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On a degenerate mixed-type boundary value
problem for the two-dimensional self-similar Euler
equations

YANBO Hu

This paper is concerned with the semi-hyperbolic structures orig-
inated from the study of the two-dimensional Riemann problem
for the compressible Euler equations in gas dynamics. Given two
piece of smooth curves in the self-similar plane such that one is
a sonic curve and the other is a characteristic curve, we estab-
lish the existence of classical supersonic solutions in the angular
region near the corner point. The main difficulty arises from the
coupling of nonlinearity and degeneracy at the corner. With the
help of the characteristic decomposition technique, the problem is
solved by transforming the self-similar Euler equations into a new
degenerate hyperbolic system with explicitly singularity-regularity
structures. Based on the solution in the partial hodograph plane,
we construct a smooth sonic-supersonic solution of the original de-
generate mixed-type boundary value problem in the self-similar
plane.
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1. Introduction

Consider the two-dimensional (2-D) isentropic compressible Euler equations

pi+ (pu)a + (pv)y = 0,
(1) (pu)e + (pu® +p)z + (puv)y =0,
(pv)t + (puv)e + (pv* +p)y = 0,

where p is the density, (u,v) is the velocity and p is the pressure given by
the polytropic gas equation p(p) = Ap?, A > 0 is a constant can be scaled
to be one, v > 1 is the adiabatic gas constant [5].
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We are interested in the Riemann problem of (1), which is a kind of
Cauchy problem with special initial data that is constant along each ray
from the origin. Based on these special initial data, the flow is pseudo-steady
for which a solution depends on the self-similar variables (£,n) = (x/t,y/t).
The 2-D Riemann problem of (1) with four piecewise constants was initiated
by Zhang and Zheng [37]. By using the generalized characteristic analysis
method, they conjectured the configurations of the global solutions. The
solution configurations were completed and confirmed afterward by numer-
ical simulations [24, 40]. Many very important and interesting phenomena,
such as shock reflection and dam collapse, are included in the framework of
the 2-D Riemann problem (see the survey [22]). The rigorous proof of the
numerical simulations are considerably difficult due to the fact that each so-
lution configuration typically contains transonic and small-scale structures.
Many efforts have been made to understand these configurations for more
specific initial data. A representative example is the expansion problem of
a semi-infinite wedge of gas into vacuum, which is often interpreted as the
dam collapse problem in hydraulics [20, 33]. In the context of 2-D Riemann
problem, it is that of the interaction of two 2-D planar rarefaction waves.
In [21], Li established the first global existence result for the interaction of
rarefaction waves in the hodograph plane. This solution was converted into
the physical plane by Li and Zheng [26, 27] by applying the characteristic
decomposition technique which is a powerful tool for studying the degener-
ate hyperbolic problems developed in [6, 25]. Subsequently, the existence of
global solutions to the interaction of two arbitrary planar rarefaction waves
was solved directly in the physical plane [3, 14, 23]. The interaction of a cen-
tered simple wave and a planar rarefaction wave was discussed by Sheng et
al. [18, 18, 29]. The results of shock reflection and shock diffraction problems
can be found, among others, in [1, 2, 7, 41].

The numerical simulations in [8] show that shock waves may formate
near sonic curves even in the interaction of four-rarefaction waves, which
illustrate that the properties of supersonic solutions near sonic curves are
indeed extremely complicated. In [32], Song and Zheng proposed the con-
cept of semi-hyperbolic region which is not parabolic or hyperbolic in the
classical sense. A semi-hyperbolic region is a small region in which a family
of characteristics starts on a sonic curve and ends on either a sonic curve or
a transonic shock wave. This type of region may also appear in many other
situations, such as in the transonic flow over an airfoil [4, 17] and in Guderley
shock reflection [34, 35]. It is worth noting that the study of semi-hyperbolic
solutions may provide us the important information about sonic curves. A
semi-hyperbolic patch as shown in Figure 1 was first extracted theoretically
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Figure 1: A semi-hyperbolic patch produced by a planar rarefaction wave
Ruu(n) :n=v+p(p), v=2a+ [] /P (s)/s ds, u=w = us =0 with
va+ /P (p1) <0 < o1+ /P(p1), 0< ps < p < pr.

in [32] for the 2-D pressure gradient system and then extended to the isen-
tropic and isothermal Euler equations in [28, 14]. A similar semi-hyperbolic
problem to the 2-D nonlinear wave system with Chaplygin gases was consid-
ered in [16]. In [30], a semi-hyperbolic patch arising from a transonic shock in
simple waves interaction was constructed for the pressure gradient system.
The regularity of the semi-hyperbolic problems for the pressure-gradient and
Euler systems were discussed in [15, 31, 36]. Hu and Li [12] established a
global supersonic-sonic solution in a region surrounded by a streamline and
a characteristic curve for the steady full Euler equations with a special re-
lation of entropy and vorticity, also see Hu [9] and Hu and Li [13] for the
related results.

The framework for studying the semi-hyperbolic problem as described
in Figure 1 in previous papers [32, 28, 14, 16, 15, 31, 36] is to give the
negative characteristic curve BC and then solve two degenerate Goursat
problems in the regions ABC' and BC'D with the possible sonic boundary
AC and envelope curve C'D respectively. Particularly, the flow in the region
BCD is a simple wave. Unlike the previous framework, we plan to study the
semi-hyperbolic structure by giving the sonic curve AC' and then solving the
problem in the region ABC to determine the negative characteristic BC'. In
order to realize this programme, it is necessary to study first the existence
of classical sonic-supersonic solutions of the degenerate boundary value and
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degenerate mixed-type boundary value problems. The existence of classi-
cal sonic-supersonic solutions of the degenerate boundary value problem to
the Euler equations were investigated in [38, 39, 11]. In [10], Hu and Chen
constructed a classical sonic-supersonic solution of a degenerate mixed-type
boundary value problem for the steady full Euler equations. In the present
paper, we consider a degenerate mixed-type boundary value problem for
the 2-D self-similar Euler equations and establish the existence of classical
sonic-supersonic solutions in an angular region bounded by a sonic curve and
a characteristic curve. Specifically, we consider the degenerate mixed-type
problem as follows.

Problem 1.1. Let PC and PE be two piece of smooth curves in the self-
similar plane, see Figure 1. We assign the boundary data on PC and PE
such that PC is a sonic curve and PE is a negative characteristic curve.
We look for a classical self-similar supersonic solution for (1) in the region
bounded by PC and PE near point P.

The degenerate mixed-type boundary value problem 1.1 is also called
the degenerate Cauchy-Goursat problem. The main difficulty of this prob-
lem is to deal with the coupling of nonlinearity and degeneracy near the
corner point. We adopt the pseudo-Mach angle and pseudo-velocity poten-
tial as the auxiliary coordinate system to transform the pseudo-steady Eu-
ler equations into a new nonlinear system with clear singularity-regularity
structures. An iterative sequence generated by a nonlinear integral system is
formed and then shown to be uniformly convergent. To overcome the influ-
ence of nonlinearity on the convergence of iterative sequence, the difference
of iterative fluctuations need to be analyzed carefully and the difference
of boundary values on the characteristic need to be estimated accurately.
Based on the solution in the partial hodograph plane, we construct a classi-
cal sonic-supersonic solution to the original degenerate mixed-type boundary
value problem for the 2-D self-similar isentropic irrotational Euler equations.

The rest of the paper is organized as follows. In Section 2, we introduce
the angle variables and derive their characteristic decompositions to formu-
late the problem and state the main result of the paper. In Section 3, we
transform the problem into a new degenerate mixed-type boundary value
problem in a partial hodograph plane and use the iteration method to solve
this new problem under some higher-order compatibility conditions at the
corner point. In Section 4, with the aid of the solution in terms of partial
hodograph variables, we establish the local existence of classical supersonic
solutions to the original problem in the self-similar plane and then complete
the proof of the main theorem.
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2. Formulation of the problem and the main result

In this section, we introduce a set of dependent variables and derive their
characteristic decompositions to formulate the degenerate mixed-type bound-
ary value problem and state the main result of the paper.

2.1. Preliminary characteristic decompositions

In terms of self-similar variables (£, 7), system (1) can be written as

Upe + Vpy + plue ;— vy) =0,
ng—l—Vun—|—< ‘ ) —0,
3

v—1

2
UU§+VU77+< ) =0,
T-1/,
where (U,V) = (u — &, v — n) is the pseudo-velocity and ¢ = /p/(p) is the
sound speed. We further assume that the flow is irrotational, that is, u, = v,
in the (x,y) plane or equivalent u, = v¢ in the (§,7) plane. Then system (2)

reduces to

(3) { (¢ = U?)ug — UV (uy + ve) + (2 — Vv, = 0,

uy —ve =0,
which is supplemented with the pseudo-Bernoulli law

2 U2+V2_

(4) fy—1+ 2

_d)v ¢E = Ua d)n = V7

where ¢ is the pseudo-velocity potential.
It is obtained by direct calculations that the two eigenvalues of (3) are

UV E£eVU2+ V2 —¢?

U2_c2 ’

(5) A

from which one can clearly see that system (3) is of mixed-type: supersonic
for U? + V2 > ¢2, subsonic for U% 4+ V? < ¢? and sonic for U? + V2 = ¢2.
A curve is called a sonic curve if each point (&,7) on it satisfies U?(&,n) +
V2(€,m) = c2(&,n). We perform the standard manipulation to achieve that
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the left eigenvectors of (3) are £+ = (1,As) and then the characteristic
forms are

Otu+A_0Tv =0,
© {

+
= ALD,.
ut A ov=o, O ~Ok+NO
Following the previous works [11, 26], it is convenient to handle the
sonic degenerate problems of the compressible Euler equations in terms of
the angle variables. Introduce the pseudo-flow angle # and pseudo-Mach
angle w as follows

(7) tanf = —, sinw:E,
q

and denote

(8) a:=0+w, [:=0—-w.

According to the expression of A1 in (5), one obtains that
(9) tana = Ay, tanfB=A_,

which mean that the angles @ and 8 are the inclination angles of positive
and negative characteristic curves, respectively. Moreover, we combine (4)
and (7) to express the functions (¢, u,v) in terms of ¢, ,w as follows:

—2¢k sin® w ¢ cos sin 0
—— u=£&-—c

(10) c

5 —, v .
K+ s1n“ w sin w Sin w

where k = (y—1)/2 > 0. And now the sonic curve is {(&,7) : sinw(§,n) = 1}.
In addition, we introduce the following normalized directional derivatives

(11) (?+ = cos adg + sin ady, _5_ = cos S0¢ + sin B0,
9" = cos 00 + sin 00, 0+ =sin 00: — cos 00,

from which one has

(12)
5 — cosfsinw(0t +07) —sinfcosw(dt — 07) 3 _ ot +0-
< _ _sin(2w) - o "~ 2cosw
5 — sinfsinw(0t + 97) 4 cosfcosw(dT — 97) 5L o~ — ot
) = _

sin(2w) ’ ~ 2sinw
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Combining with (6), (10) and (11) gives a new system in terms of the vari-
ables (0, w)

2 2

=1 coSw -, ™ kK—142w
(13) a H+/€+w2a w_7 /i+w2 ’
50 COS W 5 w? Kk— 1+ 22
J— =" —

K + w2 c K + w2

Here and below, we use the mixed variables w and w := sinw in a system
for convenience. Set

(14) R=2F° s5=

Then we can obtain the relations between w and (R,S) by the pseudo-
Bernoulli law (4)

(15) 07w = @(k+ w2)R _ COSWDQ’ I — w(k + wz)S B Coso.:wQ7

K C K C

and the equations for (R, S) by the characteristic decomposition technique

c 2K cos2 w K

5—R:R{ _

_ 1 2
5+5— g _2cosww+(/<a+ J(R+S) k+2w R\,
c 2K cos2 w K

2 cos ww N (k+D(R+S) ﬁ+2w28}7
(16)

The detailed derivation of (16) can be found in [28]. We further introduce

(17) R=wVk+w?R, S=-wVk+ w25,

from which and (16) arrives at

5F- R k+1 R—S_w(35+4w2)cosw
B 26wV + w?  cosPw (ks + @?) ’

(18)

55§ k+1 R—g_w(3/§+4w2)cosw
- T 2kmVE + @2 cosPw c(k + w?)

2.2. The problem and the main result

We now specify the boundary conditions and formulate the mixed-type
boundary value problem 1.1 in terms of the angle variables. Given a smooth
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curve PC 1 ) = ©(8)(& € [€p,&c]), we suppose that the function ¢ and the
boundary values (c,0, )|z = (¢,0,@)(§) satisfy

(19) w6 € C*([tp.&c)),  (&.0)(€) € C*([ép,&c)), w() =1

Thus PC is a sonic curve. Let PE : n =) (& € [€p,&E]) be a smooth
curve satisfying ¢(§p) = 1({p). We assume that the function ¢ and the
boundary values (c, 0, @)|53 = (¢,0,@)(§) satisty

¥(€) € CH([Ep, Er)) N CH((EpP,ER)),
(20) (¢,0,%)(€) € C([€p. €r)) N CH (&P, €R));
0(§) = arctany)’(§) + arcsin o (§).

Then PE is a negative characteristic curve. We further assume that the
functions (¢, 0, @) (&) and (¢, 0, @) () satisfy the following basic compatibility
conditions at the corner P and the characteristic curve PE

(ép) = e(p), 0(Ep) =0(Ep), w(&p) =w(Ep) =1,
(21) i \/7 ~2\/ﬁ Kk — 1+ 262

/<c+w2 K + 2

V¢ € ér Sa)

The last relation in (21) comes from the second governing equation in (13).
In addition, we can express £ as a function of cos@ on the curve PFE to get

£ = £(cos@). Set

(22) bo(cos@)

.: K <ﬁ’(§(cosd2)) N sw(1 — cos w)>
S Vi—wdo(r - @) VP T dE(cosa) )

Actually, by is the boundary value of .S on the curve PE. As the function of
cos W, we further require by to satisfy the regularity

(23) bo(cos @) € C3([0, cos @(E))).

We comment that this requirement can be achievable by the degeneracy of
the derivative of £(cos@) at point P.
Our main conclusion can be stated in the following theorem.

Theorem 2.1. Let the boundary conditions (19)—(20) and (23) hold. As-
sume that the compatibility conditions (21) and a higher-order compatibility
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condition (C) are satisfied at the corner P (the condition (C) is given in (58)
in Subsection 3.1). We further suppose that the following inequality condi-
tions at point P hold

(24) . - dep) <0, F(Ep) <0,
(¢80 — ¢’ cosf +sinf)(Ep) >0, (cosf + ¢ sinf)(Ep) < 0
@) for system (13)

Then there exists a classical supersonic solution (c
¢,0,%)(&) in the angular

with (¢, 0,@)|p5 = (&,0,%)() and (c,0,w)
region around P.

¢ 9
55 = (&0,

Remark 1. The inequality conditions in (24) are matched the study of
semi-hyperbolic patch in the previous works [28, 14].

2.3. The boundary values of (R, S)

The strategy of this paper is to construct the solution of system (13) by
solving a problem corresponding to system (18) in a partial hodograph plane.
Hence we need the information of R and § on the boundaries PC and PE.

We first assert that system (13) is compatible at the corner P. The
compatibility of the second equation of (13) follows from (21). For the first
equation, we note by the fact cosw(P) = 0 and (21) that

810(P) = cos(0(P) + w(P))0¢(P) + sin(6(P) + w(P))0,(P)

= —sin(6(P))0¢(P) + cos(0(P))0,(P)

= —cos(0(P) — w(P))0e(P) — sin(0(P) — w(P))0n(P)
5 U gpy =L
—070(P) = WH(P)_é(P)’

which implies that the first equation of (13) holds at P.

Since PFE is a negative characteristic curve, we can get the boundary
data of S by (15) and (22)

(25)  Slpp= {m (5_w ! Cosjwz)}

from which and (17) one gets

(26) S‘FEZ—(W\/K—FWQS)‘FE

= —/(1 —cos2@)(k + 1 — cos2 @)by(cos @) := by (cos@).

= by(cos @),
PE
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The boundary data of R on PE will be obtained later by solving a singular
ODE problem. -

For the data of (R,S) on the sonic curve PC, we first note by (12)
and (14) that

) 50
(27) R4 S— coswd c7
c
which indicates by cosw = 0 that R|z5 = —S|pz. On the other hand,
adding the two equations of (13) and applying (15) yields
2k0°0
(28) R-§=-"97
w

Thus it follows that

Rlpz = —Slpe = —K(0°0) 55

and then
(29) Rz = Slsg = —kVE+1(0"0)| 55

To obtain the boundary data of 0°0, we subtract the two equations of (13)
and notice the definition of 9+ to acquire

=1, cosw(0Tw+0 w) Cw(k—1+ 202)
(30) 070= 2w(k + w?) c(k+w?)

which along with the fact cosw = 0 leads to

1

siné(ﬁg) — cosé(@,])\f,a = ——,
¢

Pe
which together with the boundary value (&, (€)) = 6(€) arrives at

écosbf — o 0,)— — esinfg’ +1
é(cosf + ¢ sinf)’ vire é(cosf + ¢ sinf)’

(0¢)| 5 =

from which we have

¢0' — ' cos 0 + sin 0

31 9°0)| 5= = cos 6(f - —.
(81) ( )‘PC (6e) é(cosf + ¢’ sin )

+sin(6,)

156 156 =
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Combining with (29) and (31) gives

kvVE+1(e0 — ¢ cosO +sinf)
_ . _ — = ap(§).
¢(cos O + ¢'sin )

(32)  Rlpz=Slps =

Moreover, for late use, we here derive the boundary data of 9%¢ on PC.
It suggests by (14) and (17) that

2 _ 2./ 2 _
R+§— W_VHCW (0 c—dc) = _%#alc,

from which and (32) obtains

(33) (04¢)|pm = — \/Z“Ll

which combined with the boundary value ¢(&, ¢(€)) = ¢(§) achieves

N 2 éa / N éa
_CCOSQ—\/H—L<P _csm&—l—\/ﬁ
(ce)lpe = (en)lpe =

cosé+<p’siné ’ cosé—kgo’siné'

Hence one has
= Vi + 1¢ + éag(sinf — ¢ cos 0)
pC Ve + 1(cos  + ¢’ sin 0)
and then by (27) and (17)
R-S ~wVk+ w20
2cosw|p@ N c Pe

Vi + 1¢ + ég(sind — ¢’ cos )

= = ~ =a .
¢(cosf + ¢’ sin0) 16)

(34) (d%)

(35)

Finally, we discuss the properties of the boundary data of (R, S). We first
note by (22), (26) and (32) that ao(£p) = by (0). According to the regularity
assumptions in (19)—(20) and (23), we see that dg,d; are C2-continuous
functions and b; is C3-continuous function provided cosf + ¢'sinf # 0.
Recalling the inequality conditions in (24) and employing the expression of
ag, we know by continuity that there exist two small positive constants gg
and & such that &(£) < —eg, @' (€) < —eo, (0" — ¢’ cosf + sin)(€) > eo,
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(cos O+’ sinB) (&) < —e, ao(€) > o and by (€) > &g for any & € [Ep, Ep+8o).
Without loss of generality, we may assume these inequalities hold on the
boundary curve PC' and PE. Otherwise, we can use the points C7 and
F4 instead of C and F respectively, to make them hold on PCy and PF;.
Therefore we have the following conditions for the boundary data of (R, S)

(40,1)(&) € C%([¢p,&c)), bi(cos@) € C3([0, cos @ (E)),
(36) d(§) < —eo, ao(§) 2 e0 V& € [Ep,&0),
@' (§) < —eo, b1(§) >0 VE€[Ep,ER).

3. Solutions in a partial hodograph plane

In this section, we transform system (18) into a new nonlinear degenerate
hyperbolic system with clear singularity-regularity structures by introducing
a partial hodograph transformation. The new problem will be solved by the
iteration method.

3.1. Reformulated problem in a partial hodograph plane

To characterize the singularity of system (18) caused by the sonic degeneracy,
we consider the problem in a partial hodograph plane. Introduce

(37) t' =cos’w, 2 =—¢.

Applying (4), (12), (15) and (17) yields the Jacobian of the transforma-
tion (37)

a2, t) .
38 J = =2sinw(Uw, — Vw
_Cé_w—5+w __C\/K,—I—l—t/(R-f-g)

sin w N /1 — ¢

Thanks to (36), we see that J < 0 near the boundary curve PC.
By direct calculations, the operators F can be transformed into

(39)
. 2V/(k +1—th(1 —t)R 2Vt \/(1-1)3 eVt
8*-{— - + . }6y+ —1_t,az’7

_ 2/ (k+ 1)1 —1)S  2V/t\/(1 —1)3 eVt

0 { o + : }8t’+ N

82’7
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where ¢ = ¢(2/,t') = \/26(1 —t')2'/(k +1 —t'). Then the functions (R, S)
in terms of (Z/, t’) satisfy

ekt (k+ 1R R—-S
201 —t"T] (1 —tWe+1-t'T] 4

k(3K +4— 4t/)R\/_

/

S 2(k+ 1T

Ry + ——

(40) i o
5, crVt 5, - (k+1)S S—R
Yo - T (I—t)Wer1-vT, A
k(3K +4 —4t')S
t/
L 2c(k+1—-1)T} Ve,
where

/
—Veriors+ =D

( 1)
Sy ) %ﬁ

We note that the term (R — S)/t’ in (40) corresponds to the term (R —
S)/ cos?w in the (&,n) plane, which is still singular at the sonic curve. Then
we further introduce

(41) t=Vt, z=12.

It is clear that the transformation (2/,¢') — (2,t) and its inverse transforma-
tion are one-to-one, despite the fact that the Jacobian of this transformation
has singularities at ¢ = 0. In terms of (z,t), the operators 9% are

5+:{_\/(5+1t2 17t2R \/142 } g

O +

(42) " e
2

- 1—2)(1— t2) \/1—752

8__{\/(,i+ Kt S }&—&— 1Ct tzaz’

where ¢ = c(z,t) = /2k(1 — t2)z/(k + 1 — t2). Hence, we can obtain the
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system of (R, S)(z,1)
( 7 ckt? B (k+1)R R-S
T2 T 1—e)Werlo2n 2
k(3K +4 —4H)R ,
B 1—-2)1
(43) , C(/ﬁ}-i- t_) 1 o
g _ ekt B (k+1)S S—R
-0 A-2)Wetrlo£2n, 2
k(3K +4 —4t%)S ,
c(k+1—12)T,
where
— 2 _ 42
=VKr+1—-125+ 1( t))t, T, = \/ﬁ+1—t2R—1(7tt))
Z?
Set
~ 1 ~ 1
44 R=—= S=-=.
(14) 2 8=1

Then system (43) can be rewritten as

(

I keSt2 - _ k+1 R-S
(1—t2)T3 27(1—t2 ng 2t
2
N K3k +4 24t )RStQ,
(45) C(Ii+1 —t )Tg
& keRt? & K+ 1 S—R
AT -2)Ve+ 121, 2t
RBr A4 -4t -

RSt
c(k+1—1)Ty ’
where

1—1t?) -
T3: H+1_t2+u

e b
k(1 —t?) ~
T4: \/K+1—t2—ﬁRt
c(z,

We next consider the boundary conditions of (R,S) on the the (z,t)
coordinates. According to the assumption ¢ (£) < —eg in (

36), we find by (4)
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that the function

2= (27 +3)P0O. €elno)

is strictly decreasing, which implies that there exists an inverse function,
denoted by & = £(z) (2 € (21, 22]), where

7 = <ﬁ + %)éQ(fc), 2 = <ﬁ + %)éQ(&o)-

It is clear that the sonic boundary PC on the (&,m)-plane is transformed to
a segment P'C’ on t = 0 with z € (21, 22| on the (z, t)-plane. On the segment
P'C’, we have

(46) (R, 5‘)(2,0) = (G, a0)(z) V z € (21, 22],

where Gg(z) = 1/a0(£(2)). In addition, if system (45) admits a smooth solu-

tion (R, S), then by the exact form of (45), the solution should be satisfied

-~ R— . S—R
(47) Rili=0 = , Stli=o = )
2t o 2t =
Therefore, we also have by (35)
(48) Ri(2,0) = a1(2), S:(0,2) = —a1(2) ¥ z € (21, 2],

where a1 () = —a1(£(2))/a3(E(2)). B
Now we discuss the image of boundary PE on the (z,t)-plane. Apply-

ing (22) gives
K+ w? 0~ w
( 2 S — 3 > —
Kw PE

w
1 <@u«+@%5 @’ )__amw

for £ > &p, which indicates by (4) that the function

>0,

w3 we

== ( 2,2 )©. (e lenen)

vy—1 2@2
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is strictly increasing. Thus there exists an inverse function £ = £(z) on

z € [z2, 23), where
~2 -2
c c
z3 = <’}/1 2w2>(£E)

Let us use P'E : z = Z(t) (z € [22,23)) to denote the curve {(¢,z)| t =

1 —@2(£(2)), 2z € [22,23)}. Due to the assumption @' (£) < —g¢ in (36),
we know that z = Z(t) is a strictly increasing function on ¢ € [0,%g), where
to = cos@(£g). By (26), we obtain that the boundary value of S on P/E' is

(49) S(2(t),t) = ba(t) VY tel0,ty),

where by(t) = 1/b1(t). Moreover, it is not difficult to check that the curve
P'E' is a positive characteristic of system (45) passing through point (0, z2)
and the expression of Z(t) is

RS re(%(s), 5)ba(s)s” s
(50) Z(t) = 2+/0 TR Vs e ()S]d,

S [O,to).

For the boundary data of R on P'E , we consider the following ODE problem

a (1) = k+1 ‘ do(t) — ba(t)
R C I O e e 2t
(51) k(3K + 4 — 4t2)do (t)ba (t)t?

)

3 c(2(t),t)(k+ 1 —t2)T3
do(0) = ao(z2),

where
~ 1-—
Ti=vetl-pr2 ")
c

(1- ),
RO

The solvability for the ODE problem (51) will be shown in Lemma 3.1 in
Subsection 3.2.1. Hence the boundary data of (R, S) on P’E' are

l\u

(52) (R, S)(2(t), 1) = (b2, do)(t), Vte€[0,t0).

We combine (46), (48) and (52) to obtain the mixed-type boundary
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conditions of system (45) as follows

Moreover, it follows by (36) that the functions ég, @; and by satisfy

(a0, a1) € C%((21, 22)), by € C3([0,t0))
(54) B do(z) > € Vz € (21,22],

b2(0) = ao(z2), b5(0) = a1 (22).

The compatibility conditions in (54) come from the compatibility condi-
tions (21) and the definitions of functions ég(z), a1(z) and by(t)).

To obtain a classical solution for the degenerate problem (45), (53), we
need more information about the derivative of S at the corner P’(zy,0).
Denote

Xo(t) = rAl by(t) — do()
) ol (1 -2)We+1- 2Ty 2t
K3k +4—4t2) . -
TG, Dk + 1 — )Ty do(t)b2 (1)1,
where

Ti=Ve+1—1t2— IZ((;(—t_)i))JO(t)t'

Actually, Xo(t) is the value of the right-hand term of the equation for S

in (45) on the boundary P'E’. In view of the boundary value S(2(t),t) =
ba(t), we find by (50) that

~ oo re(Z(t), )do ()2 -

Se(Z(t), - - ,t) = xo(t),
5 (2(t), 1) ((}(t) z;gTé)tQ (2(t),t) = Xo(t)
- ke(Z(t), t)ba - 5
a0, 1) + " O 8 30,0) = B,
from which one gets
7)) S, = — OB BO_J0) _g

ke(Z(t), ) (Tyby(t) + Tsdo(t)) t2
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We further assume that the boundary data in (19) and (20) satisfy some
appropriate conditions such that the following compatibility condition (C)
at P’(z2,0) holds:

(58) (€) : X1(0) = dag(22), X1(0) = —éy(22).

Remark 2. The conditions in (C) ensure that S, and the derivative of S,
with respect to t are continuous at point P’. This higher-order compatibility
condition plays an important role in dealing with the singularities at the
initial line ¢t = 0 in the current paper.

In terms of the partial hodograph variables, we have the the following
existence theorem.

Theorem 3.1. Let (54) and (58) be satisfied. The degenerate mized-type
boundary value problem (45), (53) admits a unique classical solution around
point P'(z2,0).

3.2. The proof of Theorem 3.1

This subsection is devoted to solving the degenerate mixed-type boundary
value problem (45), (53) in the partial hodograph plane. We divide the pro-
cess into four steps. In the first step, we homogenize the boundary conditions
and define the admissible functions. In the second step, we construct an it-
erative sequence by the integral system relative to (45). In the third step, we
establish several key lemmas for the iterative sequence. Finally, we complete
the proof of Theorem 3.1 in the fourth step.

3.2.1. The homogeneous problem. In order to deal with the degen-
erate boundary conditions conveniently, we homogenize the boundary val-
ues (53) by introducing the higher-order error terms for the variables (R, S )
as follows:

(59) { W(z,t) = R(z,t) — ap(z) — tai(2),
where
ap(z) = ao(z + 22), ai1(z) = a1(z + 22).
Here we moved the point P’(29,0) to the origin. Corresponding to (53), we
acquire that the boundary conditions for the variables (W, V) are

(VVv‘/aWtaV;f)(z?O):O VZG(Zl—ZQ,O],

(60) (W, V)(2(t),t) = (d,b)(t) Vt€][0,tg),
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where Z(t) = Z(t) — 22 and
(61)

It follows from (54) that

(a0, a1)(2) € C*((21 — 22,0]), b(t) € C*([0,0)),
(62) ao(z) >0 Vz € (21 — 22,0,
b(0) = b'(0) = 0.

Combining with (57) and (59) leads to

(63) Va(2(1),t) = xa(t) — ao(2(1)) + tar(2()) == x(1).

39

By the definition of x(¢) and the conditions in (54), we employ the compat-
ibility condition (58) to find that there exists a positive constant K such

that
(64) x(t)] < Kt2.

From (45), we obtain the equations for (W, V)

(W, + %Wz - W2_t Y AV OW + Ap(V, 2, )V
+ A3(V, 2, t)t2 + F(z,t)t,
(65)
Vi - %VZ _V gtW + By(W, 2, )W + Ba(W, 2, )V
+ B3(W, 2, t)t* + F(z, t)t,
where
f=ay—tar, g=ag+ta, F(z,t)=——Rur_

cvVk+1—127
T5(V) = Vi + 1 - 2+ =5V + ft,

Ts(W)=vVr+1—12— ﬁ%(W + g)t,
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and

M(V,2,1) = LTI 00 | st

As(V, 2, 1) = —t(””_tz’iﬁmig”wz_” _ mli(%s_tz)’

A3(V, z,t) = H(giﬁﬁi)zg)%”) - (a‘l)?{l/i)t(z‘)/ﬂf)m + Wfl(f;%:zm
and

Bu(W, 2,1) = _t(ﬁ+2_t2)—g?1mi2(jz/+g)(1_t2) _ tanllt)

Ba(W, 1) = SR o — S,

B2 ) = <AL gl b

pgtas _ aik _ R2(1=)(Wtglagas
Ty el /Rt 1T

It is clear that the positive/negative eigenvalues of system (65) are

ck(W + g)t?
(1 —8)Ts(W)

ck(V + f)t?

(66) A (V,z,1) = W7

)‘*(VVaZat) ==

and the positive/negative characteristics passing through point ({,7) are
defined by

©7) { CatOT) )\ e,

dt
2(13(,7) = ¢
We now verify that the ODE problem (51) is solvable, which follows
directly from the next lemma by (59).

Lemma 3.1. Assume that (62) holds. Then the following ODE problem
=IO =) g ), 200, () + Aa(b(), 2(8), Db(E)
(68) +A3(b(t), Z(t), )2 + F(2(t), t)t,

d(0) = d'(0) = 0.

admits a unique C?-solution on t € [0,81] for a small positive constant
01 < tg.
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Proof. For convenience, we use K in this paper to denote a positive constant

which depends only on the C?-norms of dg, a;, the C3-norm of by and the

constants k, 9. The value of Ky may change from one expression to another.
According to the conditions of b(t) in (62), we know that

(69) b(t)| < Kot?,  |0/(t)] < Kot.

Thus we find that there exists a small positive constant d; such that

— 2 \/’

T5(b(t)) = ff+1—t2+/<ccl (b(t) + f)t > 7“

(2(t), )

for t < &1, from which and the exact expressions of A; (i = 1,2,3) and F,
one obtains that

(10) M= max {Ko, LAy (b(1), 2(1). 1)), | Aa(b(1), 2(1). 1),
t€[0,01]

|As(b(t). 2(0), 1), rF<z<t>,t>\},

is uniformly bounded. We next construct the iterative sequence. Denote
d©(t) = 0 and then define quantities d¥)(t) (k > 1) by the following relation

) a0 = [{ I o, 200,

S

+ Az(b(s), 2(s), s)b(s) + As(b(s), Z(s), s)s* + F(2(s), s)s} ds.

Let §; = min{dy,1/(4M;)}. Then for ¢t € [0,68;], we can get by a standard
argument of induction that for all £ > 1

k j k
2\’ 2
72)  |d®(@)] < Myt - d*F D) —d® ()| < Mt?( 5
( ) ‘ ( )‘ = 1 ; 3 ) | ( ) ( )‘ = 1 3 )
which indicates that the sequence d(¥)(t) converges uniformly to a continuous
function d(t). Moreover, one can see by (72) that the function d(t) satisfies
(73) |d(t)| < 3Myt* vt €[0,481],

which together with (71) leads to the smoothness result for d(¢). The proof
of the lemma is completed. ]
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We next define the admissible functions and strong determinate domain
to system (65). Let Ds, be a closed domain in the (z,t)-plane defining as

follows
Z1 — %9

2

Denote S(Dy,) a function class incorporating all vectors F = (f1, f2)”
Dj;, — R? that satisfy the following properties:

Ds, ={(z,t)| t € [0,01],

<z <z},

(P1) : f1, fo are continuous on Dy, ;

(P2) : (f1,f2)T(Z’0) =(0,0) V z € [252,0];
aay B8 U R) GO0 = (@D7(0) V€ 0.5,

(Py): max {|fi(z1)],|falz,1)[} < Mt

(z,t €Ds,

where M (> 3M;) is a fixed constant.

Thanks to Lemma 3.1, (73) and (69), we see that (d,b)(¢) belongs to
S(Ds,). Thus S(Ds,) is not empty. Let (f1, f2)? € S(Ds,) be any element
in S(Ds, ). We apply the property (P4) in (74) and the exact expressions of
fyg and T5,Ts to find by (62) and (66) that there exists a small positive

constant dy < min{dq,1/M} such that

fi9> %0, T5(f2), Ts(f1) = TK
>\+(f2,2,t) _A—(flvzat) f

(75) V (2,t) € D5, N {t < &2},
and
(76) k> 2Ks,, L S 2 < 5(6y) — KO3 = 2,

for some constants k& and K. From the relation z(t) = 2(t) — 22 and (50),
one has

77 2 :/62 re(Z(s), 8)ba(s)s? ds — K63
0 (1—52)[\/54—1—524—6;5 85(5)5]
02
< Ks? ds — Ko3 = —gfég’,
0

which means that the number z, is negative. Set 2(t) = z. + Kt3 (t € [0, 52)).
Then it suggests that

2() < 5(t) Y tel0,8),
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and 2(d2) = Z(d2). We now denote
(78) Ds, = {(2,t)| t €[0,62], 2(t) < 2 < z(t)},

and S(Ds,) the corresponding function class defined on Ds,. For any vector
function (f1, fo) € S(Ds,) and for any point ((,7) € Ds,, it is not hard
to check that the positive/negative characteristic curves z4(¢; ¢, 7), defined
in (67) but with (f1, f2)” replacing (W, V)T in Ay, stay insider Ds, until the
intersection with the boundary curves z = zZ(¢) or ¢ = 0. Thus the domain
Ds, is a strong determinate domain for system (65).

For later use, we here derive |z4(t;¢(,7) — z—(¢;(, 7)| by (75)

(79) |24 (¢, 7) — 2 (¢, 7)| S/OTQFtQ dt < K73

for ¢ € [7_,7|. Here and below 7_ is the intersection time of the negative
characteristic z = z_(¢;(,7) and the boundary of D;,. Furthermore, one
also has by the expression of F' in (65)

(80) ‘F(ZJr(t;C?T)at) - F(z*(t;CJ_)?t)‘
§K0|z+(t; ¢, 1) — z_(t;C,T)| < Kor3.

3.2.2. The construction of iterative sequence. We are now based on
the differential equations (65) to construct an iterative sequence. Let (¢, T)
be any point in Ds,. Integrating the system (65) along the characteristic
curves z = z4(t) and employing the boundary conditions in (60) gives

wicr) = [{ T+ 4w + 4wy

+ A3s(V)t? + F(z, t)t}(z+(t), t) dt,

VI(C,T)=b(r) + /OT {V ;tW + Bi(W)W + By(W)V

+ B3(W)t? + F(z, t)t}(z_ (t),t) dt.

Here we used the fact that the positive characteristic curve z = z4 () only
intersects the line ¢ = 0.
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Set WO (2,t) = d(t) and V(O (z,t) = b(t). We solve the following ODE
problem

4= (t)
dt

(82) =AW @), 20 =0,
and denote the solution as z = 3 (t) (t € [0,d2]). The solvability of prob-

lem (82) follows from (75). It is clear that the curve z = 70 (t) divides the
domain Dy, into two disjoint subdomains

Ds, = DY U DY),

where DIV = {(z,1)] = < 29(1)} N Dy, and D = {(z,6)] = > 20 ()}
Ds,. For any point ((,7) € Ds,, the characteristic curves z = zf )(t) =:
zg)) (t; ¢, 7) are defined as

dz0(t; ¢, 7)
(83) { jT=MW(“%V<°>,z,t><t,z$><t;g,n>>,
A0(rc,r) =

the intersection time of the negative characteristic z = zg)) (t; ¢, 1)
and the boundary of Dj,. Obviously, 7 = 0if (¢,7) € DYV, while ¥ > 0

if (¢, 1) € D((SSQ). Then we construct the functions (W™, VW)(¢, 1) by (81)
as follows

Denote T(O)

( O _ o)
WO (1) = / {%jL AL (VOYWO 4 Ay (v©)y©)
0

+ As(VO)2 4+ Ft} 0, ) at,

T {v(O) — 1w

B (OO
5 + B (W)W

V(l)(Cﬂ') = b(TEO)) T /(o)

T

+ Bo(WO)yv O 4 By ()2 + Ft}(z(o) (t),t) dt.

\

After defining the functions (W®*), V(#¥))(z,¢) (k > 1), we solve the fol-
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lowing ODE problem

4% (t)

= (k) )/
= = A (W @),1), 2P0 =0,

(85)

and denote the solution as z = 3% (t) (t € [0,02]). We will prove that
(W®) V() is in S(Ds,), which together with (75) leads to the solvability
of problem (85). Similarly, the curve z = 70 (t) divides the domain Ds, into
two disjoint subdomains

Dy, = D U D,
where DYV = {(z,)] = < 2%(1)} N D5, and DI = {(z,0)] = > ¥ (1)}

v(k)(
Ds,. For any point ((,7) € Ds,, we define the characteristic curves z =
20(0) = 2 (t:¢,7) as

(86) g =AW VO 2 4706 m),

(e, =,

and then denote the intersection time of the negative characteristic z =

k) (t;¢,7) and the boundary of Ds, by 70 By the construction, we see

that 7 = 0 if (¢,7) € DY, while 7% > 0 if (¢,7) € D). We then

construct the functions (W *+D Vv (k+1)y (¢ 1)
T (k) _ (k)

Wk (¢, 7) = / {W - 1% AL (VE I ®)
0

+ A (VEY V) LAz (v R )2 4 Ft}(zf) (t), ) dt,

VED(C ) = () + /

T

T {V(k) —wk)

) yp7 (k)
5 + B (WY)W

(k)

+ Bo(WEY V) By (k)42 4 Ft}(z(_k) (t),t) dt.

We shall show that there exist two positive constants § < do and M such
that the sequences (W®) VE) (k> 0) converge uniformly in the function
class S(Dy).
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3.2.3. Several lemmas. We now establish several key lemmas for the
iterative sequences (W) V*)) (k > 0). According to the exact expressions
of A;, B; (i=1,2,3) and F in (65), if (W,V)T € S(Ds,), one has

|Ai(V, 2, 0)[; [ Bi(W, 2, 1) [; |[F (2, £)|; [ F2 (2, 1) |; | Frz (2, £)

t | <M,
|Ai(V, 2, 8)|; [Aiv (V. 2,8)|; | Biz(W, 2, 8) | | Biw (W, 2, t)| < M

(38)

for some positive constant M.
Let M, § and M be three positive constants satisfying

(89)

~ _ 1 k ~
M = 1,4K¢, 4K ,4M1, M < —_ M > 3M
max{ ) 0, ) 1, }7 5 ~ {527 100M7 2M}7 = 3 )

where K, M; and k are given in (64), (70) and (75), respectively. The choices
of M and ¢ in (89) ensure that the following inequalities hold

(90) <% + 13M5> exp(2M &%) < ;7 4MSE + MT‘S < ;

For the number §, we define a closed domain Ds as follows
Ds={(zt)]0<t<0, 2(0) - K& + Kt3 < 2 < z(t)}.

Clearly, one has Ds C Dy, .
We now have

Lemma 3.2. For any ((,7) € Ds and for all k > 1, the following inequali-
ties hold

.
(WG] VG| < My @]
(91) A
W) - v <Y ()

J=0

Proof. The proof is based on the standard argument of induction. We first
check (91) for n = 1 and then assume all the inequalities are true for n =k
to derive (91) for n =k + 1.

Due to (WO, VONT = (d,0)T e S(D;,), we apply (88) and (89) to
acquire

92) AV, 2 )| B(W D, 2, ) |[F (2, )] | F(2,8)| < M (i = 1,2,3)
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for any (z,t) € Ds. It follows from (69), (84) and (92) that

T ©) _ w0
(93) ‘V(l)(g,r)‘ — }5(7{0))‘ + /(U) {% + !Bl(W(O))‘ . ‘W(O)}

+ [Bo(WN [V O 4 | By (W) |42 + \F\t}w)(t),t) dt

T (Ko +3M
§K072+/ {7023 1t+M-Mt2+M-Mt2+Mt2+Mt}dt
0

M M
2+ {ZT2 + M7 + 772} = M7*(1+ MJ)

A similar argument obtains the inequality for W (). To estimate [W 1) (¢, 7)—
V(¢,7)|, we use (84) again to achieve

(94) (WO, ) = VO )| < (D) + I+ I,
where
7 ©0) _ /(0
11:/ {%Hm(v(m)‘.‘w(m,
0

+ [ A (VO) VO | Ay (VO |2 + yF|t}(z$>(t),t) dt,
and

T (0) _ /(0
N ALy —

+ [A(VOWO| 4+ | By(WOYWO 4 | A5 (V)|

+|Bs(WO) |12 + | F(z0 (1), 8) — F (= (t),t)\t} dt.

For the term Iy, one has by (92)

G

(95) I S/ {?t-f- 3M2t% + Mt} dt = EM(T_O))z + (O,
0
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For the term Iy, making use of (80) and (92) yields

(96) I < / {Mt +6M%t? + MT3} dt
T

(0)

1 1
< M7 420770 4 Mt - CM () -2 (7O

We put (95)-(96) into (94) and apply (69) again to obtain

M7 4+ MO MO

1 1
+ 5M7? 4207 + Mt — M () — 202 (70

07 (W) -V )] <

PN

. .

2]
<M7%(1+2M6) < M7? i
<12 < a7 (1)

Hence the inequalities in (91) are true for n = 1.

Assume that (91) holds for n = k. Due to the choice of M in (89), we
see that

k j .
(W® )| [VI¢, )] < M <§> < 3M72 < M+,
7=0

which means that (W®), V*NT ¢ S(Djy). Thus it suggests by (88) that
98) |4V, 2 )| B(W W, 2, )} [F (=, 0)|; |Fa(z,1)| < M (i = 1,2,3),

for any (z,t) € Ds. Combining with (69), (87) and (98) arrives at

T (k) _ (k)
{w + ‘Bl(W(k))W(k)’

(99) [V < o) +/ 2t

-

+ [Boy(WEY VW | By (WW)|¢2 + | F|t ¢ dt

H,_/
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The inequality in (99) is also true for W*+D, To estimate the difference
between W*H (¢, 7) and V*+1 (¢, 1), one achieves by employing (84) again

(100) (WED (¢ ) = VED ()| < (b)) + I+ L,
where
A OB
AR e N
0

+ | A (V)| [VE] 4 | A5 (V|2 4 |F\t}(z(+’“>(t),t) dt,
and

- k) _ (k)
I :/W {QWQ—tV| AW IO 4B, (W ®)w®)
+ [A(VIENYV RN | | By W)V B)| 4 | A5(V W) [¢2

+ | By(W) |62 + | F (1P (8), ) — F(z(_k)(t),t)|t} dt.

By similar processes as before, we use the induction assumptions to obtain

(101) I3 < /OT {%Xk: (;)j +3M2t2z <§)J +Mt} dt

j=0 j=0
1 ke | L k)zk 2\’ 2(k)3k 2\’
< = — - -
< QM(T_ ) +4M(T_ ) Z<3> + M=(127) Z<3> ;
Jj=0 j=0
and
T k 2 J k J
2,2 3
(102) I S/m {Mtz<§> + 6M?t Z( ) + Mt } dt
- 7=0 7=0
1 k i 2\’
SﬁM[(Tﬁ— (TS))Z] Z (g)
=0
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Inserting (101)—(102) into (100) and applying (84) again gives

(103)  [WE( ) - vER(C )|

1 1 (k)\2 1 ( k J
<— 2 _ 2
_4M7’ +2M(7'_ ) 4M a E < >

SM#{(% +52> + G +2M5> ]zk; (%) } < M721§ <2>j

which along with (99) ends the proof of the induction step. The proof of the
lemma is complete. O

It is easy to see by Lemma 3.2 that (W®) VENT ¢ S(Dj) for each
k > 1, which together with (88) lead to

(104)
JAi(V®), 2 )5 [Bi(W W, 2, )5 [F (2, 8)]; | P (2, 8)]; [Fea (2, 1)) < M,
|4 (V) 2, 8)]5 [ Ay (VR 2,8) [ | Bis (WE) 2, 8|5 [ Biw (W), 2,8)| < M

for any (z,t) € Ds. We now differentiate system (87) with respect to ¢ to
deduce

(105)
(k) _ (k)

T (
: = Vz

8z_(f)

WO, VD 4 a8,V O) 1 £t

T
9wl
V(¢ ) = () 1 / . {T + B (Why®

+Brpo(W® vk L gk vk 4 th} = W@),t) ac.

\
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where

A (VY = A (v,
Ap(WHE v = Ay (VE)) 4 Ay (VE) W)
+ Ay (VIYV R 1 Agy (VR))42)
Ap(W® vEy = A4 (VEYWE 4 A, (VR R LAy (V)2
B (W) = By(wh),
Bio(W® v&)y = B (W®)Y 4 By (W) k)
+ Bow (W)Y 4 By (W2,
Bis(W® vy = B (WEYW® 4 By (WEHYVE 4 By (W E))2)

and
9, Fgp®)
e Zen —ew] [ LRG0 arl

Recalling the expressions of A4 in (66) gets

D rt? (k) (k) )
(107) W(ZJF (t:¢7),t) = 11— (CH(V W2+ Cra(V ))7
where
t(1— (VP 4+ f)
Cp(v®y=—°¢ &
11( ) T5(V(k)) Tg(V(k)) )
vy &V N def: st = B)VD + /).
T5(V) T2(V®)
(1 =2 (V® + f)2e,
cT2(V k) ’
and
oA 2
(108) 0z (Z(*k) (#:67),1) = - 1/i 12 (Dll(W(k))Wz(k) + D12(W(k))>7
where
Dy(Wk)y =—° rt(1— %) (WM + g)

To(W ) ZW®)
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c:(WW 4+ g) +cg. | mt(1 =) (WP + g)g.
Ts(W®) TE(W®)
rt(1 —t2)(WH + g)%c
T2 (W k)

D (WH) =

Thanks to (104) and (75), we can acquire the following estimates

t2
}011| " ‘012} ‘Dn} ‘Dlz} <K0<M

(109)

Combing with (106)—(109) leads to

92 m1oAP
: <
(110) ac (t;¢,7) _exp{/o o dt}

<exp { /T ME(WB |+ V] +1) dt}.
0

For the sequences (W( ) V(k)) (k > 0), we have

Lemma 3.3. For any ((,7) € Ds and for all k > 1, the following inequali-
ties hold

L
(WP ¢, V(¢ 7)| < Mr? Z <3)J,
’Wék)(C,T) ¢, T <MT22< )

(111)

Proof. We proceed by induction again. It follows by the facts WZ(O) =0,

VA% = 0 and (110) that

8z(i )

(112) %

— ¢, 7)

<exp{/ M (WO + VO +1) dt}
<exp(Mé?).

We combine (64), (105), (109) and (112) to deduce

dt

. (0)
(113) v \s\x(fﬁo))l+/ {\Bls(W“)%V(O)M+!Fz\t}‘%z—g
0
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<Kr? +/ {8M2t2 + Mt}eM53 dt
0
11 (2
am2f 2 oM M8\ pf2 2\
<Mt <4+2e + 3Méde >_MT Z<3)
7=0
For the term |Wél)(C,T) - VC(D(C,T)L one also gets
) WP Ve < XG5+ I+ 1o,
where
7© (0)
- 0z
I = Al LB - | =t
I / {‘ ). 32+ £ |BY). 32 }
6=
T (0)
_ )5y 2,0
=[PP 0.05= 0.0
92
~ £z —_ (¥ -t dt.
00,05 O 0.0)| -t
It is easily obtained the estimates of Is and Is by (109) and (112)
(115)
Tio) 1 .
I < / <8M272 + Mt> N (3M2(T£°))3 + 5M(Tﬁo))2> Mo’
0
Is < /(0) 16M2¢2eM% qt < 6M> <T3 - (7'(0))3> Mo’
For the term I7, one finds by (79) and (110) that
T 0 0 az(o)
(116) I; < / {t\FZ(zg)(t),t) S AEIOIIE 82
0
(0) (0)
(0) 023" (0) L)
t|F, t)| - t),t) — t),t dt
HIECO0.0] | 000 - S (000

g/ {tM\z(()) — 20() M
0

53
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s (71 oY
+tM.eM5/ (‘ + +‘ —
0

5. 9, ) ds} dt

S/ {M'MT4 ‘eMd‘a’ +M‘€M53 'M7_4} dt = 2M2€M§37—5.
0

We combine (114)—(116) and apply (64) again to obtain

(117) (WP (¢, ) = V(¢ )]

J

1
1 1 3 3 2
2 M§& Mé 2§

Hence all inequalities in (111) are true for n = 1.
We now suppose that the inequalities in (111) are valid for n = k. Thus
one has

(W ¢V )| < 3Mr,
Putting the above into (110) gives

(k)

s | T e

< exp { / Mt*(6M7° +1) dt} < exp(2M6°).
0

We sum up (104), (105), (109), (118) and employ (64) and the induction

assumptions to conclude for n =k + 1

(k1) 1 T s /2! SN
+ 2 242
< Z - z z
(119) V"¢ )| < M +/T(k){2MtZ<3> + Mt Z<3>
- 7=0 7=0
2\’ .
+2M2t22<§> +8M2t2+Mt}62M5 dt
<Mr? 1+(1+3M(5)62M63 + (14 e eQM‘SSzk: 2y’
= 42 4 3
9 k 9 j k+1 9 j
2 _ 2
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The above estimate also holds for Wékﬂ)(C , 7). We next handle the term
\W(Hl (¢, 1) — (kﬂ (¢, 7)]. From (105), we deduce
(120) }WHI)(C, T) — (kH €7 < ‘X ‘+18+19+110+I1la

where

(k)

(k) (k)
o Wz - ‘/Z —a
Is = / Q + ’A11W,§k)| + }Al?vz(k)} + ‘A13’ = dt,
; ot £
T ‘V( ) W(k)| ) 9z
= [0 2 3] 1 mawt) + (i) | 22,
7 2t C
and
- (k) (k)
_ ®© iy 09 _ g W 9%
IIO_/‘I:(Mth(Z-F (t),t) 8C Fz(z_ (t)7t) 8< dt:
£ (k)
0z}
I = / F.t|- di.
11 0 | ‘ aC

It proceeds by (104), (109), (118) and the induction assumptions that

(121)
T 1 d 2 J 2 i 2 J 2,2 2M 63
Ig; Iy g/o {§Mt2<§> +3M - Mt Z<§> + 8M?t }e dt
Jj=0 j=0
1 YOI
2 2M &3 2M 63
<Mt {3M56 + <Z —|—M5>e ZO <§> }
J:

Moreover, one obtains

(122) I < /OT {t\FZ(z@(t),t) ~EEW 0,0

5,9 5,
;g .0 - P w.0| | a

g/ {tM\zf)( ) — 2 (1)[e2M0 4 g0 - MO 207 }dt
0

+t| (1), 0)] -

T P
< / {tM M3 MOy 2tM27'362M53} dt = 2M2e*MP 15,
0
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and
T 3 ]. 3
(123) I g/ Mte?MO qt = §M7262M‘5 :
0
Inserting (121)—(123) into (120) and making use of (64) yields

(124) (W (¢, m) = VIV (¢ )]

. .
1 2 2 2M 63 1 2M 63 2 /
SZMT +2Mr {3Mae + Z+M5 e Z 3

j=0

+2M2 2M &3 7_ 4= MT2 2M§®

i .

1 1 3 3 1 3 2\’
<M2d (2 M M§e2M3 219 2M§ <
< 7’{(4—1—26 + &M e + 2+ Mé e g 3

7=0
9 k 2\ 7 k+1 2\ 7
2 _Af2
7=0 7=0
With the aid of (119) and (124) inequalities (111) follow. O

Based on Lemmas 3.2 and 3.3, we have

Lemma 3.4. For any ((,7) € Ds and for all k > 0, the following inequali-
ties hold

(125)

k
WD (¢, 7y — WO, )5 [V, ) — VO, 7| < M72<§> |

Proof. We also use the the argument of induction to prove the lemma. For
k =0, one gets by (87), (69) and (73)

7 { [b(t) —d(?)]

(126)  [VO(¢,7) = VO 7] < [b(r )%HMH+/ 5

(k)

+|Bi(d)d| + | Ba(d)b| + | Bs(d)| > + |Fty}(z(0)(t),t) dt

| | v
< M(r k)2 + M7 +/ {K0t+3M2t2—|—Mt} dt
T,
| 1 1
<MD 4 2M7 4 L Ror + M2 M - M)
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<M7? (g + M5> < M72.

The derivation in (126) is also valid for W.
Assume that the inequalities in (125) hold for n = k& — 1. To estab-

lish (125) for n = k, we need to estimate the difference |7‘£k) - TSk_1)|. We
recall (67) to find that

7k

/ 0.0 des [ AYEO G d
(k—1) ) -
= C / Z ) dt + /g(k_l) )\(_k_l) (Z(_k_l)(tv C77)7t) dta
which means that
e
am [ (G - A0 a
_ / ; ()\(k)(z(k)(t),t) —)\(k_l)(z(k_l)(t),t)> dt.

Here and below we assume, without loss of generality, Tik) > Tikfl)

we combine (75), (108), (109) and (127) to acquire

. Hence

(128)

+ ] 2% ) - zﬁ’“l)(t)\} dt

s/ W{!W(“ (1), 6) = wEDEE V), 1))

+ 1M ) - z<_’“>(t)y} dt.
According to (111) and the induction assumptions, one achieves

") (¢
G

(129) )
k) (, ’ﬂ)(

) = WEDEED @), )
(

W )
<WB B @), 6 - wh 4D (), )
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HWOEE 0,0 - WEDEE @), 1)
k—1

<|w® |- 2B @) = 25D @) + M (g) )

k—1
<3Me?|2H) () — 22V (@) | + M <§> :

Next we estimate the difference |z(_k) (t) — z(_k_l)(t)\. It follows that for any

ber® o
/ AB (W) (5),5) ds
—¢- “1m+[A“”UkW$@®,
from which and (129) one has
(130) =W () — 25V < /t '
< [l W )0 - WD ).

+ A= ‘z(,k)(s) - z(k_l)(s)‘} ds

- k—1
< [1, fare (sm )00 - L) ar2(3) )

+ Msz‘z(,k)(s) - z(k_l)(s)‘} ds.

Set
Z%® = max ‘z(,k) (t) — z(,k_l)(t)}.
tG[Tik),T]
One finds by (130) that
T ) k—1
(131) z% < /( ) {M82(1 +3M5%)z% M254<§> } ds

k—1
2
<M72 7% + M7 <§) ,
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which implies by the fact M§ < 1/2 that
2 k—1
(132) 7" < 2M27'5<§> .

Inserting (132) into (129) gives

k—1
(133) [P 0,0 - WEDEE 0, 0] < e o) (5)
In a similar way, one also has for the function V'
9\ k-1
(134) VOB (@), 6) — vEDEEV (@), 6] < ME2(1 + 6M370) (5) :

We put (133) and (132) into (128) to obtain
)) ‘

7
{ t2(1+6M>7 5)(§>k1+2M2 5@)“} dt
)

(135) (! )3 (

IN

i
2@
2

M3

k <

We now consider the term [V D (¢ 1) — V®) (¢, 7)|. It follows by (87)
that

IN

(136) [VED (¢, ) = V(¢ 7))

S/(k) {112 + s+ 14 + 115 +Il6} dt + I,

where

VO (0 (1), 1) - VEDE D) )]
2t
L w® 0 (t), 1) = WEDE D) 1]
2t ’
I3 = !Bl(W(’“))W(’“)(z(f“) (t),1) — Bl(W(k—l))W(k—l)(ng—l)(t),t)

Ly = |Be (WP VB B 1), 6) — Bywr= D)y =D D) 4y,

I =

)
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115—‘BSW(k)( (1),t) - 3<W<k—1>>< E=D (), )2,
(k—

=P (t),1) - F(z t)t,
Tik)
hr= ‘bﬁi’“)) — o) - / B Lan I ClanlOR) dt‘,
and
k—1 k—1
@(kfl) :{ V( ) - W( ) + Bl(W(kfl))W(kfl)
2t

+BQ(W(k—1))V(k—1)+Bg(W(k 1))t2+Ft}( (k— 1)( £),1).

Next we estimate I1a---I17 term by term. For the term I15, we use (133)—
(134) to see that

9 k—1
(137) Iy < Mt(1 + 6M37°) <§> .

For the term I3, we recall (91), (104) and use (132)—(134) again to get

(138) Iz <|Bi(WE) (M (), ) — By WD)z V@), )] - [w)]
+ B ED) | W O @), 1) — Wik “(z(_k Vo), 1)
<M|[W® B @), ) - whDEED ) 1) 306
+ M2 () — 25D ()] - 3
+ MW EE (@), 6 - D EE @), 1)
2 k—1 2 k—1
S{M-Mt2(1+6M37-5)<§> +M-2M27'5<§> }~3Mt2

k—1
2
+ M - Mt?(1 + 6M375) <§>

k—1
2
<M?*t? (1 + 6M72> <§> )

The above estimate is also valid for I14. For the term Iy5, one acquires

(139) Lis <MEW® B (1), ) = wEDEE D) 1))
+ Mtz‘z(,k) (t) — z(,k_l)(t)‘
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2 k—1 2 k—1

SMtQ{Mt2(1+6M3T5)<§> +2M275<§> }
2 k—1
cner(2)

For the term I4, it suggests that

k—1
(140)  Lg <t|E| - [P (1) — 257V (0)] < tbr - 2M270 <_>

k—1
<2M376 <§> .

For the last term I;7, we have

()

(141) Ii7 <

Tik—l)

b (t) — kD F D), t)‘ dt < Iis + Io.

where

Recalling (55) and (59) arrives at
O(2(t),t) = a1 — A_(2(t), t)(af — ta}) + Xo(t),

which combined with (61), (56) and (57) yields
(142)  b'(t) — O(2(t),t) = <l§’2(t) —apA+(2(t),t) + a1 + tay A (2(¢), t))

- <&1 AL () 1) (@ — t) + >~<O<t>)

=(05(t) — Xo(t)) + (ap — tay) (A= (2(1), £) — A4 (2(1), 1))

t
=M (2(1), ) = A= (2(1), 1)) (xa (t) — g + tat),
which indicates by the compatibility condition (C) in (58) that

(143) V' (t) — ©(2(¢), )| < 2K Kot®.

61
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Hence we find by (135) and (143) that

O

(144) Iz < / ( 2K Kot*r dt < REor[(r™)? — (r5 D3]

M*A76 /2 k-l
< — .
()

Furthermore, one applies the expression of ©

(k=1) to conclude

from which and (109), (111) we obtain

(145) ‘@(z(t), t) — k-1 *Dy, t)‘

g{th + M - 3Mt> + 2M - 3Mt% + 8M?t? + Mt} 2K ot3
<2M?tH(1 + 5M6) < 2M>722(1 + 5MY).

Inserting (145) into the term 19 and employing (135) again gives
(*)

(146) Iy < / ) (2MPH(1+ 5M3) dt

(k—

< M2(1 4 5M8)r2 ()3 — (7 1D)3]
_ 2M*(1+5M8)7 (g)k—l

= k 3

120477 2\ F 1
< — .
<3 3
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one puts (144) and (146) into (141) to achieve

MATS (2NN 1aMteT (2P amteS roN !
< = - < - :
am <2 (5) 26 <2 0)

Combining with (136)—(140) and (147), we have

(148)  |[VE(C ) = VB¢, )

T 2 k—1 2 k—1
g/ {Mt(1+6M3T5)(§> +2M2t2<1+6MT2> <§>
0
2 k—1 M4 6 k—1
+2M2t272<§> +2M3r 6( > <§>

1 26(M6)3 2
<M7%( = =7 (= < 2( 2
<Mt <2+2M(5+ X )<3> < Mt (3> ,

by the choice of ¢ in (90). One can derive the same estimate for W and the

proof of the lemma is finished. O

3.2.4. The existence and uniqueness of solutions. We now establish
the existence and uniqueness of classical solutions to the problem (65), (60).
According to Lemma 3.4, we see that the sequences (W®) V() (¢, 1) are
uniformly convergent. Denote the limit functions by (W, V)((,7) which are
continuous on the region Ds. Due to Lemma 3.2, we know that the limit
functions (W, V)(¢, 7) satisty

(149) (W(Cm)IVC )| <3Mr?, [W(¢ )= V(¢ 7)| <3M7?,

for any (¢,7) € Ds. Obviously, the functions (W, V) also satisfy the integral
system (81) and the homogeneous initial conditions W (¢,0) = V(¢,0) = 0.
Recalling the relation between 7— and 7,

(150) ¢— / (2t ) ) dt = B(r) = /OT Ay (2(8), 1) dt,

one finds that ¢ = Z(7_) iff 7 = 7_, which along with (81) and (149) deduces
V(zZ(r-),7—) = b(7—). Thus the function V satisfies the boundary condi-
tion in (60). The boundary condition W (Z(t),t) = d(t) also holds by (68).
Moreover, it follows directly by (149) and the equation for W in (81) that
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W-(¢,0) = 0. To derive the initial condition of V;, we differentiate (150)
with respect to 7 to obtain

TOMN_ Oz_
B A(C,T)Jr/TW-Wdt b b
T GO MGy or BeT = A e,

from which and (111), (118), (149) one gets

which together with (143) and (149) arrives at V;((,0) = 0. Therefore, the
functions (W, V') satisfy all the conditions in (60).

Next we discuss the regularity of (W, V')((, 7). Based on the above anal-
ysis, we know that W ((,7) and V((,7) possess one continuous derivative
with respect to 7. In order to establish the existence of (W¢, V) in Dy,
we differentiate the integral system (81) with respect to ¢ and consider the
following system of integral equations

wete.n) = [{EE A+ A v,
0
LA (W, V) + th}%(z+(t),t) dt,
Ve(¢,7) = x(12) +/ {% + B11(W)V, + Biao(W, V)W,
+B13(W, V) + th} %(z(t), t) dt.

The coefficient functions in (151) are given in (105) but with the limit func-

tions (W, V, z1 ) replacing (W(k), 140N zf)). Similar arguments to Lemma 3.1,

we solve the following ODE problem

0~ 2O ZXO 4 (1)) + Araldle), )X

+ Ays(d(t),b(t)) + F.(2(t), t)t,
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and the solution o(t) satisfies the same estimate as x(t). Set
(WO, V) (=) = (0 (1), X (1)

Let us construct the sequences (Wz(k), @(k))(k > 1) as follows

(152)

T w®) )
—~ z - VVZ W %
Wékﬂ)({ﬁ) _ / {2—15 + An(V)WP + Ap(w, V)V HE
0

az(k)
AW, V) + F t} S0
T (k)  1i(k)
~ V W ~
P =i+ [ s

(k)
L Bua(W, VYW + Bua(W, V) +m}@gc (= (1), 1) dt,

\

where

(k) t 2 _
8;2 (t;¢,7) = exp{/ 1ﬁ_t (Cn(V)VZ(k) +012(V)> dt},

(k) o B
aaz—g(t; ¢,7)= eXp{ _ / 1"% 5 <D11(W)Wz(k) + D12(W)> dt}’

For the sequences (/V[vfc(k), XN/C(k) )(k > 0), one can use the completely similar
proof process of Lemma 3.3 to show the following lemma.

Lemma 3.5. For any ((,7) € Ds and for all k > 0, the following inequali-
ties hold

— - ko r9N\J
W C kTR ] < Mty (5)

2\7

(153) .
W ¢r) - TP < Mr2 ) (—)
=0

3

Based on Lemma 3.5, we have
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Lemma 3.6. For any ((,7) € Ds and for all k > 0, the following inequali-
ties hold

(154)
k

) = WO T - TP < a2 (3)

¢

Proof. The proof is also based on the argument of induction. We deduce for
n =0 by (152)

VO, = VO] < ()] + x(7)]

# [0 O ] + B o)

9,

ac dt

Bl )] + PG00

.
<2K7? + / {2K0t+ 12M2t2}62M53 dt
0

1 1 s
§M72{§ + <Z +4M5> e2M?o } < M72.

Here we used (64) and (109).
Assume that the inequalities in (154) are valid for n = k — 1. Then for
n = k, we calculate

(155) “A/Z(k—’—l)(Cv T) - ‘A}C(k) (Ca T)‘ S [20 + I217

where

o T ‘f/z(k) _ 172(’6—1)} + ‘Wz(k) o Wz(k—l)‘
w= [ -

+|BuW)| - [0 — VED| 4 Byl - [WE) — Wz(k1)|}

B ) - N
I21 :/ { ’Vz QtWZ ‘ + ‘Bll‘/z(k—l)} + ‘Blzwz(k—l)‘

82(_k) 82(_’{7 b

ac ac dt.

+ | Bis| + !Fz|t} X




A degenerate mixed-type problem for Euler equations 67

In view of the induction assumptions, we find that

T 2 k—1 92 k—1 .
(156) Ing g/ {Mt<§> +3M-Mt2<§> }e”‘“ dt
0
1 s (2\F 1
§MT2 <§ + M5> €2M6 (g) y

and

T (3Mt
(157) Iy §/ {T +M-3Mt2+2M-3Mt2+8M2t2+Mt}
0

. 2 k—1
x e2MO” Npr2. MT2<§> dt

k—1
o 2
<(2M7*+6M>7%) - MO M2t <§> :

(*)
Here we used the following result by the expression 828—2 in (50) and the

estimates (109), (118)

82(_k) 82(_’“71)
oc o

1—¢2

T 2 . .
§€2M§3/ Kt ]D11(W)| ) |W§k) _ Wz(kfl)} dt
0

, 9\ k-1
<e*MP N2 M2 (§> .

Now inserting (156) and (157) into (155) yields

(158) VED ¢, ) =V (¢,

1 s 2\t
SM’T2<§+M6>€2M6 <§>

k—1
+ (2M 7% 4+ 6M°7) - M M2 (g)

1 2\ 2\"
<M72( = +2M6 | 2M (2 <M7(Z),
2 3 3
by the choice of § in (90). The inequality for W in (154) can be derived in
a similar way. This completes the proof of the lemma. ]
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According to Lemmas 3.5 and 3.6, it is known that (Wék), ‘74(16)) are uni-
formly convergent, which imply that the functions (W¢, V¢)(¢, 7) are contin-
uous and satisfy

|WC(<77—)|; VC(QT)‘ < 3M7‘2,
(159) WC.7) - VoCor)| < 3M72.

Thus the functions (W, V)(z,t) are C'-continuous. Since (W, V)(z,t) satisfy
the integral system (81) and have the required differentiability properties,
it is a smooth solution of the mixed-type boundary problem (65), (60).

We assert that the solution (W, V')(z,t) is unique. To show this assertion,
we consider the difference of solutions W = Wy —W7 and V= Vo —V1, where
(W1, V1) and (Wa, Va) are two smooth solutions of problem (65), (60). It is
not difficult to check by (81) and (109) that the functions (W, V)(z, t) satisfy
the following homogeneous integral inequality system

W(¢,7)];

. WV o~ o~
WUNSA{L5J+MmWHWﬁ®,

(160) o
— - T(W=V]  ~ S
‘W“”WmﬂﬁA{—7—+MWWHW”@

for some positive constant M. Clearly, the functions (W,‘/}) also satisfy
the inequalities as in (91). We repeat the insertion of these in the right
side of (160) to see that there exists a positive constant M* such that for
arbitrary k > 0

L (2 k
|7 < M <§> .

which means that there holds W = V = 0. Hence we obtain the uniqueness
of classical solutions of the mixed-type boundary problem (65), (60).

Thanks to the two problems (45), (53) and (63), (60) are equivalent
by (59), the proof of Theorem 3.1 is complete.

4. Solutions in terms of self-similar variables

In the previous Section 3, we have established a classical solution (R, S)(z,t)
in the region D := {(2,t)| t € [0,9],2(6) — K& + Kt3 < z < 2(t)} for the
mixed-type boundary problem (45), (53). Based on this result, in this section
we construct a classical solution to system (13) in the self-similar (£, n) plane.
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Due to (44) and (41), we first obtain the functions (R, S)(z’,#') in the
region D := {(z/,t)| t' € [0,82],3(8) — K63 + K(V¥)? < z < 3(v/)}. In
order to obtain a solution in (£,7n) plane, it is necessary to construct the

coordinate functions £ = £(2/,t') and n = n(Z,t'). Recalling the coordinate
transformation (37) and using (4), (10), (12) and (17), one has

9 csinf(z,t')  On _ ccosf(2,t)

(161) o Jyi—-+¢ = o JJ1I—-+¢
o6 2/T—Twm, On 2/T—Fw
0z J 92 J ’

where J(2/,t') is defined by

J_ (@ )VE+1T —t[R(Z,¥) + S(Z,1)]
B rV1—1t '

and

w§(z', t') =

cosO(2',t')Vk +1—t'RS V—W(z, ) —a
K 2t ’ !
Ccosf(z, ) (1 —t)  sinf(Z t)VE+1 —t(R+8)
c(Z,t) 2kV1 —t/ ’
_ sinf(2,t)Ve+1—t'RS V—W( ) -
N K o “
_sind(2, ) (1 =) N cosO(Z, )Wk +1—t(R+S)
c(2,t) 26v1 =t 7

which are well-defined by (149). The function 6(z';¢') in (161) is defined by

wn(z/, t')

(162)
0E) o
N (2, s)y/s(R—8) —2k(1 —s)Vk +1—s ds
0 2¢(2',8)V/1 —s(k+1—35)(R+95) ’
if 2/ € 21, 29|,
0, t) =

’ —

o(#,5)Vs(R—8) —26(1 —s)V+ 15
- 2¢(',8)V1—s(k+1—s)(R+S) ’

t
L if 2/ € [22,23],
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where 21 = 2(0) — Ko3, Z3 = 2(6), t = (27(#'))? and 27! represents the
inverse of Z(-). The integrand function in (162) follows from the following
relations

0, (2, t) = (2!, )WV (R~ 5) —26(1 —t)Vk+1 ¢
T T e I =Pk + 1) (R+8)
163)  ou(¢) = - YT OIS+ T

k() (k+1—t)(R+5)

)
T—tr(l—t)WWr+ 1L )
) (k+1—t)(R+S) ’

K2

which are derived by (13), (15) and (39). By using (161), we define the
functions & = £(2/,') and n = n(z', ') for any (2, ¢') € D'

(164)
2 v ksinf(2', s) ;o
/) 5<Z>+/0 k+1—s(R+8)(2,s) ds, 2" € [21, 2],
§(2,t) = ~( /) t’ /{Sll’le( ! ) 1 /E[ .
Sz 7 VE+1—3s(R+8)(7,s) 5oE s
and
(165)
2 v kcosB(Z, s) A
() = Ple(z) _/o k+1—s(R+8)(,s) ds, € 21, 2],
WE) - [0S g ).

7 VE+1—3s(R+8)(#,s)

By the arbitrariness of (z,#), the above process determines a region €2 in
the self-similar (£,7) plane

= {<§7 77)| 5 = E(zl7 t/)7 n= 77(2/7 t/)v (2/7 tl) € E/},

which is corresponded to the region D' in the (/,t") plane. Moreover, we
obtain by (161) that the Jacobian of the map (2/,t') — (&, n) is

_ a(&,m) _ KV1—t
a(#', 1) (2 Ve + 1 -t (R, V) + S, )
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which along with the facts R > 0,8 > 0lead to j < 0 in D'. This means that
the map (2/,t') — (£,7) is an one-to-one mapping for ¢ € [0, 62]. Therefore,
we have the functions 2’ = 2/(¢,n), t' = /(¢,n) defined on Q. Furthermore,
it follows by (164) and (165) that the images of ¢/ = 0,2" € [21,22] and
2 = 2(VV), 2 € |29, 23] are, respectively, n = ¢(§) (€ € [€p,€&c]) and n =
$(€) (€ € [€p,Ep]), where ¢ = £(%1) and Ep = &(Z3). B

We now define the functions (¢, 0, w)(&,n) for any (£,7n) € Q

(166)

_[26(1 = (& M) (&) _ - L ,
C_\/ H+1—t,<f,n) y W= 1_t(£a77)a 9_9(2 (fﬂ?)at(fan))’
and denote

a=0(n) +arcsinw(§,n), B =0(n) —arcsinw(§, 7).

It is observed by the construction process that the functions (0,)(&,n)
defined in (166) satisfy the boundary conditions on PC and PE. Next we
check that they satisfy system (13). We only consider the first equation, the
second equation of (13) can be checked analogously. Making use of (161)
gives

(167) 0w = cos aws + sin aw,

_Cosa{cosex/h;—kl—t’ R-S _cosf(1—t)

K 2Vt c
SnOVATT—F(R+8)) . (smoVaii—F R-3
— 2/1\/1Tt’ }+Slna{ - . 2\/1?
_sinﬁ(l—t’)+cosﬁ\/m(R+5’)}
c 26V1 =t/
VE+1-tR (1-t)W¥
K c

We combine (161) and (167) to calculate

070 = cos abg + sin ab),
=(cosaz’e +sinaz’y)0. + (cosat's + sinat’,)by

:<cosan/ m )92/—1- (cosai—i-&nag—)(%/
J J J J
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c(cos acosf + sin asin 6) —2y/1 — t(cos awg + sin aw,)) 0

= 92/+ /
GJIVI =1 jJ t
_ C\/t_/ 9/—\/?}5, \//€+].—t/R_(1—t,)\/t_/ (29/)
VIi—t~ K c s

Putting (163) into the above and applying the relations by the expression
of T{,Tj in (40)

_ _ __ (1 —t
1558+ T{R =2V +1— /RS + (- t)

c (R—§)7
_ ) 11— ¢
TQ’—T{:\/mH—t'(R—S)—M,

one has

= -1
me:dﬂ+1—ﬁXR+${
Vi <2\/75 TT=7Rs 4 A=) 5 s>)

K C

+(1—t’)\/m+1—t’<\//f+l—t’(R—S)—

+cx/t_’(R—5)<M+H1_t/R— ml‘t’))

%¢ﬂ1—w>

Cc

owi _t,)m<\m+ﬂl —t’;_ \/t_’(l—t'))}

c
VUR +1—t’
KVKk+1—1t c

which together with (167) arrives at

kVE+1—t c +H+1—t’
1=t 1=t (A-t)(k+1-2t)
T ¢ cek+1—-t) ck+1—1t)
@k — 14 2w?)

clk+w2)

K C

_ VUR L1t v <\//<;+1—t’R_(1—t’)x/?>
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which is the desired result.
Finally, we define the functions (p,u,v)(&,n) by (10) and (166)

_(REmNTT e eosOEm) o sind(E )
P—< A"}/ ) ’ _f (57”) w(§7n) V=1 (‘5?77) w(g,n) :

It is not difficult to check that the functions (p,u,v)(§,n) defined as above
satisfy the 2-D isentropic self-similar Euler equations (2).
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