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Analysis of third order linear analytic differential
equations with a regular singularity: Bessel and

other classical equations

V́ıctor León
∗
, Alexis Rodriguez, and Bruno Scárdua

We study third order linear differential equations with analytic co-
efficients under the viewpoint of explicitly constructing solutions
and studying their convergence. We consider both homogeneous
and non-homogeneous cases. In the homogeneous case with a reg-
ular singular point we address some untouched aspects of the clas-
sical theory like the complete description of the space of solutions.
For this we identify the influence of resonances. We also study the
convergence of formal solutions and a concrete way of constructing
a third solution from two given solutions. These techniques apply,
via classical order reduction and variation of parameters, to a com-
plete description of the solutions of an analytic non-homogeneous
equation with a regular singularity in terms of the given coeffi-
cients. We also propose models of order three for the classical dif-
ferential equations like Airy, Chebychev, Laguerre, Lagrange and
Hermite. We obtain explicit solutions to these models enforcing the
properties they share with their order two counterparts. The final
part contains some computer generated graphs of the solutions of
these models. We believe our results are constructive and concrete
making them useful in applied sciences and engineering.
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1. Introduction and summary

Differential equations are among the most powerful tools in sciences like
mathematics, physics and engineering (see [1, 4, 5, 6, 12]). Third-order dif-
ferential equations models are used in modeling an important number of
high energy physical problems and other modern applications. One of the
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first that comes to mind is the problem of oscillations in a nuclear reactor
(see [18]). The deflection of a curved beam having a constant or a varying
cross-section is another example. Other examples are three layer beams, elec-
tromagnetic waves or gravity-driven flows. We also have Barenblatt’s equa-
tion for diffusion in a porous fissured medium. In neurobiology, for example
modeling current flow in neurons with microstructure, Vt = Vxx+ gVtxx−V
where g is a constant (see [14]). More generally, third order ODEs appear
in astrodynamics: the Clohessy-Wiltsjire equations (relative motion about
a circular orbit), the Tschauner-Hempel equations (relative motion about
an ellipse), the two-body equation after the substitution y = 1/r. There are
other situations. For instance, third order differential equation is the one for
the temperature appearing in the heat transport theory of materials con-
tradicting the “fading memory paradigm”. Finally, more Physical examples
are: the Abraham-Lorentz force (electron self-force) (see [4, 17]) and the
Jerk for parabolic curves in the roads.

In this paper we study third order linear differential equations with ana-
lytic coefficients under the viewpoint of finding explicit algorithmic solutions
and studying their convergence. We go back to the original ideas of Frobenius
(see [7]). We prove a theorem similar to classical Frobenius theorem, which
describes all the possible cases and solutions to this type of ODE. Once
armed with this first tool we pass to investigate the existence of solutions in
the non-homogeneous case and also the existence of a convergence theorem
and the influence of resonances in the type of the solutions. As mentioned
above, we give a concrete way of constructing a third solution from two
given solutions. This leads to a complete description of the solutions of an
analytic non-homogeneous equation with a regular singularity in terms
of the given coefficients. Finally, we present our models of order three for
the classical differential equations like Airy, Chebychev, Laguerre, Lagrange
and Hermite. After applying our procedure to obtain explicit solutions to
these models, we provide some computer generated graphs of the solutions
of these models. Our results are concrete and (computationally) constructive
and are aimed to shed a new light in this important, useful and attractive
field of science.

Next we give a more detailed description of our results. Throughout this
paper K will denote either the field of real numbers or the field of complex
numbers.

1.1. Existence and construction of a first solution

In this paper we study third order analytic linear ordinary differential equa-
tions in the homogeneous and non-homogeneous cases. For this sake we first
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extend the notion of regular singular point above to ODEs of order n ≥ 2.

Consider a linear ordinary differential equation with analytic coefficients of

the form

(1) a0(x)y
(n) + a1(x)y

(n−1) + . . .+ an−1(x)y
′ + an(x)y = 0.

We shall assume that the coefficients a0, a1, . . . , an−1, an are analytic in some

disc D(x0, R) : {|x− x0| < R} ⊂ K centered at some point x0 ∈ K, and we

shall study the case where a0(x0) = 0. In this case x0 is called a singular

point of equation (1), otherwise it is an ordinary point.

Definition 1.1. We shall say that x0 is a regular singular point of (1), if

the equation can be written as follows

(2) (x− x0)
ny(n) + b1(x)(x− x0)

n−1y(n−1) + . . .+ bn(x)y = 0

for x close enough to x0, where the functions b1, . . . , bn are analytic at x0. We

shall refer to such an analytic ordinary differential equation as a Frobenius

type ODE of order n. The equation (2) will be called an Euler equation

if bj is constant for every j = 1, . . . , n.

In this work we shall study the general third order Frobenius type ODEs,

and describe the method of obtaining solutions in a neighborhood of the

singular point. Motivated by the classical method of Frobenius and using

some techniques introduced in [3, Chapter IV Section 4.5] we prove the

following complete existence theorems:

Theorem A. Consider the equation

(3) L(y) := x3y′′′ + x2a(x)y′′ + xb(x)y′ + c(x)y = 0,

with a(x), b(x) and c(x) real analytic functions defined for |x| < R, R > 0.

Let r1, r2 and r3 be the roots of the indicial polynomial q(r) = r(r − 1)(r −
2)+r(r−1)a(0)+rb(0)+c(0), ordered in such a way that Re(r1) ≥ Re(r2) ≥
Re(r3). Then for 0 < |x| < R there is a solution ϕ1 of equation (3) given by

ϕ1(x) = |x|r1
∑∞

n=0 dnx
n (d0 = 1) where the series converges for |x| < R.

Moreover, if r1−r2 /∈ Z
+
0 , r1−r3 /∈ Z

+
0 and r2−r3 /∈ Z

+
0 then there exist other

two linearly independent solutions ϕ2 and ϕ3 defined in 0 < |x| < R, given

by: ϕ2(x) = |x|r2
∑∞

n=0 d̃nx
n (d̃0 = 1) and ϕ3(x) = |x|r3

∑∞
n=0 d̂nx

n (d̂0 =

1) where the series converge for |x| < R. The coefficients dn, d̃n, d̂n can be

obtained replacing the solutions in equation (3).
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Here Z
+
0 denotes the set of non-negative integers. Theorem A is valid in

the case of complex ordinary differential equations with a very similar state-

ment. Indeed, for this and our next main result, regarding the complex case,

we just have to replace the real logarithm log |x| by the complex logarithm

log z, and the real powers |x|rj where rj is a real root of the indicial polyno-

mial, by the terms zrj where z is the complex variable. These terms appear

in the so called resonant cases, where the roots of the indicial polynomial

have some integral relations and are all real.

1.2. Resonances and remaining solutions

The indicial equation associate to (3) is q(r) = r(r − 1)(r − 2) + r(r −
1)a(0) + rb(0) + c(0). The roots of the indicial equation are the indexes of

the equation. We shall say that the equation has a resonance if once we have

ordered the indexes such that Re(r1) ≥ Re(r2) ≥ Re(r3) we have one of the

following possibilities:

(i) r1 = r2 = r3 (ii) r1 = r2 and r1 − r3 ∈ Z
+

(iii) r2 = r3 and r1 − r2 ∈ Z
+ (iv) r1 − r2 ∈ Z

+ and r2 − r3 ∈ Z
+

We want to find more solutions defined for |x| < R.

Theorem B (Resonances). Suppose that we have resonances for the equa-

tion (3). Then we have the following possibilities

(i) If r1= r2= r3 there exist three linearly independent solutions ϕ1, ϕ2, ϕ3

defined in 0 < |x| < R, which has the following form:

ϕ1(x) = |x|r1σ1(x), ϕ2(x) = |x|r1+1σ2(x) + (log |x|)ϕ1(x)

and ϕ3(x) = |x|r1+1σ3(x) + 2(log |x|)ϕ2(x)− (log |x|)2ϕ1(x),

where σ1, σ2, σ3 are analytic in |x| < R and σ1(0) �= 0.

(ii) If r1 = r2 and r1 − r3 ∈ Z
+ there exist three linearly independent

solutions ϕ1, ϕ2, ϕ3 defined in 0 < |x| < R, which has the form:

ϕ1(x) = |x|r1σ1(x), ϕ2(x) = |x|r1+1σ2(x) + (log |x|)ϕ1(x)

and ϕ3(x) = |x|r3+2σ3(x) + c (log |x|)ϕ1(x),

where c constant, σ1, σ2, σ3 are analytic in |x| < R, σ1(0) �= 0 and

σ3(0) �= 0.
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(iii) If r2 = r3 and r1 − r2 ∈ Z
+ there exist three linearly independent

solutions ϕ1, ϕ2, ϕ3 defined in 0 < |x| < R, which has the form:

ϕ2(x) = |x|r2σ2(x), ϕ3(x) = |x|r2+1σ3(x) + (log |x|)ϕ2(x)

and ϕ1(x) = |x|r2+2σ1(x) + c (log |x|)ϕ2(x),

where c constant, σ1, σ2, σ3 are analytic in |x| < R, σ1(0) �= 0 and
σ2(0) �= 0.

(iv) If r1− r2 ∈ Z
+ and r2− r3 ∈ Z

+ there exist three linearly independent
solutions ϕ1, ϕ2, ϕ3 defined in 0 < |x| < R, which has the form:

ϕ1(x) = |x|r1σ1(x), ϕ2(x) = |x|r2σ2(x) + c (log |x|)ϕ1(x)

and ϕ3(x) = |x|r3σ3(x) + c̃ (log |x|)ϕ2(x),

where c and c̃ are constants, σ1, σ2, σ3 are analytic in |x| < R, σ1(0) �=
0, σ2(0) �= 0 and σ3(0) �= 0.

As already mentioned, Theorem B is valid in the case of complex ordi-
nary differential equations.

1.3. Non-homogenous case

A non-homogeneous equation of third order with analytic coefficients is a
differential equation of the form

(4) a0(x)y
′′′ + a1(x)y

′′ + a2(x)y
′ + a3(x)y = f(x)

where a0, a1, a2, a3, f are functions defined in a disc D : |x−x0| < R ⊂ K. It
is well-known that the general solution of (4) is of the form y(x) = ϕh(x) +
ϕp(x) where ϕh is the general solution of the corresponding homogeneous
equation

(5) a0(x)y
′′′ + a1(x)y

′′ + a2(x)y
′ + a3(x)y = 0

and ϕp is any particular solution of (4).
On the other hand, according to Theorems A and B we have that in

the case of third order differential equations with a regular singular point
at the origin it is always possible to find the linearly independent solutions
of the homogeneous equation and, making use of the method introduced in
this section, we find a general solution of the non-homogeneous equation as
follows:
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Theorem C. Every solution of L(y) := x3y′′′+x2a(x)y′′+xb(x)y′+c(x)y =
f(x), with a(x), b(x), c(x) and f(x) analytic for |x| < R is of the form

y(x) = c1y1(x) + c2y2(x) + c3y3(x)

+y1(x)

∫ x

0

[y2(s)y
′
3(s)− y3(s)y

′
2(s)]f(s)

s3 exp
(
−
∫ s
0

a(t)
t dt

) ds

+y2(x)

∫ x

0

[y3(s)y
′
1(s)− y1(s)y

′
3(s)]f(s)

s3 exp
(
−
∫ s
0

a(t)
t dt

) ds

+y3(x)

∫ x

0

(y1(s)y
′
2(s)− y2(s)y

′
1(s))f(s)

s3 exp
(
−
∫ s
0

a(t)
t dt

) ds

,

where y1, y2, y3 are linearly independent solutions of L(y) = 0 and c1, c2, c3
constants.

1.4. Convergence of formal solutions

A number of works deal with algorithmic methods for solving analytic linear
ODEs based on Frobenius method. Nevertheless, few attention is paid to
the proof of convergence of these solutions. Let us give some contribution
to this matter. A Frobenius-type formal solution of the equation is a formal

expression ϕ(x) = (x − x0)
r

∞∑
n=0

an(x − x0)
n where an is constant for all n,

which satisfies formally the equation. In this case, r is necessarily an index
of the equation. The solution is called convergent if the formal power series
∞∑
n=0

an(x− x0)
n has a positive convergence radius.

We prove the following formal convergence theorem:

Theorem D (Convergence of formal solution). Consider the third order
ordinary differential equation given by

(6) a(x)y′′′ + b(x)y′′ + c(x)y′ + d(x)y = 0,

where a, b, c are analytic functions at the origin 0 ∈ R. Assume that (6) has
at x = 0 an ordinary point or a regular singular point. Then a Frobenius-type

formal solution ŷ(x) = xr
∞∑
n=0

anx
n is always convergent in some neighbor-

hood |x| < R of the origin. Indeed, this solution converges in the same maxi-
mal interval ]−R,R[⊂ R where the coefficients a(x), b(x), c(x) are analytic.
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1.5. Third order models for classical equations

The last part of the paper is dedicated to the construction of third order
models for the classical ODEs like Airy, Legendre, Laguerre, Hermite and
Chebyshev. We study these equations and obtain their solutions, obtaining
for the third order framework some of the classical results, like existence of
polynomial solutions (Laguerre, Hermite and Chebyshev polynomials) and
oscillating behaviour of solutions. This is done with the aid of some computer
plottage of the solutions. As a sample we have:

Example 1.1 (Third order Bessel equation). The third order Bessel equa-
tion

(7) x3y′′′ + 3x2y′′ + xy′ + (x3 − α3)y = 0, x > 0

where Re(α) ≥ 0, admits solutions of the form

ϕ1(x) =

∞∑
k=0

(−1)k

33k(k!)3
x3k =

∞∑
k=0

(−1)k

(k!)3
(x
3

)3k
(8)

ϕ2(x) =

∞∑
n=1

(−1)n+1

33n(n!)3
[
1 +

1

2
+

1

3
+ · · ·+ 1

n

]
x3n + (log x)ϕ1(x)(9)

and ϕ3(x) = x

∞∑
n=0

cnx
n + 2(log x)ϕ2(x)− (log x)2ϕ1(x),

where cn given by c0 = c1 = 0, c2 = 23

34 , and the recurrences below: (3n −
2)3c3n−3 + c3n−6 = 0 for every n ≥ 2, (3n − 1)3c3n−2 + c3n−5 = 0 for every

n ≥ 2 and (3n)3c3n−1 + c3n−4 =
(−1)n+1(18n)

33n(n!)3

[
(3n)

(
1 + 1

2 +
1
3 + · · ·+ 1

n

)
+ 1

]
for every n ≥ 2.

In the Appendix one finds the plotting of these solutions and some others
associate to third order models of classical equations.

Remark. The complex version of Theorem B or, more generally, Frobenius
method for order n linear homogeneous complex analytic equations can be
found in [10] throughout Chapter XVI (§16.1 page 396 and on). Indeed, in
§16.1 (page 396) the author proceeds in the classical way to prove the ex-

istence of a formal solution of the form zr
∞∑
n=0

anz
n where r is a (maybe

complex) root of the indicial equation. Next, in §16.2 page 398 the same
author makes use of Cauchy Integral Formula to prove, always in the case
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of a complex regular singular point, the existence of a first “convergent” so-

lution of the form zr
∞∑
n=0

anz
n where the power series

∞∑
n=0

anz
n converges in

some neighborhood of the singular point. Next, in §16.3 page 400 the author

hints the form of the other possible solutions according to the disposition

of the roots of the indicial equation. Our Theorems A and B above give a

solid confirmation of this statement. Indeed, we discuss more accurately the

connection between the existence of resonances for the roots of the indicial

equation and the types of the solutions. Moreover, our proof of the conver-

gence is more elementary, without the need of Cauchy Integral Formula, and

our estimates in the coefficients of the power series are more clear and may

be used in a computing process in order to control the speed of the con-

vergence, something which is fundamental in applications to engineering.

Finally, it is not clear from the argumentation in [10] that the real case, ie.,

the case of real ODEs may be treated in the same way. Indeed, the roots of

the indicial equation may be complex non-real and therefore the coefficients

in the power series in the formal solution may be complex non-real, which

would not be useful in the search of real solutions. A stronger evidence of

this fact is given in Example 3.1 where a real ODE of third order gives rise

to one real root and two complex conjugate roots for the indicial equation.

This complexity spreads throughout the recurrence and gives complex co-

efficients for the power series of the solutions. This shows that the natural

idea of starting from a real analytic ODE, considering its complexification,

applying the Frobenius methods in [10] and then considering a sort of “de-

complexification” of the solution, may not be a reasonable way of finding

the (real) solutions of the original (real) ODE. To overcome this difficult is

one of the gains of our current approach.

2. Proof of Theorem A

Proof of Theorem A. Let ϕ be a solution of (3) of the form

(10) ϕ(x) = xr
∞∑
n=0

dnx
n

where d0 �= 0. Since a(x), b(x) and c(x) are analytic in |x| < R we have that

(11) a(x) =

∞∑
n=0

anx
n, b(x) =

∞∑
n=0

bnx
n and c(x) =

∞∑
n=0

cnx
n.
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Therefore L(ϕ)(x) = xr
∑∞

n=0

[
(n+r)(n+r−1)(n+r−2)dn+ãn+ b̃n+c̃n

]
xn

where ãn =

n∑
j=0

(j + r)(j + r − 1)djan−j , b̃n =

n∑
j=0

(j + r)djbn−j and c̃n =

n∑
j=0

djcn−j according to (3) we have [ ]n = (n+ r)(n+ r− 1)(n+ r− 2)dn+

ãn + b̃n + c̃n = 0, n = 0, 1, 2, . . . Using the definitions of ãn, b̃n and c̃n we
can write [ ]n since

[ ]n =

[(n+ r)(n+ r − 1)(n+ r − 2) + (n+ r)(n+ r − 1)a0 + (n+ r)b0 + c0]dn

+

n−1∑
j=0

[(j + r)(j + r − 1)an−j + (j + r)bn−j + cn−j ]dj .

For n = 0 we have r(r− 1)(r− 2) + r(r− 1)a0 + rb0 + c0 = 0 provided that
d0 �= 0. We see that

(12) [ ]n = q(n+ r)dn + en, n = 1, 2, . . .

where

(13) en =

n−1∑
j=0

[(j+ r)(j+ r− 1)an−j +(j+ r)bn−j + cn−j ]dj , n = 1, 2, . . .

Note that en is a linear combination of d0, d1, . . . , dn−1, whose coefficients
involve the functions a, b, c and r. Letting r and d0 be unknown, for the
moment we solve equations (12) and (13) in terms of d0 and r. These
solutions are represented according to Dn(r), and a en by En(r). Hence

E1(r) = (r(r − 1)a1 + rb1 + c1)d0, D1(r) = − E1(r)
q(1+r) , and in general:

En(r) =

n−1∑
j=0

[(j + r)(j + r − 1)an−j + (j + r)bn−j + cn−j ]Dj(r)(14)

Dn(r) = − En(r)

q(n+ r)
, n = 1, 2, . . .(15)

The terms Dn thus given, are rational functions of r, whose only indef-
inite points are the points r for which q(r + n) = 0 for some n = 1, 2, . . ..
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Among these, there exist only two possible points. Let us define ϕ as follows:

(16) ϕ(x, r) = d0x
r + xr

∞∑
n=1

Dn(r)x
n.

If the series (16) converges for 0 < x < R, then we have:

(17) L(ϕ)(x, r) = d0q(r)x
r.

Now we have a following situation: If a ϕ given by (10) is a solution of (3),
then r must be a root of the indicial polynomial q, and then dn (n ≥ 1)
are given exclusively in terms of d0 and r according to os Dn(r) of (15),
provided that q(n+ r) �= 0, n = 1, 2, . . ..

Conversely, if r is a root of q and if the Dn(r) are given (i.e., q(n+r) �= 0
for n = 1, 2, . . .) then a function ϕ given by ϕ(x) = ϕ(x, r) is a solution of
(10) for every choice of d0, provided that that the series (16) is convergent.

We have r1, r2, r3 are as roots of q with Re(r1) ≥ Re(r2) ≥ Re(r3).
Then q(n + r1) �= 0 for every n = 1, 2, . . .. Hence, Dn(r1) exists for every
n = 1, 2, . . ., and putting d0 = D0(r1) = 1 we have that a function ϕ1 given
by

(18) ϕ1(x) = xr1
∞∑
n=0

Dn(r1)x
n, D0(r1) = 1,

is a solution of (10), provided that the series converges. Since r1 − r2 /∈ Z
+
0 ,

r1 − r3 /∈ Z
+
0 and r2 − r3 /∈ Z

+
0 then q(n + r2) �= 0 and q(n + r3) �= 0 for

every n = 1, 2, . . ., then Dn(r2) and Dn(r3) are well-defined for n = 1, 2, . . .
hence the functions ϕ2 and ϕ3 are given by

(19) ϕ2(x) = xr2
∞∑
n=0

Dn(r2)x
n, D0(r2) = 1,

and

(20) ϕ3(x) = xr3
∞∑
n=0

Dn(r3)x
n, D0(r3) = 1.

Now let us show the convergence of the series

(21)

∞∑
n=0

Dn(r)x
n
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where Dn(r) are given recursively by

(22)

D0(r) = 1,

(n = 1, 2, . . .) q(n+ r)Dn(r) =

−
n−1∑
j=0

[(j + r)(j + r − 1)an−j + (j + r)bn−j + cn−j ]Dj(r)

to see (14) and (15). We need to show that the series (21) converge for

|x| < R if r = r1, if r = r2 and if r = r3, provided that r1 − r2 /∈ Z
+
0 ,

r1 − r3 /∈ Z
+
0 and r2 − r3 /∈ Z

+
0 . Note that q(r) = (r − r1)(r − r2)(r − r3)

and according to that we have q(n + r1) = n(n + r1 − r2)(n + r1 − r3),

q(n+r2) = n(n+r2−r1)(n+r2−r3) and q(n+r3) = n(n+r3−r1)(n+r3−r2).

Henceforth:

(23)
|q(n+ r1)| ≥ n(n− |r1 − r2|)(n− |r1 − r3|),
|q(n+ r2)| ≥ n(n− |r1 − r2|)(n− |r2 − r3|),

and |q(n+ r3)| ≥ n(n− |r1 − r3|)(n− |r2 − r3|).

Let now ρ be any number that satisfies the inequality 0 < ρ < R. Since the

series defined in (11) are convergent for |x| = ρ exists a constant M > 0

such that

(24) |aj |ρj ≤ M, |bj |ρj ≤ M, |cj |ρj ≤ M j = 0, 1, 2, . . .

Replacing (23) and (24) in equation (22), we obtain:

(25)
n(n− |r1 − r2|)(n− |r1 − r3|)|Dn(r1)| ≤

M
∑n−1

j=0 ((j + |r1|)(j + |r1 − 1|) + (j + |r1|) + 1)ρj−n|Dj(r1)|,

for n = 1, 2, . . .. Let N1 be the integer that satisfies the inequality N1 − 1 ≤
|r1 − r2| < N1, and N2 the integer that satisfies the inequality N2 − 1 ≤
|r1−r3| < N2. Consider the N = max{N1, N2} and we shall define γ0, γ1, . . .

of the following form: γ0 = D0(r1) = 1, γn = |Dn(r1)|, n = 1, 2, . . . , N − 1

and

(26)

n(n− |r1 − r2|)(n− |r1 − r3|)γn =

M
∑n−1

j=0 ((j + |r1|)(j + |r1 − 1|) + (j + |r1|) + 1)ρj−nγj ,
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for n = N,N +1, . . .. Then, comparing the definition of γn with (25), we see
that

(27) |Dn(r1)| ≤ γn, n = 0, 1, 2, . . .

Hence we will shows that the series

(28)

∞∑
n=0

γnx
n

is convergent for |x| < ρ. Replacing n according to n + 1 in (26) and using
the quotient test we see that the series (28) converges for |x| < ρ. Using
(27) and according to the comparison test for series, we conclude that the

series

∞∑
n=0

Dn(r1)x
n, D0(r1) = 1, also converges for |x| < ρ. But since ρ is

any number that satisfies the inequality 0 < ρ < R, this already shows that
that this series converges for |x| < R. Replacing r1 by r2 in all the above

computations, we show that

∞∑
n=0

Dn(r2)x
n, D0(r2) = 1, converge for |x| < R

provided that r1− r2 /∈ Z
+
0 and r2− r3 /∈ Z

+
0 . Also, replacing r1 by r3 in the

above computations, we show that

∞∑
n=0

Dn(r3)x
n, D0(r3) = 1, converge for

|x| < R provided that r1 − r3 /∈ Z
+
0 and r2 − r3 /∈ Z

+
0 .

Remark 2.1. Since we already know that in (18), (19) and (20) the coef-
ficients dn, d̃n, d̂n that appear in the solutions ϕ1, ϕ2, ϕ3 of Theorem A are
given according to dn = Dn(r1), d̃n = Dn(r2) and d̂n = Dn(r3), n = 1, 2, . . .
where the Dn(r) are solutions of equations (14) and (15) with D0(r) = 1.

3. Resonances: proof of Theorem B

We shall work with a formal method for finding out the form of the solutions.
For such x, we have, according to (16) and (17),

(29) L(ϕ)(x, r) = d0q(r)x
r,

where ϕ is given by

(30) ϕ(x, r) = d0x
r + xr

∞∑
n=1

Dn(r)x
n.
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The functions Dn(r) are given by the recurrence given by the formulas:

(31)

D0(r) = d0 �= 0,

(n = 1, 2, . . .) q(n+ r)Dn(r) = −En(r)

En(r) =
∑n−1

j=0 [(j + r)(j + r − 1)an−j + (j + r)bn−j + cn−j ]Dj(r)

to see (14) and (15).

Proof.

(i) We have q(r1) = 0, q′(r1) = 0, q′′(r1) = 0, and this clearly suggests
the derivation of (29) with respect to r. We obtain

(32) ∂
∂rL(ϕ)(x, r) = L

(∂ϕ
∂r

)
(x, r) = d0[q

′(r) + (log x)q(r)]xr,

and we see that if r = r1 = r2 = r3, d0 = 1 we have ϕ2(x) =
∂ϕ
∂r (x, r1)

which will give us a solution of the equation, provided that the series
converges. A straightforward computation from (30), we have:

ϕ2(x) = xr1
∑∞

n=0D
′
n(r1)x

n + (log x)xr1
∑∞

n=0Dn(r1)x
n

= xr1
∑∞

n=0D
′
n(r1)x

n + (log x)ϕ1(x)

where ϕ1 is the already obtained solution: ϕ1(x) = xr1
∑∞

n=0Dn(r1)x
n,

D0(r1) = 1. Note that D′
n(r1) exists for every n = 0, 1, 2, . . ., since os

Dn are rational functions of r whose denominator does not vanish in
r = r1. Also D0(r) = 1 implies that D′

0(r1) = 0, and therefore the
series that in ϕ2 is multiplying xr1 starts with a first power of x. In
order to find other solution we take the derivative of (32) with respect
to r. We obtain

∂2

∂r2L(ϕ)(x, r)=L
(∂2ϕ
∂r2

)
(x, r)= d0[q

′′(r)+2(log x)q′(r)+(log x)2q(r)]xr,

and we see that if r = r1 = r2 = r3, d0 = 1 we have ϕ3(x) =
∂2ϕ
∂r2 (x, r1)

which will give us a solution of the equation, provided that the series
converges. A straightforward computation from (30), we have:

ϕ3(x) = xr1
∑∞

n=0D
′′
n(r1)x

n + (log x)xr1
∑∞

n=0D
′
n(r1)x

n

+(log x)[xr1
∑∞

n=0D
′
n(r1)x

n + (log x)xr1
∑∞

n=0Dn(r1)x
n]
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and therefore

ϕ3(x) = xr1
∞∑
n=0

D′′
n(r1)x

n + 2(log x)ϕ2(x)− (log x)2ϕ1(x).

Note that D′′
n(r1) also exists for every n = 0, 1, 2, . . ., since os D′

n are
rational functions of r whose denominator does not vanish in r = r1.
Also D0(r) = 1 implies that D′′

0(r1) = D′
0(r1) = 0, and therefore the

series that in ϕ3 is multiplying xr1 starts with a first power of x.
(ii) Since r1 = r2 proceed as in item (i) and obtain:

ϕ2(x) = xr1
∞∑
n=0

D′
n(r1)x

n + (log x)ϕ1(x)

where ϕ1 is the already obtained solution:

ϕ1(x) = xr1
∞∑
n=0

Dn(r1)x
n, D0(r1) = 1.

Suppose that that r1 = r3 + m, where m ∈ Z
+. If d0 is given,

D1(r3), · · · , Dm−1(r3) all exist and have finite values, but since

(33) q(r +m)Dm(r) = −Em(r),

we encounter some difficulties in the computation of Dm(r3). Now
q(r) = (r−r1)

2(r−r3) and therefore: q(r+m) = (r−r3)
2(r+m−r3).

If Em(r) has (r − r3)
2 as a factor (i.e., Em(r3) = E′

m(r3) = 0) this
implies that we can cancel the same factor in q(r+m), and then (33)
gives Dm(r3) in form of finite number. Then: Dm+1(r3), Dm+2(r3), . . .
all of them exist. In a situation also especial, we obtain a solution
ϕ3 of the form ϕ3(x) = xr3

∑∞
n=0Dn(r3)x

n, D0(r3) = 1. It is always
possible to arrange of such form that Ẽm(r3) = 0, choosing D̃0(r) =
(r− r3)

2. Observing (31) we see that Ẽn(r) is linear homogeneous em
D̃0(r), . . . , D̃n−1(r) and therefore that Ẽn(r) has the D̃0(r) = (r−r3)

2

as a factor. Hence, D̃m(r3) will exist in form of finite number. Putting
ψ(x, r) = xr

∑∞
n=0 D̃n(r)x

n, D̃0(r) = (r − r3)
2 we find formally that

(34) L(ψ)(x, r) = (r − r3)
2q(r)xr.

Putting r = r3 we obtain formally a solution ψ given by ψ(x) =
ψ(x, r3). Although, D̃0(r3) = D̃1(r3) = · · · = D̃m−1(r3) = 0. Hence,
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the series that defines ψ really starts with a m-th power of x, and then

ψ has the form: ψ(x) = xr3+mσ(x) = xr1σ(x) where σ is a power series.

It is not difficult to see that ψ is precisely a multiple by a constant

of the solution ϕ1 that is already known. In order to find a solution

really associate with r3, we take the derivative of (34) with respect to

r, we obtain:

∂
∂rL(ψ)(x, r) = L

(∂ψ
∂r

)
(x, r)

= [2(r − r3)q(r) + (r − r3)
2(q′(r) + (log x)q(r))]xr.

Now, putting r = r3 we find a function ϕ3 given by ϕ3(x) =
∂ψ
∂r (x, r3)

is a solution, provided that the series involved are convergent. We

have the form ϕ3(x) = xr3
∑∞

n=0 D̃
′
n(r3)x

n+(log x)xr3
∑∞

n=0 D̃n(r3)x
n,

where D̃0(r) = (r − r3)
2. Since D̃0(r3) = · · · = D̃m−1(r3) = 0, we can

rewrite this in the following form:

ϕ3(x) = xr3
∞∑
n=0

D̃′
n(r3)x

n + c(log x)ϕ1(x),

where c is some constant.

(iii) Since in item (ii) we obtain: ϕ3(x) = xr2
∑∞

n=0D
′
n(r2)x

n+(log x)ϕ2(x)

where ϕ2 is the already obtained solution: ϕ2(x) = xr2
∑∞

n=0Dn(r2)x
n,

D0(r2) = 1. Also since in item (ii) we have that r1 = r2 + m, where

m ∈ Z
+. The other desired solution has the form

ϕ1(x) = xr2
∞∑
n=0

D̃′
n(r2)x

n + (log x)xr3
∞∑
n=0

D̃n(r2)x
n,

where D̃0(r) = (r − r2)
2. Since D̃0(r2) = · · · = D̃m−1(r2) = 0, we can

write this in the following form:

ϕ1(x) = xr2
∞∑
n=0

D̃′
n(r2)x

n + c(log x)ϕ2(x),

where c is some constant.

(iv) Since in item (ii) we have that r1 = r2 + m, where m ∈ Z
+ and

r2 = r3 + p, where p ∈ Z
+. The desired solution has the form ϕ2(x) =

xr2
∑∞

n=0 D̃
′
n(r2)x

n+(log x)xr2
∑∞

n=0 D̃n(r2)x
n, where D̃0(r) = r−r2.
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Since D̃0(r2) = · · · = D̃m−1(r2) = 0, we can write this in the fol-

lowing form: ϕ2(x) = xr2
∑∞

n=0 D̃
′
n(r2)x

n + c(log x)ϕ1(x), where c is

some constant and ϕ1(x) = xr1
∑∞

n=0Dn(r1)x
n, D0(r1) = 1. Analo-

gously another solution has the form ϕ3(x) = xr3
∑∞

n=0 D̂
′
n(r3)x

n +

(log x)xr3
∑∞

n=0 D̂n(r3)x
n, where D̂0(r) = r−r3. Since D̂0(r3) = · · · =

D̂p−1(r3) = 0, we can write this in the following form:

ϕ3(x) = xr3
∞∑
n=0

D̂′
n(r3)x

n + c̃(log x)ϕ2(x),

where c̃ is some constant.

Remark 3.1.

(i) The method used above is based in the classical ideas of Frobenius and

we shall refer to it as the method of Frobenius for order three. All the

series obtained above converge for |x| < R.

(ii) The solutions for x < 0, can be obtained by replacing xr1 , xr2 , xr3 , log x

in the expansion according to |x|r1 , |x|r2 , |x|r3 , log |x| respectively.

Example 3.1. Consider the equation

(35) x3y′′′ + x2y′′ + xy′ + x3y = 0, x > 0.

Note that in this case, a(x) = 1, b(x) = 1 and c(x) = x3 which are analytic

at 0. The indicial polynomial is given q(r) = r(r2 − 2r + 2). The roots are

r1 = 1+i, r2 = 1−i and r3 = 0. Since r1−r2 = 2i /∈ Z
+
0 , r1−r3 = 1+i /∈ Z

+
0

and r2 − r3 = 1 − i /∈ Z
+
0 according to Theorem A we have three solutions

of the form

ϕ1(x) = x1+i
∞∑
n=0

anx
n (a0 = 1), ϕ2(x) = x1−i

∞∑
n=0

bnx
n (b0 = 1)

and ϕ3(x) =

∞∑
n=0

cnx
n (c0 = 1).

Substituting the solutions of equation (35) we obtain the following:

• For ϕ3 we have the following recurrence relation for the coefficients

c1 = 0, c2 = 0 and n((n − 1)2 + 1)cn + cn−3 = 0 for every n ≥ 3.
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Therefore, since c0 = 1 we have that

ϕ3(x) = 1 +

∞∑
k=1

(−1)k

3kk!(22+1)(52+1)···((3k−1)2+1)x
3k.

• For ϕ1 we have the following recurrence relation for the coefficients
a1 = 0, a2 = 0 and n

[(
n+ 1+3i

2

)2
+ i

2

]
an + an−3 = 0 for every n ≥ 3.

Denote by α0 =
1+3i
2 , β0 =

i
2 and since a0 = 1 we have that

ϕ1(x) = x1+i +

∞∑
k=1

(−1)k

3k·k![(3+α0)2+β0][(6+α0)2+β0]···[(3k+α0)2+β0]
x3k+1+i.

• For ϕ2 we have the following recurrence relation for the coefficients
b1 = 0, b2 = 0 and n

[(
n + 1−3i

2

)2 − i
2

]
bn + bn−3 = 0 for every n ≥ 3.

Therefore, since b0 = 1 we have that

ϕ2(x) = x1−i +

∞∑
k=1

(−1)k

3k·k![(3+α0)2+β0][(6+α0)2+β0]···[(3k+α0)2+β0]
x3k+1−i.

4. Non-homogeneous equations

We now address the problem of solving non-homogeneous equations in a
neighborhood of a regular singular point. From what we observed in the
Introduction the point is to find a solution particular of (4) and a general
solution of the homogeneous equation (5). The technic that we use for finding
a particular solution is an extension for order three of the classical variation
of parameters.

4.1. Method of variation of parameters

Let {ϕ1, ϕ2, ϕ3} be a basis of the solution space of the homogeneous equation
(5). We shall assume that

ϕp(x) = C1(x)ϕ1(x) + C2(x)ϕ2(x) + C3(x)ϕ3(x)

where C1, C2, C3 are functions that verify

(36)

C ′
1(x)ϕ1(x) + C ′

2(x)ϕ2(x) + C ′
3(x)ϕ3(x) = 0

C ′
1(x)ϕ

′
1(x) + C ′

2(x)ϕ
′
2(x) + C ′

3(x)ϕ
′
3(x) = 0

C ′
1(x)ϕ

′′
1(x) + C ′

2(x)ϕ
′′
2(x) + C ′

3(x)ϕ
′′
3(x) = f(x)

a0(x)



68 Vı́ctor León et al.

since {ϕ1, ϕ2, ϕ3} are linearly independent then the Wronskian of third order
of ϕ1, ϕ2, ϕ3 never vanishes, i.e.,

W (ϕ1, ϕ2, ϕ3)(x) = det

⎛
⎝ ϕ1(x) ϕ2(x) ϕ3(x)

ϕ′
1(x) ϕ′

2(x) ϕ′
3(x)

ϕ′′
1(x) ϕ′′

2(x) ϕ′′
3(x)

⎞
⎠ �= 0

for every x. Therefore the system (36) has a unique solution given by

(37)

C ′
1(x) =

f(x)[ϕ2(x)ϕ′
3(x)−ϕ3(x)ϕ′

2(x)]
W (ϕ1,ϕ2,ϕ3)(x)

, C ′
2(x) =

f(x)[ϕ3(x)ϕ′
1(x)−ϕ1(x)ϕ′

3(x)]
W (ϕ1,ϕ2,ϕ3)(x)

and C ′
3(x) =

f(x)[ϕ1(x)ϕ′
2(x)−ϕ2(x)ϕ′

1(x)]
W (ϕ1,ϕ2,ϕ3)(x)

.

We shall now construct the other linearly independent solutions from a so-
lution of the homogeneous equation (5).

4.2. Reduction of order

Let us consider a homogeneous third order equation with non-constant coef-
ficients (5). We shall apply the method of reduction of order that consists in
finding another solution of the differential equation from an already known
solution as we shall see. Suppose that we know a solution ϕ of equation (5).
Let us consider ψ = μϕ where μ is a function. We shall assume that ψ is a
solution of (5). The substitution leads to the following second order equation
for u′:

a0(x)ϕ(x)u
′′′ + (3a0(x)ϕ

′(x) + a1(x)ϕ(x))u
′′

+(3a0(x)ϕ
′′(x) + 2a1(x)ϕ

′(x) + a2(x)ϕ(x))u
′ = 0.

From two linearly independent solutions we can construct a third solution.
The proof of this construction can be found in [13]. We shall state this
technique in what follows:

4.3. Construction of a third solution from two linearly
independent solutions

Let y1, y2 be linearly independent solutions of (5). Denote by Wij = −Wji =
yiy

′
j−yjy

′
i, i �= j. The idea is to verify that y1, y2 are solutions of the following

equation W12(x)z
′′ − W ′

12(x)z
′ + (y′1(x)y

′′
2(x) − y′2(x)y

′′
1(x))z = 0 and then

consider a non-homogeneous equation W12(x)z
′′−W ′

12(x)z
′+(y′1(x)y

′′
2(x)−
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y′2(x)y
′′
1(x))z = W (x) where W (s) = exp

(
−

∫ s
x0

a1(t)
a0(t)

dt
)
with x0 ∈ I. The

particular solution of this equation is obtained by the method of variation
of parameters (see [3, Chapter II Section 2.6]) and this given by y3(x) =

y2(x)
∫ x
x0

y1(s)W (s)
(W12(s))2

ds − y1(x)
∫ x
x0

y2(s)W (s)
(W12(s))2

ds. It is not difficult to see that y3
is a solution of the homogeneous equation (5) and W (y1, y2, y3)(x) �= 0 for
every x ∈ I.

Also we have:

(38)

y1W23 + y2W31 + y3W12 = 0

y′1W23 + y′2W31 + y′3W12 = 0

y′′1W23 + y′′2W31 + y′′3W12 = W.

Now for finding a particular solution of (4) we use the method of variation
of parameters used in Section 4.1. Hence we consider yp(x) = C1(x)y1(x) +
C2(x)y2(x) + C3(x)y3(x) where C1, C2, C3 are functions that verify

(39)

C ′
1(x)y1(x) + C ′

2(x)y2(x) + C ′
3(x)y3(x) = 0

C ′
1(x)y

′
1(x) + C ′

2(x)y
′
2(x) + C ′

3(x)y
′
3(x) = 0

C ′
1(x)y

′′
1(x) + C ′

2(x)y
′′
2(x) + C ′

3(x)y
′′
3(x) = f(x)

a0(x)
.

Observe that according to (38) we have that C ′
1(x) = f(x)W23(x)

a0(x)W (x) , C
′
2(x) =

f(x)W32(x)
a0(x)W (x) and C ′

3(x) =
f(x)W12(x)
a0(x)W (x) are solutions of (39). Therefore a particular

solution of (4) is given by
(40)

yp(x) = y1(x)
∫ x
x0

W23(s)f(s)
W (s)a0(s)

ds+ y2(x)
∫ x
x0

W31(s)f(s)
W (s)a0(s)

ds+ y3(x)
∫ x
x0

W12(s)f(s)
W (s)a0(s)

ds.

Proof of Theorem C. The proof is now a straightforward consequence of our
remarks and equations (37) and (40).

5. Convergence of formal solutions

Now we are in conditions to prove Theorem D:

Proof of Theorem D. The proof of Theorems A and B already shows that,
after analyzing case by case, any Frobenius-type formal solution is conver-
gent. Indeed, as we conclude from the above proofs, as for the power series,
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its coefficients are given recursively in a convergent power series of same
radius R.

Theorem D above cannot be improved by simply removing the hypoth-
esis of regularity on the singular point, as shows the following example:

Example 5.1. Consider the equation x3y′′′ − x2y′′ − y′ − 1
2y = 0. The

origin x0 = 0 is a singular point, but not is regular singular point, since the
coefficient −1 of y′ does not have the form xb(x), where b is analytic for 0.
Nevertheless, we can formally solve this equation by power series

(41)

∞∑
k=0

akx
k,

where the coefficients ak satisfy the following recurrence formula

(42) (k + 1)ak+1 =
[
k3 − 4k2 + 3k − 1

2

]
ak, for every k = 0, 1, 2, . . . .

If a0 �= 0, applying the quotient test to expressions (41) and (42) we see that
the series only converges to x = 0.

6. Third order models for classical equations: Chebychev,
Hermite, Legendre, Laguerre, Airy

In this section we introduce some classes of examples bringing to our frame-
work classical examples from the theory of ordinary differential equations.
The strategy is based on looking for models which exhibit solutions with
properties similar to those of the original classical model.

6.1. Third order Bessel equation

One of the motivations of this work is to introduce in the third order dif-
ferential equations framework some classical models and therefore to obtain
some of their possible applications. This is the case of the Bessel equation
x2y′′ + xy′ + (x2 − ν2)y = 0, whose range of applications goes from heat
conduction, to the model of the hydrogen atom ([2, 9]). This equation has
the origin x = 0 as a singular point. The solutions are called Bessel func-
tions and the most important cases are when ν is an integer or half-integer.
Bessel functions for integer ν are also known as cylinder functions because
they appear in the solution to Laplace’s equation in cylindrical coordinates.
Let us now introduce what we shall understand as the equivalent of the
Bessel equation for the case of third order.
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Example 6.1 (Third order Bessel equation of degree zero). Consider the

equation

(43) x3y′′′ + 3x2y′′ + xy′ + (x3 − α3)y = 0, x > 0

where Re(α) ≥ 0. Note that in this case, a(x) = 3, b(x) = 1 and b(x) =

x3 − α3 which are analytic at 0. Also q(r) = r3 − α3. Let us study the case

α = 0, in this case the equation is given by x3y′′′ + 3x2y′′ + xy′ + x3y = 0.

The indicial polynomial is given in this case according to r3 = 0. Hence the

roots are r1 = r2 = r3 = 0, according to Theorem B we have three solutions

of the form

ϕ1(x) = x0
( ∞∑
n=0

anx
n
)
, ϕ2(x) = x1

( ∞∑
n=0

bnx
n
)
+ (log x)ϕ1(x)

and ϕ3(x) = x1
( ∞∑
n=0

cnx
n
)
+ 2(log x)ϕ2(x)− (log x)2ϕ1(x),

where a0 �= 0.

Substituting the solutions of equation (43) we obtain the following:

• For ϕ1 we have the following recurrence relation for the coefficients

a1 = 0, a2 = 0 and n3an + an−3 = 0 for every n ≥ 3. Therefore, if we

choose a0 = 1 we have that

(44) ϕ1(x) =

∞∑
k=0

(−1)k

33k(k!)3
x3k =

∞∑
k=0

(−1)k

(k!)3
(x
3

)3k
.

• For ϕ2 we have the following recurrence relation for the coefficients

b0 = b1 = 0, b2 = 1
33 , (3n − 2)3b3n−3 + b3n−6 = 0 for every n ≥ 2,

(3n− 1)3b3n−2 + b3n−5 = 0 for every n ≥ 2 and (3n)3b3n−1 + b3n−4 =
(−1)n+1n2

(n!)333n−3 for every n ≥ 2. Therefore, we have that

(45) ϕ2(x) =

∞∑
n=1

(−1)n+1

33n(n!)3
[
1 +

1

2
+

1

3
+ · · ·+ 1

n

]
x3n + (log x)ϕ1(x).

• For ϕ3 we have the following recurrence relation for the coefficients

c0 = c1 = 0, c2 = 23

34 , (3n − 2)3c3n−3 + c3n−6 = 0 for every n ≥ 2,

(3n− 1)3c3n−2 + c3n−5 = 0 for every n ≥ 2 and (3n)3c3n−1 + c3n−4 =
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(−1)n+1(18n)
33n(n!)3

[
(3n)

(
1+ 1

2 +
1
3 + · · ·+ 1

n

)
+ 1

]
for every n ≥ 2. Therefore,

we have that

ϕ3(x) = x

∞∑
n=0

cnx
n + 2(log x)ϕ2(x)− (log x)2ϕ1(x),

where cn given by the recurrence above.

Definition 6.1. Equation (43) will called third order Bessel equation of
degree zero, its solutions are called third order Bessel functions of degree
zero. Later on we shall plot the graph of the solutions (44) and (45) proving
its similarity with the classical Bessel functions of degree zero from the
theory of second order differential equations.

6.2. Laguerre differential equation of third order

The Laguerre equation is given by xy′′+(ν+1−x)y′+λy = 0 where λ, ν ∈ R

are parameters. This equation is quite relevant in quantum mechanics, since
it appears in the modern quantum mechanical description of the hydrogen
atom. Let us consider the case ν = 0 i.e., the simplified Laguerre equation
given by xy′′ + (1 − x)y′ + λy = 0 for λ ∈ K. It is well-known that the
solutions by series are polynomial when λ is a nonnegative integer. This is
the so called Laguerre polynomial.

Example 6.2 (Laguerre differential equation of third order). Consider the
equation

(46) x2y′′′ + 3xy′′ + (1− x)y′ + αy = 0, x > 0

where α ∈ R. Observe that equation (46) has 0 as a regular singular point,
since multiplying by x both sides of equation (46) we have x3y′′′ + 3x2y′′ +
(1 − x)xy′ + αxy = 0. Note that in this case, a(x) = 3, b(x) = 1 − x
and c(x) = αx which are analytic at 0. Also the indicial polynomial has
the form q(r) = r3. Hence the roots are r1 = r2 = r3 = 0, according to
Theorem B a solution of (46) is of the form ϕ(x) = x0

(∑∞
n=0 anx

n
)
where

a0 �= 0. Calculating the coefficients we obtain a1 = −αa0, a2 = (1−α)(−α)
23

and k3ak − ((k − 1) − α)ak−1 = 0 for every k ≥ 3. Therefore, if we choose
a0 = 1 we have that

(47) ϕ(x) = 1 +

∞∑
k=1

((k−1)−α)···(2−α)(1−α)(−α)
(k!)3 xk.
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Consider the equation x2y′′′+xy′′+(1−x)y′+αy = 0 where α ∈ R. Note
that in this case, a(x) = 1, b(x) = 1−x and c(x) = αx which are analytic at
0. The indicial polynomial is given q(r) = r(r2−2r+2). For r = 0 according

to Theorem A we have one solution of the form ϕ(x) =

∞∑
n=0

anx
n where an =

(n−1−α)···(2−α)(1−α)(0−α)a0

n!((n−1)2+1)···(22+1)(12+1)(02+1) for all n = 1, 2, 3, . . .. Therefore, if we choose

a0 = 1 we have that ϕ(x) = 1+
∑∞

n=1
(n−1−α)···(2−α)(1−α)(0−α)

n!((n−1)2+1)···(22+1)(12+1)(02+1)x
n. This

variant of Laguerre equation has a similar solution associate to the root r = 0
of the indicial equation. It also exhibits two other solutions of “complex
origin” corresponding to the roots r = 1 ±

√
−1 of the indicial equation.

These other solutions will carry terms like cos(lnx), sin(lnx).

6.3. Third order Hermite equation

In ordinary differential equations the Hermite equation is the second-order
ordinary differential equation y′′ − 2xy′ + λy = 0. The constant λ is com-
plex or real. This equation has a non-regular singularity at x = ∞. The
Frobenius type solutions are defined for |x| < ∞. If λ = 2n for some natural
number n ∈ N the Hermite equation has among its solutions the Hermite
polynomial of degree n given by Hn(x) = (−1)nex

2 dn

dzn (e−x2

). Hermite dif-
ferential equation appears during the solution of the Schrödinger equation
for the harmonic oscillator. The Hermite polynomials are mutually orthog-
onal with respect to the density or weight function e−x2

. This allows the
use of Hermite polynomials as generating functions in several problems in
mathematical-physics. Also in probability theory the use of Hermite func-
tions is quite important. Let us now proceed to introduce what we shall
understand as a model for the Hermite third order differential equation.

Example 6.3 (Hermite equation). Consider the equation

(48) y′′′ − 6x2y′′ − 6xy′ + 6αy = 0

where α ∈ R. Let ϕ(x) =

∞∑
n=0

anx
n any solution of (48). Thus all the con-

stants are determined in terms of a0, a1 and a2. Collecting together terms
with a0, a1 and a2 as a factor we have ϕ(x) = a0ϕ1(x)+ a1ϕ2(x)+ a2ϕ3(x),
where

ϕ1(x) = 1 +
∑∞

k=1
6k((3k−3)2−α)···(32−α)(02−α)

(3k)! x3k,
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ϕ2(x) = x+
∑∞

k=1
6k((3k−2)2−α)···(42−α)(12−α)

(3k+1)! x3k+1

and ϕ3(x) = x2 +
∑∞

k=1
2·6k((3k−1)2−α)···(52−α)(22−α)

(3k+2)! x3k+2.

Definition 6.2. Equation (46) will be called Hermite differential equation

of third order since if α = n − 1 where n ∈ Z
+ then a solution (47) is

polynomial which is similar to classical Laguerre polynomials.

6.4. Chebyshev equation

Chebyshev’s equation is the second order equation (1−x2)y′′−xy′+p2y = 0

where p ∈ K. Solutions of Chebyshev’s equation are of importance in nu-

merical analysis such as solution to partial differential equations, smoothing

of data etc. Chebyshev’s equation can be used to generate polynomials that

could serve as mathematical model to approximate some phenomena studied

in physics. Let us give a word about it.

The solutions of the Chebyshev equation are of the form y =
∞∑
n=0

anx
n

where the coefficients an are given by an+2 = (n−p)(n+p)
(n+1)(n+2)an. These solutions

are convergent for |x| < 1. By choosing a0 = 1, a1 = 0 we obtain a solution

T1(x) and by choosing a0 = 0, a1 = 1 we obtain a solution T2(x). The

remarkable fact is: if p is even then T1(x) is polynomial of degree p. If p is

odd then T2(x) is polynomial of degree p. These give rise to the so called

Chebyshev polynomials.

Example 6.4 (Chebyshev equation). Consider the equation

(49) (1− x3)y′′′ − 3x2y′′ − xy′ + α3y = 0

for α ∈ R. Let ϕ(x) =

∞∑
n=0

anx
n any solution of (49). Thus all coefficients

are then given in terms of a0, a1 and a2 and therefore ϕ(x) = a0ϕ1(x) +

a1ϕ2(x) + a2ϕ3(x), where

ϕ1(x) = 1 +
∑∞

k=1
((3k−3)3−α3)···(33−α3)(03−α3)

(3k)! x3k,

ϕ2(x) = x+
∑∞

k=1
((3k−2)3−α3)···(43−α3)(13−α3)

(3k+1)! x3k+1

and ϕ3(x) = x2 +
∑∞

k=1
2((3k−1)3−α3)···(53−α3)(23−α3)

(3k+2)! x3k+2.
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6.5. Airy equation

In ordinary differential equations we have the Airy equation y′′−xy = 0. This

equation named after George Biddell Airy, British astronomer, appears quite

frequently in problems connected with optics. The Airy equation describes

some very interesting phenomena. It is well-known as the simplest second-

order linear differential equation with a turning point (a point where the

character of the solutions changes from oscillatory to exponential). There are

two linearly independent solutions of the Airy equation and they are called

Airy functions. The Airy functions are solutions to Schrödinger’s equation

for a particle confined within a triangular potential well and for a particle

in a one-dimensional constant force field. They are also used in the approx-

imation near a turning point in mathematical physics. Next we introduce

an equivalent to Airy equation for third order differential equations and

calculate its solutions.

Example 6.5 (Airy equation). The third order Airy equation is

(50) y′′′ − x2y = 0.

Let ϕ(x) =

∞∑
n=0

anx
n be any solution of (50). This recurrence finally gives

that the coefficients are entirely determined by a0, a1 and a2 so that ϕ(x) =

a0ϕ1(x) + a1ϕ2(x) + a2ϕ3(x), where

ϕ1(x) = 1 +
∑∞

k=1
1

((5k)·(5k−1)·(5k−2))···(10·9·8)(5·4·3)x
5k,

ϕ2(x) = x+
∑∞

k=1
1

((5k+1)·(5k)·(5k−1))···(11·10·9)(6·5·4)x
5k+1

and ϕ3(x) = x2 +
∑∞

k=1
1

((5k+2)·(5k+1)·(5k))···(12·11·10)(7·6·5)x
5k+2.

6.6. Legendre equation

The Legendre ordinary differential equation writes (1−x2)y′′−2xy′+λ(λ+

1)y = 0 where λ is a constant.

The Legendre differential equation shows up when applying the sepa-

ration of variables solution of second order linear elliptic, hyperbolic and

parabolic partial differential equations in spherical coordinates, especially

the Helmholtz equation, Laplace’s equation, and the Schrödinger equation.

These equations are important in electrostatics, electromagnetic wave prop-
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agation (e.g. antenna theory), and the solution of the Hydrogen atom wave

functions in single-particle quantum mechanics. Their solutions form the po-

lar angle part of the spherical harmonics basis for the multi pole expansion,

which is used in both electromagnetic and gravitational statics.

Example 6.6 (Legendre equation). We shall call Legendre equation in order

three the following

(51) (1− x3)y′′′ − 6x2y′′ − 6xy′ + α(α+ 1)(α+ 2)y = 0

where α ∈ R. Let ϕ(x) =

∞∑
n=0

anx
n any solution of (51). Hence all coefficients

are determined in terms of a0, a1 and a2, and therefore we have ϕ(x) =

a0ϕ1(x) + a1ϕ2(x) + a2ϕ3(x), where

ϕ1(x) = 1+
∞∑
k=1

((3k−3)·(3k−2)·(3k−1)−α(α+1)(α+2))···(3·4·5−α(α+1)(α+2))(0·1·2−α(α+1)(α+2))
(3k)! x3k,

ϕ2(x) = x+
∞∑
k=1

((3k−2)·(3k−1)·(3k)−α(α+1)(α+2))···(4·5·6−α(α+1)(α+2))(1·2·3−α(α+1)(α+2))
(3k+1)! x3k+1,

and

ϕ3(x) = x2+
∞∑
k=1

2((3k−1)·(3k)·(3k+1)−α(α+1)(α+2))···(5·6·7−α(α+1)(α+2))(2·3·4−α(α+1)(α+2))
(3k+2)! x3k+2.

6.7. Some examples of applications of third order linear

differential equations to engineering and physics

As we have briefly mentioned in the introduction, many are the possible ap-

plications of third order linear differential equations. For the case of partial

equations we can mention the heat transport theory of materials contradict-

ing the “fading memory paradigm”. This will be a third order differential

equation for the temperature as a function of the time, however the equa-
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tion is not ordinary. As it is well-known, not seldom solutions of partial
differential equations are obtained by solving associate ordinary differen-
tial equations. This is already a motivation for the study of such equations.
Let us now mention a couple of examples from the literature of ordinary
equations in concrete applications.

Example 6.7 (Electromagnetic waves, [8] pages 257–258, [11]). An electro-
magnetic wave incident on a system of charges puts them into motion. This
motion of these charged particles is followed by radiation in all directions.
The electromagnetic wave is then dispersed, its dispersion can be appropri-
ately characterized by the ratio of the flux density of the energy radiated
by the dispersing system in a given direction to that of the flux density of
the radiation energy incident on the system. This ratio has the dimension
of a surface and is called the scattering cross-section ([11]). In the case of
one single charge, performing small oscillations with an angular frequency
wo, taking the brake force of radiation into account, the equations governing
this oscillator take the form

r′′ + w2
or =

e

m
Eo exp(−iwt) +

2e2

3mc3
r′′′

where r is the vector of forced vibrations and e,m,Eo, c are physical quan-
tities. This equation is of the third order and the difficulty of solving it was
by-passed by lowering its order by means of some approximation where we
put r′′′ = −w2

or
′. Nevertheless, this approximation is not always satisfac-

tory in practical terms. This shows that we shall deal with the order three
equation.

Example 6.8 (Control theory, [8], [16]). In simple but efficient models,
problems of regulation and control of some actions by a control lever or by a
signal often reduce to solving third order equations (cf. [16]). For instance,
the regulation of a steam turbine. As observed in [8], the motion x(t) of a
steam supply control slide valve, according to the time t, is governed by the
third order differential equation

mx′′′ + fx′′ + kx′ + h
α

I
x = 0

where: m is the mass of the valve, f is friction, k is a constant characterizing
the properties of the slide valve spring, h is a constant depending on the
dimensions of the equipment, a is a proportionality constant relating the
motion and the acceleration of the control valve, and I is the moment of
inertia of the turbine. This is a linear homogeneous third order equation
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with constant coefficients. Nevertheless, this is a very simple model of the

problem. More realistic models may require equations with non-constant

coefficients depending analytically on the time t.

Other problems which may be studied through third order linear equa-

tions linked to those we address here are: deflection of curved beams, for

instance a three-layer beam. Another area where we may find applications

of third order linear equations as we study, is the control theory of flying

devices in the cosmic space ([15]).

Appendix. Graphs of third order Bessel, Laguerre and
Hermite functions

In this appendix we shall present some graphs and algorithms of the solu-

tions found for our third order models of Bessel and Laguerre and Hermite

equations. Recall that the solutions of the Bessel equation of third order are

linear combinations of three basic solutions ϕ1, ϕ2, ϕ3 (cf. Example 6.1). We

present here the plotted graph of the first two basic solutions with fortran

language with approximate degree n = 100 (cf. Figures 1). Similarly we

present the plotted graphs of the three basic solutions of Laguerre equation

(cf. Example 6.5) for n = 100 (cf. Figures 2). Finally, we present (cf. Figure

3) the evolution of the Hermite polynomials.

1 Algorithm Bessel

2 input:parameter of Bessel Function

3 a,b,n,k

4 do i=1,n+1

5 call P1(k,x(i),phi1(i))

6 phi1(i)=phi1(i)

7 end do

8 Subroutine Bessel Function

9 s=0.

10 l=1

11 do i=1,k

12 l=l*i

13 aux =((( -1.)**i)/(l**3))

14 s=s+aux *(((x)/3.) **(3*i))

15 end do

16 ph1=s+1.
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Figure 1: Evolution for terms in the series of the Bessel function, ϕ1.

1 Algorithm Laguerre

2 Input: Parameters of Laguerre solution

3 a,b,n,k,alpha

4 aa(1)=-alpha

5 fact1 =1

6 do i=2,k

7 fact1=fact1*i

8 aux1 =(((i-1)-alpha)*aa(i-1))/(fact1 **3)

9 aa(i)=aux1

10 end do

11

12 do j=1,n+1

13 rr=0.
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14 do i=1,k

15 rr=rr+aa(i)*(x(j)**i)

16 end do

17 ph3(j)=1+rr

18 end do

Figure 2: Evolution for terms in the series of the Laguerre function, ϕ.

1 Algorithm Hermite

2 Input parameters:

3 a,b,n,k,alpha

4 fact1 =1

5 do i=2,3*k

6 fact1=fact1*i

7 end do

8 do i=2,k
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9 aux1 =(((6**2) *((3*i-3)**2-alpha)*aa(i-1))/(fact1)

)

10 aa(i)=aux1

11 end do

12 do j=1,n+1

13 rr=0.

14 do i=1,k

15 rr=rr+aa(i)*(x(j)**(3*i))

16 end do

17 ph3(j)=1+rr

18 end do

Figure 3: Evolution for terms in the series of the Hermite function, ϕ1.
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