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We study the deterministic control problem in the Wasserstein
space, following the recent works of Bonnet and Frankowska, but
with a new approach. One of the major advantages of our ap-
proach is that it reconciles the closed loop and the open loop ap-
proaches, without the technicalities of the traditional feedback con-
trol methodology. It allows also to embed the control problem in
the Wasserstein space into a control problem in a Hilbert space,
similar to the lifting method introduced by P. L. Lions, used al-
ready in our previous works. The Hilbert space is different from
that proposed by P. L. Lions, and it allows to recover the control
problem in the Wasserstein space as a particular case.
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1. Introduction

In this paper, we give an alternative method for control problem in the
Wasserstein space, following the papers of Bonnet, Frankowska and Rossi
[4, 5, 6, 7]. We first study control problem where the state and control are in
generic Hilbert spaces. We then embed the control problem in the Wasser-
stein space into a control problem in a Hilbert space, similar to the lifting
method introduced by P. L. Lions, used already by Bensoussan-Yam [1]. The
Hilbert space is different and allows to recover the control problem in the
Wasserstein space as a particular case, which bypasses the evolution in the
Wasserstein space. One of the major advantages of our approach is that it
reconciles the closed loop and the open loop approaches, without the tech-
nicalities of the traditional feedback control methodology. We would like to
emphasize that our results are appropriate for any generic Hilbert spaces,
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although the motivation of studying the control problem on Hilbert spaces
is to study control problem in the Wasserstein space.

The first part of our results is to study the control problems in Hilbert
spaces. We give a necessary condition in view of the maximum principle,
and give a sufficient condition by showing the cost functional is convex. We
derive from the optimality condition a forward-backward system defined in
Hilbert spaces, the solution of which gives the optimal control. We give the
solvability of the forward-backward system, and study the boundedness and
continuity of the solution with respect to the initial time and initial state.
Then, we study the regularity of the value function. By studying the growth
and continuity conditions of the derivatives, we show that the value function
is the unique solution of the Bellman equation. As a corollary, we show that
the optimal control is of a feedback form. Our results extend the previous
results in Bensoussan-Yam [1] to a more general case.

As an application of this model, we make a connection with the mean
field type control problem, and show that the approach of Hilbert spaces
simplifies the development greatly. In our formulation for the mean field
type control problem, an admissible control (which we denote by v,(s)) is
a feedback with respect to the initial condition, but not with respect to the
current state. To be more precise, the control is a function of time, and
is indexed with respect to the initial condition (see Section 4 for details).
The interest of our formulation v,(s) for an admissible control is that, the
controlled dynamic is a physical state which we can observe with censors
without knowing the initial state. Mathematically, the state m(s) is a distri-
bution. However, we cannot observe a probability, we can only compute it,
so the initial probability is needed. This formulation leads to an open loop
approach, and we shall show that, although it is an open loop approach,
the optimal control is a feedback. We give an interpretation of all results for
control problem in Hilbert spaces back to mean field type control problems.
We also study the value function of mean field type control problem, and
give a sensitivity relation as in Bonnet-Frankowska [6].

This article is organized as follows. In Section 2, we introduce the Wasser-
stein space and the derivatives of functionals. In Section 3, we give a formal
presentation of the control problem in the Wasserstein space. In Section 4,
we give another formulation of the control problem and introduce our ap-
proach. In Section 5, we study control problems in Hilbert spaces. We give
a necessary condition and a sufficient condition in Theorems 5.5 and 5.8,
respectively. We give the regularity of the corresponding forward-backward
system in Lemmas 5.11 and 5.12. In Section 6, we study the regularity of the
value function for control problems in Hilbert spaces, and give the solvability
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of the corresponding Bellman equation. In Section 7, we go back to mean
field type control problems and interpret our results for control problem in
Hilbert spaces as those for mean field type control problems. In Section 8,
we study the value function and Bellman equation for the mean field type
control problem.

2. Formalism
2.1. Wasserstein space

We consider the space P2(R"™) of probability measures on R", with second
moment, namely, [p, |z|2dm(z) < oo, equipped with the 2-Wasserstein met-
ric defined by

Wa(m,m') := EF1nf \// . — 2'* n(dx, da!),
K mm nxR"

where T'(m, m’) denotes the set of joint probability measures with respective
marginals m and m/. The infimum is attained, so we can find Xm,Xm/
in L2(Q, A,P;R"), where (Q, A, P) is an atomless probability space, whose
probability laws £X,, = m, £LX,,, = m/, such that

Xon — X

2
W2(m,m') =E ‘

A family my converges to m in Po(R") if and only if it converges in the
sense of the weak convergence and Wa(myg, 6g) — Wa(m, dp), see Villani [10]
for details.

2.2. Functionals

Consider a functional F' on P2(R™). Continuity is clearly defined by the
metric. For the concept of derivative in Po(R™), we use the concept of
functional derivative. The functional derivative of F'(m) at m is a func-
tion Po(R™) x R™ 3 (m, x) — ‘é—f(m)(m) being continuous under the product
topology, satisfying

/]:R’VL

for some positive constant ¢(m) depending locally on m, and

2

dr dm(z) < ¢(m),

e m)()

(1) lim Ll elm’ = m) = Fm) _ /R ) @) (@) — ()

e—0 €
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for any m’ € Pa(R™). Note that the definition (1) implies

F(m/ / /7 (m+6(m' —m)) (z) (dm’(z) — dm(z)) df.

Of course 2L (m)(z) is just a notation. We have not written 4 (m)(z) to

make the difference between the notation v and the argument m. Also we
prefer the notation ‘ff; (m)(z) to g—i(m)(a:) used in Carmona-Delarue [8], be-
cause there is no risk of confusion and it works pretty much like an ordinary

Gateaux derivative.
3. Formal presentation of the control problem
3.1. Evolution in the Wasserstein space

We consider a map R" x Py(R") x R x Rt — R”, denoted by g(x,m, v, s),
where the argument v represents a control, with values in R?. Precise as-
sumptions are not made explicit, but in m the function g has a functional
derivative as defined above in (1). The evolution is defined by a feedback
v(z,s). A functional space for feedbacks could be

V|| = su < o0
ol = sup T

Unfortunately, it is not a Hilbert space. So, it is only a reference. The func-
tion ¢ is continuous in all arguments and satisfies

\g(x,m,v,sﬂ < Cg(l + |$| + |U| + W2(m750))‘

Next, E(ZE m,v,s)(§) is continuous in all arguments and

dg
o)) < o1+ fal + Il + e

Given a feedback v(z, s), we solve the evolution equation in the Wasserstein
space

o [EmE) +div e m(s). @, m(@) 0. s>,

m(t) = m.
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This equation is called the Fokker-Planck equation associated to the drift
vector g. If ¢(z) is a smooth test function, we can write (2) in a weak sense

(3) d% /R p(@)dm(s)(x) = | De(w)-g(a,m(s), v(w,s), s)dm(s)(z).

It is useful to consider the probability m(s) as the state of a dynamical
system, and (3) describes the evolution of the dynamics.

3.2. Cost functional

We introduce a function R” x Py (R™) xRIxRT — R, denoted by f(z,m, v, s),
continuous in all arguments and satisfying

|f(z,m, v, 8)] < ep (14|l + [v]* + Wi (m, &)) .

Also, j—f/(:ﬂ, m, v, s)(§) is continuous in all arguments and

L om0 < e (1 b+ o + ).

Similarly, a function h(z,m) : R™ x P2(R™) — R, which is continuous and
satisfies

|A(z,m)| < en(1+ |z]* + M3(m)),

dh
T @m)©)] < o (L laf + 1P).

We then define the cost functional indexed by the parameters (m, t)

T
. Ilo() = [ [ e m().v(e.5).s)ams) €)ds
+ [ mEm(m)am()(©).

3.3. Necessary condition

We introduce the Lagrangian

L(‘r7m7v78;q) = f(x7m7/07 S) +q 'g($7m7v78)7
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and assume that there exists a unique v(x, m, s; q) satisfying
(5) D,L(x,m,0(z,m,s;q),s;q) = 0.
We next define the Hamiltonian

H(x,m,s;q):= L(x,m,o(x,m,s;q),s;q),

and have

DyH(z,m, s;q) = g(z,m,0(x,m,s;q),s,q).
In Bensoussan-Frehse-Yam [2], it is formally proven that if o(z, s) is an op-
timal feedback, it can be characterized as follows. Denoting by 7(s) the
corresponding optimal state, we introduce the system of Fokker-Planck,
Hamilton-Jacobi Bellman (HJB) equations

%m(s)(z) +div [DyH (x,m(s), s; Du(x, s))m(s)(z)] =0, s € (¢,T],

ou
(6) 05!
+ / U ¢ n(s), 5, Du(€, 5))(@)din(s)(©), s € [t,T),

R

n dv
m(t) =m, u(z,T) = h(x,m(T)) + /Rn %

x,s) = H(z,m(s),s; Du(z, s))

(& m(T)) (@)din(T)(),

\

and we have the optimality condition
D,L(x,m(s),0(x,s),s; Du(xz,s)) =0, a.e.s¢€lt,T], as.dm(s)(z),
which means
(7) 0(x, s) = v(z,m(s), s; Du(z, s)).
4. Pontryagin maximum principle
4.1. Another formulation of the control problem

We can characterize the solution m(s) of (2) as follows. Consider the dynami-
cal system whose state is denoted by x;m¢(s), solution of the McKean-Vlasov
differential equation

dxzme ()
(8) ds
Lrmt (t) =,

= g(Tame(s), m(s), v(xzme(s), s),s), s>1t,
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with
m(s) := mme(s) = T (s)#m, s>t

where 2., (s)#m represents the push forward of m by the map x — ().
The cost functional (4) can be written as

T
It = [ [ F @ant5): s (5), o)., 5) i)
+ /n h (Zgmt(T), mpme(T)) dm(x).

The drawback of this formulation is that, we need assumptions on the feed-
back v(z, s) to solve the differential equation (8). To obtain the Pontryagin
maximum principle (PMP), we will proceed formally. The difficulty will be
overcome with the specific open loop approach, without any loss.

4.2. Pontryagin maximum principle

We introduce yym(s) the solution of

dywmt (5)
(9) ds
Yxmt (t) =,

= DqH(yxmt(S)ay-mt(s)#mvs;q;rmt(s))a 5>,

with
met(s) = Du(yxmt(8)7 S)-

Using the HJB equation (6), we can derive a backward differential equation
for qume(s). We omit the calculations, very similar to those to obtain the
PMP from Bellman equation in standard stochastic control. We can write

(10)
_%;(S) :DxH(yxmt(S)a y~mt(5)#mu 53 q:r:mt(s))
4 [ D enel) o (.52 (5) o (5)) ),
R®
Qaxmt (T) :Dzh(yacmt (T)7 Y-mt (T)#m)

4 [ D (7)o (7)) (7)) €)
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Going back to (7) we introduce

Uzmt(8) = V(Yami(5), ) = V(Yaeme(5), Yot (S)F#M, 85 qeme(8))-

This function satisfies (see (5))
(11) DL (i (5), 9t (540, it (5), : G (5)) = 0.
We can write (9), (10), (11) as follows
(12)
(o) =2+ [ 900t (). a7 0, 1),
Gamt(8) =Dz (Yamt(T), yme(T)F#m)

DS et (1), (T ) o ()€

T
- /s |:Dxf(yxmt(7“), y-mt(r)#my uwmt(’f’), 7‘)
+ D g(Yamt (1) Yornt (1) Fm, Wt (1), 7) G (7)
* /Rn <D§3—£(y€mt(r)’ y.mt(r)#m, Ugmt (T)v r)(ywmt(r))
+ Dﬁj_i](yﬁmt (T), y.mt(r)#m, u&mt(r), T)(yxmt (T))

qgmt(r)> dm(g)] dr.

4.3. Open loop approach

Under the form (11)—(12), we see that the feedback does not appear explic-
itly. More precisely, there is a feedback with respect to the initial conditions,
not with respect to the current state. This leads to the following open loop
approach: the controls are not feedbacks, they are functions of time only,
but they are indexed with respect to the initial conditions. In other words,
they are of the form vz, (s). So we introduce the following control problem:
To a control v,m¢(s), we associate the state

dxymi(S)
(13) ds
Trmt (t) =z,

= g(xxmt(s)a x~mt(3)#ma Uxmt(s)y 5)7 s>,
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and the cost functional
Imit Umt / f -'Ezmt ) $-mt(3)#m7vxmt(s)aS)dm(x)ds
RTL

(14)
+ / h(@ et (T, 2oy (T) e di ().
Rﬂ,

The control problem (13)—(14) is an open loop control problem, whose cor-
responding PMP is exactly the system (11)—(12). The optimal control is
exactly uzm¢(s), obtained by the optimal feedback (4.2).

4.4. The approach of Bonnet-Frankowska

We reformulate the approach of Bonnet-Frankowska [5] in our framework,
without the constraints. The control is a pure open loop control v(s). The
state depends necessarily on the initial conditions, namely

L) amas)s ), 0(5), ), 5>,

xmmt(t) =,
and the cost is
/t . f(@emt(8), T.me(s)#m, v(s), s)dm(z)ds
/ﬂ h(xzmt(T), Tt (T)FEm)dm(z).

To obtain a PMP, they introduce the following Hamiltonian

H(w,v,s):/ / L(z, p,v,s;q)dw(z, q),

where @ € Py(R?*™) and p € P2(R") is the marginal of @ on the first
component, namely,

dp(z) = / dw(z,q),

where the integration is on the argument ¢ only. We can compute the func-
tional derivative

d d
o (@0:5)(w.0) =F v, + 0 glopno,s) + [ ops)@)duty)
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N / n / Sy ) @)y, ),

and the gradient with respect to the pair (z, q)

dH

D,—(w,v,s)(x,q)
dH s Uy 9
Dy y—(w,v,s)(x,q) = dv ,
o D, (0, 5)(,q)
q% s Uy )
dH

Dx—(w,v,s)(a:,q) - D.If(xuu’avas) + D:Eg(xhuvvas)q

dv
(15) "
+ /]R“ [Dﬁa(yvﬂvva 8)(.’17)

d
+ De 2 (y, v, 8) (@)oo (y, 7).

dH
qu—y(wﬂvvs)(mv(n = g(llf,,u,’U,S)-

To the optimal control wu,.(s) is associated an optimal flow . (s) and
satisfies the optimality condition

H(@me(8), ume(s),s) = ir;fH(?%mt(s),v, s), a.e.sé€ltT].

The optimal flow corresponds to the push forward of a dynamical system
(Yamt(8), gzmt(s)) as follows

St () = < Ymt(s) >#m.

qmt(s)
The evolution of the dynamical system (Yzme(s), gzme(s)) is defined by

(16)

dH

(i < e ) - j2an745(7%mt(5)>umt(s)vS)(yxmt(s)’qut(s))’

ds QImt(S)
y:vmt(t) =,
qgvmt(T) — D:Bh(y:pmt(T)a ymt(T)#m)

+ /Rn DE % (yzmt (T), ymt(T)#m) (yxmt (T))dm(z)’
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where the matrix Ja, is defined by

0 Z
j2n:<_l- 0)

If we write (16) explicitly using formula (15), we obtain the system (12),
except that uzm(s) is replaced with w,(s).

The main advantage of the formulation (13)—(14) is that, although it
is also an open loop approach (except for the initial condition), it leads to
the optimal feedback. In addition, as we will see in the following sections,
the problem (13)—(14) can be embedded into a control problem on a Hilbert
space, which bypasses the evolution in the Wasserstein space.

5. Control problems on Hilbert spaces

The formulation of problem (13)—(14) inspires us to study control problems
where the state and the control are defined in Hilbert spaces. We consider
two Hilbert spaces H and U, whose general elements are denoted by X and
V', respectively. The inner products are denoted by (-,-)g and (-, )y, and
the corresponding norms by || - ||z and | - ||, respectively. For any initial
(t,X) € [0,T] x H, in this section, we consider the following control problem

(17)
inf Txt(V (),
) voetiiny "X
st X¥%(s) :X+/ G (XX,(r),v(r),r)dr, se€[t,T],
t
where

Ixt(V) ::/t F(XX,(5),V(s),8)ds + Pr (XX,(T)), Ve L*([t,T]; U),

and
G:HxUx|[0,T]-H, F:HxUxI[0,T]—-R, Fr:H—R.

For notational convenience, we drop the subscript (¢, X) in the state process
and cost function of (£25%) in this section when there is no ambiguity. We
will make a connection between problem (13)—(14) and the control problem
on Hilbert spaces (2%X) in Section 7. We would like to emphasize that,
although the motivation of studying the control problem on Hilbert spaces
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is to study problem (13)—(14), our results for (#%%X) are appropriate for any
generic Hilbert spaces H and U.

5.1. Necessary condition for (#tX)

We state our assumptions in this subsection. For notational convenience, we
use the same constant L > 0 for all the conditions below.
(A1) The map G satisfies that for any (X,V,s) € H x U x [0,T],

1GX, Vos)llm < LU+ [ X + [V ][v)-

The Géateaux derivatives of G along any directions X € H and V € U at
(X,V,s) exist and are continuous in (X, V'), and satisfy

IDxG(X,V,8)(X) i < LIX ||z, [IDvG(X, V) (V)i < LIV o
(A2) The functional F satisfies for any (X,V,s) € H x U x [0,T],
[F(X,V,9)| < L+ XI5 + V)

The functional H x U 5 (X,V) — F(X,V,s) € R is continuously differen-
tiable, with the derivatives

IDxF(X, V., s)|u + Dy F(X,V,s)|lu < L(L+ [ X[z + [[V]|v)
The functional Fr satisfies for any X € H,
[Fr(X)| < L1+ | X]13),
and is continuously differentiable, with derivative
IDx Fr(X)|a < L(1 + | X || n).

5.1.1. Regularity of XV in V. TFor a control V € L2([t,T};U) for
(L@t’x ), we first show that the corresponding state process X V belongs to
L*([t, T); H).

Lemma 5.1. Under Assumption (A1), for any V € L*([t,T};U), the con-
trolled state XV satisfies

18)  sup XV, < CUT) (141X + IV gnen)

where C(L,T) is a constant depending only on (L,T).
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Proof. From the equation in (17) and Assumption (Al), we have for s €
[t, 71,

XV (s)|5, < C(L,T) [1 + X%+ /t (Ix¥ )5 + Vo) dr} .

From Gronwall’s inequality, we have (18). O
For V,V € L([t,T};U), we define D;; XV € L2([t,T); H) the solution of
the following equation: for s € [t, T,
DXV (s) = / [DXG (XV(r),V(r),r) (Dy X" (r))

(19) :
+DvG (XYY (.) (7)) ]

We have the following estimate for Dy X v,

Lemma 5.2. Under Assumption (A1), for V,V € L3([t,T);U), there is a
unique solution Dy X" of Equation (19) such that

(20) swp [Py XV (s)] < C(L,T) V]
t<s<T

L2 ([t,T)U)

Proof. We only prove the estimate (20) here. From equation (19) and As-
sumption (A1), we have

[2X" @5 < @) [ (IDxG (X7 0. Vi) (X )

v (e . v, >(V ), e

§0<L,T/ (HD XV + [ )

By applying Gronwall’s inequality, we obtain (20). O

We set V€ :=V + €V for e € (0,1). It is obvious that V¢ e L2([t, T]; U).
We denote by X°€ the state process corresponding to the control V¢ and set
Ye .= % (X . ¢ V). We have the following estimate, whose proof is given
in Appendix A.1.1.
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Lemma 5.3. Under Assumption (A1), let 'V, Ve LA([t,T];U), and Y€ and
XYV be defined above, we have

. B Vv _
(21) 2%;£%W“®%4%X'@WH*Q

That is, Dy XY (s) is is actually the directional derivative D XV (s) of
XV (s) along the direction V € L*([t,T];U).

Lemmas 5.2 and 5.3 show that the mapping
LA[t,T;U) > V()= XV(s) e H

is Gateaux differentiable. The directional derivative DVX V evaluated at V

can be expressed as a Fréchet derivative Dy XV acting on V, i.e. DVXV(‘N/),
see [3]. Here, the subscript V' in Dy X V' means the direction and the V' in
Dy XV (V) means the evaluating point.

5.1.2. Lagrangian and adjoint process. We introduce the Lagrangian
L:HxUxHx[0,T] >R as

(22) LIX,V,50Q) = <Q, G(X,V, s))H L F(X,V,s).
Then, we have

DoL(X,V,s5Q) =G(X,V,s).
From Assumptions (A1) and (A2), we know that £ satisfies
(23) IL(X,V,5:Q) < C(L) (L+ IX 17 + IVIE + 1QIE) -

and the functional H x U 3> (X,V) — L(X,V,s;Q) € R is continuously
differentiable, with the derivatives
IDxL(X,V,s;Q)|lu + [[DvL(X, V. s;Q)|lv

(24) <L)+ |1 Xlm + Vv + 1Qlm)-

Let V be an optimal control for (225X and X be the corresponding con-
trolled state. We define the adjoint process as, for s € [¢,T],

(25)  O(s) = DxFr (X(T)) +/STDX£ (X(r),V(r),T;Q(T)) dr.
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We have the following estimate Equation (25).
Lemma 5.4. Under Assumptions (A1) and (A2), Q defined in (25) satisfies

26 sw Q)|

t<s<T

< C(L,T) (1 X+ H ‘ L2 ([t,T; U))

Proof. From (25), Assumption (A2) and (24), we have

HQ(S)HESC(T) <HDXFT(X(T)) Hj{+ ' ‘Dxﬁ(f((r), V(r),r; Q(r)) Hj{dr)

2 2 A 2
<@, 1)(1+[ XD+ [ XI5+ VORI ).
From Gronwall’s inequality, we deduce that
), <cwn 1 2@ + ]V
su S < , + su H S + )
tgng H tgng H L2([t, T];U)
From Lemma 5.1, we obtain (26). O

5.1.3. Necessary condition. Now we give the necessary condition.

Theorem 5.5. Under Assumptions (A1) and (A2), let V be an _optimal
control for (2HX), X be the corresponding controlled state, and Q be the
corresponding adjoint. Then, we have the optimality condition

Dy L (X(s),V(s),s;Q(s)) L 0, ae seltT].
Proof. For any V e L2([t,T];U), we set V€ := V + €V for € € (0,1). It
is obvious that V¢ € L*([t,T];U). We denote by X¢ the controlled state
corresponding to V¢, and set Y := 1(X¢ — X). From Assumptions (Al)
and (A2), we have

[ .

~ |7 (v —J(7)]
/ / DxF (X )+>\6Y€(3),V€(s),s> ,Yf(s))Hd)\ds

+/t/[)<DVF(X()V )+ AeV (s ,s)
+/01 (DXFT<X( )+ AY(T ) ) d.

, s> dAds

H
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Let D X V be the solution of Equation (19) corresponding to (V, V). From
Assumption (A2), Lemmas 5.2 and 5.3, and the dominated convergence
theorem, we deduce that

1133)% [7(ve) — a0 = /t ' [(DxF (%().V(s).5) . DX 7(9))

(28) n (DVF (X(s), V(s), s) ,V(s))

¥ (DXFT (X(T)) ,DVXV(T))

H
] ds

U

o

From (19), (25), Assumption (Al) and the definition of £, we have for s €

¢, 7),

Q). Dpx (), = (Qs), Dy (X(3). V(s),5) (V())
— (DXF (X(s),V(s),s) 7D\7XV<3>>H
We integrate for s between ¢t and T" to obtain

(DXFT (X(T)) ,DVXV(T))H

(29) + /tT (DXF (X(s), V(s), s) ,DVXV(S))H ds
:/tT (Q(s). DvG (X(5),V(s).5) (V(9) ) ds.

Plugging (29) into (28), from Assumption (A1), we deduce that

lim [J(Vf) - J(V)]

e—0 €
:/tT [(Q(s),DvG (X(s),f/(s),s) (
+ (DVF (X(s),f/(s),s) ,V(s))

:/tT (DV,/: (X(s), V(s),S;Q(8)> >V(S)>Ud8-

<t
—
Va)
N—
~_
~
=

(30)

The necessary condition is then obtained. O
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5.1.4. Necessary condition for constrained problem. We also con-
sider the following constrained control problem

inf Jxi(V
verslina "X
(31) («@gx) . XY (s) =X +/ G (XX,(r), V(r),r) dr,
s.t. t

U; (XX(T)) <0, 1<i<N,

where

We have the following neceaasry condition for constrained problem ( @éx)
Theorem 5.6. Under Assumptions (A1) and (A2), suppose that W; satisfies
conditions in (A2) as Fr for 1 < i < N. Let V be an optimal control for
(L@EZX) and X be the corresponding controlled state. Then, there exist non-
trivial Lagrange multipliers (Ao, A1, ..., An) € {0,1} X Rf, such that

(32) Dy Ly, (X(s),f/(s),s;@,\(s)) v 0, a.e seltT],
(33) AU (X(T)) —0, 1<i<N,

where

(34) L(X,V,5Q) = (Q, G(X,V, s))H FXF(X,V, ),

and QA 18 defined as

Qa(s) =MoDx Fr (X(T)) + i NDxw; (X(1))

(35) . i=1

+ Dx Ly, (X(r),V(r),r; Q)\(r)) dr, se€|[t,T).

s

Proof. We define for V € L2([t,T];U) and (Ao, ..., \n) € RVH!

TV, X0, AN) = X (V) + ) NT(XV(T)).
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Then, from Lagrange multiplier method, there exist non-trivial Lagrange
multipliers (Ag, A1, ..., Ay) € {0,1} x RY, such that (33) hold and for any
V e L*([t,T];U), and

(36) %J (V+eV,A0...,AN) =0
From (28), we have
%J <V+6V,A0...,AN) »
T N
:)\O/t [(DXF (X(s),V(s),s) ,D(/XV(S)>H
(37) + (DvF (X(5).V(3),5) . V(s) ]as

+2o(DxFr (X)), Dy X" (D))

N i&- (DX\I,Z. <;2(T)> ,D‘;XV(T)>H,
=1

where Dy X V is the solution of equation (19) corresponding to (V, V). From
(19), (34) and (35), we have for s € (¢,T),

(@ Drx" ),

H
~ o (DXF(X(S), V(s), s),XV(s))H.

We integrate for s between ¢ and T to obtain

o /t ' (DxF(X(),V(s5),5), Dy X" (s))  ds

(D (X)) DXV ()

+ i A (DX\I/Z» (X(T)) , DVXV(T))H
=1

/tT (Q,\(S), DyvG (X(s), V(s), s) (V(s)) ) is.

H
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From (36)-(38), we obtain (32). O
5.2. Sufficient condition for (#%X)

In this subsection, we give a sufficient condition for (£%X) under the fol-
lowing additional assumptions.
(A3) The map G is linear in X and V. That is

G(X,V,s) =Go(s) + G1(s)X + Ga(s)V, (X,V,s) e HxU x[0,T],

where G (s) and Ga(s) are linear maps on H and U respectively for s € [0, 7],
and

1Go()lr <L, NG ey < Ly [1G2(8) vy < L

(A4) The maps

HxU53(X,V)~ DxF(X,V,s) € H,
H>Xw— DyF(X,V,s) €U,
H> X~ DxFr(X) € H,

are L-Lipschitz continuous for any s € [0,T]. Moreover, there exists A > 1
such that, for any X € H, V!, V2 € U and s € [0,T],

F(X7V278) _F(X7 Vlvs) > <DVF(X7V173)7V2 - Vl)U—i_)‘HVQ - V1H2U

Remark 5.7. The linearity in X in Assumption (A3) will be used later
in the study of the regularity of the forward-backward equations (47)—(48)
in Lemma 5.11, and the reqularity of the value function in Section 6. Just
to obtain the sufficient condition for (2%X) (Theorem 5.8) and the well-
posedness of forward-backward equations (47)—(48) in Lemma 5.11 (Theo-
rem 5.9), we only need G to be linear in V, that is,

G(X,V,s) =G1(X,s) + Ga(s)V,

where G also satisfies Assumption (A1), and Ga(s) is a bounded linear map
on U. For the convezity assumption in (A4), we refer to [3, Remark 3.1] for
the relation between it and the displacement monotonicity condition.

We now give a sufficient condition for (#%X). The proof follows Ben-
soussan and Yam [1, Theorem 2.1].
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Theorem 5.8. Under Assumptions (A2)-(A4), there exists a constant A
depending only on (L,T), such that when X > A, (2"X) has a unique
optimal control.

Proof. From (30) and Assumption (A3), we have the differentiability if .J:
for any V,V € L2([t,T]; U),

%J (v+ef/)

e=0

(39) = /t ' (Dve (XY (5),V(5), 5 Q" () ,V(s))Uds

:/tT [(%(s)f/(s),Qv(s))H + (DVF (Xv(s), V(s),s) ,V(s)) }ds,

where XV is the controlled state and Q" is the adjoint process corresponding
to control V. Now, we prove that J is strictly convex when A is large enough.
For V4, Va € L3([t,T);U) and 6 € [0, 1], we can write

JOVI+ (1 =0)V2) = J(Vi+ (1 —-0)(Va—TW))
(40) — V) + /1 di] (Vi + (1 — 0)(Va — ) de.
0

€

From (39), we have
td
/ e W1+ el =0)(Va = V1))
0 €

-0 [ [ (@056 - 1.4 ),
+ (DvF (X(), Va(s) + (1 = )(Va(s) — Vis)).5)
Va(s) = Va(s)), |dsde,
where we denote by

Xl,e,ﬁ = XV1+6(170)(V27V1) Ql,e,e = Q‘/lJrE(l*G)(‘/Q*Vl)'

Similarly, we can also write

J(OVI+ (1 = 0)V2) = J(Va + 0(V1 — V3))
(41)

1

d

= J(VQ) +/ EJ (V2 + 69(V1 — Vg)) de,
0
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while

td
[ v o - va)

—(1-0 / / Ga(s)(Vi(s) = Vals)),@*"(s))
+ (D F (X29(5), Va(s) + e0(Va(s) = Va(s)).s)
Vi(s) = Va(s)), |dsde,
where we also denote by

X2,9,E — XV2+60(V1—V2) Q2,9,€ P— QV2+69(V1—V2)
. 5 . .

Adding 6 of (40) to (1 —0) of (41), we have

(42)
J(OVh + 0J(Vi) — (1 — 0)J(Va)

0)Va) -
—0(1 -0 / / [(Ga(9)(Vals) = Vi(s)), @ %<(s) = @*%<(s))
+ (pv F(X”E( ), Vas) + e0(VA(s) = Vals), )

— Dy F (X194(5), Va(s) + e(1 = 0) (Va(s) = Vi(s)), 5) .

Vi(s) — VQ(S))U} dsde.

Similar as Lemma 5.1, from Assumption (A3), we have the following esti-
mates for X279»E(3) - )(1,976(3)7

(13)  sup [ X20(s) = X0(s)

, S LA = lIVa = Vil ey

Similar as Lemma 5.4, from Assumptions (A3)—(A4) and estimate (43), we
have the following estimate for Q1%¢(s) — Q%9<(s)

(0)  swp [Q14(s) = Q*P<(s)| | < CLTY(L = )IVa = Vil oo,
t<s<T H
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From (44) and Assumption (A3), we have

/ Go(3) (Va(s) ~ Vi(s)). Q0%(s) — Q20<(s)) _dsde
<C L T)HV2 - V1HL2 (t,T);U)"

(45)

From (43) and Assumption (A4), we have
(46)
1 T

/0 /t (DVF (le"ﬁ(s), Vi(s) + e(1 — 0)(Va(s) — Vi(s)), s)

_DyF <X2’9’6(s), Va(s) + (Vi (s) — Va(s)), s) , Va(s) — Vl(s))Udsde
< /01 /tT (DyF (X2%4(s), Vi(s) + (1 — 0)(Vals) ~ Va(s)). 5)

_ DyF (XM»E(S), Va(s) + e0(Vi(s) — Va(s)), 5) , Va(s) — Vl(s))Udsde
01 /tT (DVF (Xlﬂve(s), Vi(s) + e(1 — 0)(Va(s) — Vi(s)), s)

~ Dy F (X204(s), Vi(s) + e(1 = 0) (Va(s) = Vi(5)),5)

Va(s) — W1 (s)) Udsde

< (= A+ CELD)IVa = VillZe 0
Substituting (45) and (46) back to (42), we have

J(9V1 + (1 — Q)VQ) — 9J(V1) — (1 — Q)J(Vg)

<01 = 0)( = A+ C(L,T)) [Va = il gz
Therefore, there exists a constant A depending only on (L,T), such that
when A\ > A, J is strictly convex. Next, we prove that J(V) — +oo as

IV 2ty — +00. For any Ve L2([t,T);U), from Assumptions (A4)
and (A2), we deduce that

T
J(V) :/t F(XV(S),V(S),S) ds + Fr (XV(T))

> /tT [F(XV(S),O, s) + (DvF(XV(S),O,S),V(S)>

U
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FAIV($)IIF|ds + Fr (XY(T))

T
Z/t L (XY @) L+ X @) 1Vl

+ A||V(s)||2U} ds — L (1 + HXWT)HZ) .
From Lemma 5.1, we have
JWV) = (= A+ CL DNV s — CET) (1+ X -

So when A is large enough such that —\ + C(L,T) < 0, we know that
J(V) = +oo as ||Vl g2, 11,0y — +oo. This coercive property and the strict
convexity imply that the functional J should possess a unique minimum.
That is, (@t’X ) has a unique optimal control. ]

5.3. Forward-backward system for (2%X)

We derive from Theorem 5.5 the following forward-backward system for
(X, V.Q) € C([t, T); H) x L*([t, T); U) x C([t, T); H): for 5 € [t, T,

X(s) =X+ /SG (X(r),V(r),r) dr,
(47) t
Q) = DxFr (X)) + [ DX (X0).V0).r:Q0)

with V satisfying the following optimal condition
(48) Dy L (X(s), V(s), S;Q(s)) v 0, a.e.seltT].

As a consequence of Theorems 5.5 and 5.8, we have the following solvability
of forward-backward equations (47)—(48). The proof is omitted here.

Theorem 5.9. Under Assumptions (A1)-(A2), suppose that (2“X) has
a unique optimal control. Then, there is a unique Ssolution (X,V,Q) €
C([t,T); H) x L*([t,T);U) x C([t, T); H) of the forward-backward equations
(47)—(48). As a corollary, under Assumptions (A2)-(A4), there exists a con-
stant A depending only on (L,T'), such that there is a unique solution of the
forward-backward equations (47) & (48) when A > A.
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From Assumption (A3), we know that for any X, X eH,V,VeU and
s € 10,77,

(49)  DxG(X,V,s) (X) —Gi(s)X, DvG(X,V,s) (v) = Go(s)V.

As a consequence of Assumptions (A3)-(A4), we know that the map H x
UxH>(X,V,Q)— DxL(X,V,s;Q) € H is C(L)-Lipschitz continuous for
any s € [0,T]. And for any X € H, V1, V2 c U, Q € H and s € [0, 7],

L(X, V2 5Q)—L(X,V!,5Q)

(50)
> (DyL(X, VY, 5.Q), V2= VY, + x|V - V7.
We define the feedback V : H x [0,T] x H — U as

(51) V(X,S;Q) =argmin L(X,V,s;Q), (X,s,Q) € H x[0,T] x H.
VeU

From (50), we know V is well-defined. We define the Hamiltonian
(62) H(X,5Q) = LIX,V(X,5Q),5Q), (X,5Q) € Hx[0,7] x H.

We have the following property for V, whose proof is given in Appendix A.1.2.

Lemma 5.10. Under Assumptions (A2)-(A4), V defined above satisfies,
for any X', X%,Q',Q% € H and s € [0,T],

(53)
~ L
7(0,50), <55
V@) - Vs QY| < SE (@2 - @ty + 167 - X))

From the definition of # and Theorem 5.9, for any initial (¢, X) € [0, T] x
H, there is a unique solution (Yx, Qx¢) € C([t,T); H) x C([t,T]; H) of the
forward-backward system: for s € [t, T,

Yxi(s) = X + /S DoH(Yx(r),r; Qx¢(r))dr,
(54) ' T
Qxi(s) = Dx Fr(Yx(T)) +/ DxH(Yxe(r), r; Qxt(r))dr.
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We denote by
(55) Uxi(s) ==V (Yxe(s),5:Qxe(s)), s € [t,T],

then, Ux; € L?([t,T];U) is the unique optimal control of (£%X) when A
is large enough. In the rest of this subsection, we study the regularity of
(Yxt, Uxt, @x) with respect to the initial (¢, X'). We first give the bounded-
ness and continuity with respect to the initial X € H. The following lemma
is proved in Appendix A.1.3.

Lemma 5.11. Under Assumptions (A2)-(A4), there exists a constant A
depending only on (L, T), such that when \ > A, we have for any X, X' € H,

(56)

1Yxelleqem;my + 1Uxilloqmo) + 11@xtleqn;m < C(L, T)(L+ [ X||u),
(57)

1Yxr — Yxillogrm) + 1Uxt — Uxtlleqmo) + 1Q@xt — Qxtlleqe,m):m
<C(L, DI X" = X| u.

We next give the continuity of (Yx¢, Uxy, @x¢) with respect to the initial
time ¢t € [0, 7.

Lemma 5.12. Under Assumptions (A2)-(A4), there exists a constant A
depending only on (L,T), such that when A > A, we have for any X € H,
0<t<t<T,

1Yxe — Yxtllogemm + 1Uxe — Uxtlle2 e 0

(58)
+1Qxv — Qxtlleqr rym < CL,T)A + 1X||u)|t" —t].

Proof. From the uniqueness of solution of the forward-backward equations
(47)—(48), we have for s € [t/,T],

Yxi(s) = Yy, 000 (8),  Uxi(s) = Uy y,0(8),  Qxt(8) = Qv 1),0(8)-

Therefore, from Lemma 5.11, we have

1Yxv — Yxilloge mm) + 1Uxe — Uxelloz e mvy + 1@xv — @xilleqe mim)

=Yxv = Yy ere ooy + 1Ux0 = Uvurye
+ HQXt/ - QYXt(t')t' C(t',T];H)

<C(L,T) HYXt(t’) — XHH.

C2([¢,TU)
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From Cauchy’s inequality and Lemmas 5.10 and 5.11, we deduce that

y 2
| Vxe(t') — XHE = H/t G(Yxi(s),Uxe(s), s)ds

H

<t =l [ [erva ol [P 0o s @t as

)
< CL.T) ¢ 1 / 14 [ Yxe ()% + [ Que(s) 3] ds

<OWLT) (L+IXI3) |2 -t

from which we obtain (58). O
6. Value function and Bellman equation for (£2%X)

In this section, we study the value function and Bellman equation for the con-
trol problem (2%X). For (t,X) € [0,T] x H and a control V € L2([t,T];U),
we denote by XY, € L%([t,T]; H) the corresponding controlled state, Q%,
the corresponding adjoint process, and Jx;(V') the corresponding cost. We
define the value function ¥ : H x [0,7] — R for Problem (£2%%X) as

59 V(X )= inf  Jx(V).
(59) (Xot) = i TxeV)

In view of Subsection 5.3, we have

T
(60)  V(X.t) = Txa(Uxs) = /t F(Yxa(s), Uxa(s), 8)ds + Fr(Ys(T)),

where (Yx¢, Uxy, Qxt) are defined in (54)—(55) (when A is large enough).
Moreover, we need the following additional assumption on coefficients (G, F")
in t.

(A5) The map Gs is independent of ¢, and for (X,V) € H x U and
0<t<t<T,

G0t ~ oty < LI~ 16u(#) ~ Go(®)| gy < LI 1]
[PV = F(X, V0| < L(1+ XI5+ IVIZ) ¢ — 1,

1Dy F(X, V) = Dy F(X, Vi)l < L(1+ X+ [V]o) | .
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6.1. Regularity of 7

We have the following properties for the value function ¥, whose proof is
given in Appendix A.2.1.

Lemma 6.1. Under Assumptions (A2)-(A5), there exists a constant A de-
pending only on (L, T), such that when X\ > A, the value function ¥ is C*
with the derivatives

(61) Dx7V(X,t) = Qx(t),
(62) P X0) = —HX1:Qulh),

and satisfies the growth conditions

(63) V(X)) < C(LT) (1+ ]| X]7)
IDxF (Xl < CLTI+ | X ).

64

o 0] £ O (141X,

and the continuity condition

HD)(’V(X/,t,) — D)(%(X, t)HH
<CL DX = Xl + O DY+ X[l + X )~ 1,
v ., . oV
<CL )|+ IX |+ IX 1) 1X = X

(L4 X+ X1 - ).

As a consequence of Lemma 6.1, we have the following sensitivity relation
between the maximum principle and the differential of the value function.

Corollary 6.2. Under the assumptions in Lemma 6.1, for any (t,X) €
[0,T] x H and s € [t,T], the following relations hold:

Dx ¥ (Yxi(s),s) = Qx(s),
(66) ov

—r (Yxi(s),5) = —H(Vxi(5), 5 Qxe(s)).
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Proof. From the uniqueness of solution of the forward-backward equations
(47)—(48), we have

(67) UYX,,(S),S(S) = UXt(S)a QYX,,(S),S(S) = QXt(s)v s € [t7T]'
From Lemma 6.1 and (67), we obtain (66). O

As a consequence of (61), we also have the following corollary.

Corollary 6.3. For initial (t,X) € [0,T] x H, the solution of the control
problem (24X) is a feedback.

Proof. From Theorems 5.5 and 5.9, we know that the solution of the control
problem (2%X) is Ux;. From (55), (61) and (66), we have for any s € [t, T7,

Uxi(s) = V(Yxi(s), 5 Qxi(s)) = V (Yxu(s), s; Dx ¥ (Yxu(s), 8)) -
We define the map ¢ : H x [t,T] — U as
#(X,s):=V(X,s; Dx ¥ (X,s)), (X,s)eHx]|tT],
then, we know that Ux¢(s) = ¢(Yx(s),s), s € [t,T] is a feedback. O

6.2. Bellman equation

Now we introduce the Bellman equation:

) T+ H(X DXV (X)) =0, (1,X) €[0.7) x H:

¥(X,T) = Fr(X), X ¢€H.

We give the solvability of the Bellman equation (68).

Theorem 6.4. Under Assumptions (A2)-(A5), there exists a constant A
depending only on (L,T), such that when A > A, the value function ¥

defined in (59) is the unique solution of the Bellman equation (68) (subject
to (63)—(65)).

Proof. From Lemma 6.1, we know that 7 is a solution of equation (68). Now
we prove the uniqueness. Let % be a solution of equation (68) satisfying
(63)—(65). For any initial (¢, X) € [0,T] x H and control V € L?([t,T); U),
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we denote by XY, € C([0,T]; H) the corresponding controlled state process.
Then, the functional % (XY¥,(s), s) is differentiable and

(69)
L (XYs). 9
=L (X, 8) + (D (XY,(6),9) .G (XJa(9), V(3), )
= £ (X¥,(5),V (XX (5), 5 Dx % (XXt $),5)) 5 Dx % (X¥4(5),9))
+ (DX (Xx4(5), ), G (Xa(5), V(5),5) ) g
— (Dx% (XX4(5),5) G2 (V(5) - (XXt( )i DxU (XX,(5).9))))
— F (XY,(), V (X¥i(s), 5 Dx % (XK, (5),5)) 1 5) -
From the definition of V, we have
(DX% (x%4(5), 5) ,QQ<V(3) — V(XY(5), 8 Dx % (XY4(5), s))))H

_ (DVF(X)VQ(S), V(XY (s), Dx% (X¥,(s),5), s),s),

V(s) = V(X¥,(s), s Dx % (X¥%4(s), s)))U, se(t,T).

Substituting the last equality back to (69) and integration s over [t, T], from
Assumption (A4), we have

JXt(V) - OZ/(X, t)
T
:/t {F (X)‘ét(s),V(s),s)—F(X)‘ét(S),V(X)‘gt(s),s;DXaZ/ (th(s),s)) ,s)

— (DvF(X)‘?t(S),V (X)‘ét(s),s;DX% (X)‘ét(s),s)) ,s),

Vis) =V (xKi(s), 5 Dx 2 (XK,(5).9)) ), s
>,\/ HV V (XY¥,(3), 8 Dx% (X¥4(s) H ds.
Therefore, we have

U (X, t) < Jxi(V), VVeLtT)U).
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If we set V' = Uxy, we see that % (X, t) = Jxt(Ux¢). Therefore, 7 coincides
with the value function. O
Remark 6.5. Our results in Lemma 6.1 and Theorem 6.4 extend the pre-
vious results in Bensoussan and Yam [1, Theorem 2.1] where
A 2
GV)=V, F(X,V)=3IVI} +F(X).

7. Application in mean field type control problems

In this section, we go back to problem (13)—(14). We apply our results in
Section 5 to study the following McKean-Vlasov control problem for initial
(t,m) € [0,T] x P2(R") and X € L2 (R*;R"):

(70)

inf J - )
UX.mtELQ([tl,g];LG(Rn;Rd)) X t(UX_ t)

(f@t,m,X)

S

56 XY (8) =Xt / (XY (P) X% oy (P, 0 (), )
t

where the cost functional is defined as

T
Ixmt (VX mt) :_/t /n f (ngwmt(s),X}’(mt(s)#m, Umet(S)wS) dm(z)ds

4 [ (X (7). X (D)) ().
Here, L2,(R™;R") is the Hilbert space with respect to the inner product

(X,Y):= | X, Yidm(z), X,Y e€L?(R"R").
]Rn

For m € Po(R") and X € L2 (R";R"), we have X#m € Po(R"), and

Wa(X#m,do) = || X||z,,

(71) / / / 2 n n
Wo(X#m, X'#m) < || X — X HL%, X, X" e L;,(R";R").

We refer to Bonnet and Frankowska [6] for details. By letting X to be the
identity function I, (70) introduce the following mean field type control
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problem
(72)

T
inf B[ [ 7(250(5) £2505), o(5), 9)ds + h{5(T), £25(T))],
(@t,m) t

St A0(s) =+ / (X8 (), LX), o(r).r)dr, s € [T,

where 7 is a random variable such that £n = m, and a control v(s), s € [¢,T1,
is a stochastic process adapted to the o-algebra generated by 7, such that
EftT lu(s)|?ds < +o00. Necessarily, v(s) = vy(s) where v.(-) is deterministic
and measurable. The mean field type control problem (%) is equivalent to
the control problem (2%™1), since X? .(s)#m = LX%,(s), s € [t,T]. For
notational convenience, we drop the subscript (¢, m, X) in the state process
and cost functional for (%™ in this section when there is no ambiguity.

7.1. Embedding (%™ X) into Hilbert spaces

For any fixed m € P2(R™), we can make a connection bewteen the McKean-
Vlasov control problem (225X and the control problem on Hilbert spaces
(225X defined in (17) by setting H := L2, (R™";R"), U := L2,(R™;R%), and

(73) G(X,V,9)|, = 9( Xz, X.#m, Vg, s),
(74) F(X,‘/,S) = . f(Xm,X.#m,Vx,s)dm(x),
(75) Fp(X) = /R h(X, X ) dm(x),

for (X,V,s) € L2, (R*;R") x L2, (R";R?) x [0,T] and 2 € R™. We define the
Lagrangian L : R" x Po(R™) x R? x [0,T] x R — R as

(76) L(x,m,v,s;q) :=q-g(z,v,m,s) + f(x,v,m,s),

and define £ : L2 (R™;R") x L2, (R™;R%) x [0,T] x L2, (R";R") — R as

) LV Q)= [ LG X, Vs Qu)dm(a).

Then, we know that (£, G, F) satisfy (22). We have the following connec-
tion between the linear functional derivative in Po(R™) and the Gateaux
derivative in L2, (R™; R"™), whose proof is given in Appendix A.3.1.
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Lemma 7.1. Let f : Po(R™) — R be a differentiable functional such that
for any u € P2(R™), the map R™ 3 £ — %(u)(&) € R is differentiable with

the derivative Dg%(,u) (&) being continuous in (u, &) and

df

Df@

(1)) < e(w) X+ €D, (1,€) € Po(R") x R™.
For m € Po(R"), we define F : L2,(R*;R") — R as
F(X):= f(X#m), X € L?(R™R").

Then, F is Gateaux differentiable, and

(8)  DxF(X)| =DeL (xpm)x), X e 1, (R

By letting X to be the identity function I, (78) becomes

df

DxF(I)| = Dy—-(m)(),

T

which is identical to the L-derivative 0y, f(m)(z) in Carmona-Delarue [8].
We also refer to Bensoussan-Frehse-Yam [2] for further discussion.

7.2. Necessary condition for (£t™X)

Our assumptions in this subsection are as follows. For notational conve-
nience, we use the same constant [ > 0 for all the conditions below.
(B1) The function g satisfies for (x,m, v, s) € R™ x Pa(R") x R? x [0, T,

|9(z,m, v, 8)| <UL+ |z + Wa(m, &) +[v]),

and is differentiable in (z,m,v), and the derivative Z—g(x, m,v,s)(-) : R —
R"™ is differentiable. The derivatives D,g, Dg% and D,g are bounded by [
and continuous in all variables.

(B2) The functions f and g satisfy for (z,m, v, s) € R” x Po(R") x RY x

[0, 77,

|f(z,m, v, )| <T(1+|z* + W5 (m, ) + |v]?),
[Pz, m)| <1 (1+[a]* + W5 (m, b))
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The functional f is differentiable in (z, m,v) and j—{(z, m,v,s)(-) : R" — Ris
differentiable. The function h is differentiable in (2, m), and the derivatives
%(w,m)(-) : R™ — R is differentiable. The derivatives D, f, ng—f/, D,f,

D.,h and Dgg—l}j are continuous in all variables, and satisfy

|(Dxf’ va)(x,m,v,s)] < l(l + |$| + W2(m7 50) + ’UDv

df

De—-(z,m, v, 5)(§)| < UL+ |z] + Wa(m, &) + Jv] + [£]),

|Dyh(z,m)| <11+ |z|+ Wa(m, o)),

D e.m)(©)] < 10+ b+ Wa(m.30) + ).

We now give the differentiability of maps G, F, Fr and £ in (X,V) €
L2 (R™; R™) x L2, (R™; R?). The following lemma is proved in Appendix A.3.2.

Lemma 7.2. Under Assumptions (B1)-(B2), G defined in (73) satisfies
(A1); F defined in (74) and Fr defined in (75) satisfy (A2), with a constant
C(1) depending only on l. The functional L defined in (77) satisfies (23). For
any (s,Q) € [0,T] x L2, (R™; R™), the functional L2, (R™;R") x L2 (R™;R?) >
(X, V)= L(X,V,s,Q) € R is continuously differentiable, with the deriva-
tives satisfying (24). Moreover, for s € [0,T], X, X € L2, (R™;R") and
V.V e L2 (R™;RY), we have for x € R?,

(79)

DxG(X,V,s)(X)| = (Dyg(Xyp, X#m, Vg, s)* X,

x

d *
+/R” (Dfd_i(anX#mv VCE’S)(XZJ)> Xydm(?/)a

(80)
DyG(X,V,s)(V)| = (Dvg(Xo, X#m, Vy,s))" Vi,
(81)
DXF(X, V, s)]x = sz(Xx,X#m, Ve, s)
[ D (X, X, Vi ) (X)),
R® v
(82)

Dy F(X,V,s)|, = Do f(Xe, X##m, Vs, 5),
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(83)
DxFr(X)|, = Doh(Xy, X#tm) + / ) Dg%(xy, X#m) (X, )dm(y),

and for Q € L2 (R™;R"™), we have for x € R",

(84)
DXE(X V,s; Q)’ D.g szX#m ans)Qaﬁ +Dmf(X:v>X#m Vmas)

/ DL (X, Xttm, Vy 9)(X)Qyidm(y)

d
+ ng_i(xy,x#m,vy,s)(Xx)dm(y),
Rn
(85)

Dy L(X,V,s;Q)|, =Dvg( Xz, X#m, Vs, 5)Qq + Dy f ( Xy, X#m, Vy, s).

Let ©.(-) be a optimal control for (2%™X) and X (-) be the correspond-
ing state process. We define the adjoint process as

(86)
Qu(s) =Duh (Xo(T), X.(T)#m)
/. ng—ﬁ (Xy(T),X (T)#m) (XI(T)) dm(y)
N /ST {DIL (Xx(r)’j( (r)#m, ’Ux(’f‘),T,Qx(’l“))
# [ DS (K0 K, 0,07 Q) (Ralr)) il ar

From Lemma 7.2, we know that Q.(-) defined in (86) satisfies equation (25).
The following necessary condition is then a direct consequence of Theo-
rem 5.5 and Lemma 7.2.

Theorem 7.3. Under Assumptions (B1)-(B2), let 0.(-) be an optimal con-
trol for (24™X), X () be the corresponding controlled state process, and

Q() be the corresponding adjoint process. Then, we have the optimality
condition

DyL(X,(5), X.(8)#m, 0,(5), 5;Qz(s)) = 0, a.e. s € [t,T], a.s. dm(x).
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We also consider the following constrained McKean-Vlasov control prob-
lem

i Tl ),
vX.thLQ([t{%};Lgﬂ(Rn;Rd)) X t(UX_ t)
&) Xg{imt(S)_XECJF/ 9XX it (1) XX (1) F#m, 0X e (), 7)dr
s.t. t
/ hi (X% t(T), X% t(T)#m) dm(z) <0, 1 <i < N,

where
hi :R" x Po(R") - R, 1<i<N.

By setting
U, (X) ::/ hi( Xy, X.#m)dm(z), X € LZ(R“R"), 1<i<N,

we can transform the constrained McKean-Vlasov control problem (@émx)

into a constrained control problem on Hilbert spaces (ﬁéx) defined in (31).

As a consequence of Theorem 5.6, we have the following necessary condition
for (25™%).

Theorem 7.4. Under Assumptions (B1)-(B2), suppose that h; satisfies
conditions in (B2) as h for 1 < i < N. Let 0.(-) be an optimal control
for (@éx) and X .(-) be the corresponding controlled state process. Then,
there exist non-trivial Lagrange multipliers (Ao, M1, ..., An) € {0,1} x RY,
such that

D,L,, (Xx(s),)z‘(s)#m,@x(s),s;Q,\@(s» =0, a.e.s€|t,T], a.s. dn(x),

Aihi (X,,,(T),X.(T)#m) =0, as dm(z), 1<i<N,
where

L)\O(.%', m,v,s; Q) =q- g(x7mvv7 S) + AOf(xa v, m, S>7

(87) J
(x,m,v,s;q) € R" x Po(R") x R* x [0,T] x R",
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and QA,\@(') is defined as, for s € [t,T],

(88)
Qra(s) =XoDsh (Xa(T), X(T) )
0 [ e (R

N i A { Dahi (Xx(T), X. (T)#m)
=1

i D,5 C;h' (Xy(T), X.(T)#m) (Xx(T)) dm(y)}

T)gm) (Xo(T)) dm(y)

n / ! [Dl,L,\U (Xx(r),X.(T)#m,@x(r),r;@,m(r))

+ | De dfl’% (%), X (r)m, 0y (1), 73 Qi (1) (K () dm(y)} dr.

7.3. Recovering the results of Bonnet-Frankowska-Rossi

Bonnet-Rossi [7] study the case

(80) g(w,m,v, ) := g'(m)(z,8) + v(2),  fl@,m,v,8) = f(m,0),
h(z,m) :== ht(m), (z,m,v,s) € RY x P.(RY) x U x [0, 77,

where the set of admissible controls is U := L'([0,T]; U), U is a non-empty
and closed subset of {v € C'(R%,RY) s.t. [[v(-)[|c1(rey < Lu }, and Pe(R?) is
the set of distributions that have compact support. Then, the Pontryagin
maximization condition (26) in [7, Theorem 5] is a result of our Theorem 7.3,
except that their initial distribution has compact support, while our initial
distribution belongs to P2(R™). Bonnet-Frankowska [5] study constrained
McKean-Vlasov control problem when

g(xz,m,v,s) = g*(m,v,s)(x), f(z,m,v,s):= f*(m,v,s),
(90)  h(z,m):=h%*(m), hi(x,m):=h?(m), 1<i<N,
(z,m,v,s) € RY x P(RY) x U x [0,T],
and the set of admissible controls isf := {s + v(s) € U s.t. v(+) is measure},
and U is a compact metric space. Then, from our Theorem 7.4, we can obtain

the necessary result [5, Theorem 4.9] for constrained problem. We can see
that, in case (89), the controls are closed-loop and should be continuously
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differentiable in z; and in case (90), the controls are open-loop. Inspired by
their works Bonnet-Rossi [7] and Bonnet-Frankowska [5], we try to extend
their approach, so that we allow our model by including for general (2H™X)
and (,@é,mX) the admissible control set that contains both open-loop and
closed-loop. An admissible control only need to be L2 -integrable in z, and
need not to be continuous. Another advantage is that, our coefficients are
of more general forms. The cost function is of quadratical growth, which
includes the common linear quadratic cases. Moreover, we only need the
distribution to be in Py(R™).

7.4. Sufficient condition for (£2t™X)

We give a sufficient condition for (£2%™%) under the following additional
assumptions.
(B3) The function g is linear. That is,

gl mv,5) = 90(s) + 91(s)a + g2(5) [ wdmly) + gas)o
with go(s) € R™, g1(s) € R™" go(s) € R™™ and g3(s) € R"*? being
bounded by I.
(B4) The functions D, f, Dgg—];, D,f, D.h and Dg% are [-Lipschitz
continuous. Moreover, there exists A > 0 such that

flz,m, ', s) — f(z,m,v,s) > Dyf(xz,m,v,s)- (v —v)+ A —v%

From Assumption (B4), for any X € L2,(R™";R"), V1, V2 ¢ L2 (R™;R?)
and s € [0,7T], we have

F(X,V?,s)— F(X,V1s)
—/ [f(Xo, X#m, V2, s) = f( Xy, X#tm, V', 5)] dm(x)

z/ [Dy f(Xa, X#m, V2, 8) - (V2= VD) + NVZ = V2] dm()

T

= [ DyF(X,V%Ys)| - (Vi = V05 dm(z) + AV = V.

x x
R

Then, we know that F' satisfies the convexity conditions in (A4). From
Lemma 7.2, we know that (G, F, Frr) defined in (73)—(75) satisfy conditions
(A3)—(A4), with a constant C(I) depending only on I. As a consequence of
Theorem 5.8, we have the following solvability of (225™X).
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Theorem 7.5. Under Assumptions (B2)-(B4), there exists a constant A
depending only on (1,T), such that when A\ > A, the cost function Jxm is
strictly convex, and (PV"™X) has a unique optimal control.

7.5. Forward-backward system for (%™ X)

We derive from Theorem 7.3 the following forward-backward system for
(X.(-),0.(),Q.(-)) in spaces C([t, T}; Ly, (R™ R™)) x L*([t, T]; L7, (R"; RY)) x
C(It, T]; L2, (R™ R™)): for (s,) € [t, T] x R™,

S

Xx(s) =X, —1—/t g (Xx(r),f(.(r)#m,f}x(r),r) dr,

Ou(s) = Dyh <Xx(T), X(T)#m)
dh

+ | Deg <Xy(T),X (T)#m) (

(

~

A(T)) dm(y)
(91)

+ /ST [DzL (Xw(r), X.(r)#m, 0y (r), 73 Qx(r))
+ ngL (Xy(r),X.(T‘)#m,@y(T),TS Qy(r))

L Pea
(Xa(r)) dm(y) ar,

with ©.(+) satisfying the optimal condition

(92)
D,L ()A(m(s),f(.(s)#m, Ox(s),s;Qx(s)> =0, a.e. s € [t,T], a.s. dm(x).

As a consequence of Theorem 5.9, we have the following solvability result
for forward-backward equations (91)—(92). We refer to Bensoussan-Tai-Yam
[3] and Ciampa-Rossi [9] for further discussion on these forward-backward
equations.

Theorem 7.6. Under Assumptions (B2)-(B4), there exists a constant A
depending on (1, T), such that there is a unique solution (X.(-),0.(+),Q.(+)) €
C([t,T); H) x L*([t, T);U) x C([t,T); H) of the forward-backward equations

(91)—(92) when A > A.
We define the feedback o : R™ x Pa(R") x [0,T] x R® — R? as

o(x,m, s;q) := argmin L(z, m, v, s;q).
vERC
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From Assumptions (B3)-(B4), we know v is well-defined. We define the
Hamiltonian such that for (x,m, s, q) € R™ x Pa(R") x [0,T] x R™,
(93) H(z,m, s;q) = L(z,m,0(x,m, s;q),s;q),
and define V : L2, (R™;R") x [0,T] x L2, (R"; R") — L2, (R™; RY) as

(94) V(X,5:Q)| =0(Xy, X#m,5;,Q,), xR

T

From (77) and (94), we know that

V(X,5Q) = argmin L(X,V,sQ),
VeLz (R™;R4)

which concides with the definition in (51) in Section 5. We define H :
L2, (R";R™) x [0,T] x L2,(R"R") — R as

H(X,s;Q) := . H(X,, X#m,s;Qy)dm(z).

From (77), (93) and (94), we know that
H(X,5Q) = LIX,V(X,5Q),5 Q),
which concides with the definition in (52) in Section 5. From above def-
initions and Theorem 7.6, for any initial (¢, X) € [0,7] x L2 (R";R"),
there is a unique solution (Yx m(-),@x.me(-)) € C([t,T]; L2, (R™;R™)) x
C([t,T); L2, (R™;R™)) of the forward-backward system
(95)
( S
Vi) =Xa 4 [ DyH (Yt (0): Yo )0, 75 Qo ()
t
Qmet(S) :th(YXLmt(T)vamt(T)#m)

# [ D t(D), Vit (D) (Vo)) (1)
T
[ Dot (1), Y 0,75 Q)

+ / Dgi—i](nymt(r), Yt (1) #m, 73 Qx ymet (7))

(Yx,mt(r))dm(y) | dr.
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We denote by

(96) U/Xmmt(s) =7 (Yszt(S)y YX.mt(S)#ma S; Qszt(S)) s

then, ux. mt () € L2([t, T]; L2,(R™; R?)) is the unique optimal control of prob-
lem (224™X) when \ is large enough. As a consequence of Lemmas 5.11 and
5.12, we have the following regularity of (Yx mt(-), ux.mt(+), @x.mt(+)) with
respect to the initial (¢, X) € [0,7] x L2 (R R").

Lemma 7.7. Under Assumptions (B2)—-(B4), there exists a constant A de-
pending only on (I,T), such that when X > A, we have for any X, X' €
L2, (R%R™) and 0 <t <t <T,

1Yx mt()lleqe ez + luxmelleq ez + 1Qxmt( ez,
<O, T) (1 + 11X zz,)
1Yxrme (*) = Yxmt (Vlleqemez) + luxime () — ux me()ll oz,
+H1Qxmer (+) — Qx.mt(lloe,mz2,)

<O D)X = Xz, + CUT) (1+ |X]|zs, + X ]Iz2,) ¢/ — ¢1.

7.6. Linear quadratic problems

As an example, we discuss the linear quadratic case: for any (z,m,v) €
R™ x Py(R") x RY,

glr,m,0) = Az + A [ ¢dm(€) + B,
Rn

97)  flz,m,v) = % [:L‘*M:U + (/n §dm(£))*]\7[ Edm(&) + ’U*NU:| )

Rn

) = g [ 2trat ([ am©) vt [ camee)]

where A, A € R™*" B € R™¢ and M, M, My, My € R™™™ are positive
definite and N > Al for some A > 0. It is easy to check that function-
als defined in (97) satisfy Assumptions (B1)—(B4). From Theorem 7.6, we
know that when A is large enough, there is a unique solution (X,Q) €
C([t,T); L, (R™"; R™)) x C([t, T; L2,(R™; R™)) of the forward-backward equa-
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tions:
( d)&;(s) =AX,(s)+ A X,(s)dm(y) — BN 'B*Q.(s), s € (t,T};
s R
%s’(s) = — [QI(S)A +/ Qy(s)f_ldm(y) + X, (s)M
/ X, (s)dm(y ] set,T);
Xo(t) = Xay  Qu(T) = X;(T)Mr + | X;(T)dm(y)Mr, xcR",

Rn

and
ve(s) = —N"'B*Q.(s), sct,T], xR
is an optimal control for (22“™X) corresponding to (g, f, h) defined in (97).
8. Value function for mean field control problem
8.1. Regularity and Bellman equation for ¥

For (t,m) € [0,T] x Po(R™), X € L2,(R") and v.(-) € L2([t, T]; L2,(R™; R%)),
we denote by X% .(-) the corresponding controlled state and Jx,:(v) the
corresponding cost for the control problem (£2%™X). We define the value
function # for the control problem (Z2%™X) as

Y (X,m,t) = inf Ixme(v).
(X,m, 1) v-(')GLZ([tg]l;Lfn(R";Rd)) xmi(0)

In view of Subsection 7.5, we have
/V(Xv m, t) = Jth(uth())

T
— /t - FYx, me(8), Yx e (8)F#Em, ux, me, $)dm(x)ds
+ /n RYx, it (T), Yt gt (T)#m)dm(z),

where (Yx mt(+), ux.mt(+), @x.me(+)) is the solution of forward-backward equa-
tions (95)—(96) (when A is large enough). Moreover, we need the following
additional assumption on coefficients (g, f) in t.
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(B5) The functions (go, g1, 92) are L-Lipschitz continuous in ¢ and g3 is
independent of ¢, and for (z,m,v) € R® x Po(R") x R?and 0 <t <t < T,

!f(x,m,v,t/) - f(!L‘,’I?’L,’U,t)’ <l (1 + |ZE’2 + W;(mado) + ‘U|2) |t/ - t|7
| Dy f(z,m, v, t") = Dy f (z,m,0,t)] < L (14 |z + Wa(m,do) + [v]) [t' —t].

From Assumption (B5) and Lemma 7.2, we know that G defined in (73)
and F defined in (74) satisfy (A5). As a consequence of Lemma 6.1 and
Theorem 6.4, we have the following properties for 7.

Lemma 8.1. Under Assumptions (B2)-(B5) be satisfied, there exists a con-
stant A depending only on (I, T), such that when X\ > A, ¥ is differentiable in
t, and for any m € Po(R™), ¥ is Gateaux differentiable in X € L2, (R™;R"),
with the derivatives

oV
W(X’ m,t) = — H(Xy, X#m,t; Qx,me(t))dm(x),
]Rn
L2 Rn;Rn

and satisfies the growth conditions

ot
<C(L,T) (1 - IIXII%g,) )

oV
(Xt + \—(X,m,w' D (X
(99) "

and the continuity conditions

oV oV
s X/ AN X
S m ) - T xann)
<O, T) (1+I1X13, + X013, ) 1F =1
(100) +C0T) (L+ XN 2, + 11X 3,) IX = Xz,

|Dx¥ (X', m,t") — Dx ¥ (X,m,t)|
<CUDX — X||rz,
+COWT) (L+ 1 X Nee, + 11X ze,) [t = tl.

L2

Moreover, ¥ is the unique solution of the following equation (subject to
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(99)(100) ): for (t,m) € [0,T] x P2(R") and X € L2 (R";R"),

%(X,m,t)—i- H (X3, X#m,t; DxV (X, m,t)|,)dn(z) =0,
(101) ot Rn
V(X,m,T) :/ WXz, X#m)dm(z).
R"L

As a corollary, we have for (s,x) € [t,T] x R",
(102) UXTmt(s) =0 (YXEmt(S)a YX,mt(s)#ma S5 DX%(Yth(S), m, 3)‘93) .
8.2. Regularity and Bellman equation for YV

We now define the value function V : Po(R™) x [0, 7] — R for the mean field
type control problem (Z24™) as

V(m,t) =¥ (1,m,1),

where I is the identity. For m € Po(R") and X € L2, (R"), we first give a
connection of V(X#m,t) and ¥ (X, m,t). The following lemma is proved in
Appendix A.4.1.

Lemma 8.2. Under assumptions in Lemma 8.1, for any (m,t) € P2(R™) x
[0,T], we have

(103) V(X#m,t) =7V (X,m,t), X e€L},R,R"),

and . () is the solution of mean field type control problem (PHX#m).

Now we consider the Gateaux differentiability of V in m. For (m,t) €
Po(R™) x [0,7] and F € L2,(R";R"), the Gateaux derivative of V at (t,m)
along the direction F is defined as

V((I+ eF)#m,t) —V(m,t)

€

Dy, V(m,t)(F) := lim [

e—0

We denote by D,,,V(m,t) € L2 (R";R") the derivative of V at (m,t) if
D, V(m,t)(F) = D, V(m,t)|, - Fedm(x),
Rn

for all F € L2 (R™;R"). This definition is also used in Bonnet-Frankowska
[6] by another name as Dini differentiability. The following theorem is a
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strong version of Bonnet-Frankowska [6, Theorem 4.10], where we allow the
running cost to exist.

Theorem 8.3. Under the assumptions in Lemma 8.1, V is differentiable in
t and Gateaux differentiable in m, with the derivatives

150% oY
(104) E(m,t) = E(I,m,t) = — H(x,m,t; Qume(t))dm(x),
R’n
(105)  DpV(t,m) = Dx ¥ (I,m,t) ==E 20 o 1),

and satisfies the growth condition
oV 9 9
(106) [V(m, )| + |z (m, )| + 1DV (m, )l|L2, < CQLT)(1 + W (m, b)),

and the continuity conditions
oV N OV
—(m,t

(107) ' ot ( ) - ot
| DmV(m,t') — DpV(m, t) HL2 C(1,T)(1 + Wa(m,d))|t' —t|,

—(m, t)‘ T) (1+ W3 (m,&)) [t' -1,

and satisfies the following equation:

?t}(m t) + H (z,m,t; D, V(m,t)|,)dm(z) =0, t € [0,T),
Rn

(108)
V(m,T) = /n h(z,m)dm(z), m € Pa(R").

Moreover, for (t,m) € [0,T] x Po(R") and X € L2,(R™%R"), we have
(109) D V(X#m,t) o X = Dx ¥ (X, m.1).

Proof. For (t,m) € [0,T] x P2(R™), from Lemma 8.2 we know that

2% [“//(I,m,t—i—e)—“//(l,m,t)} ay/([mt)

t) =1
m,t) = lim T

E( e—0 €

from which we obtain (104). For any F € L2 (R";R"), we know that (I+eF)
is an invertible map when ¢ is small enough. From Lemmas 8.1 and 8.2, we
have

Dy, V(m, t)(F) = lim

e—0 €

[%(1 + e F,m,t) — “//(I,m,t)}



Control theory on Wasserstein space 609

= Dx7(I,m,t)|, - Fadm(z),
RTI,
from which we obtain (105). Estimates (106)—(108) are direct consequences
of (104)—(105) and Lemma 8.1. For X € L2 (R™; R") and F € L?X#m(]R"; R™),
from Lemmas 8.1 and 8.2, we have

D) V(X#m,t)(F) = lim [

e—0

V((I 4 eF)#(X#m),t) — V(X#m,t)}
V(X +eFoX,m,t)— “//(X,m,t)]

€

(110) ~ lim [

e—0

= DX%(vavt)’x'(foX)’de(x)'
Rn

On the other hand, from the definition of D,,V(X#m,t), we have

Do V(X #tm, £)(F) = / D V(X #m, 1), - Fod(X#m) ()
(111) e

— / (DX, 1) 0 X)], - (F o X) adm(a).

From (110) and (111), we obtain (109). O

Now we consider the case when V is differentiable in m with the con-
cept of linear functional derivative. The following theorem is proved in Ap-
pendix A.4.2.

Theorem 8.4. Under the assumptions in Lemma 8.1, suppose that V is
differentiable in m with the concept of linear functional derivative such that
the map & — %(m,t)(f) is differentiable with the derivative Dgz—z(m,t)(f)
being continuous and

De——(m, t)(€) < e(m, t)(1 +[€]),  (m,t,€) € P2(R") x [0,T] x R™.
Then, V satisfies the following Bellman equation:
(112)
%—];(m,t) +/ H (x,m,t;Dgfl—V(m,t)(xO dm(x) =0, t €[0,7T);
n y

V(m,T) = /Rn h(z,m)dm(z), m € Pa(R"),
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and for any (t,m) € [0,T] x P2(R™) and X € L2 (R";R"),

(113) Dgfl—]:(X#m, t)(Xz) = DxV(X,m,t)|, = Qx,mt(t), v € R™.

As a corollary, the solution for Problem (22™X) is a feedback.

Let 0.(-) € L2([9, T); L2,(R™)) be the solution of mean field type control
problem (2%™), X .(-) be the corresponding controlled state and Q.(-) be
the corresponding adjoint process. We denote by

m(t) == X.(t)#m, te0,T).

As a consequence of Theorems 8.3 and 8.4, We have the following relations.

Corollary 8.5. Under the assumptions in Theorem 8.4, we have the fol-
lowing relations

% A A
) ac(zm(w == [ 1 (£0.m(0).6:0:(0)) d(o),
D 1m0 (£.0) = Q). wem

Proof. (114) is a direct consequence of (113) and the fact that

UX.(t),m,t(t) = {)'(t)v QAX_(t%m,t(t) = Q(t> L]

Now we build a connection of 0.(-) and w. ;1) , Where w. )¢ is the

solution of the mean field type control problem (Z*™®). The following
corollary is proved in Appendix A.4.3.

Corollary 8.6. Under the assumptions in Theorem 8.4, for any t € [0,T],
we have

(115) Uy (5) = 0.(s), s €[t T].
Appendix A
A.1. Proof of statements in Section 5

A.1.1. Proof of Lemma 5.3. We first show the uniformly boundedness
of the norm [|Y(s)|| . From the equation in (17) and Assumption (Al), we
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have for s € [t,T],

s 1
YG(S) = / |:/ DxG (XV(T’) + /\EYG(T), V5<r),7“) (Yf(r))d/\
(116) bRl

+ /01 DyG (X7 (1), V(r) + AV (r),r) (V(r) d/\} dr.

From Assumption (A1) and Cauchy’s inequality, we have for s € [t, T,
IV()l; < C(L,T) / (I + VIR )

By applying Gronwall’s inequality, we have

(117) sup [[Y4(s)l < C(L,T) ||V
t<s<T

L2([t,T];U)

We denote by A :=Y*— Dy X". From (19), (116) and Assumption (Al),
we have for s € [t,T],

AS(s) = /t S [ /O [DXG (XY (1) + A¥<(r), Ve(r). 1) (v<(r)
= DxG (X7 (r) + 2V “(r), VE(r),7) (P XV (1) ax
+ /0 1 [DxG (XY (1) + 2eY (), VE(r), 1) (D XV (1)
~ DxG (XY (1), V(1)) (Dy XV(r)) | dA
+ /0 1 [DVG(XY (1), V() + AV (1), 1) (V (7))
= DyG(X" (1), V(r),)(V ()] d)\] dr.
From Assumption (A1) and Cauchy’s inequality, we have
8@ < e ([ 1A+ 1),

where

I(e) == /t ! /0 1 HDXG (XY (5) + AeY(5), V¥(5), 5) (D XV (s))
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— DxG (XV(s),V(s),5) (Dy X" (s)) H;dms

n /tT /01 HDVG (XV(S), V(s) + AV (s), s) (V(s))
— DyG (XY (5),V(s), ) (f/(s)) Hj{d)\ds.
From Gronwall’s inequality, we have

(118) sup [A()][f < OLD)I(O).

From Lemma 5.2, estimate (117) and the dominated convergence theorem,
we have lim¢_,0 I(¢) = 0. From (118), we obtain (21).

A.1.2. Proof of Lemma 5.10. From Assumption (A4), we have

(DVF (0,V(o,s;o),s) — Dy F(0,0,5), V(0, s 0)> > oAV (0,0, 5|2

.‘7
From the definition of V we have Dy F ( V (0, s;0), ) = 0. Therefore,

from Assumption (A2), we have
22 HV(o,s;O)HU < IDyF(0,0,5)[l, < L, s€[0,7].
From Assumption (A4), we have for any X', X2 Q' Q% € H and s € [0, 7],
(DvF (X2 V(X% 5Q%),5) = DvF (X2 V(X' 5.Q"),5).
1% (X2,5; Q2) -V (Xl,s; Ql) )U
>2A HV (X2, S; Q2) -V (Xl, s; Ql) Hz
From the definition of V and (49), we have for any s € [0, 71,
(DvF (X V(0 s:Q0),5) V(X% Q) - V(X Q1))
— (Gals) (VX% 507 - V(X" 5:.QY)) ,Qi)H, i=12
Therefore, from Assumptions (A3)-(A4), we have

|7 (2,507~ V(X Ql)Hf]
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oF v OF v
< <8V <X2 (X2,8;Q28),8) FiG (Xl (Xl,SSQl)as)a
V(X% 5Q%) - V(X! 5Q ))
U
oF « oF ~
+ <8V (X1 V(Xl,s;Ql),s) riG (X2 (Xl,s;Ql),s) ,
V(X2 5Q%) - V(X5 Q1)>
U
<= (Gols) (VX% 8:QY) V(X1 5:QY), QP = Q')
OF - oOF v
+ (G (T rsQis) - 5 (e seh.s).
V(X?,5Q%) — V(Xl,S;Q1)>
U
< OW) (@2 = @'l +[1X7 = X' ) [V 0% 550%) = Vx50
From the average inequality, we obtain (53).

A.1.3. Proof of Lemma 5.11. We first prove (56). From the definition
of Ux; and Assumption (A3), we know that for s € (¢,T),

(@Qxt(5),G2(5)Ux+(5)) g + (Dv F(Yx¢(s),Ux¢(s),s), Ux¢(s))y = 0.

Then, from Assumption (A4), we have for any s € [¢,T],

( 1(8), Yxu(s))

( F(Yx(s), Uxi(s),5), Uxt(s))ys
— (DxF(Yx(5), Uxt(s), 8), Yxu(5)) o
— 2X[[Ux¢(s) [ty — (Dv F(Yxe(s),0, s)
(Dx F(Yxt(s),Uxt(s), ), Yxi(s) g

s Uxt(8))ys

Therefore, from Assumption (A2) and the average inequality, we have

2)‘||UXt||%2[t,T];U
<(Qxt(t), X) g — (DxPr(Yx«(T)), Yxi(T)) g

T
_/t [(DVF(YXt(S),O,S),UXt(S))U
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+ (DxF(Yxa(5), Uxa(s), ), Yica(5)) | ds
<C(L,T) (1+ IX 1% + 1YxeC) gy
H1Qxt O ey + ||UXt(')||%2([t,T];U))'

Substituting Lemmas 5.1 and 5.4 into the last inequality, we obtain
INUxel a0 < O T) (1 1XI + W0l ) -

So there exists a constant A depending only on (L, T'), such that when A > A,
we have

1Uxtll L2, ry50) < C(L,T)( + [ X[ 7).
Substituting the last inequality back to Lemmas 5.1 and 5.4 we have
1Yxtelleqem;m + 1@xdllcqemm < CWL, T)(1 + || X 1)
By applying Lemma 5.10, we obtain (56). We next prove (57). We set
AY (s) := Yxnu(s) = Yx(s), AU(s) := Ux(s) —Uxi(s), AQ(s) := Qxn(s)—

Qxt(s) and AX := X’ — X. Then (AY (s),AU(s),AQ(s)) satisty the fol-
lowing equations: for s € [¢,T],

(AY(S) =AX + /ts [G1(r)AX (r) + Ga(r)AV (r)] dr,
AQ(s) = [DxFr(Yx+(T)) — DxFr(Yx:(T))]
T
+/ [DXH(YX’t(T)aUX’t(T)aQX/t(T),T)

— DxH(Yx:(r), Uxe(r), Qxi(r), 7")] dr.

Similar as Lemma 5.1, we have the following estimates for AY,

(119) sup |AY (s)lla < C(L,T) (|AX]l1 + AU r2(emv)) -

t<s<T

Similar as Lemma 5.4, from estimate (119), we have the following estimate
for AQ,

(120) Sup 1AQ(s)lm < C(L,T) (IAX |1t + AU 21,1307 -
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From Assumptions (A2)-(A3) and (54), we have for s € (¢,T),

L (2Q(s), AY (5))
— (DvF(Yx1(s),Uxi(s),s) — DvF(Yx(s),Ux¢(s),s), AU(s))
— (DxF(YX/t(S), UX/t(S), S) — DxF(YXt(S), UXt(S), 8), AY(S))H .

Therefore, from Assumption (A4), we have

(AQ(SL AY (s) g

(DVF(YX't(SLUX't(S)aS) — Dy F(Yx(s),Uxu(s), s), AU(s))y
— (DvF(Yxn(s),Uxt(s), s) — DvE(Yxi(s), Uxt(s), s), AU(s))y
— (DxF(Yxni(s), Uxt(s),8) — DxF(Yxt(s),Uxt(s),s), AY(8))y
— 2X[|AU(s)||f + 2L AY (s) | | AU (s) [l + [|AY (s)[|%-

On the other hand,
d
- (AQ(), AY (5))y

=(DxFr(Yxn(T)) — DxPr(Yxi(T)), AY(T)) g — (AQ(t), AX)
> — LAY (D)} — (AQ(t), AX)

Therefore, from the average inequality, we have

(121)
AU g 1.0

< LIAY(D)[[} + (AQ(H), AX)
+ /tT [2L||AY ()| ul|AU(s)l|v + |AY (s)][3] ds
< C(L,T)(||AX||§{ + ”AYHZC([t,T};H) + ||AQH%*([t,T];H) + HAUH%?([t,T];U))'
Substituting (119) and (120) into (121), we have
2N AU oy < CET) (IAX I + 1AV ey ) -

So there exists a constant A depending only on (L, T"), such that when A\ > A,
we have

(122) AU 2,110y < C(L, T)[|AX || -
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Substituting the last inequality back to (119) and (120), we deduce that
1Yxe — Yxilloqmm + 1@xt — Qxtilleqr,m < C(L, T)|AX]|a-
By applying Lemma 5.10, we obtain (57).
A.2. Proof of statements in Section 6

A.2.1. Proof of Lemma 6.1. We first prove (63). From (60) and (56),
we have

[V (X, 1)| =

T
/t F(Yxi(s), Uxt(s), s)ds + FT(YXt(T))‘

<C(L,T) (1 F Y oy m) + HUXtH%?([t,T];U))
< C(L,T) (1+[1X][7)

We next prove (61). From (60) and the definition of ¥, we have

(123)
Ixi(Uxn) — Ixe(Uxn) < V(X' 8) — V(X t) < Ixi(Uxe) — Ixi(Uxt).

From Assumption (A4), we have

(124)
Ixt(Uxt) — Ixe(Uxt)

T
- /t [F (X)U{ftf(s),UXt(s),s) —F(YXt(s),UXt(s),s)] ds
+ [FT (X%? (T)) - FT(YXt(T))}
T rl1
_ /t /0 (DXF(u—e)YXt(sHexgay(s),UXt(s),s),Xgﬁ(s)—YXt(s))Hdeds
+ /O 1 (DXFT ((1 — ) Yxe(T) +6Xg§¢;t(T)), XU (T) —YXt(T))Hde

T
< /t (DxF(¥xu(s), Usals), ), X85 (5) — Yxals))  ds

+ (DXFT(YXt(T))v X)%(tt (T) - YXt(T))H+C(L’ T) HX)%('; ~Yxt HQC([t,T];H)'
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From Assumption (A3) and Gronwall’s inequality, we have

(125) HX)(?; - YXtHC([th];H) < C(LDX = X|lu.

From the definition of @ x¢, we have for s € (¢,T),

= (@xls), XEx () - va)
= — (DxF(Yx(s), Uxi(s). ), X5 () = Yauls))
then
T
%1(DXFﬂkxgi&AQﬁLXgﬁ@)—Kw@ﬂHds

(126) + (DXFT(YXt<T))u X)%([ (T) - YXt(T)>H
= (Qx:(t), X' = X) ;.
Substituting (125) and (126) back to (124), we have
(127) Jxn(Uxe) — Ixe(Uxe) < (Q@xe(t), X' — X) , + C(L,T)|| X" — X|F.

In a similar way, we can also have

Ixt(Uxt) — Ixt(Uxt)

(128) > (Qxu(t), X' = X) ,, — C(L, T)|[ X' — X|%.

From Lemma 5.11, we have
1Qx1(t) — Qx: (W)l g < C(L, DX = X||u-
Substituting the last inequality back to (128), we have

Ixt(Uxt) — Ixe(Uxrt)

(129) > (Qxi(t), X' = X) ;= O(L, D|IX" = X7

From (123), (127) and (129), we have

(130) ‘%(X,at) - %(Xa t) - (QXt(t)aX, - X)H‘ < C(L>T)||X/ - XH%{,



618 Alain Bensoussan et al.

from which we obtain (61). We next prove (62). It is well-known that for
any € € [0,T —t],

t+e
V(X 1) = / F(Yxa(s), Uxa(s), 8)ds + ¥ (Yot +€),t + ).
t
So we have

%[“//(X,t—i— 6 — V(X,1)] =

| =

[V(X,t+¢€) — ¥V (Yxi(t+€),t+¢€)]

t+e
— 1/t F(Yx(s),Ux(s), s)ds.

€

(131)

From (130), we have

‘“i/(X,t +e) =V (Yxu(t+€),t + )

- (QYXt(t+e),t+e (t + 6)? X — YXt(t + 6))]{ ‘
<C(L,T)||X = Yxu(t+ )3

From the uniqueness of solution of the forward-backward equations (47)-
(48), we know that

Qv (t4o)i+e(t +€) = Qxe(t +€),

therefore,
1
L - (Ve o)+ 0]
1 t+e
(132) + (Qm(t +e), - G(Yxi(s), Ux(s), S)dS) ‘
t H
1 [tte 2
<C(L,T)e —/ G(Yxi(s), Uxt(s), s)ds|| .
€ Ji H
From Lemma 6.1 and Assumption (A5), we have
1 t+e H
lim — G(Yxi(s), Uxt(s), s)ds = G(X,Ux(t),t),
(133) e—0 € ¢

lim Qxo(t + €) = Qxe(t):
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Substituting (133) back to (132), we have

(134) 25%% [V (X, t+e) =V (Yxu(t +e),t +¢€)]

=— (@x:(t), G(X,Ux(t), 1) y -
From Lemma 6.1 and Assumption (A5), we also have

(135) i L [ F(Yxi(s), Uxe(s), s)ds = F(X, Uxy(t), 1).

e—0 € t

Substituting (134) and (135) back to (131), we obtain (62). As a consequence
of (61), (62) and Lemma 5.11, we have (64), and for ¢t € [0,T], X, X' € H,

(136)
|Dx ¥ (X', t) = Dx ¥ (X, t)||; < C(L, D)X = X||u,
oV oV
s - (X)) - E(X ) <OWL,T)A+ X |g + 1 X)X — X

Now it remains to prove the continuity of derivatives in ¢. From Lemma 6.1,
we have for any 0 <t <t <T and X € H,

1Qxe(t') — Qx:(t) |l
<Qxw (') = Qxe(t ) o + 1Qx:(t') — Qxe(t)| 1
(137) <O(L, )1+ | X || )[t" — ]

t

DxL(Yx+(s), Uxt(s), s; Qx¢(s))ds

t

_l’_

H

From Assumptions (A2) and (A3) and Lemma 5.11, we have

t

DxL(Yx(s), Uxi(s), s; Qx¢(s))ds

t H

SL/t L+ 1Yxe(s)ll + [1Uxe(s) o + |@xe(s)m] ds

<L (1 + 1Yxtlleqmm + 1Uxilleqrmoy + 1Q@xtlleqery;m) 1t —
<C(L,T)(L+ | X|[m) |t — .
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Substituting the last inequality back to (137) and applying (61), we have

IDx 7 (X, t)) = Dx V(X t)|lm = | Qx¢(t) — @xe(t) |1

(138) < O(L,T)(1+ || X ||z)|t — .

Now we prove the continuity of % in ¢. From Assumptions (A2)—(A5) and
Lemma 5.11, we have for 0 <t <t <T and X € H,

(139)
|L(X, Uxp (), Qxe (t') — L(X, Uxe(t), t; Qxe(t))]
<L (1+[IX 15+ 1Uxe (15 + 1 Uxe 0O E +1Qxe (D)7 + 1Qxe () 13) [t — ¢l
+ L (1+ | Xz + Uxe(t)lo + 1Uxe () lo + 1Qx:e(®) |z + [|Qxe ()| )
(1Uxe (") = Uxe(®)llo + 11Qx (t') — Qxe(t)|| 1)
<C(L,T) (1 +IX[1F) [t' —t|
+C(L, YA+ | XN #) (1Uxe (t") = Uxe(@)lo + 1Q@xe (') — Qxe(t) || ar) -

From Assumption (A4), we have

(DyvF(X,Uxy(t'),t') — DvF(X,Uxy(t), 1), Uxe(t') — Uxu(t))
>\ |[Uxe () = Uxa(2)]]7 -

U

(140)

From Assumption (A5), we have

(DyvF(X,Ux(t),t') — Dy F(X,Ux(t),t), Uxe(t') — Uxe(t))
> — L|Uxe (') = Uxe(®)llo 1+ 1 X + 1Uxe(®) o) [t —t].

(141) v

Recall that

(DvF(X, Uxy (t,), t/) — Dy F(X,Ux(t),t), Uxy (t/) — UXt(t))
= — (Ga(Uxyp (t") = Uxs(t)), Qxv(t') — Qxu(t)) ;-

(142) v

From (140)-(142), Assumption (A3), Lemma 5.11 and estimate (138), we
have

2M |Uxe (1) = Uxa (D)

(143)  <||Qx¢(t") = Qxs(t)|| y + L A+ | X]|m + |Uxe(®)[|or) |t — ¢
<C(L,T)A+ | X|a)lt' —1l.
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Substituting (138) and (143) back to (139) and applying (62), we have

v, ., oV
2 K1)~

= |£ (X, Uxy (), t'; Qxv (t') — L(X, Uxy(t), t; Qxe (1))
<C(L,T) (1+ || X|[F) [t — 1.

- (X, 1)
(144)

From (136), (138) and (144), we obtain (65).
A.3. Proof of statements in Section 7

A.3.1. Proof of Lemma 7.1. For any X,X € L?n(]R”;]R"), we have

1 ~

. [F (X + eX) - F(X)]

1

— s ((X + eX)#m> — F(X#m)]
/ / N X #m 4+ MX + eX)#m) ()
X X - X

€

_/01 / % {% ((1 — N X#m + MX + ef()#m> (Xm + ef(x)

_ 4 ((1 — N X#m A+ AX + eX)#m) (Xx)] dm(z)dA

dv
_ /01 /01 /R ng—i (1= XA+ AKX+ X)m) (X + 66X,
- Xpdm(z)dodA.

It is easy to check that for any A € [0, 1], the family of distributions
{mg = (1= N X#m + MX + eX)#m, e |0, 1]}

converges to m in the weak sense and Wa(m?, §g) — Wa(X#m, dg) as € — 0.

Therefore, we have Wa(m?, X#m) — 0 as € — 0. From the continuity of
a%% and the dominated convergence theorem, we have

lim © [F(X +eX) ~ P(X)] = / " ng—i(x#m)(xx)  Xodm(z),

e—0 €
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from which we obtain (78).

A.3.2. Proof of Lemma 7.2. From (73) and Assumption (B1), we have
for (X, V, s) € L2,(R™R™) x L2,(R™R%) x [0, T,

G(X,V,s)l, < I[1+|Xo| + [Vi| + Wa(X#m, 5))
therefore, we have
(145) |GV, )l < ) (141X s, + 1V ]122,) -

From (74) and Assumption (B2), we have

|F(X,V,s)] < z/ (14 | Xa|* + |V |? + WE(X#m, &) dm(z)
R

i)

For X, X € L2,(R"%R") and ¢ € [0,1], similar as Lemma 7.1, we have

<o (1+1x13;

[ =

[G(XJre)N(,V,s)

- G(X. Vi)l

= M

== |9 (Ko + eXo, (X + eX)ttm, Ve, ) = g(Xo, Xim, Vi 5)|

:/1(1) 9)* (X —i—)\eX;v,(X—i-eX)#m,Vx,s) X,dA

(P (- A+ X )
(X, + 06X, ) Xydm(y)dsan

Therefore,

/1
Rn

[ (pgj—g> (X, Xtm, Vi, )(X,) Xydm(y)

[G(X—H—:X v.s)|

~ G(X,V.5)la| = (Dug)" (X, Xtm, Vi, 5) X,

2
‘ dm(x)
1 ~ ~
§2/ / ‘ng(XI+A6Xz,(X+€X)#m,Vx,S)
nJ0

2 2
— D,g(Xy, X#m, V$,s)‘ z| dAdm(z)
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[ LI

X (Xy + 565@) — Dg%(an X#m, Vy, s)(Xy)

d ~
ng—i (Xx, (1= N)X#m + A(X + eX)#m, Ve, s)

202
’Xy‘ dm(y)dédrdm(z).

For any A € [0, 1], the family of distributions
{mg\ = (1= N X#m + MX + eX)#m, e €0, 1]}

converges to X#m in the weak sense and Wa(mp,dg) — Wa(X#m,dp) as
¢ — 0. Therefore, we have Wa(m, X#m) — 0 as ¢ — 0. From Assumption
(B1) and the dominated convergence theorem, we have

Jim © [G (X L XV, s) —G(X,V, s)}

e—0 €

:(ng)*(X, X#ma Vv S)X

dg\* -
o[ (pgd%) (X, X4tm, V., )(X,) Xydm(y),
from which we obtain (79). Similarly,

1 -
lim = [F(X Y eX,V,5) — F(X,V, s)}

e—0 €

:/ [(Dgcf)*(Xz,X#m,Vx,s)Xx
+/ <D5;l—'£> (XI,X#m,Vx,s)(Xy)Xydm(y)}dm(x)
Rn
= [ |pascx xgm v
+ / ) Dg%(Xx,X#m, V., s)(Xy)dm(x)] X, dm(y),

from which we obtain (81). Arguments for (80), (82) and (83) are similar.
Other arguments in (A1) and (A2) are direct consequences of (79)—(83). We
next prove (84). For any @ € L2 (R";R"), from Fubini’s theorem, we have

DxL(X,V,sQ)(X)

= [ [0 DxGE Vi) + (DxFXVs)L,)" X dmo)

x



624 Alain Bensoussan et al.

- [ @y o xpm %,
b [ @ (D) (X, Ve 9)3) Ky im0
. T Edl/ T m,Veg,s Yy yamy m(x
+/ {Dxf(Xx,X#m,Vx,s)
d *
-l—/n ng—i(Xy,X#m,Vy,s)(Xx)dm(y)} Xpdm(z)
_ / [ng(xx,X#m,vx,swx 4 Dof(Xo, Xtm, Vo, 5)
d
+ [ DS, X, Vi) (X) Qi)

d *
+ / Da%(nyX #m, Vy,s)(Xx)dm(y)] Xpdm(z),
from which we obtain (84). Similarly, we have (85).

A.4. Proof of statements in Section 8

A.4.1. Proof of Lemma 8.2. For any v.(-) € LZ([t,T];Li#m(R”;Rd)),
we know that v/(s) := v.(s) o X., s € [t,T] belongs to L*([t, T]; L2, (R")),
and it is an admissible control for (2%™X). We denote by X% g (+) the
corresponding controlled state for mean field type control problem (,@t’X #m)
with control v.(-), and denote by X% , .(-) the corresponding controlled state

for (£2™X) with control v/(-). Note that for s € [t,T],

(146) Xy 1 ($)#(XH#M) = (X x 1 1(5) 0 X)F#m = XKy o (5)#m,

so we know that X% v, ,(s) = X'xy,, ,(s) o X. satisfies the following

equation: for (s,z) € [t,T] x R,
S
X%, xpmai(s) = Xo + /t g (Xg{m,X#m,t(T)vX%.,X#m,t(r)#mvU:/v(r)’ 7“) dr.

From the uniqueness of the equation of X}’(’mt, we have that

L3, (R™;R")

(147) X% xpm(8) XK i(s), s €[t,T].
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From (146) and (147), we have

(148)
Ixcgmt(v.())

= [T K2 ), K s HE T 060, 5) ALK ) )
b [ B D) X (D) d X ) )
= [ (K1, Xl m, 5, ) )
b [ B g (1) X5 g (D)) (o)
= [ P60 XK s e L), i

+/n h(ng/wmt(T)’ngl.mt(T)#m)dm(x)

=Txmt (V(+))
ZJth(UX.mt(')) = ﬂj/(Xa m, t)'

And by setting v.(-) = w.m¢(-) in the last inequality, we get (103).
A.4.2. Proof of Theorem 8.4. From Lemmas 8.2 and 7.1, we have
ay n
DXal/(Iamat)’m:Dfd_(mat)(x)7 r€R )
v
then, from Theorem 8.3, we know that
ay n
(149) DV(m, )|, = De—(m, t)(z), = € R,
and V satisfies the Bellman equation (112). From (109) and (149), we have

Dx V¥ (X,m,t)|, = (D V(X#m,t) o X) ‘x
150 d
(150) = ng—V(X#m t)(Xz), xeR",
from which we obtain (113). From (98) and (150), we have

QX,mt(S) = Qwamt(s)mLs(s) = (DXﬂj/(YXmmt(*g)vmv 3)) |x
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d
= ng—i(Yx,mt(s)#m, 8)(Yx,me(s)), = € R™

So from (102), we know that the solution of (£2%™X) satisfies for (s,z) €
[t, T] x R",

0 t(5) = Vi a(5) Vs ()55 D G (W5, 5) (0 (9) ).

We define the map ¢ : R™ x Po(R™) x [t,T] as

olasm,s) = 0 (10,5 D (m,5)0))

then we know that
(151)  ux,mi(s) = O(Yx,me(s), Yxme(s)#m,s), (s,z) € [t,T] x R",
is a feedback.
A.4.3. Proof of Corollary 8.6. From (151), we have
(152) 0u(5) = 6 (Xals),m(s),5) . (s,2) € [0,T] x R™.
We define g : R" x Po(R™) x [0,T] — R" as

9(x,m, s) := g(x,m, (x,m, 5), ), (z,m,s) € R" x Po(R") x [0, T],

and define X!(-) € LQ([t,T];Lfn(t)(]R”;R”)) as

Xi(s) =+ /:g (X;(r),Xt(r)#m(t),r) dr, (s,x)€[t,T] x R",
From the fact that

X!(s)#m(t) = X! (s)#(X.(D)#m) = (X'(s) o X(8))#m, s € [1,T),
we have
(153) X.(s) = XYs) o X.(t), seltT]
From (152) and (153), we know that

(154) o(s) == 10.(s) o (X.(t)7Y, selt,T],
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is well-defined and belongs to L?([t, T1; Lfn(t) (R™;R%)). Then, for any v.(-) €
L*([t,T); L2, ) (R RY)), from (148), (153) and (154), we have

Jrm(@)¢(0-()) (&)t ((v. o X_(t))(.))
(t),m,t (@-(‘)ht,T])

e (00 X)) = Ty (210))

v

Iy
I
Iy

Therefore, 9*(-) is a solution of the mean field type control problem (Z25™(1),
From the uniqueness of solution of (24™®)), we have d'(-) = u. (1) 4("), from
which we obtain (115).
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