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On the non-blow up of energy critical nonlinear
massless scalar fields in ‘3+1’ dimensional globally

hyperbolic spacetimes: light cone estimates

Puskar Mondal

Here we prove a global existence theorem for the solutions of the
semi-linear wave equation with critical non-linearity admitting a
positive definite Hamiltonian. Formulating a parametrix for the
wave equation in a globally hyperbolic curved spacetime, we de-
rive an apriori pointwise bound for the solution of the nonlinear
wave equation in terms of the initial energy, from which the global
existence follows in a straightforward way. This is accomplished by
two steps. First, based on Moncrief’s light cone formulation we de-
rive an expression for the scalar field in terms of integrals over the
past light cone from an arbitrary spacetime point to an ‘initial’,
Cauchy hypersurface and additional integrals over the intersection
of this cone with the initial hypersurface. Secondly, we obtain a
priori estimates for the energy associated with three quasi-local ap-
proximate time-like conformal Killing and one approximate Killing
vector fields. Utilizing these naturally defined energies associated
with the physical stress-energy tensor together with the integral
equation, we show that the spacetime L∞ norm of the scalar field
remains bounded in terms of the initial data and continues to be so
as long as the spacetime remains singularity/Cauchy-horizon free.

Keywords and phrases: Light cone estimates, global existence, energy
estimates, nonlinear waves, approximate Killing vector fields.

1. Introduction

One of the most important open problems of twenty first century physics is
the proof of Penrose’s Cosmic Censorship conjecture [1]. Present in its two
forms, this conjecture essentially hints towards the validity of classical de-
terminism. If one simply goes back to special relativity, then the underlying
spacetime, the Minkowski space, does not have any singularity. Naturally one
would expect that physically reasonable fields if evolving on the Minkowski
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spacetime background do not develop singularity at finite time. In other
words, physically acceptable classical fields evolving from regular Cauchy
data in Minkowski spacetime should extend uniquely and continuously to
globally defined, singularity free solutions of the associated field equations
on the entire spacetime. This would imply that classical determinism holds
in the realm of special relativity. Global well-posedness of several classical
fields on the Minkowski background has been proven to hold true. If we,
for now, focus on the physical 3 + 1 spacetimes, this includes several linear
and non-linear scalar fields admitting positive definite energy (sub-critical
and critical but not super-critically nonlinear) [2, 3, 4, 5], Yang-Mills or
Yang-Mills-Higgs fields [6, 7, 8] etc. On the other hand, there are explicit
examples of classical fields that exhibit a finite time blow-up property on
the 3+1 dimensional Minkowski background. These include focusing energy
critical and sub-critical nonlinear wave fields [11, 12], wave maps (nonlinear
sigma models in the physics terminology) from spacetime to curved target
manifolds [9, 10, 13], perfect fluids [14].

A natural question then would be whether such a result holds true in a
globally hyperbolic curved spacetime. If a breakdown of the global existence
were to occur then that would certainly be pathological in a sense that the
violation of classical determinism would hint that the field under consid-
eration is not physically adequate. In addition, one would ultimately want
to study the evolution of the spacetime geometry while coupled to addi-
tional fields in order to address the ‘Cosmic Censorship’ question. However,
if the fields themselves blow up in finite time in a background spacetime, one
would certainly not reasonably expect that this blow-up feature would be
suppressed by coupling to gravity. This is due to the fact that pure gravity in
the absence of any additional source fields may itself blow up in finite time
through curvature concentration. Therefore it is fundamentally important to
investigate the temporal behaviour of classical fields in globally hyperbolic
curved spacetimes. Classical Yang-Mills fields [15, 16], linear and non-linear
sub-critical Klein-Gordon fields admitting positive definite energy [in prep.
with V. Moncrief] are known to exhibit the global existence property on a
curved background. Motivated by such results, in this article we study the
temporal behaviour of the solutions of the wave equation in 3+1 dimensions
with critical nonlinearity

ĝμν∇μ∇νϕ− αϕ5 = 0(1)

while properly formulated as a Cauchy problem (i.e., with the prescribed
data of the field and associated conjugate momentum on an initial space-
like hypersurface). Here ĝ−1 : ĝμν∂μ ⊗ ∂ν is the inverse of the spacetime
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metric, ∇ is the metric compatible connection, and α > 0 is the coupling
constant. This non-linearity implies that the corresponding Hamiltonian of
this system (which controls the Ḣ1 Sobolev norm of ϕ) is invariant un-
der suitable scaling. More precisely, if xμ �→ λxμ and ϕ(x) �→ 1√

λ
ϕ(λ−1x),

then the wave equation (1) remains invariant. Furthermore, the associated
Hamiltonian E ≈

∫
Σ(g

ij∂iϕ∂jϕ+m2+αϕ6)Nμg, where Σ is a 3 dimensional
space-like hypersurface, m is the momentum conjugate to ϕ, N is the Lapse
function, and g is the Riemannian metric induced on Σ by ĝ (μg is the
induced volume form), remains invariant under this scaling too. Roughly
this means that the energy dispersion by the derivative term and energy
concentration by the nonlinearity are similar and therefore the terminology
‘critical’. In this borderline case, one dominates the other slightly leading to
global existence or finite time blow up. In the current case, we shall see that
a non-concentration type lemma holds i.e., if one shrinks the hypersurface
Σ to smaller and smaller sets, the integral

∫
Σ αϕ6Nμg does not blow up.

In other words, the non-linearity is unable to focus energy. If one slightly
increases the strength of the non-linearity (i.e, if the equation is taken to
be ĝμν∇μ∇νϕ − αϕ5+ε = 0, ε > 0 instead), whether a global existence or
blow-up occurs in a general case is still an open problem.

Jorgens [4] proved the global existence property for semi-linear wave
equations on 3 + 1-dimensional Minkowski space for sub-critical nonlinear-
ities of the wave fields. Later classical work by Grillakis [2] established the
global well-posedness of the critically nonlinear wave equation (1) on the
Minkowski spacetime background, that is for ĝμν = ημν , the Minkowski
metric. In both of these cases, one requires the positive definiteness of the
associated energy functional and such property is referred to as defocus-
ing. [2] utilized the natural energy associated with the timelike Killing field
∂t and conformal Killing fields D := xμ∂μ, K := xνx

ν∂t + 2txμ∂μ of the
Minkowski spacetime. In addition, [2] also utilized an additional vector field
R := xμ

t ∂μ in conjunction with the aforementioned Killing and conformal
Killing fields and an integral equation for the solution to derive a priori
estimates which helped to control the spacetime L∞ norm of the solution.
Prior to [2], of course, global well-posedness results were known assuming a
certain smallness condition on the data (in a suitable function space).

This paper was motivated in part by the desire to adapt the Grillakis [2]
argument to globally hyperbolic curved spacetimes. The global wellposed-
ness result on curved spacetime is not obvious (it is in fact not obvious on
flat spacetimes as well). The difficulty lies in constructing an integral ex-
pression for the solution since the so called Huygens principle does not hold
on a general curved spacetime. In other words, the value of the wavefield at
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a point p does not only depend on its integral over the mantle of the past
light cone emanating from p and the light cone’s 2-dimensional intersection
with the initial Cauchy hypersurface but also on its integral over the interior
of the past light cone, the tail contribution. In flat spacetime, since the Huy-
gens principle is known to hold true for linear waves, this tail contribution
vanishes. Secondly, in a general curved spacetime, the existence of Killing
and conformal vector fields is an undesirable restriction. Note that the exis-
tence of a time-like Killing field ∂t guaranteed a positive definite conserved
energy for Minkowski space (simply by Noether’s theorem). One may im-
pose such symmetry on the spacetimes under study. But such an assumption
proves to be too restrictive. For example, assuming a time-like Killing field
would imply that the spacetime is stationary, which is an extremely strong
condition to impose. We would therefore want to focus on the most generic
spacetimes. If one simply defines an energy from the associated stress-energy
tensor by fully contracting it with a time-like vector field n, then clearly this
energy is not conserved. The obstruction to the conservative nature of this
energy is precisely due to the non-vanishing strain tensor of n. However, if
one assumes certain regularity on the background spacetime metric, then the
energy which is no longer conserved, is nevertheless bounded by the initial
energy. Therefore one may still obtain required estimates through the use of
these appropriately defined approximate Killing/conformal Killing fields by
paying a price of regularity of the background spacetime metric. Secondly,
using Moncrief’s light cone formulation, we derive an expression for ϕ at p
in terms of its integral over the full past light cone and its intersection with
the initial Cauchy hypersurface. This contains Huygens violating tail terms.
However, solving an associated transport equation and using an integration
by parts argument, this tail contribution may be converted to an integral
over the 3 dimensional mantle of the past light cone and its 2 dimensional
intersection with the initial hypersurface. These two main ingredients along
with the use of a few additional inequalities yield a spacetime L∞ estimate
of the wave field, from which the global existence follows in a straightforward
way.

We note that there are a few studies [36, 37] in the literature which
deal with the semi-linear wave equation with variable coefficients (only spa-
tially varying or both spacetime varying) and critical nonlinearity on the
Minkowski background. However, such an equation can be formulated as a
critically nonlinear wave equation on a manifold equipped with a Lorentzian
metric. Their method may be applied to prove a global existence theorem
for critically nonlinear wave equations on curved spacetimes. Simply choos-
ing a Gaussian normal coordinate yields an equivalence modulo additional
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innocuous first order terms. Choice of Gaussian normal slicing is well known
to be pathological in a sense that the mean extrinsic curvature of the slice
becomes singular in finite time (at least when the initial slice has a positive
mean curvature). However, such singularity is merely a coordinate singular-
ity and can be handled with a little additional work (see for example [38]).
Further, these studies have implemented energy estimates associated with
suitable vector field multipliers in conjunction with Strichartz estimates. In
our our study, we obtain a spacetime point-wise bound of the wave field by
means of the aforementioned integral equation and the energy estimates as-
sociated with the three approximate Killing/conformal Killing vector fields.
The later of the aforementioned studies [37], where the coefficients are spa-
tially (in a suitable sense) varying, is based on Klainerman’s commuting
vector field approach together with Strichartz estimates. The former study
[36] is quite interesting and based on the technique developed by Klainer-
man [39] and Cristodolou & Klainerman [40], where the multiplier vector
fields are constructed by means of an optical function generated by solving
an Eikonal equation on a globally hyperbolic spacetime. The level sets of
this optical function describe the null cones and the gradient vector field
of the optical function is a null geodesic generator. Therefore, one needs to
control the null geometry of the spacetime on which the wave field is evolv-
ing. However, assuming that the spacetime is globally hyperbolic, the null
geometry is well behaved. While our method does not rely on solving for an
optical function, we nevertheless require the additional integral equation.
Their method can be extended in the gravity problem where the analysis to
control the null geometry is heavy (since the geometry becomes unknown
of the equations involved; see [26, 41] for example). Our method on the
other hand is relatively simpler but requires closure of an extremely delicate
bootstrap argument (in prep.). Therefore, these two different methods are,
in a sense, complimentary to each other. There are of course numerous ad-
ditional studies on the global behaviour of critically non-linear wave fields
on Minkowski spacetimes (e.g., [42, 43]) as well as for wave equations with
variable coefficients (e.g., [44]).

The outline of the paper is as follows. We start with the derivation of the
appropriate expression for the massless scalar field ϕ at an arbitrary space-
time point p in its geodesic normal neighbourhood. Next, we construct the
suitable approximate Killing/conformal Killing vector fields (in an appropri-
ate sense of course). Then, we derive necessary estimates using the energies
associated with these vector fields. Utilizing a few additional inequalities to-
gether with the integral expression and the energy estimates, we then prove
a spacetime point-wise bound on the solution ϕ in terms of the initial energy.
This L∞ estimate finishes the proof of the global wellposedness.
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2. Notations and facts

The ‘3 + 1’ dimensional spacetime manifold is denoted by M . Assuming
global hyperbolicity while studying the Cauchy problem, one is led to space-
times of the form of a product manifold R × Σ, where Σ is diffeomorphic
to a Cauchy hypersurface. This leads to the interpretation of an evolving
physical universe Σ embedded in the spacetime. We will designate by Σt

the constant t hypersurfaces. Let n denote the unit time-like future directed
normal to Σt. The tangent space TpM at a point p may be split as follows

TpM = Tπ(p)Σt ⊕ R,(2)

where π is the natural projection π : Σt × R → Σt. Therefore, the vector
field ∂

∂t may be written as follows

∂

∂t
= Nn+ Y,(3)

where N is the lapse function and Y is the shift vector field parallel to Σt

i.e., Y is a section of the tangent bundle TΣt. Under this decomposition, the
spacetime metric ĝ takes following form in a local coordinate basis {x0 =
t, x1, x2, x3}

ĝ = −N2dt⊗ dt+ gij(dx
i + Y idt)(dxj + Y jdt),(4)

where g := gijdx
i ⊗ dxj is the induced Riemannian metric on Σt. We will

denote the inverse metrics ĝ−1 and g−1 as ĝ−1 := ĝμν ∂
∂xμ ⊗ ∂

∂xν and g−1 :=

gij ∂
∂xi ⊗ ∂

∂xj , respectively. In the analysis, the second fundamental form k ∈
S0
2(Σt) will show up. It is defined in local coordinates as follows

kij = −1

2
(Lng)ij = − 1

2N
(∂tgij − (LY g)ij),(5)

where L denotes the Lie derivative operator.
Our analysis holds in a geodesically convex domain G ⊂ M . In a geodesi-

cally convex domain, frequently, we will use a null basis {l, l̄, λ1, λ2} of TpM
at a point p. This is constructed by imposing the conditions

ĝ(l, l) = 0, ĝ(l̄, l̄) = 0, n = −l + l̄,(6)

and following ĝ(n, n) = −1, we obtain ĝ(l, l̄) = 1
2 . The two space-like vector

fields λj
1∂j and λj

2∂j are such that

ĝ(λi, λj) = δij , ĝ(λi, l) = ĝ(λi, l̄) = 0.(7)
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Simply counting the degrees of freedom and the number of equations in-

volved, we see that this is a uniquely determined system and therefore there

exists a unique null frame {l, l̄, λ1, λ2} in which the metric ĝ is expressible

as

ĝ = 2(l ⊗ l̄ + l̄ ⊗ l) + λ1 ⊗ λ1 + λ2 ⊗ λ2.(8)

We will make use of this null basis frequently. Let us now mention the

notations for the causal geometry. The mantle of the past (resp. future) light

cone of a point p is denoted simply by C−
p (resp. C+

p ) while the chronological

past (resp. future), the solid interior, is denoted by J−
p (resp. J+

p ). The causal

past (resp. future) of p is denoted by D−
p (resp. D+

p ). When we write C−
p , D−

p

or J−
p , we will mean that these sets are only defined up to the Cauchy

hypersurface Σt0 at t = t0 on which the initial data is provided but do not

contain the Cauchy hypersurface Σt0 . In addition, notice that C−
p , D−

p , and

J−
p do not contain the point p as well. The 3 dimensional intersection of the

past light cone of p with a constant t hypersurface Σt is denoted by St, while

its 2-dimensional intersection (a topological 2-sphere) is denoted by σt
p (see

Figure 1) and σt0
p = σp. Now let us consider a constant t hypersurface Σt

such that Σt ∩D−
p �= ∅. The portion of C−

p (D−
p and J−

p resp.) lying above

Σt will be denoted by Ct
p (Dt

p and J t
p resp.). More generally, for a past null

cone with vertex at p and extending up to any constant time hypersurface

Σt, the mantle of the cone, the causal past of p, and the chronological past

of p will be denoted by Ct
p, D

t
p, and J t

p, respectively.

Unless otherwise stated, we will work in geodesic normal coordinates

about p. The details about the injectivity radius bound etc will be described

in the fullness of time. Without loss of generality, we may simply set p to

0, the coordinate origin. The portion of the light cone C−
p trapped between

two constant t hypersurfaces will be called the truncated light cone and is

denoted by CT
p . The past solid cone D−

p may be parametrized by spherical

coordinates as follows

x1 = r sin θ cosφ, x2 = r sin θ sinφ, x3 = r cos θ, x0 = t, θ ∈ [0, π],(9)

φ ∈ [0, 2π],

where r = t = 0 corresponds to the origin of the normal coordinate system

i.e. p = 0. Now we introduce the light-cone coordinates

u = t− r, v = t+ r, θ = θ, φ = φ.(10)
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The mantle of the past light cone C−
p of p is essentially defined by v =

t+ r = 0. We will use these coordinates whenever necessary. We denote the
geodesic squared distance between points p and q by Γ(p, q) and accordingly
the set {q|Γ(p, q) = 0} denotes the null cone through p. The lower branch
of the hyperboloid {q|Γ(p, q) = −δ} is denoted by Γδ. Using the light-cone
coordinates {u, v, θ, φ}, the past null cone Cp (of course here we mean the
mantle of the cone) may be parametrized by (u, ω) ∈ (0, ũ]×S

2. Since we are
in the geodesically convex domain, the exponential map is a diffeomorphism
from C−

p = Cp − {p} to (0, ũ] × S
2 i.e., q ∈ C−

p may be written as q =
expp(−ul), where l is the past directed null-vector passing through p. See
Figure 1 for detail. when we say ‘on the cone C−

p ’, we will always mean ‘on
the the mantle of the cone C−

p ’.
In terms of functions spaces we will make use of the Sobolev spaces H1,

Ḣ1 etc defined on the spacelike sub-manifold Σt. The homogeneous Sobolev

space Ḣ1 is defined as follows: f ∈ Ḣ1(Σt) ⇒ ||f ||Ḣ1(Σt)
:=

√∫
Σt

|∇f |2gμg <

∞ modulo a suitable equivalence relation. For two positive functions f(t)
and g(t), f(t) ≈ g(t) implies C1g(t) ≤ f(t) ≤ C2g(t), 0 < C1, C2 < ∞,
f(t) � g(t), implies f(t) ≤ Cg(t), for some C s.t. 0 < C < ∞. The lower
brach of the hyperboloid {q|Γ(p, q) = −δ} is denoted by Γδ. We will consider
that ϕ ∈ S i.e., in Schwartz class since S is dense in Ḣ1. The volume forms
associated with ĝ and g are denoted by μĝ and μg, respectively.

3. Main idea

Here we briefly describe the idea of the proof. Firstly we derive the following
integral equation for the scalar field ϕ at an arbitrary point p (≡ x in local
coordinates) in terms of the integral of ϕ (and its nonlinearity) over the
mantle of the past light cone C−

p and the initial data

ϕ(x) =

∫
C−

p

U(x, y)
ϕ5(y)

u
μĝ(y)|C−

p
+

1

2π

∫
C−

p

�̂yU(x, y)
ϕ(y)

u
μĝ|C−

p

+ initial data,

where U(x, y) is a suitably defined symmetric bi-scalar satisfying
limx→y U(x, y) = 1, limx→y �̂xU(x, y) = 1

6Rĝ(y), where Rĝ(y) is the scalar
curvature of ĝ evaluated at y. Assuming sufficient regularity of the back-
ground spacetimes, supx∈D−

p
supy∈D−

p
|U(x, y)| ≤ C. Note here that for

Minkowski space U(x, y) = 1, �̂xU(x, y) = 0 everywhere. Naturally, on a
general curved spacetime, we can not get rid of the Huygens violating term
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containing �̂xU(x, y) and therefore it requires control. However, when x = y
which is the most dangerous case, a simple calculation yields |�̂xU(x, y)|
equals to the scalar curvature of the spacetime. Therefore, if we assume that
the spacetime is sufficiently regular then supx∈D−

p
supy∈D−

p
|�̂xU(x, y)| ≤ C.

In other words this terms does not cause additional problems as long as the
spacetime does not develop singular points.

First, let us consider a constant time hypersurface Σt1 such that Σt1 ∩
D−

p �= ∅. As mentioned in the previous section, we denote the portion of
C−
p (D−

p and J−
p resp.) lying above Σt1 (i.e., for the part where |t| < |t1|)

by Ct1
p (Dt1

p and J t1
p resp.). Now if we split the integral (11) over C−

p into
two parts: one over Ct1

p and one over C−
p − Ct1

p , then for a small but fixed
|t1|, the integral over C−

p − Ct1
p is bounded by a constant C(t1). The chal-

lenge is to control the integral over the top part (i.e., near the vertex).
We will do so by choosing the height (≈ |t1|) of the top part Ct1

p suf-
ficiently small but a priori fixed. Notice that the integral over Ct1

p may
be written as an integral over Ct1

p − Ct2
p for |t2| < |t1| and pass to the

limit t2 → 0. Our goal is to take one factor of |ϕ| out of the nonlinear
part of the integral over Ct1

p − Ct2
p as supx∈(Ct1

p ∪σt1)−C
t2
p
|ϕ(x)| and control

the left over integral using available estimates. Now if we can show that
supx∈(Ct1

p ∪σt1)−C
t2
p
|ϕ(x)| (≤ supx∈(Dt1

p ∪St1 )−D
t2
p
|ϕ(x)|) is finite then the re-

maining integral may be bounded in terms of energy after applying Cauchy-
Schwartz and an important Hardy type inequality (for null hypersurface)
that is to be derived (observe that (Dt1

p ∪ St1) − Dt2
p is closed). Note that

p /∈ Dt1
p and therefore, we need to write the integral equation for ϕ at a

point lying in (Dt1
p ∪St1)−Dt2

p (|t2| < |t1|) where the maximum is attained.

Let us assume that the maximum is attained at x
′
, |ϕ(x′

)| = As and x
′ → p

as t2 → 0. Therefore, we may write the integral equation at x
′
and use the

Cauchy-Schwartz inequality to yield

As ≤ C1As

∫
C

t1

x
′

ϕ4

u
μĝ(x)|Ct1

x
′
+ |u1|

(∫
C

t1
x

ϕ6μĝ(x)|Ct1

x
′

)1/3

+ C2(11)

≤ C1As

(∫
C

t1

x
′

ϕ6(μĝ(x)|Ct1

x
′
)

)1/2(∫
C

t1

x
′

ϕ2

u2
(μĝ(x)|Ct1

x
′
)

)1/2

+ C2.

Here once again Ct1
x′ denotes the portion of the light cone C−

x′ that lies

entirely within Ct1
p . We will show that either

(∫
C

t1

x
′
ϕ6(μĝ(x)|Ct1

x
′
)
)1/2

or(∫
C

t1

x
′

ϕ2

u2 (μĝ(x)|Ct1

x
′
)
)1/2

is � δ for arbitrarily small δ > 0 if the height of
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the top part of the cone Ct1
p is chosen sufficiently small (i.e., making |t1|

small but a priroi fixed, |u1| � |t1|). Now choosing δ sufficiently small, we
obtain

As ≤ CδAs + C2

As ≤ C.
(12)

Here C depends on the initial energy in a harmless way. Now using bound-
edness of supx∈(Dt1

p ∪St1 )−D
t2
p
|ϕ(x)| = |ϕ(x′

)| = As and since the energy can

not blow up in finite time, we observe from the integral equation (11) that
|ϕ| can not blow up at p. Since p is an arbitrary point in the globally hyper-
bolic spacetime M , we conclude that the point-wise norm of the wavefield
ϕ is bounded as long as the spacetime does not develop singularity/Cauchy
horizon. Utilizing this L∞ bound, a continuity argument together with a
contraction mapping argument based local existence theorem finishes the
global existence proof. The main challenge is to show that the aforemen-
tioned two integrals are of the order δ. Note that if one simply chooses
sufficiently small initial energy, then just estimating the energy correspond-
ing to the time-like normal n is sufficient to control the L∞ norm of ϕ.
However, since we are interested in arbitrarily large data, we need to use
energy estimates associated with three additional vector fields which are no
longer Killing/conformal Killing, but only so approximately. Use of the ener-
gies associated with these three aditional vector fields is crucial in bounding
the aforementioned integrals.

Section 4 is devoted to deriving the desired integral equation (11) for
ϕ which is one of the most important parts of the proof. In order to per-
form these aforementioned analyses, energy inequalities are indispensable.
Therefore after deriving the integral equation, we derive the energy esti-
mates associated with timelike approximate Killing and conformal Killing
vector fields. Note that in order to control ϕ at an interior point x

′
lying

within Dt1
p , we need to estimate the energy flux flowing (out) transversal

to the mantle of the cone Ct1
x′ . This however can not be obtained directly

for the following reason. Firstly, we will consider the height of the exterior
cone Ct1

p to be sufficiently small such that the energy flux flowing across Ct1
p

is small. However, this does not imply that the energy flux flowing across
Ct1
x′ is small. In fact, we will see that the full energy flux flowing across Ct1

x′

will never be small; only parts of it will be. Luckily the parts we require
to control the nonlinearity in the integral equation will be small. In order
to achieve this desired smallness, we will next use two additional estimates
coming from two approximate conformal Killing vector fields. In Section 5.1,
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we obtain an energy estimate associated with the unit timelike vector field n
which is orthogonal to the constant time hypersurfaces. This will establish
the fact that if we choose the height of the exterior light cone Ct1

p sufficiently
small, then the energy flux flowing across it can be made sufficiently small.
Using this a priori estimate, in Sections 5.3 and 5.4 we use the approximate
inversion generator and the scaling vector field to derive extra estimates
which will be used to control the energy flux flowing transversal to the in-
terior cone Ct1

x′ . In Section 5.5, we derive an extremely important Hardy
type inequality for a null hypersurface where curvature and its certain null
derivatives appear as corrections to the flat space case. In Section 5.6, using
a re-scaled version of the scaling vector field, we obtain the desired small-
ness of the required parts of the energy flux flowing across the interior cone.
Utilizing this final estimate and the inequality derived in Section 5.5, we
finish the proof of the boundedness of ϕ(p). Lastly in Section 6, we sketch a
proof of global existence by making use of a priori point-wise bound on the
wavefield ϕ and a local existence theorem.

A striking difference with the sub-critical case (to be presented in a
forthcoming article by the current author and V. Moncrief) is that a simple
application of Grönwall’s inequality, Holder’s inequality, and the basic esti-
mate of the energy T (n, n) suffices to obtain an L∞ bound of ϕ in terms of
the initial energy in the case of the latter.

4. An integral equation for ϕ

In this section we obtain the desired integral equation for the massless scalar
field ϕ. Let us write the semi-linear wave equation in the natural covariant
form after setting the coupling constant α to be 1

∇μ∇μϕ = ϕ5.(13)

Let us denote the co-variant spacetime Laplacian ∇μ∇μ = ĝμν∇μ∇ν by P
i.e.,

Pϕ = ∇μ∇μϕ.(14)

One may obtain an integral equation for ϕ at p once the fundamental solution
or the Green’s function Gp,q associated with the operator P is available. The
advanced Green’s function G+

p,q is defined as follows

∇μ∇μG
+
p,q = δ(q)(15)
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and its support is contained in D+(q). Following Friedlander [17], the ad-
vanced Green’s function may be explicitly written in the following form

G+
q (p) =

1

2π
U(p, q)δ+(Γ(p, q)) +

1

2π
V +(p, q),(16)

where δ+(Γ(p, q)) is the Dirac mass supported on the forward null cone of
q and defined as limε→0 δ

+(Γ(p, q) + ε). Γ(p, q) is the squared geodesic dis-
tance between p and q. The symmetric bi-scalar U(p, q) in local coordinates
(p, q) ≡ (x, y) may be expressed as follows

U(x, y) :=
| det ∂2Γ/∂xμ∂yν |1/2

4| det(ĝαβ(x)) det(ĝαβ(y))|1/4
.(17)

V +(p, q) is the solution of the following characteristic initial value problem

PV +(p, q) = 0 ∀p ∈ D+
q , V

+(p, q) = V0 ∀p ∈ C+(q),(18)

where V0 satisfies the transport type equation

2ĝ(∇Γ,∇V0) + (�̂Γ− 4)V0 = −PU,(19)

where �̂ is the ordinary spacetime Laplacian expressible in local coordinate
as �̂ := ∇μ∇μ = P . Once the advanced Green’s function is obtained, the
integral equation for ϕ ∈ C∞(Ω) (Ω is a geodesically convex neighbourhood
of a point p) in terms of data on an ‘initial’ Cauchy hypersurface Σ is given
by the following theorem [17]. The detailed theory is developed in Friedlan-
der’s book [17] (which builds on the fundamental work of Hadamard, Riesz,
Sobolev, Choquet-Bruhat and others). Here we do not repeat the complete
derivation of the intermediate integral equation. Starting from Friedlander’s
integral equation, we derive the final equation which will be of direct impor-
tance in obtaining the point-wise estimate. Interested readers are referred
to chapter 5 of Friedlander’s book [17].

Theorem ([17]). Let ϕ ∈ C∞(Ω) and assume that p ∈ D+(Σ)−{Σ}. Then
ϕ at point p (≡ x in local coordinates) is given by the following equation

ϕ(x) =
1

2π

∫
C−

p

U(x, y)ϕ5(y)μΓ(y) +
1

2π

∫
D−

p ∩D+(Σ)
V +(x, y)ϕ5(y)μĝ(y)

+
1

2π

∫
Sp

∗
(
V +(x, y)∇yϕ(y)− ϕ(y)∇yV

+(x, y)
)
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+
1

2π

∫
σp

(2U(x, y)〈ξ(y),∇yϕ(y)〉+ U(x, y)Θ(y)ϕ(y)) dσp(y)

+
1

2π

∫
σp

V +(x, y)ϕ(y)dσp.

Here μΓ is a Leray form defined such that dyΓ(x, y) ∧ μΓ(y) = μĝ(y) and
Θ(y) is the dialation of dσp along the bicharacteristics of the null hypersur-
face distinct from C−

p (let’s denote this other null hypersurface by Tp) that
contains σp defined as

Θdσp := lim
δ→0

dσp − dσ
′

p

δ
,(20)

∗ is the Hodge dual operator, σ
′

p is the intersection of the pseudo-sphere
{q; Γ(p, q) = −δ} and the null hypersurface Tp, and ξ is tangent to the null
generator of Tp such that ĝ(ξ,∇Γ) = 1.

Notice an important fact that the tail terms involving V + are the ones
obstructing the Huygen’s principle in a general curved spacetime. For the
case of Minkowski space, these additional tail terms vanish (due to V + = 0)
restoring the Huygen’s principle for linear waves. One may in principle ob-
tain a formal series solution of the characteristic initial value problem (18)
assuming smoothness [17]. However, such solution is not very helpful to-
wards obtaining the desired estimate. Motivated by Moncrief’s treatment of
the tensor wave equation for spacetime curvature [18], we will use an inte-
gration by parts type argument to remove the tail terms instead. However,
in doing so we will have to pay a price by taking two spacetime derivatives
of the bi-scalar. Assuming sufficient regularity of the background spacetime
metric, we will explicitly show that such a term does not create additional
problems. The transformation of the tail term is obtained through the fol-
lowing series of calculations.

4.1. Cancellation of the integral over Sp in the theorem

Using the equation of motion ∇μ∇μϕ = ϕ5, write the following∫
D−

p ∩D+(Σ)
V +(x, y)ϕ5(y)μĝ =

∫
D−

p ∩D+(Σ)
V +(x, y)∇μ∇μϕ(y)μĝ.(21)

Now notice the following calculations

V +(x, y)∇μ∇μϕ(y) = ∇μ(V +(x, y)∇μϕ(y))−∇μV +(x, y)∇μϕ(y)(22)
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= ∇μ(V +(x, y)∇μϕ(y))−∇μ(ϕ(y)∇μV
+(x, y))

+ϕ(y)∇μ∇μV
+(x, y)

= ∇μ
(
V +(x, y)∇μϕ(y)− ϕ(y)∇μV

+(x, y)
)

where equation (18) i.e., ∇μ∇μV
+ = 0 throughout the causal domain of y, is

used. Now since we have reduced it to a total covariant divergence term, we
may use the Stokes’ theorem to reduce the bulk-integral over D−

p ∩D+(Σ)
to an integral over the boundary ∂(D−

p ∩D+(Σ)) = C−
p ∩ Sp. Therefore we

have the following∫
D−

p ∩D+(Σ)
V +(x, y)ϕ5(y)μĝ = −

∫
Sp

∗
(
V +(x, y)∇ϕ(y)− ϕ(y)∇V +(x, y)

)
+

∫
C−

p

∗
(
V +(x, y)∇ϕ(y)− ϕ(y)∇V +(x, y)

)

where the hypersurface Sp is oriented such that the unit normal vector is
future directed i.e., points toward p. Therefore, we note that the integral
over Sp in the theorem is cancelled point-wise by the term generated via
integration by parts to yield

ϕ(x) =
1

2π

∫
C−

p

U(x, y)ϕ5(y)μΓ(y)(23)

+
1

2π

∫
C−

p

∗
(
V +(x, y)∇yϕ(y)− ϕ(y)∇yV

+(x, y)
)

+
1

2π

∫
σp

(2U(x, y)〈ξ(y),∇yϕ(y)〉+ U(x, y)Θ(y)ϕ(y)) dσp(y)

+
1

2π

∫
σp

V +(x, y)ϕ(y)dσp.

Now notice that we have gotten rid of the bulk-integral involving the tail
contribution V + and the remaining terms only involve the integrals over the
mantle of the past light cone C−

p and its two dimensional intersection Σp

with Σ. However, this result is not satisfactory since one still needs to solve
for the tail contribution V +. As we mentioned earlier however one may con-
struct a series solution for V + assuming analyticity and then approximate
the solution in a suitable sense. We will nevertheless avoid such procedure
all together. Instead we will make use of the transport equation (19) and a
reciprocity theorem to replace the integrals involving V + by terms that may
be easily controlled.
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4.2. Removal of ‘ 1
2π

∫
C

−
p
∗
(
V +(x, y)∇yϕ(y) − ϕ(y)∇yV

+(x, y)
)
+

1
2π

∫
σp

V +(x, y)ϕ(y)dσp’

In order to get rid of the tail terms in the integral equation, we will need
the following reciprocity theorem. Notice that the operator P = ∇μ∇μ is
self-adjoint i.e., P = P †.

Lemma ([17]). Let tV + (resp. tV −) and V + (resp. V −) be the tails terms
of the fundamental solutions of P † and P , respectively. Then the following
holds

V +(p, q) = tV −(q, p), V −(p, q) = tV +(q, p).(24)

Following the previous lemma, the following holds

V +(p, q) = V −(q, p), V −(p, q) = V +(q, p)(25)

due to the fact that P = P † in the current context. Therefore, in the local
coordinate expression, we will replace V +(x, y) by V −(y, x) in the following
calculations. First note an important fact. Since ∇Γ �= 0 on C−

p − {p}, we
have dΓ∧μΓ = μĝ, where μΓ is a Leray form on C−

p . Using the definition of
the Hodge dual, we may obtain the following for a 1-form v on C−

p − {p}

∗v(y) = 〈v(y),∇Γ(x, y)〉μΓ(y).(26)

This holds precisely because ∇Γ is tangential to the null cone C−
p (see

Lemma 2.9.2 in Friedlander’s book [17]). Therefore the term
1
2π

∫
C−

p
∗ (V +(x, y)∇yϕ(y)− ϕ(y)∇yV

+(x, y)) may be evaluated as follows

1

2π

∫
C−

p

∗
(
V +(x, y)∇yϕ(y)− ϕ(y)∇yV

+(x, y)
)

(27)

=
1

2π

∫
C−

p

〈
(
V +(x, y)∇yϕ(y)− ϕ(y)∇yV

+(x, y)
)
,∇yΓ(y)〉μΓ(y)

=
1

2π

∫
C−

p

〈∇y(V
+(x, y)ϕ(y))− 2ϕ(y)∇yV

+(x, y),∇yΓ(y)〉μΓ(y)

=
1

2π

∫
C−

p

〈∇y(V
−(y, x)ϕ(y)),∇yΓ(y)〉μΓ(y)

− 1

2π

∫
C−

p

ϕ(y)〈2∇yV
−(y, x),∇yΓ(y)〉μΓ(y).
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Here we have used the reciprocity theorem (lemma). Now notice that in
the second term of the above expression, only the tangential derivative
of V −(y, x) appears and while restricted to C−

p , we may use the trans-
port equation (19) to replace the second term by a lower order term in
V −(y, x)|C−

p
= V0. Doing so we obtain

1

2π

∫
C−

p

∗
(
V +(x, y)∇yϕ(y)− ϕ(y)∇yV

+(x, y)
)

(28)

=
1

2π

∫
C−

p

〈∇y(V
−(y, x)ϕ(y)),∇yΓ(y)〉μΓ(y)

+
1

2π

∫
C−

p

ϕ(y)
(
(�̂yΓ(x, y)− 4)V0(y, x) + PU(y, x)

)
μΓ(y)

= I1 + I2.

Here we make a series of coordinate transformations according to conve-
nience. Note that (x0, x1, x2, x3) denotes the geodesic normal coordinate
system, while (t, r, θ, ϕ) denotes spherical coordinates and (u, v, θ, ϕ) denotes
spherical light-cone/null coordinates defined as follows

u = t− r, v = t+ r, θ = θ, φ = φ.(29)

In a sense we perform (x0, x1, x2, x3) �→ (t, r, θ, ϕ) �→ (u, v, θ, ϕ). Notice
that ĝμν |p = ĝμν(0) = ημν since the normal coordinate system is based at
p ≡ 0. In addition the following two identities hold throughout the normal
coordinate frame

ĝμν(x)x
ν = ĝμν(0)x

ν = ημνx
ν ,(30)

Γ[ĝ]μαβx
αxβ = 0.(31)

The second property essentially follows from the fact that the geodesics
through p(≡ 0) are straight lines. For a complete proof, the reader is referred
to the relevant sections of [18]. Since in the integral equation we have x = 0,
we will only concern ourselves with Γ(0, x) := Γ. Evaluating Γ in the normal
coordinates

Γ := ĝμν(x)x
μxν = ĝμν(p = 0)xμxν = ημνx

μxν = −t2 + r2 = −uv.(32)

We may immediately obtain

∇μΓ∂μ = 2xμ∂μ = 2u∂u + 2v∂v,(33)
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and

dΓ := ∂μΓdx
μ = −vdu− udv.(34)

The invariant volume form in (u, v, θ, φ) coordinates is expressed as μĝ :=√
− det(ĝμν(u, v, θ, φ))du∧ dv ∧ dθ∧ dφ. On the other hand, the Leray form

on C−
p is defined as μΓ on C−

p satisfying dΓ ∧ μΓ = μĝ and therefore noting

dΓ = −vdu− udv, we may obtain a Leray form as the following

μΓ =

√
− det(ĝμν(u, θ, φ))

u
du ∧ dθ ∧ dφ(35)

since on C−
p , one has v = 0. Performing a series of calculations following the

transformations (x0, x1, x2, x3) �→ (t, r, θ, ϕ) �→ (u, v, θ, ϕ), we may explictly

obtain the line element on C−
p

ds2|C−
p
= −dudv + 2Vθdvdθ +

2Vφdvdφ+2 gABdx
AdxB +

(
−1

4
ĝuu(36)

+
1

4
2gABV

AV B

)
dv2,

where 2gAB is the metric induced on the 2-sphere at fixed u and v = 0 (i.e.,

on the cone C−
p ) and 2Vθ (V A resp., A = 1, 2) and 2Vφ are sections of T ∗

S
2

(TS2 resp.) (here S2 is a topological sphere defined u = constant and v = 0).

Explicit calculations yield

√
− det(ĝμν(u, θ, φ))|C−

p
=

1

2

√
det(gAB(u, θ, φ)).(37)

The invariant volume induced on the boundary 2-sphere i.e., on C−
p ∩Σ = σp

is as follows

dσp =
√

det(gAB(u, θ, φ))|∂C−
p =σp

dθ ∧ dφ(38)

= 2
√

− det(ĝμν(u, θ, φ))|σpdθ ∧ dφ.

Now we go back to the integrals which were being evaluated. Let us consider

I1 first

2πI1 =

∫
C−

p

〈∇y(V
−(y, x)ϕ(y)),∇yΓ(y)〉μΓ(y)(39)
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=

∫
C−

p

∇μ(∇μΓ(x, y)V −(y, x)ϕ(y))μΓ −
∫
C−

p

∇μ∇μΓ(x, y)V −(y, x)ϕ(y)μΓ.

Now let us evaluate the first term explicitly

∇μ(∇μΓ(x, y)V −(y, x)ϕ) = ∂μ(∇μΓV −(y, x)ϕ) + Γμ
μα∇αΓV −(y, x)ϕ(40)

which utilizing ∇Γ := ∇μΓ∂μ = 2u∂u + 2v∂v becomes

∇μ(∇μΓ(x, y)V −(y, x)ϕ) = ∂u(2uV
−(y, x)ϕ) + ∂v(2vV

−(y, x)ϕ)(41)

+
1

2
ĝμν∂uĝμν(2u)V

−(y, x)ϕ+
1

2
ĝμν∂vĝμν(2v)V

−(y, x)ϕ

= 2V −(y, x)ϕ+ 2u∂u(V
−(y, x)ϕ) + 2V −(y, x)ϕ+ 2v∂v(V

−(y, x)ϕ)

+
1

2
ĝμν∂uĝμν(2u)V

−(y, x)ϕ+
1

2
ĝμν∂vĝμν(2v)V

−(y, x)ϕ.

Now note that v = 0 on C−
p and therefore the previous expression becomes

∇μ(∇μΓ(x, y)V −(y, x)ϕ) = 2V −(y, x)ϕ+ 2u∂u(V
−(y, x)ϕ) + 2V −(y, x)ϕ

+uĝμν∂uĝμνV
−(y, x)ϕ

= 2u∂u(V
−(y, x)ϕ) + uĝμν∂uĝμνV

−(y, x)ϕ+ 4V −(y, x)ϕ

= 2u
∂u(

√
− det(ĝμν(u, θ, φ))V

−(y, x)ϕ)√
− det(ĝμν(u, θ, φ))

+ 4V −(y, x)ϕ.

Therefore we obtain

2πI1

=

∫
C−

p

∇μ(∇μΓ(x, y)V −(y, x)ϕ(y))μΓ −
∫
C−

p

∇μ∇μΓ(x, y)V −(y, x)ϕ(y)μΓ

=

∫
C−

p

u∂u(2
√

− det(ĝμν(u, θ, φ))V
−(y, x)ϕ(y))

du ∧ dθ ∧ dφ

u

+

∫
C−

p

(4− �̂Γ(x, y))V −(y, x)ϕ(y)μΓ(y)

=

∫
C−

p

∂u(2
√

− det(ĝμν(u, θ, φ))V
−(y, x)ϕ(y))du ∧ dθ ∧ dφ

+

∫
C−

p

(4− �̂Γ(x, y))V −(y, x)ϕ(y)μΓ(y)

= −
∫
C−

p

2
√

− det(ĝμν(u, θ, φ))V
−(y, x)ϕdθ ∧ dφ
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+

∫
σp

(4− �̂yΓ(x, y))V
−(y, x)ϕ(y)μΓ(y)

= −
∫
σp

V −(y, x)ϕ(y)dσp +

∫
σp

(4− �̂yΓ(x, y))V
−(y, x)ϕ(y)μΓ(y).

Here we have used equation (38) and the future direction is considered to
be positive for the null normal vector of the boundary sphere σp = ∂C−

p .
Therefore, the integral I1 + I2 now becomes (from equation (28))

1

2π

∫
C−

p

∗
(
V +(x, y)∇yϕ(y)− ϕ(y)∇yV

+(x, y)
)
= I1 + I2(42)

= − 1

2π

∫
σp

V −(y, x)ϕ(y)dσp +
1

2π

∫
σp

(4− �̂yΓ(x, y))V
−(y, x)ϕ(y)μΓ

+
1

2π

∫
C−

p

ϕ(y)
(
(�̂yΓ(y, x)− 4)V0(y, x) + PU(y, x)

)
μΓ(y).

Now on C−
p , we have V −(y, x) = V0 since data of V

−(y, x) on C−
p is the initial

data for the characteristic initial value problem (18). Using V −(y, x)|C−
p
=

V0, we see that the last two terms in the previous integral cancels point-wise
yielding

1

2π

∫
C−

p

∗
(
V +(x, y)∇yϕ(y)− ϕ(y)∇yV

+(x, y)
)

(43)

= − 1

2π

∫
σp

V −(y, x)ϕ(y)dσp +
1

2π

∫
C−

p

PU(x, y)ϕ(y)μΓ(y)

= − 1

2π

∫
σp

V +(x, y)ϕ(y)dσp +
1

2π

∫
C−

p

PU(x, y)ϕ(y)μΓ(y)

The tail contribution 1
2π

∫
C−

p
∗ (V +(x, y)∇yϕ(y)− ϕ(y)∇yV

+(x, y))

+ 1
2π

∫
σp

V +(x, y)ϕ(y)dσp therefore reduces to

1

2π

∫
C−

p

∗
(
V +(x, y)∇yϕ(y)− ϕ(y)∇yV

+(x, y)
)

+
1

2π

∫
σp

V +(x, y)ϕ(y)dσp

= − 1

2π

∫
σp

V +(x, y)ϕ(y)dσp +
1

2π

∫
C−

p

PU(x, y)ϕ(y)μΓ(y)

+
1

2π

∫
σp

V +(x, y)ϕ(y)dσp
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=
1

2π

∫
C−

p

PU(x, y)ϕ(y)μΓ(y)

=
1

2π

∫
C−

p

�̂yU(x, y)ϕ(y)μΓ(y)

Putting everything together, we now obtain the desired integral equation for

ϕ which does not include the tails terms. The following theorem summarizes

the result.

Theorem 1. Let ϕ ∈ C∞(Ω) and assume that p ∈ D+(Σ) − {Σ}. Then ϕ

at point p (≡ x in the local coordinate system) satisfies the following integral

equation

ϕ(x) =
1

2π

∫
C−

p

U(x, y)ϕ5(y)μΓ(y) +
1

2π

∫
C−

p

�̂yU(x, y)ϕ(y)μΓ(y)(44)

+
1

2π

∫
σp

(2U(x, y)〈ξ(y),∇yϕ(y)〉+ U(x, y)Θ(y)ϕ(y)) dσp(y),

where μΓ and Θ are defined previously.

Notice an extremely important fact that even though the final expression

we have obtained contains integrals over the mantle of the past light cone and

its two dimensional intersection with the initial Cauchy hypersurface, it does

not imply that Huygen’s principle holds. One might just for the time being
neglect the nonlinear term and consider the linear wave propagation, then

the unknown ϕ appears within the integral ( 1
2π

∫
C−

p
�̂yU(x, y)ϕ(y)μΓ(y)). If

Huygen’s principle were to hold, then at the linear level (with no nonlin-

ear source term), the expression would only contain the Cauchy data. In
Minkowski space, we have U(x, y) ≡ 1 => �̂yU(x, y) ≡ 0 and therefore

this Huygen’s violating term vanishes identically. For the present purpose of

proving an L∞ control, this linear term does not cause any difficulty if we

assume sufficient regularity of the background spacetime metric. Via explicit

calculations, we will establish that under such circumstances, �̂yU(x, y) is

bounded.

Notice an important fact about integration on C−
p . In the spherical null

or lightcone coordinates (u, v, θ, φ), the null cone C−
p is defined by v = 0.

The integral of a function f on C−
p is written as

∫
C−

p

fμĝ|C−
p
=

∫
S2

∫ u1

0
f
√

− det(ĝμν(u, θ, φ))du ∧ dθ ∧ dφ(45)
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which upon using the fact that
√
− det(ĝμν(u, θ, φ))|C−

p
= 1

2

√
det(gAB(u, θ, φ))

becomes∫
C−

p

fμĝ|C−
p
=

1

2

∫
S2

∫ u1

0
f
√

det(gAB(u, θ, φ))du ∧ dθ ∧ dφ.(46)

Now we will extract the conformal factor u2 from
√

det(gAB(u, θ, φ)) to yield∫
C−

p

fμĝ|C−
p
=

1

2

∫
S2

∫ u1

0
fu2

√
det(g̃AB(u, θ, φ))du ∧ dθ ∧ dφ.(47)

In the view of the fact that we are in a geodesically convex domain and
assuming sufficient regularity of the spacetime metric, we will explicitly show
in Section 5.5 that

√
det(g̃AB(u, θ, φ)) is harmless (satisfies a point-wise O(1)

estimate at worst). For example, if f(u) = 1
uκ , then∫

C−
p

fμĝ|C−
p
=
1

2

∫
S2

∫ u1

0

u2

uκ

√
det(g̃AB(u, θ, φ))du ∧ dθ ∧ dφ � |u1|3−κ, κ<3.

We will frequently use this type of estimate while performing integration on
the cone C−

p .

5. Energy estimates

In this section we derive an estimate of energy corresponding to the unit time
like vector field n orthogonal to the spacelike hypersurfaces Σ. In addition to
this basic energy estimate, we also consider three additional quasi-local (to
be defined later) time-like conformal Killing vector fields. As we mentioned
previously, we need these three additional estimates only for this critical
nonlinearity. For sub-critical nonlinearities (the nonlinear exponent may take
value up to 5 − δ, δ > 0), the basic estimate of energy corresponding to
n = 1

N (∂t−Y ) and the integral equation derived in the previous section are
sufficient to yield the desired spacetime L∞ estimate of ϕ. We start with the
stress-energy tensor T that is derivable from the action S associated with
the scalar field ϕ

Tμν := − 2√
− det(ĝ)αβ

δS

δĝμν
,(48)

where S is as follows

S :=
1

2

∫
M

(
−ĝμν∇μϕ∇νϕ− 1

3
φ6

)
μĝ.(49)
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Figure 1: The null geometry associated to point p ∈ M and energy
conservation corresponding to the the vector field X. Clearly Energy at
the initial hypersurface St1(ESt1

) + energy production by the strain tensor
LX ĝ = ESt2

+ Energy flowing across the null cone. The coordinate chart is
normal at p(≡ 0).
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An explicit calculation yields

Tμν := ∇μϕ∇νϕ− 1

2
∇αϕ∇αϕĝμν −

1

6
ϕ6ĝμν ,(50)

Divergence of the stress-energy tensor vanishes by virtue of the equation of
motion ĝμν∇μ∇νϕ = ϕ5

∇νTμν = (∇ν∇νϕ)∇μϕ− ϕ5∇μϕ = (∇ν∇νϕ− ϕ5)∇μϕ = 0.(51)

Now using this divergence free property of the stress-energy tensor (when-
ever the equation of motion is satisfied), we may derive several conservation
laws. Let us consider a vector field X and evaluate the following entity

∇ν(XμT
μν) = ∇νXμT

μν +Xμ∇νT
μν = ∇μXνT

μν(52)

which upon integration over the truncated past light cone of p (see Figure 1)
and an application of the Stokes theorem (assuming the domain to be Stokes
regular) yields∫

C
−,t2,t1
p

T (X, l)μĝ|C−,t2,t1
p

+

∫
St1

T (X,n)μĝ|St1
−
∫
St2

T (X,n)μĝ|St2
(53)

=

∫
D

−,t2,t1
p

(∇μXνT
μν)μĝ

=
1

2

∫
C

−,t2,t1
p

(∇μXν +∇νXμ)T
μνμĝ

using symmetry of Tμν . Here C−,t2,t1
p , St1 , and St2 , and denote the mantle

of the truncated causal past D−,t2,t1
p , the intersection of the causal past

with the constant t hypersurfaces Σt1 and Σt2 , respectively. See Figure 1
for clarification. Notice an important fact that if X is a Killing vector field,
then the strain tensor Xπμν := (LX ĝ)μν = ∇μXν + ∇νXμ vanishes and in
those particular circumstances, we have a true conservation law.

5.1. Elementary energy estimate using the vector field
‘n = 1

N
(∂t − Y )’

The equation (53) holds for any general vector field X (lying in a suitable
function space). However, in order to construct positive (negative) definite
energies, we will only focus on future (past) directed time-like vector fields.
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We first consider the unit future directed time-like vector field n orthogonal
to the constant t hypersurfaces. The energy density associated with n reads

E := T (n, n)(54)

which may be explicitly evaluated to yield

E =
1

2N2

(
(∂tϕ)

2 − 2Y i∇iϕ∂tϕ+ Y iY j∇iϕ∇jϕ+N2gij∇iϕ∇jϕ
)

(55)

+
1

6
ϕ6

=
1

2
|Lnϕ|2 +

1

2
|∇ϕ|2g +

1

6
ϕ6

=
1

2
m2 +

1

2
|∇ϕ|2g +

1

6
ϕ6,

where we denote the velocity variable Lnϕ associated to ϕ as m (note that
in case of gravity, this role is played by the second fundamental form in the
Lagrangian language) and g−1 := gij∂i ⊗ ∂j . Clearly ĝij = gij but ĝij =

gij − Y iY j

N2 (note the expression of metric (4) in Section 2). Note that one
may decompose the equation of motion ∇μ∇μϕ = ϕ5 into two first order
(in time) equations in terms of ϕ and m (the so called 3 + 1 decomposition
of the field equations). This may be obtained directly from the action

S =
1

2

∫
M

(
−ĝμν∇μϕ∇νϕ− 1

3
φ6

)
μĝ(56)

=
1

2

∫
I⊂R

∫
Σt

(
1

N2
(∂tϕ− LY ϕ)

2 − gij∇iϕ∇jϕ− 1

3
ϕ6

)
Nμgd

3xdt

=

∫
I⊂R

∫
Σt

(
m∂tϕ−mLY ϕ− Nm2

2
− N

2
gij∇iϕ∇jϕ− N

6
ϕ6

)
μgd

3xdt.

Variation of S with respect to m and ϕ yields the following coupled first
order (in time) equations

∂tϕ = Nm+ LY ϕ(57)

∂tm = ∇iN∇iϕ+Ngij∇i∇jϕ+ LY m−Nϕ5 +mtrgk,(58)

where k is the second fundamental form of the constant t hypersurface Σt.
We derived this set of equations because we want to study the gravitational
dynamics coupled to critically nonlinear wave fields in the future. It is very
straightforward to couple (in case of minimal coupling) this system with the
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Einstein equations. Noting μĝ = Nμg, the energy for this system in terms
of (m,ϕ) is defined as follows

EΣt
:=

∫
Σt

(
1

2
m2 +

1

2
|∇ϕ|2g +

1

6
ϕ6

)
Nμg.(59)

Clearly we observe that the Ḣ1(Σt) × L2(Σt) norm of (ϕ,m) is controlled
by the energy. Obviously we have Ḣ1(Σt) ↪→ L6(Σt) and therefore the ϕ6

term is dominated by the second term in the energy expression.
The equation (53) with X = n yields∫

C
−,t2,t1
p

T (n, l)μĝ|C−,t2,t1
p

+

∫
St1

T (n, n)μĝ|St1
−
∫
St2

T (n, n)μĝ|St2
(60)

=

∫
D

−,t2,t1
p

(∇μnνT
μν)μĝ

i.e.,

ESt2
−
∫
C

−,t2,t1
p

T (n, l)μĝ|C−,t2,t1
p

= ESt1
−
∫ t2

t1

(∫
St

(∇μnνT
μν)Nμg

)
dt.

(61)

In the previous expression, we have the problematic term∫ t2
t1

∫
St
(∇μnνT

μν)Nμg which may be written as the strain tensor of n con-

tracted with Tμν due to symmetry of the later, that is,
∫ t2
t1

∫
St
(∇μnνT

μν)Nμg

= 1
2

∫ t2
t1

∫
St
((∇μnν +∇νnμ)T

μν)Nμg. Since, the strain tensor of n is essen-
tially tied to the background spacetime, we need to somehow show that Tμν

is bounded component-wise and point-wise by the energy density. We use
the following well known trick to verify that this is indeed the case

|Tμν | =
∣∣∣∣
∫ 1

0

∂Tμν(sϕ, s∂ϕ)

∂s
ds

∣∣∣∣ ≤
∫ 1

0

(
|∂T

μν

∂ϕ
||ϕ|+ | ∂T

μν

∂(∂ϕ)
||∂ϕ|

)
ds|.

(62)

Noting |∂T (sϕ,s∂ϕ)
∂ϕ | � ϕ6 and |∂T (sϕ,s∂ϕ)

∂(∂ϕ) | � m2 + |∇ϕ|2g, we may write

|Tμν | � E ,(63)

where the involved constants are harmless. Now if we further assume that
the strain tensor∇μnν+∇νnμ associated to n is bounded, then we may write
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the equation (61) as an integral equation for E. Noting ∇μnν+∇νnμ = Lnĝ,

an explicit calculation for the strain tensor of n yields

(Lnĝ)00 = 2∇0n0 = 2Y k∇kN − 2kijY
iY j

(Lnĝ)0i = (Lnĝ)i0 = ∇0ni +∇in0 = ∇iN − 2kijY
j

(Lnĝ)ij = ∇inj +∇jni = ĝ(∇in, ∂j) + ĝ(∇jn, ∂i) = −2kij .

(64)

In the globally hyperbolic background spacetime, we may further assume

the following regularity estimate

max(||Y ||L∞(D−
p ), ||∇N ||L∞(D−

p ), ||k||L∞(D−
p )) ≤ C,(65)

where L∞(D−
p ) denotes the spacetime point-wise norm. Therefore, (61) may

be written as follows

ESt2
−
∫
C

−,t2,t1
p

T (n, l)μĝ|C−,t2,t1
p

≤ ESt1
+ C

∫ t2

t1

ESt
dt(66)

where 0 < C < ∞ depends on spacetime L∞ norm of N,N−1, g, g−1, k,

and Y . Note an extremely important fact that these assumed bounds on the

spacetime entities certainly do not hold true in the gravitational problem

(or when this scalar field is coupled to gravity). Instead one needs to control

these terms simultaneously making the problem tremendously difficult. In a

few special cases, one may control all the associated norms simultaneously

by assuming a certain smallness condition on the data. Here we do not have

to worry about such things.

Now we need to evaluate the term −
∫
C

−,t2,t1
p

T (n, l)μĝ|C−,t2,t1
p

and show

that this has a definite sign. Physically, it is not hard to see that this term

is essentially the measure of energy flux flowing out through the null bound-

ary. Now, for a physically reasonable matter source (i.e., one with positive

definite energy), this flux term will always be positive since following causal-

ity the energy flux can not flow into the cone through the boundary (see

Figure 1 for a physical description). However we will show explicitly that

this term is indeed positive definite. Since the energy and energy flux inte-

grals are diffeomorphism invariant, we may evaluate these in the null basis

introduced in Section 2 (6)–(8)

ĝ(l, l) = 0, ĝ(l̄, l̄) = 0, n = −l + l̄, ĝ(λi, λj) = δij ,

ĝ(λi, l) = ĝ(λi, l̄) = 0.
(67)



Light cone estimates 251

Explicit calculations yield

T (n, l) = T (−l + l̄, l) = T (l, l̄)− T (l, l),

T (l, l̄) = ĝ(l, ∂ϕ)ĝ(l̄, ∂ϕ)− 1

4
ĝ(∂ϕ, ∂ϕ)− 1

12
ϕ6,

T (l, l) = ĝ(l, ∂ϕ)ĝ(l, ∂ϕ),

(68)

T (l̄, l̄) = ĝ(l̄, ∂ϕ)ĝ(l̄, ∂ϕ).(69)

Now we split ∂ϕ := (ĝμν∂νϕ)∂μ ∈ sections{TM} as follows

∂ϕ = 2ĝ(∂ϕ, l)l̄ + 2ĝ(∂ϕ, l̄)l +

2∑
i=1

ĝ(∂ϕ, λi)λi(70)

utilizing which we obtain

ĝ(∂ϕ, ∂ϕ) = 4ĝ(∂ϕ, l)ĝ(∂ϕ, l̄) +

2∑
i=1

|ĝ(∂ϕ, λi)|2.(71)

which yields the following expression for T (l, l̄)

T (l, l̄) = −1

4
|g(λ, ∂ϕ)|2 − 1

12
ϕ6(72)

Therefore, T (n, l) has the following expression

−T (n, l) = |ĝ(l, ∂ϕ)|2 + 1

4

2∑
i=1

|ĝ(∂ϕ, λi)|2 +
1

12
ϕ6 ≥ 0.(73)

This is a positive semi-definite entity and precisely expresses the flux go-
ing transversal to the lightcone, but, not along the light cone since, terms
involving ĝ(∂ϕ, l̄) cancels out in the process. Using this inequality, we may
conclude that the diffeomorphism invariant entity

∫
C

−,t2,t1
p

T (n, l)μĝ|C−,t2,t1
p

satisfies

−
∫
C

−,t2,t1
p

T (n, l)μĝ|C−,t2,t1
p

≥ 0.(74)

Therefore the energy inequality (66) becomes

ESt2
≤ ESt1

+ C

∫ t2

t1

ESt
dt(75)
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which upon using Grönwall’s inequality yields

ESt2
≤ ESt1

eC(t2−t1).(76)

Now if one goes back to the energy inequality (66) and substitutes the energy
bound (76), the following is obtained

ESt2
−
∫
C

−,t2,t1
p

T (l, n)μĝ|C−,t2,t1
p

≤ ESt1
+ CESt1

∫ t2

t1

eC(t−t1)dt(77)

= ESt1
eC(t2−t1),

that is,

−
∫
C

−,t2,t1
p

T (l, n)μĝ|C−,t2,t1
p

≤ ESt1
eC(t2−t1) − ESt2

.(78)

We may set t2 = 0 (and thus t1 < 0) and write the previous inequality as

−
∫
C

−,t2,t1
p

T (l, n)μĝ|C−,t2,t1
p

≤ ESt1
e−Ct1 − ES0

(79)

Now we observe from (76) that energy E can not blow up at the vertex i.e.,
at t = 0. Therefore 0 < ES0

= E0 < ∞. Taking t1 → 0 (i.e., if we make the
height of the light cone sufficiently small), we conclude

lim
t1→0

−
∫
C

t1
p

T (l, n)μĝ|Ct1
p

= 0(80)

or more explicitly

lim
t1→0

∫
C

t1
p

(
|ĝ(l, ∂ϕ)|2 + 1

4

2∑
i=1

|ĝ(∂ϕ, λi)|2 +
1

12
ϕ6

)
μĝ|Ct1

p
= 0.(81)

Denoting positive continuous functions that vanish as one approaches t1 = 0
by zo(t1), we observe∫

C
t1
p

|l(ϕ)|2μĝ|Ct1
p

= zo(t1),

∫
C

t1
p

|ĝ(∂ϕ, λi|2μĝ|Ct1
p

= zo(t1)(82) ∫
C

t1
p

ϕ6μĝ|Ct1
p

= zo(t1).(83)
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This essentially demonstrates the fact that the flux integral may be made

arbitrarily small by reducing the height of the lightcone. We will make use

of this important result in the next energy estimates. This however does not

imply that the same estimate holds if we consider a light cone emanating

from any point lying within causal past of Ct1
p and extending up to the

hypersurface St1 . In order to obtain estimates on any interior cone (which we

will require will be clarified in later sections), we will need to use the energies

associated with the three additional approximate conformal Killing vector

fields. Before moving to the next set of energy estimates, let us introduce

some concepts which will prove to be useful.

5.2. Concept of geodesic normal charts and parallel propagated

frames

An important result of Riemannian geometry is that on any Riemannian or

pseudo-Riemannian manifold, one can construct a geodesic normal coordi-

nate chart on a neighbourhood of an arbitrary point p (the exponential map

from the tangent space TpM to the manifold M is a diffeomorphism in the

normal neighbourhood). The size of the geodesic normal neighbourhood (i.e.,

the injectivity radius) depends on the magnitude of the Riemann tensor in a

suitable sense. There are concrete results about the relationship between the

size of the Riemann curvature tensor (in a suitable function space of course)

and the injectivity radius. The norm of the spacetime Riemann tensor may

be defined in terms of the norm of the electric and magnetic components

associated with the Weyl tensor (trace-free part of the Riemann tensor) and

the norm of the Ricci tensor (trace part of the Riemann tensor). For ex-

ample, one may simply construct a gauge invariant point-wise norm of the

Riemann tensor simply by contracting with a spacetime Riemannian metric.

Let T be a future directed unit timelike vector field orthogonal to a family

of spacelike hypersurfaces foliating the spacetime M . We may construct a

Riemannian metric as follows

ζ := ĝ + 2T ⊗ T.(84)

The Let C−
p ∈ M be a null cone with vertex at p. The point-wise norm of the

Riemann curvature while restricted to C−
p may be defined as ||Riem||L∞(C−

p )

:= supx∈C−
p

√
RμναβRδκλγζμδζνκζαλζβγ . We will not present details about

the relationship between the Riemann curvature and injectivity radius but

instead refer to the Theorem 1.1 of [19].
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Theorem ([19]). Let (M, ĝ) be a time orientable Lorentzian ‘3+1’ differen-
tiable manifold. Consider an observer (p, T ) where p ∈ M and T is a future
directed time-like unit vector belonging to TpM . Assume that the exponential
map expp is defined in a Riemannian ball BT (0, r) ⊂ TpM and the Riemann
curvature satisfies

sup
γ

|Riem(ĝ)|Tγ
≤ 1

r2
,(85)

where supremum is taken over every ĝ-geodesic γ initiating from a vector
lying in BT (0, r) ⊂ TpM , then there exists a uniform constant C such that
the following is satisfied by the injectivity radius

injĝ(M,p, T )

r
≥ C

V olĝ(BT (p, Cr))

r4
.(86)

Here BT (p, r) = expp(BT (0, r)).

This important theorem allows one to bound the injectivity radius in
terms of the Riemann curvature and the volume of the Riemannian ball
BT (0, r) ⊂ TpM . Let’s set r = 1. In a globally hyperbolic background space-
time, we assume that the Riemann curvature bound is 1 i.e., supγ |Riem(ĝ)|Tγ

≤ 1 and V olĝ(BT (p, C)) is uniformly bounded from below. Therefore the in-
jectivity radius satisfies injĝ � 1, where the constant involved is uniform.
Note that we may always make the magnitude of Riem to be of the order
1 by re-scaling as long as it has a definite lower (and upper) bound. In the
local coordinates with x(p) = 0, the following relations hold only at p (recall
that we are in a geodesic normal coordinate system which has p as its origin)

ĝμν |p = ĝμν(0) = ημν ,Γ
μ
αβ|p = Γμ

αβ(0) = 0.(87)

This is the so-called equivalence principle of general relativity i.e., at each
point of the curved spacetime (so that gravity is present) one may construct
an inertial frame (Minkowski metric). As used previously in section 3, the
following remarkable property holds throughout the normal neighbourhood
of point p i.e., not just at p

ĝμν(x)x
ν = ĝμν(0)x

ν = ημνx
ν ,Γμ

αβ(x)x
αxβ = 0.(88)

The second property is simply a consequence of the fact that the geodesics
through p (x(p) ≡ 0) are straight lines. We do not prove these properties
here. For an elegant proof, reader is referred to the section 3 of [18]. On
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this normal coordinate chart one may introduce the frame fields ea := eμa∂μ
and the dual co-frame field θb := θbμdx

μ. One way to construct such a frame
(co-frame) field throughout the normal neighbourhood is to assign it at p
(e.g., ea|p = δμp ∂μ) and then parallel propagate by geodesics emanating from
p. Since the parallel propagation preserves the duality < ea, θ

b >= δba, such
a construction is possible. In the geodesic normal coordinate system, one
may explicitly calculate the connection 1-form ωa

μb, co-frame fields θa and

the metric ĝμν = θaμθ
b
νηab in terms of the curvature

ωa
bμ(x) = −

∫ 1

0
λxνRa

bμν(λx)dλ,(89)

θaμ(x) = θaμ(0) +

∫ 1

0
ωa
bμ(λx)(λx

νθbν(0))dλ,(90)

ĝμν(x) = ημν −
(
2ηab

∫ 1

0

∫ 1

0
λ2
1λ2R

b
cνα(λ1λ2x)θ

c
λ(0)θ

a
μ(0)dλ1dλ2

)
xαxλ

(91)

+

(
ηab

∫ 1

0

∫ 1

0

∫ 1

0

∫ 1

0
λ2
1λ2λ

2
3λ4R

a
pμα(λ1λ2x)

Rb
qνβ(λ3λ4x)θ

p
λ(0)θ

q
δ(0)dλ1dλ2dλ3dλ4

)
xαxβxλxδ.

Once again, the interested readers are referred to [18] for the proof. Noting
|Riem(ĝ)| ≤ 1 throughout the normal neighbourhood, one may observe
that components of the spacetime metric ĝ satisfy several estimates as one
approaches p (x(p) ≡ 0). In our application, the point p will be the vertex of
the cone C−

p under consideration and therefore we obtain the estimates for
the components of the spacetime metric as we approach the vertex of the
cone C−

p . If we invoke the ADM form of the metric (4) i.e.,

ĝ = −N2dt⊗ dt+ gij(dx
i + Y idt)(dxj + Y jdt),(92)

then as one approaches the vertex of the cone C−
p (i.e., p), the following

point-wise estimates hold provided that the point-wise curvature is bounded
(|Riem| ≤ 1)

−N2 + g(Y, Y ) = −N2 +O(|x|4), |gijY j | = O(|x|2), gij = ηij +O(|x|2).
(93)

Here of course ηij = δij . These elementary estimates will be extremely im-
portant to us as they will help us avoid a few brute-force calculations.
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Now we define vector fields with respect to the point p (x(p) ≡ 0) in its
normal neighbourhood. In an arbitrary globally hyperbolic manifold, these
vector fields will only make sense in the coordinate frame adapted to the
neighbourhood of p and therefore we will call these ‘quasi-local ’ vector fields.
Let us define three such vector fields

K := ĝ(x, x)∂t − 2x0x
ν∂ν ,(94)

S := xμ∂μ,(95)

R :=
xμ

x0
∂μ.(96)

By the very definition these vector fields are only well defined in the normal
neighbourhood of p (x(p) ≡ 0). Throughout the normal neighbourhood of
p, K and S denote the approximate inversion generator and approximate
scaling vector field, respectively. The vector field R is just a scaled version
of S by 1/x0. Let us first show that these vector fields are time-like within
the null-cone C−

p . An explicit calculation yields

ĝ(K,K) = ĝ(ĝ(x, x)∂t − 2x0x
ν∂ν , ĝ(x, x)∂t − 2x0x

μ∂μ)(97)

= |ĝ(x, x)|2gtt − 4ĝ(x, x)x0x
ν ĝ0ν + 4x20ĝ(x, x)(98)

= |ĝ(x, x)|2ĝtt ≤ 0,(99)

ĝ(S, S) = ĝ(xμ∂μ, x
ν∂ν)

= ĝ(x, x) < 0 on Dt1
p

since on a globally hyperbolic spacetime ĝtt < 0 and ĝ(x, x) < 0 inside of
the light cone, ĝ(x, x) = 0 on the light cone and ĝ(x, x) > 0 outside the
light cone. The vector field K is time-like everywhere except on the mantle
of the light cone where it is null. The vector field S is time-like within the
lightcone and null on the mantle of the lightcone. Time-like characteristic
of R follows from that of S. We call the vector fields K and S approximate
conformal Killing fields. The reason for such a terminology will soon become
clear. Let us explicitly compute the strain tensors associated with K and
S. We denote the strain tensors of K and S by Kπ and Sπ, respectively.
Explicit calculations yield

∇αK
λ = ∇α(ĝμνx

μxνδλ0 − 2ĝ0νx
νxλ)(100)

= ∂α(ĝμνx
μxν)δλ0 + ĝ(x, x)∇αδ

λ
0 − 2ĝ0νx

λ∇αx
ν − 2ĝ0νx

ν∇αx
λ

= 2ĝανx
νδλ0 − 2ĝ0νx

λ(δνα + Γν
αμx

μ)− 2ĝ0νx
ν(δλα + Γλ

αμx
μ),
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= 2ĝανx
νδλ0 − 2ĝ0αx

λ − 2ĝ0νδ
λ
αx

ν − 2ĝ0νΓ
ν

αμx
μxλ − 2ĝ0νΓ

λ
αμx

νxμ,

where we have used the fact that ĝμνx
μxν = ημνx

μxν throughout the
geodesic normal neighbourhood of p. The trace ∇αK

α is calculated as

∇αK
α = −8ĝ0νx

ν − 2ĝ0νΓ
ν

αμx
μxα − 2ĝ0νΓ

α
αμx

μxν(101)

= −8x0 − 2ĝ0νΓ
α

αμx
μxν

since Γν
αμx

αxμ = 0 throughout the normal coordinate system (88). Therefore

the strain tensor Kπ may be evaluated as

Kπμν = ∇μKν +∇νKμ = −4x0ĝ
μν − 2ĝ0αĝ

μβΓα
βλx

λxν(102)

−2ĝ0αĝ
μβΓν

βλx
αxλ − 2ĝ0αĝ

νβΓα
βλx

λxμ − 2ĝ0αĝ
νβΓμ

βλx
αxλ

=
1

2
(∇αK

α)ĝμν + ĝμν ĝ0βΓ
α
αλx

λxβ − 2ĝ0αĝ
μβΓα

βλx
λxν

−2ĝ0αĝ
μβΓν

βλx
αxλ − 2ĝ0αĝ

νβΓα
βλx

λxμ − 2ĝ0αĝ
νβΓμ

βλx
αxλ

=
1

2
(∇αK

α)ĝμν + ERμν
K .

Now notice an extremely important fact. If K were to be a true conformal
Killing vector field then ERμν

K would vanish identically (which is the case
in ordinary flat spacetime). However, using the equations (89)–(91), we will
show that this error term vanishes at third order as one approaches the
vertex of the cone C−

p . Notice the following relation

Γα
μνx

ν =
1

2
ĝβαxν∂ν ĝμβ(103)

which may be further evaluated utilizing

xβ∂β ĝμν = ηab

{
θbν(x)

(
ωa
fμ(x)(x

γθfγ (0)−
∫ 1

0
[ωa

fμ(λx)(λx
γθfγ (0)]dλ

)(104)

+θaν(x)

(
ωb
fμ(x)(x

γθfγ (0)−
∫ 1

0
[ωb

fμ(λx)(λx
γθfγ (0)]dλ

)}
.

Now if we substitute the expression for the connection 1-form (89), then we
obtain the following point-wise estimate for |xβ∂β ĝμν | as one approaches the
vertex of the cone C−

p

|xβ∂β ĝμν | = O(|x|2)(105)
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and therefore the error term ERμν
K satisfies

|ERμν
K | = |ĝμνg0βΓα

αλx
λxβ − 2g0αg

μβΓα
βλx

λxν(106)

−2g0αg
μβΓν

βλx
αxλ − 2g0αg

νβΓα
βλx

λxμ − 2g0αg
νβΓμ

βλx
αxλ|

= O(|x|3).

Since the error term ERμν
K which is obstructing the exact conformal Killing

character of K vanishes at third order as one approaches the vertex of C−
p ,

we call K an approximate quasi-local conformal Killing field. Notice an
important fact that K itself vanishes at second order as one approaches the
vertex of C−

p . Therefore it only makes sense to call it approximate conformal
Killing since the error term vanishes at one order higher rate. This property
will be extremely important while we derive the energy estimates. Therefore,
the results derived in this section yield the following lemma.

Lemma 1. Let p ∈ M such that in local coordinates x(p) = 0 and Gp be
its geodesic normal neighbourhood and C−

p be its past light cone. The quasi
local vector field K := ĝ(x, x)∂t − 2x0x

ν∂ν adapted to Gp is an approximate
conformal Killing vector field in a sense that its strain tensor Kπ satisfies

Kπμν =
1

2
(∇μK

μ)ĝμν + ERμν
K ,(107)

where |ERμν
K | = O(|x|3) as one approaches the vertex p of the light cone C−

p .

Now let us consider the vector field S and compute its strain tensor Sπ.
Explicit calculation yields

∇μS
ν = ∇μx

ν = δνμ + Γν
μαx

α(108)

the covariant divergence of which reads

∇μS
μ = 4 + Γμ

μαx
α.(109)

The strain tensor reads

Sπμν : (LS ĝ)
μν = ∇μSν +∇νSμ = 2ĝμν + ĝμβΓν

βαx
α + ĝνβΓμ

βαx
α(110)

=
1

2
(∇αS

α)ĝμν − 1

2
(Γβ

βαx
α)ĝμν + ĝμβΓν

βαx
α

+ĝνβΓμ
βαx

α

=
1

2
(∇αS

α)ĝμν + |ERμν
S |.
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Now once again utilizing the equations in normal coordinates (89)–(91),

(103)–(104), we obtain

|ERμν
S | = O(|x|2)(111)

as one approaches the vertex of the light cone C−
p . Therefore we have proved

the following lemma

Lemma 2. Let p ∈ M such that in local coordinates x(p) = 0 and let Gp be

its geodesic normal neighbourhood and C−
p ⊂ Gp be its past light cone. The

quasi local vector field S := xμ∂μ adapted to Gp is an approximate conformal

Killing vector field in a sense that its strain tensor Sπ satisfies

Sπμν =
1

2
(∇αS

α)ĝμν + ERμν
S ,(112)

where |ERμν
S | = O(|x|2) as one approaches the vertex p of the light cone C−

p .

Once again note an important fact that the error term obstructing the

conformal Killing nature of the quasi-local vector field S vanishes quadrat-

ically which is one order higher than the rate at which S itself vanishes as

one approaches Ct1
p . Now we have the required machinery to move forward

with deriving the estimates of the energies associated with K and S.

5.3. Energy estimate using the quasi-local vector field

‘K := ĝ(x, x)∂t − 2x0x
ν∂ν ’

We proceed in the standard way of obtaining the equation of conservation

of energy associated with the vector field K. Instead of using the stress

energy tensor, we go one step back and start with the equation of motion.

The reason for doing so will become clear in the fullness of time. Noting

K(ϕ) = Kμ∂μϕ, we multiply the equation of motion (13) by K(ϕ) and

simplify the expression

K(ϕ)∇μ∇μϕ = K(ϕ)ϕ5,

∇μ

(
Kν(∂μϕ∂νϕ− 1

2
ĝμν ĝ(∂ϕ, ∂ϕ)− ĝμν

ϕ6

6
)

)

−1

2
(∇μKν +∇νKμ)

(
∂μϕ∂νϕ− 1

2
ĝμν ĝ(∂ϕ, ∂ϕ)−

1

6
ĝμνϕ

6

)
= 0.

(113)
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Now we make use of the expression for the strain tensor Kπμν := ∇μKν +

∇νKμ (107)

∇μ

(
Kν(∂μϕ∂νϕ− 1

2
ĝμν ĝ(∂ϕ, ∂ϕ)− ĝμν

ϕ6

6
)

)
(114)

−1

4
(∇αK

αĝμν)

(
∂μϕ∂νϕ− 1

2
ĝμν ĝ(∂ϕ, ∂ϕ)−

1

6
ĝμνϕ

6

)

−1

2
ERμν

K

(
∂μϕ∂νϕ− 1

2
ĝμν ĝ(∂ϕ, ∂ϕ)−

1

6
ĝμνϕ

6

)
= 0.

Now due to the estimate |ERμν | = O(|x|3), we will observe that the term

ERμν
K

(
∂μϕ∂νϕ− 1

2 ĝμν ĝ(∂ϕ, ∂ϕ)−
1
6 ĝμνϕ

6
)
is harmless in the forthcoming

analysis. However, we do have the problematic term 1
4(∇αK

αĝμν)(∂μϕ∂νϕ−
1
2 ĝμν ĝ(∂ϕ, ∂ϕ)−

1
6 ĝμνϕ

6) because |∇αK
α| = O(|x|) (101). Therefore, we will

add a counter term to the multiplier K(ϕ) which cancels this problematic

term point-wise. We multiply the equation of motion (13) by K(ϕ)− 2x0ϕ

instead to yield

∇μ

(
Kν(∂μϕ∂νϕ− 1

2
ĝμν ĝ(∂ϕ, ∂ϕ)−

ϕ6

6
)− 2x0ϕ∇μϕ

)
(115)

−∇μKν(∂μϕ∂νϕ− 1

2
ĝμν ĝ(∂ϕ, ∂ϕ)−

ϕ6

6
) + 2x0|∂ϕ|2

+2∇μx0ϕ∇μϕ = −2x0ϕ
6.

Notice that the equation (115) is nothing but the following

∇μ (TμνK
ν − 2x0ϕ∇μϕ)− Tμν∇μKν + 2x0ĝ(∂ϕ, ∂ϕ) + 2(∇μx0)ϕ∇μϕ

= −2x0ϕ
6.

We may further evaluate the term 2∇μx0ϕ∇μϕ as follows

2∇μx0ϕ∇μϕ = 2∇μ(g0νx
ν)ϕ∇μϕ = 2g0ν(∂μx

ν + Γν
μαx

α)ϕ∇μϕ(116)

= 2g0μϕ∇μϕ+ 2g0νΓ
ν
μαx

αϕ∇μϕ = ∇μ(ϕ
2δμ0 ) + 2g0νΓ

ν
μαx

αϕ∇μϕ

yielding

∇μ (TμνK
ν − 2x0ϕ∇μϕ)− Tμν∇μKν + 2x0ĝ(∂ϕ, ∂ϕ)

+∇μ(ϕ
2δμ0 ) + 2g0νΓ

ν
μαx

αϕ∇μϕ = −2x0ϕ
6.
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Integrating the previous expression over the truncated light cone CT
P yields∫

St1

[T (K,n)− 2x0ϕm+ φ2n0]μĝ|St1

−
∫
St2

[T (K,n)− 2x0ϕm+ φ2n0]μĝ|St2

+

∫
C

−,t2,t1
p

[T (K, l)− 2x0ϕl(ϕ) + φ2l0]μĝ|C−,t2,t1
p

=

∫
D

−,t2,t1
p

[∇μKνTμν − 2x0ĝ(∂ϕ, ∂ϕ)]μĝ

−
∫
D

−,t2,t1
p

2x0ϕ
6μĝ −

∫
D

−,t2,t1
p

2g0νΓ
ν
μαx

αϕ∇μϕ.

Now noting that
∫
St
(T (K,n)−2x0ϕm)μĝ|St

� t2ESt
throughout the domain

of definition of K, we have the following

lim
t2→0

∫
St2

[T (K,n)− 2x0ϕm]μĝ|St1
= 0(117)

and since n0 = −N < 0 for a globally hyperbolic spacetime, −
∫
St2

φ2n0μĝ|St2

=
∫
St2

φ2Nμĝ|St2
> 0 and therefore this term is harmless. Also notice an im-

portant fact that x0 = −x0 = −t > 0 within the past light cone. Substituting
Kπ := ∇μKν +∇νKμ (107) in the previous expression with t2 = 0 yields∫

St1

[T (K,n)−2x0ϕm+φ2n0]μĝ|St1
+

∫
C

t1
p

[T (K, l)− 2x0ϕl(ϕ)+φ2l0]μĝ|Ct1
p

+ lim
t2→0

∫
St2

ϕ2Nμĝ|St2
=

∫
D

t1
p

[
1

2
(∇μKν +∇νKμ)Tμν − 2x0ĝ(∂ϕ, ∂ϕ)]μĝ

−
∫
D

t1
p

2x0ϕ
6μĝ −

∫
D

t1
p

2g0νΓ
ν
μαx

αϕ∇μϕμĝ

=

∫
D

t1
p

[(
1

4
(∇μK

μ)ĝμν +
1

2
ERμν

K )Tμν − 2x0ĝ(∂ϕ, ∂ϕ)]μĝ −
∫
D

t1
p

2x0ϕ
6μĝ

−
∫
D

t1
p

2g0νΓ
ν
μαx

αϕ∇μϕμĝ

=

∫
D

t1
p

[(
1

4
(−8x0 + 2ĝ0νΓ

α
αμx

μxν)ĝμν +
1

2
ERμν

K )Tμν − 2x0ĝ(∂ϕ, ∂ϕ)]μĝ

−
∫
D

t1
p

2x0ϕ
6μĝ −

∫
D

t1
p

2g0νΓ
ν
μαx

αϕ∇μϕμĝ
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=

∫
D

t1
p

[2x0ĝ(∂ϕ, ∂ϕ) +
4x0
3

ϕ6 + (2ĝ0νΓ
α

αμx
μxν ĝμν +

1

2
ERμν

K )Tμν

−2x0ĝ(∂ϕ, ∂ϕ)]μĝ −
∫
D

t1
p

2x0ϕ
6μĝ −

∫
D

t1
p

2g0νΓ
ν
μαx

αϕ∇μϕμĝ

=

∫
D

t1
p

(
−2x0

3
ϕ6+(2ĝ0νΓ

α
αμx

μxν ĝμν+
1

2
ERμν

K )Tμν−2g0νΓ
ν
μαx

αϕ∇μϕ

)
μĝ,

where we have used the fact that ĝμνTμν = ĝμν(∂μϕ∂νϕ− 1
2 ĝ(∂ϕ, ∂ϕ)ĝμν −

1
6ϕ

6ĝμν) = −ĝ(∂ϕ, ∂ϕ) − 4
3ϕ

6. Now notice the following properties. For the
moment, if we go to the spherical coordinate system (t, r, θ, φ) with origin
at p, then the quasi-local vector field K may be written as follows

K = ĝ(x, x)∂t − 2x0x
ν∂ν = (t2 + r2)∂t + 2tr∂r(118)

=
1

2

(
(t+ r)2(∂t + ∂r) + (t− r)2(∂t − ∂r)

)
and noting that on Ct1

p , t+ r = 0, we obtain

K|Ct1
p

=
(t− r)2

2
(∂t − ∂r) = 2t2(∂t − ∂r).(119)

Now note that on Ct1
p K is null due to the fact that ĝ(K,K) = |ĝ(x, x)|2gtt.

Therefore on Ct1
p , we have K = −2t2Nl, where the lapse N > 0. This is due

to the fact that l is past directed in the definition (6). Therefore the integral
equation for the K-energy may be written as follows∫

St1

[T (K,n)− 2x0ϕm+ φ2n0]μĝ|St1
−
∫
C

t1
p

2Nt2|ĝ(∂φ, l)|2μĝ|Ct1
p

+ lim
t2→0

∫
St2

ϕ2Nμĝ|St2
−
∫
D

t1
p

2t

3
ϕ6μĝ =

∫
C

t1
p

(2x0ϕl(ϕ) + ϕ2l0)μĝ|Ct1
p

+

∫
D

t1
p

(
(2ĝ0νΓ

α
αμx

μxν ĝμν +
1

2
ERμν

K )Tμν − 2g0νΓ
ν
μαx

αϕ∇μϕ

)
μĝ,

where we have used that fact that x0 = ĝ0νx
ν = η0νx

ν = −x0 = −t (88).
Now Note that the terms limt2→0

∫
St2

ϕ2Nμĝ|St2
and −

∫
D

t1
p

2t
3 ϕ

6μĝ are pos-

itive definite since t < 0 in the past causal domain of p. Now we will show
that the first integral i.e.,

∫
St1

[T (K,n)−2x0ϕm+φ2n0]μĝ|St1
is positive def-

inite modulo some error term which vanishes at a rate higher than quadratic
as one approaches the vertex. Noting n0 = −N , let us evaluate the following
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expression explicitly

T (K,n) + 2tmϕ−Nϕ2 =
1

N

(
ηijx

ixj + t2

2
(|∂tϕ|2 +N2ĝij∂iϕ∂jϕ)(120)

+2t∂tϕx
i∂iϕ+ 2tϕ∂tϕ−N2ϕ2 − 2t(Y i∂iϕ)(x

j∂jϕ)− 2tϕY i∂iϕ
)

(121)

+
N

6
(t2 + ηijx

ixj)ϕ6.

Now we may use the point-wise estimates (93) to reduce this expression into
the following form

T (K,n) + 2tmϕ−Nϕ2 =
1

N

(
1

2
(|S(ϕ)|2 + |B(ϕ)|2) + 2tϕ∂tϕ− ϕ2

)(122)

+
N

6
(t2 + ηijx

ixj)ϕ6 + I,

where |
∫
St
Iμĝ|St

| � t4. Here the constants involved depends on point-wise
curvature (which is under control by assumption). S and B denote the
approximate scaling and the boost vector fields, respectively i.e., Bμν :=
(ηλμxν − ηλνxμ)∂λ. The term with ambiguous sign 2tϕ∂tϕ−ϕ2 may further
be evaluted as follows

2tϕ∂tϕ− ϕ2 = 2(S(ϕ)− xi∂iϕ)ϕ− ϕ2(123)

= 2ϕS(ϕ)− xi∂iϕ
2 − ϕ2 = 2S(ϕ)ϕ− ∂i(x

iϕ2) + ϕ2∂ix
i − ϕ2

= 2ϕS(ϕ) + 2ϕ2 − ∂i(x
iϕ2).

One important thing to note here is that this term will complete a square
producing a positive definite term in the expression of T (K,n)+2tmϕ−Nϕ2

modulo a total derivative term. Now the integral equation becomes∫
St1

1

N

(
1

2
(|S(ϕ)|2 + |B(ϕ)|2) + 2ϕS(ϕ) + 2ϕ2 − ∂i(x

iϕ2)(124)

+
N2

6
(t21 + ηijx

ixj)ϕ6

)
Nμg +

∫
St1

Iμĝ|St1
−
∫
C

t1
p

Nt2|ĝ(∂φ, l)|2μĝ|Ct1
p

+ lim
t2→0

∫
St2

ϕ2Nμĝ|St2
−
∫
D

t1
p

2t

3
ϕ6μĝ = −

∫
C

t1
p

(2x0ϕl(ϕ) + ϕ2l0)μĝ|Ct1
p

+

∫
D

t1
p

(
(2ĝ0νΓ

α
αμx

μxν ĝμν +
1

2
ERμν

K )Tμν − 2g0νΓ
ν
μαx

αϕ∇μϕ

)
μĝ.
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Now noting ∂i(x
iϕ2) = ∇i(x

iϕ2)−Γi
ijx

jϕ2, we may write the integral as fol-

lows
∫
St1

∂i(x
iϕ2)μg =

∫
St1

(
∇i(x

iϕ2)− Γi
ijx

jϕ2
)
μg =

∫
∂St1

xiϕ2Niμ∂St1
−∫

St1

Γi
ijx

jϕ2μg = I1 + I2. Now applying Hölder to both these terms, we

obtain

|I1| � |t1|3
∫
∂St1

ϕ2
√

det g̃AB(−t1, θ, φ)dθ ∧ dφ(125)

� t21

(
t21

∫
∂St1

ϕ4
√

det g̃AB(−t1, θ, φ)dθ ∧ dφ

)1/2

� t21

(∫
C

t1
p

ϕ6μĝ|Ct1
p

)1/4(
(

∫
C

t1
p

|l(ϕ)|2μĝ|Ct1
p
)1/2 + (

∫
C

t1
p

ϕ6μĝ|Ct1
p
)1/6

)1/2

� t21zo(t1)

since
∫
C

t1
p
ϕ6μĝ|Ct1

p
= zo(t1). Here we have used the inequality (176) (to be

proven in section 5.5) and g̃AB is defined to be the induced Riemannian

metric on the topological sphere ∂St1 after extracting the conformal factor

≈ t21). Similarly

|I2| ≤
(∫

St1

ϕ6μg

)1/3(∫
St1

|Γ[g]iijxj |3/2μg

)2/3

� |t1|3(ESt1
)1/3,(126)

where we have used the estimates (103)–(105) and the identity Γ[g]iij =

Γ[ĝ]iij − 1
N kijY

i. Another remaining term which does not satisfy a straight-

forward estimate is the term −
∫
C

t1
p
(2x0ϕl(ϕ) + ϕ2l0)μĝ|Ct1

p
. This term also

does not have a definite sign. We may however use Hölder’s inequality (not-

ing x0 = −t) to obtain the following

∫
C

t1
p

tϕl(ϕ)μĝ|Ct1
p

≤ t21

∫
C

t1
p

(
ϕ2

t21
+ |l(ϕ)|2)μĝ|Ct1

p
(127)

≤ t21

(
(

∫
C

t1
p

ϕ6μĝ|Ct1
p
)1/3(

1

t31

∫
C

t1
p

μĝ|Ct1
p
)2/3 + |l(ϕ)|2)μĝ|Ct1

p

)
� t21zo(t1),∫

C
t1
p

Nt2|ĝ(∂φ, l)|2μĝ|Ct1
p

� t21zo(t1),(128)
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and ∫
C

t1
p

ϕ2l0μĝ|Ct1
p

�
∫
C

t1
p

t21
ϕ2

t21
μĝ|Ct1

p
≤ t21

∫
C

t1
p

ϕ2

t21
μĝ|Ct1

p
� t21zo(t1).(129)

Here we have used (82)–(83). Now notice some additional estimates (harm-
less) ∫

D
t1
p

(2ĝ0νΓ
α

αμx
μxν ĝμνTμν)μĝ|Ct1

p
� t41ESt1

,∫
D

t1
p

ERμν
K Tμνμĝ|Ct1

p
� t41ESt1

,∫
D

t1
p

2g0νΓ
ν
μαx

αϕ∇μϕμĝ|Ct1
p

� t41ESt1
.

(130)

Utilizing these estimates, we may reduce equation (124) into the following
form ∫

St1

(
1

2
((S(ϕ) + 2ϕ)2 + |B(ϕ)|2) + N2

6
(t21 + ηijx

ixj)ϕ6

)
Nμg

+ lim
t2→0

∫
St2

ϕ2μĝ|St2
−
∫
D

t1
p

2t

3
ϕ6μĝ � t21zo(t1).

Now noting N2 = 1 + O(|t1|2) and t21 + ηijx
ixj ≥ t21, and all the terms are

positive, we have the following estimate∫
St1

ϕ6μg � zo(t1).(131)

In order for the units to be consistent, all the involved constants are assumed
to have suitable units. The results obtained so far yield the following lemma

Lemma 3. Let p ∈ M be such that in local coordinates x(p) = 0 and G be its
geodesic normal neighbourhood and Ct1

p ⊂ G be its past light cone extending
up to the constant time hypersurface t1. Utilizing the quasi-local approximate
conformal Killing vector field K, we obtain the following estimate∫

St1

ϕ6μg � zo(t1).(132)

The physical significance of this estimate is that the non-linearity cannot
focus energy. This is a rough indication of why the global existence should
hold. This estimate will be crucial in the later stages of the argument.
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5.4. Energy estimate using the quasi-local vector field ‘S = xμ∂μ’

Using the estimate obtained from the energy associated with the approxi-
mate inversion generator K, we move on to derive an energy estimate as-
sociated with the scaling vector field S := xμ∂μ. We will once again utilize
the fact that this is only an approximate conformal Killing field. Notice
an important fact that the integral equation for K in the previous section
contained a term KπμνTμν which was of O(|x|) and therefore needed can-
cellation. In order to do so we introduced an additional multiplier. Here we
will do the identical operation to take care of the term SπμνTμν . Multiplying
the equation of motion (13) by S(ϕ) + ϕ yields

∇μ (TμνS
ν + ϕ∇μϕ)− Tμν∇μSν − ĝ(∇ϕ,∇ϕ)(133)

= ϕ6

Which upon integrating over the truncated light cone CT
p yields

∫
St1

[T (S, n) + ϕm]μĝ|St1
−
∫
St2

[T (S, n) + ϕm]μĝ|St2

+

∫
CT

p

[T (S, l) + ϕl(ϕ)]μĝ|CT
p
=

∫
DT

p

[∇μSνTμν + ĝ(∂ϕ, ∂ϕ)]μĝ +

∫
DT

p

ϕ6μĝ.

Here notice an important fact that since t < 0 in the past light cone,
S = xμ∂μ is actually past directed and therefore T (S, n) < 0. However,
this difference does not matter since the equation of motion (13) is clearly
invariant if one performs t �→ −t. Since

∫
St
(T (S, n) + ϕm)μĝ|St

� |t|E , we
have using the boundedness of energy

lim
t2→0

∫
St2

[T (S, n) + ϕm]μĝ|St2
= 0.(134)

Therefore the integral equation over the full past null cone and interior
becomes ∫

St1

[T (S, n) + ϕm]μĝ|St1
+

∫
C

t1
p

[T (S, l) + ϕl(ϕ)]μĝ|Ct1
p

(135)

=

∫
D

t1
p

[∇μSνTμν + ĝ(∂ϕ, ∂ϕ)]μĝ +

∫
D

t1
p

ϕ6μĝ

=

∫
D

t1
p

[
1

2
(∇μSν +∇νSμ)Tμν + ĝ(∂ϕ, ∂ϕ)]μĝ +

∫
D

t1
p

ϕ6μĝ
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=

∫
D

t1
p

[
1

2
(
1

2
(∇αS

α)ĝμν + ERμν
S )Tμν + ĝ(∂ϕ, ∂ϕ)]μĝ +

∫
D

t1
p

ϕ6μĝ

=

∫
D

t1
p

(
1

4
∇αS

αĝμνTμν + ĝ(∂ϕ, ∂ϕ)

)
μĝ +

∫
D

t1
p

1

2
ERμν

S Tμνμĝ +

∫
D

t1
p

ϕ6μĝ

=

∫
D

t1
p

(
1

4
(4 + Γβ

βαx
α)ĝμνTμν + ĝ(∂ϕ, ∂ϕ)

)
μĝ

+

∫
D

t1
p

1

2
ERμν

S Tμνμĝ +

∫
D

t1
p

ϕ6μĝ

= −
∫
D

t1
p

2

3
ϕ6μĝ +

∫
D

t1
p

(
1

4
Γβ

βαx
αĝμν +

1

2
ERμν

S )Tμνμĝ +

∫
D

t1
p

ϕ6μĝ

=
1

3

∫
D

t1
p

ϕ6μĝ +

∫
D

t1
p

(
1

4
Γβ

βαx
αĝμν +

1

2
ERμν

S )Tμνμĝ,

that is, the final equation becomes

∫
St1

[T (S, n) + ϕm]μĝ|St1
+

∫
C

t1
p

[T (S, l) + ϕl(ϕ)]μĝ|Ct1
p

(136)

=
1

3

∫
D

t1
p

ϕ6μĝ +

∫
D

t1
p

(
1

4
Γβ

βαx
αĝμν +

1

2
ERμν

S )Tμνμĝ.

Noting that S is past time-like within the null cone Ct1
p and n is future

time-like, T (S, n) < 0 in the interior of Ct1
p . Therefore rearranging the terms

we obtain

−
∫
St1

T (S, n)μĝ|St1
+

1

3

∫
D

t1
p

ϕ6μĝ =

∫
C

t1
p

[T (S, l) + ϕl(ϕ)]μĝ|Ct1
p

(137)

+

∫
St1

ϕmμĝ|St1
−
∫
D

t1
p

(
1

4
Γβ

βαx
αĝμν +

1

2
ERμν

S )Tμνμĝ.

Now noting that l is a past directed null vector and ∂t−∂r is a future directed

null vector on Ct1
p (and only on Ct1

p ), we may write ∂t−∂r = −Nl (of course

the lapse N > 0). Then S = xμ∂μ = t∂t + r∂r =
1
2((t+ r)(∂t + ∂r) + (t− r)

(∂t − ∂r)) =
(t−r)

2 (∂t − ∂r) = t(∂t − ∂r) = −tNl on Ct1
p since t + r = 0 on

Ct1
p . Noting that t < 0 in the causal past of p, T (S, l)|Ct1

p
= −tN |l(ϕ)|2 > 0

and therefore we have

−
∫
St1

T (S, n)μĝ|St1
+

1

3

∫
D

t1
p

ϕ6μĝ +

∫
C

t1
p

tN |l(ϕ)|2μĝ|Ct1
p

(138)
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= −
∫
C

t1
p

ϕl(ϕ)μĝ|Ct1
p
+

∫
St1

ϕmμĝ|St1
−
∫
D

t1
p

(
1

4
Γβ

βαx
αĝμν +

1

2
ERμν

S )Tμνμĝ

Now we will show that the right hand side of the previous equation behaves
like |t1|zo(t1) by simply using Hölder’s inequality and the result (81)

∫
St1

ϕmμĝ|St1
≤

(∫
St1

ϕ2μĝ|St1

)1/2(∫
St1

m2μĝ|St1

)1/2

(139)

≤
(∫

St1

ϕ6μĝ|St1

)1/6(∫
St1

μĝ|St1

)1/3(∫
St1

m2μĝ|St1

)1/2

� |t1|
(∫

St1

ϕ6μĝ|St1

)1/6(∫
St1

m2μĝ|St1

)1/2

� |t1|zo(t1),

where we have used Lemma 3 in the last step. The next term satisfies

∫
C

t1
p

ϕl(ϕ)μĝ|Ct1
p

≤
(∫

C
t1
p

ϕ2μĝ|Ct1
p

)1/2(∫
C

t1
p

|l(ϕ)|2μĝ|Ct1
p

)1/2

(140)

≤
(∫

C
t1
p

ϕ6μĝ|Ct1
p

)1/6(∫
C

t1
p

μĝ|Ct1
p

)1/3(∫
C

t1
p

|l(ϕ)|2μĝ|Ct1
p

)1/2

� |t1|
(∫

C
t1
p

ϕ6μĝ|Ct1
p

)1/6(∫
C

t1
p

|l(ϕ)|2μĝ|Ct1
p

)1/2

� |t1|zo(t1),

where the last line follows from (81). Using (81)∫
C

t1
p

Nt|ĝ(∂φ, l)|2μĝ|Ct1
p

� |t1|zo(t1).(141)

Lastly we have the following straightforward estimate∫
D

t1
p

(
1

4
Γβ

βαx
αĝμν +

1

2
ERμν

S )Tμνμĝ � |t1|3ESt1
.(142)

Therefore noting the positivity of the term 1
3

∫
D

t1
p
ϕ6μĝ, we have the following

estimate

−
∫
St1

T (S, n)μĝ|St1
� |t1|zo(t1).(143)
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The results of this section yield the following lemma

Lemma 4. Let p ∈ M be such that in local coordinates x(p) = 0 and let

G be its geodesic normal neighbourhood and Ct1
p ⊂ G be its past light cone

extending up to the constant time hypersurface t1. Utilizing the quasi-local

approximate homothetic Killing vector field S : xμ∂μ, we obtain the following

estimate for the positive entity −
∫
St1

T (S, n)μg

−
∫
St1

T (S, n)μĝ|St1
� |t1|zo(t1).(144)

This lemma will be crucial in obtaining the last estimate which will finish

the proof of an L∞ bound of ϕ.

5.5. Elementary calculations for vector fields and an important

inequality

Before proceeding with the energy estimate associated with the quasi-local

vector field R := xμ

x0
∂μ, we need to perform a series of elementary calculations

to represent ∂t and xi∂i = ∂r in terms of l and l̄ throughout the causal past of

p in its normal neighbourhood. In a general curved spacetime, we obviously

know that ∂t is not necessarily orthogonal to the constant t hypersurfaces.

We therefore expand ∂t and ∂r in the null basis as follows

∂t = al + bl̄ + cλ1 + dλ2,(145)

∂r = a
′
l + b

′
l̄ + c

′
λ1 + d

′
λ2(146)

where l, l̄ are the null fields which together with {λi}2i=1 constitute the null-

frame for the tangent space at a point p ∈ M . (a, b, c, d) and (a
′
, b

′
, c

′
, d

′
)

may be calculated using the known relations involving the available vector

fields assuming ||Riem||L∞ ≤ 1

a = −N +O(|x|), b = N +O(|x|), c = O(|x|), d = O(|x|)(147)

a
′
=

√
gijxixj

r
+O(|x|), b′

=

√
gijxixj

r
+O(|x|), c′

= O(|x|),(148)

d
′
= O(|x|).



270 Puskar Mondal

We do not present the lengthy formulas for all the terms but only their

leading order behaviours. The leading order behaviours of (a, b, c, d) may be

seen more directly by using the expression for ∂t (3)

∂t = Nn+ Y = N(−l + l̄) + Y(149)

and noting that |Y | = O(|x|2) for ||Riem||L∞ ≤ 1 (93).

In this section we will establish a few important inequalities. Let us

parametrize the past light cone of a point I ∈ M which is defined by v = 0

(note 10) by the spherical null coordinates (based at I) (u, θ, φ). Let ϕ be

the scalar field. We first see that the following inequality holds

∫
C−

I

ϕ2

u2
μĝ|C−

I
�

∫
C−

I

|∂uϕ|2μĝ|C−
I
+ |u1|

∫
S2

ϕ2(u1, θ, ϕ)
√

det(g̃AB(u1, θ, φ)

(150)

dθ ∧ dφ+ |u1|
(∫

C−
I

ϕ6μĝ|C−
I

)1/3

,

where
√

det g̃AB(u1, θ, φ)dθ ∧ dφ is the re-scaled (after extracting the con-

formal factor u2) volume form on the boundary sphere S
2 = ∂C−

I defined

by u = u1 (actually u1 is equal to 2t on C−
I ). This inequality follows from

elementary calculus. We note that the following holds

∂u(
√
uϕ) =

√
u∂uϕ+

ϕ

2
√
u

(151)

which after squaring becomes

|∂uϕ|2 =
∣∣∣∣ 1√

u
∂u(

√
uϕ)− ϕ

2u

∣∣∣∣
2

(152)

≥ ϕ2

4u2
− ∂u(uϕ

2)

2u2
.

Now multiplying both sides with
√

− det ĝμν(u, v, θ, φ)|C−
I
du ∧ dθ ∧ dφ =√

− det ĝμν(u, θ, φ)du ∧ dθ ∧ dφ = μĝ|C−
I
and integrating, we get

∫
C−

I

ϕ2

4u2
μĝ|C−

I
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≤
∫
C−

I

|∂uϕ|2μĝ|C−
I
+

∫
C−

I

∂u(uϕ
2)

2u2

√
− det ĝμν(u, θ, φ)du ∧ dθ ∧ dφ.

Now, we have explicitly shown in Section 4.2 that at least on C−
I , the fol-

lowing relation holds

√
− det(ĝμν(u, θ, φ)) =

1

2

√
det(gAB(u, θ, φ)),(153)

where gAB(u, θ, φ) is the Riemannian 2-metric on the topological sphere
defined by u = constant, v = 0 (A,B = θ, φ). Therefore, the previous
inequality is equivalent to the following

∫
C−

I

ϕ2

4u2
μĝ|C−

I
(154)

≤
∫
C−

I

|∂uϕ|2μĝ|C−
I
+

∫
C−

I

∂u(uϕ
2)

4u2

√
det(gAB(u, θ, φ))du ∧ dθ ∧ dφ

=

∫
C−

I

|∂uϕ|2μĝ|C−
I
+

∫
C−

I

∂u(
ϕ2

4u

√
det(gAB(u, θ, φ)))du ∧ dθ ∧ dφ

+

∫
C−

I

ϕ2

2u2

√
det(gAB(u, θ, φ)))du ∧ dθ ∧ dφ

−
∫
C−

I

ϕ2

8u
gAB∂ugAB

√
det(gAB(u, θ, φ)))du ∧ dθ ∧ dφ.

Here we note that the last two terms of the previous line are potentially
dangerous and need attention. Notice that in the case of Minkowski space
gAB∂ugAB = 4

u and therefore, the last two terms cancel each other. In the
present context however, there will be extra terms generated due to non-
vanishing background curvature. Since we are assuming a point-wise bound
on the curvature, the error term is harmless. Let us explicitly show that the
term gAB∂ugAB is equal to the trace of a certain null second fundamental
form of a u = constant, v = 0 topological sphere S

2. From the expression of
the metric on C−

I (36), we observe that ĝuθ = ĝ(∂u, ∂θ) = 0 = ĝuφ = ĝ(∂u, ∂φ)
and therefore ∂u ⊥ ∂θ and ∂u ⊥ ∂φ. Notice the following calculations

∂ugAB = ∂ug(∂A, ∂B) = ĝ(∇∂u
∂A, ∂B) + ĝ(∂A,∇∂u

∂B)(155)

= ĝ(∇∂A
∂u, ∂B) + ĝ(∂A,∇∂B

∂u) = 2κAB,

where we have used the fact that the connection ∇ is torsion free, [∂u, ∂A] =



272 Puskar Mondal

[∂u, ∂B] = 0, and ∂u is null on C−
I . Therefore we obtain

gAB∂ugAB = 2trκ.(156)

Via explicit calculations in the geodesic normal coordinate system, we will
estimate 2trκ. First note that we are in a geodesic normal coordinate system
(x0 = t, x1, x2, x3) where the spacetime metric is expressed in terms of the
lapse function (N), the shift vector field (Y ), and the Riemannian metric
(g) induced on constant t space-like hypersurface (4), (92) and each of these
entities differs from their respective Minkowski space values by additional
curvature terms. Notice that the spherical null coordinate system (u, v, θ, φ)
is defined as follows (where the associated coordinates take values from their
respective domains of definition)

t =
u+ v

2
, x1 =

v − u

2
sin θ cosφ, x2 =

v − u

2
sin θ sinφ, x3 =

v − u

2
cos θ.

We compute gAB (A,B = θ, φ) in terms of gij = ĝ( ∂
∂xi ,

∂
∂xj ) (i, j = 1, 2, 3)

explicitly as follows

gθθ =
∂xi

∂θ

∂xj

∂θ
gij , gφφ =

∂xi

∂φ

∂xj

∂φ
gij , gθφ =

∂xi

∂θ

∂xj

∂φ
gij .(157)

Now in the view of (91) and (92),

gij = δij −
(
2ηab

∫ 1

0

∫ 1

0
λ2
1λ2R

b
cjα(λ1λ2x)θ

c
λ(0)θ

a
i (0)dλ1dλ2

)
xαxλ(158)

+

(
ηab

∫ 1

0

∫ 1

0

∫ 1

0

∫ 1

0
λ2
1λ2λ

2
3λ4R

a
piα(λ1λ2x)

Rb
qjβ(λ3λ4x)θ

p
λ(0)θ

q
δ(0)dλ1dλ2dλ3dλ4

)
xαxβxλxδ

and therefore on C−
I

gθθ =
u2

4
+A, gφφ =

u2

4
sin2 θ + B, gθφ = C,(159)

where A, B, and C satisfy the following point-wise estimate

|A| � ||Riem||L∞u4(t, x) + ||Riem||2L∞u6(t, x),

|B| � ||Riem||L∞u4(t, x) + ||Riem||2L∞u6(t, x),

|C| � ||Riem||L∞u4(t, x) + ||Riem||2L∞u6(t, x).

(160)
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Note here that we only need a point-wise bound of certain null components
of the curvature. However, since we are working on a curved background
spacetime and assuming ||R||L∞ � 1, replacing certain null components by
full curvature is harmless. Now we can extract the conformal factor u2 factor
from the metric gAB and write gAB = u2g̃AB. Obviously, g̃AB is also a metric
and satisfies g̃AB g̃AB = 2. Now we can explicitly compute 2trκ = gAB∂ugAB

as follows

2trκ = gAB∂ugAB = u−2g̃AB∂u(u
2g̃AB) =

4

u
+ g̃AB∂ug̃AB,(161)

where |g̃AB∂ug̃AB| is to be estimated. Now notice an extremely important
fact. The geodesics through the origin I are straight lines. In addition, on
C−
I , ∂u is null and therefore the integral curves of ∂u are parallel to the null

geodesic generators of C−
I and therefore are straight lines passing through

the vertex I. On the other hand, in the coordinates {xμ}, xμ(λ) = xμ ·λ (λ ∈
[0, 1] is the affine parameter) is a null geodesic on C−

I . From the expression
(158), we clearly observe that certain null-component of the curvature (not
all of its components) and its square are integrated along the null generators.
Let us denote these integrals by I1

null and I2
null, respectively i.e.,

ηab

∫ 1

0

∫ 1

0
λ2
1λ2R

b
cjα(λ1λ2x)l̃

αl̃λθcλ(0)θ
a
i (0)dλ1dλ2u

2(t, x) = I1
nullu

2(t, x),

ηab

∫ 1

0

∫ 1

0

∫ 1

0

∫ 1

0
λ2
1λ2λ

2
3λ4R

a
piα(λ1λ2x)l̃

α l̃β l̃λ l̃δRb
qjβ(λ3λ4x)θ

p
λ(0)θ

q
δ(0)

4∏
k=1

dλk)u
4(t, x) = I2

nullu
4(t, x),

where l̃ = −∂t +
xi

t ∂i is a null vector field on C−
I . Therefore, g̃AB∂ug̃AB is

estimated as

|g̃AB∂ug̃AB| � ||I1
null||L∞ |u(t, x)|+ ||I2

null||L∞ |u3(t, x)|(162)

+||(∂t −
xi

t
∂i)I1

null||L∞u2(t, x) + ||(∂t −
xi

t
∂i)I2

null||L∞u4(t, x).

Here ∂u while expressed in coordinates (t, x1, x2, x3) reads ∂t − xi

t ∂i. The
constants involved in the associated estimates have suitable dimensions to
make everything dimensionally consistent. Notice that we can assume a uni-
form upper bound on ||I1

null||L∞ , ||∂I1
null||L∞ , ||I2

null||L∞ , and ||∂I2
null||L∞

only in the case when we are working on a curved background. Such freedom
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will be lost while studying the gravity problem (see [29] for the difficulty
associated with controlling the point-wise behaviour of trκ in vacuum Ein-
steinian spacetimes when the curvature has limited regularity). Denoting
||I1

null||L∞ |u(t, x)|+||I2
null||L∞ |u3(t, x)|+||(∂t− xi

t ∂i)I1
null||L∞u2(t, x)+||(∂t−

xi

t ∂i)I2
null||L∞u4(t, x) by K (and therefore K satisfies |K| � |u(t, x)| in view

of the global hyperbolicity), we notice that∣∣∣∣2trκ− 4

u

∣∣∣∣ � K.(163)

Therefore, the inequality of interest (154) ∫
C−

I

ϕ2

4u2
μĝ|C−

I
(164)

≤
∫
C−

I

|∂uϕ|2μĝ|C−
I
+

∫
C−

I

∂u(
ϕ2

4u

√
det(gAB(u, θ, φ)))du ∧ dθ ∧ dφ

+

∫
C−

I

ϕ2

u
K
√

det(gAB(u, θ, φ))du ∧ dθ ∧ dφ

=

∫
C−

I

|∂uϕ|2μĝ|C−
m
+

∫
C−

I

∂u(
ϕ2

4u

√
det(gAB(u, θ, φ)))du ∧ dθ ∧ dφ

+2

∫
C−

I

ϕ2

u
K
√

− det(ĝμν(u, θ, φ))du ∧ dθ ∧ dφ,

where we have once again used
√

− det(ĝμν(u, θ, φ)) =
1
2

√
det(gAB(u, θ, φ))

only on C−
I . Now applying Holder on the last term of (164) we have∫

C−
I

ϕ2

u
K
√

− det(ĝμν(u, θ, φ))du ∧ dθ ∧ dφ(165)

� u21

(∫
C−

I

ϕ6μĝ|C−
I

)1/3

.

Therefore we have the desired inequality after integrating the total derivative
term in (164) and using the fact that

√
det gAB = u2

√
det g̃AB

∫
C−

I

ϕ2

u2
μĝ|C−

I
�

∫
C−

I

|∂uϕ|2μĝ|C−
I
+ |u1|

∫
S2

ϕ2(u1, θ, ϕ)
√

det(g̃AB)dθ ∧ dφ

(166)

+u21

(∫
C−

I

ϕ6μĝ|C−
I

)1/3

,
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where the constant involved only depends on the background geometry and
of the order 1 by assumption of global hyperbolicity. Let us now obtain
a second inequality which will be of importance. Now consider that the
intersection of causal past D−

m of m with the t = t1 hypersurface be St1 . We
need to finally estimate the following term

|u1|
∫
S2

ϕ2(u1, θ, ϕ)
√

det(g̃AB)(u1, θ, φ)dθ ∧ dφ.(167)

If one for now goes back to the spherical coordinates i.e., (u, v, θ, φ) �→
(t, r, θ, φ), then it is obvious that u1 = (t − r)|∂C−

m
= 2t|∂C−

m
= −2r|∂C−

m

(since on C−
m, v = t+ r = 0). Therefore

|u1|
∫
S2

ϕ2(u1, θ, ϕ)
√

det(g̃AB)(u1, θ, φ)dθ ∧ dφ(168)

≈ r1

∫
S2

ϕ2(r1, θ, ϕ)
√

det(g̃AB)(r1, θ, φ)dθ ∧ dφ

= |t1|
∫
S2

ϕ2(−t1, θ, ϕ)
√

det(g̃AB)(−t1, θ, φ)dθ ∧ dφ

Now consider the following calculations over the topological sphere S
2 (we

denote the volume form on this S2 by
√

det(g̃AB)(r, θ, φ), where g̃AB is the
2-metric after extracting the conformal factor r2 via explicit calculations
similar to the one presented previously; notice that these spheres foliate the
space-like topological ball St1)

∂

∂r

(
r2

∫
S2

ϕ4(r, θ, ϕ)
√

det(g̃AB)(r, θ, φ)dθ ∧ dφ

)
(169)

= 2r

∫
S2

ϕ4(r, θ, ϕ)
√

det(g̃AB)(r, θ, φ)dθ ∧ dφ

+4r2
∫
S2

ϕ3∂rϕ
√

det(g̃AB)(r, θ, φ)dθ ∧ dφ

+
r2

2

∫
S2

ϕ4g̃AB∂rg̃AB

√
det(g̃AB)(r, θ, φ)dθ ∧ dφ.

Now if we integrate this entity over r from 0 to r1 the three dimensional
integral becomes an integral over St1 and application of Cauchy-Schwartz
yields

r21

∫
S2

ϕ4(r1, θ, ϕ)
√

det(g̃AB)(r1, θ, φ)dθ ∧ dφ(170)

= 2

∫
St1

rϕ4
√

det(g̃AB)(r, θ, φ)dr ∧ dθ ∧ dφ



276 Puskar Mondal

+4

∫
St1

ϕ3∂rϕr
2
√

det(g̃AB)(r, θ, φ)dθ ∧ dφ

+
1

2

∫
S2

ϕ4g̃AB∂rg̃ABr
2
√

det(g̃AB)(r, θ, φ)dr ∧ dθ ∧ dφ

�
(∫

St1

ϕ6μĝ|St1

)1/2(∫
St1

ϕ2

r2
μĝ|St1

)1/2

+

(∫
St1

ϕ6μĝ|St1

)1/2

(∫
St1

(∂rϕ)
2μĝ|St1

)1/2

+ r21

(∫
St1

ϕ6μĝ|St1

)2/3

=

(∫
St1

ϕ6μĝ|St1

)1/2
⎛
⎝(∫

St1

ϕ2

r2
μĝ|St1

)1/2

+

(∫
St1

(∂rϕ)
2μĝ|St1

)1/2

+r21

(∫
St1

ϕ6μĝ|St1

)1/6
⎞
⎠ .

Here once again |g̃AB∂rg̃AB| can be bounded by curvature components and

the radial derivative of the integral of curvature and its square over S2. The

calculations are similar to the one we performed in the null case. Therefore,

we do not repeat the same here. Now analogous calculations as in the pre-

vious case may be performed on the topological ball St1 instead of the cone

C−
I to yield

∫
St1

ϕ2

r2
μĝ|St1

�
∫
St1

|∂rϕ|2μĝ|St1
+ |r1|

∫
S2

ϕ2(r1, θ, ϕ)
√

det(gab)dθ ∧ dφ

(171)

+r21

(∫
St1

ϕ6μĝ|St1

)1/3

.

Now since ∂C−
I = ∂St1 = S

2, the topological sphere, we use the inequality

(170) and the previous inequality becomes

∫
St1

ϕ2

r2
μĝ|St1

�
∫
St1

|∂rϕ|2μĝ|St1
+

(∫
St1

ϕ6μĝ|St1

)1/4
⎛
⎝(∫

St1

ϕ2

r2
μĝ|St1

)1/2

(172)
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+

(∫
St1

(∂rϕ)
2μĝ|St1

)1/2

+ r21

(∫
St1

ϕ6μĝ|St1

)1/6
⎞
⎠

1/2

+r21

(∫
St1

ϕ6μĝ|St1

)1/3

,

which yields by iteration and r1 = −t1

∫
St1

ϕ2

r2
μĝ|St1

�
∫
St1

|∂rϕ|2μĝ|St1
+

(∫
St1

ϕ6μĝ|St1

)1/3

+t21

(∫
St1

ϕ6μĝ|St1

)1/3

,

where the involved constant may involve a positive power of |t1| and is
therefore harmless. In addition notice that these implicit constants have
dimensions such that the each inequality here is dimensionally consistent.
Substituting this result back into the inequality (170) yields

r21

∫
S2

ϕ4(r1, θ, ϕ)
√

det(g̃AB)(r1, θ, φ)dθ ∧ dφ(173)

�
(∫

St1

ϕ6μĝ|St1

)1/2((∫
St1

|∂rϕ|2μĝ|St1

)1/2

+

(∫
St1

ϕ6μĝ|St1

)1/6
)
.

Therefore we finally obtain the following inequality after substituting (173)
into (166), which will be of tremendously important in the final analysis

∫
C−

I

ϕ2

u2
μĝ|C−

I
�

∫
C−

I

|∂uϕ|2μĝ|C−
I
+ u21

(∫
C−

I

ϕ6μĝ|C−
I

)1/3

(174)

+

(∫
St1

ϕ6μĝ|St1

)1/4((∫
St1

g(∂ϕ, ∂ϕ)μĝ|St1

)1/4

+

(∫
St1

ϕ6μĝ|St1

)1/12
)

�
∫
C−

I

|l(ϕ)|2μĝ|C−
I
+ u21

(∫
C−

I

ϕ6μĝ|C−
I

)1/3

(175)

+

(∫
St1

ϕ6μĝ|St1

)1/4((∫
St1

g(∂ϕ, ∂ϕ)μĝ|St1

)1/4

+

(∫
St1

ϕ6μĝ|St1

)1/12
)

since |∂rϕ|2 � gij∂iϕ∂jϕ and ∂u = −Nl on C−
I , N = O(1) modulo point-

wise curvature which is bounded by 1. This may be verified by a simple
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calculation. Note that we are in the normal coordinate based at the vertex
of the cone C−

I and therefore the optical function Γ = ĝμνx
μxν = −t2 + r2

vanishes i.e., t2−r2 = 0. A calculation yields N =
√

g(x, x)/r holds only on
the mantle of the cone. Therefore, on the mantle C−

I , l = − 1
2N (∂t−∂r) which

is quite obvious since ∂t−∂r is null on C−
I . On the other hand, in coordinate

(u, v, θ, φ) we have ∂u = 1
2(∂t − ∂r) or ∂u = −Nl only on C−

I . In addition
to the previous inequality, one may repeat the exact same calculations for
r21

∫
S2 ϕ

4(r1, θ, ϕ)
√

det(g̃AB)(r1, θ, φ)dθ ∧ dφ over ∂St1 as the boundary of
C−
I since ∂C−

I = ∂St1 = S
2, the topological sphere, to yield the following

inequality

r21

∫
S2

ϕ4(r1, θ, ϕ)
√

det(g̃AB)(r1, θ, φ)dθ ∧ dφ(176)

�
(∫

C−
I

ϕ6μĝ|C−
I

)1/2((∫
C−

I

|l(ϕ)|2μĝ|C−
I

)1/2

+

(∫
C−

I

ϕ6μĝ|C−
I

)1/6
)
.

This inequality was actually used in (125).

5.6. Energy estimate using the quasi-local vector field ‘R = xμ

x0
∂μ’

Proceeding the same way as before that is, multiplying the equation of mo-
tion by R(ϕ) + ϕ

x0
followed by elementary manipulation, we obtain

∇μ

(
RνTμν +

ϕ

x0
∇μϕ

)
−∇μRνTμν −

1

x0
∇μϕ∇μϕ+

1

x20
ϕ∇μϕg0μ(177)

=
1

x0
ϕ6.

Now we evaluate some of the terms explicitly. The strain tensor Rπμν is
explicitly computed to be

∇μRν +∇νRμ =
2ĝμν
x0

− ĝ0μxν + ĝ0νxμ
x20

+
ĝνβΓ

β
μαx

α + ĝμβΓ
β
ναxα

x0
.(178)

Writing ∇μRνTμν = 1
2(∇μRν + ∇νRμ)Tμν and substituting Tμν and Rπμν

yields

∇μRνTμν =
1

2
(∇μRν +∇νRμ)

(
∇μϕ∇νϕ− 1

2
g(∂ϕ, ∂ϕ)ĝμν − 1

6
ϕ6ĝμν

)
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=
1

2

(
2ĝμν
x0

− ĝ0μxν + ĝ0νxμ
x20

+
ĝνβΓ

β
μαx

α + ĝμβΓ
β
ναxα

x0

)
(
∇μϕ∇νϕ− 1

2
g(∂ϕ, ∂ϕ)ĝμν − 1

6
ϕ6ĝμν

)

= − 1

x0

(
∇μϕ∇μϕ+

2

3
ϕ6

)
− 1

x20
∇0ϕx

ν∇νϕ+
1

2x0
ĝ(∂ϕ, ∂ϕ) +

1

6x0
ϕ6

+
1

2

(
ĝνβΓ

β
μαx

α + ĝμβΓ
β
ναxα

x0

)
Tμν

= − 1

2x0
∇μϕ∇μϕ− 1

2x0
ϕ6 − 1

x20
∇0ϕx

ν∇νϕ+ LμνT
μν ,

where we have denoted the term
(
ĝνβΓβ

μαxα+ĝμβΓβ
ναx

α

x0

)
by Lμν . Notice that

|Lμν | = O(|x|).(179)

The term −∇μRνTμν − 1
x0
∇μϕ∇μϕ+ 1

x2
0
ϕ∇μϕg0μ in the equation (177) be-

comes

−∇μRνTμν −
1

x0
∇μϕ∇μϕ+

1

x20
ϕ∇μϕg0μ(180)

=
1

2x0
∇μϕ∇μϕ+

1

2x0
ϕ6 +

1

x20
∇0ϕx

ν∇νϕ− LμνT
μν

− 1

x0
∇μϕ∇μϕ+

1

x20
ϕ∇0ϕ

= − 1

2x0
∇μϕ∇μϕ+

1

x20
∇0ϕx

ν∇νϕ+
1

x20
ϕ∇0ϕ+

1

2x0
ϕ6 − LμνT

μν

= − 1

2x0
∇0ϕ∇0ϕ− 1

2x0
∇iϕ∇iϕ+

1

x0
∇0ϕ∇0ϕ+

xi

x20
∇0ϕ∇iϕ+

1

x20
ϕ∇0ϕ

+
1

2x0
ϕ6 − LμνT

μν

=
1

2x0
∇0ϕ∇0ϕ− 1

2x0
∇iϕ∇iϕ+

xi

x20
∇0ϕ∇iϕ+

1

x20
ϕ∇0ϕ+

1

2x0
ϕ6

−LμνT
μν .
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Now the term 1
x2
0
ϕ∇0ϕ may be further reduced through the following calcu-

lation

1

x20
ϕ∇0ϕ = ∇0

(
ϕ2

2x20

)
− ϕ2∇0

(
1

2x20

)
= ∇0

(
ϕ2

2x20

)
+

ϕ2g00
x30

(181)

= δμ0∇μ

(
ϕ2

x20

)
+

ϕ2g00
x30

.

Therefore the term −∇μRνTμν− 1
x0
∇μϕ∇μϕ+ 1

x2
0
ϕ∇μϕg0μ has the following

final form

−∇μRνTμν −
1

x0
∇μϕ∇μϕ+

1

x20
ϕ∇μϕg0μ(182)

=
1

2x0
∇0ϕ∇0ϕ− 1

2x0
∇iϕ∇iϕ+

xi

x20
∇0ϕ∇iϕ+

1

2x0
ϕ6 + δμ0∇μ

(
ϕ2

2x20

)

+
ϕ2g00
x30

− LμνT
μν .

Substituting this expression into the equation (177) yields

∇μ

(
RνTμν +

ϕ

x0
∇μϕ

)
−∇μRνTμν −

1

x0
∇μϕ∇μϕ(183)

+
1

x20
ϕ∇μϕg0μ =

1

x0
ϕ6

∇μ

(
RνTμν +

ϕ

x0
∇μϕ+ ĝ0μ

ϕ2

2x20

)
=

1

2x0
ϕ6 − 1

2x0
∇0ϕ∇0ϕ+

1

2x0
∇iϕ∇iϕ

− xi

x20
∇0ϕ∇iϕ− ϕ2g00

x30
+ LμνT

μν .

Now we integrate over the domain Dt1
p − J t

q − Dt2
p (we set t2 → 0) as

shown in Figure 2, to obtain

∫
St1−Bt1

(
T (R,n) +

ϕ

x0
m+ n0

ϕ2

2x20

)
μĝ|St1

−
∫
St2

(
T (R,n) +

ϕ

x0
m+ n0

ϕ2

2x20

)
μĝ|St2

−
∫
C

t1
q

(
T (R, l) +

ϕ

x0
l(ϕ) + l0

ϕ2

2x20

)
μĝ|Ct1

q
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+

∫
CT

p

(
T (R, l) +

ϕ

x0
l(ϕ) + l0

ϕ2

2x20

)
μĝ|CT

p

=

∫
DT

p −J
t1
q

(
− 1

2x0
∇0ϕ∇0ϕ+

1

2x0
∇iϕ∇iϕ− xi

x20
∇0ϕ∇iϕ+

1

2x0
ϕ6

−ϕ2g00
x30

+ LμνT
μν

)
μĝ.

Now noting R = S/x0 and utilizing the results of Lemmas 3 and 4, we have

the following

lim
t2→0

∫
St2

(
T (R,n) +

ϕ

x0
m+ n0

ϕ2

2x20

)
μĝ|St2

= 0.

The previous energy equation reduces to

∫
St1−Bt1

(
T (R,n) +

ϕ

x0
m+ n0

ϕ2

2x20

)
μĝ|St1

−
∫
C

t1
q

(
T (R, l) +

ϕ

x0
l(ϕ) + l0

ϕ2

2x20

)
μĝ|Ct1

q

+

∫
C

t1
p

(
T (R, l) +

ϕ

x0
l(ϕ) + l0

ϕ2

2x20

)
μĝ|Ct1

p

=

∫
D

t1
p −J

t1
q

(
− 1

2x0
∇0ϕ∇0ϕ+

1

2x0
∇iϕ∇iϕ− xi

x20
∇0ϕ∇iϕ+

1

2x0
ϕ6

−ϕ2g00
x30

+ LμνT
μν

)
μĝ.

Now we will use Lemmas 3 and 4 together with some elementary inequalities

to control certain terms of the integral over Ct1
q . First we concentrate on the

integrals over St1 −Bt1 and Ct1
p . Notice that T (R,n) = 1

x0
T (S, n) according

to the definition. Therefore using Lemmas 3 and 4 we have

−
∫
St1−Bt1

T (R,n)μĝ|St1
= − 1

|t1|

∫
St1−Bt1

T (S, n)μĝ|St1
= zo(t1),(184)

1

|t1|

∫
St1−Bt1

ϕmμĝ|St1
� 1

|t1|

(∫
St1−Bt1

ϕ6μĝ|St1

)1/6(∫
St1−Bt1

μĝ|St1

)1/3

(185)
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(∫
St1−Bt1

m2μĝ|St1

)1/2

= zo(t1),

1

|t1|2
∫
St1−Bt1

Nϕ2μĝ|St1
� 1

|t1|2

(∫
St1−Bt1

ϕ6μĝ|St1

)1/3(∫
St1−Bt1

μĝ|St1

)2/3

(186)

= zo(t1).

Now we focus on the integral over Ct1
p . Once again noting S|Ct1

p
= t(∂t−∂r) =

−tNl, with lapse N > 0 the first term becomes (using x0 = −t in the normal

neighbourhood)

∫
C

t1
p

1

x0
T (S, l)μĝ|Ct1

p
=

∫
C

t1
p

N |l(ϕ)|2μĝ|Ct1
p

= zo(t1).(187)

Now for the second and third terms in the Ct1
p integral, we invoke the fol-

lowing inequality (174).

∫
C

t1
p

ϕ2

t2
μĝ|Ct1

p
�

∫
C

t1
p

|l(ϕ)|2μĝ|Ct1
p
+ |t1|

(∫
C

t1
p

ϕ6μĝ|Ct1
p

)1/3

+

(∫
St1

ϕ6μĝ|St1

)1/4((∫
St1

g(∂ϕ, ∂ϕ)μĝ|St1

)1/4

+

(∫
St1

ϕ6μĝ|St1

)1/12
)

Utilizing this inequality we have (recalling x0 = −t)

∫
C

t1
p

ϕ

x0
l(ϕ)μĝ|Ct1

p
≤

(∫
C

t1
p

|l(ϕ)|2μĝ|Ct1
p

)1/2(∫
C

t1
p

ϕ2

t2
μĝ|Ct1

p

)1/2

= zo(t1).

Since l0 = ĝ(l, ∂t) = b/2 = O(1), therefore

∫
C

t1
p

l0
ϕ2

2x20
μĝ|Ct1

p
= zo(t1)(188)

by using inequality (174). On Ct1
q however, R is not null (it is in fact

timelike). We will express R explicitly in terms of (l, l̄, λ1, λ2). Note that

l is past directed and therefore l0 > 0. Now we will show that Ia =∫
C

t1
q
( ϕ
x0
l(ϕ) + l0

ϕ2

2x2
0
)μĝ|Ct1

q
= Ib + zo(t1), where Ib ≥ 0. From (145)–(146),
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we obtain

l =
1

(ab′ − a′b)
(b

′
∂t − b∂r + (c

′
b− cb

′
)λ1 + (d

′
b− db

′
)λ2).(189)

Now focus on the integral
∫
C

t1
q

ϕ
x0
l(ϕ)μĝ|Ct1

q
which may be written as follows

∫
C

t1
q

ϕ

x0
l(ϕ)μĝ|Ct1

q
=

1

2

∫
C

t1
q

1

x0
l(ϕ2)μĝ|Ct1

q
(190)

=
1

2

∫
C

t1
q

l(
ϕ2

x0
)μĝ|Ct1

q
− 1

2

∫
C

t1
q

ϕ2l(
1

x0
)μĝ|Ct1

q

Now l is parallel to the null cone Ct1
q and therefore one can integrate the

first term by parts to obtain a boundary term and an additional term (trace
of certain null second fundamental form of the topological spheres foliating
Ct1
q ). Notice that the volume form μĝ|Ct1

q
is equiavlent to (t− tq)

2μS2 , where
μS2 is the volume form of the standard unit sphere and tq is the time coordi-
nate of q. For the second term, we use the decomposition (189) and x0 = −t
to yield

∫
C

t1
q

ϕ2l(
1

x0
)μĝ|Ct1

q
=

∫
C

t1
q

b
′
ϕ2

t2(ab′ − a′b)
μĝ|Ct1

q
(191)

since ∂rt =
xi

r ∂it = 0 = λ1(t) = λ2(t). Therefore, Ia satisfies (l0 = ĝ(l, ∂t) =
b
2 = N

2 +O(t))

Ia ≈
∫
S
2
t1

ϕ2

x0
μĝ|S2

t1
+

∫
C

t1
q

(
b

2
− b

′

(ab′ − a′b)

)
ϕ2

2t2
μĝ|Ct1

q
(192)

+

∫
C

t1
q

b
′

(ab′ − a′b)

ϕ2

t(t− tq)
μĝ|Ct1

q
.

Now in the view of (147)–(148), b
′

(ab′−a′b)
< 0 (this is also obvious from the

fact that l is past directed) which yields

l0 −
b
′

(ab′ − a′b)
= ĝ(l, ∂t)−

b
′

(ab′ − a′b)
=

b

2
− b

′

(ab′ − a′b)
> 0.(193)

Now when tq → 0 then the cone Ct1
q approaches Ct1

p and therefore one would
expect that Ia should satisfy an estimate of type zo(t1). This is indeed the
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case. Notice in view of the estimates (147)–(148), b
2 − b

′

(ab′−a′b)
= 1

N + O(t)

and b
′

(ab′−a′b)
= − 1

2N +O(t) and therefore in the limit tq → 0 the dangerous

leading order terms cancel each other. More explicitly the last two terms

combine to yield (using Holder for the O(t) terms)

∫
C

t1
q

(
b

2
− b

′

(ab′ − a′b)

)
ϕ2

2t2
μĝ|Ct1

q
+

∫
C

t1
q

b
′

(ab′ − a′b)

ϕ2

t(t− tq)
μĝ|Ct1

q
(194)

= −
∫
C

t1
q

tqϕ
2

Nt2(t− tq)
μĝ|Ct1

q
+R,

where R � |t1|
(∫

C
t1
q
ϕ6μĝ|Ct1

q

)1/3
. From this expression, it is obvious that

tq = 0 cancels the first potentially dangerous term leaving only the harmless

term R. Now consider the second case when tq > 0. The following holds for

the leading order term

∣∣∣∣−
∫
C

t1
q

tqϕ
2

Nt2(t− tq)
μĝ|Ct1

q

∣∣∣∣ � sup
t∈[t1,tq)

(
||t| − |tq||

∫
S2

ϕ2μĝ|S2

)
|t1 − tq|

|t1|

≤ sup
t∈[t1,tq)

(
||t| − |tq||

∫
S2

ϕ2μĝ|S2

)
.

Now writing μĝ|S2
|t1|

=
√
−det(ĝ(|t1|,θ,φ))dθ∧dφ, in view of the inequality (173)

and Lemma 3,
∫
S2
|t1|

ϕ2

x0
μĝ|S2

t1
= zo(t1) and supt∈[t1,tq)(||t|−|tq||

∫
S2 ϕ

2μĝ|S2) =

zo(t1). Here we have used the Lemma 3 as follows:
∫
St1

ϕ6μĝ|St1
= zo(t1)

implies
∫
St2

ϕ6μĝ|St2
= zo(t2) for |t2| < |t1| (recall zo(t) denotes positive

continuous functions that vanish as t → 0). In addition, since for a mea-

surable function f ,
∫
B |f | ≤

∫
A |f | for a measurable B ⊆ A, inequality

(173) yields supt∈[t1,tq)(||t| − |tq||
∫
S2 ϕ

2μĝ|S2) �
(∫

Bt
ϕ6μĝ|Bt

)1/4
E1/4 ≤(∫

St
ϕ6μĝ|St

)1/4
E1/4 = zo(t) for |tq| < |t| ≤ |t1| and Bt ⊆ St (see Fig-

ure 2). Therefore Ia satisfies the estimate

Ia =

∫
C

t1
q

(
ϕ

x0
l(ϕ) + l0

ϕ2

2x20

)
μĝ|Ct1

q
� zo(t1) + zo(t), 0 < |tq| < |t| ≤ |t1|.

Now we choose |t1| > 0 by making Ia less than an arbitrarily small δ > 0
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i.e., Ia(t1) < δ. Utilizing the previous estimates, we may write the following

∫
C

t1
q

T (R, l)μĝ|Ct1
q
+

∫
D

t1
p −J

t1
q

(
− 1

2x0
∇0ϕ∇0ϕ+

1

2x0
∇iϕ∇iϕ− xi

x20
∇0ϕ∇iϕ

+
1

2x0
ϕ6 − ϕ2g00

x30
+ LμνT

μν

)
μĝ

� δ.

Now we note an important fact that the extra term involving the bulk inte-
gral on the left hand side of the previous equation is positive definite modulo
lower order harmless terms, that is

∫
D

t1
p −J

t1
q

(
− 1

2x0
∇0ϕ∇0ϕ+

1

2x0
∇iϕ∇iϕ− xi

x20
∇0ϕ∇iϕ

+
1

2x0
ϕ6 − 2ϕ2g00

x30

)
μĝ > 0,

where note that g00, g
00 < 0. This simply follows from a straightforward

calculation and using x0 = −x0 = −t > 0 within Dt1
p − J t1

q lying in the
causal past of p. Additionally note that

∫
D

t1
p −J

t1
q
LμνTμνμĝ � |t1|2. Note

an important fact that since R and l are past directed time-like and null
vectors, T (R, l) > 0. Therefore we have∫

C
t1
q

T (R, l)μĝ|Ct1
q

� δ.(195)

T (R, l) contains terms involving |l(ϕ)|2, ϕ6 and additional positive terms. In
order to obtain the additional estimates which will finish the proof, we first
need to estimate

∫
C

t1
q
|l(ϕ)|2 and

∫
C

t1
q
ϕ6. Even though

∫
C

t1
q
T (R, l) is posi-

tive definite, the individual terms which we want to estimate may contain
negative (or small) coefficients. Therefore, we need to proceed case by case.
Firstly, we explicitly evaluate T (R, l) on Ct1

q using the expansions of ∂t and
∂r introduced in the previous Section 145. Noting that

ĝ(x, l) = ĝ(xμ∂μ, l) = ĝ(t∂t + xi∂i, l)(196)

= ĝ

(
t(al + bl̄ + cλ1 + dλ2) +

√
δijxixj(a

′
l + b

′
l̄ + c

′
λ1 + d

′
λ2), l

)

=
1

2
(b

′
√

δijxixj + bt),



286 Puskar Mondal

we have

T (R, l)| = 1

x0
ĝ(l, ∂ϕ)xν∇νϕ− 1

2
ĝ(∂ϕ, ∂ϕ)

1

x0
ĝ(x, l)− ĝ(x, l)

ϕ6

6

Explicit computation term by term yields

l(ϕ)xμ∂μϕ = l(ϕ)(t∂tϕ+ xi∂iϕ)(197)

= l(ϕ)

(
t(al(ϕ) + bl̄(ϕ) + cλ1(ϕ) + dλ2(ϕ)) +

√
δijxixj(a

′
l(ϕ)

+b
′
l̄(ϕ) + c

′
λ1(ϕ) + d

′
λ2(ϕ))

)

= (at+ a
′
√

δijxixj)|l(ϕ)|2 + (bt+ b
′
√

δijxixj)l(ϕ)l̄(ϕ)

+(ct+ c
′
√

δijxixj)l(ϕ)λ1(ϕ) + (dt+ d
′
√

δijxixj)l(ϕ)λ2(ϕ),

and

ĝ(∂ϕ, ∂ϕ) = 4ĝ(∂ϕ, l)ĝ(∂ϕ, l̄) + |ĝ(∂ϕ, λi)|2(198)

= 4l(ϕ)l̄(ϕ) + |ĝ(∂ϕ, λi)|2.

Therefore T (R, l) becomes

T (R, l)(199)

=
1

x0

(
(at+ a

′
√

δijxixj)|l(ϕ)|2 + (bt+ b
′
√

δijxixj)l(ϕ)l̄(ϕ)

+(ct+ c
′
√

δijxixj)

l(ϕ)λ1(ϕ) + (dt+ d
′
√

δijxixj)l(ϕ)λ2(ϕ)

)

−(bt+ b
′√

δijxixj)

4x0

(
4l(ϕ)l̄(ϕ) + |ĝ(∂ϕ, λi)|2

)
−bt+ b

′√
δijxixj

2x0

ϕ6

6

=
(at+ a

′√
δijxixj)

x0
|l(ϕ)|2 − bt+ b

′√
δijxixj

4
(|λ1(ϕ)|2 + |λ2(ϕ)|2)

−bt+ b
′√

δijxixj

2x0

ϕ6

6
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+
(ct+ c

′√
δijxixj)l(ϕ)λ1(ϕ)

x0
+

(dt+ d
′√

δijxixj)l(ϕ)λ2(ϕ)

x0
.

The estimate (195) may now be written explicitly as follows

∫
C

t1
q

(
(at+ a

′√
δijxixj)

x0
|l(ϕ)|2 − bt+ b

′√
δijxixj

4x0
(|λ1(ϕ)|2 + |λ2(ϕ)|2)

(200)

−bt+ b
′√

δijxixj

2x0

ϕ6

6
+

(ct+ c
′√

δijxixj)l(ϕ)λ1(ϕ)

x0

+
(dt+ d

′√
δijxixj)l(ϕ)λ2(ϕ)

x0

)
μĝ|Ct1

q
� δ.

Now if we use the estimates (147)–(148), then we see that

∫
C

t1
q

(
(ct+ c

′√
δijxixj)l(ϕ)λ1(ϕ)

x0
+

(dt+ d
′√

δijxixj)l(ϕ)λ2(ϕ)

x0

)
μĝ|Ct1

q

� |t1|2

� δ2,

where the involved constants depend on the initial energy. Therefore the
estimate (200) reduces to

∫
C

t1
q

(
(−Nt+

√
gijxixj)

x0
|l(ϕ)|2 − Nt+

√
gijxixj

4x0
(|λ1(ϕ)|2 + |λ2(ϕ)|2)

−Nt+
√

gijxixj

2x0

ϕ6

6

)
μĝ|Ct1

q
� δ

i.e.,

∫
C

t1
q

(
(N −

√
gijxixj

t
)|l(ϕ)|2 + (N +

√
gijxixj

t
)(|λ1(ϕ)|2 + |λ2(ϕ)|2)

+(N +

√
gijxixj

t
)
ϕ6

6

)
μĝ|Ct1

q
� δ.

Now in the past light cone of p, we always have t2 > r2 (when expressed in
geodesic normal coordinate variables and using ĝμνx

ν = ημνx
ν in the normal
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neighbourhood). Expressed in terms of the full metric ĝ, it becomes

(−N2 + |Y |2)t2 + gijx
ixj + 2gijY

ixjt ≤ 0,(201)

that is

N2t2 − gijx
ixj ≥ |Y |2t2 + 2gijY

ixjt(202)

Now consider the first case N2t2− gijx
ixj < 0. Then |Y |2t2+2gijY

ixit ≤ 0,
and for |t| < |t1|, choosing sufficiently small |t1| and since |Y |2t2 � |t|6 and
|gijY ixjt| � |t|4, √

gijxixj

|t| = N + δ2.(203)

Following this fact, the last two terms of the integral are of size δ2 i.e.,

−
∫
C

t1
q

(
N +

√
gijxixj

t

)(
|λ1(ϕ)|2 + |λ2(ϕ)|2 +

ϕ6

6

)
μĝ|Ct1

q
� δ2

and therefore ∫
C

t1
q

(
N −

√
gijxixj

t

)
|l(ϕ)|2μĝ|Ct1

q
� δ(204)

since N −
√

gijxixj

t > 0 always due to t < 0. Moreover following (93) and

t < 0, 0 < N −
√

gijxixj

t = O(1) and therefore
∫
C

t1
q
|l(ϕ)|2μĝ|Ct1

q
� δ. Now if

|Nt| >
√

gijxixj , then both the terms N −
√

gijxixj

t and N +

√
gijxixj

t are
positive. Now noting t < 0, we have two different cases

A.

√
gijxixj

|t| � N, B. N >

√
gijxixj

|t| > β(205)

In the case A, we have the following

N −
√

gijxixj

t
> c1 = O(1) =>

∫
C

t1
q

|l(ϕ)|2μĝ|Ct1
q

� δ(206)

and

N +

√
gijxixj

t
> c2 = O(1) =>

∫
C

t1
q

ϕ6μĝ|Ct1
q

� δ,(207)
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where c1, c2 > 0. Now in the case B we only have

N −
√

gijxixj

t
> C = O(1) =>

∫
C

t1
q

|l(ϕ)|2μĝ|Ct1
q

� δ.(208)

We will use this important property in the final analysis. Results obtained

so far yields the following lemma

Lemma 5. Let p ∈ M be such that in local coordinates x(p) = 0 and let

G be its geodesic normal neighbourhood and Ct1
p ⊂ G be its past light cone

extending up to the constant time hypersurface t1 and δ > 0 be sufficiently

small. Further assume that |t1| is sufficiently small. If q is an interior point

of the causal past Dt1
p of p and Ct1

q its past light cone extending up to St1,

then the following estimates hold for the two corresponding diffeomorphism

invariant entities ∫
C

t1
q

|l(ϕ)|2μĝ|Ct1
q

� δ,

∫
C

t1
q

ϕ6μĝ|Ct1
q

� δ(209)

or ∫
C

t1
q

|l(ϕ)|2μĝ|Ct1
q

� δ.(210)

Now notice an important fact. The entities
∫
C

t1
q
|l(ϕ)|2μĝ|Ct1

q
and

∫
C

t1
q
ϕ6μĝ|Ct1

q

are diffeomorphism invariant. As long as the point q lies within Dt1
p (up to

the t1 = constant hypersurface i.e., Σt1 of course), these two diffeomorphism

invariant integrals will remain small enough given that |t1| is chosen suffi-

ciently small. One may now make a coordinate transformation by taking q

to be the centre of the normal coordinate system (see Figure 2). However,

due to the diffeomorphism invariance property of these two integrals, they

remain small enough. This lemma together with the foregoing representation

formula (integral equation to be precise) will yield the desired L∞ estimate.

Invoking the integral equation (44) from Theorem 1 we have at q (≡ x in

local coordinates)

ϕ(x) =
1

2π

∫
C−

q

U(x, y)ϕ5(y)μΓ(y) +
1

2π

∫
C−

q

�̂yU(x, y)ϕ(y)μΓ(y)(211)

+
1

2π

∫
σq

(2U(x, y) < ∇yΓ(x, y),∇yϕ(y) > +U(x, y)Θ(y)ϕ(y)) dσq(y).
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Figure 2: In the top figure, we integrate over the domain Dt1
p −J t1

q . The grey
shaded portion of St1 is denoted by Bt1 . If |ϕ| attains its supremum within
the causal past Dt1

p at q, then we move to a coordinate system which is
normal based at q and utilize the estimates on the diffeomorphism invariant
integrals. For convenience, we still denote the intersection of the solid null
cone of p and the initial hypersurface by St1 .
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Now let us denote supx∈(Dt1
p ∪St1 )−D

t2
p
|ϕ(x)| by M(t2) (|t2| < |t1|). Assume

|ϕ| attains its maximum at q ∈ (Dt1
p ∪St1)−Dt2

p and q → p as t2 → 0. Noting

limx′→x U(x, x
′
) = 1 and supx U(x, x

′
) � 1, we may split the integral over

C−
q into two parts: one on Ct1

q (i.e., the portion of the cone C−
q that lies

above the hypersurface t = t1) and the other one C−
q − Ct1

q and write the
following by taking supremum

M(t2) ≤ C1M(t2)

∫
C

t1
q

|ϕ(x′
)|4 1

u
μĝ|Ct1

q
+

1

2π

∫
C

t1
q

|�̂yU(x, y)| |ϕ(y)||u| μĝ|Ct1
q

+C2(t1),

where the constant C2(t1) depends on the initial energy. We choose the hy-
persurface Σt1 (St1 = Σt1 ∩ Dt1

p ) earlier in such a way that the Lemma 5
holds. Now unlike in flat spacetime, we have an additional term involv-
ing the covariant spacetime Laplacian acting on the bi-scalar U . We will
have to show that this Huygens violating second term involving |�̂yU(x, y)|
contributes to a constant depending on the spacetime curvature and the
initial data. Indeed we will perform an explicit computation to show that
|�̂yU(x, y)| � 1 assuming |Riem(ĝ)| � 1. Here we have executed the com-
putation in geodesic normal coordinates based at x = 0 (i.e., at q). Then,
U(0, x) = U(x) is given as follows

U(x) =
|ĝ(0)|1/4
|ĝ(x)|1/4 =

μ
1/2
ĝ (0)√
μĝ(x)

,(212)

the Laplacian of which is computed as

∇α∇αU(x) =
μ
1/2
ĝ (0)

μĝ(x)
∂α(μĝ(x)ĝ

αβ∂βμ
−1/2
ĝ (x))(213)

= −
μ
1/2
ĝ (0)

4μ
1/2
ĝ (x)

ĝαβ ĝμν∂α∂β ĝμν −
μ
1/2
ĝ (0)

16μ
1/2
ĝ (x)

ĝαβ ĝμν ĝab∂αĝab∂β ĝμν

−
μ
1/2
ĝ (0)

4μ
1/2
ĝ (x)

∂αĝ
αβ ĝμν∂β ĝμν −

μ
1/2
ĝ (0)

4μ
1/2
ĝ (x)

ĝαβ∂αĝ
μν∂β ĝμν .

Now the most dangerous point is the vertex of the cone Ct1
q i.e., x = 0 and

we want to show that at the vertex, this entity in fact remains bounded by
an O(1) term under the assumption of global hyperbolicity. Since the centre
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of the normal coordinate system is inertial, the first derivative of the metric
vanishes there. But the second derivative does not vanish in general since
it encodes the curvature information. Dropping the first derivative of the
metric yields

∇α∇αU(x)|x=0 = −1

4
ĝμν ĝαβ∂α∂β ĝμν .(214)

Now at the center of the geodesic normal coordinate system, the following
must hold

∂c∂dĝab = ∂a∂bĝcd,(215)

∂c∂dĝab + ∂d∂bĝac + ∂b∂cĝad = 0,(216)

which yields

Rμναβ = ∂ν∂αĝμβ − ∂β∂ν ĝμα.(217)

Notice here that the anti-symmetry of Rμναβ is not apparent in this ex-
pression. However, this antisymmetry holds as a consequence of ∂c∂dĝab =
∂a∂bĝcd at the origin of the normal coordinates. We further obtain

∂β∂ν ĝμα = −1

3
(Rμναβ +Rανμβ),(218)

that is

ĝμαĝβν∂β∂ν ĝμα = −2

3
R(ĝ)(219)

only at the center of the normal coordinate system. The expression of the
action of the co-variant Laplacian on the bi-scalar U(x) becomes

∇α∇αU(0, x)|x=0 =
1

6
R(ĝ).(220)

Now we are considering the metric to be a background field (i.e., no coupling
with the scalar field). This leads to the fact that the scalar curvature |R(ĝ)| =
O(1). Since the origin is the only possible blow up point for ∇μ∇μU(0, x),
we may safely conclude that the following holds

sup
x∈D−

q

|∇α∇αU(0, x)| � 1.(221)
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Now applying Cauchy-Schwartz on the first term to the left, we obtain

M(t2)

≤ C1M(t2)

(∫
C

t1
q

ϕ6μĝ|Ct1
q

)1/2(∫
C

t1
q

ϕ2

u2
μĝ|Ct1

q

)1/2

+C
′

2

(∫
C

t1
q

ϕ2

u2
μĝ|Ct1

q

)1/2

+ C3(t1)

≤ C1M(t2)

(∫
C

t1
q

ϕ6μĝ|Ct1
q

)1/2
(∫

C
t1
q

|l(ϕ)|2μĝ|Ct1
q
+ u21

(∫
C

t1
q

ϕ6μĝ|Ct1
q

)1/3

+

(∫
St1

ϕ6μĝ|St1

)1/4((∫
St1

g(∂ϕ, ∂ϕ)μĝ|St1

)1/4

+

(∫
St1

ϕ6μĝ|St1

)1/12))1/2

+C
′

2

⎛
⎝∫

C
t1
q

|l(ϕ)|2μĝ|Ct1
q
+ u21

(∫
C

t1
q

ϕ6μĝ|Ct1
q

)1/3

+

(∫
St1

ϕ6μĝ|St1

)1/4

((∫
St1

g(∂ϕ, ∂ϕ)μĝ|St1

)1/4

+

(∫
St1

ϕ6μĝ|St1

)1/12
))1/2

+C3(t1).

Now note that
(∫

St1

ϕ6μĝ|St1

)
= zo(t1) from Lemma 3. In addition, we

also make the trivial observation
(∫

Bt1

ϕ6μĝ|Bt1

)
≤

(∫
St1

ϕ6μĝ|St1

)
. There-

fore, since |u1| is sufficiently small, we may make u21

(∫
C

t1
q
ϕ6μĝ|Ct1

q

)1/3
and(∫

St1

ϕ6μĝ|St1

)1/4
small (notice that

∫
C

t1
q
ϕ6μĝ|Ct1

q
is bounded by energy),

that is

u21

(∫
C

t1
q

ϕ6μĝ|Ct1
q

)1/3

� δ2,

(∫
St1

ϕ6μĝ|St1

)1/4

� δ.(222)

Note that we still denote the initial hypersurface to be a St1 even though we
are working in the normal coordinate system based at q now. This is done
because the integral

∫
St1

ϕ6μĝ|St1
is diffeomorphism invariant. All of these es-
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timates work due to the fact that the involved integrals which we want to be
sufficiently small are diffeomorphism invariant. In addition, from Lemma 5,
we also have that the diffeomorphism invariant integral

∫
C

t1
q
|l(ϕ)|2μĝ|Ct1

q

satisfies ∫
C

t1
q

|l(ϕ)|2μĝ|Ct1
q

� δ(223)

and therefore, we obtain the following

M(t2) ≤ C1M(t2)δ + C2(t1)(224)

implying

M(t2) ≤ C2(t1) < ∞ i.e., sup
x∈(Dt1

p ∪St1 )−D
t2
p

|ϕ(x)| ≤ C2(t1)(225)

for sufficiently small δ and where the constant C depends on the energy
and the background geometry. Once we bound supx∈(Ct1

p ∪σt1)−C
t2
p
|ϕ(x)|(≤

supx∈(Dt1
p ∪St1 )−D

t2
p
|ϕ(x)|) in terms of energy, |ϕ(p)| is automatically bounded

in terms of energy through the light cone formula for ϕ(p). Since the energy
does not blow up in finite time, this spacetime L∞ norm does not blow up in
finite time either. One important point to note here is that ϕ is a spacetime
scalar and therefore the definition of the point-wise norm is unambiguous.
For tensorial entities (e.g., in case of gravity or Yang-Mills theory), one needs
to construct a gauge invariant point-wise norm. We finally obtain the crucial
theorem we desire

Theorem 2. Let M be a globally hyperbolic spacetime equipped with the
Lorentzian metric ĝ (4) such that the point-wise norm of the Riemann cur-
vature associated with ĝ and its derivative are uniformly bounded from above.
Then a classical solution of the semi-linear wave equation ∇μ∇μϕ = αϕ5,
α > 0 (1) remains bounded point-wise on a globally hyperbolic background
spacetime i.e.,

sup
x∈Ap

|ϕ(x)| ≤ C,(226)

where C depends on the Ḣ1 × L2 norm of the initial data (ϕ(0),m(0)) and
Ap ⊂ M is the causal past of any point p ∈ M including p and extending
up to the initial Cauchy hypersurface. Here m = 1

N (∂t − Y i∂i)ϕ is the mo-
mentum conjugate to ϕ and N and Y are the usual lapse function and shift
vector field of ĝ, respectively.
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6. Sketch of the proof of global existence

In this section, we give a rough sketch (for the sake of completeness) of the
proof of global existence. We only provide a rough sketch since once the
spacetime L∞ bound is obtained, the proof of global existence is a routine
procedure. We will assume ϕ ∈ S(M) i.e., in the Schwartz class and ap-
peal to an approximation argument (to get rid of the boundary terms while
performing integration by parts over the entire space slice; such an argu-
ment of approximation is standard). We will use the boundedness of the
energy in conjunction with an a priori bound on the spacetime point-wise
norm of ϕ. First we sketch a proof of local existence of a a solution of the
semilinear wave equation (1) in C([0, t∗];H2×H1) where t∗ depends on the
H2×H1 norm of (ϕ,m). Roughly speaking, we will construct a sequence of
approximate solutions {ϕk,mk}∞k=1 and show using energy arguments that
this sequence converges to a limit in C([0, t∗];H2 × H1), which solves the
evolution equations. The obvious problem is that the bounded closed balls
are not compact in infinite dimensions in general and therefore we need to
explicitly work out the convergence. Once we obtain a local existence in H2

norm (of ϕ), we need to show that this norm can not blow up in finite time
in order for the global existence result to hold. In this stage, we will make
use of the spacetime point-wise bound of the wavefield ϕ. We will follow
the method developed by [23] for proving the local existence theorem for
a class of elliptic hyperbolic systems. We will not provide every detail but
rather simply sketch the existence of a solution. The remaining procedure
to establish continuity, uniqueness, and Cauchy stability is standard. Let us
consider the equation of motion (13) in the following form

∂tϕ− LY ϕ−Nm = 0(227)

∂tm−∇iN∇iϕ−Ngij∇i∇jϕ− LY m−mtrgk = Nϕ5.(228)

Now write these as the following differential equations

LN,Y,gV = F [ϕ,m],(229)

where the differential operator L, the unknown V, and the nonlinearity
F [ϕ,m] read

LN,Y,gV =

[
∂tϕ− LY ϕ−Nm

∂tm−∇iN∇iϕ−Ngij∇i∇jϕ− LY m−mtrgk

]
,(230)

V =

[
ϕ
m

]
,F [ϕ,m] =

[
0

Nϕ5

]
.(231)
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We have shown earlier that the energy defined naturally through the stress-
energy tensor remains bounded on a globally hyperbolic background. How-
ever, here we will proceed in a different way where the boundedness of energy
is not apparent. Let us now define an ad hoc energy associated with this
system as follows

E1[V] =
∫
Σt

(
1

2
ϕ2 +

1

2
|∇ϕ|2g +

1

2
m2

)
Nμg,(232)

where Σt is a t = constant hypersurface. By construction we have ||ϕ||2H1 +
||m||2L2 ≈ E1 and in the view of Ḣ1(Σt) ↪→ L2(Σt), ||ϕ||2Ḣ1

+ ||m||2L2 ≈ E1. A
simple calculation using the evolution equations yields the following energy
inequality

∂t
√

E1(t) ≤ C(||k||L∞ , ||LY g||L∞ , ||N ||L∞ , ||∇N ||L∞)(
√

E1(t)
+||F [ϕ,m]||H1×L2).

Since we are on a globally hyperbolic background, set C(||k||L∞ , ||LY g||L∞ ,
||N ||L∞ , ||∇N ||L∞) < ∞. Integration of the previous differential inequality
yields

√
E1(t)−

√
E1(0) ≤ C

∫ t

0

√
E1(t′)dt

′
+ C

∫ t

0
||F [ϕ,m]||H1×L2dt

′
.(233)

An application of Grönwall’s inequality yields√
E1(t) ≤ (

√
E1(0) + C||F [ϕ,m]||L1([0,t];H1×L2))e

Ct.(234)

Now notice ||F [ϕ,m]||L1([0,t];H1×L2) is controlled by t||ϕ||4L∞([0,t];L∞)

||[ϕ,m]||L∞([0,t];H1×L2) and subsequently by t||ϕ||4L∞([0,t];Hs)

||[ϕ,m]||L∞([0,t];H1×L2) for s > 3
2 due to Sobolev Embedding. Therefore, we

need to control the Hs × Hs−1 norm of [ϕ,m] or for n = 3, the H2 × H1

norm of [ϕ,m] would be sufficient. We define the squared H2 ×H1 norm of
[ϕ,m] as follows

E2 :=
1

2

∫
Mt

(
ϕ2 + |∇ϕ|2g + |∇2ϕ|2g +m2 + |∇m|2g

)
Nμg,(235)

where |∇2ϕ|2g is defined as |∇2ϕ|2g := gIKgJL∇I∇Jϕ∇K∇Lϕ. By an exact
similar calculation, we obtain√

E2(t) ≤ (
√

E2(0) + C||F [ϕ,m]||L1([0,t];H2×H1))e
Ct.(236)



Light cone estimates 297

Now notice that ||F [ϕ,m]||L1([0,t];H2×H1) is dominated by t||ϕ||4L∞([0,t];L∞)

||[ϕ,m]||L∞([0,t];H2×H1) and subsequently by t||ϕ||4L∞([0,t];H2)

||[ϕ,m]||L∞([0,t];H2×H1) therefore closing the argument.

Now we will sketch a proof of the local existence theorem by an iteration
argument. Recall that we have the data on the initial hypersurface t = 0
and it is given by V0 := V(0) = [ϕ(0),m(0)]T . Let us construct a sequence
{V0

k}∞k=1 ∈ C∞
0 ∩ BR(V0) by applying an approximation to the identity on

V0 such that limk→∞ V0
k = V0. Here C∞

0 is the space of compactly supported
smooth functions and BR(V0) is a ball of radius R in H2 ×H1 centered at
V0. Now we will construct a sequence of approximate solutions {Vk}∞k=1 ⊂
C([0, t∗];BR(V0)) for a suitable t∗ < 1 (we choose t∗ < 1 so that the involved
constants do not depend on time) with initial data for Vk given by V0

k . Let
us simply write L for LN,Y,g and Hs for Hs(Σt)×Hs−1(Σt). We determine
the sequence {Vk}∞k=1 through solving the following set of linear hyperbolic
PDEs

LVk+1 = Fk, Vk+1(0) = V0
k+1,(237)

where Fk := F [Vk] = F [ϕk,mk] for k > 1, V1 := V0
1 , and set F1 = 0. Now ex-

istence of solutions of linear hyperbolic PDE with smooth coefficients given
initial conditions is well established. Now we construct the initial sequence
{V0

k}∞k=1 such that

V0
k ∈ BR/4(V0) ∀k ≥ 1, C||V0

k − V0
k′ ||H2 ≤ R

4
∀k, k′ ≥ 1.(238)

We will prove that the sequence {Vk}∞k=1 converges to V in H2 and the limit
V solves the equation LV = F [V].

We accomplish this in three steps. We first show that {Vk}∞k=1 ⊂
L∞([0, t∗];BR(V0)) for a suitably chosen time t∗ < 1. This is equivalent to
proving that there exists a time t∗ < 1 such that if Vk ∈ L∞([0, t∗];BR(V0))
then Vk+1 ∈ L∞([0, t∗];BR(V0)). This simply follows from the difference
equation and the energy inequality, that is,

L(Vk+1 − V1) = Fk − LV1(239)

implying

||Vk+1 − V1||L∞([0,t∗];H2×H1)(240)

≤ C(||V0
k+1 − V0

1 ||L∞([0,t∗];H2×H1) + ||Fk||L1([0,t∗];H2×H1)
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+||LV1||L1([0,t∗];H2×H1))

≤ C(||V0
k+1 − V0

1 ||L∞([0,t∗];H2×H1) + t||Fk||L∞([0,t∗];H2×H1)

+t||LV1||L1([0,t∗];H2×H1))

≤ C(||V0
k+1 − V0

1 ||L∞([0,t∗];H2×H1) + ||Fk||L∞([0,t∗];H2×H1)

+||LV1||L1([0,t∗];H2×H1))

and therefore there exists a suitable t∗ < 1 such that if Vk ∈
L∞([0, t∗];BR(V0)), then Vk+1 − V1 ∈ L∞([0, t∗];BR/2(V0)). Since V1 =
V0
1 ∈ BR/4(V0) by construction, we obtain Vk+1 ∈ L∞([0, t∗];BR(V0)).

Secondly, we show that the sequence {Vk}∞k=1 converges in L∞([0, t∗];
H1 × L2) for a suitable t∗ < 1. We observe

L(Vk+1 − Vk′+1) = Fk −Fk′(241)

which through the energy inequality yields

||Vk+1 − Vk′+1||L∞([0,t∗];H1)≤C(||V0
k+1−V0

k′+1||H1+||Fk − Fk′ ||L1([0,t∗];H1)).

Now let us evaluate the following

||Fk −Fk′ ||L1([0,t∗];H1) =

∫ t∗

0
||Fk −Fk′ ||H1dt

′
=

∫ t∗

0
||N(ϕ5

k − ϕ5
k′ )||L2dt

′

≤ C||ϕk||4L∞([0,t∗];L∞)||ϕk − ϕk′ ||L∞([0,t∗];L2)

≤ C||ϕk||4L∞([0,t∗];H2)||Vk − Vk′ ||L∞([0,t∗];H1)

due to Sobolev embedding H2(M) ↪→ L∞(M). This yields using the bound-
edness of ||ϕk||L∞([0,t∗];H2) sketched in the previous step and a t∗ < 1 de-
pending on the H2 norm of ϕ

||Vk+1 − Vk′+1||L∞([0,t∗];H1)(242)

≤ C(R)||V0
k+1 − V0

k′+1||H1 +
1

2
||Vk − Vk′ ||L∞([0,t∗];H1).

Now after passing to a suitable sub-sequence, we may write
C(R)

∑∞
k=1 ||V0

k+1−V0
k ||H1 < R

2 since the constructed initial sequence {V0
k}∞k=1

is Cauchy in H1. The previous inequality may be written after passing to a
suitable sub-sequence as

||Vk+1 − Vk||H1 < C(R)||V0
k+1 − V0

k ||H1 +
1

2
||Vk − Vk−1||H1 ∀k ≥ 2(243)
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which yields

∞∑
k=3

||Vk − Vk−1||L∞([0,t∗];H1)

< 2C(R)

∞∑
k=2

||V0
k − V0

k−1||H1 + ||V2 − V1||L∞([0,t∗];H1)

< R+ ||V2 − V1||L∞([0,t∗];H1).

Therefore {Vk}∞k=1 converges to V in L∞([0, t∗];H1) after passing to a suit-
able sub-sequence. Now, we want to show that V ∈ L∞([0, t∗];H2×H1) and
it solves the evolution equation. By construction we have V(0, .) = V0 and
therefore we only need to show LV = F [V]. Notice the following

LV − F [V] = L(V − Vk)− (F [V]−F [Vk]).(244)

We have already shown that {Vk}∞k=1 is Cauchy in L∞([0, t∗];H1) and there-
fore (F [V] − F [Vk]) converges in L∞([0, t∗];H1). Since the background ge-
ometry is assumed to be sufficiently regular (i.e., ||k||L∞(M), ||∇N ||L∞(M),
||Y ||L∞(M), ||∇Y ||L∞(M) < C and in addition curvature and certain of its
derivatives are also point-wise bounded), {Vk}∞k=1 is Cauchy in L∞([0, t∗];
L2 ×H−1) and therefore L(V − Vm) approaches 0 in L∞([0, t∗];L2 ×H−1).
However, since the left hand side is independent of k, we have

LV = F [V],(245)

that is, V = (ϕ,m) with finite energy solves the wave equation. Lastly, we
argue that V = (ϕ,m) ∈ L∞([0, t∗];H2 × H1). Let C be a constant such
that ||Vk||L∞([0,t∗];H2×H1) ≤ C ∀k using the first step. Now V = (ϕ,m) is the
limit of Vk in L∞([0, t];H1 × L2) and therefore from uniform boundedness
of ||Vk||L∞([0,t∗];H2×H1), we have V = (ϕ,m) ∈ L∞([0, t∗];H2 ×H1).

Uniqueness of the solution follows trivially from the energy inequality.
Continuity and Cauchy stability of the solutions may be obtained in a stan-
dard way (presented in [23] in detail). This concludes the sketch of the proof
of establishing the existence a solution (ϕ,m) of (57) in C([0, t∗];H2 ×H1)
which yields either t∗ = ∞ or that the H2 × H1 norm of [ϕ,m] blows up
as t → t∗. Therefore to prove global existence, we only need to show the
boundedness of the H2 × H1 norm of [ϕ,m]. We go back to the energy
inequalities

∂t
√

E1(t) ≤ C(t)(
√

E1(t) + ||F [ϕ,m]||H1×L2)(246)
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≤ C(t)(1 + ||ϕ(t)||4L∞)
√

E1(t),
∂t
√

E2(t) ≤ C(t)(
√

E2(t) + ||F [ϕ,m]||H2×H1),

≤ C(t)(1 + ||ϕ(t)||4L∞)
√

E2(t)(247)

where C(t) depends on the background geometry. Given boundedness of
||ϕ(t)||4L∞ , we observe that E1(t) and E2(t) can not blow up in finite time.
Therefore [ϕ,m]H1×L2 [ϕ,m]H2×H1 can not blow up in finite time. Therefore
t∗ = ∞. This concludes the sketch of the proof of global existence.

7. Concluding remarks

Here we have established a global existence result for the semi-linear wave
equation with critical nonlinearity. The most important (and difficult) part
of the result is the proof of a spacetime L∞ bound on the solution. Once
such a bound is obtained, the rest is standard procedure. Due to the critical
nature of the non-linearity, one roughly has a balance between the energy
dispersion by the derivative term and the energy concentration by the non-
linearity. These border-line cases are generally difficult to deal with since ob-
taining a point-wise bound on the solution and thereby establishing that the
dispersive effect is slightly dominant is not obvious. In order to accomplish
such a point-wise bound, employment of the integral equation (Theorem 1)
has proven to be crucial. In addition to the light cone integrals, the the so
called ‘approximate’ Killing and conformal Killing fields played an impor-
tant role. In the case of Minkowski space this result has existed since the
classical work of Grillakis [2]. In curved spacetimes, however, the challenge
is to derive an integral equation for the solution of the wave equation (13).
Such an integral equation may easily be derived for Minkowski space and
was carried out in [2]. In a curved spacetime, as we have seen in the current
article, we required some additional machinery. Such an integral equation in
the context of proving global existence for hyperbolic equations is however
not so uncommon. In the classical paper, [7] used a similar integral equation
satisfied by the Yang-Mills field (curvature of the associated gauge bundle)
propagating on the Minkowski spacetime to derive a point-wise (spacetime)
bound of the same. This indeed yielded the global existence result. Motivated
by the use of this integral equation associated with hyperbolic equations,
Moncrief derived an integral equation for the spacetime curvature 2-form
[18]. This equation has a number of similarities with that of the Yang-Mills
fields propagating on a curved spacetime. Following the results of [18, 20]
derived a similar ‘approximate’ integral equation for hyperbolic PDEs uti-
lizing which [16] proved a spacetime bound for the Yang-Mills curvature.
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Recently Moncrief and the current author are working on giving a new sim-
plified proof of global existence of Yang-Mills fields on a globally hyperbolic
background spacetimes utilizing the light cone integrals. The results seem
to be extremely promising.

One of the main aspects of our study is that we needed point-wise con-
trol on the background geometry namely the point-wise norm of the strain
tensor associated with the timelike vector field n. On the other hand, the
breakdown criteria for the vacuum Einstein equation obtained by [26] was
the blow-up of the point-wise norm of this strain tensor. In fact, the bound-
edness of the point-wise norm of this strain tensor controlled the point-wise
behavior of the spacetime curvature. Now if we consider the full coupling of
the scalar field (with critical nonlinearity) and gravity i.e., study the cur-
rent problem in a setting where gravity is no longer a background field, the
natural question arises whether the same breakdown criteria persists. On
the other hand, a coupling with gravity may require additional criteria. One
such result is already available. [27] studied the breakdown criteria for the
non-vacuum Einstein equations including Maxwell and Klein Gordon fields
as sources. The continuation criteria that was obtained required a point-wise
bound of the strain tensor of n in addition to the point-wise bound on the
derivative of the Klein-Gordon field (for the Einstein-Klein Gordon system)
or the Maxwell field (for the Einstein-Maxwell system). We hope to study
the continuation criteria of Einsteinian spacetimes with a non-linear scalar
field source term (having critical nonlinearity). Since we have Moncrief’s
integral equation for spacetime curvature at our disposal, we may simply
couple the gravity with the nonlinear scalar field and obtain a system of
coupled light cone integral equations for both the spacetime curvature and
the scalar field and perform the subsequent analysis using suitably defined
energies. Since we are ultimately interested in studying the gravity problem
with large data, these studies are expected to shed new lights or provide
new directions on the matter.

Our result, while in its own right is an interesting mathematical result,
is only a warm up exercise for the ultimate gravity problem as we mentioned
previously. Of course one knows that obtaining a point-wise bound for the
spacetime curvature in the fully general dynamical gravity problem (i.e.,
when gravity is no longer a background field) is unrealistic since there are
explicit examples of singularity formation. There are known examples (ex-
plict solutions) where global existence is violated via the formation of black
holes. These examples include Schwarzschild and Kerr spacetimes, where
a true curvature singularity occurs within the event horizon of the black
hole. Even in the absence of any matter source, pure gravity could ‘blow
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up’ (through curvature concentration) i.e., gravitational singularities could
prevent global existence or the global hyperbolicity of the spacetimes may
simply be lost through the formation of Cauchy horizons (as in Taub-NUT
spacetimes for example). However, there are hopes to prove global existence
with arbitrarily large data in a number of cases (spacetimes of certain topo-
logical types with imposed symmetries). These include the so called U(1)
problem where the underlying manifold is R×Kg × S

1, Kg being the closed
Riemann surface with genus g, expanding spacetimes foliated by compact
hyperbolic manifolds [21, 22, 24, 25], Milne spacetime [21] (perhaps with a
positive cosmological constant to avoid black hole formation through cur-
vature concentration) etc. Each of these spacetimes has a certain speciality.
In the later two cases, the rapid expansion (accelerated with a positive cos-
mological constant) does not allow the curvature to concentrate at the level
of small data (disperses the energy). One hope would be that this prop-
erty persists when the limit on the size of the data is removed. In the U(1)
case, the full 3 + 1 gravity problem may be reduced to 2 + 1 gravity cou-
pled to wave map fields [28, 30] with target being the hyperbolic plane. The
global existence problem for such wave maps on a fixed (2 + 1 dimensional)
Minkowski background has been solved [31, 32]. Since, these wave map fields
are essentially components of the full spacetime Riemann curvature tensor,
if one may obtain point-wise estimates of the later through the light cone
estimates, then the former would automatically be under control allowing
one to ‘tame’ the gravity. Since the light cone estimate technique is proven
to work for a few rather non-trivial problems, it is fair to hope that under
special circumstances, perhaps one may be able to control gravity. These is-
sues where a direct application of light cone estimates (for suitable entities)
becomes relevant are currently under intense investigation.

Apart from its importance towards a greater goal of tackling the gravity
problem (and additional hyperbolic equations), this result of global existence
for a critically nonlinear wave field is itself motivating. This is due to the
fact that the global existence indicates that the scalar field with critical
non-linearity indeed respects classical determinism. In that sense it serves
as a ‘good’ source while coupled to gravity. Even though this massless field
with critical nonlinearity is not known to describe an interesting physical
systems, it is certainly worth studying the global existence problem with
coupling to gravity at least in a small data regime. Due to its energy critical
nature, coupling to gravity may provide deep technical insights which may be
helpful for the large data gravity problem itself. In addition, the techniques
in this paper may be applied to critically nonlinear massive wave fields (i.e.,
the Klein-Gordon fields) after straightforward modifications of some of the
calculations.
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