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In this paper, we give a criterion of pseudo-Einstein contact forms
and then affirm the CR analogue of Frankel conjecture in a closed,
spherical, strictly pseudoconvex CR manifold of nonnegative pseu-
dohermitian curvature on the space of smooth representatives of
the first Kohn-Rossi cohomology group.
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1. Introduction

The well-known Riemann mapping theorem states that every simply con-
nected domain €2 properly contained in C is biholomorphically equivalent to
the open unit disc. In their paper of [6], Chern and Ji proved a generalization
of the Riemann mapping theorem.

Proposition 1.1. If Q is a bounded, simply connected, strictly convex do-
main in C"1 and its connected smooth boundary O has a spherical CR
structure, then it is biholomorphic to the unit ball and M = 0X) is the stan-
dard CR (2n + 1)-sphere.
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It is also known from Burns and Shnider ([1, Proposition 1.5.]) that if
M is the compact spherical boundary of a Stein manifold, then either M
is the standard CR sphere or m (M) is infinite.

In Kaehler geometry, it was conjectured by Frankel ([8]) that a closed
Kaehler manifold with positive bisectional curvature is biholomorphic to the
complex projective space. The Frankel conjecture was proved in later 1970s
independently by Mori ([22]) and Siu-Yau ([23]). Since Sasakian geometry
(that is, its pseudohermitian torsion tensor vanishes) is an odd dimensional
counterpart of Kaehler geometry, it is natural to ask for CR analogue of
Frankel conjecture for Sasakian manifolds. In fact, this is proved by He
and Sun ([17]):

Proposition 1.2. The universal covering of any closed Sasakian (2n +
1)-manifold of positive pseudohermitian bisectional curvature must be CR
equivalent to the standard CR sphere (S*"*1,.J,0).

Note that in view of Proposition 1.2, it involves the existence prob-
lem of transversely Kaehler-Einstein metrics (pseudo-Einstein contact struc-
tures) with positive pseudohermitian bisectional curvature and Sasakian-
Einstein metrics in a closed Sasakian manifold.

From this inspiration, first by studying the existence theorem of pseudo-
Einstein contact structures in a closed, strictly pseudoconvex CR (2n + 1)-
manifold of vanishing first Chern class for n > 2 as in Theorem 4.1 and
Theorem 4.2, we are able to prove that such a manifold is Sasakian when
it is spherical with nonnegative pseudohermitian curvature on the space of
smooth representatives of the first Kohn-Rossi cohomology group. Then we
affirm the CR Frankel conjecture as in Theorem 1.1 and Theorem 1.2.

More precisely, we first derive the key CR Bochner formulae as in The-
orem 3.1 which are involved the CR Paneitz operator. This is one of main
differences from Lee’s key formula ([18]) as in (29). By using these formulae,
we are able to obtain a pseudo-Eisntein contact form. Finally, we prove that
any closed, spherical, strictly pseudoconvex CR (2n+1)-manifold (M, J, 0) of
pseudo-Eisntein contact form 6 with the positive constant Tanaka-Webster
scalar curvature R must be Sasakian space form and manifolds always
admit Riemannian metrics with positive Ricci curvature ([2]), so they must
have finite fundamental group and the manifolds is a finite quotient of a
standard CR sphere ([24]). Therefore the universal covering of M is globally
CR equivalent to a standard CR sphere.

A strictly pseudoconvex CR (2n + 1)-manifold is called pseudo-FEinstein
if its pseudohermitian Ricci curvature tensor is function-proportional to its
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Levi metric

for n > 2. It is equivalent to saying the following (1, 0)-tensor W is vanishing
([18], [15], [4])

2) W, = (R,a —inAa5,5> =0
In particular, if the constant scalar curvature R is constant
Aus = 0.

Hence the pseudo-Einstein condition (1) can be replaced by (2) for any
n > 1. This is the main different point of view from the previous work by J.
Lee ([18]). Here we come out with several key Bochner-type formulae as in
Theorem 3.1. From this, we define ([15], [9], [3]) the quantity @ as the real
part of covariant derivative of the (1,0)-tensor W by

3) Q =~ Rel(Ro—ind5) 1= 3 (Was + Wia).

(e
In particular as in [15] and [9] for n = 1, @ is the so-called CR Q-curvature
in a closed strictly pseudoconvex CR 3-manifold.

Lee ([18]) showed an obstruction to the existence of a pseudo-Einstein
contact form € which is the vanishing of first Chern class ¢ (T10M) for a
closed, strictly pseudoconvex (2n + 1)-manifold (M, J,0) with n > 2. There-
after, Lee conjectured that

Conjecture 1. Any closed, strictly pseudoconvex CR (2n + 1)-manifold of
the vanishing first Chern class c1(T10M) admits a global pseudo-FEinstein
structure forn > 2.

Note that his pseudo-Einstein condition is less rigid than the Einstein
condition in Riemannian geometry. Indeed, the CR, contracted Bianchi iden-
tity no longer implies the pseudohermitian scalar curvature R to be a con-
stant due to the presence of pseudohermitian torsion for n > 2

Ro55 = Ra —i(n—1)Aags 3.
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To set up the method, we recall J. J. Kohn’s Hodge theory for the 0
complex ([20]). Let (M, J, 0) be a closed, strictly pseudoconvex CR (2n-+1)-
manifold and n € Q%! (M) a smooth (0,1)-form on M with

Opn = 0.

Then there exists a smooth complex-valued function ¢ = u + iv € CZ° (M)
and a smooth (0, 1)-form vy € Q%! (M) for v = v56% such that

(4) (n — Bpp) = € ker (Oy)

where [, = 2 (51,5;: + 5;&,) is the Kohn-Rossi Laplacian.
Let the first Chern class ¢; (T10M) of TVYM be represented by © with

1 ?

ci(THM) = 5 [dwa"] = 516]

and
O = R,50% N0° + Apaah N6 — Agz o6 N6,

which is the purely imaginary two-form. In this paper, we assume
c1(ThpM) = 0. Then there is a pure imaginary 1-form

0 = 050" — 0,0% +ioyl
with

(5) dw = do =0

«
«

for the pure imaginary Webster connection form w$. As in Lemma 3.3, we
choose the (0, 1)-form n € Q%1 (M)

n = oxb”.
Then o50% is Op-closed and the Kohn-Rossi solution is
(6) Yo = 0a — Ya-

By combining the CR Bochner-type estimates as in Theorem 3.1, we are able
to prove the existence theorem of pseudo-Einstein contact structures § =
eni30 in a closed, strictly pseudoconvex CR (2n + 1)-manifold of vanishing
first Chern class as in Theorem 4.1 and Theorem 4.2 for n > 2. However,
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it follows from (13), (22), (35), and (47) that 6 is also a pseudo-Einstein
contact structure only if @) is the CR-pluriharmonic function. Moreover, by
the contracted Bianchi identity, (3), and (47), then the CR-pluriharmonic
function @) is equivalent to

Aopas =0
as in Theorem 1.1.
For n = 1, we refer to the authors’ previous work where we established

the following CR analogue Frankel conjecture in a closed spherical strictly
pseudoconvex CR 3-manifold. That is

Proposition 1.3 ([4]). Let (M, J,0) be a closed spherical strictly pseudo-
convexr CR 3-manifold of ¢i(ThoM) = 0 with the pluriharmonic CR Q-
curvature. Assume that the CR Paneitz operator Py is nonnegative with ker-
nel consisting of the CR pluriharmonic functions and the pseudohermitian

curvature 1s %-posz’tive

R(z) > [An|(z)
with
A7) =0

for all x € M. Then (M, J,80) is the Sasakian space form and the universal
covering of M is CR equivalent to the standard CR 3-sphere.

Note that the CR Paneitz P, is always nonnegative for a closed pseu-
dohermitian (2n + 1)-manifold (M, &, 6) with n > 2. Now it follows from
Theorem 5.1 that if (M, J, 0) is a closed, spherical, strictly pseudoconvex CR
(2n+ 1)-manifold with pseuodo-Einstein contact form € of positive constant
Tanaka-Webster scalar curvature, then the universal covering of M must be
globally CR equivalent to a standard CR sphere. Therefore by inspirations
from Lee Conjecture 1 and results in [6], [5], [1] and [17], we affirm the CR
analogue of Frankel conjecture via the nonnegativity of pseudohermitian
curvature as in (7) and smooth representative of the first Kohn-Rossi coho-
mology group. In fact, as a consequence of Theorem 4.1 and Theorem 5.1,
by comparing the above Proposition we have the following main theorem:

Theorem 1.1. Let (M, J,0) be a closed, spherical, strictly pseudoconvex CR
(2n + 1)-manifold of c1(T*°M) = 0, n > 2. Suppose that 6 has the positive
constant Tanaka-Webster scalar curvature R with

Aopas =0
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and the nonnegative pseudohermitian curvature
) 1
(7) (Ric —5Tor) (n,n) 2 0

on the space of smooth representatives (0,1)-form n = pg0% € QO (M) of
the first Kohn-Rossi cohomology group Hg;l(M) (i.e. n € ker (Op)). Then
the unwersal covering of M is CR equivalent to the standard CR sphere
(SQnJrl7 J,(9>

We observe that the pseudohermitian curvature quantity (7) appears in
the CR Bochner formula (50) as in the paper [2].

Furthermore, as a consequence of Theorem 4.2 and Theorem 5.1, we
have

Theorem 1.2. Let (M, J,0) be a closed, spherical, strictly pseudoconvex
CR (2n + 1)-manifold of c1(T*°M) = 0, n > 2 with dw® = do, o = 050" —
0a0%+iogl. Assume that 6 has the positive constant Tanaka- Webster scalar
curvature R and n = o50% satisfies
(i
n € ker (O) ,

(i)
Tor' (n,m) = 0.
Here Tor' (n,n) := 2Re(i(Az5 300). Then the universal covering of M is

«,

CR equivalent to the standard CR sphere (S?"+1, J, 67)

We briefly describe the methods used in our proofs. In section 2, we
introduce some basic materials in a pseudohermitian (2n 4 1)-manifold. In
section 3, we will derive some crucial results such as the CR Bochner-type
formula. In section 4, we give the existence theorems of pseudo-Einstein
contact structures. In the final section, by applying results as in the previous
sections, we then affirm the CR Frankel conjecture in a closed, spherical,
strictly pseudoconvex CR (2n + 1)-manifold.

2. Preliminaries

In this section, we recall some ingredients needed to prove main results
in this paper. We first introduce some basic materials in a pseudohermitian
(2n+1)-manifold (see [18]). Let (M, &) be a (2n+1)-dimensional, orientable,
contact manifold with contact structure £&. A CR structure compatible with
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€ is an endomorphism J : £ — ¢ such that J? = —1. We also assume that J
satisfies the following integrability condition: If X and Y are in &, then so
are [JX,Y]+ [X,JY] and J([JX,Y]+ [X,JY]) = [JX,JY] - [X,Y].

Let {T,Zy,Zs} be a frame of TM ® C, where Z, is any local frame
of T, Za = Z, € To1, and T is the characteristic vector field. Then
{0,0%,0%}, which is the coframe dual to {T, Z, Zs}, satisfies

(8) df = ih,50% A 9°

for some positive definite hermitian matrix of functions (h,z). We also call
such M a strictly pseudoconvex CR (2n+1)-manifold. The Levi form (, ),
is the Hermitian form on 77 o defined by

(Z,W),, =—i{d0,Z\NW).

We can extend (, ); to Tp1 by defining (Z, W>L9 = (Z,W),, for all
Z,W € Tip. The Levi form naturally induces a Hermitian form on the
dual bundle of T o, denoted by ( , ) L3 and hence on all the induced tensor
bundles. Integrating the Hermitian form (when acting on sections) over M
with respect to the volume form du = 6 A (df)™, we get an inner product on
the space of sections of each tensor bundle.

The pseudohermitian connection of (., 6) is the connection V on TM @ C
(and extended to tensors) given in terms of a local frame Z, € T1 by

VZa=wa’ ® 2, VZg=ws’ ®Z5 VI =0,
where w,” are the 1-forms uniquely determined by the following equations:

do® =0 Awo® + 0 A TP,
0=17y NO%,
0= waﬁ + wga‘.
We can write (by the Cartan lemma) 7, = A0 with Ay, = Ayn. The
curvature of Tanaka-Webster connection, expressed in terms of the coframe
{60 =0 0% 0%, is
Hﬁa = HB& = dea — wg'y N w,ya,
Mo = 11,0 = Iy® = I13° = 11,° = 0.
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Webster showed that IIz* can be written
L™ = Rg®,50° NO7 + W5, 0P NG — W 3,67 N0+ il AT —iTg N O
where the coefficients satisfy
Rgapo = Rogop = Ragop = Rpasos  Way = Waap-

Here Rvéaé is the pseudohermitian curvature tensor, R,5 = R," .3 is the
pseudohermitian Ricci curvature tensor and A,s is the pseudohermitian
torsion tensor. Furthermore, we denote

Tor(X,Y) = h*PT 5(X,Y) = i(Ags XPY™ — Ao, X Y*)

for any X = X*Z,, Y = Y*Z, in T1o. We will denote components of
covariant derivatives with indices preceded by comma; thus write A.g .
The indices {0, o, @} indicate derivatives with respect to {1, Z,, Z5}. For
derivatives of a scalar function, we will often omit the comma, for instance,
Uq = ZolU, Upj = ZzZatl — wa'Y(ZB)Zvu. For a smooth real-valued function
u, the subgradient Vy is defined by Vyu € § and (Z, Vyu), = du(Z) for
all vector fields Z tangent to the contact plane. Locally, we denote Vyu =
Za U Lo + UaZs. We also denote ug = Tu. We can use the connection to
define the subhessian as the complex linear map (V#)%u : Ty g @ Tp1 —
T1,0®Tp1 by
(VI u(Z) = V zVyu.

In particular,
Voul? =23, taua, [Viul? =237, 5(tapiigs + u guap)-
Also
Apu=Tr (VH)?u) =3 (taa + Uaa)-

Definition 2.1 ([18], [6]). Let (M, ) be a closed strictly pseudoconvex CR
(2n + 1)-manifold with n > 2.

(i) We define the first Chern class ¢1(T1oM) € H?(M,R) for the holo-
morphic tangent bundle 1M by

i

2m
1 o 3 —

= 5 [Ra50™ A 0° + Apuzd” N O — Ay o0 A 0).

9 (M) = —[dw."]
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(ii) We call a CR structure J spherical if the Chern curvature tensor

Coaxe = Rparxs — w5 Reahxs + Raxahps + 6§ Raw + 05 Rs]

+7 65z + 05 hss]

(10) R [
n+1)(n+2)

vanishes identically.

Remark 2.2. 1. Note that Coaxs = 0. Hence, Cgaxs is always vanishing
for n = 1.

2. We observe that the spherical structure is CR invariant and a closed
spherical CR (2n+1)-manifold (M, J) is locally CR equivalent to (S2"+1,.J).

3. ([21]) In general, a spherical CR structure on a (2n + 1)-manifold is a
system of coordinate charts into S?"*! such that the overlap functions are
restrictions of elements of PU(n + 1,1). Here PU(n + 1,1) is the group of
complex projective automorphisms of the unit ball in C**! and the holo-
morphic isometry group of the complex hyperbolic space CH".

Definition 2.3 (i). Let (M,&,6) be a closed pseudohermitian (2n + 1)-
manifold. Define

PSD = 2221(3055/3 + ZnABOéSOOé)HB = (PBQO)Hﬂ, 5 = 1727 RN L

which is an operator that characterizes CR-pluriharmonic functions ([18§]
for n = 1 and [13] for n > 2). Here Pgp = > »_ (¢as + inAgap®) and
Py = (Psp)0P, the conjugate of P. Moreover, we define

(11) Pogp = 65(Pyp) + 0u(Pe)

which is the so-called CR Paneitz operator Py. Here ¢, is the divergence
operator that takes (1,0)-forms to functions by d,(0,0%) = 04,”. Hence, Py
is a real and symmetric operator and

Jor(Pe+ Po,dyp) sdp = — [, (Pog) pdp.

(ii) We call the Paneitz operator Py with respect to (.J,6) essentially
positive if there exists a constant A > 0 such that

(12) / Pop - pdp > A/ PP dp
M M

for all real smooth functions ¢ € (ker Py)* (i.e. perpendicular to the kernel
of Py in the L? norm with respect to the volume form du = 6 A df). We say
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that Py is nonnegative if

/ Pop - pdp > 0
M

for all real smooth functions .

Remark 2.4. 1. The space of kernel of the CR Paneitz operator P is
infinite dimensional, containing all C'R-pluriharmonic functions. However,
for a closed pseudohermitian (2n + 1)-manifold (M, ¢, 0) with n > 2, it was
shown ([13]) that

(13) ker P3 = ker Fj.

2. ([13], [2]) The CR Paneitz P, is always nonnegative for a closed pseu-
dohermitian (2n + 1)-manifold (M, &, 0) with n > 2.

3. ([18]) A real-valued smooth function u is said to be CR-pluriharmonic
if, for any point x € M, there is a real-valued smooth function v such that

(14) Op(u +iv) = 0.
3. The Bochner-type formulae

In this section, we first derive some essential lemmas. Recall that the trans-
formation law of the connection under a change of pseudohermitian struc-
ture was computed in [19, Sec. 5]. Let § = €276 be another pseudohermitian
structure. Then we can define an admissible coframe by 6% = e/ (0 4-2i f*0).
With respect to this local coframe, the connection 1-form and the pseudo-
hermitian torsion are given by

0" = wp™ +2(fs0% — f*0s) + 05(f207 — f70,)

(15) e a a
+i(f%s + f* + 465 £ f7)0,
and
(16) A\aﬂ :6_2f(AaB + Zifaﬁ - 4ifaf6)v

respectively. Thus the Webster curvature transforms as

(17) R=e2I(R—2(n+ 1)Ayf —dn(n+1)f, 7).



Kohn—Rossi cohomology class and CR Frankel conjecture 89

Here covariant derivatives on the right side are taken with respect to the
pseudohermitian structure # and an admissible coframe 8. Note also that
the dual frame of {6,60% 6%} is given by {T, Z,, Zz}, where

T=e T +2if12y—2if2,), Zo=e'Z,.
Now we derive the following transformation property for the CR-
pluriharmonic operator and CR Paneitz operator.

Lemma 3.1. Let 0 and 0 be contact forms in a (2n + 1)-dimensional pseu-
dohermitian manifold (M, ¢). If 6 = e*16, then we have

Re — ingag,ﬁ 3Ry — inAag,’ 2(n +2)Pof]

+2ne” 2f(R = — ﬁhaﬂ)f

(18)

Proof. By the contracted Bianchi identity, we have

2d(Ro — indap,”) = (Ryg — Eh 5),".

n

Also, by [19, P 172]

(19) (Ry5— Lh.5) —2(n+2)(f,5 — 11, 7h,5) = Rog — Ehy5.

Following the same computation as the proof of Lemma 5.4 in [15], by us-
ing (15), (16), and (17), we compute

R = 2.0 = e Zpe T (R—2(n+ 1) Auf — 2n(n + 1)|Vof]?)

=e 3Ry — 2W fo +4(n + 1) (Apf + 0|V f|?) fa

= 2(n+1)(fy7a + f57a) = 4n(n + D) (fraf" + f 7)),

iAapy = z‘(Z—fTaﬁ = 8a!(Z3) A =05 (Z5) A

_ [(Z + 2f7) af + 2(5Q7A51 + 5ﬂfon¢l)fl]

(Zg + 2f5)e X (Aup + 2ifap — 4ifafs)

+ 27 [0 (iAot — 2fat + Afa 1) + Oar (1451 — 2151 + A f 3 f1)] I

= e idups — 2fapy + 4(farfs + fatsy)]

+ 26_3f[5,37(i14a1 = 2far +4fafi) + 0oy (iAg — 2fp1 + 4f5fl)]fl'

Contracting the second equation with respect to the Levi metric ﬁ'yﬁ = hﬂ
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yields
iAap = e M[idng — 2fas”® +A(fa" f5 + faf®)
+2(n 4+ 1)(iAag—2fas + 4fafs) FP).
Thus
Ro —inAas? = e3[Ry —inAas” —2(n+1)(fs50 + f550) + 2nfas”
—2Rfo — 2n(n + 1)idasf? +4(n+ 1)(fs° + £57) fu
—dn(n+1) P fa — An(faP fa + f5° fa))-

By using the commutation relations ([19, Lemma 2.3])

—2(n+1) /5% + 2nfap” = =2f5"a + 2nR 57 — 2inAusf”,

and
fog = f3a = thogf )
and by (19)

(Rop— £hog) =200+ 2)(fy5 = 35,707 = of (Rog— £l ) £,

we obtain the following transformation law:

~

R, — ingag,ﬁ —2ne‘2f(§ vl gﬁ 3
= e 3[Ry — indnp,” — 2(n+ 2)(
= e 3 [Ro — indap” —2(n +2)P, f

Then (18) follows easily. O

Lemma 3.2 ([18]). Let (M, J,0) be a closed, strictly pseudoconvex CR (2n+
1)-manifold of c1(T1,0M) = 0 for n > 2. Then there is a pure imaginary 1-
form

o= oz0% — 0,0% +ioyl

with dw§ = do such that
(20)
and

(21) RO&E =035, + O-OfaE — Uohag,
Aa[;’ﬁ = 0q,0 + 1000 — Aaﬁaﬁ.
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Lemma 3.3. If (M, J,0) is a closed, strictly pseudoconver CR (2n + 1)-
manifold of c1(T1,0M) = 0 for n > 2. Then there ezist u € C° (M) and
v = vz0% € Q%1 (M) such that

(22) W, = 2Pyu + in (Aamg - %m)
and
(23) Ya3 = T8,a and Va,a = 0.

Proof. By choosing
n= O'aga,

as in (4), where o is chosen from Lemma 3.2, then from (20)
51,7] =0

and there exists
p=u+ive CZ (M)

and
v = 750" € QY (M) Nker (O)
such that
(24) 0z = Pa + Ya-
Note that
Opy =0=0yy=0= 527 = Y35 = V35 ad Va0 =0

and

(25) 0a = (P)o + Yo

Here v, = 7. From the first equality in (21),

(26) R = o0y, + 0up — noo.
Therefore
Op.ma (@),uﬁa + Yy, e by (25)
= (@)ua by (23)
= () Jipe T Zn(@),()oz
= (@) N7y} +1in [(@),ao + Aaﬁ (E) B
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and
Onpa = P apa by (24) and (23).
It follows that
Wo = (R —ind,g5)
= Oppa + Opjia — MM0a0 + inAagaE by (21) and (26)
= Y pa + (@) pa + inAas(P) 7~ a0+ inAag (gog + 73)
=2 <u7ma + inAaguE) +in <Aagfyg — fy%g)

= 2P u+in (Aagyg — 'ya70> . O

We also recall Lemma 6.2 in [18] that states

Lemma 3.4. If (M, J,0) is a closed, strictly pseudoconveaz CR (2n + 1)-
manifold of ci(ThoM) = 0 for n > 2, then 0 =eniif is a pseudo-Finstein
contact form if and only if

(27) Ya,8 +v8a =0
for all a, B € I,.

Remark 3.5. Note that the conformal factor enz_L is different from Lee’s
paper by n%ﬂ due to the different setting between (24) and [18, (6.4)].

Lemma 3.6. Let (M, J,0) be a closed strictly pseudoconvexr CR (2n + 1)-
manifold of c1(ThoM) =0 forn > 2. If

/ Ric (v,7)dp > 0,
M
then § = €720 is a pseudo-FEinstein contact form and
(28) / Tor (7,7) dp =0,
M

where the smooth function u € C° (M) and v = vz0% € Q% (M) with
Ya,o = 0 and YaB = V3a @€ chosen as in Lemma 3.3.
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Proof. 1t is proved as in [18]

@my@wa,dy+ }:/

It follows that if the pseudohermitian Ricci curvature is nonnegative

vag‘ du+2/ Va,sl” dp = 0.

(30) V.o =0="5g
and by complex conjugate

Hence, by Lemma 3.4 that § = eniif is a pseudo-Einstein contact form.
That is

~ R~

On the other hand, it follows from (18) that

Wo = e o5 [Wo—2(n+2) P (%)) +
_2u [~ R
2ne n+2 <Ra5 nha5> <”+2),6

and then

u
(33) Wo=2(n+2)P, <n+2> = 2P, u.

Thus, by Lemma 3.3, we obtain
(Aa/gfyg — 70170) =0.
Moreover, from the equality of Lemma 6.3 in [18] i.e.
Yags = (1= 1) 7a0
and by (31)

(34) FYQ’O == O.
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This implies
Aa,BPYB =0.

In particular
/ Tor (v,v)du = 0. O
M

In this paper, we have another criterion for § = ent20 to be a pseudo-
Einstein contact form.

Lemma 3.7. Let (M, J,0) be a closed, strictly pseudoconvexr CR (2n + 1)-
manifold of c1(T1,0M) =0 for n > 2. Then 0 = en+20 is a pseudo-Einstein
contact form if and only if

(35) (4575 = Ya0) = 0.

Proof. If 0 =enizfis a pseudo-Einstein contact form, then as the proof of
Lemma 3.6, we have

(36) (Aas75 = 7w0) = 0.

Conversely, assume that (Aagfyg — 'ya,g) =0, then

0 = nify (Aamg - %,o) Yadp
= ni [y Aaprgrvadi — [y (’Ya,gg — VBB~ Ramﬁ) Yadp
= nif,, Aa,B’YBJEd# + [y Ric (v,7) du—
PO Vo3| i+ PO a8l dp.

Hence
0 = [y RiC(%V)QdM -2 [y Tor (v,7) du—
z%fM ’w‘ dp+ EBIM asl” dps.

Again by (29), we have

(n— 1)/M Tor (v,7) du+ 23 /M
a,B

2
VQ,E‘ du = 0.
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On the other hand, it follows from (45) that

Z Jar e +p.al*dp
—2ZIM 'Ya5’ dp+ (n—=1) [, Tor(y,)dp.
Hence,
Z/ a5 + 88l *di = 0.
ag oM
It follows from (27) that f=en20is a pseudo-Einstein contact form. [

In particular, if the pseudohermitian is vanishing, it is straightforward
to obtain

Yo,0 = 0.

Therefore, we recapture that f = eniif is a pseudo-Einstein contact form
as following;:

Corollary 3.8. Let (M, J,0) be a closed, strictly pseudoconvexr CR (2n+1)-
mamfold of c1(T1,o0M) = 0 and vanishing torsion Ay,g = 0 for n > 2. Then

0 =eniif is a pseudo-Finstein contact form.

Proof. Since yg,o = 0 and Ayp = 0, by the commutation relations ([18]) and
(22),

n fM "704,0|2 d“
n fM Ve,0Ya, 01

i [ Va0 (R,a — 2“Bﬁa> dp
—i [y Va (R,a — 2u§5a> du
= —1 fM Ye (R,Oa - 2“35()@ dp

= i [y Vaa (R,o — QUEﬁo) du
= 0.

o
I IA

Then
Yo,0 = 0

and since A,3 =0
(Aa573 - 7&,0) =0.

It follows from (35) that f=eii0is a pseudo-Einstein contact form. [
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Next we come out with the following key Bochner-type formulae for
v = vald”.

Theorem 3.1. Let (M, J,0) be a closed, strictly pseudoconvex CR (2n+1)-
manifold of ¢c1(ThoM) =0 for n > 2. Then

(i)
0 = fM(Ric—%Tor)(%v)dm%IM\va,ﬁIQdqu
37 *
37) mZ%IM Va8 + V8.l *dp
(iz)
(38)
n n
— [ Tor' (v,v d,u—/ Q-+ Pou)udp+——= / Ya.3+ 8@l dp = 0.
5 | o G [ @+ T2 ), et
(iii)
(39)

1 1 1
/(Ric——Tor——TOT’) (%v)dw—/ (Q+Pou)udu+2/ Naysl*d = 0.
M 2 2 n Sy LY

Here Ric(y,7) = R, gvavs, Tor (v,7) = i(AzzYa78 — Aaprarz) and
Tor' (v,7) = i(Az5,57a — AgpVa)-

Proof. From the equality (22)
Wy =2Pu+in (Aa/m/g — ’Ya,o) ,

we are able to get

(Ra-indys5) 9w = Wota
= 2 Ugg, + inAaguE Ya + in(Aaﬁ’YE — Ya,0) V&
= 2(ugg, T indagug | va + indapygra—

(’Va,ﬁﬁ ~Yap RWﬁ) o

Taking the integration over M of both sides and its conjugation, we
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have, by the fact that y,a = 0,

2
fM (Rz’c— STor — %Tor/) (v,7y) du — Z,BJM ’Yaﬁ‘ du
(40) +%IM‘7a7,B|2dﬂ_nfM Tor (dyu,7) dp
—0.

Here Tor (dbu7 7) = Z.(Aaﬁuﬁf)’a — Aagqua).
On the other hand, it follows from equality (22) that

(41) (R,a _mAaﬁﬁ) Ug = Wotg = [2Pau +1in <Aa575 - ’Ya,o)} Uy

By the fact that v4,& = 0 again, we see that

Sy Naouadp = — [ Yauzodp
(42) = —Ju <an - Aw%) dpu
= Ju Asgusvadp.

It follows from (41) and (42) that

2 [, Qudp +2 [, (Pou) udp
=in fM [(Aagug'ya — Aaguﬁ%z) — conj} du
= —2n [,, Tor (dyu,~) dp.

That is
(43) / Qudp —I—/ (Pou) udp = —n/ Tor (dyu, ) dp.
M M

M

Thus by (40),

2
va,g‘ dp

[y (Ric — %Tor — 2Tor") (v,7) dp — %fM
(44) 2 Ju Neusl” dp+ [1,(Q + Pouudp
~0.

97
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On the other hand, since

Z% Jos s + vpal*dp
«,

2
=22 Ju Yag| A+ Uy Ya57500 + conj)
Q,
and by commutation relations,
Jut Yo gr8mde
== Ju a7 a5
=i(n—1) fM AapVaYpdpt.
Hence
> Jar s + vsal*dp
a?ﬁ
(45) 2
= 2% Iy 'Ya,B‘ dp+ (n—1) [y, Tor(y,y)du.
@,

This and (44) implies

0 = [y (Ric—5Tor)(v,y)du— %Zﬁ Jar a8 + V83l dp—

46 . )
(46) L [y Tor' (,7) dp + 2% Jor Mgl dpe+ [3,(Q + Pow)udy.

(29) and (45) implies
0 = Ju (Rie=3Tor) (y M du+ 3 [y asl” dpt
2(n1_1) % fM IVap + 757a|2dﬂ-
a,
By combining (46) and (37),

0 = =5 [y Tor' (v,7)du+ [1,(Q + Pou)udu—
2(n7il) Z% fM Iva8 + 7575’2d:w

By combining (44) and (29),

0 = {M(Ric — %Tor — %Tor') (7,7) d,u2—i—
n fM(Q + POU)Ud:UJ + Zﬁ fM |’Voz7ﬁ| dp.
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4. Pseudo-Einstein contact structures

Now, with the help of the lemmas in the last section, we are able to give the
existence theorems for pseudo-Einstein contact structures as in Theorem 4.1
and Theorem 4.2.

Lemma 4.1. Let (M, J,0) be a closed, strictly pseudoconvex CR (2n + 1)-
manifold of c1(ThoM) =0 for n > 2. Then
(1)
(47) ler =0.
(ii)
(48) Qt + Pyt =0,
if 0 =ent20 is a pseudo-FEinstein contact form. Here Q = Qer + Q. QF

is in (ker Py)* which is perpendicular to the kernel of self-adjoint Paneitz
operator Py in the L? norm with respect to the volume form du = 6 A d6.

Proof. (1) We observe that the equality (22) still holds if we replace u by
(u 4 CQxer)- It follows from the Bochner-type formula (46) that

Jar(Rie = 5Tor) (v,7) dpp =5 [y Tor' (7,7) du - %Z;IM a5 + V8.l dp
32 gl doe i (Povw) it oy Quap 4 O fy Qe
=0,

However, if [ M(ler)2d,u is not zero, this will lead to a contradiction by

choosing the constant C << —1 or C' >> 1, and the proof is complete.

(ii) If § = eniif is a pseudo-Einstein contact form, it follows from
Lemma 3.7 that

(Aaﬂfyg - 'ya70) =0.
Then from Lemma 3.3
W, = 2P,u.
Hence
(Wa)a = 2(Pau)g.
Taking its conjugacy in both sides

—Q = P()u
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and then from (47)
QL =+ P()’LLl =0. O

We observe that @) is vanishing when it is pseudo-Einstein. Our first goal
is to justify the case whether a contact form 6 is pseudo-Einstein whenever
Q is the CR-pluriharmonic function consisting of infinite dimensional kernel
of the CR Paneitz operator Py in a closed strictly pseudoconvex CR (2n+1)-
manifold (M, J,0) for n > 2. The following proposition is due to (29) and
Lemma 3.6 that

Proposition 4.2 ([18]). Let (M, J,8) be a closed, strictly pseudoconver CR
(2n 4 1)-manifold of c1(T1oM) =0, n > 2. Suppose that

(49) /M Ric(vy,v)dp = 0.

Then

(i) 0 = eni20 is a pseudo-Einstein contact form.

(ii) 0 is also a pseudo-FEinstein contact form if Q is the CR-pluriharmonic
function (i.e. Q- = 0).

In general, we hope to replace the nonnegative assumption (49) by more
natural pseudohermitian curvatures (51) which is a combination of pseudo-
hermitian Ricci curvature and torsion. In fact, the CR analogue of Bochner
formula states that

%Ablvbu\Q = ‘(VH)zu‘Q + (1 + %) < Vyu, ViApu >Lo
(50) +[2Ric — (n + 2)Tor|((Vyu)c, (Viu)c)
—% < Pu+ Pu,dyu >ps .

Here (Vyu)c = uaZy is the corresponding complex (1, 0)-vector field of Vyu
and dyu = 10 + uzt®. We refer this pseudohermitian curvature quantity
to our previous results as in [2].

More precisely, it follows from Lemma 4.1 and the CR Bochner-type
formulae (46), (37), one can derive the following:

Theorem 4.1. Let (M, J,0) be a closed, strictly pseudoconvexr CR (2n+1)-
manifold of c1(T1oM) =0 for n > 2. Assume that

(51) /M(Ric — %Tor) (v,7y)dun > 0.
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Then ,

(1) 0 = en20 is a pseudo-Einstein contact form.

(ii) 0 is also a pseudo-FEinstein contact form if Q is the CR-pluriharmonic
function (i.e. Q+ =0).

Proof. 1t follows from (37) that
Ya,p +pa = 0.

Hence, by Lemma 3.4, f=cnizf is a pseudo-Einstein contact form. On the
other hand, if @ is the CR-pluriharmonic function, then by (48) and (47),

ut =0
for u = uyer + ut. Thus by (33),
Wy = 0.
Then 6 is also a pseudo-Einstein contact form. O

Corollary 4.3. Let (M, J,0) be a closed, strictly pseudoconvexr CR (2n+1)-
manifold of ¢i(ThpoM) =0 for n > 2. Assume that

1
/ (Ric — STor) (v,y) du = 0.
" 2
Then
(52) / Tor' (v,7) du = 0.
M

Here Tor' (77,7) = i(A55 g7a — Aup5ra) = 2Re(i(Ag5 570)-
Proof. 1t follows from (37) and the assumption that

1
/ (Ric — STor) (v,7)dp =0
Iy 2

and
0= [ s+ paldn =3 [ 1asld
a,fB M a,B M

Hence by (46), we have

/ Qudy + / (Pou) udp — n / Tor' (v,7)du = 0.
M M 2 Ju
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Finally, it follows from (48) that

/M Qudp + /M (Pou) udp =0

and then

/ Tor' (v,7) du = 0. O
M

Now we want to relate the existence of pseudo-Einstein contact forms
with the first Kohn-Rossi cohomology group Hg’l(M ). By combining the
b
Bochner formulae (38), we have

Theorem 4.2. Let (M, J,0) be a closed, strictly pseudoconvex CR (2n+1)-
manifold of ¢1(ThoM) = 0 with

dwg = do
for o = 050 — 0,0% +ioof. Assume that

(53) n = oz0 € ker () .

Then 0 is pseudo-FEinstein if and only if

(54) /M Tor' (n,m)du = 0.

In fact, 0 is also pseudo-Einstein.

Remark 4.4. We observe that n = 050 is a smooth representative of the
first Kohn-Rossi cohomology group Hg’l(M ) if and only if
b

Oaa=0 and 0,8 =034

)

However, 0,3 = 03, holds if dw§ = do. If 0,3 = 0, then

/ Tor' (n,n)dy = z/ (Aapoys — Ag0a,p)dp = 0.
M M ’
Proof. Tt follows from (14), (6) and (53) that

Oa = Ya
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and
ut =0.

Here we use the fact that the Kohn-Rossi cohomology group Hg’l(M ) has a
b
unique smooth representative v € ker (). This implies

/ (Q + Pyu)udp = / (Qt + Pout)utdu = 0.
M

M

It follows from Bochner formula (38) that

n n
— | Tor dp+ ————— - 22dp = 0.
(55) 2/M or’ (v,7) M+2(n_1)§ﬁ/M”7aﬁ+'ﬂia| p=0

Then
/ Tor' (n,n)dp =0
M

if and only if

/ ZW&,B + 8@l du = 0.
M

a7ﬁ
That is

Ya,3 + V8@ = 0.

All these imply that f=cnizfisa pseudo-Einstein contact form as well
as 6 due to ut = 0. O

We observe that if the first Kohn-Rossi cohomology group Hg’l(M ) is
b

vanishing, it follows from Lemma 3.4 that § = enizfis a pseudo-Einstein
contact form. As a consequence of Theorem 4.2, we have

Corollary 4.5. Let (M, J,0) be a closed, strictly pseudoconvexr CR (2n+1)-
manifold of c1(T1,0M) = 0, n > 2 with dw® = do for some 0 = 050%—0,0%+
1006. Assume that either

(i) the first Kohn-Rossi cohomology group Hg;l(M ) is vanishing or

(it)
(56) do =0 =1id(f0)

for some smooth, real-valued function f. Then 0 is the pseudo-FEinstein con-
tact form.
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5. The CR analogue of Frankel conjecture

We affirm the CR analogue of Frankel conjecture in a closed, spherical,
strictly pseudoconvex CR (2n + 1)-manifold.

Lemma 5.1. Let (M, J,0) be a closed, spherical, strictly pseudoconvexr CR
(2n + 1)-manifold with the pseudo-Einstein contact form 6 for n > 2. Then

0 = Zi%kaZaﬂAa'deﬂ-i—fM OWU\AOWA du
+n 1fM a'y,,8| a'y,ﬁ| d,u nfMEa aB,B aryﬁd/t].

Here k .= %.

Proof. Since 6 is pseudo-Einstein, it follows that

_ Ry _ ._ —
(57) Ry =Lh.5:=kh,3.

n

Here k := %. Since J is spherical, it follows from (10) and (57) that

Ragaxe = niw[hﬁahkd + haghss + 05hsg + 05 hsol

(58) 0 + 0% th]
= n+2 [hﬁah/\a + h)\ahﬁa]
+m[(5 h,\g + (S hﬂo‘]

Again by [18, (2.15)],
Aappy = thpgAapo + Ra"pyAsp + Bp" gy Aar + Aapap-
Contracting both sides by h?7

Aapr? = indAapo+ Ra""YAup + R,V Aoy + Aap <7
= indapo + RorA®, + RpKA“ + Aapr”

= indapo + kharg A%, + khr AR o + Anps?
= indapo + 2kAa, + Aap,ﬁ.

That is
(59) Aoy o” = inAay 0+ 2kAay + Aoy 5
for all a,~. Next we claim that

. k
(60) nAayo = =47 Ay + 325 (Ans 5, — Ao F5)-
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Again from [18, (2.9)],

Aoty ~ Ao Bp = hjpAar0 —ih 5Aapo + RaﬁpﬁAEV - RaﬁvﬁAﬁp

Contracting both sides by hF’B,

inAay0 — Z"Sf;Aozp,O + RappEAEV - ROZPVEAEP = Aaﬁﬁv a Aoc%Bﬁ'
Hence
i(n —1)Aay,0 + Razg A%y — RoP15 A%, = Aaﬁﬁv - Aa%?ﬁ
and thus
i(n —1)Aay,0 + kAay — RaP o5 A7) = Aap iy — Aoy s
On the other hand,
R 5A%, = nL-s—Q[hO;thE + hyphas] A7, _
+m [55h'ya + (whoﬁ]Aaﬂ
— 2k 4
n+1°77"
All these imply
i(n = 1) Aay0 + 557k Aay = Agp 5, — Aoy 35

for n > 2. Thus (60) follows. Next, from (59) and (60), we obtain

AaV’UU = in‘;la%o + 2k7Aa’Y + Aoz’YEE
_ + _
B Z—Hk’Aaw * %(AO@B,B’Y o Aa'y,Bﬁ) + Aa'y,EU-

We integrate both sides with A*Y to get

0 = Ry K0 AarPdn + 3y T gl Acyo Pl
+m[fM Za,v,B|Aa'y,B| dp — nfM ZaAEB,/BAa’YWd:uL
and we finish the proof of the lemma. O

Theorem 5.1. Let (M, J,0) be a closed, spherical, strictly pseudoconvex CR
(2n + 1)-manifold with pseudo-Einstein contact form 0 of positive constant
Tanaka- Webster scalar curvature. Then the universal covering of M must
be globally CR equivalent to a standard CR sphere.
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Proof. Since

Raﬁﬂ = Ra - ’L(TL - 1)Aaﬁﬁa
if R.5= %haﬁ and R is constant, then
Aa’Yﬁ = 0
It follows from Lemma 5.1 that if £ > 0, one has

2
Z,—illk fM Za,’y‘Aa’YPdlu’ ;— fM Za;y,o’Aa’Y,U‘Qd:u
+a fM Zamﬁ‘Aa%E‘ dp =0

and
Aqy = 0.
Moreover, it follows from (58) that

Rgaxs = nl [hgahxs + haahss|.

n+1)
Hence (M, 0) is a closed, Sasakian CR (2n + 1)-manifold of positive con-
stant pseudohermitian bisectional curvature. Hence manifolds always admit
Riemannian metrics with positive Ricci curvature ([2]), so they must have

finite fundamental group. It follows from (][24]) that the universal covering
of M is CR equivalent to a CR standard Sphere S?"*! in C"*!. O

Then the proofs of Theorem 1.1 and Theorem 1.2 are therefore com-
pleted.
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