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A note on the family of synchronizations for a
coupled system of wave equations®

TATSIEN L1 AND BOPENG RAO

We show that a coupled system of wave equations can be exactly
synchronized by p-groups with respect to different groupings under
the same control matrix.

AMS 2000 SUBJECT CLASSIFICATIONS: Primary 93B05, 93C20; secondary
35L53.

KEYWORDS AND PHRASES: Family of synchronizations, coupled system
of wave equations.

1. Introduction

Let © be a bounded domain with a smooth boundary I' in R™. Denote by
Xw the characteristic function of a subdomain w of Q. Let A be a matrix of
order N and D be a full column-rank matrix of order N x (N — p), both
with constant elements. Consider the following system for the state variable
U= (uM, ... u™)T with the internal control H = (R ... A(N=PHT.

(1)

U" — AU + AU = Dy, H in (0,400) x
U=0 on (0,+o00) x I'.

Recall that for any given initial data (Up,U;) € (HE(Q) x L2(Q)N
and any given function H € (L} (0, 400; L3(Q)))N =P, system (1) admits

loc
a unique weak solution U in the space

(2) (Cloe([0, +00); Hg (2)) N Cloe ([0, +00); L2 (€)™
with continuous dependence (Proposition 2.1 in [5]).

Let
(3) O=ng<ny <---<np=N
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be a partition with n, —n,_; > 2 for 1 <r < p. We arrange the components
of the state variable U into p groups:

(@) (WD, ™)) D )y et D) g ()
System (1) is exactly synchronizable by p-groups at time 7" > 0, if for

any given initial data (Up,U1) € (HE(Q) x L2(2))Y, there exist a control

function H € (L}, (0, +00; L*(€2)))V P and some functions u, for 1 < r < p:

(5) ur € Cloe([0,+00); Hy (€2)) N Cloe ([0, +00); L2(€2)),

such that the corresponding solution U to system (1) satisfies

(6) t>T: u¥=u, n_1+1<k<n, 1<r<p

Accordingly, (u, ..., u,)” will be called the exactly synchronizable state by

p-groups.
Let S, be a full row-rank matrix of order (n, —n,—1 — 1) X (n, —ny—1):

(7) ST: . . ’ 1<7‘<p.

Define the (N — p) x N matrix C), by

S
So
(8) Cp =
Sp
Let
9) Ker(Cp) = Spanf{ey, ..., ey},
where
(nr—141) (nr)
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(6) can be rewritten as
P

(11) t=T: U= ue
r=1

or equivalently,
(12) t>T: C,U=0.

The matrix A satisfies the condition of C)-compatibility if there exists
a unique matrix A, of order (N — p), such that

(13) CpA = A,C,.

The synchronization by p-groups of system (1) with respect to the spe-
cific grouping (4) was studied in [5]. In particular, we have

Theorem 1.1 (Theorem 3.1 in [5]). Let @ C R™ be a bounded domain
with smooth boundary I' satisfying the usual multiplier control condition and
w C Q be a neighbourhood of I'. Assume that A satisfies the condition of C)p-
compatibility (13). Then system (1) is exactly synchronizable by p-groups at
the time T > 2dy(Q2), where dy(Q2) denotes the diameter of Q, if and only if

(14) rank(Cp,D) = N — p.

However, when p > 2, the situation of the grouping (4) could be very
complicated. The goal of this work is to extend the previous study on the
specific grouping (4) to the general one.

Let o be a permutation of the set {1, ..., N}. We arrange the components
of the state variable U into p groups:

(15) (O, ... o)), (o@D oMy qemeatl) o)y,
When the solution U to system (1) satisfies
(16) t>T: «®=u, n_1+1<k<n, 1<r<p

for some functions u, with 1 < r < p, system (1) will be called exactly
synchronizable by p-groups with respect to the grouping (15).

Accordingly, define the matrix CZ(;U) by

(17) Ker(C’]gU)) = Span(ega), ol e(")),
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where
(18) (€)= (er)oy, 1<i<N, 1<r<p.

Then the exact synchronization by p-groups (16) can be rewritten as

(19) t>T: U= Zureﬁg),
r=1

or equivalently,

(20) t>T: CU=

For 1 < r < p, the size (n, — n,_1) of each group varies following the
repartition (3), and the components in each group (w11 47" is
determined by the permutation o.

We will show in Theorem 3.1 that there exists a control matrix D of
order N x (N — p), such that system (1) is exactly synchronizable by p-

groups with respect to any given C’éa) and CI(;UI) groupings by (17) on some
appropriate basis.

2. Family of generalized synchronizations

Denote by 910 ) the Jordan chains associated with the eigenvalue a; of A:

(21) 09 =0, (A-aD0P =609V 1<i<d, 1<j<f

7 [

Let M, be the set of multi-indices p = (p1,...,tq) € N¢ of length p:

d
(22) 0< i <fis, |ul= mi=np
=1

For any given p € My, we define a matrix ©,, of order (N — p) x N by
(23) Ker(©,) = Span(ﬁgl), . ,95’“); ces 0&1), cey 9[(1’“)).
Instead of (12), if the solution U satisfies

(24) t>T: ©,U=0,
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we say that system (1) is exactly ©,-synchronizable, or generalized synchro-
nizable with respect to ©,. We refer to [4] for a systematic study and some
interesting results on this topic.

Clearly, the matrix ©, gives an equivalence class for the relation

(25) O, ~ 0, < Ker(0,) = Ker(0,).

As p runs through the set M, (23) provides the family of all the matrices
which satisfy the condition of ©,-compatibility:

(26) AKer(©,) C Ker(©,).

By [2, Proposition 2.15], there exists a matrix A, of order (N — p), such

that ©,4 = A,0,. Applying ©,, to system (1) and setting W, = ©,U, we

get the reduced system

(27) W) — AW, + AW, = 0,Dx,H in (0,+00) x €,
W,=0 on (0,400) x I,

Noting (24), the exact ©,-synchronization of system (1) is equivalent to the
exact controllability of the reduced system (27), which contains (N — p)
equations. By [5, Theorem 2.7], we have

Proposition 2.1. Let  C R™ be a bounded domain with smooth boundary
I" satisfying the usual multiplier control condition and w C §2 be a neighbour-
hood of I'. Assume that A satisfies the condition of ©,,-compatibility (26).
Then the original system (1) is exactly ©,-synchronizable if and only if

(28) rank(D) = rank(©,D) = N —p.

Our objective is to find a matrix D such that the rank condition (28)
will be satisfied by all the multi-indices u € M), for the same system. Note
that the cardinal of M,, could be much bigger than rank(D), it is not trivial
(even it is surprising) that only one control matrix D can satisfy the rank
condition (28) for all 1 € M,,.

The following result is a simplified version of the generalized Vander-
monde matrix, the proof of which is adapted from a collection of Ecole
Polytechnique.
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Proposition 2.2. Let0<a; < ---<ap and0 <y < -+ < vy,. The deter-
minant of the following generalized Vandermonde matriz is strictly positive:

a’lh agl .. (I?zl
a’172 agz .. (I:,YZQ
(29) det | . S . | >o.
a'lyn a'zyn )
Proof. We first show that for any given real coefficients cy,...,c, not all

zero, the function
fo(x) =1z 4 ez + -+ ez’ >0

has at most (n — 1) strictly positive zeros.

The conclusion is trivial for n = 1. Assume that it is true for the value
(n—1). Assume by contradiction that f,, has n strictly positive zeros, so has
the function

gn(x) = p +oexPTN ey x> 0.

By Rolle’s Theorem, the derivative
(@) = c2(n2 = y)2™ T 4 e — )2 T
has (n — 1) strictly positive zeros, so has the function
2 gn (@) = ca(ya — )27 + -+ e — )2,

which contradicts the induction’s hypothesis for the value (n — 1).
Now we return to prove (29), which is obviously true for n = 1. Assume
that it is true for the value (n — 1). Let

a]’lyl agl “ e a/;yll—l :L»'Yl
G/YQ a;/Q o« e azz_l :U'YZ
f(z) = det : : ) : :
Yn—1 Tn—-1 .. Yn—1 Yn—1
aq g p1 T

Developing the determinant according to the last column, we get

f(x) = c1z” + cga™ + -+ + cpa,
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where
71 gé! Y1
ag Qg G
al? al? . a’Y27
1 2 n—1
¢y, = det . ; ) . >0
’Ynfl ’Ynfl ’Ynfl
ay ) B |
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by the induction hypothesis for the value (n — 1). Since f vanishes at
T = ai,...,an—1, by what has been shown in the first step, f has at most
(n — 1) strictly positive zeros, then aj,...,a,—1 exhaust the zeros on the
interval (0,+o00). By continuity, f keeps a constant sign for x > a,_1, in
particular, we get f(a,) > 0, which gives (29) for the value n. The proof is

then complete.

Proposition 2.3. Let

a;  ay an_p
af a3 Xy
(30) G = Ei Ez’ i E >
a;  ag aN_p
al¥ a:év a%fp
where
(31) 0<ar <az<--- <an—_p.
Let
(32) Q=" .. .00 WM . gty
Defining
(33) D = QG,

condition (28) holds for all p € M,,.

Proof. By Lemma 2.2, we have rank(D) = N — p.
Let

— 1 A1 1 Ad
(34) QT:(n:([)7"'777§u)7"'777((1{)7"'7176([“))'

O
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Then
0", ](l)) = 040kl
It follows that
(35)
Im(@z;) = Ker(@u)J— = Span(n%“lﬂ), . ,ng’“); o nfl“”l), . ,n((i“d)).

Let
i—1
mi=) Hi, 1<i<d
j=1
Defining
(mi+j—1)

36) &=(0,...,0, 1T ,0,...,007, 1<j<fh, 1<i<d

and

(€D g, gty gl

E; = Span v &g
we have
0, =Q "E
It follows that
©.D =EIQ7'QG = E}G.
The matrix E;:fG is in fact the extraction of (N — p) rows from the matrix
G, namely, we have

J J1 J1

! gt ON—p
J2 J2 J2
al az oo apr
T . . . .
(37) E,G= : : : : ,
ijp ijp jN*p
al a2 e apr

where the indices j;(i = 1,..., N — p) are defined by (36) so that
(38) I<ji<ja<--<jn-ps<N

Still by Lemma 2.2, under conditions (31) and (38), the determinant of (37)
is strictly positive. The proof is achieved. O
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Finally, combining Propositions 2.1 and 2.3, we get

Theorem 2.1. Let 0 C R™ be a bounded domain with smooth boundary
I' satisfying the usual multiplier control condition and w C € be a neigh-
bourhood of T'. Assume that the control matriz D is given by (33). Then
system (1) is exactly ©,-synchronizable for all p € M,.

3. Family of synchronizations by groups

We will establish the relationship between the exact ©,-synchronization and

)

the exact synchronization by p-groups with respect to a C,S"
first show the following

-grouping. We

Proposition 3.1. Let the matrices ©,, and C’I(,U) be given by (23) and (17)
respectively. If system (1) is ezactly ©,-synchronizable, then it is exactly

synchronizable by p-groups with respect to the CI(,U) -grouping on SoOme appro-
priate basis.

Proof. Since rank(©,) = rank(C’;,(,o)) = N — p, there exists an invertible
matrix P such that

(39) 0, =CP.

Applying P to system (1) and setting U = PU, we get

(40) U"” — AU + PAP~'U = PDx,H in (0,400) x Q,
U=0 on (0,+o00) x I".

Accordingly, the final condition (24) becomes
(41) t>T: CYU=0.

Since system (1) is exactly ©,-synchronizable under the control matrix D,
therefore, system (40) is exactly synchronizable by p-groups with respect to

the C’,()U)-grouping under the control matrix PD. O

We next examine the possibility to convert every exact ©,-synchro-
nization to some exact synchronizations by p-groups with respect to different
C’,(,g)—groupings. This requires certain additional conditions on the structure
of the coupling matrix. We first give some preliminaries.
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Proposition 3.2. The matrizx A admits two Jordan chains if and only if
there exist pi, i’ € My, such that Ker(©,)N Ker(0,,) # {0}.

Proof. Assume that A admits d Jordan chains with d > 2.
If 17 > p, we define

Ker(©,) = Span{@il), . ,0%10)},
Ker(©,) = Span{egl), . ,9%1771), Gél)}.

Clearly, 0%1) € Ker(©,) N Ker(0,).

If 711 < p, noting Zgzl i = N > p, there exists an integer dy with
1 < dy < d, such that iy +-- -+ ig, = po < p, but 1+ - -+ tg, + tdy+1 > D-
We define

Ker(©,) = Span{6{",..., 00 .. o) g ol . gwimoy,
Ker(®,) = Span{&%l), e ,6’%’“), . 7951?7 e, Hfil:do_l),ﬁc(l&l, . ,Ht(if:f{ﬁl)}.

Then, we get again 951) € Ker(©,)NKer(©, ). Another sense is trivial. [

Proposition 3.3. Let CISU) and nga/) be given by (17), respectively, ©, and
O, be given by (23). There exists an invertible matriz P such that

(42) e,=0Ypr,  ©,=0p

P
if and only if

(43)
dim(Ker(©,) N Ker(©,)) = dim(Ker(Cé")) N Ker(C’I(,"/))) =q>0.

Proof. Assume that condition (42) holds. Then we have

P(Ker(©,)NKer(©,)) = Ker(C}g")) N Ker(C’é"/)).

Noting
267(,") —e with e=(1,1,...,1)T ¢ Ker(CIg”)) N Ker(CZ(fl)),
r=1

we get thus (43).
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Conversely, assume that (43) holds, then we have
Ker(©,) N Ker(©,) = Span(b.,...,0,).
We complete (61,...,0,) to get a basis of Ker(©,):
Ker(©,) = Span(0, .. 9q,(9€(1+)1, ... ,9(“)),
respectively a basis of Ker(©,):

Ker(©y) = Span(by, ... Qq,eéiiw‘_,e](oﬂf))‘

We easily check the linear independence of the family

(44) (91,...,9q79((1'i)17 ) 9[()#)’9((14_{’ . ’0](#/))‘

In fact, let a;(l =1,...q) and b;,¢;(l = 1+¢q,...p) be some coefficients such
that

Zalel—{— Z blg 'u)—l- Z CZG(N

l=q+1 l=q+1
Then
Zalﬁl + Z bZO(“ € Ker(©,) N Ker(©u),
l=q+1

therefore

Z blﬁ € Ker(©,) N Ker(©,).

l=q+1
Since (02’"31, ey p“)) ¢ Ker(©), we get >31_ 1) b10l(“) = 0. Similarly, we

have Y77 a1 CZQl(” )= 0. We get thus the linear independence of the fam-
ily (44).
Similarly, we can write

(45) KeT(CZ()U)) = Span(ey, ..., eq, € t(;r)lv o 6:20))’
(46) Ker(C{?)) = Span(er, ..., e, egﬂ, el

where e, for 1 < r < ¢ are defined by (18).
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Moreover, we easily check that the families

(917"'>9q’9<(1/jr)1>---,9(“) o) . eu),

p g+l P
. (@) 7). (o) o’
(el,...,eq,eq+1,...,ez(9),eqﬂ,...,e]() ))

are linearly independent. Therefore, there exists an invertible matrix P such
that

(47) P0y,... ,eq,e(g@l, . 79&)’95]&{’ o)
= (1, reqgientn el el),
namely,

PKer(©,) = KGT(C’I()U)), PKer(0,,) = Ker(C’Z(f/)).
Then, we get
Ker(©,) = KGT(CZ(JU)P)’ Ker(©,) = KGT(C’]()",)P)-

Noting (25), we get (42). O
Now we give the main theorem in this work.

Theorem 3.1. Let Q@ C R™ be a bounded domain with smooth boundary I’
satisfying the usual multiplier control condition and w C Q) be a neighbour-
hood of T'. Assume that A admits two Jordan chains. Then there exists a
control matriz D of order N x (N — p), such that system (1) is exactly syn-
chronizable by p-groups with respect to any given CI(,U) and C,S"') groupings
by (17) on some appropriate basis.

Proof. Since A admits two Jordan chains, by Proposition 3.2, we have
(48) dim(Ker(©,) N Ker(©,)) =q > 0.

We can thus arbitrarily chose the matrices CZ(,U) and C’I(,U/) such that (43)
holds. Then, by Proposition 3.3, there exists an invertible matrix P such
that (42) holds. By Theorem 2.1, system (1) is exactly ©, and ©]-synchro-
nizable under the same control matrix D. Noting (42) and Proposition 3.1,

system (1) is exactly synchronizable by p-groups with respect to the C,()J)

and C’I(,U/)—groupings under the same control matrix D on the commun ba-
sis P. 0
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Remark 3.1. Because of the restrictive condition (43), only a part of the

exact C;(,U)-synchromzations can be realized under the same control matriz D.

The number of C’,gg)—synchronizations depends on the structure of the cou-
pling matriz A. For a better understanding, in Theorem 3.1, we only expli-
cate the case of two Jordan chains. We will not deepen the discussion on the
topic in this short note. Instead, we give one example of three Jordan chains
for illustrating the preceding abstract results.

Example. In this example, we have N =6, p = 2. Let

01
00
0 1
A= 00
01
00
with three Jordan chains of length 2:
1 0 0 0
0 1 0 0
1 0 2 0 1 1 2 0
" = 0]’ o = 0]’ 0y = 0]’ 05" = 1
0 0 0 0
0 0 0 0
and
0 0
0 0
1 0 2 0
05" = 0]’ 05" = 0
1 0
0 1

Since A is already Jordanized, we have @ = I in (32) and D = G
in (33). We first exhaust the matrices of generalized synchronization ©,
given by (23).

Ker(@(Q,O,O)) = Span(egl)ﬂ 052)) with M1 = 27/1’2 = M3 = OHLL = (2)07 0)7
Ker(@(l,l,O)) = Span(egl)’ eél)) with H1 = 1)/1’2 = 17 3 = 07/”’ = (1’ ]-7 0)
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and

Ker(@(o’z’o)) = Spcm(Gél),Gg?)), Ker(@(o’l’l)) = Span(Gél),Hél)),
Ker(©(02) = Span(65",05),  Ker(9,0,1)) = Span(8y”, 65",

or equivalently by (35),

001000 010000
o 1000100 o 1000100
200= 10 000 1 0] L)~ 1o 0o 0o 0 1 0}
00 0O0O01 00 0O0TO0°1
100000 100 0 00
o o1 0000 o o1 0000
(07270) - 0 O 0 0 1 O ) (0’1’1) o 0 0 0 1 0 O ’
000O0O01 00 0O0O01
100000 010000
o 10100 00 o 1001000
002= 19 0100 0l WL~ 10 00 1 0 0
000100 00 0O0O01

By Theorem 2.1, system (1) is exactly ©,-synchronizable for all u € M,
under the same control matrix D:

b
b2
b3
b4
b5
b6

s}
e}

, l<a<b<ec

= = e
Q22
o Ut s w1
OO OO0
=< B SR JURR O

Since
Ker(0,0,0) N Ker(0©1,1,0) N Ker(©(0,1)) = Span(9§l))7

the three matrices © 50,0y, ©(1,1,0) and Oy o 1) satisfy condition (43). We can
arbitrarily chose three matrices defined by (45)-(46) as follows:

Ker(Cég)) = Span(ey, egf)),
Ker(CY) = Span(er,ef),
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Ker(C’éU”)) = Span(eq, eéou)),

where
(123456
=\1 35 2 4 6)°
, (1 23456
=\ 23 4 5 6)°
n (1 2 3 45 6
“=\1 36 24 5)
or equivalently with
1 1 1 1
1 0 1 0
1 P 1 o 1 o 1
elzl,eé)zo,eg)zo,eg)zo
1 1 0 0
1 0 0 1

Then we define the matrix P by (47) such that

o) er, PO o), PO =), peD = )
By Proposition 3.3, we have

9(2,0,0) = Céa)R 01,1,0) = Céal)Pa 9(1,0,1) = Céa//)P-

By Theorem 3.1, system (1) is exactly synchronized by 2-groups under the
control matrix D with respect to the following three groupings:

o-partition: w; = u3 =us, U2 = U4 = Ug,
o'-partition: u; = ug = u3, Uy = us = ug,

o”-partition: wu; = u3 = ug, Uy = Us = Us.

The above choice of basis is only an example, there are many other amusing
groupings with large N.

Remark 3.2. For clarity, we have only considered the internal controllabil-
ity of Dirichlet problem (1). Obviously, the approach can be applied to the
internal controllability of Neumann problem.



140 Tatsien Li and Bopeng Rao

References

[1] T.-T. Li and B. P. Rao, Criteria of Kalman’s type to the approximate
controllability and the approximate synchronization for a coupled system
of wave equations with Dirichlet boundary controls, STAM J. Control
Optim., 54 (2016), 49-72. MR3440183

[2] T.-T. Li and B. P. Rao, Boundary Synchronization for Hyperbolic Sys-
tems, Progress in Non Linear Differential Equations, Subseries in Con-
trol, 94, Birkhatiser, 2019. MR3971214

[3] T.-T. Li and B. P. Rao, Uniqueness theorem for a coupled system of
wave equations with incomplete internal observation, Comptes Rendus
Math., 360 (2022), 729-737. MR4449873

[4] Y. Y. Wang, Generalized approximate boundary synchronization and
generalized synchronizable system, Post-Doc thesis, Fudan University,
2021.

[5] C. X. Zu, T.-T. Li, and B. P. Rao, Exact internal controllability and
synchronization for a coupled system of wave equations, Chinese Annals
of Mathematics, Series B, 44 (2023), 641-662. MR4674655

TATSIEN LI

SCHOOL OF MATHEMATICAL SCIENCES
FubpAN UNIVERSITY

SHANGHAI 200433

CHINA

E-mail address: dqli@fudan.edu.cn

BorPENG RAO

INSTITUT DE RECHERCHE MATHEMATIQUE AVANCEE
UNIVERSITE DE STRASBOURG

67084 STRASBOURG

FRANCE

E-mail address: bopeng.rao@math.unistra.fr

RECEIVED NOVEMBER 14, 2022


https://mathscinet.ams.org/mathscinet-getitem?mr=3440183
https://mathscinet.ams.org/mathscinet-getitem?mr=3971214
https://mathscinet.ams.org/mathscinet-getitem?mr=4449873
https://mathscinet.ams.org/mathscinet-getitem?mr=4674655
mailto:dqli@fudan.edu.cn
mailto:bopeng.rao@math.unistra.fr

	Introduction
	Family of generalized synchronizations
	Family of synchronizations by groups
	References

