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In this note we refine some of the results of [18] on the gradient-
projection algorithm in the infinite-dimensional Hilbert space set-
ting by weakening the conditions imposed on the choices of the
parameters in [18, Theorems 4.2, 4.3 and 5.2]. In addition, we also
show that the relaxed gradient-projection algorithm has a sublin-
ear rate of convergence.
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1. Introduction

The gradient-projection algorithm (GPA) is one of the most popular meth-
ods for solving a constrained minimization problem of the form

(1) min{ f(z) : x € C},

where C' is a nonempty closed convex subset of a Hilbert space H and
f + H— Ris a continuously differentiable convex function. We will use S to
denote the set of solutions of (1) and always assume that S # ) throughout
the rest of this paper.

The GPA is an iteration process that generates a sequence (z,,) by the
recursive procedure

(2) Tn4+1 = PC’(xn - 'anf(xn))7 n >0,

where g € C is an initial guess, v, > 0 is a stepsize, and P¢ is the met-
ric projection from H onto C. The convergence (either weak or strong) of
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GPA (2) depends on the gradient V f and the stepsizes (7). The following
convergence result is known.

Theorem 1.1. [5] Assume further that the gradient NV f of f satisfies the
Lipschitz continuity condition (in this case, f is said to be L-smooth):

(3) IVf(x) =Vl <Lz —yll, xyeH

Assume also that the stepsize sequence () satisfies the condition:

(4) 0 < liminf, <limsupy, < —
n—0oo n—00 L

Then the sequence (xy,) generated by GPA (2) converges weakly to a point
in S.

An averaged mapping approach to GPA (2) is provided in [18]. In con-
nection with Mann’s iteration method [8, 11], the following result was proved
in [18].

Theorem 1.2. [18, Theorems 4.2 and 4.3] Assume that f is conver and
L-smooth (i.e., (3) holds). Let a sequence (x,,) be generated by the relaxed
gradient-projection algorithm (RGPA):

(5) Tn+l = (1 - an)xn + anPC(xn - ’anf(xn))v n=01,2,---.

Assume that {v,} and {ay,} satisfy the condition (4) and the following con-
dition

4
6) 0<ap, < ;——, 0<liminfa, <l < - .
6) 0<an < gy O<lminlon <limempon < o
n—0o0

Then the sequence (x,,) converges weakly to a point in S.
If, in addition, the stepsizes v, = € (0,2/L) for all n > 0, that is, the
algorithm (5) is reduced to

(7) T+l = (1—Oén)$n+0énpc($n —’}’Vf(ilfn)), n:071727"' 3
and the sequence {ay,} satisfies the condition

®) 3 o (5tp ) ==

n=1

then (x,,) converges weakly to a point in S.
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It is known that GPA (2), in an infinite-dimensional setting, has weak
convergence only, in general. In order to get strong convergence, a technique,
known as viscosity approximation method (VAM), is needed. This method
was first introduced by Attouch [1] to convex optimization theory and later
extended by Moudafi [9] and Xu [17] to nonexpansive mappings in Hilbert
and Banach spaces, respectively. Applying VAM to GPA (2) leads to the
algorithm below:

(9)  2n+1 = Oph(zn) + (1 = On)Po(zn — mVf(zn), n=012--,

where 6, € [0,1] for all n > 0, and h : C — C is a p-contraction with
p€10,1),ie.,

[h(z) = h(y)ll < plle —yl| for all z,y € C.

Note also that VAM is indeed an extension of Halpern’s iteration method
(2,4, 6,7, 13, 14, 15].

Theorem 1.3. [18, Theorem 5.2] Assume that f is convexr and L-smooth
(i.e., (3) holds) and let (xy,) be generated by VAM (9). Assume {~v,} satisfies
the condition (4) and, in addition, the following conditions are satisfied:

(i) 0, — 0;

(i) Y pegOn = 00;
(1i1) D g |Onr1 — On| < 00;
(1v) 3 oo 1 — Tal < o0

Then (x,) converges in norm to a point x* € S which is the unique solution
of the variational inequality (VI)

(10) zreS, (I—-h)x",x—z%)>0, x€b.

*

Equivalently, x* is the unique fized point of the contraction Psh, i.e., x* =

(Pgh)a*.

The purpose of this note is to refine Theorems 1.2 and 1.3 by weaken-
ing the conditions imposed on the parameters (ay,), (6,), and (7). More
precisely, we will prove the weak convergence of the algorithm RGPA (11)
under standard conditions, that is, (v,) satisfies (4) and («,,) satisfies the
condition: o, > a > 0 for all n > 0. Moreover, we will weaken the conditions
in Theorem 1.3 by completely removing the condition (iii) satisfied by (6,)
and also condition (iv) will be weakened to the condition v,4+1 — v, — 0. In
addition, we also show that the relaxed gradient-projection algorithm has a
sublinear rate of convergence.
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2. Preliminaries

Suppose H is a real Hilbert space with inner product (-,-) and norm || - ||,
respectively, and C' is a nonempty closed convex subset of H. A mapping
T : C — C is said to be nonexpansive if [|[Tz — Ty|| < |z — y| for all
xz,y € C. A mapping V : H — H is said to be a-averaged (a-AV) if for
some « € (0,1) and another nonexpansive mapping T : H — H one has

V=>01-a)l+al.

A typical example of an averaged mapping is the (metric) projection P :
H — C defined by

Pox = argmin{||z —y||* :y € C}, =z € H.

Some useful properties of projections are listed below.
Proposition 2.1. Given z € H and z € C.

(i) z = Pox if and only if (x — z,y —2z) <0 for ally € C.
(ii) {(x —y, Pox — Poy) > ||[Pcx — Poy||? for all z,y € H. In particular,
Po s %-AV (also known as firmly nonexpansive).
(iii) ||z — Poz|? < ||z —y||*> — |ly — Poz||? for allz € H and y € C.

The following result is immediately clear, but nevertheless useful.

Lemma 2.1. If a mapping V : H — H is a-AV for some o € (0,1), then,
for each o/ € [a, 1), V is o/-AV.

Proof. Since V' is a-AV, V = (1 — a)I + T, where T' is nonexpansive. Now
for 1 >a' > a,set T' := (1 — a/a/)] + (a/a’)T which is nonexpansive. It is
easily seen that V = (1 — o/)I + o/T". Consequently, V is o/-AV. O

Lemma 2.2. Suppose f: H — R is convex and L-smooth with L > 0 (i.e.,
Vf is L-Lipschitz). Then, for each 0 <y < %, the mapping Po(I —~V f) is
B-AV with B = #. In other words, there exists a nonerpansive mapping
T:H — H such that

T.

Po(I —~Vf)=1—p) +pT = 2—4’YLI+ 2+47L

Proof. Details of proof can be found in the proof of [18, Theorem 4.1]. O
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Lemma 2.3 ([5]). Suppose f: H — R is convex and L-smooth with L > 0
(i.e., V f is L-Lipschitz). Then, for each x,y € H, we have

F() < F(@) + (V1 @),y —2) + 5y —

Lemma 2.4 (Opial’s lemma [10]). Let K be a nonempty subset of a real
Hilbert space H. Let {x,} be a bounded sequence in H satisfying the prop-
erties:

(1) limy, o0 |y, — || exists for each x € K;
(71) ww(zy) C K.

Then {z,} is weakly convergent to a point in K.

Here wy(x,) denotes the set of all accumulation points in the weak
topology of the sequence (zy,).

Lemma 2.5. [12] Suppose (B3,) is a sequence of real numbers in [0,1] such
that
0 < liminf 8, < limsup 8, < 1.
n—oo

n—oo

Let (zy,) and (yn) be bounded sequences in a Banach space such that x, 1 =
(1 = Bn)xn + Bnyn for all n > 1. Suppose, in addition,

lim sup(||ynt1 — Ynll = [Tns1 — zal]) < 0.
n—oo

Then limy, o0 ||yn — xn|| = 0. Consequently, one also has limy, o0 || Tnt1 —
Zn|l = 0.

Lemma 2.6. [16] Assume {a,} is a sequence of nonnegative real numbers
such that
ap4+1 < (1 - 'Yn)an + ’Vnéna n >0,

where {7y} is a sequence in (0,1) and {0,} a sequence in R satisfying the
conditions:

(i) >ptim =00,

(ii) limsup,,_,o 0n < 0.
Then lim,,_.so an, = 0.
Lemma 2.7 (Demiclosedness Principle; cf. [3]). Let C be a closed convex
subset of a Hilbert space H and let T : C — C be a nonexpansive mapping

with Fix(T) # 0. If {zn} is a sequence in C' such that x,, — x xp, —Tx, — 0
strongly, then x — Tx =0, i.e., x € Fiz(T).
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3. Main results

In this section we shall refine Theorems 1.2 and 1.3 by weakening the condi-
tions imposed on the parameters (a,), (0,), and (7). In addition, we also
show that the relaxed gradient-projection algorithm has a sublinear rate of
convergence.

Theorem 3.1. Assume that f is convex and L-smooth (i.e., (3) holds). Let
a sequence (x,) be generated by the relaxed gradient-projection algorithm
(RGPA):

(11) Tn+l = (1_an)xn+anPC(xn_’anf(xn))a n=0,1,2,---.

Assume in addition that

(i) {vn} satisfies (4), i.e., 0 <liminf, o vn < limsup,,_ . ¥n < %
(ii) (o) C (0,1] and liminf, o o, > 0.

Then () converges weakly to a point in S.

Proof. Observe from (4) that we may assume that 0 < a <, <b < 2/L for
some constants 0 < a < b < 1 and all n > 0. Also by Lemma 2.2, for each n,
Po(I—2nV f) is Bp-AV with 8, = ZH2L Set § = ZEL; then 8, < 8 < 1 for
all n. By Lemma 2.1, we further get that Po(I — v,V f) is 8-AV. Therefore,
we can write

2—-0bL 2+ bL
(12)  Va=Po(I =mVf)=A =PI+ T =——1+ +4 Ty,

where T, : H — H is nonexpansive. We can rewrite z,41 as

Tny1 = (I —ap)z, + apnVyz,

= (1-a))zy+ o Than,
where o, = (. It is easy to find from condition (ii) that

0 < liminf o/, <limsupa, < 3 < 1.
n—oo

n—oo

Consequently, there exist 0 < a, < a* < 1 such that
(13) a <oy < af
for all n (large enough). Now take an z* € S to get

st — 2" = 11 = a7) (2 — &%) + ap(Tawn — 27|
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= (1 —ap)|lzn — 2*|? + @ | Thwn — 2*|?
- O‘;z(l - Oz%)Hxn - TnanQ
(14) < fn — 2712 = aa(1 = 0")jm — T

It turns out that ||z,+1 — 2| < ||z, — 2*||, hence,

(15) lim ||z, —z*|| for each z* € S.
n—oo

Since we also have . (1 —o*) ||z — Thanl|? < ||2n —2*||? = || 21 —2*]|?. This
immediately implies that lim, .o ||, — Tp2n||? = 0 which in turns implies
that limy, 0 || Znt1 — xn|| = 0.

Next we show

(16) W (zn) C S.

To see this, we take 2/ € wy(z,) and assume x,, — 2/ weakly for some
subsequence () of (z,,). With no loss of generality, we may assume 7, —
v € (0,2/L). Set V! = Po(I —+'Vf). Notice that V' is nonexpansive and
Fixz(V') = S. It turns out that

|l zn — V'
< lzn = Vaaw || + [V — Vaw|
<z — 2l + 241 — Vi ||

+1Pe(I = 4wV flaw — Po(I = 'V ||
< Nww — x|l + O W) = Vieww || 4 [y — A IV f (@0r)
<Nlwn — || +2M (O + |y — o4 ) — 0.

Thus, the demiclosedness principle of nonexpansive mappings (i.e., Lemma
2.7) asserts that 2’ € Fiz(V') = S; hence, wy,(x,) C S.

By virtue of (15) and (16), Lemma 2.4 is applicable to the sequence (zy,)
and the set S. Consequently, (z,) converges weakly to a point of S. O

The following is a straightforward consequence of Theorem 3.1.
Corollary 3.1. Assume that f is convex and L-smooth (i.e., (3) holds). Let
a sequence (x,) be generated by the gradient-projection algorithm (GPA):

Tnt1 = Po(zn — wmVf(zy)), n=0,1,2,---.

Assume {vy,} satisfies (4), i.e., 0 < liminf, oy < limsup,,_,. ¥ < %
Then (x,,) converges weakly to a point in S.
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Proof. In Theorem 3.1, take a,, = 1 for all n > 0. O

Remark 3.1. We observe that the choices of the parameter sequences ()
and (ay,) in Theorem 3.1 are decoupled; moreover, the choice of (cu,) is
irrelevant to the Lipschitz constant L of V f, as opposed to the condition (6)
of Theorem 3.1.

Theorem 3.2. Assume that f is convex and L-smooth (i.e., (3) holds)
and let (zy,) be generated by VAM (9). Assume the following conditions are
satisfied:

(a) 0 < lminf, oo v < Umsup, oo ¥n < %, i-e., (4) holds.

(b) Yn+1 — v — 0.
(c) 6, — 0.

(d) 3 -0loOn = oo.

Then (x,) converges in norm to the unique solution x* of VI (10). Equiva-
lently, x* is the unique fixed point of the contraction Psh, i.e., x* = (Psh)x*.

Proof. First we show that (z,) is bounded. As a matter of fact, since Po(I —
vV f) is nonexpansive with S as its fixed point set, it follows from (9) that,
forz €8S,

241 — 2|

= [10n[h(zn) = h(Z) + W(T) = 2] + (1 = ) [Pe(I = mV f)zn — 7|
< On(pllen — 2| + [|1(2) = Z[|) + (1 = On)[|lzn — 7]

= (1= (1 = p)bn)llzn — 2| + nl[h() — 7]

< max {||z, — 2], (1 = p)"H[|R(z) — 2] } .

Hence, an induction argument shows that
_ _ 1 N
[n — Z[| < max 4 [0 — Z[, Tp”h(:ﬂ) —z|¢, n=0.

In particular, (x,,) is bounded. Let M be a constant such that

M > max{|[znll; [A(za)ll, [V f (@)l [ Tntnll | Po(2n — 1V f (20))|}

for all m,n > 0.
Observe that (12) remains valid, due to condition (a). We can therefore
rewrite the algorithm (9) as

Tpt1 = Oph(xy) + (1= B)(1 — On)xn + B(1 — 0n)Thxy,
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= (1= (B+ 1 —=B)bn))zn + Onh(zn) + B(1 = 0n)Tnan
= (1 - Tn)xn + TnYn,

where 7, = 5+ (1 — 8)6,, and

9nh(xn) + 6(1 - en) 9n 6(1 - en)

UYn = Thxn = —h(zy,) + T .
Tn Tn Tn
It follows that
Hn 1
Yn+1 — Yn = + h(znqi1)
Tn+1
1-6, 0, 1-6,
+ uTn-&-lmﬁ—I—l - <_h(xn) + MTTLJ;’I’Z>
Tn+1 Tn Tn
9n+1 en
= h n — —h n
1) — L)
1-6,
+ u(Crn-i—lfl/’n—l—l - Tn+1xn)
Tn+1
1-6,
+ M(Tnﬂl’n — Thxy)
Tn+1
1-6, 1-6,
(17) +</8( busr) _ SO0 )>Tnazn.
Tn41 Tn

Again using (12), we get

Pe(I =1V )z = (1 = B)an + BLht1an,

Hence,

HTn-‘rlxn - Tn$n|| = HPC(I - 7n+1vf)xn - PC(I - ’anf)wnH//B
(18) < 1 = mllIVF@)ll/8 < (M/B) 1 = vul = 0.

Combining (17) and (18) we obtain

[Yn+1 = ynll = llzn1 — znll
¢9n 9n ]- - an
<M <—+1 + —) + <u - 1> | Zns1 — |
Tn+1 Tn Tn+1
0t 000

Tn41 Tn

3

1-6,
(19) +M{Mmﬂ ol 4

Tn+1
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Now noticing the facts that 6, — 0 and 7, — S € (0,1), we immediately
get from (19) and the assumption |vp+1 — vn| — 0 that

limsup(||yn+1 — Ynll — [[2n41 — 20[]) < 0.
n—oo
Consequently, by Lemma 2.5 we obtain lim, ||y, — 2,]| = 0 and also
lim,, 00 [|[Zn41 — zp|| = 0.

Next, we prove wy(z,) C S. Let £ € wy(x,) and assume x,,, — & for
some subsequence (z,,) of (x,). With no loss of generality, we may assume
Yn, — 7 € (0,2/L), due to condition (a), i.e., (4). Set Vi, = Poc({ — v,V f)
and V = Po(I —~yVf). Notice that V' is nonexpansive and Fiz(V) = 5. It
turns out that

|20, = Van, || < lzn, = Viyzn, | + [|Vay2n, — V||
< ||$”7 - x”j"'lH + Hx”ﬁ'l - an:L‘n].H
+ |1 Po(I = v,V f)xn, — Po(I =V fan, ||
< lwn, = 2,1l + On, [(@n,) = Vi, 2, | + [ym, =9IV S (@)
< #n; = 2,41l + 2M (05, + [yn, — 1) = 0.

Thus, the demiclosedness principle (Lemma 2.7) of nonexpansive mappings
asserts that € Fiz(V) = S; hence, wy(z,) C S.

Now let z* be the unique solution of VI (10) and we show x,, — z* in
norm. To see this, we claim

(20) limsup(h(z*) — z*, x, — z*) < 0.

n—oo

As a matter of fact, we can take a subsequence (x,,) of (x,) such that

limsup(h(z*) — 2%, z,, — 2¥) = lim (h(z") — 2™, z,, — 27).
n—00 J—0o0
With no loss of generality, we may further assume z,, — & weakly; then
Z € S as proved above. Now since z* solves VI (10), it is immediately clear
that
limsup(h(z*) — 2%, z, — 2*) = (h(z™) — 2", 2 —2*) <0
n—o0
and (20) is proven.
We are finally in a position to prove z,, — x* in norm. Recalling that
Vo= Po(I — v, Vf) and z41 = Oph(zy) + (1 — 6,,) V2, we have

Hxn+1 - x*”Q = ”Hn(h(xn) —z*) 4+ (1 — gn)(vnfpn - IE*)H2
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= [10n(h(zn) = h(x")) + (1 = 0n) (Vaan — %) + O (h(z") — 2*)||?
<l (h(zn) = h(z*)) + (1 = ) (Vozn — 2*)|?
+ 20, (h(z*) — 2%, xpp1 — 27)
< Onllh(zn) = h(@)|? + (1 = 03)|[Vazn — 2|
+ 20, (h(z") — %, xp1 — )
@) < (1= (1= o — 27 + 20 (h(z") — %, 21 — ).

Due to condition (d) and (20), Lemma 2.6 is applicable to (21) to get ||z, —
x*|| = 0. This completes the proof. O

It is interesting to know if condition (b) can be removed.
When the contraction h is taken to be constant, we get the following
result.

Corollary 3.2. Assume that f is convex and L-smooth (i.e., (3) holds) and
let (x,) be generated by the following Halpern iteration method:

(22) Tpy1 = Opu+ (1 — 0,)Po(zy, — WMV f(zy)), n=0,1,2,---,

where u € C' is a fixed point in C' (commonly referred to as anchor). Assume
the condition (a)-(c) of Theorem 3.2 are satisfied. Then (x,) converges in
norm to Psu.

Remark 3.2. The conditions of Theorem 3.2 are much weaker than the
conditions of Theorem 1.3. For instance, condition (iii) of Theorem 1.3 is
completely removed and condition (iv) is weakened to condition (b) (i.e.,
Yn+1 — Yn — 0) of Theorem 3.2.

Note also that conditions (¢) and (d) are standard and necessary condi-
tions for Halpern’s iteration method to converge in norm [4].

Finally we discuss the convergence rate of RGPA (11). Below we show
that RGPA (11) has a sublinear rate of convergence.

Theorem 3.3. The RGPA (11) has at least a sublinear rate of convergence.
More precisely, we have the estimate:

(23) f@@—f@w<l<igggi@3

+ 7|0 —w*\|2> ., n>1,
n

where z* € S and T = T(a,

Lipschitz constant of Vf, a :
infp>0vn > 0, and 7 := sup,,>¢ 1 <

a,7,%,L) > 0 is a constant. Here L is the
= oan > 0, @ :=sup,>gan, <1, 7 :=



358 Hong-Kun Xu
Proof. By (11), we get
Tptl — T
% + zp, = Po(xn — vV f(2n)).
n

It turns out from Proposition 2.1(i) that

(24) B <’}/an($”)—|— Tn+1 *l’n’y_ Tn4+1 — T _«Tn> SO vyec

On Qn
In particular, replacing the y in (24) with x,, yields

_Nngr — za?

(25) (VF(a), Znsr = 2a) € —00

On the other hand, taking y := z* € S in (24), we obtain

(V)2 = ) + (V) T — 7]

1 » 241 — 20
AnYn <xn+1 o xn> + a%’}/n

(26) - <0.

We have from (26) and Lemma 2.3

f@)=f(n1) = fan) +(V(@n), 2" = n)
L

= [f@n) + (VF(@n), i1 = 2n) + 5 1 = 2]
L
= (Vf(@n) 2" = ng1) = Sllznsn = 2l

= (V@) 2" = ) + (V)0 = 2as) = 2 l7mss = 2l

LV F(@n), mags — ) — —

n nin

2
Tntl — T L

— (1) (Vi = ) -
@ (5 ) e el

2
QY

v

(g1 — Tp, ™ — Ty)

1

(Tnt1 — Tp, x*° — Tp)
anTn
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Since
1
(Tn41 — Tp, 2° — ) = _5(”5%—1—1 - x*HQ — llzn+1 — wnHQ — ln — x*P)v

we obtain from (27) that

. 1
1) = Jon) 2 (1) (Vs = 20)
n
s (lnia = = nsa = ol = 2 = ")
L 1 )
- (5 - 2 ) lower — sl
Consequently,
. 1
F ) — (") < (— - 1) (V (@), n — s}
n
bt (fn = 2N = s — 2*2)
2007 i
L 1 1
28 . — %
29 +(5-z + ) I =

Substituting into (28) the inequality

(V5 (), 20 = 2us1) < f(n) = fnsn) + G lnss — ol

which holds by Lemma 2.3, we further arrive at

Fanen) = 1) < (2 = 1) Ulaw) = Fonr) + G lnss = )
1
+ g llon = 21 = lonsa — 2*P)

N I”
- — Tn+1 — Tn||°
2 A2y, 2apm ntl "
Hence by multiplying both sides by «a,,, we get
; L 2
anlf(znt1) — f(25)] < (1 = an)[f(zn) — f(Tnt1) + §||513n+1 — 2%

1 *112 *|2
+E(Hwn—w 17 = l[#n41 — 27]%)
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= (1= an)lf(2n) = f(2ns1)] + i(\!mn = 2 ~ [lwns1 — 2*)

S(Eo L LYy 2
= — — ) lzn+1 — xnl|”
2 OCn'}’n 2’7” n+1 n

It follows that

f(xn+1) - f(xn) + an[f(xn) - f(.ilf*)]
L 1 1

1 " %
umlxu2umﬂxm+(— +——>mm1xw?

<
— 2y, 2 QnYn 2n

Setting dy := 1/(2X) and dp := (L/2) + (1/27), we get, for each j > 0,

f(@jen) = fzg) + alf(z;) — f(27)]

(29) < di(||zj — 2*|]* = Nlzjr1 — 2*°) + dalzj — x4

Summing up from j =0 to j = n — 1 and then divided by n yields

1 1
al -~ > flay) = f@) )+ — (f(zn) = f(@0))
=0

QL

(30) <

= |

d n—1

1 2

(o = &*[* = [l — 2*?) + ~ > g — =)
7=0

Since, by Lemma 2.3, f(zj11) < f(2;)+(Vf(z)), j1—z)) + 5|01 — ]2,
we have by (25),

L
f(zg) = f(zj41) 2 (Vf(x)), 75 — Tj41) — §Hl“j+1 — zj?

1 L 9
> — ) |z — 242 >0
= (aj’Yj 2) lzj+1 — 25" >

since ajy; < ;5 < 2/L for all j. That is, {f(x;)} is nonincreasing. As a
result, we find that (30) implies

alf(2n) = F@)] + = (Flan) — F(z0))

n
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(31)

IA

-1

*112 d2 g 2

ngUO —z*||" + " Z @541 — 5|
=0

By (14), we get

|Znt1 — anQ = (O‘/n)zHTnxn - anQ < Bz”Tnxn - an2
< B
~ a(l —-ap)

(lzn = 2** = 241 — 2*[?)
with 8 = # <1 (asy < 2/L). Hence,
p)n

1 n—1 B
n Z |2+ — l’j||2 < Oz(lT(HxO - $*||2 — Tn — 95*H2)-
j=0 =

Substituting this into (31), we obtain

fow — S < L {fuo) ;fun) Il —gw*H? (dl . g(%%)}

Consequently, (23) holds with 7 = (d1/a) + d23/(a?(1 — @B)). The proof is
complete. 0
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