ANNALS OF MATHEMATICAL SCIENCES AND APPLICATIONS
Volume 8, Number 1, 111-155, 2023

The Kohn—Laplacian and Cauchy—Szego projection
on model domains”

DER-CHEN CHANGT, J1r Lif, Jingzur TiE, AND QINGYAN WuU'T

We study the Kohn—Laplacian and its fundamental solution on
some model domains in C**!, and further discuss the explicit ker-
nel of the Cauchy—Szego6 projections on these model domains using
the real analysis method. We further show that these Cauchy—
Szegd kernels are Calderén—Zygmund kernels under the suitable
quasi-metric.
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1. Background and main results

In complex analysis, fundamental objects such as fundamental solutions for
the Kohn—Laplacian, Cauchy—Szeg6 kernel, heat kernel, etc. are explicitly
known in very few cases. But explicit solutions are very important for re-
lated analysis, especially for unbounded domains. In this paper, we discuss
such formulae for some higher step case in higher dimension using a differ-
ent approach. We first review the geometry of a general real hypersurface
M in C"*!, which is unbounded and of high step, and study geometrically
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invariant formulas for the fundamental solutions of the Kohn—-Laplacian,
Cauchy—Szego kernel and heat kernels. We refer to Theorems 5.3 and 6.1.
This model domain was studied intensively by many mathematicians, espe-
cially Beals, Gaveau and Grenier (see e.g., Beals [2], Beals-Gaveau-Greiner
[3, 4, 5, 6] and Calin—-Chang—Greiner [8]).

The main result in the current paper is the estimates for those kernels by
applying real method in harmonic analysis. The first step is to establish the
L? estimates. For the Cauchy-Szegd projection S, this is automatic since by
definition S : L?(9€,) — H?(£) is bounded. Then the next natural opera-
tor is P(X1, X9)K). K is the fundamental solution for the Kohn Laplacian
which we derived in our Sections 4 and 5, and P(X1, X2) is a quadratic
polynomial in the “horizontal” vector fields X; and Xs. Then we can use
David—Journé theorem (The famous T'(1) Theorem) (see David—Journé [14]
and Nagel-Rosay—Stein-Wainger [24]). Due to the limitation of pages, we
will put detailed calculations in a forthcoming paper.

The natural next step is to investigate whether the Cauchy—Szego kernels
on the boundary of model domains are Calderén—Zygmund kernels. Note
that Diaz [13] studied this property for the Cauchy—Szeg6 kernels of Greiner
and Stein [20] in domains in C2. In this paper, by choosing a suitable control
metric, we provide another proof to show that that for the model domains 2,
in C? with k£ > 1, the Cauchy-Szegt Kernels on the boundary are Calderén—
Zygmund kernels. We refer to Theorem 7.1 for detail. Our approach can be
applied to model domains €, in C"*! for general n > 1 and k > 1, with full
detailed calculations in a forthcoming paper.

Due to the notational complexity, we will not state the full details of
our main theorems here and refer the details to each section. This paper is
organized as follows:

e In Sections 2 and 3, we review the Cauchy—Riemann geometry and
subRiemannian geometry in C™, and the Kohn-Laplacian on CR-
manifolds in C"!, respectively;

e In Section 4, we study the fundamental solution for Kohn—Laplacian
on Siegel upper half space in C**1;

e In Section 5, we derive the fundamental solution for Kohn—Laplacian
on model domains (with higher steps) in C"*! and prove our first main
result Theorem 5.3;

e In Section 6, we apply the result in Section 5, and obtain the explicit
Cauchy—Szeg6 kernels on the boundary of model domains, which is the
second main result Theorem 6.1;

e In the last section, we prove that the Cauchy—Szegd kernels on the
boundary are Calderén—Zygmund kernels which is the third main re-
sult Theorem 7.1.
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2. Cauchy—Riemann geometry and subRiemannian geometry

Consider

where X = {X, ..., X;,} are m linearly independent vector fields on M,,,
an n-dimensional real manifold with m < n. The subspace Tx spanned by
X1, ..., Xy is called the horizontal subspace, and its complement is referred
to as the missing directions.

Tx = TM if and only if Ax is elliptic. The operator Ax is the usual
Laplace-Beltrami operator. The Newtonian potential is

1
(2 = n)|Zn(x0)|d"2(x, x0)”

N(x,x0) = n>2,

where |X,,(x0)| is the surface area of the induced unit ball with center xq,
and d(x,xp) is the Riemannian distance between x and xg. Then

AxN(x,%x0) = 6(x — x0) + O(d_"+1(x,x0)).

When T # T M, the operator is non-elliptic. Assume X satisfies bracket
generating condition: “the horizontal vector fields X and their brackets span
TM”, then

(1). We know that from Chow’s Theorem [12]: Given any two points A, B €
M, there is a piecewise C! horizontal curve v : [0,1] — M:

and
Y(s) =Y ar(s)Xy.
k=1

This yields a distance and therefore a geometry which we shall call subRie-
mannian.

(2). By results of Fefferman—Phong [15] and Fefferman—-Sanchez [16], we
know that Ax is subelliptic:

HP(XJ"X’C)“HLg <Clfllez, keZy
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where P(X;, X)) is any quadratic polynomial in X;, Xz, 1 < j,k < m.
Hence, it is hypoelliptic, i.e.,

Axu=f, f€C®M,) = ueC®M,).

This recovered a theorem of Hormander [22].

Set
. 0
X; = Zajk(x)a—xk’ j=1,...,m.
k=1

Then

1 m n 2
H=3 Z (Z ajk(f)ék)
j=1 k=1
is the Hamiltonian function on the cotangent bundle 7% M.
A bicharacteristic curve (x(s),&(s)) € T*M is a solution of the Hamil-
ton’s system:

LUJ(S) = -Hfja 5](5) = _ij’

with boundary conditions,
z;(0) = x(-o), zi(t) =25, j=1,...,n,

for given points x(©, x € M.
The projection x(s) of the bicharacteristic curve on M,, is a geodesic.

Remarks 2.1. This new geometry has essential differences with the Rie-
mannian geometry.

(1) Ewvery point O of a Riemannian manifold is connected to every other
point in a sufficiently small neighborhood by a unique geodesic. On a sub-
Riemannian manifold there will be points arbitrarily near O which are con-
nected to O by an infinite number of geodesics. This strange phenomenon
was first pointed out by Gaveau (1977) and Strichartz (1986), and it brings
up the question of what “local” means in subRiemannian geometry. Con-
trol theorists studying subRiemannian examples noticed that the Riemannian
concepts of cut locus and conjugate locus behave badly in a subRiemannian
context.

(2) In Riemannian geometry the unit ball is smooth. In subRiemannian ge-
ometry, among many distances, there is a shortest one, often referred to as
the Carnot—Carathéodory distance. In subRiemannian geometry the Carnot—
Carathéodory unit ball is singular.
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(3) The exponential map is smooth in Riemannian geometry, but often singu-
lar in subRiemannian geometry. The singularities occur at points connected
to an “origin” by an infinite number of geodesics. These singular points con-
stitute a submanifold whose tangents yield the “missing directions”, that is
the directions in T M, not covered by the horizontal directions.

Suppose that we are in 3 dimensions, x = (x1,x9,t) = (2,t), with 2
vector fields,

0 0
X1 = — + 2kao|a! |2 =,
P
0 0
Xy = — — 2kaq |2/ |PF 2=,
27 0wy 5
with |2/|? = 22 4+ 23. The differential operator one wants to invert is

1 1
Ay =S (X7 +X3) — SiA[X1, Xo].

The number given by the minimum number of brackets necessary to generate
TM plus 1 is referred to as the “step” of the operator Ax. In particular,
elliptic operator is step 1, one bracket generators are step 2, and everything
else is referred to as higher step. Since

0
(X1, Xo] = —2k(k + 1)|1‘/|2(k_1)§,
A\ is step 2 at points |2/| # 0, and step 2k otherwise.
We first try to find the fundamental solution K (x,xg) of Ay which is
the distribution solution of

A\ x K\ (x,%0) = 5(x — xo).

Before we go further discussion of the operator Ay, let us review the
geometry of a general real hypersurface M in C". The beautiful interplay
between real and complex geometry dominates the discussion.

Let us first work with C" itself. A vector field L on C™ can be expressed
as a first order different operator

2n a
L= Z aﬂ(x)877
j=1 J
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where a; € C*. In order to allow us to express the differentiations in
complex notation, we start by considering the complexified tangent bun-
dle CT(C") = C ® T(C™). A section of this bundle is a complex vector
field:

We obtain two naturally defined integrable subbundles of CT'(C"):
00(en) = {7 =3 i)
= / 82’]‘

where ¢; € C®(C"). T(L9(C") is integrable in the sense of Frobenius: if
Z,W e TOO(C") = [Z,W] € T (C™). Denoted

TOD(C™) = 70 (Cn).
Hence,
70y nT®Y(Ccm) = {0}.

This splitting of the tangent bundle plays a crucial rule in all aspects of
complex geometry.

Let M be a smooth real hypersurface of C"”, or more generally, of a
complex manifold. Again we start by tensoring with C, writing CT M for
C®T(M). We define

T (M) = T (C™) N CTM.
As before, TOD (M) = T(1.0)(M). Again we have
T (M) N TOD (M) = {0}

For an abstract real manifold M we say that the subbundle 759 (M) defines
a CR structure on M if it is integrable, and its intersection with its conjugate
bundle is trivial. We call such a manifold a CR manifold. Its horizontal
subbundle is the union

H(M) =T M) uTOD (M),

We say that M is of hypersurface type if the fibres of H(M) have codimen-
sion 1 in CT M.
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Given a CR manifold of hypersurface type, there is a non-vanishing
differential 1-form 7 such that

ker(n) = H(M).

We may assume that 7 is purely imaginary.

Definition 2.2. Let M be a CR manifold of hypersurface type. The Levi
form X\ is the Hermitian form defined by

NZ,W) = (n,1Z2,W]), Z,W eTEI(M).

Definition 2.3. A CR manifold of hypersurface type is pseudoconvex if all
nonzero eigenvalues of X have the same sign. It is called strongly pseudocon-
vex if A is definite, that is, all eigenvalues have the same non-zero sign.

Now we want to express the Levi form on a hypersurface in terms of
partial derivatives. In a neighborhood of a given point, we suppose that

M={zeC": p(z)=0, dp#0}.

A complex vector field Z is tangent to M then Z(p) = 0 on M. We may
use

n=(0-9)(p).
Let Z,W € T(W9)(M). Then

(Op, Z) = (0p, W) = 0.
By the Cartan formula for exterior derivatives,
:< —dn, Z A W> = <65p,Z/\ W>

Hence we have interpreted the Levi form as the restriction of the complex
Hessian of p to sections of 710 (M).
Here we give a few examples.

Example 1. The zero set of

n+1

p(z) = Z |25)* — 1
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is the sphere S?"*!. The horizontal subbundle . on S?**! decomposes into
the holomorphic subspace

Tz(l,O) (SQn-‘rl) _ span{Z1, . Zn}

and its conjugate TZ(O’I)(SQ"H), where

0 0

—Zn+1£, jzl,,n
J

Z; =%
! jazn—i-l

The annihilating contact 1-form is

1 n+1
n= 5 Z (Zdej — Zdej).

j=1

The Levi form, after dividing out a nonzero factor, satisfies )\(Zj,Zk) =
0jk + Zjzi. Hence S?7+1 s strongly pseudoconvex.

Example 2. The zero set of
n
p(2) =Tm(zp1) = Y |2
j=1

is the boundary of the Siegel upper half space, which we identify with the
Heisenberg group H,,. To simplify notations, we use H;, to represent 9,
from now on. Since B, 41 = (), biholomorphically equivalent, the CR struc-
tures on the boundary and associated Levi forms must be equivalent. The
horizontal subbundle of H,, decomposes into holomorphic and conjugate

holomorphic subspaces Tz(l’o)(Hn) = span{Zy, ..., Zy} and Tz(l’o)(Hn) with

0 0
Ji=— —20Z;—— ) =1,...
J 62]' ZZ] 82:”4_17 J ’ A

and later is spanned by the conjugate vector fields Z, ..., Z,. An annihi-
lating contact 1-form is

n+1

(dZn_H + d§n+1) + Z (Zdej - Zjdij).
=2

N | .

’[’]:

Finally, the Levi form is A(Z;, Z;) = dx.
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Example 3. The zero set of

p(2) = Im(z11)

is a halfspace Y. It’s horizontal space H,(X) decomposes into holomorphic
and conjugate holomorphic subspaces, spanned respectively by the vector

fields
0

=— J4=1,...,n
aZj J

Zj

and their conjugates Zi,...,Z,. In this case, the complex Hessian of the

defining function is identically equal to zero, and hence the Levi form is
)\(Zj, Zk) =0.

3. Kohn—Laplacian

Let M be a CR-manifold in C"*!. Assume that {Z1,..., Z,} is an orthonor-
mal basis of T (M). Denote B9 (M) the set of all (0, q)-forms on M.
An element ¢ € B9 (M) can be written as

b= s’ =D @ Awj, A Ay,

Jev, Jev,

where ¥, is the set of all increasing g-tuples J = (j1,...,jq) with j; < j2 <
-+ < jgand ¢y € C°(M). The tangential Cauchy-Riemann operator

Ay : BOD(M) = BOFD(M), g=0,...,n

can be written as

éb¢ = Z Z Zk(gf)J)(I)k A(DJ € B(O’qul)(M).

k=1 JED,
The adjoint operator
a5 BODO(M) - BOTU(M), g=1,...,n—1

can be written as

5{:¢ = — Z Z Zk((ZSJ)@k_J(DJ S B(O’qil)(M)

k=1 J€v,
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where
oy’ =0, if k¢,
and
wpow! = (1)@ A A@y A@ L A AW,

if £ = jp. The Kohn Laplacian on (0, ¢)-forms is
Oy = 040 + 050y

which is a self-adjoint operator defined B(%9)(M). Straightforward compu-
tation shows that the action of [, on B9 (M) is given by

Oy (D es@”) == 3 (La1-2g00)@”

Jev, Jeb,

where, for A € C,

n

1 - _ _
Ly = 5 ; (Zka + Zka) — i)\[Zk, Zk].

Now let Q, = {(21,22) € C?: Im(z22) > |21|**} be a domain in C2. The
boundary 0€; is a CR manifold of hypersurface type. As before, we may
change the coordinates

z1 =x1 +iry and ¢ = Re(z2),

then the operator Ay is exactly the Kohn Laplacian with 1 —2¢, ¢ =0, 1, 2.

In fact, the Kohn Laplacian Ay has some connection with the classical
mechanics. Consider a unit mass particle under the influence of force F'(z) =
x. Newton’s law & = x gives us an equation which describes the dynamics
of an inverse pendulum in an unstable equilibrium, for small angle z. The
potential energy

T .Z’2
U(z) = —/ Pluydu= -2,
0 2
The Lagrangian L : TR — R is the difference between the kinetic and the

potential energy

1 1
L(z,i) =K -U = 5532 + 59@2.
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The momentum p = % = & and the Hamiltonian associated with the above

Lagrangian is obtained using the Legendre transform: H : T*R — R
: . 1,
H(xz,p) =pt — L(z,%) = 2P = 5%
Consider the following complexification

T =w1 +1ip2, p=p1+iTs.

Hence H : T*C — C and

1 1
H(z,p) = -p* — =2°

2 2

= —(p1 +ix2)” — S (x1 + ip2)
2 2

= 5(1?1 +ix9)? + 5(1?2 —izp)?.

Replacing 6 = 1,
1 9 1 9
H(z,p;0) = 5(171 + 0x2)" + 5(]92 — fx1)”.

Quantizing, p; — 0,, P2 — O4,, 0 — 0, and hence H — Ag, the Kohn
Laplacian in the case k =1 and A = 0:

A 1( 0 i 6)2+ 1( 0 6)2
=—|=— 4 z2— = —x1=) .
72\, T P0t) T 2\oxy TG,
In general, we shall look for K in the form

E
K\ (%, %0) :/ (x,%0,7)Va(x,%0,7) ir,
R g(an07T)

where the function g is a solution of the Hamilton—Jacobi equation:

1 2 1 2
—(X —(X =0
5. +5(X19)"+ 5(X29) 7
given by a modified action integral of a complex Hamiltonian problem. The
associated energy
9%

E=—
or
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is the first invariant of motion, and the volume element V) is the solution of
a transport equation, which is order 1 in the step 2 case, k = 1, and order
2k in the higher step case, k > 2.

4. The step 2 case; kK =1

Here

0 0 0 0
X 2 Xo=— — 221 —
Y om T ar T o M
which are left-invariant with respect to the following Heisenberg group trans-
lation:
Xoy = (CU, +y' t+ s+ 2z2y1 — $1y2])-

where x = (2, t) and y = (v/, s). Moreover, one has [ X7, X3] = —4% = —A4T.
In high dimensional case, the Siegel upper half space {2, is defined as:

(1) Q, = {(z',zn+1) e C": Im(zpy1) > Z ]zj|2}

where 2/ = (z1,...,2,) € C".
The following elementary but useful identity is the key to discovering
the biholomorphic maps:

i+€‘2

i—§‘2
5 :

2) tm(¢) = >

With ¢ = 2,41 we plug (2) into (1) and rewrite to obtain

1+ z -z
(3) ‘ n+1‘ Z|z]|2+‘ n+1‘

. 2
1+2Zny1
2

After dividing by and changing notation, inequality (3) becomes

n+1

1> Z ’wj|2’
j=1

the defining property of the unit ball. The explicit mapping is given by

2z;
1+ 241
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and
L= Zn41
w = —.
et 7+ Zn+1
It is easy to check that this transformation z + w is biholomorphic from
Qn to Bn+1.

We now describe the analogous situation on 9%, of the Siegel upper half
space:

8Qn = {(Z/,Zn+1) S Cn+1 Zn+l Z |Z]| }

The variable z,,1 plays a different role, and hence for z € C"**! we write
z = (¢, 2p41). Two natural families of biholomorphic self-maps of Q,, are
the dilations 0, L, — Qn, for p > 0, given by

8p(2', 2n11) = (p7',p°2n11),
and the rotations R : Q, — ﬁn, for A € U(n), given by
RA(Z 2pi1) = (A(z’),zn+1).
To introduce an analogue of translation we consider
T Q= Q,
for x = (#/,t) € C" x R, given by

(W', wny1) = (w/+2’/7wn+1 +t 420, w') +i|z/‘2’)'

All of the preceding maps extend to self-maps of the boundary 8§~Zn. The
action of the family {7x : x = (2,t) € C" x R} on €, x 982, is faithful and
the action on 0§, is simply transitive. We obtain a useful identification of
092, with C™ x R. By this method we equip C" x R with a group law:

(x,y) = xoy,
characterized by the identity 7« - 7y = 7xoy. Here
n
Xoy = <$'+y/,t+s+2z [Tty _mjyn+j])'
j=1

The resulting space is the Heisenberg group H,, as we mentioned before.
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_ Finally, we observe that the group of biholomorphic automorphisms of
Q,, which fix the point at co is generated by dilations, rotations, and trans-
lations.

4.1. Lagrangian formalism

In order to simplify notations, let us return to the case C x R ~ R3. We
shall associate a Lagrangian L : TR3 — R with the Hamiltonian:

H(x,§) = %(51 + 2290)% + %(52 —2x16)2.

This can be done by using the Legendre transform in (i1, 2,t). It is known
that
. 1. . : . .
H(x,%x) = E(w% + 43) + O(f — 2xody + 2a140).
Using polar coordinates, the Lagrangian:
1,. - : .
L= §(r2 +720%) + 0(t + 2r°9).

A computation shows

doL _ . oL

Gor = gy = oo a),
8@.5—7“(;5—1—2497“7 (%)—O7
oL oL
5_97 a_ov

and hence r(s), ¢(s) and 0 satisfy the Fuler—Lagrange system

i =rd(¢+ 40)
(4) 2 (gb + 29) = C'(constant)

0 = 6y = constant

If the geodesic starts at the origin, r(0) = 0 = €' = 0. Then 2nd equation
of (4) yields ¢ = —26. The Euler-Lagrange system becomes

P = —46%r
(5) ¢ =—20
0 = Oy(constant).
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When 6y = 0, the system (5) becomes

=0
¢=0
0y = 0.

Proposition 4.1. Given a point P(0,2'), there is a unique geodesic be-
tween the origin and P. It is a straight line in the plane {t = 0} of length
|2'| = /a3 + 23, and it is obtained for 6 = 0.

Now let us move the end point P away from the 2’ with |2/| # 0. Consider
the boundary conditions:
2'(0) =0
@7 = R, t(r) =

We may choose ¢g = 0. One has

i = —2r2¢ .
. L S
b= —20

This implies that ¢(s) is increasing and if ¢(0) = 0, then ¢(7) > 0.

Lemma 4.2. The following relations take place among the boundary condi-
tions:

& = =207, sin?¢; = 40°R?,
‘= Lsin(2¢1) — 2d)1
402 2 ’

L = (1) = n(20),

where

pu(z) =

Lemma 4.3. p is a monotone increasing diffeomorphism of the interval
(—m,m) onto R. On each interval (mm,(m + 1)w), m € N, pu has a unique
critical point x,,. On this interval p decreases strictly from +oo to u(x.y,)
and then increases strictly from p(x,,) to +00. Moreover

—5— —cotz.
sin“ z

M(xm) +m< :U(:Um—i-l)a m € N.
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Theorem 4.1. On Hy, there are a finite number of geodesics connecting
x to 0 & 2/ # 0. They are parametrized by solutions t,,, m =1,..., N, of
the transcendental equation

(6) t] = ulr)|2'? = p(rm) (2 + 23),
where
u(z) = .Z2 —cot z
sin” z
The length

(%) = 7/ (7m) (2|2 + 1]

where

2,2

V(Z): P)

z +sin“ z — sin z cos z

Here 11,...,7n are the solutions of equation (6). The shortest di(x) is called
the Carnot—Carathéodory distance.

It is easy to see that the number of geodesics increasing without bound

as % — 00. We have the following theorem.

Theorem 4.2. FEvery point of the line (0,t) is connected to the origin by

an infinite number of geodesics with lengths

d2, = mmrlt|, m € N.

m —

For each length d,,, the equations of geodesics are

i

mm

(sin(2(6 - 60)) — 26 — 60)).

(™ (¢) =
£ (¢)

sin(¢ — ¢o)

I
2mm
The geodesic of that length are parametrized by the circle S'.

The projection of the m-th geodesic on the (z1, z2)-plane is a circle with
radius

L /1t

R, =
™2V mr

and area
|t

™= A
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4.2. Fundamental solution for the operator A for £k =1

Consider the complex action function

ro2
gl t,7) = — it + / { Z;'cjgj — H}ds
o M4
= — it + coth(27)[2'|* = —it + coth(27) (2] + z3).

Like the classical action, the complex action g satisfies the Hamilton—Jacobi
equation:

dg
gﬁ-H(Xv ) 0.

Set
f(x,7) = 7g(x,7) = 7( — it + coth(27)|2’|?).

“

This is so called a “modified complex distance”.

Theorem 4.3. Let 11(x), 12(X),... denote the critical points of f(x,7), i.e.,

of

E(X’ 7j(x)) = 0.

Then .
£, 7300) = 52 ()

It is expected that the fundamental solution has the following form:

E(
(7) Xy / Xy7 V)\Xya )dT
9(x,y,7)

Since A is left-invariant, we may set xg = 0 in K)\(x,X0):
E( V
(x,0) / (x,7) A X T)d N

where E and V), can be calculated explicitly:

9y 2(af 4 43)

Blx,7) = C O sinh?(27)

and
1 5, sinh(27)

2 2 2
47 ] + x5
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Using contour integration, one obtains

L5552 2 ol g 1
P i e v i
This is the famous Folland—Stein formula [17]. Moreover, if A # +(n + 2¢),
ey,

)  Kix) =-—

1P, X))l < CllF N

and hence [|[K\(f)|lzz,, < C|fllry for k € Zy and 1 < p < oco. Here
P(X;, Xk) is any quadratic polynomial in X, X}. For detailed discussion,
we refer readers to the books by Calin-Chang—Greiner [§]; Calin—-Chang—
Funrutani-Iwasaki [9] and Chang-Tie [11].

5. The higher step case; k > 2

As we know, there is no group structure on the boundary 9€ in this case.
Moreover, solutions for Hamilton’s system can not be written into elemen-
tary functions. Let us look at the simplest higher step case in C2, i.e., k = 2.
In this case, one has

P ) B P
X, = — +das|dP =, Xg= — —daq|2/|?=
L= o + das|2| ot 2= 50 x|z’ 5
with |2/|? = 22 + 3. Since
12 0 0
(X1, Xo] = —16[2"|" =, [X1, [X1, Xo]] = —3221 -,
(9) ot ot
0
[Xl) [X17 [XluXQ]H = _3257

hence 9 is step 4 away from the (z1,x2)-plane. Denote z¢p = ¢. After
length calculations, we have the following result.

Theorem 5.1. Let P(x1,22,t) be a point of R3. Then
(i). If t = 0, then there is a unique geodesic between the origin and P. It is
a straight line in the (v1,x2)-plane of length \/x% + 3.
(i9). If |2'| = 0 and t # O there are infinitely many geodesics between the
origin and P.

The subRiemannian geodesics that join the origin to a point (0,0,t) have
lengths dy, do, ds, ..., where

m3K4

() = "5

1
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with

1 dw
“ /o V- WA - k?)

being the complete Jacobi integral and

R _1r(/s)
k= (VB-1) Q=gq VT

For each length d,,, the geodesics of that length are parameterized by the
circle S*.
(i4i). If P is away from the t-azxis and z’'-plane with 0 < % < 00, then
there are not less than 2m — 1 and not more than 2m + 1 subRiemannian
geodesics between the origin and the point P, where the integer m is defined
by
1 3 |t] 1
(=)@ < g < (m+3)0

We can also compute the lengths of geodesics connecting the origin and

the point (z1,x2,t). Here is just state the result.

Theorem 5.2. Let 7 be the critical points of the modified complex action
f(r) = 7g(7). Setting (; = F (i;), the lengths of the geodesics between the
origin and the point (x1,x2,t), |2'| # 0 are given by

05 = v(G) (It + ")

Here
. 1 + \/g 1/2 _2/3 1 —1 8d(24/3 31/42)
F(Z)—WZ—?) 2 z—§tan W
1 _ i Oy(x—iy)
—uFk Lo, k! —log ———£%
+2{u (am™ w, )+20g94(x+iy)
27T 2 3 - \/g -1
+ “[(r(1/6)r(1/3)) T 6 }am "J}
with
w=2Y33Y4% " and am'w= st (V3 - 1,K).
Here

am(v) = /O " dn(y) dy

and 04 stands for Jacobi’s zeta function.
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5.1. Fundamental solution for the sub-Laplacian Ay with A =0

Since the defining function for 99 is {Im(z2) = |¢(21)[> = |1|?**} < C?
with k= 2,3,..., thus it is convenient to use polar coordinates (7(s), w(s)),
¢ € [0, 7], for the variable z = x; +ix2 € C. As usual, set

1 z1 + iz
7“2::1:%4—96%, w:—,logli,?
21 T1 — 1X9
It follows that (r?)" = 2ri = 2x1&1 + 2222, and 120 = z1d9— z9d1. Thus,
(r%&)' = x1d9 — T2Z1. Since &1 = g—g and &g = g—g, we know that

iy = —4i(r?p"(r?) + p'(r?)) &2,  E2 = 4i(r?p"(r?) + p'(r?))dn,
where p(v) = v* and p'(v) = kv*~1. This yields
(rPw) = 2i(r*p"(r®) + p'(r?)) x (2z181 + 2395)
= 2i(r?p" (1) + o' (%)) x t(r?)" = 2i(r*p' (%)) .

Hence, there is a function Q = Q(z, o, 7), the angular momentum, constant
on the bicharacteristic, such that

r()i(s) = i(22()7 (12(0) = 9) = iW (1))

It follows that
(10) W) = W(v,Q) = 2v-p/(v) —Q = 2ko* — Q.
Thus

() 4 (r20)? = (w1dy + 2os) (w1dg — 2081
= (2% +23)(i? +43) = 27°F.

Hence
(l(T‘Q)')Q = 2r%F — (7‘2(g)¢.>)2 = 2r2(q)E + W2(r?()).

Letting v = r2(s), we obtain

d d
(11) o 2Ev + W?2(v) = 2ds = ! .
ds V2Ev + W?2(v)
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Denote r = r(7), 1o = r(0), w = w(7) and wy = w(0). The function E and
Q) which are constant on each bicharacteristic, and determined implicitly by
integrating (11)

S 1 ) dv
Lo
0 2 /) 2Ev + W?2(v)

and

A 1 () W (v) dv
w(s) —wo = /0 w(v)dv = 5/7% \/mj

On the other hand, from previous calculations, we know that
. . 1
161+ 226 —H = &+ Q& — 5(@12 + @)
1
= §(C12+C22)+C1(§1—C1)+C2(€2—C2)
= E+2ip(r?) -1 = E+20(r%) - W(r?).

If follows that

o2
/ [chj(g)fj(c) = H ((c), t(<); £(), 9(<))] ds
(12) M

|21

dv.

= FET ! /(12 r2 = ET p/(U)W(U)
—E +2/0 P (OIW(r(<)ds = B +/w2 2Ev + W2(v)

It is impossible to calculate W and Q explicitly, but we know their
analytic properties, and g and V) may be found in terms of E and 2. When
#(z) = z¥, one has p(v) = v* and p'(v) = kv*~1. Moreover, from (10), we

know that W (v) = 2kv* — Q. Hence, p'(v) = 5-W’(v). In this case,

/IZ2 POWE) oL W oW
wiz /2Ev + W?2(v) 2k Jjw2 \/2Ev + W?2(v)
= % -sgn(7) - /2Ev + W?2(v)

v=lz]* BT

v=|w|? k-

Combining the above result with (12), we have

g = —i(t—s)+ (1—%)ET
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N =

+amsan()] (QBI? + W(=PP)? = (2Bl + W (wl)?)

J

where one uses the principal branch of the square roots. We define
1
2% zw

(13) P =
(127 + [wl* — it — to)]

1-
k

This expression in square brackets has non-negative real part and we take
the principal branch of the root. Thus P¥ = u, band P¥ = u_. Note that
|P| <1 with equality only when |z| = |w]|, t = t;. We also define functions

: _ (i) e
” F/\,é(PJ”P)_/O {<§ Pi) S (11+A§)
x (1= (PLP_)g) ™% (1- Pig)_l}dg,

for £ = 0,1,2,...,k. These functions are holomorphic functions of their
arguments so long as P4 and (P, P_)* do not belong to the interval [1, c0).

Remarks 5.1. The expression (14) The functions F/@(PJF, P_) of (14) can
be identified as generalized hypergeometric functions of Appell [1] which are
real analytic functions of z, Z, w, w, t and ty is the region |P| < 1, i.e.,
everywhere except t = tg and |z| = |w\ Furthermore, they do not e:ctend
smoothly to the boundary but in pairs they do. More precisely, the functions
F;:Z + F—_A,k—£7 £=0,1,...,k, extend to an analytic function of z, zZ, w, w,
t and ty except at the points where Pi = 1. In other words, z* = w* and
t = tg. This is because

P<17)\>F<1;)\>(F>TZ+F Ak—t)
1ix

// S l-ch) e (1-a)
(1— Pic)(l — Pko)

(15) (gl/kP+) (1 . ('P_,_'P_(go’)l/k)k_e
8 [ 1— (PP )kso
(Jl/kP_)k*Z(l - (77+73_(§U)1/k)€ ds do
* 1— (PP ko H??

The expression in braces is holomorphic in P+ and P— for PLP_ close to 1,

e., |P| near 1, and for ¢, o € [0,1] because the possible zero of the denom-
inator is cancelled by a zero in the numerator. This proves the argument of
the Remark.
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Using (15), we have

K+(Z,’U),t —to, \) + K+(Z, w,tg —t, —)\)

_ 14
2

1 C1-a, o 14a L (1 —|P|?s d
:m(A)z(A)g{/(mH)u —
(16) & 0 ¢z (l-¢)z (1-Psx)
L (1 —|P|?k¢ -5 d
0 ¢z (l—¢) = (1—7Pck)

Summarizing what we discussed above, we have the following formula
for Ky:

K)\(Zawvt - tO)

1 1-X , 142 1 1—7)2]6(_714—73%
g P LR e,

for —1 < Re(\) < 1. Here

1 2k 2% | irp
(18) A= (1 + ol +it — o)),
and

z -

Ax

S

P = , if w#0 and P=0, if w=0. |

5.2. Fundamental solution K, for the Kohn Laplacian A when
IRe(A)| < 1

Let us start with a well-known identity:

1 1 1 -1
19 Gy = F 080 = i | T
for 8 ¢ Z. Hence we have

D) (- PP T

1
/ o E (1—0) (1- |77|2k§0)_1d0.
0
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It follows that

14X\

/1 (-9 L+Per o
0 (1 — |P|?k¢ )*T(l_ |P|2k¢ )*A 1—Pex

1 1 do
20 -
. Sy, o -0F

1 1+/\
1— 1 P
X/ ¢z ( 21) + Pg de.
o 1=[PPPo  1-Pci

Similarly, we have

B R

142

/1 c_ﬂ(l—g)_ 2 1+75c%d§
0 (L= [PPR) T (L [P 1P

1 1 d
(21) = A/ g _—
F(2)F(2) 002(1—0)2
1 —1f2 1
: (1- 14 Por
YRS AT
0 1—|Pl*k¢o 1 —Pci

Thus, the sum of (20) and (21) gives us

1 (A) = (A% /1 T (1-) T "
(22) TG TER(R) b 1-pa
1 k-1 _1=x 1+
_ JEmip)2 1 oz (l—0o) =
></0 H (1 e r '|P|*(so) ) o
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and for k =1,

(23)

Now we may state our result as following theorem.

Theorem 5.3. Assume (z,t) # (w,tg). Then the fundamental solution K)
for the sub-Laplacian Ay is given by (22). In particular, when k =1, Ky is
given by (23).

Remarks 5.2. (1). In fact, from what we have discussed, we know that
|P| <1 and P =1 if and only if (z,t) = (w,tg). Therefore, it is easy to
see that Ky has a unique singularity at (w,tg). Moreover, it is not difficult
to show that Ky € L} (R3) and A\K) = 0(z,w,t — to). We omit the detail
here.

(2). The integrand in (22) is real analytic in P and P in the region

={IPI<1, P2LP ALY
when ¢, o € [0, 1]. Moreover,

BCE BIBCR ) 1
) (i) Do,

F)\(07 0) =

where B(-,-) denotes the beta function.

From Theorem 5.3, we obtain the fundamental solution for the operator
Ag as a corollary.

Corollary 5.3. Assume (z,t) # (w,ty). Then the fundamental solution K
for the sub-Laplacian Agy has the following closed form:

K 2(1-¢) 20 3(1—0)"
=g [ i

20m 1 -1 dsdo
H(l_ek PEC) i peT

[NE

(24)
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6. The Cauchy—Szego kernel on 2, and 9€2

Let f(z,2n11) € H*(Q). Here H?(§),) is the space of all square integrable
holomorphic functions on 2. Then one has

f(z,an):/ e%i)‘z”“f(z,)\)d)\
0

where f(z, A) is the Fourier transform of f with respect to the z,; variable.
The “height function” on ;. can be written as

k
p=Tm(zn 1) ZW = Im(zns1) — |2f*,
where |z|? = > |z;|2. Then
25)  flm )= [ R g Ny
0

According to Plancherel’s formula, we know that
2k 7 oo "
N 3) = [ A a2 (Rel)

This implies that

~ +oo N\ =
(26) f(z,\) = / e 2N (g 20 1)d(Re(2n41))-

—00

The definition of H2(€,) and (25) imply that

/ / eI 1208)" | Fz, \) ANV (2) < oo
nJo

where dV (z) = dz1dz; - - - dz,dZ,. Let Ay be the Bergman space of holomor-
phic functions in C™ with the norm

HgHAW:{ / e‘*“'z'“\g<z>|2dv<z>} <
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Then Ay has a reproducing kernel Sy(z,w), i.e., for g € Ay, one has

o(z) = /@ S35, w)dV (w).

In particular,

f(Z, )‘) = o SA(Z’ W)f~(W, )\)dV(W),

whenever f € H%(Qy). Therefore, such an f has the following integral rep-
resentation:

f(z,zp41) = /000 2N )\ /(cn SA(z,w)f(w, A)dV (w).

Substituting (26) for f(w, \), we obtain
f(Z, 2n41) = S(2, 20415 W, Wit 1) f (W, wpp1)dV (W) d(Re(wn1)).
o,
Denote
1
A= §(ﬂ7n+1 = Zn+1),

and

S(z,znﬂ;w,wnﬂ):/ e 4G (z, w)d.
0

Then we have the following lemma.

Lemma 6.1. Let U be a unitary transform on C". If S(z, zp41; W, Wn41) 08
the Cauchy—Szego kernel on i, then

S(U(Z)7 Zn+1; U(W), wn+1) = S(Z, Zn+1§W>wn+1)-

Proof. Let f € H?(Q,). Then foU™! € H?(Q) for every unitary transform
U and

- SU(2), 2n41; U(W), wnp1) f(W, w1 )dV (W) d(Re(wn 1))

= [ U@ W w0) (O (), 0 40)V (W) (Re0)

= f(Uil(')ﬂ Zn—&—l)‘U(z) = [(z,2n11)
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/8 8 w00 (. )V () (e

The lemma follows immediately.

Theorem 6.1. The explicit Cauchy—Szego kernel on Qy, is as follows.

S(2, 2115 W, Was1)
n!

1
4t N e
(Ak — Z?Zl zjwj) *
i
_ n‘ [5
47I-n+1

1

(s = 1) + 3(2> + W) + 3o+ w] *

Loz12k 1 |wl2k) — (4 — gy + 1 TR o n+i-
[[022* + [wi2%) — (= 5) + 3o+ )] F — Ty 2y}

Let us first compute S)(z, w). Assume that w =1 = (1,0,
“north pole” of the unit sphere in C”, then we have

..,0) is the
Sy(2,1) > z/17 = Z{
A4, = E T ino Win2
2 2
j=0 HZ{HA)\(Qk) j=0 HZ{”AA(Q,C)

: —amAz* |, 12
ElR— /ne N ) 2 ()

o0 DI .
= / |21 |23 do(z) / e AmATE 25 201 g,
OB 0

n

with r = |z| = (327, |zz\2)%. Set u = 47 \r?k. Tt follows that

du_opdr,
u T
Hence we have
: 72(31) 1 ° .du
By = Ty [ BT
(G+n—=D 2k(4rx))+" Jo

u
72(5!) 1 r (j—l—n)
(G +n—1 2k(4rr)"" ko)
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Therefore,

Hence

S(Z, Zn+1; 1, wn—i—l)

k= (j4+n—1) [ [ s 1
=— Z (.] +n' ) </ 64WAA(47T>\):CZA) Zi
™= J: F(%)

= gl ! '
=R ()
- :
S ()
47 - J! A
ol G+n) [ = ]A_f_l
4+l jln! A%
B n 2 —n—1 A_——l
= Tl E k
Suppose z = r -z’ with ||z|| = 1 and z’ € B,,. Then there exists a unitary

transform U on dB,, such that U(z') = 1. Hence, z’ = U~!(1). Therefore,

S<Z7 Zn+1; W, wn+1)

=S(r -2, zni1; Wy wpy1) = S(r- U_l(l),Zn+]_;W,wn+]_)

=8(r-1,zp41;U(W),wpt1) = S(UW), wpi1;7 - 1, 2n41)

n! 1 _n_q
= k
47-[-n+1 (1 . <—U(W)) >n+1
A% 1
n! 1

(- (e ()
n! 1
(

A (1- (v
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n! 1
T g+l N\ .
()
A%
n! A1
_47Tn+1 o\ ntLT
(Ak - 2= 1ijj)

This tells us that

S(Z7 ZTL+1; w, wn+1)
n! 1

- +1 1 n+1 1
4mm (AE — Z?:l Zj’U_Jj) AkT
o (s = )+ 32 + W) + S+ )] ©

T Ygntl 1 _yntl”
{ (3002 + [w?) = 4t = 5) + 30+ )] = Sy 25, |

When both (z, zp41) and (W, wp4+1) in 0, p = p = 0, then we have

n! [3(s 1) + 3(2™ +Iw])] ™
T 1 1 n _
L [BGal + wi) - §0 - )] — T 2w )

In particular, when k& = 1, the Cauchy—Szegé for the Heisenberg group H,
is

S(z,t;w,s) =

n+1-°

n! 1

4gntl ; 1 At
{302l + W) = 5t = 9)]F = S, 2, }

S(z,t;w,s) =

We note that |[1(|z|?* + |w|?*) — 5(t — )k — PR zjwjﬁ can be considered
as a generalization of the Kordnyi distance to the higher step operators (see
Diaz [13]).

Remarks 6.2. (1). The domain Qy, is equivalent to the “ellipsoid”
Ep = {(Wawn-H eC: Z jw;l?) o lwng|? < 1}

via the “generalized Caley transform?”:

. w1 _ Wn, i(l _wn+1)
Bl =1, &= A+l =
(1 + wpy1)* (1 + wpy1)*
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Then the Cauchy-Szeqo kernel for By is

S(2, 2413 W, wni1)

27) _ n! 1
An+1 [(

_ 1 n _qntl N [
1= 2p1Wnt1)* — D25 2jW; (1 — 2p1Wpy1) *

In particular, when k = 1, then the Cauchy—Szegé kernel for the unit ball
B,y C C* s

n! 1
S(Z;Zn-‘rl;wawn-‘rl) = 4+l (1 _ Zn—i_lZ'w')n—i_l‘
j=1 ZjWj

(2). When k = 1, then the Cauchy—Szegé projection is closely related to the
solvability of the Kohn Laplacian. Let us consider the Kohn Laplacian acting
on functions, i.e., ¢ = 0. Then we know that
1 n n
Db = —5 Z (Zka + Zka) — Z[Zk, Zk] = — Z Zka.
k=1 k=1
In this case, the operator annihilates the boundary values of holomorphic
functions on H,,. Now we need to deal with the Hans Lewy operator. In
general, we can’t expect this operator is hypoelliptic. Moreover, the equation

> ZuZ(u) = f
k=1

s generally not even locally solvable. Following a method in Greiner—Kohn—
Stein [19] and Greiner—Stein [20], we know that for any f € L?*(H,) leads
to the Cauchy-Szegd integral C(f), defined in C3°(H,,) by

C(f)(z72n+1;wawn+1) = ~ S(zvZn+1;w7wn+1)f(wvwn+1)da7
o,

with
n

n—lpl L _y-—n-1
S(z, 2n1; W, Wpy1) = W{Z(’wm—l — Znt1) — 2 Z Zk’wk} .
k=1

Here do is the Lebesque measure defined on 0%, which is identified as the
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Heisenberg group Hy,. The restriction of C(f) to 8§~2n s given by

(28) Co(f) = lim f xS,

p—0+t

where
gn— 1 n—

Sp(zt) = ( +Z|zk|2_zt>

The convolution in (28) is with respect to the Heisenberg group. Since f €
L?, the limit in (28) exists in L?>-norm (see Kordnyi and Vdgi [23]).
Let us consider the following equation:

R Lr—i(A—n)7.
Thus
(0) . 0
(29) 00 (K2) = £2(K) — (A - m) & (K0).
where
22 n n+1 ntX A n ' 7%
Ky(z,t) = F(n+>\ n+>\ (Z|Zk|2_zt) (kZ|Zk‘2—|-zt> .
=1

Formal differentiation of (29) with respect to the variable \ yields the fol-
lowing result

mémf”‘iz”:: i (£2)- (S -1)
_ n+1 (Z a4l = it)

(n+1)

Denote

272(n — 1)! \z| 5 —n
V= mntl log ( |z|? + zt) (Z 2] Zt)
Then we have the following identity
00k = kO = 10,

where K(f) = f ¥ with f € C§°(Hy,).
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7. Sharp estimates of Cauchy—Szego6 kernel

Consider the triple (09, d, i), where p is the Lebesgue measure on C x R.
We use new coordinates (z,t) on the boundary 9 to identify it as C x R.
Here z = x + iy and t = Re(z2).

We now introduce the quasi-distance on 0 as follows: for any (z,t),
(w,s) € 0,

(30) d((z,t), (w,s)) = h*((z,1), (W, 5))p" > ((2,1), (W, 5)),
where
P(2:1), (W, )) = |2| + [w| + || ~ |z| + |w| + |t — s[5,
and
h((z,1), (w, 5)) = |z = w[*p* (2, 1), (W, 5)) + |o((2,1), (W, 5))]

with
o((z,t), (w,s)) =t — s + 2Im(z"W").

Based on Proposition 9.6 in [5], we see that this quasi-metric d satisfies the
quasi-triangle inequality:

d((2,t), (w, 7)) S d((2,1), (W, 5)) + d((w, 5), (0,7)).

Recall the functions in (18) and (13)

1
Az, t;w,s) = §(|z|2’g + |W|2k —i(t— s));
P(th;w> S) = Ll

Az, t;w, s)*

By Lemma 9.3 in [5] and the estimate on Page 242 in [6], we have the
following properties.

Lemma 7.1. The functions h, p, A and P satisfy
2" — WH2 S B((2.1), (w,5)) S 62 ((2,1), (w,5)) ~ | Az t; w, 5)];

(31) h((z,1) (w.5))

|1 — P(z,t;w,s)| = Alztw.5)] (z,t), (W, s) € 0.
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Based on these notation, we see that the Cauchy—Szego kernel S(z, t; w, s)
on J€2; can be expressed as

k+1

(32) S(z, t;w,s) = A7 (z,t;w,s)(l — P(z,t;w,s))_2.

1
472
Moreover, based on (31), we see that

(33) d((z,1), (w, ) < p?*2((2,1), (W, 5)).

Theorem 7.1. For both (z,t) and (w,s) in 0Qx with (z,t) # (w,s),
the Cauchy—Szegd projection associated with the kernel S(z,t;w,s) is a
Calderén—Zygmund operator on (0, d, 11).

Proof. We first consider the size estimate of S(z,t;w,s). Note that for
(z,t) # (w,s), by Lemma 7.1, we have

S0, 1w,5)] = 1y [ A7 F (i w,9) (1~ Pl 1w, )

~ Az, 6w, 5)| "+ Az, 6w, 8)2h 2 ((2, 1), (W, 5))
(34) = |A(z,t;w, s)| " T RT2((2, 1), (W, 5))
~ p~ @) ((2,1), (w, 5))h"2((2, 1), (W, 5))

o
d((z,1), (w,s))

Next, we verify the regularity conditions. Consider the difference
|S(z,t; w1, s1) — S(z,t; wo, s0)|,
where
(35) d((w1,s1), (Wo, s0)) < cd((z,1), (Wo, s0)),

for some small c.
To continue, we consider the following substitution: fix (z,t¢), by the
change of variables

(36) { v

s’ = s — 2Im(z"*w"),
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we have

S(z,t;w,s) = S(z, t;w,s" + QIm(szk)) =: S(z,t; w', §'),

and thus,
S _ 9S8 k-1 k@S
+ ikw
~ ow Os
(37) dw' — ow
85 _0S
9s’ — s’
Let
5 S(Waasa) a=0,1,
(wh,s) = (1—v)(wo,sy) +v(w,s)), 0<v<l1.

Let (wy, s,) denote the point whose (w’, s’) coordinates are (w/ There-

fore,

v l/)

w, = (1 —v)wo + vwy,

s, = s, + 2Im(z v k)
=(1-v) (so = 2Im(zkwo)) + 1/(51 — 2Im(z w’f))
+ 2Im [z (1 —v)wo + I/Wk)k] .

By [5, (9.34), (9.35), (9.37)], we have

p((z,t),(wy,sy)) P(( )7(W0750))7
h((Z,t), (WIM Sl/)) h(( )7 (W0> 30))a 0<v<l,

Q

w1 — wol < di((w1,51), (Wo.50))p 2 (W1, 51), (Wo, 50)),
(39)  [s1 — sol < h((w1,51), (W0, %0))

+h3((2,1), (wo, 50))h2 (w1, 51), (Wo, 50)),
h((wlv 51)7 (WO’ 80)) S h((z7 t)v (WOv 50))'

Since

" gA +ikwh 12’“% = kwh! (Wh —2F) = O(p"'h2),
oP k-1zk0P _ _1P (JA k—15k0A
aw—i-zk:w 8 _EZ< + ikw Z %>
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for 0 <v <1, we have

o5
W'l (s tows 1)
= 95 + ikwk_lik@

ow 0s (2,t:w, 5

L Rl (0404
_47r2{ Z A (1-7P) <8W+zkw Z" s

(z7t;wV7SV) }

(z,t;W,,8,)

i1 oP oP
2A—% 1— -3 k— 1—k
+ (1-P) <8 + tkw 5

B k+1 B _9 l P
47r2A (1 P) [ClA—l-CQiA(lP)]

0A . ,_1_,0A
X (8—W +ikw" Tz %>

1 P
sleg + ey,

(Z7t;w1—/ 7811)

kw, 1 <w—y’“ — z’“) )

(z,t5Wy,5,)

By using (36), (34), (31) and (38), we obtain that

G, )
z,t;w,,,s,
= | (o + w75 (W~ wh)
S
(z,t;w,,8,)
oS
‘( +ikwh 1—k_8> ( )(W1—WO)
Z,t;W,,S,

k—1 (wuk _ Zk)’

1P|
S A, <wO,so>> (|A| " )
di (w1, 1), (wo, 50))

p' = (Wi, 1), (Wo, s0))

(z,t;w),s7,)

X

o )

1 1 1
S q(@ D), (wor50)) <W " ﬁ)

di((w,51), (Wo, 50))
p%((wl,sl), (Wo, 50))

(z,t;w),,s),)
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< 1 1
~ d((z7 t)v (W07 80)) h((Z, t)? (wo, 30))
d%((whsl)a (W0>30))

p'7 (w1, 51), (Wo, 50))

}k,wyk—l (W—Vk -~ zk)‘

< 1 PP N(z, 1), (wo, 50))h3 ((2,1), (W, 50))
~ d((z,t), (Wo, %0)) h((z,t), (wo, s0))
di (w1, 51), (Wo, 50))
e ((wi,1), (W, 50))
1 . p%l((z,t), (WO,SO)) . di((wlvsl)v (Wo,So))

k—

d((z,t), (Wo,80))  di((z,1), (Wo,50)) p = ((wi,51),(Wo,50))

1 < p((2,1), (wo, 50)) >%<d<<wlvsl>,<vvo,50>>>i
d((z’t)7(W0750)) p((Wl,Sl),(Wo,SQ)) d((Z,t),(Wo,So)) .

Moreover, we have
oS

ow’ (z,t;w!,,s"))

— <g—5—lk_k 1 kas>

W 0s

(Z7t;wu 51/)

- 47T2 k 8W 83 (Z,t;W,/,s,,)
kit oP oP
24~ (1— ikwh 1k
* ( P) <8W 88 (z,t;w,,8,)
Ciy (0A 1 ,O0A
S{ 1 <8W kW™ 'z s
C (8—73 — ikalzka—P> }
- 7) 8W 85 (Z7t;wu75u)
Hence,
o5 (W]~ wp)
OW' | (2 ;w1 51)

(W1 — Wo)
(z,t;W,8.)

oS e k@S
ow 0s
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CoalenfeA 04
_‘S“ A <aw kW
CQ 8P g —k—1 kap
1-P <8W L >

< i 0A kklkaA
~ A\ow 0s

|w1 — Wy
(z,t;wo,5,)

! w7 — 5]
d (z,t;w,,8,)
L1 (0P O o
Il ikw _
* {d‘ -P <8W Js (z,t;W,8,) |W1 WO|
=0 +1
For Iy, by (39), (38), (31), (33), we obtain that
6L < ! —w, 2"+ wh) — Wy
~d((z,1), (wo,50)) | A" ’

1 1 wEL|(|2ff + |w ds((wy,s1), (Wo,50))
Sa@ o sy A e ) e e s))

< 1 (1), (wo,50)  di (w1, 51), (Wo, 50))
Nd((zat)v(w0750)) ka((th)a(WOaSO)) 5 ((Wl,Sl) (Wo,So))

p
1 ‘ pk_l((z,t),(WO,SO)) ) d%((WLSl) (W0780))

2 ((w1, 51), (Wo, 80))

%

1 p((2, ), (Wo, s0)) Td((wl,sl),(wo,so)).i
(G 3) )

d((Z,t),(Wo,So)) ((thl)ﬂ(WO?SO d((Z,t),(Wo,So))

Also, note that

oP | k(‘)P
ow Os

(z,t;w,,5,)

_ Ai _ <—k1'jil)(k—’f Ywh —ikw, b1k i)

Z .
= {|z|2k w2 it — s) — [w |2 — —wykzk}
k

- - i)
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AZ+1 {Re( kgh — W—yk)) —i(t — s, 4 2Im (2FW,%))

- zIm(zk(Ek —w—y’f)>}.

By (31) and (38), we have

2" (2" — w,*)| = |2"|[2" — W, |
S |2"h2 (2, 1), (wo, 50))

5 pk((zv t)’ (W07 80))h% ((Z’ t)? (WO’ 80))

and that

[(t = s, + 2Imzb )| = 0((2,8), (Wi ,)) S h(z.t), (wo, 50)).

Therefore, we can obtain that

1
d((z,t),(wy,s,))

AAk{Re z — W,

k

I =

_z'(t—s,,—|—21mz w," —zIm(z zF —W,, H|W1 wo

< 1 ~ di((wi, 51), (Wo, 50))
~ d((z,t),(Wo,%0)) p*5 (w1, s1), (Wo, 50))
p((zt), (wo, 50))

h((z,t), (wo, s0))p*((z,1), (W, 50))

x (h3((z,t), (wo, 50))p" (2, )(Wovso))+h((zvt)a(wo750))>

_ 1 ~di((w1, 1), (Wo, 50))

™ d((z,1), (wo, %)) p (w1, 51), (wo, 50))
p((z, 1), (Wo, s0))

h((z,1), (Wo, 50))p*((2, ), (Wo 50))

2 ((2.1), (W0, 50)) P (2, 1), (Wo, 50))

X

X h
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d((27 t)? (W07 50)) P

1 . di((W1 51) (Wo,SO)) .pk_l((z,t),(W(),So))
(w1, s1), (Wo,50)) b ((2,1), (wo, 50))
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| et () >%<d<<wl,sl>,<w,so>>)?

d((z,t), (Wo, s0)) \p ((w1, 1), (Wo,50)) d((z,t), (wo, s0))

Moreover, note that

o8 _os
0s’ s
(z,t;w!,,s") (z,6;W,,8,)
k+1 _ﬁ_laA 92 _ k41 _36P
=< — —A k — (1 — k _ I
{ ! Sy oA (- P) P
(z,t;W,8,)
k+1 i 2. ZW,,

1 T S -
ko AxT2(1-P)2 k  AT2(1 - P)3

As a consequence, by (38), (39), (30), we further obtain that we obtain that

a5

Bs (s1 — s0)

5 Na,t;wl,,s.,)

SN U S DO, R R

1

B k+11 2 zw, ;o
AT A1 — P)2

2 Z+EA%+1(1—P)‘ |s1 — s

1 i ’ZWV| s\ _ &
S d((Z,t), (WO,SO)) (’A‘ * Aﬁh((z,t);(WOaSO))) ’ ! 0|

< 1 ( 1
~ d((z7 t)v (W07 SO)) h((27 t)? (W07 SU))

p2((Z,t), (W0730>) > |Sl o 8/|
p2((Z,t), (W0750))h((zvt)a (W0730)) ! 0

+

1 1 .
S d((z t>7 (W 80)) (( )7 (W )) |51 0’
1 1
™ d((2,1), (Wo,50)) h((2,1), (Wo, s0)) (R((w1, 1), (Wo, 50))
+ %((Z,t) (Wo, 30))h%((W1, 51) (W07 80)))
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_ 1 (h((wl,sl),mo,so)))%
~ d((zat)7(W0>30)) h((z7t)v(w(]730))

_ 1 (d((wl,sﬂ,(wo,so)))i( pl(z,1), (o, 50)) )‘T
Nd((z7t)v(w()’50)) d((z,t),(W(),So)) p((Wl,Sl),(Wo,So)) '

To sum up, we have

o e / / 7 N /
‘<Vw/’w/’S,S(Z,t7WV, s,), (W] —wq, W) — w(,s] — so)>

- 1 ( p((2,1), (W, )) >— (d((wl,sm(wo,so)))%
~ d((z’t)v (WOvSO)) p((W1731)7 (WUaSO)) d((z)t)a (WU,SO))

From (30) we can see that d((z,t), (Wo, s0)) < p***2((z,1), (Wo, 50)). On
the one hand, if

d((z,1), (wo, 50)) < p™*((2,1), (Wo, 50)),
then

h((Z, t)v (WUa 50)) < ka((Z7 t)v (WOa 50))'
Therefore,

‘Z - wO’ < p((z,t), (W07 50))7 |U((Z7t)7 (WO, 80))| < p2k(<z,t)’ (W07 30))7
which imply that

p((z,1), (Wo, s0)) = [wo| < p((W1, 1), (Wo, 80))-

Combining with (35), in this case, we have
‘<Vw/7“,/7s,S(Z,t;le,8ly), (W) — wp, Wi —wj, s| — 36)>

- 1 ( pl(2,1), (wo, 50)) )%<d<<vwl>,<wo,so>>>i
~ d((z7t)v(W0750)) p((W1,81),(W0,80)) d((zvt)’(W0780))

- 1 (d((wl,a),(vvo,sw))i
~ d((z7t)v(W0’50)) d((Z,t),(Wo,So))

< 1 (d((W1,S1),(W0,50)))2;+2'
~ d((z,t), (wo,50)) \ d((z,t), (wo, s0))
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On the other hand, if d((z,t), (wo,s0)) =~ p?**2((z,t), (wo,s0)), then
by (33), we have

o e / A A R /
‘<VW,7W7S,S(Z,I§, w,,s,), (W] —wgy, W) —wy,s] — 30)>‘

- 1 ( p(2,), (W0, 50)) >%<d<<wl,sl>,<w(),80>>>i
~ d((Z,t),(Wo,So)) p((Wl,Sl),(Wo,So)) d((z’t)v(wl)750))

k—1

= 1 (d@((wl,sl),(wo,so))>7
d((Z,t),(Wo,So)) p((Wl,Sl),(Wo,So))
p((z,1), (Wo,50) \ * [ d((wi,51), (W0, 50) )
' <d2k+2((z,t),(w0,so))> < d((z,t), (Wo, s0)) )

! (w1 51), (wo, 50)) | 752
< d((z,t),(wo,so))< d((z,1), (Wo, 50)) > )

Consequently, for

d((wlv 31), (WO, 50)) < Cd((z7 t)v (WU’ SO))v
with some small ¢, we have

|S(z,t; wi,s1) — S(z,t; wo, so)|

= ‘§<Z7t;w,175/1) - S(Z7t;W6736)

1
o A / Ay A Y | /
/ <Vw,’W’S/S(z,t,wl,, s,), (Wi —wq, W) —w(,s; — 30)>dy
0

1 ! (w1, 51). (w0, 50)) \ 7
s wEn e ( A((2 1), (Wo, 50)) > I
- 1 <d<<W1,s1>,<wo,so>>>ﬁ
~ d((zvt)v (W0730)) d((z7t)7 (Wo,So)) .

This finishes the proof of Theorem 7.1. O
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