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Let G be a locally compact group. In this paper, we study various
invariant subspaces of the duals of the algebras A/ (G) and A (G)
obtained by taking the closure of the Fourier algebra A(G) in the
multiplier algebra M A(G) and completely bounded multiplier al-
gebra M., A(G) respectively. In particular, we will focus on various
functorial properties and containment relationships between these
various invariant subspaces including the space of uniformly con-
tinuous functionals and the almost periodic and weakly almost
periodic functionals.

Amongst other results, we show that if A(G) is either A (G) or
Ae(G), then UCB(A(G)) C AP(A(Q)) if and only if G is discrete.
We also show that if UCB(A(G)) = A(G)*, then every amenable
closed subgroup of G is compact.

Let i : A(G) — A(G) be the natural injection. We show that if
X is any closed topologically introverted subspace of A(G)* that
contains L*(G), then i*(X) is closed in A(G) if and only if G is
amenable.
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1. Introduction

Let G be a locally compact group. The Fourier algebra of G is an algebra
A(G) of continuous functions on G under pointwise operations consisting
of the set of all coefficient functions u(z) = (A(z)f,g) of the left regular
representation of G on the Hilbert space L?(G). A(G) becomes a Banach
algebra via the norm it inherits as the natural pre-dual of the group von
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Neumann algebra

VN(G) = span{\(z)|z € G}_WOT C B(L*(@))

where \(z)f(y) = f(z71y) for each x,y € G and f € L*(G). If G is abelian,
then A(G) is isometrically isomorphic as a Banach algebra with Ll(é) via
the classical Fourier transform and VN(G) can be identified with L>(G),
where G is the Pontryagin dual of G.

For an abelian group G there are several distinguished C*-subalgebras

of L*°(G) that have been very well studied. These include the spaces of uni-

formly continuous functions UC B(G), the almost periodic functions AP(G),
the weakly almost periodic functions WAP(G) and Cy(G), the space of con-
tinuous functions vanishing at infinity. All of these spaces induce correspond-
ing subspaces of V N (G) via the Fourier transform. In particular, we refer to
the subspaces corresponding to UCB(G), AP(G) and WAP(G) in VN(G)
as the uniformly continuous, almost periodic and weakly almost periodic
functionals on A(G) respectively. The image of C’o(é) is the reduced group
C*-algebra C5(G). One common property that all of these spaces have in
common is that they are invariant under the natural module action of A(G)
on VN(QG).

When G is non-abelian there is still a dual relationship between A(G)
and L'(G) but it is much more complex given the lack of a Pontryagin dual
group. It is, however, possible to define analogous versions of all of the above
subspaces of VN(G) and indeed this can be done in the abstract for any
commutative Banach algebra. For the Fourier algebra in particular, there
is a significant body of work investigating the properties of the subspaces
highlighted above with a focus on what their structures tell us about the
underlying group. See for example [7], [9], [10], [12] and [13].

In this paper, we will focus our attention primarily on non-amenable
groups and on analogous invariant subspaces in the duals of two Banach al-
gebras that arise from the Fourier algebra, Ay (G) and A (G), which are the
closures of A(G) in its multiplier and completely bounded multiplier algebra
respectively. In particular, we will consider various functorial properties and
containment properties associated with these subspaces. Amongst other re-
sults, if A(G) is either Ay (G) or Awp(G), we will characterize discrete groups
as those locally compact groups for which UCB(A(G)) C AP(A(G)). We
also show that if UCB(A(G)) = A(G)*, then every amenable closed sub-
group of G is compact. In particular, G has an open compact subgroup.

A(G) injects contractively into both Ay (G) and A (G) with the range
of the injection being proper precisely when G is non-amenable. If we let
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i: A(G) = A(G) be the natural injection, we will show that if X is any of
the closed subspaces of A(G)* mentioned above that contains L!(G), then
i*(X) is closed in A(G) if and only if G is amenable.

2. Preliminaries and notation

Throughout this paper, A will denote a Banach algebra. In this case, the
dual A* becomes a Banach A-bimodule with respect to the module actions

(u-T,v) =(T,vu) and (TOu,v) = (T, uv)

for every u,v € Aand T € A*. Note that when A is commutative (u-T,v) =
(T'Ou,v) which will generally be the case for most of this paper. In fact,
from this point we will assume that every Banach algebra A we consider is
commutative unless stated otherwise.

2.1.

Remark. It is well known that there are two natural products that can be
used to extend the multiplication of A to its second dual A**. In this paper
we will choose the following Arens product:

Al) (u-T,v)y = (T,vu) for every u,v € Aand T € A*.

A2) (noT,u) = (n,u-T) for every u € A and T € A* and n € A**.

A3) (mon,T)=(m,noT) for every T € A* and m,n € A**.

From here we will proceed with the following definitions and notational
conventions.

2.2,

Definition. We call the space

UCB(A) =span{v-T |ve AT € A*}_”'HA*

the uniformly continuous functionals on A.
We call T € A* a (weakly) almost periodic functional on A if

{u-T|ueAulla<1}

is relatively (weakly) compact in A* and we denote the space of all (weakly)
almost periodic functionals on A by AP(A) (WAP(A)).
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2.3.

Definition. We say that a closed subspace X C A* is invariant if u-T € X
for everyu € A and T € X.

Given a closed invariant subspace X. We say that X is topologically
introverted if m ©T € X for everym € X* and T € X.

2.4.

Remark. If X is topologically introverted then X* can be made into a
Banach algebra by mimicking what we did for A** by defining

(monT)=(mnoT)

formne X*and T € X.

It is a well-known criterion of Grothendieck that T' € A* is weakly almost
periodic if and only if given two nets {u,}aco, and {vg}gecq, in A we have
that

lim lién<T, uqvg) = imlim(T', uqvg)

whenever both limits exist. From this one can show that if A is a com-
mutative Banach algebra and X is topologically introverted, then X* is
commutative if and only if X C WAP(A). (See [3] and [16].)

The following three propositions will prove useful.

2.5.

Proposition. Let A be a commutative Banach algebra. Then each of UCB(A),
AP(A) and WAP(A) are invariant subspaces of A*.

Proof. That UCB(.A) is invariant is obvious since for each T' € A*, we have
u-T € UCB(A).

Let T € (W)AP(A). Let v € A. Without loss of generality, we can
assume that [|v] 4 = 1. Since

{u-(v-T)JueAlulla<lic{u-TlueAlullsa<1}

we have that {u- (v-T) | u € A, ||ul|a < 1} is relatively (weakly) compact
and hence v-T € (W)AP(A). O
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2.6.

Proposition. Let A be a commutative Banach algebra. Then UCB(A) is
topologically introverted.

Proof. Let m e UCB(A)* and let T =u-T) € UCB(A). Let v € A. Then

(moT,v) =

(
(
= (m,uv-T1)
(
(

It follows that m © T = u - (m ©® T1) € UCB(A). Moreover, if T' € span{u -
Tilue ATy € A*}, then m© T € UCB(A) as well.
Finally, lets assume that {T,,} C UCB(A) and that li_)m T, =T. Let
n oo

u € A with [Ju||4 < 1. Then for m € UCB(A)*,
[(m O T,u) = (m© T, u)| = [(m,u- (T'=T))| < [mllucp IT = Talla--

It follows that lim m ® T,, = m ® T'. Since span{u - Ti|u € A,T1 € A*} is
n—oo

dense in UCB(.A), it follows that m®T € UCB(A) for every m € UCB(A)*
and T' € UCB(A). That is, UCB(A) is topologically introverted. O

2.7.

Proposition. Let X be a closed invariant subspace of WAP(A). Then X
1s topologically introverted.

Proof. Let T € X. Let
O(T) = {u-T | ue A Jula <1}

Since T'€ W AP(A), the convex set O(T) is relatively o(A*, A**) compact.

. [ A* ’A** .
Hence its o(A*, A**) closure O(T)U( ) is weakly compact and hence
is also a norm closed set in X. Moreover, the o(A*, A**) and o(A*, A)
. —O'(A* ,A**)
topologies agree on O(T) .
Next, we let m € X*. Without loss of generality, we may assume that
|m|x- = 1. Let M € A™ be an extension of m to A* with |m]|x- =

||M|| 4« = 1. Then by Goldstine’s Theorem, there exists a net {uq}acq in A
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such that ||us|| <1 and {us}aen converges to M in the weak* topology on
A**. Tt follows that if u € A and T' € X, then

(MoTu)=(M,u-T) = lim(uq,u-T) = lim(uqy - T, u).
acf aef)

But this shows that

MoTeo@m

C X.
Moreover, if u € A and T € X, then
(MOT,u)y={M,u-T)=(mu-T)={(m®T,u).
Hence m ©® T € X. It follows that X is topologically introverted. O
2.8.
Definition. Let I be a closed ideal in A. We let
Z(I)={x € A(A) | u(x) =0 for all u € I}.
Given a closed set E C A(A), we let
I(E)={ue A | u(z)=0 for all x € E}.

We say that a closed set E C A(A) is a set of spectral synthesis for A
if the only closed ideal I is A with Z(I) = E is I(E).

3. Multipliers of the fourier algebra

Let G be a locally compact group. We let A(G) and B(G) denote the
Fourier and Fourier-Stieltjes algebras of G, which are Banach algebras of
continuous functions on G and were introduced in [5]. A multiplier of A(G)
is a (necessarily bounded and continuous) function v: G — C such that
vA(G) C A(G). For each multiplier v of A(G), the linear operator M, on
A(G) defined by M, (u) = vu for each u € A(G) is bounded via the Closed
Graph Theorem. The multiplier algebra of A(G) is the closed subalgebra

MA(G) := {M, : v is a multiplier of A(G)}

of B(A(G)), where B(A(G)) denotes the algebra of all bounded linear op-
erators from A(G) to A(G). Throughout this paper we will generally use v

in place of the operator M, and we will write || v |7 4(c) to represent the
norm of M, in B(A(G)).
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3.1.

Definition. Let Q) (G) be the completion of L*(G) with respect to the norm

[fll@u(c) = sup {/Gf(x)v(w)dfv | ve MA(G), [lvllasra@) < 1}-

Then Qn(G)* = MA(G).
Let G be a locally compact group and let V N(G) denote its group von
Neumann algebra. The duality

A(G) = VN(G),

equips A(G) with a natural operator space structure. With this operator
space structures we can define the cb-multiplier algebra of A(G) to be

My A(G) = CB(A(G)) N M(A(G)),

where CB(A(G)) denotes the algebra of all completely bounded linear maps
from A(G) into itself. We let || v || denote the cb-norm of the operator M,,.

It is well known that My (A(G)) is a closed subalgebra of CB(A(G)) and
is thus a (completely contractive) Banach algebra with respect to the norm

[
3.2.

Definition. Let Q. (G) be the completion of L*(G) with respect to the norm

/]

0.(G) = SUD { /G Fe)o(@)de | v € MyA(G), o] < 1} |

Then Qu(G)* = M4, A(G).
It is known that in general,

A(G) € B(G) € Ma(A(G)) € M(A(G))
and that for v € A(G)
| v lla=IlvIs@=lv el v -
In case G is an amenable group, we have

B(G) = Map(A(G)) = M(A(G))
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and that
o lBey=Ilv lle=I v llm
for any v € B(G).

3.3.
Definition. Given a locally compact group G let
de _.
Ap(G) Ay C MmA@G)).

and
A(@) &A@y M € My(A(Q)).

3.4.

Remark. The algebra A.(G) was introduced by the first author in [6] where
it was denoted by Ay(G). In that paper we show that in the case of Fo, the
free group on two generators, A.(G) shares many of the properties charac-
teristic of the Fourier-algebra of an amenable group. In particular, the alge-
bra A (Fs2) is known to have a bounded approximate identity. The locally
compact groups G for which A, (G) has a bounded approximate identity are
called weakly amenable groups. All amenable groups are weakly amenable,
but many classical non-amenable groups such as Fo and SL(2,R) are weakly
amenable. We say that the locally compact group G is M-weakly amenable
if there is an approximate identity {us }aer in A(G) that is bounded in the
norm || - ||as.

3.5.

Remark. Let A(G) denote either Ap/(G) or A (G). Consider the following
map and its adjoints:

ia:AG) = A(G)

i*y - A(G)" = VN(G)

i VN(G)* — A(G)*™,
where i 4 denotes the inclusion map. Since i 4 has dense range, i’ is injective
and as such is invertible with inverse ij‘4_1 on Range(i*). It is easy to see
that 4% is simply the restriction map. That is

iy(T)=T

lace)
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It will also be useful to view all of the above maps as embeddings. That
is, when G is nonamenable A(G)* can be viewed as a proper subset of
VN(G) and VN(G)* as a proper subset of A(G)**, of course with different

norms.
3.6.

Definition. We let

X3 (@) ={T € Qu(G) | (u,T) =0 for every u € Ay (G)}

and let
BY(G) = Ay (@)™ € MA(G).
Let
(@) = Qu(G)/ X3y
We let

XC);,(G) ={T e Q) (G) | (u, Ty =0 for every u € Aup(G)}

and let

weak™

B(G) = A4(G) C M4 A(G).
Let
Q(G) = Qu(G)/ X}

3.7.

Remark. Q,/(G) and Q. (@) are natural analogs of the group C*-algebra
C*(@). Similarly, Q},;(G) and Q2 (G) are natural analogs of the reduced
group C*-algebra C5(G). In particular, we have that

(Qu(G)" = B (G)

and
(Q4(G))" = BA(G).

Moreover, we can identify Q},(G) and Q) (G) with the closed subspaces
of Apyr(G)* and A (G)* respectively generated by

{or | fe LYG)}
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where
(Pf,u) = /Gf(a:)u(:z:) dz.

As such going forward, we will view Q},(G) and Q) (G) as norm closed
subspaces of A/ (G)* and An(G)* respectively. Moreover, we will gener-
ally identify the functional ¢¢ with the function f € L'(G) for notational
convenience.

Finally, we let

03,(G) Y span{g, [z e Gy Mm@ a6y

and

0%(G) Y Span{e, [z € G} 1@ € A,G)

where ¢, (v) = v(x) for each x € G and each v € Ay (G) and Ay(G)
respectively. In particular, if G is discrete, then Q},(G) = Q3,(G) and
Qé\b(G) = ng(G)-

4. Invariant subspaces of A, (G) or Ap(G) and their
functorial properties

In this section we will focus our attention on some important invariant sub-
spaces of the algebras A(G), Aw(G), Ay(G) and their closed ideals.

Let A(G) be any of the algebras A(G), Aw(G) and Ap(G). We note
that while by definition

UCB(A(G)) =span{v-T |v € A(G),T € A(G)*}*H'HA*
it turns out that we don’t actually need the linear span.

4.1.

Proposition. Let A(G) be any of the algebras A(G), Aw(G) and Ay (G).
Let I be a closed ideal in A(G) with Z(I) a set of spectral synthesis. Then

UCB(I)={v-T|veAG),Te I*}—II~||I*



Invariant subspaces in the dual of Ay (G) and Ay (G) 249

Proof. Let
J(Z(I)) = {u € A(G) | supp(u) is compact and disjoint from Z(I)}.

The assumption that Z(I) is a set of spectral synthesis tells us that j(Z(I))
is dense in I.

Let uy,ue € j(Z(I)) and Ty, Ty € I*. Then if Ky = supp(u1) and Ky =
supp(uz) we have that K = Kj U K> is a compact set disjoint from Z(I). By
the regularity, we can also find a u € A(G) with compact support disjoint
from Z(I) such that u(x) =1 if z € K. In particular, u € j(Z(I)). Moreover

u-(ul-Tl—I—UQ'TQ):uul'T1+U’LL2-TQZU1'T1+U2-T2.
Hence j(Z(I)) - I* is a subspace of UCB(I).

Next, we assume that v € I and T' € I*. Choose {u,} C j(Z(I)) such
that ILm l|un — ull 4@y = 0. Since

tn - T —u-T|r- < |lun — ul| a4 IT]]1-
we have that j(Z(I)) - I* is also dense in UCB(I). O
4.2.

Remark. Given an ideal I in A(G) and a T' € I* we say that z € G\ Z(I) is
a support point for T if for every neighbourhood V' of z, there exists a u € T
with supp(u) C V and (T, u) # 0. We let supp(T") denote the collection of
all support points of 7. We note that Proposition 4.1 shows that UCB(I)
is the closure in I* of those T' € I* with compact support.

4.3.

Definition. Let A(G) denote any of the algebras A(G), Awp(G) or Ay (G).
Given a closed ideal I in A(G) we define

UCB.(I) ={T € I" | T has compact support}
or equivalently

UCB.(I)={T €I" | T =u-Ti,u € I has compact support and 77 € I*}.
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4.4.

Definition. Let X be a closed invariant subspace of A* containing a char-
acter ¢ € A(A). We say that m € X* is a topological invariant mean at ¢
on X if

Hm| X* = <m7¢> =1

and

<’I7’L, u- T) = <¢7 ’LL> <m7 T>
for allu e A and T € X. We denote the space of all topological invariant
means at ¢ on X by TIM4(X, ).

4.5.

Definition. Let A(G) be one of the algebras A(G), Awp(G) or Ay (G). Let
x € G define the isometry L, : A(G) — A(G) by

for each y € G.

The following two propositions are respectively [8, Proposition 4.3] and
[8, Proposition 4.5].

4.6.

Proposition. Let A(G) be one of the algebras A(G), Aw(G) or Ay (G). Let
X C A(G)* be a closed invariant subspace of A(G)*. Let x € G.

i) If Y = Li(X), then Y is a closed invariant subspace of A(G)* and
w- Ly(T) = Ly (Lo(u) - T)

for everyu € A(G) and T € X.

it) Let x € G. Then L} (¢.) = ¢ where e denotes the identity of G.

i) Let m € TIM yq)(X, ¢e). If v € G, Then ¢, € L;(X) and L}*,(m) €
TIMA(G) (L; (X)a ¢9c) :
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4.7.

Proposition. Let A(G) be either Ag(G) or Ay (G). Let A(G)-VN(G) =
{u-T:ue AG), T € VN(G)}. Then

i) A(G)-VN(G) CUCB(A(G))
ii) i*(v-T) =v-1*(T) for each v € A(G),T € A(G)*.
iii) *(UCB(A(G))) CUCB(A(G)).
w) If A(G) has a bounded approximate identity, then A(G)-VN(G) =
UCB(A(GQ))
v) u-T € i*(A(G)*) for each u € A(G),T € VN(G).

We can now extend the result in Proposition 4.7 iii) to other important
invariant subspaces.

4.8.

Proposition. Let A(G) be either Ayy(G) or Ay (G). Then
i) i"(AP(A(G)) € AP(A(G)).

i) i* (WAP(A(G)) C WAP(A(G)).
iii) i*(Q% (@) C C5(G) and #*(Q3,(G)) € C5(G).
i) i*(Q%(G) C C{(G) and *(Q}(G)) C C5(G).

Proof.

i) Let T € AP(A(G)). Let {u,} be asequence in A(G) with [luy | 4q) <1
for each n € N. Then |[lun| 4 < 1 for each n € N. It follows that
there exists a subsequence {uy, } such that {u,, -7} converges to some

T) € AP(A(G)). Since
i*(up, +T) = up, -*(T)

and since ¢* is norm continuous we have that {u,, -i*(7)} converges
to ¢* (Tl)

ii) Let T € WAP(A(G)). Let {ua }aca be anet inin A(G) with |[ual 4@y <
1 for each a € Q. Then as before |[ual| o) < 1 for each o € Q. It fol-
lows that there exists a subnet {uq,} such that {uq, - T'} converges
weakly to some 77 € WAP(A(G)).

Let m € A(G)**. Then i**(m) € A(G)**. Tt follows that

lién<m,uaﬁ N(T)) = lién<m7i*(uaﬁ -T))
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= 1i/gn<i** (m), ua, - T)
= (7 (m),Th)
= (m,i"(T1)).
This shows that {u,, - *(T)} converges weakly to ¢*(7T7) and hence

i*(T) e WAP(A(Q)).
iii) This follows immediately since, abusing notation, i*(¢,) = ¢, for every

x € G.
iv) Again, this follows immediately since, once more abusing notation,
i*(f) = f for every f € L(G). O

It is worth asking whether the containments in the previous proposition
can ever be equalities. This is clearly the case if G is amenable since A(G) =
Ay (G) = Ap(G). In [7, Lemma 4.7] the first author together with T. Miao
showed that if i*(UCB(A(G))) = UCB(A(G)), then G must be amenable.
In fact, the following is true:

4.9.

Theorem. Let A(G) be either Ay (G) or Ay (G). Let X be a closed invariant
subspace of A(G)* which contains LY(G). If i*(X) is closed in VN(G), then

G is amenable.

Proof. Assume that i*(X) is closed in V. N(G). Since i*(L}(G)) = LY(G), we
have that C5(G) C i*(X). Moreover, since ¢* is continuous and injective, if
i*(X) is closed, the restriction of i* to X is an isomorphism. In particular,
if we let u € A(G), then u defines a continuous linear functional on C5(G).
Hence A(G) € By(G) and the norm on A(G) is equivalent to the norm from
B(G). As such G is amenable [15]. O

4.10.

Remark. Let A(G) be either A, (G) or Ay (G). Let H be a closed subgroup
of G. Then the restriction map R : A(G) — A(H) is a contraction homomor-
phism. In general, we don’t know if it is surjective. In fact, if G = SL(2,R)
and H is a closed subgroup of G isomorphic to Fs, then the restriction map
R : Ay (G) — Ap(H) is not surjective [1, Theorem 4.3]. However, there are
cases when the restriction map is known to be surjective. For example, we
say that G € [SIN]g if there is a neighbourhood base at the identity con-
sisting of sets that are invariant under the inner automorphisms by elements
in H.If G € [SIN] g, then R : A(G) — A(H) is surjective [1, Corollary 3.4].
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If H is amenable, then A(H) = A(H) and the surjectivity of R follows
from Herz’s Extension Theorem [11]. In this case A(H) is isometrically iso-
morphic to A(G) /1 4)(H). Moreover, in this case R* is a *-homomorphism
from VN(H) onto

VNy(G) =span{¢, |z € H}
which is a von Neumann algebra in A(G)*. (See [10, Lemma 3.1]). Moreover,
VNi(G) = Ly (H)™

In general, we let

A3 (G) =span{o, [z € HY = Ly (H)* C AG)".

4.11.

Definition. Let G be a locally compact group, H a closed subgroup and
C > 1 be a constant. We say that A(H) is C-extendable in A(G) if for
every v € A(H) and every e > 0, there exists a w € A(G) such that v = w),,
and

|wllay < (C+ e)llv]lac)-

Moreover, we also assume that if v € A(G), then we can choose w € A(G).

We let

Ext gy = {H|A(H) is C-extendable for some C' > 1}.

4.12.

Remark. A(G) be either Ay(G) or Ay (G). Assume that H € Ext g
Then R : A(G) — A(H) is surjective with kernel I 4)(H) and hence A(H)
is isomorphic with A(G)/I4q)(H). In particular, if A(H) is C-extendable
in A(G), then for each T € A(H)*

VCIT | ay- < IBX(D)llay < 1Tl acy-

and R* is an isomorphism of A(H)* onto A} (G). In case, C = 1, the
natural identification of A(H) with A(G)/14c)(H) is an isometric algebra
isomorphism.

The following proposition was established by Kaniuth and Lau [10,
Lemma 3.2] for A(G) for all closed subgroups H.
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4.13.

Proposition. Let A(G) either Aw(G) or Ay (G). Let H € Extyq). Let
R: A(G) — A(H) be the restriction map. Then

i) R"(UCB.(A(H)) = UCB(A(G)) N A (G)
ii) R*(UCB(A(H)) = UCB(A(G)) N A} (G)
iii) R*(AP(A(H)) = AP(A(G)) N Ay (G)
w) R*(WAP(A(H)) = WAP(A(G)) N A% (G)
Proof.
i) f T € UCB.(A(H), then there exists a u € A(H) N Cyo(H) and a

Ty € A(H)* such that T = u - T1. Since H € Ext 4(q), there exists a
v € A(G) N Cyo(G) such that R(v) = u. For w € A(G),

(R*(T), w)

1
IS
=)
—~
S

= (v-R*(Th),w).

Hence R*(T) = v - R*(Th) € UCB.(A(G)). But we also have R*(T) €
A5 (G).

Next assume that ' € UCB.(A(G)) N A};(G). In particular, there
exists T € A(H)* such that T' = R*(T1).

Let K = supp(T). Since T' € UCB(A(G)), K is compact. As such
there exists u € A(G) N Cpyo(G) such that u(x) =1 for each = in some
open neighbourhood of K. It follows that w - T = T. Note also that
v=R(u) € A(H) N Cy(H). In particular v - T} € UCB.(A(H). We
claim that R*(v-T1) =T.

Let w € A(G). Then

(R*(v-T1),w)
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iii)

iv)
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Since R* is continuous, and UCB.(A(H)) is dense in UCB(A(H)), it
follows from i) that R*(UCB(A(H)) C UCB(A(G)) N A3 (G).

Since H € Ext 4(q), R* is an isomorphism and hence R*(UCB(A(H))
has closed range. It now follows from i) that R*(UCB(A(H)) =
UCB(A(G))N A3 (G)

Let T' € AP(A(H)). Let |lul| 4¢) < 1. Then |[R(u)|| 4y < 1. More-
over, if v = R(u), then for each w € A(G), we have

(R'(v-T),w) = (v-T,R(w))
= (T, R(uw))
(
(

= (RY(T), uw)
u- R*(T),w)

It follows that
{u-BY(T) | lullaey <1} S R ({v-T | Jvllaczry < 1}

Since {v - T | [[v|| 4y < 1} is relatively compact, so is R*({v - T |
vl .4cry < 1} and hence so is {u - R*(T) | [lul| 4@y < 1}. That is

R*(AP(A(H)) C AP(A(G)) N A%(G).

Next suppose that T € AP(A(G)) N A};(G). It follows that there
exists a 71 € A(H)* such that 7' = R*(11). Let {u,} C A(H)
with [|un | 4y < 1. For each n € N, choose v, € A(G), such that
an”A(G)* < C+1and vy, = up. Then from our calculation above
we see that

Up - T = R*(up, - T1).

Since T' € AP(A(G)) N A};(G), it follows that there exists a subse-
quence {vy, -T'} of {v,-T'}, that converges in norm to some S € A} (G).
As R* is an isomorphism onto Aj;(G), there exists an S1 € A(H)*
so that {uy,, - 71} converges in norm to S;. This shows that 77 €
AP(A(H)) and hence that R*(AP(A(H)) = AP(A(G)) N A3 (G).
That R*(WAP(A(H)) € WAP(A(G)) N A} (G) follows in a manner
similar to the proof of iii) above.

Suppose that T' € WAP(A(G))NA};(G). It follows as before that that
there exists a T € A(H)* such that T'= R*(T1). Let {uq }aca € A(H)
with ||un|| 4zy < 1. For each o € €, choose v, € A(G), such that
HUQHA(G) < C+1and vy, = Ua.
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Since T € WAP(A(G)) N A} (G), there exists a subnet {v,, - T'} of
{vq - T'} that converges weakly to some S € A(G)*. However, since
A3 (G) is weakly closed, we have that S € Aj;(G). In particular,
{va, - T} converges to S in the o(A};(G), A} (G)*) topology. Moreover
S = R*(S1) for some Sy € A(H)*. Since R* : A(H)* — A}(G)* is
an isomorphism it follows that {ua, - 71} converges to S; weakly in
A(H)*. Hence Ty € WAP(A(H)). O

Note: In the previous proposition, we do not know if, in general, without
the assumption that H € Ext 4 to obtain the equalities.

4.14.

Remark. Let M(G) denote either MA(G) or M A(G), and let A(G) de-
note respectively Ap/(G) or Aw(G). Let H be an open subgroup of G. For
each u € M(H) we define u° by

o J u(z) ifzeH,
v 0 ifx¢H.

Then u° € M(G) with HUOHM(G) = ||u||M(H)

Define I' : M(H) — M(G) by I'(u) = u°. Then I is an isometric algebra
isomorphism from M(H) onto the ideal 1y M(G) of M(G). Moreover, if
u € A(H), then I'(u) = u° € A(G)

Note that if T € A(G)* and w € A(G), then

(R* o T*(T),w) =

That is R* o T*(T) = 15 - T.
ItTe AG)*, ve A(G) and u = R(v), then for w € A(H), we have

(TMv-T),w) = (v-T,w°%

(

(T, vw°®)
(T, (uw)®)
(

(

(), uw)
u-I*(T), w)
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Hence I'*(v - T') = R(v) - I'*(T).

Finally, with H open, we can define a projection Py from A(G) onto the
ideal I 4(q)(G\ H) by Py(u) = 1gu. The kernel of Py is the ideal 1 4q)(H).
Moreover, Py =1 o R.

4.15.

Proposition. Let A(G) denote either Ay (G) or Aw(G). Let H be an open
subgroup of G. Then

i) T*(A(G)*) = A(H)* and FrlH.A(G)* is an isometric isomorphism from
1y - A(G)* onto A(H)*

ii) T*(UCB(A(G))) =UCB(A(H)) and I’|*1H oA, 18 an isometric iso-
morphism from 1y - UCB(A(G)) onto UCB(A(H)).

i) I*(AP(A(Q))) = AP(A(H)) and IT s
phism from 1g - AP(A(G)) onto AP(A(H)).

i) T*"(WAP(A(G))) = WAP(A(H)) and F|*1 warac, 'S an isometric
isomorphism from 1p - WAP(A(G)) onto WAP(.A(H)).

v) T*(Q4(G)) = Q4 (H) and Ty,
from 15 - Q5,(G) onto Q,(H).

vi) T*(Q2(G)) = Qo (H) and I'}

|1HQ(G)
L - Q%(G) o tOQ p(H).

s an isometric 1somor-

08 (o s an isometric isomorphism
M

18 an isometric isomorphism from

vii) T*(Q},(G) ( ) and F‘* ot is an isometric isomorphism
from 1p - Qf\‘é,( ) onto Q;(H).

viii) T*(QN(G)) = QN (H) and FEH o is an isometric isomorphism from
1y - QN (G) onto Q) (H).

Proof.

i) We first show that I'* is surjective. Assume that T € A(H)*. Let
S = R*(T). We claim that T'= T*(S). Let u € A(G). Then

(C*(8),u) =
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Next we show that ker(I'™) = 1\ g A(G)*. Let 1on g T € 1oy - A(G)*
and let v € A(H). Then

evm -T)u) = (avm - T,T(w)
= (e - T,u°)
- <Ta 1G\Huo>

= 0.

Assume that 7" € A(G)*, but T' ¢ 1\ g - A(G)*. Then there exists
x € H N supp(T). In particular, since H is an open neighbourhood of
x, there exists v € A(G) such that v(x) # 0 with supp(v) C H and
(T,v) # 0. Let w = R(v). Then u° = v so

(TX(T), u) = (T, T(w)) = (T, u?) = (T, v) #0.

Finally, we show that I

L - is an isometry. Clearly,
.

1T Beace)- acmy-) < 1.
Let T € 1g - A(G)* such that ||T|| g()» = 1. Let € > 0. Then there
exists v € A(G) with [|v]| 4g) = 1 such that

(T,v)| >1—e.

Note that since 7" € 1y - A(G)*, we have that T' = 1y - T so that if
w = 1gv, then |[w] 4 < 1 and

(T,0)] = ()] > 1—e.
Let u = R(v). Then [lu| 47y < 1 and
(), w)| = (T, T(w))| = (T, w)| > 1 — e

We need only show that I'*(UCB(A(G))) = UCB(A(H)).
The first observation we will make is that for any 7' € A(G)*, we can
write

TZlH-T+10\H-T
and that I'™*(T") = I"™(1x - T'). Moreover
UCB(A(G)) = 1u - UCB(A(G)) @ 1g\g - UCB(A(G))

Assume that T =v - Ty € UCB(A(G)) with v € A(G). Let u = R(v).
Then I'*(T') = uw-I'™(T1) € UCB(A(H)). Since I'* is continuous and
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{u-T|T e AG)*,u € A(G)} is dense in UCB(A(G)), we get that
I'(UCB(A(G))) CUCB(A(H)).

Next assume that 7' = u-T) where T} € A(H)*,u € A(H). Then there
exists an S € 1y - A(G)* such that T} = IT"*(S). If v = u°, then

I*(v-S) = R(v) - T*(S) = u- T}

Hence, I'* : 1y - UCB(A(G)) — UCB(A(H) has dense range. But as
I'* is isometric on 15 - UCB(A(G)), we have that I'(UCB(A(G))) =
UCB(A(H)).

iii) It is easy to see that T € AP(A(G)) if and only if both 1y - T" and
levg - T are in AP(A(G). Let T € 1y - AP(A(G)). Let S = I'(T).
Now

{w- Sllullacry <1} =T*(u® - Tllullac < 13)-

But {u®T'[||lul| 4y < 1}) is relatively compact. Hence, {u-S|||ul| 4z <
1} is also relatively compact and S € AP(A(H)).
For the converse, suppose that S € AP(A(H)) and choose T' € 1p -
A(G)*, so that S = I'*(T). Since 1y - A(G)* is invariant, I'* maps
{v- T[]l a@) < 1} isometrically onto {R(v) - S|||v[| 4 < 1}. Since
{R(v) - S|[|v]| 4 < 1} is relatively compact, so is {v-T'|[|v|| 4y < 1}-
iv) This follows in a similar manner to iii) above.
v) This follows from i) since, abusing notation,

N | ¢, fxeH,
P(¢x)_{ 0 ifz g H.

for every x € G.
vi) See v).
vii) This follows from i) since, abusing notation, I'*(¢s) = ¢y, and that
LY(H) is isometrically isomorphic with 15 L(G).
viii) See vii). O

5. Containment results

In this section, we will establish various containment results for invariant

subspaces of A(G), Ax(G), and Ay (G) and their ideals.
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5.1.

Lemma. Let A(G) denote any of the algebras A(G), Aw(G) or Ay (G). Let
I be a non-zero closed ideal in A(G) with E = Z(I). Then

span{, |z G\ E} I cuen).

If G is discrete and Z(I) is a set of spectral synthesis, then

span{¢, | z € G\ E}_”'HI* =UCB(I).

Proof. Given any = € G\ E, we can find an open neighbourhood U of z for
which U N E = ). Then we can choose u € A(G) N Cyo(G) C A(G) so that
u(z) =1 and u(y) = 0 for every y ¢ U and hence u € I. If v € I, then

(- ¢u,v) = (b, vu) = v(x)u(z) = V() = (¢r, V).

Hence ¢ = u - ¢, € UCB(I). It follows that span{¢, | x € G\ E}_”'HI* -
UCB(I).

Next assume that G is discrete and that £ = Z(I) is a set of spectral
synthesis. Let T'=wu -1} € I* where u € I and 11 € I*.

Let v € G\ E. If

J={vell|v(x)=0}

then J is a closed ideal in I of co-dimension 1. Hence J=+ is one dimensional.
Clearly ¢, € J*. It follows that

Jt ={a¢, | a € C}.

Next we note that if w = 1¢,y, then w-T3 € J+. 1t follows that w- T} = ag,
for some o € C.
Let v € Coo(G) N I have support {x1,z2,...,2x} € G\ E. Then v =

-

v(x;)1;, so that

=1

k k
v-T) = Zv(xl)lx T = Zv(xi)ai¢wi
i=1 i=1

for some finite collection of scalars {aq, o, ..., ar}.
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Finally since F is a set of spectral synthesis, there exists a sequence
{un} C I with uy, € coo(G) such that lim [|u, — ul| gy = 0. If w € I with
n—oo

||wHA(G) <1, then
| (u-Tr,w) — (up - Tr,w) | = | (T1,wu) — (T1,wuy) |
= [ (T, w(u—up)) |
1T - |l — unll 4.

IN

It follows that lim |lu, 77 —u-T1| ;- = 0. However, u,, - T1 € span{¢; |
n—oo

[l

r € G\ E} and hence we have that T = u-T; € span{¢, |z € G\ E} "'".
We get that

UCB(I) C span{ds |z € G\ E} 1, 0

Since the empty set is a set of Spectral synthesis for all of A(G), A4 (G)
and Aps(G) the next result follows immediately.

5.2.

Corollary. Let G be a locally compact group. Then Q% (G) C UCB(Aw(G))
and Q(JS\/[(G) C UCB(AM(G)). Moreover, if G is discrete, then UCB(Aq(G)) =
Q0(G) = Q(G) and UCB(An(G)) = Q3,(G) = Q4 (G).

5.3.

Remark. If G is discrete, then UCB(Aw(G)) = Q) (G) = Q% (G) and
UCB(An(G)) = Q3,(G) = Q3,(G). Tt follows that

UCB(Aa(G))* = By(G)

and
UCB(Au(G))" = BY(C)

respectively. Moreover, the normal algebra structure of both B(’:\b(G) and
B3, (G) agrees with the multiplication on UC B(Aw(G))* and UCB (A (G))*
respectively that is inherited from being the dual of a topologically intro-
verted subspace.

If I is a closed ideal in Ay (G), and if G is discrete and F = Z(I) is a
set of spectral synthesis, then we have seen that

span{¢, |z € G\ E}_H'”I* =UCB(I).
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In this case,
UCB(I)*=1

Similarly, if I C Ay (G), then
UCB(I)* =T " C B)(G)

and if I C A(G), then

Proposition. Let A(G) denote any of the algebras A(G), Aw(G) or Ay (G).
Let I be a non-zero closed ideal in A(G). If I has a bounded approximate
identity, then WAP(I) CUCB(I).

Proof. Assume that I has a bounded approximate identity {uq}acq. Let
T € WAP(I). Then for u € I,

I T, u) = lim (T = (T, u).
lim(uq - T, w) = Mm(T, o) = (T, w)

That is {uq - T}acq converges in the weak-* topology on I* to T. But
since T' € WAP(I) and since {uq}acq is bounded, there exists a subnet
{ua, }geq, such that {uq, - T}geq, converges weakly in I* to some Ty € I*.
But this means that 7" = Tj so T is in the weak closure of {u - T|u € I}
and hence in the weak closure of UCB(I). But UCB(I) is weakly closed so
T eUCB(I). O

5.5.

Remark. It follows immediately from the definitions that for any com-
mutative Banach algebra A, we have that AP(A) C WAP(A). Hence if
A(G) denotes any of the algebras A(G), Aw(G) or Ay (G) and if T is a
non-zero closed ideal in A(G) with a bounded approximate identity, then
AP(I) C UCB(I).
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5.6.

Theorem. Let A(G) denote any of the algebras A(G), Aw(G) or Ap(G).

i) Let I be a non-zero closed ideal in A(G) with UCB(I) C WAP(I),
then G is discrete.

ii) Let I be a non-zero closed ideal in A(G) with x ¢ Z(I). Then ¢z, €
AP(I). In particular, if G is discrete and Z(I) is a set of spectral
synthesis, then UCB(I) C AP(I).

1) If G is discrete, Z(I) is a set of spectral synthesis, and I has a bounded
approzimate identity, then UCB(I) = AP(I).

Proof.

i) This is [8, Corollary 4.19].
ii) Let {ua}acq be a net in I such that ||uall 4 < 1, we find a subnet
{ua, } e, such that 51118 Uq, (x) = ¢ € C. It follows that if u € I with
S92

HUHA(G) < 1, then

| <C¢Z\I7u> - <U’aﬁ ’ ¢$\17u> | = | <¢£B|Iacu> - <¢$‘I,UQBU> |
= | cu(x) — tq, (z)u(z) |
< o= uq,(2) |
This shows that ghrgrzl | ta, “ bz, — cPu, |1+ = 0. Hence ¢, € AP(I).
[S94%

The fact that UCB(I) C AP(I) follows from Lemma 5.1
iii) This follows from ii) and Remark 5.5. O

5.7.

Corollary. Let A(G) denote either of the algebras Au,(G) or Ay (G). Then
Q5,(G) C AP(A(Q)) and Q°%(G) C AP(A(QG)). In particular, G is discrete
if and only if UCB(A(G)) C AP(A(G)). Moreover, if A(G) has a bounded
approximate identity, then G is discrete if and only if UCB(A(G))=
AP(A(G)).

5.8.

Proposition. Let G be a locally compact group. Then

i) Q3(G) CUCB(Aa(G))
i) Q3(G) CWAP(Aw(G))



Brian Forrest et al.

Q
S &
b

(@) if and only if G is discrete.
uG)

m(G))-

MmG) if and only if G is discrete.

NN
S=QS
Qo

S 3w
NN

Proof.

i)

ii)

iii)

Since Coo(G) is dense in L'(G) and hence in Q) (G), it is enough to
show that every f € Cpo(G) is in UCB(Ax(G)).

Assume that f € Cpo(G) with supp(f) = K. Then there exits a u €
A (G) such that u(z) = 1 for each x € K. In particular u-f = uf = f.
Hence f € UCB(Au(G)).

Let {ua}aco be a net in Ay (G) with [lualla,, @) < 1 for each a € Q.
Since

{uataea C BY(G) = Q3(G)",
by passing to a subnet if necessary we can assume that {uy}acq con-
verges in the o(B)(G), Q) (G)) topology to some u € B)(G).
Now consider m € Ag(G)™. Let v =m_, o Hf€ Q) (G), then

ilgé(m,ua ) = (lxlgfll<v)ua 1)

= lim Gv(x)ua(x)f(w)dx

= iler?#ua,v - f)

= <u,v-f)
(v,u- f)
(myu- f).

That is {uq - f}acq converges weakly to w - f. This shows that f €
WAP(A(G)).

Assume that Q7 (G) = UCB(Ax(G)). Then by ii) above we have that
UCB(Awp(G)) € WAP(Aw(G)). In particular, Theorem 5.6 i) shows
that G is discrete.

The converse is Corollary 5.2.

The proofs of iv), v) and vi) are similar to those of the corresponding
statements about A (G). O

5.9.

Remark. If A(G) is any of A(G), Ay (G) or Aw(G), then the question
of when A(G) = WAP(A(G)) is equivalent to the question of identifying
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groups G such that A(G) is Arens regular. For G amenable, it is known
that G must be finite. In general, while it is strongly suspected that A(G) =
WAP(A(QG)) if and only if G is finite, surprisingly, even for A(G), this is
still not known to be true. However, we have recently shown that if A(G) =
WAP(A(G)), then G must be discrete [8, Theorem 5.1].

Granirer has shown that UCB(A(G)) = VN(G) if and only if G is
compact. This motivates us asking: If A(G) is either Ap/(G) or Au(G), is
UCB(A(G)) = A(G)* if and only if G is compact. While we strongly expect
the answer to this question to be yes, we are unable to show this in general.
However, we can show that if UCB(A(G)) = A(G)*, then G has a compact
open subgroup, and every amenable subgroup is compact.

5.10.

Theorem. Let A(G) be either Ay (G) or Ap(G). IfUCB(A(G)) = A(G)*,
then G has a compact open subgroup, and every closed amenable subgroup
is compact. In particular, if G is almost connected, then G is compact.

Proof. Assume that H is a closed amenable subgroup. Then H € Ext 4.
It follows from Proposition 4.13 that R*(UCB(A(H)) = UCB(A(G)) N
V Ny (G). However, if we assume that UCB(A(G)) = A(G)*, we have
that R*(UCB(A(H)) = VNg(G). This in turn means that UCB(A(H)) =
VN(H). It then follows from Granirer’s result that H is compact.

To see that G has an open subgroup we note that if the connected
component G is not amenable, then Gy contains the free group Fy on two
generators. In particular, Gy contains an infinite non-compact abelian group
which is impossible from our argument above. As a consequence it must be
the case that Gy is compact. From here we note that G also has an open
almost connected subgroup Gi. As G1/Gy is compact, G; must also be
compact. Il

Acknowledgments

The authors wish to congratulate Professor Anthony To-Ming Lau on his
forthcoming 80th birthday and for his many and varied accomplishments
over his distinguished career. In addition, the first author wishes to express
his deep gratitude to Professor Lau for his exceptional mentorship, his un-
wavering support, and for the exemplary role model he has provided for all
of us who have had the great pleasure to work with him.



266

1]

2]

[10]

[11]

[12]

Brian Forrest et al.

References

M. Brannan and B. Forrest, Extending Multipliers of the Fourier alge-
bra from a subgroup, Proc. Amer. Math. Soc. MR3162241

J. De Canniere and U. Haagerup, Multipliers of the Fourier algebras
of some simple Lie groups and their subgroups, Amer. J. Math. 107
(1985), 455-500. MR0784292

J. Duncan and S. A. R. Hosseinium, The second dual of a Banach alge-
bra, Proc. Roy. Soc. Edinburgh Sect. A 84 (1979), 309-325. MR0559675

C. Dunkl and D. Ramirez, Weakly almost periodic functionals on
the Fourier algebra, Trans. Amer. Math. Soc. 185 (1973), 501-514.
MRO0372531

P. Eymard, L’algebre de Fourier d’un groupe localement compact, Bull.
Soc. Math. France 92 (1964), 181-236. MR0228628

B. E. Forrest, Completely bounded multipliers and ideals in A(G) van-
ishing on closed subgroups, In: A. T.-M. Lau and V. Runde, Banach Al-
gebras and Their Applications, Contemp. Math. 363, pp. 89-94. Amer-
ican Mathematical Society, 2004. MR2097953

B. Forrest and T. Miao, Uniformly Continuous Functionals and M-
Weakly Amenable Groups,. Canad. J. Math. 65 (2013), no. 5, 1005
1019. MR3095004

B. Forrest, J. Sawatzky and A. Thamizhazhagan, Arens regularity of
ideals in A(G), Aw(G) and Ap(G), (preprint).

E. E. Granirer, Weakly almost periodic and uniformly continuous func-
tionals on the Fourier algebra of any locally compact group, Trans.

Amer. Math. Soc. 189 (1974), 371-382. MR0336241

E. Kaniuth and A.T. Lau, Spectral Synthesis for A(G) and Subspaces
of VN(G), Proc. Amer. Math. Soc., 129 (2001), no. 11, 3253-3263.
MR 1845000

Carl Herz, Harmonic synthesis for subgroups, Ann. Inst. Fourier
(Grenoble) 23 (1973), no. 3, 91-123. MR0355482

A. T. Lau, Uniformly continuous functionals on the Fourier algebra of
any locally compact group, Trans. Amer. Math. Soc. 251 (1979), 39-59.
MR0531968


https://mathscinet.ams.org/mathscinet-getitem?mr=3162241
https://mathscinet.ams.org/mathscinet-getitem?mr=0784292
https://mathscinet.ams.org/mathscinet-getitem?mr=0559675
https://mathscinet.ams.org/mathscinet-getitem?mr=0372531
https://mathscinet.ams.org/mathscinet-getitem?mr=0228628
https://mathscinet.ams.org/mathscinet-getitem?mr=2097953
https://mathscinet.ams.org/mathscinet-getitem?mr=3095004
https://mathscinet.ams.org/mathscinet-getitem?mr=0336241
https://mathscinet.ams.org/mathscinet-getitem?mr=1845000
https://mathscinet.ams.org/mathscinet-getitem?mr=0355482
https://mathscinet.ams.org/mathscinet-getitem?mr=0531968

Invariant subspaces in the dual of Ay (G) and Ay (G) 267

[13] A. T. Lau, Uniformly continuous functionals on Banach algebras, Col-
loq. Math. 51 (1987), 195-205. MR0891287

[14] A. T. Lau and J. C. S. Wong, Weakly almost periodic elements in
L+ (G) of alocally compact group, Proc. Amer. Math. Soc. 107 (1989),
no. 4, 1031-1036. MR0991701

[15] V. Losert, Properties of the Fourier algebra that are equivalent to
amenability, Proc. Amer. Math. Soc. 92 (1984), no. 3, 347-354.
MRO0759651

[16] J. S. Pym, The convolution of functionals on spaces of bounded func-
tions, Proc. London Math. Soc. 15 (1965), 84-104. MR0173152

BRIAN FORREST

DEPARTMENT OF PURE MATHEMATICS
UNIVERSITY OF WATERLOO

WATERLOO, ONTARIO CANADA N2L 3G1
CANADA

FE-mail address: beforres@uwaterloo.ca

JOHN SAWATZKY

DEPARTMENT OF PURE MATHEMATICS
UNIVERSITY OF WATERLOO

WATERLOO, ONTARIO CANADA N2L 3G1
CANADA

E-mail address: jmsawatzkyQuwaterloo.ca

AASAIMANI THAMIZHAZHAGAN

DEPARTMENT OF PURE MATHEMATICS
UNIVERSITY OF WATERLOO

WATERLOO, ONTARIO CANADA N2L 3G1
CANADA

E-mail address: athamizhazhagan@uwaterloo.ca

RECEIVED APRIL 12, 2023


https://mathscinet.ams.org/mathscinet-getitem?mr=0891287
https://mathscinet.ams.org/mathscinet-getitem?mr=0991701
https://mathscinet.ams.org/mathscinet-getitem?mr=0759651
https://mathscinet.ams.org/mathscinet-getitem?mr=0173152
mailto:beforres@uwaterloo.ca
mailto:jmsawatzky@uwaterloo.ca
mailto:athamizhazhagan@uwaterloo.ca

	Introduction
	Preliminaries and notation
	
	
	
	
	
	
	
	

	Multipliers of the fourier algebra
	
	
	
	
	
	
	

	Invariant subspaces of Acb(G) or AM(G) and their functorial properties
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	Containment results
	
	
	
	
	
	
	
	
	
	

	Acknowledgments
	References

