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In this paper, we give a criterion of pseudo-Einstein contact forms
and then affirm the CR analogue of Frankel conjecture in a closed,
spherical, strictly pseudoconvex CR manifold of nonnegative pseu-
dohermitian curvature on the space of smooth representatives of
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1. Introduction

The well-known Riemann mapping theorem states that every simply con-
nected domain Ω properly contained in C is biholomorphically equivalent to
the open unit disc. In their paper of [6], Chern and Ji proved a generalization
of the Riemann mapping theorem.

Proposition 1.1. If Ω is a bounded, simply connected, strictly convex do-
main in Cn+1 and its connected smooth boundary ∂Ω has a spherical CR
structure, then it is biholomorphic to the unit ball and M = ∂Ω is the stan-
dard CR (2n+ 1)-sphere.
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It is also known from Burns and Shnider ([1, Proposition 1.5.]) that if

M is the compact spherical boundary of a Stein manifold, then either M

is the standard CR sphere or π1(M) is infinite.

In Kaehler geometry, it was conjectured by Frankel ([8]) that a closed

Kaehler manifold with positive bisectional curvature is biholomorphic to the

complex projective space. The Frankel conjecture was proved in later 1970s

independently by Mori ([22]) and Siu-Yau ([23]). Since Sasakian geometry

(that is, its pseudohermitian torsion tensor vanishes) is an odd dimensional

counterpart of Kaehler geometry, it is natural to ask for CR analogue of

Frankel conjecture for Sasakian manifolds. In fact, this is proved by He

and Sun ([17]):

Proposition 1.2. The universal covering of any closed Sasakian (2n +

1)-manifold of positive pseudohermitian bisectional curvature must be CR

equivalent to the standard CR sphere (S2n+1, Ĵ , θ̂).

Note that in view of Proposition 1.2, it involves the existence prob-

lem of transversely Kaehler-Einstein metrics (pseudo-Einstein contact struc-

tures) with positive pseudohermitian bisectional curvature and Sasakian-

Einstein metrics in a closed Sasakian manifold.

From this inspiration, first by studying the existence theorem of pseudo-

Einstein contact structures in a closed, strictly pseudoconvex CR (2n+ 1)-

manifold of vanishing first Chern class for n ≥ 2 as in Theorem 4.1 and

Theorem 4.2, we are able to prove that such a manifold is Sasakian when

it is spherical with nonnegative pseudohermitian curvature on the space of

smooth representatives of the first Kohn-Rossi cohomology group. Then we

affirm the CR Frankel conjecture as in Theorem 1.1 and Theorem 1.2.

More precisely, we first derive the key CR Bochner formulae as in The-

orem 3.1 which are involved the CR Paneitz operator. This is one of main

differences from Lee’s key formula ([18]) as in (29). By using these formulae,

we are able to obtain a pseudo-Eisntein contact form. Finally, we prove that

any closed, spherical, strictly pseudoconvex CR (2n+1)-manifold (M,J, θ) of

pseudo-Eisntein contact form θ with the positive constant Tanaka-Webster

scalar curvature R must be Sasakian space form and manifolds always

admit Riemannian metrics with positive Ricci curvature ([2]), so they must

have finite fundamental group and the manifolds is a finite quotient of a

standard CR sphere ([24]). Therefore the universal covering of M is globally

CR equivalent to a standard CR sphere.

A strictly pseudoconvex CR (2n+1)-manifold is called pseudo-Einstein

if its pseudohermitian Ricci curvature tensor is function-proportional to its
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Levi metric

(1) Rαβ =
R

n
hαβ

for n ≥ 2. It is equivalent to saying the following (1, 0)-tensor W is vanishing

([18], [15], [4])

(2) Wα �
(
R,α−inAαβ,

β
)
= 0

In particular, if the constant scalar curvature R is constant

Aαβ,
β = 0.

Hence the pseudo-Einstein condition (1) can be replaced by (2) for any

n ≥ 1. This is the main different point of view from the previous work by J.

Lee ([18]). Here we come out with several key Bochner-type formulae as in

Theorem 3.1. From this, we define ([15], [9], [3]) the quantity Q as the real

part of covariant derivative of the (1, 0)-tensor W by

(3) Q := −Re[
(
R,α−inAαβ,β

)
α
] = −1

2
(Wαα +Wαα).

In particular as in [15] and [9] for n = 1, Q is the so-called CR Q-curvature

in a closed strictly pseudoconvex CR 3-manifold.

Lee ([18]) showed an obstruction to the existence of a pseudo-Einstein

contact form θ which is the vanishing of first Chern class c1(T1,0M) for a

closed, strictly pseudoconvex (2n+1)-manifold (M,J, θ) with n ≥ 2. There-

after, Lee conjectured that

Conjecture 1. Any closed, strictly pseudoconvex CR (2n+ 1)-manifold of

the vanishing first Chern class c1(T1,0M) admits a global pseudo-Einstein

structure for n ≥ 2.

Note that his pseudo-Einstein condition is less rigid than the Einstein

condition in Riemannian geometry. Indeed, the CR contracted Bianchi iden-

tity no longer implies the pseudohermitian scalar curvature R to be a con-

stant due to the presence of pseudohermitian torsion for n ≥ 2

Rαβ,β = Rα − i(n− 1)Aαβ,β.
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To set up the method, we recall J. J. Kohn’s Hodge theory for the ∂b

complex ([20]). Let (M,J, θ) be a closed, strictly pseudoconvex CR (2n+1)-
manifold and η ∈ Ω0,1 (M) a smooth (0, 1)-form on M with

∂bη = 0.

Then there exists a smooth complex-valued function ϕ = u+ iv ∈ C∞
C

(M)
and a smooth (0, 1)-form γ ∈ Ω0,1 (M) for γ = γαθ

α such that

(4)
(
η − ∂bϕ

)
= γ ∈ ker (�b) ,

where �b = 2
(
∂b∂

∗
b + ∂

∗
b∂b

)
is the Kohn-Rossi Laplacian.

Let the first Chern class c1(T
1,0M) of T 1,0M be represented by Θ with

c1(T
1,0M) =

i

2π
[dωα

α] =
i

2π
[Θ]

and

Θ = Rαβθ
α ∧ θβ +Aμα,αθ

μ ∧ θ −Aμα,αθ
μ ∧ θ,

which is the purely imaginary two-form. In this paper, we assume
c1(T1,0M) = 0. Then there is a pure imaginary 1-form

σ = σαθ
α − σαθ

α + iσ0θ

with

(5) dωα
α = dσ = Θ

for the pure imaginary Webster connection form ωα
α. As in Lemma 3.3, we

choose the (0, 1)-form η ∈ Ω0,1 (M)

η = σαθ
α.

Then σαθ
α is ∂b-closed and the Kohn-Rossi solution is

(6) ϕα = σα − γα.

By combining the CR Bochner-type estimates as in Theorem 3.1, we are able
to prove the existence theorem of pseudo-Einstein contact structures θ̃ =

e
2u

n+2 θ in a closed, strictly pseudoconvex CR (2n+ 1)-manifold of vanishing
first Chern class as in Theorem 4.1 and Theorem 4.2 for n ≥ 2. However,
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it follows from (13), (22), (35), and (47) that θ is also a pseudo-Einstein

contact structure only if Q is the CR-pluriharmonic function. Moreover, by

the contracted Bianchi identity, (3), and (47), then the CR-pluriharmonic

function Q is equivalent to

Aαβ,αβ = 0

as in Theorem 1.1.

For n = 1, we refer to the authors’ previous work where we established

the following CR analogue Frankel conjecture in a closed spherical strictly

pseudoconvex CR 3-manifold. That is

Proposition 1.3 ([4]). Let (M,J, θ) be a closed spherical strictly pseudo-

convex CR 3-manifold of c1(T1,0M) = 0 with the pluriharmonic CR Q-

curvature. Assume that the CR Paneitz operator P0 is nonnegative with ker-

nel consisting of the CR pluriharmonic functions and the pseudohermitian

curvature is 1
2 -positive

R(x) > |A11|(x)

with

A11,1(x) = 0

for all x ∈ M . Then (M,J, θ) is the Sasakian space form and the universal

covering of M is CR equivalent to the standard CR 3-sphere.

Note that the CR Paneitz P0 is always nonnegative for a closed pseu-

dohermitian (2n + 1)-manifold (M, ξ, θ) with n ≥ 2. Now it follows from

Theorem 5.1 that if (M,J, θ) is a closed, spherical, strictly pseudoconvex CR

(2n+1)-manifold with pseuodo-Einstein contact form θ of positive constant

Tanaka-Webster scalar curvature, then the universal covering of M must be

globally CR equivalent to a standard CR sphere. Therefore by inspirations

from Lee Conjecture 1 and results in [6], [5], [1] and [17], we affirm the CR

analogue of Frankel conjecture via the nonnegativity of pseudohermitian

curvature as in (7) and smooth representative of the first Kohn-Rossi coho-

mology group. In fact, as a consequence of Theorem 4.1 and Theorem 5.1,

by comparing the above Proposition we have the following main theorem:

Theorem 1.1. Let (M,J, θ) be a closed, spherical, strictly pseudoconvex CR

(2n+ 1)-manifold of c1(T
1,0M) = 0, n ≥ 2. Suppose that θ has the positive

constant Tanaka-Webster scalar curvature R with

Aαβ,αβ = 0
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and the nonnegative pseudohermitian curvature

(7) (Ric− 1

2
Tor) (η, η) ≥ 0

on the space of smooth representatives (0, 1)-form η = ραθ
α ∈ Ω0,1 (M) of

the first Kohn-Rossi cohomology group H0,1

∂b

(M) (i.e. η ∈ ker (�b)). Then

the universal covering of M is CR equivalent to the standard CR sphere
(S2n+1, Ĵ , θ̂).

We observe that the pseudohermitian curvature quantity (7) appears in
the CR Bochner formula (50) as in the paper [2].

Furthermore, as a consequence of Theorem 4.2 and Theorem 5.1, we
have

Theorem 1.2. Let (M,J, θ) be a closed, spherical, strictly pseudoconvex
CR (2n+ 1)-manifold of c1(T

1,0M) = 0, n ≥ 2 with dωα
α = dσ, σ = σαθ

α −
σαθ

α+ iσ0θ. Assume that θ has the positive constant Tanaka-Webster scalar
curvature R and η = σαθ

α satisfies
(i)

η ∈ ker (�b) ,

(ii)

Tor′ (η, η) = 0.

Here Tor′ (η, η) := 2Re(i(Aαβ,βσα). Then the universal covering of M is

CR equivalent to the standard CR sphere (S2n+1, Ĵ , θ̂).

We briefly describe the methods used in our proofs. In section 2, we
introduce some basic materials in a pseudohermitian (2n + 1)-manifold. In
section 3, we will derive some crucial results such as the CR Bochner-type
formula. In section 4, we give the existence theorems of pseudo-Einstein
contact structures. In the final section, by applying results as in the previous
sections, we then affirm the CR Frankel conjecture in a closed, spherical,
strictly pseudoconvex CR (2n+ 1)-manifold.

2. Preliminaries

In this section, we recall some ingredients needed to prove main results
in this paper. We first introduce some basic materials in a pseudohermitian
(2n+1)-manifold (see [18]). Let (M, ξ) be a (2n+1)-dimensional, orientable,
contact manifold with contact structure ξ. A CR structure compatible with
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ξ is an endomorphism J : ξ → ξ such that J2 = −1. We also assume that J

satisfies the following integrability condition: If X and Y are in ξ, then so

are [JX, Y ] + [X, JY ] and J([JX, Y ] + [X, JY ]) = [JX, JY ]− [X,Y ].

Let {T, Zα, Zᾱ} be a frame of TM ⊗ C, where Zα is any local frame

of T1,0, Zᾱ = Zα ∈ T0,1, and T is the characteristic vector field. Then

{θ, θα, θᾱ}, which is the coframe dual to {T, Zα, Zᾱ}, satisfies

(8) dθ = ihαβθ
α ∧ θβ

for some positive definite hermitian matrix of functions (hαβ̄). We also call

such M a strictly pseudoconvex CR (2n+1)-manifold. The Levi form 〈 , 〉Lθ

is the Hermitian form on T1,0 defined by

〈Z,W 〉Lθ
= −i

〈
dθ, Z ∧W

〉
.

We can extend 〈 , 〉Lθ
to T0,1 by defining

〈
Z,W

〉
Lθ

= 〈Z,W 〉Lθ
for all

Z,W ∈ T1,0. The Levi form naturally induces a Hermitian form on the

dual bundle of T1,0, denoted by 〈 , 〉L∗
θ
, and hence on all the induced tensor

bundles. Integrating the Hermitian form (when acting on sections) over M

with respect to the volume form dμ = θ∧ (dθ)n, we get an inner product on

the space of sections of each tensor bundle.

The pseudohermitian connection of (J, θ) is the connection ∇ on TM⊗C

(and extended to tensors) given in terms of a local frame Zα ∈ T1,0 by

∇Zα = ωα
β ⊗ Zβ, ∇Zᾱ = ωᾱ

β̄ ⊗ Zβ̄, ∇T = 0,

where ωα
β are the 1-forms uniquely determined by the following equations:

dθβ = θα ∧ ωα
β + θ ∧ τβ,

0 = τα ∧ θα,

0 = ωα
β + ωβ̄

ᾱ.

We can write (by the Cartan lemma) τα = Aαγθ
γ with Aαγ = Aγα. The

curvature of Tanaka-Webster connection, expressed in terms of the coframe

{θ = θ0, θα, θᾱ}, is

Πβ
α = Πβ̄

ᾱ = dωβ
α − ωβ

γ ∧ ωγ
α,

Π0
α = Πα

0 = Π0
β̄ = Πβ̄

0 = Π0
0 = 0.
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Webster showed that Πβ
α can be written

Πβ
α = Rβ

α
ρσ̄θ

ρ ∧ θσ̄ +Wβ
α
ρθ

ρ ∧ θ −Wα
βρ̄θ

ρ̄ ∧ θ + iθβ ∧ τα − iτβ ∧ θα

where the coefficients satisfy

Rβᾱρσ̄ = Rαβ̄σρ̄ = Rᾱβσ̄ρ = Rρᾱβσ̄, Wβᾱγ = Wγᾱβ.

Here Rγ
δ
αβ̄ is the pseudohermitian curvature tensor, Rαβ̄ = Rγ

γ
αβ̄ is the

pseudohermitian Ricci curvature tensor and Aαβ is the pseudohermitian
torsion tensor. Furthermore, we denote

Tor(X,Y ) := hαβ̄Tαβ(X,Y ) = i(Aαρ̄X
ρY α −AαρX

ρY α)

for any X = XαZα, Y = Y αZα in T1,0. We will denote components of
covariant derivatives with indices preceded by comma; thus write Aαβ,γ .
The indices {0, α, ᾱ} indicate derivatives with respect to {T, Zα, Zᾱ}. For
derivatives of a scalar function, we will often omit the comma, for instance,
uα = Zαu, uαβ̄ = Zβ̄Zαu− ωα

γ(Zβ̄)Zγu. For a smooth real-valued function
u, the subgradient ∇b is defined by ∇bu ∈ ξ and 〈Z,∇bu〉Lθ

= du(Z) for
all vector fields Z tangent to the contact plane. Locally, we denote ∇bu =∑

α uᾱZα + uαZᾱ. We also denote u0 = Tu. We can use the connection to
define the subhessian as the complex linear map (∇H)2u : T1,0 ⊕ T0,1 →
T1,0 ⊕ T0,1 by

(∇H)2u(Z) = ∇Z∇bu.

In particular,

|∇bu|2 = 2
∑

α uαuα, |∇2
bu|2 = 2

∑
α,β(uαβuαβ + uαβuαβ).

Also

Δbu = Tr
(
(∇H)2u

)
=

∑
α(uαᾱ + uᾱα).

Definition 2.1 ([18], [6]). Let (M, θ) be a closed strictly pseudoconvex CR
(2n+ 1)-manifold with n ≥ 2.

(i) We define the first Chern class c1(T1,0M) ∈ H2(M,R) for the holo-
morphic tangent bundle T 1,0M by

c1(T
1,0M) =

i

2π
[dωα

α](9)

=
i

2π
[Rαβθ

α ∧ θβ +Aαμ,αθ
μ ∧ θ −Aαμ,αθ

μ ∧ θ].
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(ii) We call a CR structure J spherical if the Chern curvature tensor

(10)
Cβαλσ = Rβαλσ − 1

n+2 [Rβαhλσ +Rλαhβσ + δαβRλσ + δαλRβσ]

+ R
(n+1)(n+2) [δ

α
βhλσ + δαλhβσ]

vanishes identically.

Remark 2.2. 1. Note that Cααλσ = 0. Hence, Cβαλσ is always vanishing
for n = 1.

2. We observe that the spherical structure is CR invariant and a closed
spherical CR (2n+1)-manifold (M,J) is locally CR equivalent to (S2n+1, Ĵ).

3. ([21]) In general, a spherical CR structure on a (2n+1)-manifold is a
system of coordinate charts into S2n+1 such that the overlap functions are
restrictions of elements of PU(n + 1, 1). Here PU(n + 1, 1) is the group of
complex projective automorphisms of the unit ball in Cn+1 and the holo-
morphic isometry group of the complex hyperbolic space CHn.

Definition 2.3 (i). Let (M, ξ, θ) be a closed pseudohermitian (2n + 1)-
manifold. Define

Pϕ =
∑n

α=1(ϕα
α
β + inAβαϕ

α)θβ = (Pβϕ)θ
β, β = 1, 2, · · ·, n

which is an operator that characterizes CR-pluriharmonic functions ([18]
for n = 1 and [13] for n ≥ 2). Here Pβϕ =

∑n
α=1(ϕα

α
β + inAβαϕ

α) and

Pϕ = (P βϕ)θ
β, the conjugate of P . Moreover, we define

(11) P0ϕ = δb(Pϕ) + δb(Pϕ)

which is the so-called CR Paneitz operator P0. Here δb is the divergence
operator that takes (1, 0)-forms to functions by δb(σαθ

α) = σα,
α. Hence, P0

is a real and symmetric operator and∫
M 〈Pϕ+ Pϕ, dbϕ〉L∗

θ
dμ = −

∫
M (P0ϕ)ϕdμ.

(ii) We call the Paneitz operator P0 with respect to (J, θ) essentially
positive if there exists a constant Λ > 0 such that

(12)

∫
M

P0ϕ · ϕdμ ≥ Λ

∫
M

ϕ2dμ

for all real smooth functions ϕ ∈ (kerP0)
⊥ (i.e. perpendicular to the kernel

of P0 in the L2 norm with respect to the volume form dμ = θ ∧ dθ). We say
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that P0 is nonnegative if ∫
M

P0ϕ · ϕdμ ≥ 0

for all real smooth functions ϕ.

Remark 2.4. 1. The space of kernel of the CR Paneitz operator P0 is

infinite dimensional, containing all CR-pluriharmonic functions. However,

for a closed pseudohermitian (2n+ 1)-manifold (M, ξ, θ) with n ≥ 2, it was

shown ([13]) that

(13) kerPβ = kerP0.

2. ([13], [2]) The CR Paneitz P0 is always nonnegative for a closed pseu-

dohermitian (2n+ 1)-manifold (M, ξ, θ) with n ≥ 2.

3. ([18]) A real-valued smooth function u is said to be CR-pluriharmonic

if, for any point x ∈ M , there is a real-valued smooth function v such that

(14) ∂b(u+ iv) = 0.

3. The Bochner-type formulae

In this section, we first derive some essential lemmas. Recall that the trans-

formation law of the connection under a change of pseudohermitian struc-

ture was computed in [19, Sec. 5]. Let θ̂ = e2fθ be another pseudohermitian

structure. Then we can define an admissible coframe by θ̂α = ef (θα+2ifαθ).

With respect to this local coframe, the connection 1-form and the pseudo-

hermitian torsion are given by

ω̂β
α = ωβ

α + 2(fβθ
α − fαθβ) + δαβ (fγθ

γ − fγθγ)

+ i(fα
β + fβ

α + 4δαβ fγf
γ)θ,

(15)

and

(16) Âαβ =e−2f (Aαβ + 2ifαβ − 4ifαfβ),

respectively. Thus the Webster curvature transforms as

(17) R̂ = e−2f (R− 2(n+ 1)Δbf − 4n(n+ 1)fγf
γ).
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Here covariant derivatives on the right side are taken with respect to the

pseudohermitian structure θ and an admissible coframe θα. Note also that

the dual frame of {θ̂, θ̂α, θ̂α} is given by {T̂ , Ẑα, Ẑα}, where

T̂ = e−2f (T + 2ifγZγ − 2ifγZγ), Ẑα = e−fZα.

Now we derive the following transformation property for the CR-

pluriharmonic operator and CR Paneitz operator.

Lemma 3.1. Let θ and θ̂ be contact forms in a (2n+1)-dimensional pseu-

dohermitian manifold (M, ξ). If θ̂ = e2fθ, then we have

(18)
R̂α − inÂαβ,

β = e−3f [Rα − inAαβ,
β −2(n+ 2)Pαf ]

+2ne−2f (R̂αβ − ̂R
n ĥαβ)f

β.

Proof. By the contracted Bianchi identity, we have

n−1
n (Rα − inAαβ,

β ) = (Rαβ − R
nhαβ),

β .

Also, by [19, P 172]

(19) (Rαβ − R
nhαβ)− 2(n+ 2)(fαβ − 1

nfγ
γhαβ) = R̂αβ − ̂R

n ĥαβ .

Following the same computation as the proof of Lemma 5.4 in [15], by us-

ing (15), (16), and (17), we compute

R̂α = ẐαR̂ = e−fZαe
−2f (R− 2(n+ 1)Δbf − 2n(n+ 1)|∇bf |2)

= e−3f [Rα − 2Wfα + 4(n+ 1)(Δbf + n|∇bf |2)fα
− 2(n+ 1)(fγ

γ
α + fγ

γ
α)− 4n(n+ 1)(fγαf

γ + fγf
γ
α)],

iÂαβ,γ = i(ẐγÂαβ − ω̂α
l(Ẑγ)Âβl − ω̂β

l(Ẑγ)Âαl)

= ie−f [(Zγ + 2fγ)Âαβ + 2(δαγÂβl + δβγÂαl)f
l]

= ie−f (Zγ + 2fγ)e
−2f (Aαβ + 2ifαβ − 4ifαfβ)

+ 2e−3f [δβγ(iAαl − 2fαl + 4fαfl) + δαγ(iAβl − 2fβl + 4fβfl)]f
l

= e−3f [iAαβ,γ − 2fαβγ + 4(fαγfβ + fαfβγ)]

+ 2e−3f [δβγ(iAαl − 2fαl + 4fαfl) + δαγ(iAβl − 2fβl + 4fβfl)]f
l.

Contracting the second equation with respect to the Levi metric ĥγβ = hγβ



90 Der-Chen Chang et al.

yields

iÂαβ,
β = e−3f [iAαβ,

β − 2fαβ
β + 4(fα

βfβ + fαfβ
β)

+2(n+ 1)(iAαβ−2fαβ + 4fαfβ)f
β].

Thus

R̂α − inÂαβ,
β = e−3f [Rα − inAαβ,

β − 2(n+ 1)(fβ
β
α + fβ

β
α) + 2nfαβ

β

−2Rfα − 2n(n+ 1)iAαβf
β + 4(n+ 1)(fβ

β + fβ
β)fα

−4n(n+ 1)fβ
αfβ − 4n(fα

βfβ + fβ
βfα)].

By using the commutation relations ([19, Lemma 2.3])

−2(n+ 1)fβ
β
α + 2nfαβ

β = −2fβ
β
α + 2nRαβf

β − 2inAαβf
β,

and

fαβ − fβα = ihαβf0
,

and by (19)

[(Rαβ − R
nhαβ)− 2(n+ 2)(fαβ − 1

nfγ
γhαβ)]f

β = ef (R̂αβ − ̂R
n ĥαβ)f

β ,

we obtain the following transformation law:

R̂α − inÂαβ,
β −2ne−2f (R̂αβ − ̂R

n ĥαβ)f
β

= e−3f [Rα − inAαβ,
β − 2(n+ 2)(fβ

β
α + inAαβf

β)]

= e−3f [Rα − inAαβ,
β −2(n+ 2)Pαf ].

Then (18) follows easily.

Lemma 3.2 ([18]). Let (M,J, θ) be a closed, strictly pseudoconvex CR (2n+
1)-manifold of c1(T1,0M) = 0 for n ≥ 2. Then there is a pure imaginary 1-
form

σ = σαθ
α − σαθ

α + iσ0θ

with dωα
α = dσ such that

(20) σβ,α = σα,β

and

(21)

{
Rαβ = σβ,α + σα,β − σ0hαβ ,

Aαβ,
β = σα,0 + iσ0,α −Aαβσ

β.
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Lemma 3.3. If (M,J, θ) is a closed, strictly pseudoconvex CR (2n + 1)-
manifold of c1(T1,0M) = 0 for n ≥ 2. Then there exist u ∈ C∞

R
(M) and

γ = γαθ
α ∈ Ω0,1 (M) such that

(22) Wα = 2Pαu+ in
(
Aαβγβ − γα,0

)
and

(23) γα,β = γβ,α and γα,α = 0.

Proof. By choosing

η = σαθ
α,

as in (4), where σ is chosen from Lemma 3.2, then from (20)

∂bη = 0

and there exists

ϕ = u+ iv ∈ C∞
C (M)

and

γ = γαθ
α ∈ Ω0,1 (M) ∩ ker (�b)

such that

(24) σα = ϕα + γα.

Note that

�bγ = 0 =⇒ ∂bγ = 0 = ∂
∗
bγ =⇒ γα,β = γβ,α and γα,α = 0

and

(25) σα = (ϕ)α + γα.

Here γα = γα. From the first equality in (21),

(26) R = σμ,μ + σμ,μ − nσ0.

Therefore

σμ,μα = (ϕ),μμα + γμ,μα by (25)
= (ϕ),μμα by (23)
= (ϕ),μμα + in(ϕ),0α

= (ϕ),μμα + in
[
(ϕ),α0 +Aαβ(ϕ),β

]
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and

σμ,μα = ϕ,μμα by (24) and (23).

It follows that

Wα =
(
R,α−inAαβ,β

)
= σμ,μα + σμ,μα − inσα,0 + inAαβσβ by (21) and (26)

= ϕ,μμα + (ϕ),μμα + inAαβ(ϕ),β − inγα,0 + inAαβ

(
ϕβ + γβ

)
= 2

(
u,μμα + inAαβuβ

)
+ in

(
Aαβγβ − γα,0

)
= 2Pαu+ in

(
Aαβγβ − γα,0

)
.

We also recall Lemma 6.2 in [18] that states

Lemma 3.4. If (M,J, θ) is a closed, strictly pseudoconvex CR (2n + 1)-

manifold of c1(T1,0M) = 0 for n ≥ 2, then θ̃ = e
2u

n+2 θ is a pseudo-Einstein

contact form if and only if

(27) γα,β + γβ,α = 0

for all α, β ∈ In.

Remark 3.5. Note that the conformal factor e
2u

n+2 is different from Lee’s

paper by 1
n+2 due to the different setting between (24) and [18, (6.4)].

Lemma 3.6. Let (M,J, θ) be a closed strictly pseudoconvex CR (2n + 1)-

manifold of c1(T1,0M) = 0 for n ≥ 2. If

∫
M

Ric (γ, γ) dμ ≥ 0,

then θ̃ = e
2u

n+2 θ is a pseudo-Einstein contact form and

(28)

∫
M

Tor (γ, γ) dμ = 0,

where the smooth function u ∈ C∞
R

(M) and γ = γαθ
α ∈ Ω0,1 (M) with

γα,α = 0 and γα,β = γβ,α are chosen as in Lemma 3.3.
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Proof. It is proved as in [18]

(29)

∫
M

Ric (γ, γ) dμ+
1

(n− 1)

∑
α,β

∫
M

∣∣∣γα,β∣∣∣2 dμ+
∑
α,β

∫
M

|γα,β|2 dμ = 0.

It follows that if the pseudohermitian Ricci curvature is nonnegative

(30) γβ,α = 0 = γβ,α

and by complex conjugate

(31) γβ,α = 0.

Hence, by Lemma 3.4 that θ̃ = e
2u

n+2 θ is a pseudo-Einstein contact form.
That is

(32) R̃αβ =
R̃

n
h̃αβ.

On the other hand, it follows from (18) that

W̃α = e−
3u

n+2

[
Wα − 2 (n+ 2)Pα

(
u

n+2

)]
+

2ne−
2u

n+2

(
R̃αβ − ˜R

n h̃αβ

) (
u

n+2

)
,˜β

and then

(33) Wα = 2 (n+ 2)Pα

(
u

n+ 2

)
= 2Pαu.

Thus, by Lemma 3.3, we obtain(
Aαβγβ − γα,0

)
= 0.

Moreover, from the equality of Lemma 6.3 in [18] i.e.

γα,ββ = i (1− n) γα,0

and by (31)

(34) γα,0 = 0.
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This implies

Aαβγβ = 0.

In particular ∫
M

Tor (γ, γ) dμ = 0.

In this paper, we have another criterion for θ̃ = e
2u

n+2 θ to be a pseudo-
Einstein contact form.

Lemma 3.7. Let (M,J, θ) be a closed, strictly pseudoconvex CR (2n + 1)-

manifold of c1(T1,0M) = 0 for n ≥ 2. Then θ̃ = e
2u

n+2 θ is a pseudo-Einstein
contact form if and only if

(35)
(
Aαβγβ − γα,0

)
= 0.

Proof. If θ̃ = e
2u

n+2 θ is a pseudo-Einstein contact form, then as the proof of
Lemma 3.6, we have

(36)
(
Aαβγβ − γα,0

)
= 0.

Conversely, assume that
(
Aαβγβ − γα,0

)
= 0, then

0 = ni
∫
M

(
Aαβγβ − γα,0

)
γαdμ

= ni
∫
M Aαβγβγαdμ−

∫
M

(
γα,ββ − γα,ββ −Rαβγβ

)
γαdμ

= ni
∫
M Aαβγβγαdμ+

∫
M Ric (γ, γ) dμ−∑

α,β

∫
M

∣∣∣γα,β∣∣∣2 dμ+
∑
α,β

∫
M |γα,β|2 dμ.

Hence

0 =
∫
M Ric (γ, γ) dμ− n

2

∫
M Tor (γ, γ) dμ−∑

α,β

∫
M

∣∣∣γα,β∣∣∣2 dμ+
∑
α,β

∫
M |γα,β|2 dμ.

Again by (29), we have

(n− 1)

∫
M

Tor (γ, γ) dμ+ 2
∑
α,β

∫
M

∣∣∣γα,β∣∣∣2 dμ = 0.



Kohn–Rossi cohomology class and CR Frankel conjecture 95

On the other hand, it follows from (45) that∑
α,β

∫
M |γα,β + γβ,α|2dμ

= 2
∑
α,β

∫
M

∣∣∣γα,β∣∣∣2 dμ+ (n− 1)
∫
M Tor(γ, γ)dμ.

Hence, ∑
α,β

∫
M

|γα,β + γβ,α|2dμ = 0.

It follows from (27) that θ̃ = e
2u

n+2 θ is a pseudo-Einstein contact form.

In particular, if the pseudohermitian is vanishing, it is straightforward
to obtain

γα,0 = 0.

Therefore, we recapture that θ̃ = e
2u

n+2 θ is a pseudo-Einstein contact form
as following:

Corollary 3.8. Let (M,J, θ) be a closed, strictly pseudoconvex CR (2n+1)-
manifold of c1(T1,0M) = 0 and vanishing torsion Aαβ = 0 for n ≥ 2. Then

θ̃ = e
2u

n+2 θ is a pseudo-Einstein contact form.

Proof. Since γα,α = 0 and Aαβ = 0, by the commutation relations ([18]) and
(22),

0 ≤ n
∫
M |γα,0|2 dμ

= n
∫
M γα,0γα,0dμ

= i
∫
M γα,0

(
R,α − 2uββα

)
dμ

= −i
∫
M γα

(
R,α − 2uββα

)
0
dμ

= −i
∫
M γα

(
R,0α − 2uββ0α

)
dμ

= i
∫
M γα,α

(
R,0 − 2uββ0

)
dμ

= 0.

Then

γα,0 = 0

and since Aαβ = 0 (
Aαβγβ − γα,0

)
= 0.

It follows from (35) that θ̃ = e
2u

n+2 θ is a pseudo-Einstein contact form.
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Next we come out with the following key Bochner-type formulae for

γ = γαθ
α.

Theorem 3.1. Let (M,J, θ) be a closed, strictly pseudoconvex CR (2n+1)-

manifold of c1(T1,0M) = 0 for n ≥ 2. Then

(i)

(37)

0 =
∫
M (Ric− 1

2Tor) (γ, γ) dμ+
∑
α,β

∫
M |γα,β|2 dμ+

1
2(n−1)

∑
α,β

∫
M |γα,β + γβ,α|2dμ

(ii)

(38)
n

2

∫
M

Tor′ (γ, γ) dμ−
∫
M
(Q+P0u)udμ+

n

2(n− 1)

∑
α,β

∫
M

|γα,β+γβ,α|2dμ = 0.

(iii)

(39)∫
M
(Ric−1

2
Tor−1

2
Tor′) (γ, γ) dμ+

1

n

∫
M
(Q+P0u)udμ+

∑
α,β

∫
M

|γα,β|2 d = 0.

Here Ric(γ, γ) = Rαβγαγβ, Tor (γ, γ) := i(Aαβγαγβ − Aαβγαγβ) and

Tor′ (γ, γ) := i(Aαβ,βγα −Aαβ,βγα).

Proof. From the equality (22)

Wα = 2Pαu+ in
(
Aαβγβ − γα,0

)
,

we are able to get

(
R,α−inAαβ,β

)
γα = Wαγα

= 2
(
uββα + inAαβuβ

)
γα + in(Aαβγβ − γα,0)γα

= 2
(
uββα + inAαβuβ

)
γα + inAαβγβγα−(

γα,ββ − γα,ββ −Rαβγβ

)
γα.

Taking the integration over M of both sides and its conjugation, we
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have, by the fact that γα,α = 0,

(40)

∫
M

(
Ric− n

2Tor −
n
2Tor

′) (γ, γ) dμ−
∑
α,β

∫
M

∣∣∣γα,β∣∣∣2 dμ
+

∑
α,β

∫
M |γα,β|2 dμ− n

∫
M Tor (dbu, γ) dμ

= 0.

Here Tor (dbu, γ) = i(Aαβuβγα −Aαβuβγα).

On the other hand, it follows from equality (22) that

(41)
(
R,α−inAαβ,β

)
uα = Wαuα =

[
2Pαu+ in

(
Aαβγβ − γα,0

)]
uα.

By the fact that γα,α = 0 again, we see that

(42)

∫
M γα,0uαdμ = −

∫
M γαuα0dμ

= −
∫
M γα

(
u0α −Aαβuβ

)
dμ

=
∫
M Aαβuβγαdμ.

It follows from (41) and (42) that

2
∫
M Qudμ+ 2

∫
M (P0u)udμ

= in
∫
M

[(
Aαβuβγα −Aαβuβγα

)
− conj

]
dμ

= −2n
∫
M Tor (dbu, γ) dμ.

That is

(43)

∫
M

Qudμ+

∫
M

(P0u)udμ = −n

∫
M

Tor (dbu, γ) dμ.

Thus by (40),

(44)

∫
M

(
Ric− n

2Tor −
n
2Tor

′) (γ, γ) dμ−
∑
α,β

∫
M

∣∣∣γα,β∣∣∣2 dμ
+

∑
α,β

∫
M |γα,β|2 dμ+

∫
M (Q+ P0u)udμ

= 0.
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On the other hand, since∑
α,β

∫
M |γα,β + γβ,α|2dμ

= 2
∑
α,β

∫
M

∣∣∣γα,β∣∣∣2 dμ+ (
∫
M γα,βγβ,αdμ+ conj)

and by commutation relations,∫
M γα,βγβ,αdμ

= −
∫
M γαγβ,αβdμ

= i(n− 1)
∫
M Aαργαγρdμ.

Hence

(45)

∑
α,β

∫
M |γα,β + γβ,α|2dμ

= 2
∑
α,β

∫
M

∣∣∣γα,β∣∣∣2 dμ+ (n− 1)
∫
M Tor(γ, γ)dμ.

This and (44) implies

(46)

0 =
∫
M (Ric− 1

2Tor) (γ, γ) dμ− 1
2

∑
α,β

∫
M |γα,β + γβ,α|2dμ−

n
2

∫
M Tor′ (γ, γ) dμ+

∑
α,β

∫
M |γα,β|2 dμ+

∫
M (Q+ P0u)udμ.

(29) and (45) implies

0 =
∫
M

(
Ric− 1

2Tor
)
(γ, γ) dμ+

∑
α,β

∫
M |γα,β|2 dμ+

1
2(n−1)

∑
α,β

∫
M |γα,β + γβ,α|2dμ.

By combining (46) and (37),

0 = −n
2

∫
M Tor′ (γ, γ) dμ+

∫
M (Q+ P0u)udμ−

n
2(n−1)

∑
α,β

∫
M |γα,β + γβ,α|2dμ.

By combining (44) and (29),

0 =
∫
M (Ric− 1

2Tor −
1
2Tor

′) (γ, γ) dμ+
1
n

∫
M (Q+ P0u)udμ+

∑
α,β

∫
M |γα,β|2 dμ.
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4. Pseudo-Einstein contact structures

Now, with the help of the lemmas in the last section, we are able to give the
existence theorems for pseudo-Einstein contact structures as in Theorem 4.1
and Theorem 4.2.

Lemma 4.1. Let (M,J, θ) be a closed, strictly pseudoconvex CR (2n + 1)-
manifold of c1(T1,0M) = 0 for n ≥ 2. Then

(i)

(47) Qker = 0.

(ii)

(48) Q⊥ + P0u
⊥ = 0,

if θ̃ = e
2u

n+2 θ is a pseudo-Einstein contact form. Here Q = Qker + Q⊥. Q⊥

is in (kerP0)
⊥ which is perpendicular to the kernel of self-adjoint Paneitz

operator P0 in the L2 norm with respect to the volume form dμ = θ ∧ dθ.

Proof. (i) We observe that the equality (22) still holds if we replace u by
(u+ CQker). It follows from the Bochner-type formula (46) that∫

M (Ric− 1
2Tor) (γ, γ) dμ− n

2

∫
M Tor′ (γ, γ) dμ− 1

2

∑
α,β

∫
M |γα,β + γβ,α|2dμ

+
∑
α,β

∫
M |γα,β|2 dμ+

∫
M (P0u)udμ+

∫
M Qudμ+ C

∫
M (Qker)

2dμ

= 0.

However, if
∫
M (Qker)

2dμ is not zero, this will lead to a contradiction by
choosing the constant C << −1 or C >> 1, and the proof is complete.

(ii) If θ̃ = e
2u

n+2 θ is a pseudo-Einstein contact form, it follows from
Lemma 3.7 that (

Aαβγβ − γα,0

)
= 0.

Then from Lemma 3.3

Wα = 2Pαu.

Hence

(Wα)α = 2(Pαu)α.

Taking its conjugacy in both sides

−Q = P0u
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and then from (47)

Q⊥ + P0u
⊥ = 0.

We observe that Q is vanishing when it is pseudo-Einstein. Our first goal
is to justify the case whether a contact form θ is pseudo-Einstein whenever
Q is the CR-pluriharmonic function consisting of infinite dimensional kernel
of the CR Paneitz operator P0 in a closed strictly pseudoconvex CR (2n+1)-
manifold (M,J, θ) for n ≥ 2. The following proposition is due to (29) and
Lemma 3.6 that

Proposition 4.2 ([18]). Let (M,J, θ) be a closed, strictly pseudoconvex CR
(2n+ 1)-manifold of c1(T1,0M) = 0, n ≥ 2. Suppose that

(49)

∫
M

Ric (γ, γ) dμ ≥ 0.

Then

(i) θ̃ = e
2u

n+2 θ is a pseudo-Einstein contact form.

(ii) θ is also a pseudo-Einstein contact form if Q is the CR-pluriharmonic
function (i.e. Q⊥ = 0).

In general, we hope to replace the nonnegative assumption (49) by more
natural pseudohermitian curvatures (51) which is a combination of pseudo-
hermitian Ricci curvature and torsion. In fact, the CR analogue of Bochner
formula states that

(50)

1
2Δb|∇bu|2 = |(∇H)2u|2 + (1 + 2

n) < ∇bu,∇bΔbu >Lθ

+[2Ric− (n+ 2)Tor]((∇bu)C, (∇bu)C)

− 4
n < Pu+ Pu, dbu >L∗

θ
.

Here (∇bu)C = uᾱZα is the corresponding complex (1, 0)-vector field of ∇bu
and dbu = uαθ

α + uαθ
α. We refer this pseudohermitian curvature quantity

to our previous results as in [2].

More precisely, it follows from Lemma 4.1 and the CR Bochner-type
formulae (46), (37), one can derive the following:

Theorem 4.1. Let (M,J, θ) be a closed, strictly pseudoconvex CR (2n+1)-
manifold of c1(T1,0M) = 0 for n ≥ 2. Assume that

(51)

∫
M
(Ric− 1

2
Tor) (γ, γ) dμ ≥ 0.
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Then
(i) θ̃ = e

2u

n+2 θ is a pseudo-Einstein contact form.
(ii) θ is also a pseudo-Einstein contact form if Q is the CR-pluriharmonic

function (i.e. Q⊥ = 0).

Proof. It follows from (37) that

γα,β + γβ,α = 0.

Hence, by Lemma 3.4, θ̃ = e
2u

n+2 θ is a pseudo-Einstein contact form. On the
other hand, if Q is the CR-pluriharmonic function, then by (48) and (47),

u⊥ = 0

for u = uker + u⊥. Thus by (33),

Wα = 0.

Then θ is also a pseudo-Einstein contact form.

Corollary 4.3. Let (M,J, θ) be a closed, strictly pseudoconvex CR (2n+1)-
manifold of c1(T1,0M) = 0 for n ≥ 2. Assume that∫

M
(Ric− 1

2
Tor) (γ, γ) dμ ≥ 0.

Then

(52)

∫
M

Tor′ (γ, γ) dμ = 0.

Here Tor′ (γ, γ) := i(Aαβ,βγα −Aαβ,βγα) = 2Re(i(Aαβ,βγα).

Proof. It follows from (37) and the assumption that∫
M
(Ric− 1

2
Tor) (γ, γ) dμ = 0

and

0 =
∑
α,β

∫
M

|γα,β + γβ,α|2dμ =
∑
α,β

∫
M

|γα,β|2 dμ.

Hence by (46), we have∫
M

Qudμ+

∫
M

(P0u)udμ− n

2

∫
M

Tor′ (γ, γ) dμ = 0.
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Finally, it follows from (48) that∫
M

Qudμ+

∫
M

(P0u)udμ = 0

and then ∫
M

Tor′ (γ, γ) dμ = 0.

Now we want to relate the existence of pseudo-Einstein contact forms
with the first Kohn-Rossi cohomology group H0,1

∂b

(M). By combining the

Bochner formulae (38), we have

Theorem 4.2. Let (M,J, θ) be a closed, strictly pseudoconvex CR (2n+1)-
manifold of c1(T1,0M) = 0 with

dωα
α = dσ

for σ = σαθ
α − σαθ

α + iσ0θ. Assume that

(53) η = σαθ
α ∈ ker (�b) .

Then θ̃ is pseudo-Einstein if and only if

(54)

∫
M

Tor′ (η, η) dμ = 0.

In fact, θ is also pseudo-Einstein.

Remark 4.4. We observe that η = σαθ
α is a smooth representative of the

first Kohn-Rossi cohomology group H0,1

∂b

(M) if and only if

σα,α = 0 and σα,β = σβ,α.

However, σα,β = σβ,α holds if dωα
α = dσ. If σα,β = 0, then∫

M
Tor′ (η, η) dμ = i

∫
M
(Aαβσα,β −Aαβσα,β)dμ = 0.

Proof. It follows from (14), (6) and (53) that

σα = γα
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and

u⊥ = 0.

Here we use the fact that the Kohn-Rossi cohomology group H0,1

∂b

(M) has a

unique smooth representative γ ∈ ker (�b). This implies∫
M
(Q+ P0u)udμ =

∫
M
(Q⊥ + P0u

⊥)u⊥dμ = 0.

It follows from Bochner formula (38) that

(55)
n

2

∫
M

Tor′ (γ, γ) dμ+
n

2(n− 1)

∑
α,β

∫
M

|γα,β + γβ,α|2dμ = 0.

Then ∫
M

Tor′ (η, η) dμ = 0

if and only if ∫
M

∑
α,β

|γα,β + γβ,α|2dμ = 0.

That is

γα,β + γβ,α = 0.

All these imply that θ̃ = e
2u

n+2 θ is a pseudo-Einstein contact form as well
as θ due to u⊥ = 0.

We observe that if the first Kohn-Rossi cohomology group H0,1

∂b

(M) is

vanishing, it follows from Lemma 3.4 that θ̃ = e
2u

n+2 θ is a pseudo-Einstein
contact form. As a consequence of Theorem 4.2, we have

Corollary 4.5. Let (M,J, θ) be a closed, strictly pseudoconvex CR (2n+1)-
manifold of c1(T1,0M) = 0, n ≥ 2 with dωα

α = dσ for some σ = σαθ
α−σαθ

α+
iσ0θ. Assume that either

(i) the first Kohn-Rossi cohomology group H0,1

∂b

(M) is vanishing or

(ii)

(56) dσ = Θ = id(fθ)

for some smooth, real-valued function f . Then θ̃ is the pseudo-Einstein con-
tact form.
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5. The CR analogue of Frankel conjecture

We affirm the CR analogue of Frankel conjecture in a closed, spherical,
strictly pseudoconvex CR (2n+ 1)-manifold.

Lemma 5.1. Let (M,J, θ) be a closed, spherical, strictly pseudoconvex CR
(2n+ 1)-manifold with the pseudo-Einstein contact form θ for n ≥ 2. Then

0 = n+2
n+1

∫
M k

∑
α,γ |Aαγ |2dμ+

∫
M

∑
α,γ,σ|Aαγ,σ|2dμ

+ 1
n−1 [

∫
M

∑
α,γ,β|Aαγ,β |2dμ− n

∫
M

∑
αAαβ,βAαγ,γdμ].

Here k := R
n .

Proof. Since θ is pseudo-Einstein, it follows that

(57) Rαβ = R
nhαβ := khαβ.

Here k := R
n . Since J is spherical, it follows from (10) and (57) that

(58)

Rβαλσ = k
n+2 [hβαhλσ + hλαhβσ + δαβhλσ + δαλhβσ]

− nk
(n+1)(n+2) [δ

α
βhλσ + δαλhβσ]

= k
n+2 [hβαhλσ + hλαhβσ]

+ k
(n+1)(n+2) [δ

α
βhλσ + δαλhβσ].

Again by [18, (2.15)],

Aαρ,βγ = ihβγAαρ,0 +Rα
κ
βγAκρ +Rρ

κ
βγAακ +Aαρ,γβ .

Contracting both sides by hβγ

Aαρ,γ
γ = inAαρ,0 +Rα

κ
γ
γAκρ +Rρ

κ
γ
γAακ +Aαρ,γ

γ

= inAαρ,0 +RακA
κ
ρ +RρκA

κ
α +Aαρ,γ

γ

= inAαρ,0 + khακA
κ
ρ + khρκA

κ
α +Aαρ,γ

γ

= inAαρ,0 + 2kAαρ +Aαρ,γ
γ .

That is

(59) Aαγ,σ
σ = inAαγ,0 + 2kAαγ +Aαγ,σ

σ

for all α, γ. Next we claim that

(60) inAαγ,0 = − nk
n+1Aαγ +

n
n−1(Aαβ,βγ −Aαγ,ββ).
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Again from [18, (2.9)],

Aαρ,βγ −Aαγ,βρ = ihρβAαγ,0 − ihγβAαρ,0 +RαβρσA
σ
γ −RαβγσA

σ
ρ

Contracting both sides by hρβ ,

inAαγ,0 − iδργAαρ,0 +Rα
ρ
ρσA

σ
γ −Rα

ρ
γσA

σ
ρ = Aαβ,βγ −Aαγ,ββ.

Hence

i(n− 1)Aαγ,0 +RασA
σ
γ −Rα

ρ
γσA

σ
ρ = Aαβ,βγ −Aαγ,ββ

and thus

i(n− 1)Aαγ,0 + kAαγ −Rα
ρ
γσA

σ
ρ = Aαβ,βγ −Aαγ,ββ.

On the other hand,

Rα
ρ
γσA

σ
ρ = k

n+2 [hαρhγσ + hγρhασ]A
σ
ρ

+ k
(n+1)(n+2) [δ

ρ
αhγσ + δργhασ]A

σ
ρ

= 2k
n+1Aαγ .

All these imply

i(n− 1)Aαγ,0 +
n−1
n+1kAαγ = Aαβ,βγ −Aαγ,ββ

for n ≥ 2. Thus (60) follows. Next, from (59) and (60), we obtain

Aαγ,σ
σ = inAαγ,0 + 2kAαγ +Aαγ,σ

σ

= n+2
n+1kAαγ +

n
n−1(Aαβ,βγ −Aαγ,ββ) +Aαγ,σ

σ.

We integrate both sides with Aαγ to get

0 = n+2
n+1

∫
M k

∑
α,γ |Aαγ |2dμ+

∫
M

∑
α,γ,σ|Aαγ,σ|2dμ

+ 1
n−1 [

∫
M

∑
α,γ,β|Aαγ,β |2dμ− n

∫
M

∑
αAαβ,βAαγ,γdμ],

and we finish the proof of the lemma.

Theorem 5.1. Let (M,J, θ) be a closed, spherical, strictly pseudoconvex CR
(2n + 1)-manifold with pseudo-Einstein contact form θ of positive constant
Tanaka-Webster scalar curvature. Then the universal covering of M must
be globally CR equivalent to a standard CR sphere.
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Proof. Since

Rαβ,β = Rα − i(n− 1)Aαβ,β,

if Rαβ = R
nhαβ and R is constant, then

Aαγ,γ = 0.

It follows from Lemma 5.1 that if k > 0, one has

n+2
n+1k

∫
M

∑
α,γ |Aαγ |2dμ+

∫
M

∑
α,γ,σ|Aαγ,σ|2dμ

+ 1
n−1

∫
M

∑
α,γ,β |Aαγ,β|2dμ = 0

and

Aαγ = 0.

Moreover, it follows from (58) that

Rβαλσ =
R

n(n+ 1)
[hβαhλσ + hλαhβσ].

Hence (M, θ) is a closed, Sasakian CR (2n + 1)-manifold of positive con-
stant pseudohermitian bisectional curvature. Hence manifolds always admit
Riemannian metrics with positive Ricci curvature ([2]), so they must have
finite fundamental group. It follows from ([24]) that the universal covering
of M is CR equivalent to a CR standard Sphere S2n+1 in Cn+1.

Then the proofs of Theorem 1.1 and Theorem 1.2 are therefore com-
pleted.
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