ANNALS OF MATHEMATICAL SCIENCES AND APPLICATIONS
Volume 9, Number 1, 185-235, 2024

A class of IMEX schemes and their error analysis

We consider in this paper the construction and error analysis of efficient
high-order numerical schemes for the following Navier-Stokes Cahn-Hilliard
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We construct a class of implicit-explicit (IMEX) schemes for the
Navier-Stokes Cahn-Hilliard (NSCH) system and carry out a rig-
orous error analysis for both semi-discrete and fully discrete (with
a Fourier spectral approximation in space) schemes in the space
periodic case. The schemes are based on the consistent splitting
approach for the Navier-Stokes equations to decouple the compu-
tation of velocity and pressure, and the generalized scalar auxiliary
variable (GSAV) approach to provide uniform bound for the nu-
merical solutions. Our IMEX schemes are fully decoupled and lin-
ear, only requiring to solve a sequence of Poisson type equations at
each time step. With help of the uniform bound for the numerical
solutions, we derive global error estimates in the two dimensional
case as well as local error estimates in the three dimensional case
for temporal orders one to five. We also present some numerical
examples to validate the schemes.
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1. Introduction

(NSCH) system:

(1.1a)
(1.1b)

(1.1c)

0¢ B
E‘}"U'VQZ)—MAM,

p=—AA¢ - f(9)),

%+U~Vv— —Vp+vAv 4+ yuVe,
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(1.1d) V.ov=0,

with suitable initial conditions and boundary conditions. The above NSCH
system is a phase-field model for a two-phase incompressible and immiscible
fluid flow [2, 3, 21, 22, 25, 31]. The unknowns are the phase function ¢,
the velocity v and the pressure p, which is assumed to have zero mean for
uniqueness, the chemical potential p is a function of ¢. Here, f = g—i with
F(¢) = £(1 — ¢?)? where ¢ is the interfacial width, M > 0 is the mobility
constant, A > 0 is the mixing coefficient, v > 0 is the fluid viscosity and
~v > 0 corresponds to the surface tension. The above system, with suitable
boundary conditions, satisfies an energy dissipation law:

dE(¢,v
(1.2 PEE0) — Ml - ool <,

where the total energy E(¢,v) is
A 1
(1.3) B(6.v) = [ {31968 +AF(0) + 3l0f .

Numerical issues in dealing with the NSCH system (1.1) include in par-
ticular the challenges inherited from the Navier-Stokes equations and Cahn-
Hilliard equation. For the Navier-Stokes equations, the main difficulties are
associated with the nonlinear term and the incompressibility constraint. An
effective way for solving Navier-Stokes equation is to adopt an operator
splitting (or fractional step) approach [26] for which two options are gen-
erally used. The first option is the projection type methods [10, 38] which
decouple the computations of velocity and pressure: it is very efficient as
one only needs to solve a sequence of Poisson type equations at each time
step, the drawback is that most of these schemes, with the exception of con-
sistent splitting schemes [20, 27|, suffer from the splitting error which limits
the accuracy of the projection type schemes [19]. (ii) The second option is
advocated by R. Glowinski [6, 7, 18] and seeks to separate the difficulties
due to the nonlinear term and the incompressibility constraint, i.e., in the
first substep, it solves a linearized or nonlinear elliptic equation without the
incompressibility constraint, while in the second substep, it solves a (gen-
eralized) Stokes system without the nonlinear term. This option is robust
and does not suffer the splitting error as in projection type schemes, but
it requires solving a non-definite Stokes system at each time step. For the
Cahn-Hilliard equation, the main difficulty is to deal with the nonlinear
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stiffness due to the interfacial width parameter €. A simple explicit treat-
ment of the nonlinear term leads to severe time step constraints while an
implicit treatment of the nonlinear term requires solving a nonlinear sys-
tem, whose well-posedness also requires a time step constraint, at each time
step. We refer to [4, 12], and the references therein, for a recent review on
various numerical methods for Cahn-Hilliard equation and related nonlinear
systems.

To design efficient numerical schemes for the NSCH system (1.1), in
addition to deal with the above difficulties associated with the Navier-Stokes
equations and Cahn-Hilliard equation, we also need to treat the nonlinear
coupling terms in (1.1a) and (1.1c) in a way such that the resulting schemes
are easy to implement while the energy dissipation law (1.3) is somewhat
respected in a discrete sense.

The well-posedness of the NSCH system (1.1) has been well established,
see [, 16], also see [17] for (1.1) with logarithmic potential. The NSCH
system (1.1) has been widely used in numerical simulation of two phase flows,
there are also a few rigorous error analysis for numerical approximations
of (1.1). For examples, in [11, 13, 14, 28], the authors established convergence
and/or error estimates for some coupled nonlinear schemes based on finite-
element or finite-difference for (1.1); more recently in [8, 9, 30, 41], the
authors established error estimates for some fully decoupled linear schemes
for (1.1). All results in these papers are restricted to first- or second-order
schemes.

The main goals of this paper are two-folds: (i) to develop a class of
fully decoupled IMEX schemes based on the consistent splitting approach
for the Navier-Stokes equations [20, 27], which allows us to decouple the
computation of velocity and pressure while being free of splitting errors,
and a generalized scalar auxiliary variable (GSAV) approach [23, 24], which
enables us to show that the numerical solutions are unconditionally stable
for any order; (ii) to derive rigorously optimal error estimates for the schemes
up to fifth-order in the space periodic case.

Our IMEX schemes are fully decoupled and linear, only requiring to
solve a sequence of Poisson type equations at each time step. In particular,
in the case of periodic boundary conditions with a Fourier approximation in
space, the Poisson type equations lead to diagonal systems in the frequency
space so these schemes are extremely efficient. Moreover, the GSAV approach
provides a unconditionally uniform bound for the numerical solutions which
plays an essential role in our error analysis. Our uniform error analysis for
temporal orders of one to five, to the best of our knowledge, provides the
first rigorous error estimates for the NSCH system (1.1) with temporal order
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greater than two. While the general process of the error analysis is similar
to that in [23, 24] for the gradient flows and for Navier-Stokes equations
separately, it is much more difficult as we have to deal with the additional
difficulties caused by the nonlinear coupling between the Cahn-Hillard part
and Navier-Stokes part in (1.1).

The rest of the paper is organized as follows. In the next section, we
provide some preliminaries to be used in the sequel. In Section 3, we describe
our semi-discrete and fully discrete with Fourier-Galerkin SAV schemes for
the Cahn-Hilliard-Navier-Stokes system with periodic boundary conditions,
prove its unconditionally stability. In section 4, we present detailed error
analysis for the kth-order schemes (kK = 1,2,3,4,5) in a unified form. In
section 5, we provide numerical examples to demonstrate the convergence
rates and validate the accuracy of our schemes.

2. Preliminaries

We first introduce some notations. We denote by (-,-) and || - || the inner
product and the norm in L?(Q), where Q C R%(d = 2,3) is a rectangular
domain with periodic boundary conditions, and denote

HYQ) = {uY) (j=0,1,-- k) € L*(Q) : u'¥) periodic (j = 0,1, -+ ,k—1)},

with norm || - [|. For non-integer s > 0, H,(f2) and the corresponding norm
| - [|s are defined by space interpolation [1]. In particular, we set HJ(2) =
L2(9).

Let V be a Banach space, we shall also use the standard notations
LP(0,7;V) and C([0,T];V). To simplify the notation, we often omit the
spatial dependence for the exact solution u, i.e., u(x,t) is often denoted by
u(t). We shall use bold faced letters to denote vectors and vector spaces, and
use C' to denote a generic positive constant independent of the discretization
parameters.

We now define the following spaces which are particularly used in the
study of Navier-Stokes equations:

H={veL*Q):V.-v=0}, V={veH)Q):V -v=0}
Let v € L?(2), we define w := A™1v as the solution of
Aw=v x€); w periodic with zero mean.

Note that in the periodic case, we can define the operators V, V- and A~}
in the Fourier space by expanding functions and their derivatives in Fourier
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series, and one can easily show that these operators commute with each
other.
We define a linear operator A in L?(Q) by

(2.1) Av:=V xVxAlv, VveL*Q).

Since
[Aw|* = ||V x V x w|?+ [|[VV - w|®>, Vw e H}(Q),

we derive immediately from the above that
(2.2) |Av|? = [AA™ | — [VV - A7M|? < [lo]?, Yo € L*(Q).
Next, we define the trilinear form b(-,-,-) and ba(-,-,-) by
b(u,v,w) = /(u Vv - wdz, ba(u,v,w) = / A((u-V)v) - wde.
Q Q
In particular, we have
b(u,v,w) = —b(u,w,v), Vu € H, v,w € HI}(Q),
which implies
(2.3) b(u,v,v) =0,Vu e H, v € H;(Q)

Using (2.2), Holder inequality and Sobolev inequality, we have [39]

(2.4a)
1/2 1/2

b, v,w), ba(u,v,w) < clfull |l V2|2 v]) W], d=2,
(2.4D)

b(u, v, w), ba(u,v,w) < cllul1[|[Vvlli2|w], =3,
(2.4c)

1/2 1/2
b(w, v,w), ba(u,v,w) < cllul o]y ?|v]y*[wll, d=3.

We also use frequently the following inequalities [39]:

cllulll[vfl]wll;
cllull2llvl|ol|lwl|1;

(2'5) b(“'?vvw)v bA(u7U7w) < CHU’H2HU”1HwHOa d<4.
cllull1llv]|2]|lwllo;
cllulloflvl|2]lwll1;
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3. The SAV schemes and stability results

In this section, we construct semi-discrete and fully discrete SAV schemes
for the Navier-Stokes Cahn-Hilliard system (1.1) with periodic boundary
conditions, and establish stability results for both semi-discrete and fully
discrete schemes.

3.1. The SAV schemes

Following the ideas in [24] for the general dissipative systems and in [23] for
dealing with Navier-Stokes equations with periodic boundary conditions,
we construct below unconditionally energy stable schemes for (1.1) with
periodic boundary conditions. These schemes can be easily extended to the
case of non-periodic boundary conditions using a similar formulation as in
[40].

For Navier-Stokes equations with periodic boundary conditions, we can
explicitly eliminate the pressure from (1.1c). Indeed, taking the divergence
on both sides of (1.1c), we find

(3.1) —Ap=V-(v-Vv—yuVg),
from which we derive
Vp=VAlAp=—-VA~IV. (v Vv —yuVe)

=-VV-A (v Vv —yuVo)

(3.2) = (A+V xVX)A (v - Vv —yuVe)
= v -Vo+ Ve -V xVxA v Vo —yuVe)
=—v-Vo+yuVep— A(v- Vv —yuVe),

where A is defined in (2.1). Hence, (1.1c) is equivalent to (3.1) and

0
(3.3) 8_175] —vAv — A(v- Vv —yuVe) = 0.

In order to apply the SAV approach, we introduce a SAV,

r(t) = E(o(t),v(t) + 1,
and expand (1.1) as

(3.4a) g—f +v-Vo=MApu,
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(3.4b) p=—NA¢ — f(8)),

(3.4¢) % —vAv — A(v- Vv —yuVe) =0,
d

(3.4d) = = —M|[Vu|? = v|Vo|%.

We construct below semi-discrete and fully discrete schemes for the ex-
panded system (3.4).

3.1.1. Semi-discrete SAV schemes. We consider first the time dis-
cretization of (3.4) based on the implicit-explicit BDF-k formulae in the
following unified form:

Given r, ¢/ v/ (j =n,n—1,--- ,n—k + 1), we compute ¢" "1 &
prtl prtl o entl gntl and vt consecutively by

n+1
)

(3.5a)

an+1 — A n
Odk¢ 5 k(¢ ) +Bk(vn) ka(¢n) — MA/,LH—H,
(3.5b)
Pttt = XA — F(Br(4™))),
(3.5¢)

ot — Ay (0"
(677 5 k( ) o VA@”+1—A(B]€(U”) . VBk(’Un) _ ’)/Bk(,un)VBk(qbn)):O,
(3.5d)
7“"+1 —pn TnJrl

— _ M n+1)2 —n+12
s = B e T MIVE T ),
(3.5e)
S p— i =1 (1= grthE
E’((an—l—l’ﬁn—i-l) 4 17 5

(3.5¢f)

n+1l __ n+1,l—)n+1.

¢n+1 — ’I’}n+1§Z§n+1, v =7

Whenever pressure is needed, it can be computed from
(3.6) Aanrl =_V. (,vn+l . v,anrl _ ,Yun+1v¢n+1)_

In the above, ay, the operators Ay and By (k =1,2,3,4) are given by:

e first-order:

(3'7) a; =1, A1(¢n) = 9", Bl(¢n) = ¢n;
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e second-order:

(B8) ar=3 ") =29" - 26", Bae") =26" - "

e third-order:

1
o3 = —

ny _ n § n—1 l n—2
Bg((ﬁn) — 3¢n o S(z)nfl + ¢n72.

The formulae for £ = 4,5, 6 can also be readily derived by Taylor expansion.

Several remarks are in order:

e We observe from (3.5d) that 7"*! is a first-order approximation to

E(p(-, "), v(-,t"*1)) + 1 which implies that £"*! is a first-order ap-
proximation to 1.

(3.5a)-(3.5¢) are kth-order approximations to (3.4a)-(3.4c) with kth-
order BDF for the linear terms and kth-order Adams-Bashforth ex-
trapolation for the nonlinear terms. Hence, ¢"*! and #"*! are kth-
order approximation to ¢(-, ") and v(-, 1) which, along with (3.5e)
and (3.5f), implies that ¢"*! and v"*! are kth-order approximations
to ¢(-,t" 1) and v(-, "),

The main computational cost is to solve the Poisson type
equation (3.5a)- (3.5¢).

3.1.2. Fully discrete schemes with the Fourier spectral method
in space. We now consider Q = [0, L;) x [0, Ly) x [0, L;) with periodic
boundary conditions. We partition the domain © = (0, L;) x (0, Ly) x (0, L)
uniformly with size h, = L;/Ny, hy = Ly/Ny,h, = L./N, and Nx, Ny, Nz
are positive even integers. Then the Fourier approximation space can be

defined as
Sy =
span{e’®*e M Yel > ; —% <j< % —1, —% <k< % ~1,
N, N
-5 SISTF-1NR,
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where i = v/—1, & = 2nj/Ly, qi = 27k/Ly and 7, = 2nl/L,. Then, any
function u(z,y, z) € L?(Q) can be approximated by:

N;

-1 -1

w€;x 1 ’LTZ
u(xaya )NUN xr,Y,z E E E u],k 1€ i nkye !

. NL Ny 7__
J=—F k=—H l=—

with the Fourier coefficients defined as
~ 1 —i(&x+mey+Ti2)
Uj e = @ ue S dx.
Q

In the following, we fix N, = N, = N, = N for simplicity, and also set
Sy = 5.

Define the L?-orthogonal projection operator Iy : L?(Q) — Sy by
(3.10) (Iyu—u, ) =0, YUeSy, ueclL?*Q),
then we have the following approximation results (cf. [29]):
Lemma 1. For any 0 < k < m, there exists a constant C' such that

(3.11) Myu —ully < Clluflm N,V u € HP ().

We are now ready to describe our fully discrete schemes. Given r"

g\,,va (j=n,n—1,---,n—k+1), we compute ng”'H, U?V+1, il prH,
gl ¢t and vt consecutively by
(3.12a)
akd;n—H o Ak(ﬁgn)
() + (Be(vk) - VBR(#k), o) = M(Apy™, on),
v,(pN € SN7

(3.12b)
(w ”“,dw) “AAGNT — F(Br(6)),¥n), Vun € S,

Oy — Ag(v
(% 5 MR ) - v(ag )
(3.12¢)
— (A(Br(vY) - VBi(v}) — vBi(u ) VBi(0))), ¥n) =0, Vaby € S,
(3.12d)
7m,+1 —pn rn+1
= — _ M 7’L+1 2 'I’L+1
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(3.12¢)
£n+1 it n+l _ 1— (1 _ En-{—l)k
(¢n+1, —}1\]4—1) + 1 n - )
(3.12f)
¢n+1 n+1¢n+1’ UR{—H nn-‘rl XT—H'

Note that Fourier approximation of Poisson type equations leads to di-
agonal matrix in the frequency space, so the above scheme can be efficiently
implemented as follows:

(i) Compute ¢ and p/y! from (3.12a) and (3.12b), o™ from (3.12¢),
which are Poisson-type equations;
(ii) With &7](,‘*'1, ,u’f\frl and U"H known, determine r"*! explicitly
from (3.12d);
(ili) Compute "1 and 7)™ from (3.12e);
(iv) Update qb’}vﬂ and ’UR,—H from (3.12f), go to the next step.

Finally, whenever pressure is needed, it can be computed from
(313) Apn+1 — _HNV . (,U]T\L]+1 X V’UX[+1 _ 'YH?V+1V¢R+1)-
3.2. Stability results

We have the following results concerning the stability of the above schemes.

Theorem 1. Let {r¥, && ok, ok, vk, vk} be the solution of the fully dis-
crete scheme (3.12). Then, given r™ > 0, we have r"*1 >0, "1 >0, and
for any k, the scheme (3.12) is unconditionally energy stable in the sense
that

(3.14) Pt —Ste" TN (M| V2 4+ v Vortt?) <0, vn.

Furthermore, there exists My > 0 such that

(3.15) IVeRIP < loiHI* < MR, vn.

)\2 ’
It is clear that same results hold for the semi-discrete schemes (3.5).

Proof. Since the proofs for the fully discrete scheme (3.12) and for the semi-
discrete scheme (3.5) are essentially the same, we shall only give the proof
for the fully discrete scheme (3.12) below.
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Given 7™ > 0. Since E(¢%, o1 + 1 > 0, it follows from (3.12d) that

,,,n
3.16 ntl — — >0.
(3.16) ' Lt ot MV Vo~
(o or )+

Then we derive from (3.12e) that "+ > 0 and obtain (3.14).
Denote M, := " = E[¢(-,0),v(-,0)], then (3.14) implies r"* < M, Vn.
It then follows from (3.12¢) that

prtl < 2M,
E(oN o) +1 7 AIVeRT 12 + o2 + 27

(317) ¢ =

Since 7™ =1 — (1 — ¢"*H* | we have 5Tt = ¢"+1 P (¢"H1) with Py, being
a polynomial of degree k — 1. Then, we derive from (3.17) that there exists
M, > 0 such that

Mk
3.18 nn+1 — n+lP n+1 < _ ’

which, along with ¢"+! = n ¢+l and vt = P ol implies

196N = G2V R

(319) ( Mk )2HV€5n+1”2 < %]3
MNIVERHH + [[ox )12 + 2 Mo T
and
(3.20)
M,

+112 +1 +1(2 k 12 <« ag2
[oR 1P = (2 oI < (A”v%+1||2+|| n+1”2+2) [oR 12 < My
The proof is complete. O

We note the above results would hold for corresponding schemes with
non-periodic boundary conditions, see [40] for the case of Navier-Stokes
equations with no-slip boundary conditions.

4. Error analysis

In this section, we carry out a unified error analysis for the fully discrete
schemes (3.12) with 1 < k < 5, and state, as corollaries, similar results for



196 Fukeng Huang and Jie Shen

the semi-discrete schemes (3.5). We denote

"=not, s"=r"—r(t"),

epn=0N — LINg(-, 1"), ef n=0N — no(,t"), e n=IING(-, ") — (-, "),
ey n=0x — lIno(, "), ey y=v§ — lyv(,t"), ey n=lyv(,t") —v(-,1"),
epn = by —np(,t"), e = Oyp(, ") — (1), e, = e, v + e,

ég = on — ¢, ") =eg N + e, eg =o% —o(t") =eg N +egm

SN

€y =0y —v(,t") =€, yt+ ey, ey =VN — V(") = ey n + ey

To simplify the notations, we dropped the dependence on N for ég, eg, ey
and e;, in the above, and will do so for some other quantities in the sequel.
We also assume the positive constants M =y =v = XA = 1 in (3.12) for
simplicity.

4.1. Several useful lemmas

We will frequently use the following two discrete versions of the Gronwall
lemma.

Lemma 2. (Discrete Gronwall Lemma 1 [36]) Let y*, h¥, g%, f* be
four nonnegative sequences satisfying

T/5t
y +5t2hk<B+5tz yF+ f%) with 6ty gF < M, V0 <n <T/dt.
k=0

We assume 6t g* < 1 for all k, and let o = maxo<p<r/5t(1 — 5tg®)~L. Then

y" + 0t hF <exp(oM)(B+6t)  fF), Vn < T/bt.
k=1 k=0

Lemma 3. (Discrete Gronwall Lemma 2 [35]) Let ,ay, by, ¢,, and d,
be four nonnegative sequences satisfying

m m—1 m—1
am"'szn STzandn+TZCn+Ca m > 1,
n=1 n=0 n=0

where C' and T are two positive constants. Then

m—1 m—1

am—l—TibnSexp(TZdn)(Tch—i—C),le.

n=1 n=0 n=0
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Based on Dahlquist’s G-stability theory, Nevanlinna and Odeh
[33] proved the following result which plays an essential role in our error
analysis.

Lemma 4. For 1 < k < 5, there exist 0 < 7, < 1, a positive definite
symmetric matriz G = (g;5) € REE and real numbers O, ..., 0 such that

k
<akun+1 o Ak(un)’un—&-l o TkUn) _ Z gij(un—&—l—&—i—k’un-i-l—&-j—k)

ij=1

k
- Z gij(un-i-i—k’un-i-j—k)
i,j=1
k .
+ ” Z(siun-l-l-i-z—kHQ’
=0

where the smallest possible values of T, are
=71 =0 m=0.083, 74 =0.2878, 75=0.8160.

We also recall the following lemma [32] which will be used to prove local
error estimates in the three-dimensional case.

Lemma 5. Let ® : (0,00) — (0,00) be continuous and increasing, and let
M > 0. Given T, such that 0 < T, < fAO/[O dz/®(z), there exists Cy > 0
independent of 6t > 0 with the following property. Suppose that quantities
Zn, Wy > 0 satisfy

n—1 n—1
zn + 257571% <yp:=M-+ Zét@(zk), Vn < ny,
k=0 k=0

with neot < Ty. Then y,, < Ci.

We also recall the following result (see Lemma 2.3 in [37]) which we shall
use to deal with the nonlinear term.

Lemma 6. Assume that ||ul| g < M, and

(4.1)

g ()| < C(|z|P + 1), p>0 arbitrary ifn=1,2; 0<p<4 if n=3.
lg"(z)] < C(|z|P" +1), p >0 arbitrary ifn=1,2; 0<p'<3 if n=3.
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Then for any u € H*, there exist 0 < o < 1 and a constant C(M,) such
that the following inequality holds:

1Ag(w)|? < C(Mu) (1 + [|Aul*7).
4.2. Error analysis for the phase function and the velocity in 2D

To carry out the error analysis, we need to assume that the solution has
enough regularity. For the Navier-Stokes equations, it is shown in [39] that
in the periodic case, vo € H)" implies that v(-,t) € H}" for all ¢ < T, and
furthermore, it is shown in [15] that v has Gevrey class regularity. Similar
results hold for solutions of the Cahn-Hilliard equation [34]. It is therefore
reasonable to expect that solutions of the NSCH system (1.1) should also
have Gevrey class regularity, and we can assume that

v € C([0,T]; HY"), m > 4,
(4.2) v gk+1

€ L*(0,T;H2) 1< j <k, =2 € L*(0,T; L2),

ot Otk+1
(4.3) ‘
¢ e C([0,T]; HY e L*0,T;H*) 1< j <k, A c L*(0,T; HY).
) ) ) at — — 8tk+1
Theorem 2. Letd =2,T >0,v9g € VNH ,qﬁoe ,m>4and¢,vbe
the solution of (1.1). We assume that ¢'y, %, D and v (i=1,--- k1)

are computed with a proper initialization procedure such that

(4.4)
1ol — v(, )]l vk — o(t)] = Ot + N~™),

1oy —o ()11, [k —v(E) 1 18— (s ta) 1, |8y — G(t:) [1=0(5t"+N'—™),
165 — ¢ ta)ll2, ¢l — ¢(ti)ll2 = O(5t" + N*~™),

for i =1,2,3,4,5. Let QER,H, qb?vﬂ, R‘,’H and 'v""'1 be computed with the
kth-order scheme (3.12) (1 <k <5), and

77?“ 1- (]- - §n+1)27 77]:;L+1 =1- (1 - §n+1)k (k = 273a 4—5 5)

We assume (4.1), (4.2) and (4.3). Then for n + 1 < T/§t with §t <
W and N > 2F+2CE 11, we have

1% — (o t™)3, lo% — ¢(- t)|[3 < C5t*F + C N2
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[0} — o (112, [lvky —v(-,t")|* < Cot** + CN 2™,

and

6tZH —q+1 tq+1 ”1’ 5tZH q+1 tq+1)||2 < 05t2k+CN2(1 m)
q=0

where the constants Cy, Crp and C are dependent on T, Q, the k x k matriz
G = (gij) in Lemma 4 and the exact solution ¢, v, but are independent of

o0t and N.

Proof. To simplify the presentation, we assume ¢} = =Ineg(t;), Oy
vl = Iyv(t) and r* = Elgh,vi]+1fori=1,---, k:—l so that (4.4) is
obviously satisfied.

The main task is to prove by induction,

(4.5) |1 — &9 < Cydt+ CuN3~™, Vq < T/6t,

where the constant Cy and Cp; will be defined in the induction process below.
In the following, we shall use C' to denote a constant which can change from
one step to another and we may introduce C; > 0, i = 1,2,..., to denote the
upper bound for some specific terms while they are independent of d¢, N, Cy
and Cfy.

Under the assumption, (4.5) certainly holds for ¢ = 0. Now suppose we
have

(4.6) |1 — &% < Co ot + CpN>™, Vg < n,
we shall prove below
(4.7) 11— €™M < Cyot + CN3—™,

We shall first consider k = 2,3,4,5, and point out the necessary modifica-
tions for the case k =1 later.

Step 1: Bounds for 972, 672, 0%, 0%/ and [[vls, Vg < n.
We first recall the inequality

(4.8) (a+b)F <28(a* + %), Va,b>0,k>1.

Under the assumption (4.6), if we choose ¢t small enough and N large enough
such that

(4.9) 5t < min{ N > max{2*2CE 1},

1
——n b
2k+20(1)<:
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we have
(4.10)

1 N3—m 1 N3—m
1- + S 1 S 1 + + ’ Vq S n,

(2k+205—1 2k+20§—1) € (2k+20(’)f—1 2k+201’_€1—1)
and
Sth=1  Nk@B-m)+1
11—k < <

and
(4.11)
1 Sth—1  Nk(B-m)+1 Sth—1  Nk(B-m)+1
Sl +——F )<l <l+—F—+— <2, Vg <n.
Then it follows from the above and (3.15) that
(4.12) lo% Il il < M, 195111, 93] < 2My, Vg < n.

Moveover, (3.14), (4.10) and m > 4 imply that
(4.13) ot Xn:(y\w?VH? + Vol |?) < 4r° with Co > 1, O > 1,
q=1
and
(4.14) 5tzn:(llvu?\,|!2 + Vol |I?) < 160°, with Cp > 1, Cpy > 1.
q=1

Consider (3.12) at step g and taking ¢y = A2¢% — 7, A? 7?\,71 in (3.12a),
combining with (3.12b), it follows from Lemma 4 that there exist 0 < 7, < 1,
a positive definite symmetric matrix G = (g;;) € RF* and 6y, ..., 8 such that
(4.15)

1,k k
“q+i—k A 7q+i—k “q—14i—k A 7q—1+j—k
E( Z iy (AGLF AGIHIR) Z iy (AGI TR AGIIH ))
i,j=1 ,j=1

k
1 qri—k|? 1 -
5[ D sadt |+ Slatay)?
=0

<(AF[BR(#% )], A28, — 7eAey )
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+ (Bu(vl ) - VBR(Y 1), A%0%, — AL )
Tk —ag—
+ 5 1A%

In the following, we bound the right hand side of (4.15) as follows:
Firstly, thanks to Lemma 6, we have

IAF[Br(% DIIP < C(My) (| A2 By (% I + 1)
< Akl A2 Br(¢% DII? + O (M, 3)

k
(4.16) < 4079 Z IA%S% 17 + C(Mp, Vi)
i=1

k
< Yk E ||A2§E?\71||2 + C(Mk7 7]@)7
=1

where 7 can be any positive constant and the constant 40 comes from the
coefficients in By, and 7] < 2. To simplify the notation, we let v, = 407;.
Then (4.16) implies

It (Af[Br(e% )], A20% — 7 A%0% )]

(4.17) <C)IAFIBr(@Y DI +ee(1A2Q% 17 + [ A%65 1)

k
<C(Mp, ek, ) + (Cler)ye +er) Y IA%G% |
1=0

Next, it follows from the Cauchy-Schwarz inequality and the Sobolev in-
equality that:
(4.18) (ab, ¢) < lal|zs bl L+ [le] < Cllalli[[oll1[le]l,

combining with (4.11) and (4.12), we can bound the second term in (4.15)
as

(4.19)

|(Be(0§ ) - VBR(¢§ 1), A%0% — A4 )]
<C| B I [V B D eall A% — 7o A8 7|
<C|Br(§ O IVBr(6y I1lIA20% — mA?e% |
<C(en)|IBe(@ MIRIVBLGL DT + er (1426412 + |1A26% %)
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<C(My,ex) + ex (| A20% 1> + | A265712)
+C(5k)(HVBk('UN PIAB (6% HIP+IVBe(@% 12 + | ABL(SS ).

Now, combining (4.15), (4.17) and (4.19), we obtain

(4.20)

Z gz] ¢Q+1 k A(;SqJ” k Zgll A(b(]l\[ 1+i—k Agf)q 14+j5— k)
7] 1 7j 1
ot -
+ 2 azg e
k

<C(My, ey, )5t + (Cler) e +ex)0t Y | A*GY
=0

+ Clen)dt|VB(og D IPIIABY (@ I
+ Clen)dt(IVBu(e HIP + [ABL(% DI%),

5t7‘k
CP+ = IAREE

where ¢, above can be any positive constant. After taking the sum on (4.20),
we are supposed to choose suitable §t, €, and v such that
(4.21)

L3 (1A% -l A% B+ >Z( oren) S IAR),
q=1

=0

with Cf is a constant only depending on the initial data.
Note that 0 < 7, < 1, we can choose §t, €, and 7, small enough such
that

1—7 1—7

(4.22) e < Wt 1) M < k1 1)C(en)

we have

1—7 1—7 1—7
< .

Clermteas oyt imsy ST

Then, taking the sum on (4.20) for ¢ from k to n, we obtain

Z 9ij (AGKTF, AGRTH)
,j=1

n—1

<C(My, )T + C($ - S 1)+ C5t Y [ VBR(BL)|P| AB(6%)|
q=0
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n—1

+00t 3" (IIVB(@4)12 + | AB(6%)1?),
q=0

where C(Mj, ) is a constant only depends on My, 7%, C(é%, ..., N 1 only

depends on ¢%, ..., (;3?{1. Since G = (g;;) is a positive definite symmetric
matrix, we have

Al Agh | < Z i (AGTHE AT

3,j=1
<C(My, )T + C (&Y, s O 1)
n—1
+C6t > ||V BR(vE) I ABk(¢4)11?
q=0
n—1
(4.23) +C6t > (IVBe(d)|I” + |ABL(¢4)1%)
q=0
(Mk:> Tk’) (¢?Va ey ?Vfl)

I
_

n

+Cot Y (IVBR(@)II* + 1)1 Ag L[

3@
»—to

+C5tZHVBk I,
q=0

where Ag > 0 is the minimum eigenvalue of G = (g;;). It follows from (4.13)
that

6tz IV By(0%)|I> < Cpe,

where the constant Cp2 is independent of Cy, Cry, 0t and N. As a result, we
can apply discrete Gronwall Lemma 3 to (4.23) and obtain:

1AGR|* < C.
Together with (4.12), the above implies

(4.24) 6% ]l2 < C1, Vg < n.
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for a constant C independent of 6t and N. Noting that
o3 ll2 = il o 12,

then (4.11) implies

(4.25) [¢Xlla < 2C1, Vg <n.

Step 2: Estimates for |€?*!| and HégHHg. By the assumptions on
the exact solution ¢, v and (4.25), we can choose C' large enough such that

4.26)  [lo@|3, 16D @)|E < C, VE<T, j=0,1,2; |§% ]2 < C, Vg < n.
N

Since H? C L™, without loss of generality, we can adjust C such that for
1=0,1,2,3and j =0,1,2,

427) @), [pD @), [fD[p0)]| < C, VE<T; [fD(4)] < C, ¥g <n.

From (3.12a) and (3.12b), we can write down the error equation for (E%Fl as

(aned™ — Ap(el), vn) + ot(A%eL )

(4.28) = (R 4 ¥N) + t(PL 1 n) + 0t(AQY 1, ¥n), Vi € S,
where P, Q% and RY  are given by
(4.29) P, = —Bp(v) - VBr(¢Y) +o(t?h) - Ve(teTh),
(4.30) Q% 1, = F(Br(6)) — flo(™ 1)),
and
R}, = —ap(t7) + Ap(g(t)) + ot (171
(4.31)

k tat! k41
1— k
= Zai tq+1,i(tq+ b — S) W(s)ds,
1=1

with a; being some fixed and bounded constants determined by the trunca-
tion errors. Let ¢y = Azég+]\1, — TkAQéZ) y in (4.28), it follows from Lemma 4
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and (3.10) that

k k
_qt1+i—k A sq+1+j—k _qt+i—k A -q+ji—k
Z gij(Aeg N Ay ) — Z gi(Degy  AegRT)
ij=1 ij=1

4 32 + H 25 A—q-‘rl—i—z kH + (5t||A2 q+]\17||2

_g+1 1 _
:(St(AQerN, TkA2€¢ N)+ (RZ) > AQeifN - TkAQeg)yN)

+ t(Py &,k AZe q+1 _ TkA2€¢N) + (5t(AQ¢ . AQE‘Q']\IZ _ TkAQE;N).

In the following, we bound the righthand side of (4.32). Firstly, by the
Cauchy-Schwarz inequality,

_q+1 _q+1 _
[t (A%, TAeg )| < Stl| A%y [k A%e ¢NH

(4.33) P
1 T,
< —||A2 edvl® + —k 1A%€] vII°.

It follows from (4.31) and the assumption on the exact solution ¢ that

q |2 e [17 19, 12 2%+2
(434) HRgf),kH S Cét - W(S)H ds S Cot .
Therefore,
+1 _
‘(RikaAQ Z)N - TkAQ@Zs N)‘
C
) © 12 + st a%esy - a2

Cle
< “HR o2+ 26t AR - 25t | A% |2

< 25t5HA2 eI + 20te]| A% |12 + C(e)at*F

For the term with P2

ok We first split Pg,k as

PJ = Br(vy) - (= VB(8}) + VBL(¢(t7)) — (Bi(v})
— Bi(v(17))) - VBi(o(t7))
— (Br(v(t9) —w(t*)) - VBr(¢(t1) — v(t*™) - (VBi(0(t7))

— v¢(tq+1)).

(4.36)
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Since we have
(4.37) lab]|* < llal|74lbll7: < Cllal3]Ibl7,

then it follows from (4.12) and (4.27) that

(4.38)
1P lI? <ClIBe (@) IV Br(eh)IF + IV Br(p(t))|7~ || Br(e)|I”
2 - o 1—i 10" 2
+HVB,€(¢(tq))|yLmHZb,~/ (1 - 1 2 |
) tat+1—i
tatt k
. _ 0 ¢ 2
q+1 g+l1—i _ \k—1
+[lo(t ||LooHZb /t (t v (s)ds|
<C| Bk(v N)||1||VB1~C(€¢)||1+C||Bk(e%)”2
et ok
. SN
2k—1
e [ 220

tatl k 2
+ o2kl / v Pas
t

q+1—k atk ( )

<C|Br(v{)IIF Br(ef) 13 + C||Br(ed)||* + Cot*,

where b; above are some fixed and bounded constants determined by the
truncation error. For example, in the case k = 3, we have

+1 3 [ 2 v
Balwt) — () = =3 [ (1= 925 5)ds
3 [ v
e q—1 _ )2
o5 [ e =R s
1 tatl 83
= q—2 2
2/t (1172 — 51222 (5)ds.

Therefore, we have

(4.39) ‘575 s

A2 q+ AQéZs)‘
— 1 .
<C(e)dt|| ¢,kHZ+5t5HAQe‘5¢+ — T A% |2
<C(e)dt| PL|I* + 20te|| A%eL|? + 20te|| A%l |2
(

<C(e)at(I1Br (i) 1T Br(e) 15 + | Be(ed)II?) + C(e)ot*



IMEX schemes and error analysis for NSCH system 207

+ 20te | A%eL | + 20te | A% ||,
Similarly, for the term with AQ; > we first split AQ‘é’k as

AQY = (Af(B(9))) — AFIBr(6(t")]) + (AF[Br((t))
(4.40) — Af[Bi(o(t™))])
=: AQi,kl + AQi,ka
and note that
Af(¢) = @)V + f'(¢)Ag,
then, by using (4.12), (4.26) and (4.27), we have

1AQY | <|F"(Br(6}) (IVBr(o3)I* — [V Br(o(t9) )]
+|IVB(e(t) P (f"(Br(6y) — f'[Br(6(t))])]|

(4.41) + [/ (Br(¢3)(ABk(%) — ABk(fb(tq)))\
+ [AB(¢(t)) (f (Bi(dy)) — f'[Br(o(t1))))]
<C(IVBi(ed)] + |B(ef)] + |ABy(ef)),
and hence,
(4.42) 1AQS 41117 < ClIBr(ed) 13-

For Q} ,, we have

tatl

< o
rA@¢kgr<0\Zb [ SR s

ta+1—i

at1
+C‘Zb /t (19711 _ g)k- 1v%( )ds‘

tatl—i

k ta+1 a ¢
) q+1—i _ _\k—1
+C’;bl/ﬂ+“(7ﬁ AT (s)ds|,
and hence,
tq+1 k
(4.43) IAQY 4olI* < Cot** /t+ gtf( )| ds < Otk
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Therefore,
(4.44)
1
01(AQY, A% — maed )|
<C(e)St|AQY ,|I* + dtel| A%y — mA%e] |12
<C(e)dt|AQY, WP+ 2<51t6||A2‘q“||2 + 2515€||A2‘¢, ~lI?
<C(e)ot([lAaQy MHQHIAQ el )+25t6HA2€q+1HQ+25t6IIA26 NP
<C(£)6t||Bi(e )\|§+C( )ot2k+l +25tEHA2 et H2+26tsHA2 NHQ

Now, we choose € small enough such that

2

(4.45) > 12e,

which is possible as 7, < 1. Combining (4.32), (4.33), (4.35), (4.39), (4.44)
and dropping some unnecessary terms, we can obtain:

k
_q+1+i—k A —q+14+j— k +i—k +i—k
> g Aegy T e Z gi(Aegy T Ag R T)
i,j=1 3,j=1
(4.46) L2
+ k(StHAQ Q+1H2

SC(St((”Bk(vN)Hl + D) Be(ef) 13 + [ B(ed)[1?) + Cot* L.

Taking the sum of (4.46) on ¢ from k£ — 1 to n, noting that G = (g;5) is a
symmetric positive definite matrix with minimum eigenvalue Ag, we obtain:

n+1
(447)  AcllAes VI + Z [N
. k 7_2 n+1
< Z ij Aeg?}Jﬂ k A7n+ +j— k5tZHA2 NH2
,7=1
<Cst( Y (BT + DIIBr(ed)3 + Z |Br(ed)|1?) + Cat**,
q=0 q=0

On the other hand, if we take ¥y = —Aé‘g]\lf + TkAéZ)’N in (4.28), we can
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obtain the following by the same procedure as above:

. 5t(1 —72) T
AallVetyl® + %ZHVA%NHQ
q=0

(4.48)

<Cot( Y (IBL(v)IF + DIIBr(ed)l3 + Y I Br(ed)|[?) + Cot**,
q=0 q=0

and if we take ¢ = eZ)JrN Tké‘é’N in (4.28), we can obtain:

(4.49)

n

Aalleg i IIP < Ot (Y (IBr(vd)IIF + 1) Br(el |!2+Z||Bk (ed)[I?) + Cot.
q=0

From (3.12c), we can write down the error equation for U;IV-H as
(aned™ — Ap(ed), ) + ot(Velt, Vypy)

(4.50) =(Ry 1 ¥n) +6t(QF 1 ¥n) + 0t (Py ., ¥N), Von € S,

where P¢ . ng,k and R‘é,k are given by

(4.51) Py = A(Br(v}y) - VBi(v})) — A(v(t7) - Vo(t1T)),
(4.52) f,k = —A(Bk(u?v)VBk(giy?V)) + A(M(t¢1+1)v¢(tq+1))’
and

RY, = —apo(t™) + Ag(v(t9)) + St (171

q+1
(4.53) t Oy

— Za’/ (11— ) ST (s)ds,

q+1-i

with a; being some fixed and bounded constants determined by the trun-

cation errors as before. Let ¥y = eq+N — ThE v in (4.50), it follows from

Lemma 4 and (3.10) that

(4.54)

q+1+z k —q+1+j k q—H k —q—i—j k —q+1+i—
Zgw 1€y N Zgw ey n )t 251 €y, N
t,5=1 ,j=1
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+ot|| Vel
_ 41 1 _
:5t(Veq+N,TkVeq N) (Rg = N~ Tke N) +0t(P] & ZJFN — Tkeg’N)
+ 5t( v,k? '(lIJJrN - Tkev N)

In the following, we bound the righthand side of (4.54). Firstly, by the
Cauchy-Schwarz inequality,

+1 +1
|5t(Veg N,TkVev Nl < 5tHVeq ||||7'kVev N||

< —I\V‘“lll2 "’ IVeg vII*.

For the term with R? v ko WE can obtain the following estimate by the same
way as in (4.34) and (4 35):

(4.56) |(RY,,ely — el y)| < 20tellel’y || + 20te| el \||* + C(e)t* 1.
For the term with ink, we split Q,lqj’k as

ox = — A(Bi(u}y)VBi(e})) — A(Bi(ef)VBi(6(t9)))
(4.57) = A((Br(p() = p(t"))VBr((t1)))
= A(u(t ) (VBR(6(t7) — V(7).
Then, by the similar ways as in (4.38), (4.39), and making use of (2.2), (4.26),
we have
[04(Q4 1 €4l — ey )|
<C(e)3t]| Q% 4|1 + stellelly — mel vl
<2dtelleyyl® + 20tz €} x| + Ce)ot) Bi(ud) 1T Bi(ed) 3
C(e )(%HBk(eZ)H2 + C(e)ot?F 1,

(4.58

For the term with Pg’ > we split it as
(4.59) (P v,k € e, N - Tkég],N)
(A (IBr(v) — v(t1)] - Vo (t1t1)), &) - 7el N)
+ (A(Boh) - VIB(o(t)) = o(t)]), ) = el )

+ (A(Beled) - VBi(el) el — miet )
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+(A(Bk( (t7)) - VBy(e)), Z+N_TkevN>

We bound the terms on the right hand side of (4.59) with the help
of (2.4a), (2.5) and (4.26):
(4.60)
(A (Bewh) — vt )] Vo@r™)). ey —mel, )|
<C|Br(v}) — ot )[[lv(@) |2l edy — el vlh
SC( o) B(vky) — vt )P0t )5 + cllefly — el vl
<C()IBy(v (1) — v ) ot H)]3 + C(e) | Br(ed) I [w ()13

+5||%N — Tk€, NH%

tatl

HZb/ tq+17i_ )k lgt:( )dS 2

tat+1—i

+C(e) [ Bu(ed)|I?

+1
+ 2el|ef v [T+ 2¢leg v 1T

<O(e)8t* + C(e)|| Bu(ed)|* + 2¢1€f 1T + 2¢]ed 11,

where b; are some fixed and bounded constants determined by the truncation
error as before. For the other terms in the righthand side of (4.59), we have

’(A(Bk(v?v) . V[Bk(v(tq)) — Q)(tq-l-l)])’égjr]\lf — TkéZ,N)’
<C|| Br(o{)|[IBr(v(t?)) — v(t) 2] €Ly — Tkev wlh
461)  <CEIBr@)PIB(v(t?) — vt ] + elletty — med yli

tq+1 k
_ v
SC(E)(StQk 1 /;er . W(S)

1
<C(e)ot** + 2¢ el yIIF + 2¢lef, I3

_g+1 _
dS + 2¢||e]) N||1 + 25“‘31;,1\/”%

Since d = 2, we can use (2.4a) to obtain

(4.62)
)(A(Bk(eg) VB (ed)), eltl — mel N)(
1/2 1/2 1 .
<cuBk<eq>|r P\ Bi(ed) 12| Br(ed) 11?1 Bu(ed) 12|ty — mel y 1
C(e)| Be(e) 1|1 Br(ed)|? + cllelly — el I3

1
( ) Bi(ed)I?11Br(ed) T + 2¢lef v I + 2¢llef, It
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Note that the above inequality is the only place restricted to the two-
dimensional case.
Thanks to (2.5), we have

(A (Bi(o(t) - VBy(eD)), elly - mel )|
<cuBk< (D)1=l Br(e)[ledy — eyl
<C(e)||Br(v(t) 3] Be (eI + ellel’y — mel I}
<C(e)|| B(ed) || + 2¢| €%y 113 + 2¢ & 13-

We combine (4.54), (4.55), (4.56), (4.58), (4.60)-(4.63) and choose & small
enough, we can obtain:

(4.63)
(
(

(4. 64)
k

o 1 _
Z gZ] —<1+1+z k7é;1}+1\1[+] k) Z gij(ég,—;\l/ k’e;]}:&-]\][ k)+ k(StHV Q-HHQ
i,j=1 i,j=1

<Ct((I|Bu(ed)lIF + 1) Br(ed)l” + 1Br(ui) 1T Br(ed)II3 + | Br(ef)II?)

+ C(St2k+1.

Taking the sum of (4.64) on ¢ from k£ — 1 to n, noting that G = (g;5) is a
symmetric positive definite matrix with minimum eigenvalue Ag, we obtain:

B St(l—r2) e
Aelephl? + #ZHVGZ,NHZ

q=0
7_ n+1
< Z gij(€ —Q+1+z k’é;ﬁéﬂ k) k Z||V_qzv||2
1,7=1
(4.65) n
<Cot( > (IBr(ed)]} + 1)|| Bi(ed)|
q=0
n
+Z”Bk )T 11 B ( eZ,)II%JrZHBk(eZ)IIQ)
q=0
+Cc5t2’“.

Since = —A¢ + f(¢), we have

(4.66) 1Br(ef)II* < CUIAB(e)? + | Br(el)l*),  ¥q < n.
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On the other hand, we derive from (4.8) and (4.6) that
Ind — 1] < 28Ok 6% + 2FCENFG=™ - yg < n.

Note that ¢3, = 7i¢} and v} = 7o}, we can estimate ||By(ej)[3 and
| Br(e3)]> as
1Br(ed)13
(4.67) =|Bi(¢% — %) + B(e ¢N) + By(e ¢H)H2
<CCFFot** + COFFNRE™) 1 || Bi(ed )13 + Cllg(t9)||2 N2,

[
and

| Br(ed)|?
(468) _|’Bk(vN_UN)+Bk( vN)+Bk( 'UH)H2
SCCR6 1 CORENE 4 C|By (el )+ Clo(en) 2, N 2.

It follows from (4.12) and (4.14) that there exists a constant Cy independent
of Cy, Crr, 6t and N such that

(4.69) ot Y _|Br(ud)IF. 0t Y 1Br)IIF. 6t > |[Be(ed)|7 <
q=0 q=0 q=0

Now, we put (4.47)-(4.49), (4.65)-(4.69) together:

(4.70)
7_2 n+1 n+1
Aa(llEgviis + ety l?) + oL~ 7i) ZHVA6¢NH2+ZHVévN”
q=0

n

< Cot( S (1B 12 + 1Bkl 13 + 1)1 Be(ed)13

q=0

3 (B3 + 1)I|Bi(ed)|?) + C5e*
q=0
< Cat( Y (BT + IIBr(p)IF + DIIBr(ES )1l
q=0
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+> (IBr(eDI + DIBi(ed y)I%) + CCiFst** + COff N2HE=m)
q=0
+ ONA2m,

With the upper bound in (4.69), we can apply discrete Gronwall Lemma 3
n (4.70), we obtain

n+1 n+1
les I3 + 1epg > +ot( D IIvaed o>+ Iveld yl%)
2 ¢N v,N
q=0 =0

(4.71)
< Cexp(3Cy + T)(CgFot?* + CFFNHE=m) 4 N4-2m)

— C(Cgk(stZk + ClglkrNQk(Sfm) + N472m)’

where we still use C' := Cexp(3C2 + T') to denote a general constant inde-
pendent of Cy, Cy, 0t and N.

Since éi = éi,N + eiﬂ and &} = éZ,N + egﬂ, Vq, it follows from the
triangle inequality that

(472) ||—n+1”2 < C(Cgk5t2k + CIZIkN2k(3—m) + N4—2m) + CNQ(Z_m),
n+1
(4.73) 6t [[VAEL|® < C(CFFot** + CFNHE=) 4 N1=2m) L ON2G-m)
q=0
(4'74) Hen-HH2 < C<Cgk5t2k ClglkNQk(?)—m) + N4—2m) + C«]\f—2m7
and
n+1
(475) 5t e < C(CRH6% 1 CRENPHG-m) 4 NA=2m) | oy2im)
q=0

Under the condition (4.9) and m > 4, the above also imply there exists a
constant C3 independent of §t, N, Cy, Cy such that

n+1 n+1

(4.76) 1GR3, 8 > IAPGHIP, [loRT 1%, 6t Y 1ok ]I < Cs.
q=0 q=0
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Note that H? C L°°, without loss of generality, we assume C3 above also
satisfies

(4.77) F@DI (O] < Cs.

Step 3: Estimate for |1 — &L Tt follows from (3.12d) that the equa-
tion for {s?} can be written as

(4.78)
g0 (V{2 e vuttR)
s — s =0t (||Vul(t - — \Y7
B4 oty 10 TN
TQ'F].

+6t(|[VoH|* ~

= volt|? +T,, VYq <n,
E( (]I\;Fl,’lj}lv—‘rl)—kln N || ) q

where T}, is the truncation error
ta+1
(479) T, = r(t9) — r(tTY) 4 Stre (¢ = / (5 — 19)r(5)ds.

ta

Taking the sum of (4.78) for ¢ from 0 to n, and noting that s° = 0, we have

(4.80)
+1 - +14)12 ratt +1)12
s"T =6t Ve )" — ——= IVui |l
;%( FrERT UM
n n
+6t > (IVotr™)|)? = ——5—— IVed %)+ T
= E( ?\;r ,U?VJF )+1 =0

We bound the righthand side of (4.80) as follows. By direct calculation, we
have

481) ry= V" + Vo - Vo + f(P)or + f(@)du + vy + vy )dx,
(4.81) Q(| ? ()67 + () 2 )

then from (4.79), we have

tatl

T,| < C’ét/ ri¢|ds < Ct%, Yq < n.

ta
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By triangular inequality,

TQ+1

(¢Q+1, —q+1)

[ Ivey |

TQ+1 ‘

(4.82) SHV”(tQH)Hz‘l T BT o) 4 1

frq—|'1
_l_

+1
B o £ Ve I IVeRT ] = K k.

It follows from (4.26) and Theorem 1 that

K{ <c|1 - e |
B¢y i) + 1
(thrl) ratl
(4.83) ‘E (trt ), v(tat ) + 1 B(p(tath),v(tet1)) + 1’
o ,,.q-&-l rQ-&-l
= — \
E(p(tet),v(tet)) + 1 B4 a4 +1

C(IE(o(t™™h), (") — B@Y ", o4+ [s7TY), Vg <n,
and

K3 < Cl|Vay P — Vo))
(4.84) < OIVaR = Vo I(IVoR ™ + Vo))
< C|\vay lIVest | + | Ves ., Vg < n.

We can bound the term with Vu by the similar ways:

IVuh]? - —— IV 1P
| B o) w1 |
4.85 S\Ivu(tq+1)||2‘1— ‘
( ) E( ?\}Fl,—q-&-l)_‘_l
+
v
Va1 = (IVus 1P| = K+ K.

(¢Q+1 7Q+1)+1

Same as (4.83), we have

(4.86) K§ < C(IE(3(t™), (")) — B(e%, 05 )|+ [s7), Vg < n.
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For K{, we can derive the following same as (4.84)
(4.87) K{ < CIVul Vel | + C|[ Vel ||, Vg < n.

On the other hand, we can bound ||Veq+1 || by the definition of x and (4.77)
as

(4.88) IVeg |l < cos(vaeg™| + [ ves™ ), Vg < n.

For the term with E(¢,v), we have
(4.89)
rE< (), u(trh) — B(e4 o4
<uv¢<tq+l>|| + VL DIVeE ) - Vi
+ / (Flo™)] = F(S5 ) da + 5 (o) + 8% Do) — o8
<CCs(les ™ + [les ).

It follows from (4.13), (4.72), (4.73), (4.88) and the Cauchy-Schwarz inequal-
ity that

- 1/2
5tZHVMq+1HHV€q+1H < ( 5t2HVMqHHQ&ZHVeZHHQ) /
(4.90) q=0 q=0

SC’\/Cg’“étQk + OZFN2K(E=m) - N4-2m 4 N2B-m)

and it follows from (4.13), (4.75) and the Cauchy-Schwarz inequality that

&Z IVl Vet < (66> [varthar Y | vest?) 2
(4.91) q=0 q=0

SC’\/Cgk(St% + OlglkN2k(3—m) + N4—2m 4 N2(1*m)7

Now, we are ready to estimate s”*!. Combining the estimates obtained
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above, (4.80) leads to

(4.92)
n
=0t [I9me I - o RS ?
q=0
- 12 ratt +1 -
+6t > |IVo(trth)? - o) 11 VB4 P+ 1Ty
q—O N YN =

<CB Y 67+ ot 3 (14 -+ 4 -+ [ VA
q=0 q=0

05752 IV S NIV el + Vol [IIves ™) + Cot
q=0

<Cét Z st + C\/ CZkt2k 4 O2k N2kB-m) 1 N2B-m) 4 Ot
q=0

Finally, applying Lemma 2 on (4.92) with ¢t < %, we obtain the following
estimate for s"*1:

(4.93)
|s" T < Cexp((1 - 6tC)~'T) (\/Cgkét% + CFFNE=m) 4 N2G=m) 4 5t)

< Cy( \/ C3k§t2k + CZFN2KB-m) 4 N2(B-m) 1 §t)
< CyCst" + CaCRNME—™) 4 CUN®™ + Cudt,

where Cy is independent of dt, N, Cy, Cy and can be defined as
Cy := Cmax{exp(27T), 2},
then §t < % can be guaranteed by

1
4.94 ot < —
(4.94) <G

Thanks to (4.72), (4.74), (4.83), (4.89) and (4.93), we have

(4.95) 1= <O(IB($T ), v(t)) = B(SY, 05 )] + |s7)
<C(Cs(l1eg™ 1 + e ) + 15" 1)
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<CC;/C612 + CENG-m) 4 N1=2m

+ C4CEtF + CLCENFC—™) L O N3 4+ €46t
<(CC5 + Cy)CE5tF + (CC5 + Cy) O NFE=™)

+ (CC3 + C4)N3™™ + Cy6t
<C50t(CESF 4 1) + CsN3—™ (CENG=m(E=D) 1 1)

where the constant C5 := C'C3 + Cy is independent of Cy, Cy, 6t and N.

For the cases k£ = 2,3,4,5, we can choose Cy = 2C5 and 0t < % to
0

obtain
(4.96) Cs(CEStF1 +1) < C5[CEot + 1] < 2C5 = Cy,
and since m > 4, we can choose C; = 2C5 and N > Cll-“[ to obtain

(4.97)  Cs(CENG=™E=D 1 1) < C5(CEN3™ + 1) < 205 = Cny.

For the case k = 1, since gt = 1 — (1 — €"*1)2) we can estimate

|1 — &1 by exactly the same way as above and (4.95) becomes
(4.98) 11— &™) < C56t(CEot + 1) + Cs N> "™ (CRN?™ + 1).

Then we can choose Cy = 2C5, ot < CLg and Cp = 2C5 and N > C% to
obtain

11— " < Gyt + CpN3—™.
To summarize, combining the above with (4.95), we derive from (4.95) that

(4.99) 11— "M < Codt + CpN3—™,

under the conditions

1
+
0

Note that the above implies (4.9), and with C5 > Cy, it also implies (4.94).
The induction process for (4.5) is complete.

We derive from (3.12f) and (4.76) that

(4.101) I8 = o83 < I = 1PION 3 < Inp ™ = 1P°C
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(4.102) lortt = o P < ot = 1P < it - 1P,

and

+1_ pat+l +1 +1
5tZqu i ||1<5tZ|77q — 1794713

(4103) < maX |,,7q+1 1| (5152 qu+1H1
< max |17qul 1|20.
q

On the other hand, we derive from (4.5) that

(4.104a) |t — 1) < 2202642 + 22CEN?G—™) vyg<n k=1,
(4.104b) [nith — 1] < 2kCEsth 4+ 2FCENFE=™ g <n k=23,4,5.

Therefore, we derive from (4.72), (4.73), (4.75), (4.101)-(4.104) and the tri-
angle inequality that

leg ™13 < lleg ™13 + oy — o3 3,

H n+1H2 < Hen+1||2+ H,vn+1 —n+1||2

and
led3 < €2t} + lvf — o4 I3, Vg <n,

under the condition (4.100) on 6t and N. The proof is now complete since
we already proved (4.72), (4.73) and (4.75). O

Using exactly the same procedure above without the spatial discretiza-
tion, we can prove the following result for the semi-discrete schemes (3.5).

Corollary 1. Letd =2, T > 0, vg € V N H; and ¢, v be the solution
of (1.1). We assume that ¢, ¢'y, D% and v, (i =1,--- ,k—1) are computed
with a proper initialization procedure such that

(4.105)
15" — v (-, )], o' = w(t:)]| = O(6t*),
19" — (-, )1, lv" = v(t:)llr, [16° — &C.ta)ll1, 18" — d(ts) 1 = O(5t*),
16" — b( t)ll2, 116" — o(t:)l|2 = O(5t¥),
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for i =1,2,3,4,5. Let "1, ¢" L, 9" and v™t! be computed with the
kth-order scheme (3.5) (1 <k <5), and

77?“ =1 (1 - §n+1)2’ 771:L+1 =1- (1 - £n+1)k (k = 2735475)‘
We assume (4.1), (4.2) and (4.3). Then for n +1 < T/t with 6t <
W, we have
(4.106) 16" = & ()3, 19" = o (- t")5 < Cot™",
(4.107) [5" = o(- "), 0" — v(-, )2 < Cor?E,
and

n n
(4108) 6t 3 [ — w(- 2, 6t 3 ot — (-, 1) 2 < o,
q=0 q=0

where the constants Cy and C are dependent on T, ), the k X k matriz
G = (gij) in Lemma 4 and the exact solution ¢, v, but are independent of

ot.
4.3. Error analysis for the phase function and the velocity in 3D

In the three-dimensional case, (4.62) no longer holds true. Instead, we shall
derive local estimates with a stronger norm for the velocity in analogy to
the local existence of strong solution for the 3-D Cahn-Hilliard Navier-Stokes
equations [5].

Theorem 3. Letd =3,T > 0,vo € VNH", ¢ € H,", m > 4. We assume
that (1.1) admits a unique strong solution v in C([0,T]; Hy)NL*(0,T; H}).
We assume (4.4), (4.2) and (4.3) as in Theorem 2, and Let o3, ¢,

ot and vt be computed with the kth-order scheme (3.12) (1 < k < 5),
and

,r]{LJrl -1— (1 _ £n+1)27 ,’7£+1 =1- (1 - £n+1)k (k = 2337475)'

Then, there exits Ty > 0 such that for 0 < T < Tx, n+ 1 < T/ét and

ot < W7 N > 2k+2Cﬁ+1 + 1, we have

(4109) 8k — 6" 3, 8% — o, ) < Cor2* + CNHE,
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(4.110) 8% — v(-,t")|1?, llvk — (-, t")|> < C6t°F + CN 7>,

and

(4.111)

5t2||,vf1+1 tq—i—l ||2 5t2||’vq+l tq—i—l)”2 < 06t2k +CN2(1 m)

where the constants Cy, Crp and C are dependent on T, 2, the k x k matriz
G = (9i5) in Lemma 4 and the exact solution ¢, v, but are independent of

0t and N.

Proof. The proof follows essentially the same procedure as the proof for
Theorem 2. However, since (2.4a) is not valid when d = 3, we have to derive
an alternative for (4.62). To simplify the presentation, we shall only point
out below how to derive an alternative for (4.62) in step 2 of Theorem 2.

In Step 1, we still assume (4.6) holds and choose 0t and N satisfies (4.9).

Let vy = —Av”+1 + 7, A} in (3.12¢), it follows from Lemma 4 that
(4.112)
k k
—q+1+i—k —q+1+j—k —q+i—k —q+j—k
> g (VO TR Ve T = g (Ve VR
,j=1 ,j=1

+| Z 5 VoL ’“H ot AT |2

:5t(A@;1V+ TR ATL) + ot (A((Bk(v]qv) V) Bi(vY)), ~AvL + Tkm;lv)

5t (A((Bk(,u?\,) VB(8%)), — Al + Tkm;lv)).

We now bound the right hand side of (4.112). Note that (4.9) implies
(4.113)

Stk—=1  Nk@B-m)+1 Sth—1  NE(B-m)+1

<Inil<1 2, Vg < n.

1
—<1-
2 (

First, we have

(5tTk
(4.114) 5t(AvY, e ADE)| < HA TP+ == lAavg .
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Next, it follows from (2.4b) that

[(A((Br(v%) - V)Bi(v%)), —Ad% + n.A%,)]
<C|Br(Q) L Be(Vol) 1 joll — AT + AT |
(4.115)  <C||Brw) Il Be(0%) 21 Be (i)l | — Av% + moAv|
<C(e)[|1Br (@) 31 Br(vd) 12 + ell — Avg™ + mAvd |
C(&)| Bewi)I$ + el Be (W) |3 + 22| ATE |12 + 22| AT |12,
and with the help of (4.13), (4.18) and (4.24), we have

|A((Br(pd) - VBr(9%)), A4 + e Av)|
<C||Br ()12 IV Bi(¢) [l 22| — AvE™ + 7oA
(4.116) gank(u?V)nlHVBk(as?V)an — MY + e ABY |
<C@)|Be(ul)II} +ell — ATG + ATy |2
<C ()| Br(u%)13 + 2e | ABG | + 22| Avg ||

Now, combining (4.112)-(4.116) and noting that v% = njo%, we find
after dropping some unnecessary terms that

k
—q+1+i—k —q+14+5— k q+i—k q+j—k
Z gij (VoY , Vol Z gi; (Vo ", Vol )
1,j=1 t,j=1

+ cslt(1 — 4¢)||ATLH?
(A1) <t(5 +4)|| AT | + 6t | Bi(v )13 + C()5t| Bu(w)I
< &)t Bu(ui)I3
<Ot(5 +4e) | ATy |? + 2%20t| Br(8%) |3 + 2°C(2)5t | Bu(o,)
< &)t Br(ui)|3.
It follows from (4.13) and (4.24) that

n—1

5ty IBe(pd)lIf < C.
q=0

Now, taking the sum of (4.117) for ¢ from k—1 to n—1, noting that G =
(gij) is a symmetric positive definite matrix with the minimum eigenvalue
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Ag and 7 < 1, we can choose € small enough such that:

. ot(1 — 1) - N
Aallorls + — 1 Z |AT |2

k

- ; 5t(1 — Tp)
_ —k _ —k k —~q |12
< Z gz‘j(V’mH—z , Vo timRy 4 — Z ||AU§IV||
i,j=1 q=0
n—1
<Cot Y 104116 + Mo,
q=0

where My > 0 is a constant independent of dt, N, Cy and Cp. If we define
® as ®(x) = 22 and let

(4.118) 0< T, < /MOO dz/(2),

then Lemma 5 implies that there exists C, > 0 independent of §t, N, Cy
and Cfr such that

(4.119) D511 + 6t > [|AB%[|* < C..
q=0

Noting that v = n{v% and 1 < |nf| < 2, we also have
n
(4.120) [oR 1T + 6t > |Av[I* < 2C..
q=0
In the three-dimensional case, we can bound (4.62) by using (2.5) as
|(A(Bi(ed) - VBi(ed)). efiy — mel )|
+1

<C|Br(ed)ll|Bi(e3)l2ll€5  — Tweq yll

1 —
C(e)IBr (eI’ Br(ed)|3 + elley’y — ey 1T

1
C(e)1Bu(ed) 1| Br(ed)lI5 +2< &gy I1T +2¢lleg y 13-

(4.121)

It follows from (4.120) that there exists a constant C' independent of dt, N,
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Cy and Cy such that

(4.122) 5t S [Bu(ed)l3 < C.
q=0

Now, with (4.122) holding true, we can then prove (4.109), (4.110)
and (4.111) by following the same procedures in Step 2 and Step 3 in
the proof of Theorem 2. O

Similarly, we can prove the following result for the semi-discrete
scheme (3.5).

Corollary 2. Letd=3,T >0,vo € VNH;", ¢ € H)', m > 4. We assume
that (1.1) admits a unique strong solution v in C(]0, T] H1)0L2(0 T;H?).
We assume (4.4), (4.2) and (4.3) as in Theorem 2, and Let ¢"*!, qb”“
"t and v be computed with the kth-order scheme (3.5) (1 < k < 5),
and

n{ﬂrl 1— ( — £”+1)27 'r}]?Jrl =1- (1 - §n+1)k (k =2,3,4, 5)

Then, there exits Ty > 0 such that for 0 < T < Ty, n+ 1 < T/ot and

(5t S W’ we have
(4.123) 16" — ¢ (-, )13, 16" — o t™)|[5 < Cot*",
(1121) 5" — w2, " — (M) < O,
and
6t2 57— w( YR, 53 ot — (-, 1 < O,

q=0

where the constants Cy and C are dependent on T, 2, the k X k matriz

G = (gij) in Lemma 4 and the exact solution ¢, v, but are independent of
ot.

4.4. Error analysis for the pressure

With the established error estimates for the velocity v and ¢, the error
estimate for the pressure p can be derived directly from (3.6) or (3.13).
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We denote
6ZN = p?\/ - HNp(atn)v BZH = HNp(7tn) _p(vtn)7 and 62 = egN + egﬂ'

Theorem 4. Under the same assumptions as in Theorem 2 and Theo-
rem 3, we have
(4.125)

n—1 2k 2(2—m)
il 2 Cét** + CN , Vn < T/ét, d=2,
5t Ipi —p(, "I < { Cot% 4 ON2C=m) Y < T,/6t,  d=3,

where Pl is computed from (3.13), T is defined in (4.118) and C is a
constant independent of dt and N.

Proof. From (3.13), we can write down the error equation for p?\;rl with
g<n-—1as

(4.126)
(veq—i-l V’l,b ) ( g+1 vv;zv+1 (tq—i-l) . Vv(tq+1), V'l,[)N)
— (U4 VOY T = p(tTHVE), Vi), Vb € S
To prove (4.125), we set ¢y = A‘leqx1 in (4.126) to obtain
(4.127)
H€q+1H2 <eq+1 vqurl Afge;;&l) 4 (e%H , V,U(tq+1)7 A qF)
+ ('v(t‘”l) -Velt! A_%eZF) + (eZH Vit A_Eeg#)
1 1 A—L g+l
+ (u(tq+ ) Vel A zegN>.
We can bound the righthand side of (4.127) by using the stability result in
Theorem 1 and error estimate for the phase function and velocity. We need
to deal with the first term on the right hand side of (4.127) by different ways

in 2D case and 3D case separately.
In the case d=2, we can make use of (2.4a) and obtain

(4.128) ( (eg+1 Velt!, A—%eqpl) ‘
<Oledt V2] eg 12 ed 12 led Y 2 AT E el 1y

<C(e)lleg P legtIF + a2 el i
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+1
Ce)lled P led I + ellepy 117

<
<C(e) e ™M IF +ellegy I

In the case d=3, it follows from (4.120) and the regularity of the exact
solution that there exists a constant C' independent of §t and N,

leZ3 < C, Vg+1<n<T,/dt,
then we can make use of (2.5) and obtain

(e vertt, amzentt)|
<Clleglilled™ 1 A7 ep3 I
(4129)  <C(e) e lled™ I + ellA™2ep ' IF
<C(e) g™ TlledH 17 + eliepy 11

<C(e)llef™ 1 +elleltM?, Vg+1<n<T./ot, ford=3.
For the other terms on the right hand side of (4.127), we have

(4.130)
(e (e, At | < Clleg oA et
< CEleg Plo I3 + Attt B

+1
< C)led™ I +ellepy I,

and similarly,
(4131)  |(v(erth) - Vet ATl )| < C(e)lledt 2 + elledf I
On the other hand, by using (4.37), we have

(4.132)
(et Vol aFeri )| < Cllef IV e 1A~ 3 ek e
<c|req+1||uv¢q+lu [rNgraei
C(e) el |2Vl I3 + el Az elR 12
< Cfe leZ |2 + elleli 112,
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and similarly,
(133)  [(ert) - Vel Amsert) | < CE) IV IR + <lleti 7

Combining (4.127)-(4.133) with ¢ = £ and using the estimate in Theo-
rem 2, we obtain

(4. 134)
n—1 n—1
&Z led%H 17 < 0&2 1822 + Catz leZ )% + catz IVed™ |13

Cot?F + CN?2—m) i < T/6t, d=2
C6t?* + ON?2=m) vn < T, /6t, d

Finally, we can obtain (4.125) from (4.134) and
HeZHH2 < CN™?™ Yq < n. O

Similarly, we can derive the following results for the semi-discrete
scheme (3.5).

Corollary 3. Under the same assumptions as in Corollary 1 and Corol-
lary 2, we have

n—1
Cot?k, ¥n < T/t d
g+1 _ (. 4q+1\|12 < ’ = ) )
&Z F2 p( |17 < { C(St%, vn < T, /8, d=3,

where p"*1 is computed from (3.6), T. is defined in (4.118) and C is a
constant independent of ot.

5. Numerical examples

Example 1: Convergence test. Consider the Cahn-Hilliard Navier-Stokes sys-
tem (1.1) in Q = (—1,1) x (—1, 1) with periodic boundary condition and the
initial conditions are given as

o(x,y,0) = sin(mx) cos(my),
v1(z,y,0) = sin(rz) sin(7y),

vo(x,y,0) = cos(mx) cos(my).
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—e—1% —o—12
ol |——12y —=— 2y
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dt dt
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Figure 1: Convergence test for the Navier-Stokes Cahn-Hilliard systems us-
ing SAV/BDF k (k =1,2,3,4).

We set M = 1074, v =1, A = 0.02, ¢ = 0.02, v = 1 in (1.1), and use the
Fourier spectral method with 128 x 128 modes for space discretization so
that the spatial discretization error is negligible with respect to the time
discretization error. The reference solution is generated by the fourth-order
scheme with §¢t = 0.0002. In Figures 1, we plot the convergence rate of the
L? error for the phase function ¢, velocity v and the pressure p at T = 1 by
using first- to fourth-order schemes. We observe the expected convergence
rates for all the cases.

Example 2: Surface tension effects. In this example, we start with a
square fluid bubble in the domain (—1,1) x (=1,1) and fix M = 1074, v =
0.1, = A = 0.02,6t = 0.002. We adopt the second order version of the
scheme (3.12) and use the Fourier spectral method with 128 x 128 modes
for space discretization. The initial condition for the phase function is given
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phase evolution at t=0, 0.2, 0.5, 2 with v = 0.1.
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Figure 3: Example 2: phase evolution at t=0, 2, 5, 10 with v = 0.

as

—1, || > 04 or |y| > 0.4,

9(@,9,0) = {1, otherwise,
and the initial velocity and pressure are set to be zero. In Figure 2, we choose
v = 0.1 and the square bubble quickly deforms into a circular bubble due
to the surface tension. On the other hand, we choose v = 0 (i.e. no fluid in
the system) in Figure 3, the bubble will deform into a circular bubble.
Ezample 3: Boussinesq approrimation. In this example, we use the
Boussinesq approximation to model the case where the two fluids have dif-
ferent densities [31]. We rewrite (1.1c) as

ov
(5.1) = +v-Vo=-Vp+vAv+yuV¢—g(p1+p2—2po) — dg(p1 — p2),

ot
where the constant pg is treated as the “background” density, p1, p2 are the
corresponding density for two fluids and g is the gravitational acceleration.
In the following, we set p; — p2 = —1 and the term g(p1 + p2 — 2po) is a
constant vector which can be absorbed into the pressure. We start with a
circular bubble near the bottom of the domain (—1,1) x (—2,2) and fix M =
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Figure 4: Example 3: Case A, g = (0,0.1)”, v = 0.1 with §t = 0.005.
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Figure 5: Example 3: Case B, g = (0,4)”, v = 0.1 with 6t = 0.001.

1074, v =0.1,e = A = 0.02,v = 0.1. We adopt the third order version of the
scheme (3.12) and use the Fourier spectral method with 128 x 256 modes for
space discretization. In Case A, we choose the gravitational constant vector
g = (0,0.1)7 and 6t = 0.005, we can see the bubble rises due to the gravity
differential but without noticeable shape deformation in Figure 4. In Case
B, we choose g = (0,4)” and 6t = 0.001, we can see the bubble rises with
noticeable shape deformation in Figure 5.

References

[1] R. A. Adams and J. J. Fournier. Sobolev spaces. Elsevier, 2003.
MR2424078

[2] D. M. Anderson, G. B. McFadden, and A. A. Wheeler. Diffuse-interface
methods in fluid mechanics. Annu. Rev. Fluid Mech., 30(1):139-165,
1998. MR1609626


https://mathscinet.ams.org/mathscinet-getitem?mr=2424078
https://mathscinet.ams.org/mathscinet-getitem?mr=1609626

232

3]

[10]

[11]

[12]

[13]

Fukeng Huang and Jie Shen

J. Barrett, H. Garcke, and R. Niirnberg. Finite element approximation
for the dynamics of fluidic two-phase biomembranes. ESAIM: M2AN,
51(6):2319-2366, 2017. MR3745174

J. Barrett, H. Garcke, and R. Niirnberg. Parametric finite element ap-
proximations of curvature-driven interface evolutions. In Handb. Nu-
mer. Anal., volume 21, pages 275-423. Elsevier, 2020. MR4378429

F. Boyer. Mathematical study of multi-phase flow under shear through
order parameter formulation. Asymptot. Anal., 20(2):175-212, 1999.
MR1700669

M. O. Bristeau, R. Glowinski, and J. Périaux. Numerical methods for
the Navier-Stokes equations. Applications to the simulation of com-
pressible and incompressible viscous flows. In Finite elements in physics
(Lausanne, 1986), pages 73-187. North-Holland, Amsterdam, 1987.
MR0913308

M. O. Bristeau, R. Glowinski, and J. Périaux. Numerical methods for
the Navier-Stokes equations. Applications to the simulation of com-
pressible and incompressible viscous flows. Comput. Phys. Rep., 6(1-
6):73-187, 1987. MR0913308

Y. Cai, H. Choi, and J. Shen. Error estimates for time discretizations
of Cahn-Hilliard and Allen-Cahn phase-field models for two-phase in-
compressible flows. Numer. Math., 137(2):417-449, 2017. MR3696086

Y. Chen, Y. Huang, and N. Yi. Error analysis of a decoupled, linear and
stable finite element method for Cahn-Hilliard-Navier-Stokes equations.
Appl. Math. Comput., 421:Paper No. 126928, 17, 2022. MR4373329

A. J. Chorin. Numerical solution of the Navier-Stokes equations. Math-
ematics of computation, 22(104):745-762, 1968. MR0242392

A. E. Diegel, C. Wang, X. Wang, and S. M. Wise. Convergence anal-
ysis and error estimates for a second order accurate finite element
method for the Cahn—Hilliard—Navier—Stokes system. Numer. Math.,
137(3):495-534, 2017. MR3712284

Q. Du and X. Feng. The phase field method for geometric moving
interfaces and their numerical approximations. Handb. Numer. Anal.,
21:425-508, 2020. MR4378430

X. Feng. Fully discrete finite element approximations of the Navier—
Stokes—Cahn-Hilliard diffuse interface model for two-phase fluid flows.
SIAM J. Numer. Anal., 44(3):1049-1072, 2006. MR2231855


https://mathscinet.ams.org/mathscinet-getitem?mr=3745174
https://mathscinet.ams.org/mathscinet-getitem?mr=4378429
https://mathscinet.ams.org/mathscinet-getitem?mr=1700669
https://mathscinet.ams.org/mathscinet-getitem?mr=0913308
https://mathscinet.ams.org/mathscinet-getitem?mr=0913308
https://mathscinet.ams.org/mathscinet-getitem?mr=3696086
https://mathscinet.ams.org/mathscinet-getitem?mr=4373329
https://mathscinet.ams.org/mathscinet-getitem?mr=0242392
https://mathscinet.ams.org/mathscinet-getitem?mr=3712284
https://mathscinet.ams.org/mathscinet-getitem?mr=4378430
https://mathscinet.ams.org/mathscinet-getitem?mr=2231855

[14]

[15]

[24]

[25]

IMEX schemes and error analysis for NSCH system 233

X. Feng, Y. He, and C. Liu. Analysis of finite element approximations of
a phase field model for two-phase fluids. Math. Comp., 76(258):539-571,
2007. MR2291827

C. Foias and R. Temam. Gevrey class regularity for the solutions
of the Navier-Stokes equations. J. Funct. Anal., 87(2):359-369, 1989.
MR1026858

C. G. Gal and M. Grasselli. Asymptotic behavior of a Cahn—Hilliard—
Navier—Stokes system in 2d. In Annales de I’IHP Analyse non linéaire,
volume 27, pages 401-436, 2010. MR2580516

A. Giorgini, A. Miranville, and R. Temam. Uniqueness and regular-
ity for the Navier-Stokes-Cahn-Hilliard system. SIAM J. Math. Anal.,
51(3):2535-2574, 2019. MR3968246

R. Glowinski. Finite element methods for incompressible viscous flow.
Handb. Numer. Anal., 9:3-1176, 2003. MR2009826

J. L. Guermond, P. Minev, and J. Shen. An overview of projection meth-
ods for incompressible flows. Computer methods in applied mechanics
and engineering, 195(44-47):6011-6045, 2006. MR2250931

J. L. Guermond and J. Shen. A new class of truly consistent splitting
schemes for incompressible flows. J. Comput. Phys., 192(1):262-276,
2003. MR2045709

M. E. Gurtin, D. Polignone, and J. Vinals. Two-phase binary fluids
and immiscible fluids described by an order parameter. Math. Models
Methods Appl. Sci., 6(06):815-831, 1996. MR1404829

P. C. Hohenberg and B. 1. Halperin. Theory of dynamic critical phe-
nomena. Rev. Mod. Phys., 49(3):435, 1977.

F. Huang and J. Shen. Stability and error analysis of a class of
high-order IMEX schemes for Navier-Stokes equations with periodic
boundary conditions. STAM J. Numer. Anal., 59(6):2926-2954, 2021.
MR4342123

F. Huang and J. Shen. A new class of implicit—explicit BDFk SAV
schemes for general dissipative systems and their error analysis. Com-
put. Methods Appl. Mech. Eng., 392:114718, 2022. MR4383075

D. Jacqmin. Calculation of two-phase Navier—Stokes flows using phase-
field modeling. J. Comput. Phys., 155(1):96-127, 1999. MR1716497


https://mathscinet.ams.org/mathscinet-getitem?mr=2291827
https://mathscinet.ams.org/mathscinet-getitem?mr=1026858
https://mathscinet.ams.org/mathscinet-getitem?mr=2580516
https://mathscinet.ams.org/mathscinet-getitem?mr=3968246
https://mathscinet.ams.org/mathscinet-getitem?mr=2009826
https://mathscinet.ams.org/mathscinet-getitem?mr=2250931
https://mathscinet.ams.org/mathscinet-getitem?mr=2045709
https://mathscinet.ams.org/mathscinet-getitem?mr=1404829
https://mathscinet.ams.org/mathscinet-getitem?mr=4342123
https://mathscinet.ams.org/mathscinet-getitem?mr=4383075
https://mathscinet.ams.org/mathscinet-getitem?mr=1716497

234
[26]

[27]

[28]

[34]

[35]

[36]

[37]

[38]

Fukeng Huang and Jie Shen

N. N. Janenko. The method of fractional steps, volume 160. Springer,
1971.

H. Johnston and J. G. Liu. Accurate, stable and efficient Navier—Stokes
solvers based on explicit treatment of the pressure term. J. Comput.
Phys., 199(1):221-259, 2004. MR2081004

D. Kay, V. Styles, and R. Welford. Finite element approximation of a
Cahn-Hilliard-Navier-Stokes system. Interfaces Free Bound., 10(1):15—
43, 2008. MR2383535

H. O. Kreiss and J. Oliger. Stability of the Fourier method. SIAM J.
Numer. Anal., 16(3):421-433, 1979. MR0530479

X. Li and J. Shen. On fully decoupled msav schemes for the Cahn—
Hilliard—Navier—Stokes model of two-phase incompressible flows. Math.
Models Methods Appl. Sci., 32(03):457-495, 2022. MR4404219

C. Liu and J. Shen. A phase field model for the mixture of two incom-
pressible fluids and its approximation by a Fourier-spectral method.
Phys. D: Nonlinear Phenom., 179(3-4):211-228, 2003. MR 1984386

J. G. Liu and R. Pego. Stable discretization of magnetohydrodynam-
ics in bounded domains. Communications in Mathematical Sciences,
8(1):235-251, 2010. MR2655908

O. Nevanlinna and F. Odeh. Multiplier techniques for linear multistep
methods. Numerical Functional Analysis and Optimization, 3(4):377—
423, 1981. MR0636736

K. Promislow. Time analyticity and Gevrey regularity for solutions
of a class of dissipative partial differential equations. Nonlinear Anal.,
16(11):959-980, 1991. MR1106997

J. Shen. Long time stability and convergence for fully discrete nonlinear
Galerkin methods. Appl. Anal., 38(4):201-229, 1990. MR1116181

J. Shen, T. Tang, and L. L. Wang. Spectral methods: algorithms, anal-
ysis and applications, volume 41. Springer Science & Business Media,

2011. MR2867779

J. Shen and J. Xu. Convergence and error analysis for the scalar auxil-
iary variable (SAV) schemes to gradient flows. SIAM J. Numer. Anal.,
56(5):2895-2912, 2018. MR3857892

R. Temam. Sur 'approximation de la solution des équations de Navier-


https://mathscinet.ams.org/mathscinet-getitem?mr=2081004
https://mathscinet.ams.org/mathscinet-getitem?mr=2383535
https://mathscinet.ams.org/mathscinet-getitem?mr=0530479
https://mathscinet.ams.org/mathscinet-getitem?mr=4404219
https://mathscinet.ams.org/mathscinet-getitem?mr=1984386
https://mathscinet.ams.org/mathscinet-getitem?mr=2655908
https://mathscinet.ams.org/mathscinet-getitem?mr=0636736
https://mathscinet.ams.org/mathscinet-getitem?mr=1106997
https://mathscinet.ams.org/mathscinet-getitem?mr=1116181
https://mathscinet.ams.org/mathscinet-getitem?mr=2867779
https://mathscinet.ams.org/mathscinet-getitem?mr=3857892

IMEX schemes and error analysis for NSCH system 235

Stokes par la méthode des pas fractionnaires. I1. Arch. Rational Mech.
Anal., 33:377-385, 1969. MR0244654

[39] R. Temam. Navier-Stokes Equations and Nonlinear Functional Analy-
sis. STAM, Philadelphia, 1983. MR0764933

[40] K. Wu, F. Huang, and J. Shen. A new class of higher-order decoupled
schemes for the incompressible navier-stokes equations and applications
to rotating dynamics. J. Comput. Phys., 458:111097, 2022. MR4389749

[41] Z. Xu, X. Yang, and H. Zhang. Error analysis of a decoupled, linear sta-
bilization scheme for the Cahn-Hilliard model of two-phase incompress-
ible flows. J. Sci. Comput., 83(3):Paper No. 57, 27, 2020. MR4108635

FukeNG HUuANG

DEPARTMENT OF MATHEMATICS
NATIONAL UNIVERSITY OF SINGAPORE
SINGAPORE, 119076

SINGAPORE

E-mail address: hfkeng@nus.edu.sg

JIE SHEN

SCHOOL OF MATHEMATICAL SCIENCE
EASTERN INSTITUTE OF TECHNOLOGY
NINGBO, 315200

CHINA

E-mail address: jshen@eitech.edu.cn

RECEIVED JANUARY 28, 2023


https://mathscinet.ams.org/mathscinet-getitem?mr=0244654
https://mathscinet.ams.org/mathscinet-getitem?mr=0764933
https://mathscinet.ams.org/mathscinet-getitem?mr=4389749
https://mathscinet.ams.org/mathscinet-getitem?mr=4108635
mailto:hfkeng@nus.edu.sg
mailto:jshen@eitech.edu.cn

	Introduction
	Preliminaries
	The SAV schemes and stability results
	The SAV schemes
	Semi-discrete SAV schemes
	Fully discrete schemes with the Fourier spectral method in space

	Stability results

	Error analysis
	Several useful lemmas
	Error analysis for the phase function and the velocity in 2D
	Error analysis for the phase function and the velocity in 3D
	Error analysis for the pressure

	Numerical examples
	References

