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1. Introduction

The tridiagonal matrix is any matrix of the form

d1 al
b1 dg a9
b2 d3 as

(The empty places symbolize the zero entries.)

The tridiagonal matrices appear in many various applications, e.g. in-
terpolation problems [5, 4], parallel computing [10] and some engineering
problems [18]. They also appear in the context of difference and differential
equations [17, 20]. Thus, their determinants, eigenvalues, eigenvectors and
inverses are of great interest. However, there are not many explicit formu-
las for these quantities. It is well-known that D,, — the determinants of (1)
satisfy the recurrence relation

(2) D, =d,Dy—1 — apn—1bp—1Dp—o.

The above recurrence is quite easy to solve in the case when we deal with
a Toeplitz matrix. This formula is given for example in [21]. However, the
general case is far more troublesome and to find D,, one usually uses various
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algorithms [7, 8]. Some of them work for matrices with some specific prop-
erties, like for instance being positive definite [6] what simplifies recurrence
(2) and improves the algorithm. Extending the problem of calculating the
determinants to more complex matrices, one can find it even more difficult.
Also in this case, one usually uses algorithms [1, 16]. More explicit results
are known for some more specific cases; for example, when a matrix has only
the main, the k-th and —k-th diagonal distinct from 0 (like in [13, 2]) or it is
skew-symmetric and pentadiagonal [9]. However, in [2, 9] the explicit results
are known only for Toeplitz matrices. (Note that in the case of Toeplitz ma-
trices very useful way of finding the determinant is using the Day formula
(see [3, 15]).)

In this paper, we are going to derive an explicit formulas for determi-
nants of some particular tridiagonal matrices over C. First, we will study
tridiagonal 2-Toeplitz matrices, i.e. those satisfying conditions doy11 = dy,
dop, = da, agk11 = a1, aok = ag, bogr1 = by, boy, = ba. Next, we will move to
tridiagonal 3-Toeplitz matrices, i.e. dsgr1 = d1, dsgro = do, dsx = ds, anal-
ogously for a;, b;. Such matrices were considered in [19, 11, 12]. The results
obtained in these articles are given in terms of the Chebyshev polynomials.
In this work, we would like to present somewhat different approach.

Before we present the results, let us introduce some notation. The fol-
lowing is used in [14]: by [S] we mean a number that is equal to 1 when the
sentence S is true and 0 if it is false. For example

A(n) =[n<5-1+[n=>5-32+[n>5 nd

reads as follows:

1 ifn<b
An) =432 ifn=5
n® ifn > 5.

Moreover, it should be noted that writing \/a means the primitive square
root of a.

The two following theorems hold.

Theorem 1.1. Denote by D,, the determinant of a tridiagonal 2-Toeplitz
n X n complex matriz. Let us put A = a1brasbe, B = a1b1 + asby — dids.
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1. If n is even, then

[n=0]-1+[n=2]-asbs ifA=B=0
[n=0]-14[n>2] (didy —aib))(—B)2"t if A=0, B#0
2 4(241)A—naxbsB .
(%) % if A o,nB2 =44
Dp=4q 4 {((—B+\/—B2—4A)a2b2+1)(2A)7“
vB2—4A (—B+\/B2—4A?%+1
i (=B—VB2—4A)asby+1)(24) 2 !

(-B—VB2—4A)z !
if A#0, B* # 4A.

2. If n is odd, then

[n:”-dl ifA:BZO
di(-B)*= ifA=0, B#0

di(ntl) (_24\" _
Dy = | B ()5 a0, 5= a4 .

_\/BZIL4A [(B+\2/?3’24A) - (Mﬁ) :
if A#0, B? £ 4A.

Theorem 1.2. Denote by D,, the determinant of a tridiagonal 3-Toeplitz
n X n complex matriz. Let A = aybiasbsasbs, B = diashs + doagbs, C =
dgalbl — d1d2d3 + 1.

1. If n =0mod 3, then

[n:O]'l—i-[n:?)]-dgagbg ifA=B=0

n=0]-% +[n>3E=kuhd (_B)s i A=0,B+£0
Bd2a3b3[23_4A(53+1)]+8A (541) (_%)g if A+£0,B? = 4AC
Dn = § (= B4/B7—3AC)dsasbs 424 ( 24 )E

2BV B —4AC “B+vVB —1AC
+(7B7\/ BQf4AC)d2a3b3+2A 24 3
2B\/B2—4AC —B—+/B2—4AC

if A#0,B% # 4AC
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2. If n =1mod 3, then

[nzl]'%+[n:4]-a1b1a3b3 if A=B =0
[n=1]% + [n > 4)9B=Cauhabs (_B)"5"  jf A=0,B+#0

Baibiasbs[2B—4AE2)48A%d, nt2 n-l )
bioshPBoAAS ISP (L24)55 if A £ 0, B? = 4AC
nt
(—B4++v/BZ—4AC)a,byasbs+2Ad, 24 3
2A4v/B2—4AC —B++/B2—4AC
n+2
+(—B—\/Bz—4AC’)a1b1a3b3+2Ad1 2A R
2Av/B2—4AC —B—/B2—4AC

if A#0,B2 £ 4AC

3. If n =2mod3, then

([0 =2](dids — arby) if A=B =0

dids—arby (_B\"5T i 4 —
e b(_fd) if A=0,B#0
AT hhd) (_24)5 if A £ 0, B2 = 4AC

ntl ntl
a b, —d,dy 3 dyda—a, by

24 didp—arby (24
VB>—1AC (—B+\/BQ—4AC> T UB—1AC (—B—\/B2—4AC)

3

if A+ 0,B%# 4AC.

2. Proof

To prove the results given in the introduction we are going to solve recur-
rence (2) that for 2- and 3-tridiagonal matrices may take 2 or 3 different
forms. Because of them we will define 2 (for 2-Toeplitz matrices) or 3 (for
3-Toeplitz) sequences that depend on each other. Then we will solve those
recurrences by associating with each of them a formal Laurent series. This
beautiful and quite simple technique is described in detail in [14].

2.1. Tridiagonal 2-Toeplitz matrices

First, we consider 2-tridiagonal matrices:

4,
b1

ai
do
bo

- _dl ar -
b1 d2 a9
a by di as
b1 d2 an b2 dl ai
b dl- nxn (2fn) L by d2- nxn (2|n)
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One can see that initial conditions for (2) are

Dy =dy, Ds=didy —arby,
D3 = d1d2d3 — d3a1b1 — d1a2b2 = d%dg — d1a1b1 — dlagbg.

Additionally, we put Dy = 1.
Clearly, the recurrence relation (2) reduces to

dQDn_l — allen_Q if 2|n
(3) n = {

dan_l - angDn_g if 2 f n.

As we deal with two cases, we introduce two sequences (Up)52, (Vi)o,
defined by the rules

U, = Doy, Vi = Dapta for all n > 0.
From (3) it follows that these sequences satisfy the conditions
(4) U() = 1, U1 = dldg - albl, Un = dgvn_l - alblUn_l for n Z 2,

and

(5)
Vo=di, WVi=didy—dia1by —diagbe, V, =diU,—asbsVp_1 forn>2,

which form a system of difference equations. Clearly, its solution is a solution
of our problem. In order to obtain it, we associate with (U,)s%, (Vn)oZo
the formal power series v and v':

u(z) = i Upz", v(z) = i Vo2,
n=0 n=0

Using them we will prove

Proposition 2.1. Let (Uy,)22,, (Vi) be sequences given by (4), (5). Then

n=0’

([n=0]-1+[n=1] aby fA=B=0
[nzO]-1—|—[n21]-(d1d2—a1b1)(—B)”_1 ifA=0, B#£0

A2 [((—B-&-\/BZ—4A)a2b2+1)(2A)”+1+((—B—\/B2—4A)a2b2+1)(2A)"+1]
VBT—4A (—B+VB2—4A)n+1 (—-B—v/B2—4A)+!

if A#0, B2 #4A

!Note that in this case we do not have to assume that they are convergent.
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((n=0]-d ifA=B=0
d(-B)" ifA=0, B#0
oo PG () a0, B2 =44

4 24 el 24 el
T VB>—1A ( —B+\/B2—4A> o ( —B—\/BZ—4A)
if A#0, B? #4A

where A = a1biasby, B = a1b1 + asbs — dids.
Proof. From (4) we have

u(z) = Z Upz" =1+ (didy — a1b1)z + Z(dQVn_l — a1 Uy—1)z"

n=0 n=2

= 1+ (d1d2 — albl)z + dQZZ Vnz” — alblzz Unz"
n=1 n=1

= 1+ (didy — a1b1)z + doz(v(z) — d1) — arbrz(u(z) — 1)

This way we get
(1+ a1b12)u(z) —daz - v(z) = 1.

Analogously, from (5)

v(z) = i Vn2"
n=0

= di + (d%dg —dia1by — dlagbz)z + Z(dlUn — CLQbQVn_l)Zn

n=2
= dy+ (d%dz —dya1by — dyagbs)z + dy Z Upz™ — agbsz Z Vo2
n=2 n=1

= di + (d%dg —diaiby — dlagbg)z +d; [’LL(Z) —1- (d1d2 —7a1b1)z]
—agbaz[v(z) — di]

and this time we obtain
—di - u(z) + (1 + agbz)v(z) = 0.
The solution of the system

(1+a1b1z)u(z) —doz -v(z) =1
—dq - u(z) + (14 agbaz)v(z) =0
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is the pair

U(Z) — 1+asbsz

a1b1a2b222+(a1b1+a2b2fdldg)z+1 ’
d

p— 1
v(z) - a1b1a2b222+(a1b1+a2b27d1d2)z+1‘

Now we have to discuss the Laurent expansions of v and v. Obviously, they
depend on the degree of

P(z) = arbiashez® + (a1by + agby — dida)z + 1.

Let’s denote ai1biasbs by A and a1b; + asby — dids by B.
Now we consider various cases.

1. A= a1b1a2b2 =0
In this case, the degree of P is at most 1. Again, consider two possi-

bilities.

(a) B = albl + CLQbQ — d1d2 =0
Then u(z) = 14 agbez, v(z) = di. Hence

U, =

(b) B#0

Then deg(P) =1 and u, v can be written as follows:

SO

2. A#0

u(z) =

1 forn=0 PR 0
O =
asby forn=1 Vn:{1 L

0 forn>1.
0 forn>2,

(1+ asbez) - y—ripzy = (1+ azboz) Y07 o (—B)"2"
1+ 302 [(=B)" + agba(—B)" 12",

1 o

: m =d; Z(_B)nzn7

n=0

v(z) =dy

U 1 forn=0
" (—B)nil(dldg — albl) for n > 1,

Vo =di(—B)" for all n € Ny.

Also this time we consider two cases.
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(a) B2=4A

Notice that in this case B # 0 because otherwise B? = 44 would
force A =0 — a contradiction.

Here P has a double root equal to —% and the functions u, v
take the forms

1+ asboz dy
A (z + ﬂ) A (z + ﬂ)
Their Laurent expansions are as follows:
_ 2(Zgb2 . 1 2(2147042sz) . 1
U(Z) = B 17(7ﬁ2) B2 (1+%Z)2
2a2bs 2A asby—24 2A\M !
= 2l (_F) 2 A (0, (_ﬁﬂzn)
2b2 A 2by—2A AT
= T [F (3" + 0+ el (-3)" o,

+

v(z) = —I = -3

Thus
U 4(n+1)A —2nabsB [ 24 "
n — B2 B )
yo_ 2h(nt1) (24 et
" B B
B? < 44

This time we have two single roots:

—B++VvB?2—-4A —B— /B2 - 4A
r = ’ Ty =

2A

and u, v are as follows:

u(z) _ ragbe+1l 1 _rsasho41 1
T A(ri—ra)  z—m Arzérlfrz) z—Try)?

v Z) — d1 . 1 _ 1 . 1

A(ri—ra2)  z—m A(ri—ra)  z—r2”

Therefore

_ Tasby+1 2" T202by+1 SN2
'LL(Z) — A( 7‘2 7"1) Zn 0 7‘1 Arg(rg 7’1) anO o

0
U(Z) = Arl(m 1) Zn 0 Tl A’l"z(’f‘z*?"l) ZHZO i_g
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Finally, we get

U, = ria2by+1 _ roasba+1
n Artt (rg—ry Argt(ra—ry)
A2 ((=B4++vB?>—4A)asba+1)(2A)" 1
VB?_4A (—B+v/B?—4A)"+1
+((—B—\/B"’—4A)a262+1)(2A)"+1}

(—B—/B2—4A)"t1

— dy 1 1
Vn - A(Tg—'f’l) (T;H»l ,’,2n+1)

_ 4 24 ntl 24 ntl 0
VB4 |\“Biv/B_1A —B—VB—iA :

Now Theorem 1.1 is simply a corollary from Proposition 2.1.
2.2. Tridiagonal 3-Toeplitz matrices

We will work similarly as in the previous section.
This time we have three sequences (Uy,)2% 5, (Vi)olo, (Win)o2:

Un=D3n, Vi=D3ni1, Wy=D3pio forn >0

that correspond to the series

U(z) = i U,z", V(z)= i V2", W(z) = i Wy2".
n=0 n=0 n=0

Those sequences satisfy

(6) U, =d3Wp_1 —asboVy,—1, Vi, = d1U, — azbsW,,_1,
Wn = dQVn — alblUn for n Z 2.

The first values of D,, are

U=Do=1, Vo=D1=di, Wo=Ds=didy— aby,
Uy = D3 = dydads — dza1by — dyasbs,
‘/1 = D4 = d%dgdg — d1d3a1b1 — d%agbg — d1d2a3b3 + a1b1a3b3,
(7)
Wy = Ds
— 2y — 2dydadzarby — d2dasbs — did2asbs
+dsa1brasbs + dga%b% + dia1brasbs.

In this case, we have

11
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Proposition 2.2. Let (U,)0%, (Vi)olo, (Wn)ol, be given by (6), (7). Then

;

[n:O]'l—l—[ 1]-d2a3b3 ifA=B=0

n =
n=0-%+n> 1]73:%’?30 (-8)" ifA=0,B#0
Bd2a3b3[2Bf4Al(£+1)]+8A (n+1) (_%)n if A+ 0732 — 4AC

(— B+v/B2—4AC)d»asbs+2A ( 24 )”

2BVB?*—4AC —B+VB?*—4AC
+(7B*\/ B274AC)d2a3b3+2A 2A
2BV/B2—4AC —B—+/B2—4AC

if A+ 0,B2 +£4AC,

([71:0} -1+[7”L=1] -alblagbg ifA:BZO
[n=0]% +[n> 1]—d13—2%%b1%b3 (-8)" ifA=0,B#0
Ba1b1a3b3[2374Ag;+1)}+8A dy (n+1) (_%)n if A+ 0732 — 4AC

(= B+vB?—4AC)a;byasbs+2Ady ( 24 )”“

2AV/B2—4AC —B+vB?—1AC
| (CB—VBTAAC)arbiazhy+2Ad, 24 et
24/ B2—4AC —B—v/B?—4AC

| if A#0,B? # 4AC,

[n = 0](d1d2 - albl) ZfA =B=0
hdazab (_BY"if A=0,B#0

— n .
At Dlab —dids) (_24V"  ir A £ 0, B2 = 4AC
Clel*dldg 2A TL+1 + d1d27a1b1 2A TL+1
VB?—4AC \ —B+VB?*—4AC VvVB2—4AC \ —B—+/B?—4AC

Proof. From the recurrence relations defining (U, )52, (Vi)oeg, (Wn)o2

obtain

u(2)

| if A#0,B* #4AC.

n=0 W€

= Uo + Ulz + Z(d3Wn_1 - agbgvn_l)zn

n=2
= Up+ (U — dsWy + agbaViy)z + dsz - W(z) — agbaz - V(z)
= 1+dsz W(2) - ashpz - V(2),

Vo+Viz+ Z(dlUn — agbg,Wn_l)z"

n=2
Vo — diUp + (Vi — diUy + asbsWo)z + dy - u(z) — asbsz - w(z)
dy - u(z) — agbzz - w(z)
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= Wo+Wiz+ z(dgvn — alblUn)z”

n=2
= Wo—d2%+(W —d2V1+a1b1U1)z+d2 'U(Z) —a1b1 ’LL(Z)
= dy-v(z) —aib; - u(z)

what yields the following system

g
~—~

I
=

u(z) + agbaz - v(z) —dzz - w(z) =1
(8) dy -u(z) —v(z) —asbzz - w(z) =0
arby - u(z) —dy-v(z) +w(z) =0

whose solution is the triple

(9)
u(z) . daasbzz + 1 v(z) . arbrasbsz + dy w(z) _ didy — a1bq
A2+ Bz+ O’ A2+ Bz+C’ A2+ Bz4C’

where A = albla2b2agb3, B = d1a2b2 + d2agb3, C = d3a1b1 — d1d2d3 + 1.
Note that since the sequences (Uy,)22, (Vi)oly, (Wn)o2, are defined by (6)
and system (8) follows from this definition, Eq.( 9) is a solution of (8), so
we can not have A= B =(C =0.

Now we discuss all the cases.

1. A=0
(a) B=0
This case is particularly easy, i.e.
L& ifn= 4 ifn=0
Up={ B ifn = Vo=@t ifn=1
0 ifn>2 0 ifn>2
dld2_ lbl 3 J—
W, — % ifn=0
0 ifn>1.
(b) B#0
This time
o doasbsz + 1 . doasbs B — dyasbsC > B\" n
=", c¢ - B ' BC ;} c)
,1}(2) — (llblélgb3z+d1

z+C
(lel(lgbg. dlB—Calb1a3b3 9] _E n _n
BT BC ano( c) Z
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_ didg —arby _ didy — arby B\"
v ="gre T ¢ ;0< C> .
Thus
BodanghsC (LB if > 1,
v — d—c% ifn=20 .
hB=Cahashs (_BY" if > 1,
didy —aiby ( B\"
Won=—"-"7—1\-5) -
C ( 0)
2. A#0
(a) B?=4AC

In this case A2+ Bz+C = A (z + %)2 and

2dsa3b: 1 2(Bd2asb; —2A)
U(Z) — QBJ 3, + . <

14242 B

— 2d2aab3 oo _% n
2J(BBd2%Zb?f2()A() Boo) 24 \n+1
+HEE T L ()T (

—  aibiagbsztdy
v = Ry

1 )'
2A
1+§z

n+1)z",

B 1422, +
2a1biazb; 00 _2A\™ _n
ey o (%) 2

_ 1
+2(a1b1a3ngzB 2Ad1) EZOZO (_%)TL*F (

B2

A+ 2) B?

1+%z
4A(a1b17d1d2)

(e 9]

Hence

B3

U Bdsasbs[2B — 4A(n +1)] + 842%(n + 1) <_%>”

Ba1b1a3b3[2B — 4A(n + 1)] + 8A2d1 (TL + 1)
V, = 53

B2

W, — 4A(’I’L + 1)(a1b1 — dldg) <_%>n '

B

_ 2a1biagbs | 1 2(a1brasbs B—2Ad,) ( 1 )l

1+%z

n+1)z",

dido—arby _ 4A(aibi—dids) ( 1 ),

B2 Y=o (_2é4)n+1 (n+1)z".

B
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(b) B% #4AC
Let
—B+ B2 - 4AC —B — VB2 -4AC
r = s ro = .
2A 2A
Then
J— d2 3b3 +1 _ 1d2 3b3+1 1 de 3b3+1 1
U(Z) - A(zfarl)(zzfrg) - _erl(‘il —r3) 1—ﬁ + rAT‘Q(?'l*TQ) ' 1—%
1dpasbs+1 2dsasbs+1 1
_TATl(C:"l—;’Z) Zn 0rp Z + 7:47‘2(3‘1—;’2) Zn 0 ry Z
U(Z) — a1b1a3b3z+d1

A(z—r1)(z—T2)
_T1a1b1a3b3+d1 . 1 + r2a1b1a3b3+d1 . 1
Ary(ri—r2) 1- = Ara(ri—r2) 1-=

_ riaibiaszbs+d; Zoo Z + roai1biazbs+d; Zoo 1 Z

Ari(ri—r2) n=0 r} Ara(ri—r2) n=0 ry
_ dids—aiby _ aybi—didy | _ 1 dido—asby | _ 1
w(z) — A(z—r1)(z—12) Arl(rl r2) 1—72 + Aro(r1— 1’2) 1—%

— albl didy n d1d2 albl
= Ari(ri—ra) T2) Zn 07y Arg (ri— 7"2) Zn 07y
Therefore

U ridsagbs +1 1 n rodgagbs +1 1
" A(ry =) Y Alry—mry)  ry’

riaibiasbs + dp 1 roai1biasbs + di 1

Vn - - : : )
A(ry —12) S A(ry —r2) rotl

— 1 — 1
Wn _ albl d1d2 - + d1d2 albl — ]
A(ry —rg) 1] A(ry —rg) 1}

Obviously, from Proposition 2.2 we immediately get Theorem 1.2.
2.3. Closing comments

At the end of the paper, let us notice that using the presented method it is
also possible that the formula for any n x n tridiagonal k-Toeplitz matrix
determinant (where k& < n). However, one can observe, that this requires
even more complicated computations than in the cases k& = 2, 3. Moreover,
this approach has sense only in the case when the ratio % is small.
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