of small ample quasi-flips over Z:

(X1, B1) (X2, B2) (X3, B3) . . .

Z1 Z2

θ1

π1

θ+
1

θ2

π2

θ+
2

π3

Then there exists a diagram

(Y1,Δ1) (Y2,Δ2) (Y3,Δ3) . . .

(X1, B1) (X2, B2) (X3, B3) . . .

Z1 Z2

f1

ρ1

f2

ρ2

f3

ρ3

θ1

π1

θ+
1

θ2

π2

θ+
2

π3

where, for each i ≥ 1, the map ρi : Yi ��� Yi+1 is a (KYi
+Δi)-MMP over Zi and the

map fi is a dlt blowup of the pair (Xi, Bi).
In particular, the sequence on top of the above diagram is an MMP for a Q-

factorial dlt pair (Y1,Δ1).

Proof. Let f1 : (Y1,Δ1) → (X1, B1) be a dlt blowup of (X1, B1). By Remark
2.10 the pair (X1, B1) has a minimal model in the sense of Birkar-Shokurov over
Z1, hence (Y1,Δ1) has a minimal model in the sense of Birkar-Shokurov over Z1

by [Has19, Lemma 2.15]. Therefore, by [Bir12, Theorem 1.9(ii),(iii)] there exists a
(KY1

+Δ1)-MMP with scaling of an ample divisor over Z1 which terminates with a
minimal model (Y2,Δ2) of (Y1,Δ1) over Z1. Since (X2, B2) is a log canonical model
of (Y1,Δ1) over Z1, by Lemma 2.12 there exists a morphism f2 : Y2 → X2 such that



434 V. LAZIĆ, J. MORAGA AND N. TSAKANIKAS

KY2
+ Δ2 ∼R f∗

2 (KX2
+ B2). In particular, the pair (Y2,Δ2) is a dlt blowup of

(X2, B2). By continuing this process analogously, we obtain the required diagram.

The analogue of Lemma 3.1 in the context of g-pairs is the following:

Lemma 3.2. Assume the existence of minimal models for smooth varieties of
dimension at most n− 1.

Let (X1, B1 + M1) be a quasi-projective NQC log canonical g-pair of dimension
n which is projective over a quasi-projective variety Z. Consider a sequence of small
ample quasi-flips over Z:

(X1, B1 +M1) (X2, B2 +M2) (X3, B3 +M3) . . .

Z1 Z2

θ1

π1

θ+
1

θ2

π2

θ+
2

π3

Then there exists a diagram

(Y1,Δ1 +N1) (Y2,Δ2 +N2) (Y3,Δ3 +N3) . . .

(X1, B1 +M1) (X2, B2 +M2) (X3, B3 +M3) . . .

Z1 Z2

f1

ρ1

f2

ρ2

f3

ρ3

θ1

π1

θ+
1

θ2

π2

θ+
2

π3

where, for each i ≥ 1, the map ρi : Yi ��� Yi+1 is a (KYi
+ Δi + Ni)-MMP over Zi

and the map fi is a dlt blowup of the g-pair (Xi, Bi +Mi).
In particular, the sequence on top of the above diagram is an MMP for an NQC

Q-factorial dlt g-pair (Y1,Δ1 +N1).

Proof. Let f1 : (Y1,Δ1 + N1) → (X1, B1 + M1) be a dlt blowup of the g-pair
(X1, B1 + M1). By the definition of a small ample quasi-flip and by Lemma 2.8,
the g-pair (X2, B2 + M2) is a minimal model of (X1, B1 + M1) over Z1, hence the
g-pair (X1, B1+M1) has a minimal model in the sense of Birkar-Shokurov over Z1 by
Remark 2.10. Hence, (X1, B1+M1) has an NQC weak Zariski decomposition over Z1

by [HL22, Proposition 5.1], and it follows by [LT22, Remark 2.11] that (Y1,Δ1 +N1)
has an NQC weak Zariski decomposition over Z1. Therefore, by [LT22, Theorem
4.4(ii)] there exists a (KY1

+Δ1 +N1)-MMP with scaling of an ample divisor over Z1

which terminates with a minimal model (Y2,Δ2+N2) of (Y1,Δ1+N1) over Z1. Since
(X2, B2+M2) is a log canonical model of (Y1,Δ1+N1) over Z1, by Lemma 2.12 there
exists a morphism f2 : Y2 → X2 such that KY2

+ Δ2 + N2 ∼R f∗
2 (KX2

+ B2 +M2).
In particular, the g-pair (Y2,Δ2 +M2) is a dlt blowup of the g-pair (X2, B2 +M2).
By continuing this process analogously, we obtain the required diagram.

4. Special termination for pairs.

Lemma 4.1. Let f : Y → X be a projective birational morphism between normal
varieties. Assume that we have a diagram

Y W

X Z

f

μ

θ

where θ is birational and μ is an isomorphism in codimension one. Let DX be an
R-Cartier R-divisor on X, set DY := f∗DX and DW := μ∗DY , and assume that DW
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is R-Cartier. Let VX ⊆ X and VY ⊆ Y be closed subsets such that f(VY ) = VX .
Assume that:

(i) the map μ is DY -nonpositive,
(ii) DW is semiample over Z,
(iii) VY is contained in the locus in Y where the map μ is an isomorphism,
(iv) the set Exc(θ) is covered by curves γ which are contracted by θ and such that

DX · γ < 0.
Then Exc(θ) ∩ VX = ∅.

Proof. Arguing by contradiction, assume that there exists x ∈ Exc(θ) ∩ VX and
set F := f−1(x). We first claim that

F ⊆ B(DY /Z). (5)

To this end, by (iv) we may find a curve γ ⊆ Exc(θ) passing through x, contracted
by θ and such that DX · γ < 0. But then for each H ∈ |DX/Z|R we have H · γ < 0,
and thus x ∈ γ ⊆ SuppH. This implies that x ∈ B(DX/Z), and by Lemma 2.3 we
infer that

F ⊆ f−1
(
B(DX/Z)

)
= B(DY /Z),

as desired.
Now, since F ∩ VY �= ∅, from (5) we obtain

VY ∩B(DY /Z) �= ∅. (6)

Define VW := μ(VY ) and note that VW is well-defined by (iii). We claim that

VW ∩B(DW /Z) �= ∅,
which would then contradict (ii) and finish the proof.

To this end, by (iii) there exists a resolution of indeterminacies (p, q) : T → Y ×W
of the map μ such that p and q are isomorphisms over some neighbourhoods of VY

and VW , respectively.

T

Y W

p q

μ

Then by (i) there exists an effective q-exceptional R-divisor ET on T such that

p∗DY ∼R q∗DW + ET .

Fix GW ∈ |DW /Z|R and set

GY := p∗(q∗GW + ET ) ∈ |DY /Z|R.
We then have

p∗GY = q∗GW + ET

by the Negativity Lemma [KM98, Lemma 3.39]. Since VY ∩ SuppGY �= ∅ by (6), we
obtain

∅ �= p−1(VY ) ∩ Supp(p∗GY ) = p−1(VY ) ∩ Supp(q∗GW + ET ),
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hence p−1(VY ) ∩ q−1(SuppGW ) �= ∅, as p−1(VY ) does not intersect SuppET by con-
struction. Thus, as VW = q

(
p−1(VY )

)
, we have

VW ∩ SuppGW �= ∅,

and the claim follows.

Proof of Theorem 1.1. By Lemma 2.14 we may assume the termination of flips
for Q-factorial dlt pairs of dimension at most n − 1. By Lemma 3.1 there exists a
diagram

(Y1,Δ1) (Y2,Δ2) (Y3,Δ3) . . .

(X1, B1) (X2, B2) (X3, B3) . . .

Z1 Z2

f1

ρ1

f2

ρ2

f3

ρ3

θ1

π1

θ+
1

θ2

π2

θ+
2

π3

where the sequence of rational maps ρi is a composition of steps of a (KY1
+ Δ1)-

MMP. By relabelling, we may assume that this MMP is a sequence of flips, and by
[Fuj07, Theorem 4.2.1] we may assume that the flipping locus avoids the non-klt locus
at each step in this MMP. We conclude by applying Lemma 4.1 for X = X1, Y = Y1,
DX = KX1

+B1, DY = KY1
+Δ1, VX = nklt(X1, B1) and VY = nklt(Y1,Δ1), taking

Remark 2.7 into account.

5. Special termination for g-pairs.

Theorem 5.1. Assume the termination of flips for NQC Q-factorial dlt g-pairs
of dimension at most n− 1.

Let (X1, B1 +M1) be a quasi-projective NQC Q-factorial dlt g-pair of dimension
n, which is projective over a normal quasi-projective variety Z. Consider a sequence
of flips over Z:

(X1, B1 +M1) (X2, B2 +M2) (X3, B3 +M3) . . .

Z1 Z2

θ1

π1

θ+
1

θ2

π2

θ+
2

π3

Then there exists a positive integer N such that

Exc(θi) ∩ nklt(Xi, Bi +Mi) = ∅ for all i ≥ N.

Proof. We follow closely the proofs of [HL22, Theorem 4.5] and [Fuj07, Theorem
4.2.1]. We prove by induction on d the following claim, and at the end of the proof
we show how it implies the theorem.

Claim. For each nonnegative integer d there exists a positive integer Nd such
that the restriction of θi to each log canonical centre of dimension at most d is an
isomorphism for all i ≥ Nd.

To prove the Claim, recall first that the number of log canonical centres of any
log canonical g-pair is finite. At step i of the MMP as above, if a log canonical centre
of (Xi, Bi + Mi) belongs to Exc(θi), then the number of log canonical centres of
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(Xi+1, Bi+1 +Mi+1) is smaller than the number of log canonical centres of (Xi, Bi +
Mi) by Lemma 2.8.

Thus, there exists a positive integer N0 such that the set Exc(θi) does not contain
any log canonical centre of (Xi, Bi +Mi) for i ≥ N0. By relabelling, we may assume
that N0 = 1. In particular, this proves the Claim for d = 0.

Therefore, we may assume that for each i ≥ 1, the map πi is an isomorphism at
the generic point of each log canonical centre of (Xi, Bi +Mi).

Let d be a positive integer. By induction and by relabelling, we may assume that
each map πi is an isomorphism along every log canonical centre of dimension at most
d− 1.

Now, we consider a log canonical centre S1 of (X1, B1 + M1) of dimension d.
We obtain a sequence of birational maps πi|Si

: Si ��� Si+1, where Si is the strict
transform of S1 on Xi. Every log canonical centre of the NQC dlt g-pair (Si, BSi

+
MSi) is a log canonical centre of (Xi, Bi +Mi), and hence by induction, each map πi

is an isomorphism along Supp�BSi. Then by Proposition 2.17 and since the difficulty
takes values in N, after relabelling the indices we may assume that Si and Si+1 are
isomorphic in codimension 1 for every i.

Moreover, by relabelling the indices we may assume that (πi|Si
)∗BSi

= BSi+1
:

indeed, this is equivalent to saying that we have

a(E,Si, BSi
+MSi

) = a(E,Si+1, BSi+1
+MSi+1

) (7)

for each component of BSi
and BSi+1

. Since πi is an isomorphism along Supp�BSi
,

the equation (7) is clear if E ⊆ Supp�BSi
. Note that in general we have a(E,Si, BSi

+
MSi

) ≤ a(E,Si+1, BSi+1
+MSi+1

) by Lemma 2.8. If E � Supp�BSi
, then by Lemma

2.16 there exists a finite subset Γ ⊆ S(B,μ), which is independent of the index i, such
that a(E,Si, BSi +MSi) ∈ Γ. Therefore, after relabelling the indices we may assume
that (7) holds.

For every i ≥ 1 we denote by Ti the normalisation of θi(Si). By Lemma 3.2 there
exists a diagram

(W1,Δ1 +N1) (W2,Δ2 +N2) (W3,Δ3 +N3) . . .

(S1, BS1 +MS1) (S2, BS2 +MS2) (S3, BS3 +MS3) . . .

T1 T2

f1

ρ1

f2

ρ2

f3

ρ3

θ1|S1

π1|S1

θ+
1 |S2

θ2|S2

π2|S2

θ+
2 |S3

where the sequence of rational maps ρi yields an MMP for the NQC Q-factorial dlt
g-pair (W1,Δ1 +N1). By the assumptions of the theorem, this MMP terminates, so
by relabelling, we may assume that

(Wi,Δi +Ni) = (Wi+1,Δi+1 +Ni+1) for all i ≥ 1.

Since −(KWi
+ Δi + Ni) is nef over Ti and KWi+1

+ Δi+1 + Ni+1 is nef over Ti by
construction, we obtain that KWi

+Δi +Ni is numerically trivial over Ti for each i.
In particular, KSi

+ BSi
+ MSi

and KSi+1
+ BSi+1

+ MSi+1
are numerically trivial

over Ti for each i, and thus θi|Si and θ+i |Si+1 contract no curves. Therefore, θi|Si and
θ+i |Si+1 are isomorphisms, and consequently all maps πi|Si are isomorphisms. This
finishes the proof of the Claim.



438 V. LAZIĆ, J. MORAGA AND N. TSAKANIKAS

Finally, we show that the Claim implies the Theorem: indeed, the Claim shows
that �Bi does not contain any flipping or flipped curves for all i ≥ Nn−1. Thus, if
Exc(θi) ∩ �Bi �= ∅ for some i ≥ Nn−1, then there is a curve C contracted by θi with
C · �Bi > 0. But then C+ · �Bi+1 < 0 for every curve C+ contracted by θ+i , hence
C+ ⊆ �Bi+1, a contradiction.

The analogue of Lemma 2.14 in the context of g-pairs is the following:

Lemma 5.2. The termination of flips for quasi-projective NQC Q-factorial klt
g-pairs of dimension at most d which are projective over a normal quasi-projective
variety Z implies the termination of flips for quasi-projective NQC log canonical g-
pairs of dimension d over Z.

Proof. By induction, we may assume the termination of flips for NQC Q-factorial
dlt g-pairs of dimension at most d− 1.

Consider a sequence of flips starting from an NQC log canonical g-pair (X1, B1+
M1) of dimension d:

(X1, B1 +M1) (X2, B2 +M2) (X3, B3 +M3) . . .

Z1 Z2

θ1

π1

θ+
1

θ2

π2

θ+
2

π3

By Lemma 3.2 there exists a diagram

(Y1,Δ1 +N1) (Y2,Δ2 +N2) (Y3,Δ3 +N3) . . .

(X1, B1 +M1) (X2, B2 +M2) (X3, B3 +M3) . . .

Z1 Z2

f1

ρ1

f2

ρ2

f3

ρ3

θ1

π1

θ+
1

θ2

π2

θ+
2

π3

where the sequence of rational maps ρi is a composition of steps in an MMP for
an NQC Q-factorial dlt g-pair (Y1,Δ1 + N1). It suffices to show that this MMP
terminates; we may assume that this sequence consists only of flips. By Theorem 5.1
and by relabelling, we may also assume that in this sequence the flipping locus at each
step avoids the non-klt locus. Consequently, this sequence of flips is also a sequence
of flips for the NQC Q-factorial klt g-pair

(
Y1, (Δ1 − �Δ1) +N1

)
, which terminates

by assumption.

Finally, we obtain the analogue of Theorem 1.1 in the context of g-pairs.

Proof of Theorem 1.2. The proof is analogous to that of Theorem 1.1, by replacing
Lemma 2.14 by Lemma 5.2, Lemma 3.1 by Lemma 3.2, and [Fuj07, Theorem 4.2.1]
by Theorem 5.1.
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