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Algebraic independence of the values of power
series with unbounded coefficients

Kaneko Hajime

Abstract. Many mathematicians have studied the algebraic independence over Q of the
values of gap series, and the values of lacunary series satisfying functional equations of Mahler
type. In this paper, we give a new criterion for the algebraic independence over Q of the values

o o t(n)B~™ for distinct sequences (¢(n))52, of nonnegative integers, where 8 is a fixed Pisot

or Salem number. Our criterion is applicable to certain power series which are not lacunary.
Moreover, our criterion does not use functional equations. Consequently, we deduce the algebraic
independence of certain values > o7 (t1(n)B~", ..., > 27 tr(n)B~" satisfying
ti(n
lim L:oo (i=2,..,7)
n—c0,t;_1(n)#0 t;_1(n)M

for any positive real number M.

1. The transcendence of the values of power series with bounded
coefficients

We introduce notation which we use throughout this paper. Let N (resp. Z7T)
be the set of nonnegative integers (resp. positive integers). For a real number z,
we denote the integral and fractional parts of x by |z| and {z}, respectively. We
use the Landau symbols o, O, and the Vinogradov symbols >, < with their regular
meanings. For a sequence of integers t=(t,)%2,, put

S(t):={neN|t, #0}

and

(1.1) f(tX) ::itnX".
n=0
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Note that if ¢, >0 for any n and if t,,€{0, 1} for any sufficiently large n, then (1.1)
is rewritten as

(1.2) fEX)= 3 X0,
m=0

where (v,,)3°_, is a sequence of nonnegative integers satisfying v, 1 >v,, for any
sufficiently large m. Let A4 be a nonempty subset of N. Set

(1.3) A(A; R) := Card{[0, R)N.A}

for any R>1, where Card denotes the cardinality.

In this paper, we study arithmetical properties of the values z=f(¢; «) for a
fixed algebraic number o with 0<|a|<1. In this section, we review known results
of the transcendence of such values in the case where the coeflicients are bounded.

In particular, if o is a real number with 0<a<1, put S:=a~!. In this paper,
an infinite series of the form

e=ft:B )= taf",
n=0

where t=(t,)22, is a sequence of integers, is called a S-representation of x. The
B-expansion of z, introduced by Rényi [17], is a S-representation computed by the
greedy algorithm. Let T5:[0,1)—[0, 1) be the S-transformation defined by T(z):=
{Bz} for x€[0,1). Then the S-expansion of €0, 1) is denoted by

2= tu(Biz) B,
n=1

where ¢, (8;z)= LﬂTg_l(I)J for n>1.

In the rest of this section, v=_(v,)2_, denotes an ultimately increasing se-
quence of nonnegative integers. Recall that §>1 is a Pisot number if § is an
algebraic integer whose conjugates except itself have absolute value less than 1. In
particular, any integer greater than 1 is a Pisot number. Moreover, an algebraic
integer f>1 is a Salem number if the conjugates of 5 except itself have absolute
values not greater than 1 and if § has at least one conjugate with absolute value 1.

Adamczewski [1] showed that if

Um+1

lim sup
m—oo  Um

>1,
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then > °_ 57Um is transcendental for any Pisot or Salem number 3. In the case
where « is a general algebraic number with 0<|a|<1, Corvaja and Zannier [7]
showed that if

varl

lim inf
m—o0

>1,

Um

then >, a¥m is transcendental.
However, it is difficult to study the transcendence in the case where

(1.4) lim 2+l 1,

m—oo Uy,

We review known results on the transcendence of certain values y  °_, 7" sat-
isfying (1.4) in the case where 8 is a Pisot or Salem numbers. The results are
obtained by using the partial results on the normality of the S-expansions of alge-
braic irrational numbers. For instance, consider the case where S=b is an integer
greater than 1. Then Borel [4] conjectured that all algebraic irrational numbers are
normal in base-b, which is still open. If Borel’s conjecture is true, then we have the
following: if

lim sup — = o0,
m—oo MM
then Y °_ b~Um is transcendental.

Let z€]0,1) be an algebraic irrational number. For a positive integer N, let
(b, z; N) be the number of nonzero digits in the first N digits of  in base-b. In the
case of b=2, Bailey, Borwein, Crandall, and Pomerance [3] gave lower bounds for
(2, 2; N) with N> Ny, where Ny is an ineffective positive constant. Modifying the
proof of the above results, Adamczewski, Faverjon [2], and Bugeaud [5] indepen-
dently gave effective versions of the lower bounds for u(b, z; N) with general integer
b>2. Lower bounds for the numbers of nonzero digits in S-representations of real
numbers were also studied [10] and [11] in the case where 8 is a Pisot or Salem
number.

Using the lower bounds, we deduce for each Pisot or Salem number § that if
v=0;m)5°_, satisfies

. Um
(1.5) llg:ipm—m
for any positive real number A, then Y °_ B~ Y is transcendental (see Corol-
lary 2.4 in [10]). If #=b>1 is an integer, then the transcendence of > ~_ b~ was
essentially proved by Bailey, Borwein, Crandall, and Pomerance [3]. Consequently,
we obtain the transcendence of > °_ 87"m for certain classes of > °_ 7" sat-
isfying (1.4).
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For instance, put, for any positive real v,
o1, (m) :==exp ((logm)' ™) = mee™” (1 =1,2,..),
and let
o2(m) :=exp(logmloglogm) =m!°8le™ (m =34, ).
For any Pisot or Salem number 3, we obtain the transcendence of

(1.6) S gloneml and Y grloatm)
m=1

m=3

because (|01, (m)|)0_; and (|o2(m)])5e_s fulfill (1.5).

In what follows, we study the algebraic independence over Q of values f(t;«)
for a fixed algebraic number o with 0<|a|<1 and distinct sequences t. We also in-
vestigate the case where ¢ is unbounded. In Section 2, we introduce known results on

the algebraic independence of the values of power series satisfying certain lacunary

assumption. In Section 3, we give main criterion for the algebraic independence in

the case of a=p""!, where 3 is a Pisot or Salem number. Using our criterion, we
deduce the algebraic independence of real numbers including the values (1.6), which
gives new examples of algebraic independence. We prove our criterion in Section 4.

2. Algebraic independence of the values of lacunary series

Let t=(t,)22, be a sequence of integers such that t,#0 for infinitely many

n’s. Put
{neN|t, #0} = {w:(0) <we(l) <...}.
We say that f(t; X) is a gap series if

. wg(m+1)
lim ———F =
m—oo  wg(m)

For instance, anozo X™ is a gap series. Moreover, we say that f(¢;X) is lacunary

if

1

iminf 22D
m—00 wt(m)

For instance,

oo

er(X)=>_ X"

m=0
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is lacunary for any integer £>2. In this section we introduce known results on the
algebraic independence of the values of gap series, and lacunary series satisfying
functional equations of Mahler type, respectively. In the rest of this section, «
denotes an algebraic number with 0<|a|<1.

We consider the algebraic independence of the values of gap series. We first
study the case where f(¢; X) has the form (1.2). Shiokawa [19] gave a criterion for
the algebraic independence of gap series at algebraic points. Using his criterion, we
obtain for each a that the set

k=12 }

e}
{ Z em)!
m=0
is algebraically independent, which generalizes the result by Schmidt [18].
Next we consider the case where t=(t,)22, is unbounded. In particular, we

study the algebraic independence of the set
{f(l)(t;a)‘ 1:0,17...},
where f()(t; X) denotes the I-th derivative of f(t; X). For any meN, let
A =max{L, [tn] [0 <n <ws(m)}

and let R be the convergence radius with 0<R<1. Then Cijsouw and Tijdeman [6]
showed for any a with |a|<R that if

. wy(m+1)
2.1 1 _ =
(21) Mmoo we(m)+log A,

)

then f(t; @) is transcendental. Nishioka [15] showed for each o with |a|<R that if
(2.1) holds, then the set

{f(Z)(t;a)‘z:oJ,...}

is algebraically independent.

Next, we investigate the algebraic independence of the values of lacunary series
satisfying functional equations of Mahler type. For instance, if k is an integer greater
than 1, then the series oy (X) satisfy the following:

oo (o9}
Pr(XF) = XK' =3 XM X = (X)X,
m=1 m=0

Using the above relation, Mahler [12] showed the transcendence of ¢y («) for any a.
In the rest of this section we introduce results on algebraic independence proved by
Mahler’s method.
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Nishioka [13] proved for any « that the set

{prla)|k=2,3,...}

is algebraically independent. More generally, Tanaka [20] showed for any positive
real numbers w1, ..., w, linearly independent over Q and any « that the set

{ i lwik™]

m=0

i:l,...,r,k:Z,S,...}

is algebraically independent.

We now consider the case where t=(t,,)52, is unbounded. We call a sequence
(wn)22, of integers a linear recurrence if there exist 7>1 and ¢y, ..., ¢, €C with ¢, #0
such that, for any n€N,

Wptr = ClWntr—1+C2Wntr—2+... +CrWp.

Nishioka [16] verified for any integer £>2 and any « that the set

{gp,(f)(oz)‘lzo,l,...}

is algebraically independent, using her criterion for algebraic independence in [14].
Considering the operator X (d/dX), we see that the set

{ i kKo | 1=0,1, }

m=0
is also algebraically independent. More generally, let r be a positive integer and let
sW=(s1(m))2_y, ..., 8" =(s.(m))2_, be linearly independent linear recurrences
of integers. Using the same criterion in [14] as above, Nishioka [16] showed for any
integer k>2 and any « that the numbers

oo
Z si(m)a*”  (i=1,...,7)
m=0
are algebraically independent.

Tanaka [21] studied necessary and sufficient conditions for the algebraic inde-
pendence of the values of Y~ X¥= and their derivatives, where v=(v,,)5°_, are
distinct linear recurrences satisfying certain assumptions. For instance, let Fy,, (m=
0,1, ...) be the Fibonacci sequence defined by Fy=0, F;=1, and F,,1o=F,+1+Fn
for any m=0,1,.... Put

(pF(X) = Z XFm.
m=0
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Then, for any «, the set

is algebraically independent.

3. Main results

Let 8 be a Pisot or Salem number and t=(¢,)52, a sequence of nonnegative
integers such that ¢,,#0 for infinitely many n’s. In this section we study criteria for
the algebraic independence of f(t;371) in the case where f(¢; X) is not generally a
lacunary series. Note that we do not use functional equations for the criteria.

Let A be a nonempty subset of N and k€N. Then set

e 0} (it 1~0)
T {sit+.tsk|st, o sk€AL (I B>1).

Recall that A(A; R) is defined by (1.3). Moreover, (o1,,(m))s_, for a positive real
number v and (o2(m))°_4 are defined in Section 1.

We first consider the case where t=(t,)%2, is bounded. Using criteria for
algebraic independence in [9], we obtain the following:

Theorem 3.1. ([9]) Let 8 be a Pisot or Salem number.
(1) The continuum set

{ i B~ Llovw(m)]

m=1

veR, 1/21}

1s algebraically independent.
(2) Let v and n be distinct positive real numbers. Then the two numbers

S grleetml gpd $ grlonatm)
m=1 m=1

are algebraically independent.
(3) Let v be a positive real number. Then the two numbers

Zﬁ-[al,u(M)J and ZB—L@(M)J
m=1 m=3

are algebraically independent.
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Note that if S=0 is an integer greater than 1, then the first and second state-
ments of Theorem 3.1 were obtained in [8].

In what follows, we introduce our main results. We now give a new criterion
for algebraic independence applicable to some special cases, where t=(t,)32, is
unbounded.

Theorem 3.2. Let A be a set of nonnegative integers satisfying the following
two assumptions:
1. There exists a positive constant C1>1 such that

(3.1) [R,CiR)NA+ o

for any sufficiently large R.
2. For an arbitrary positive €,
)\ .
(3.2) lim inf AA R)
€

R—o0

=0.

Let tM =(t1(n)) g, ..., t ") =(t.(n))2, be sequences of nonnegative integers with
(3.3) StW)=..=8t")=4

satisfying the following two assumptions:
1. There exists a constant 0<Cy <1 such that, for each i=1,...,7,

(3.4) log™ t;(n)=o0 (nl_CQ)

as n tends to infinity, where log™ x=logmax{1,z} for a real number x.
2. Let M be an arbitrary positive real number. Then, for i=2,...,r,
, ti(n)
3.5 1 — =
( ) nE.Al,rT?ﬁoo ti,l(n)M o
Let 3 be a Pisot or Salem number. Then the numbers f(t0); =), .., f(t); 571)
are algebraically independent.

Theorem 3.2 implies that if a set A of nonnegative integers satisfying (3.1)
and (3.2) is given, then we can deduce examples of algebraically independent real
numbers, changing sequences t(1), ..., (") of coefficients. Theorem 3.2 is applicable
even if V), .. ¢(") are not linear recurrences.

We give examples of coefficients for a fixed infinite set A of nonnegative integers.
Let t=(¢,)52, be a sequence of integers. Put

falt; X) =t X"

neA
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Let © be the subset of R? defined by
0 :={(p,v) ER* |0 < p < 1}U{(0,v) eR*|v >0}

Moreover, for any (u,v)€©, we define the sequence 7, ,=(r,.,(n))2>, by

ryp(n)i= {exp ((n+2)“(log(n+2))y)J .
Corollary 3.3. Let A be a subset of N satisfying (3.1) and (3.2). Then, for

any Pisot or Salem number 3, the continuum set

GA) = {falrp; 87| (n,v) €O}
18 algebraically independent.

Corollary 3.3 is easily seen by Theorem 3.2. In fact, any element fa(r, ;37 ")
of G(A) satisfies (3.4) by u<1. Moreover, let fa(r,,;B87") and fa(r, .;B871) be
any distinct two elements of G(A). Suppose that pu>p’, or u=p’ and v>v’. Then
we see for any positive real number M that

lim M = lim exp ((n+2)u(10g(n+2))”)
M —
n—00 1,1 11 (M) =% exp (M(n—|—2)u’ ( 10g(n—|—2)) )

which implies that (3.5) is also fulfilled.
Various sets A of nonnegative integers satisfy (3.1) and (3.2). Consider the
case where A is denoted as

(3.6) A={vy, |[m>mp},

where myg is a nonnegative integer and (v, )pe—mm,

quence of nonnegative integers. We see that if (v, )55_,,, satisfies (1.5) and

is an ultimately increasing se-

'Um+1

(3.7) lim sup

m—0o0 Um

<00,

then the set A defined by (3.6) fulfills (3.1) and (3.2). In fact, let € be an arbitrary
positive real number. Using (1.5) with A=1/e, we see for any positive real number
y that there exist infinitely many positive integers m with vy, >5'/*m!/¢. Thus, we
obtain that

AMA; yt/emt/e)  Card([0,y'/*m!/%)NA) < 1

(yl/aml/a)a - ym - ;
and that \A )
lim inf M <z

— )

R—o00 Re Yy

which implies (3.2) because y is an arbitrary positive real number.



70 Kaneko Hajime

Recall that vy,:=|o1,(m)| (m>1) satisfies (1.5) and (1.4) for any positive
real number v. Thus, A;:={01,(m)|m>1} satisfies (3.1) and (3.2). Hence, A, is
applicable to Theorem 3.2 or Corollary 3.3. In particular, Corollary 3.3 implies that

G(A) = {fa,(ruu; 871 | (1, v) €O}

is algebraically independent. Note for any nonnegative integer n that rgo(n)=2.

Thus, we see
o0

1 g1 ~ o1 (m)]

SFau(rooi A7) - Z_:lﬂ wml e Q(p)
because (|01, (m)|)>°_; is ultimately increasing. Therefore, we deduce the algebraic
independence of real numbers including the value

i B Lo (m)]
m=1

Similarly, {o2(m)|m>3} also fulfills (3.1) and (3.2).

Moreover, we note that if (v,,)

m=m, Satisfies

.. Umat1 Um+1
1< liminf -2+ mt

m—0o0

<lim sup
Um, m—oo  Um

< 00,

then (1.5) and (3.7) are satisfied. In particular, the set {|wn™||m>0} for real
numbers w>0,7>1, and the set {F,,|m>0} for the Fibonacci sequence (F,,)°_,
fulfill (3.1) and (3.2).

In the last of this section we also deduce the algebraic independence of certain
two numbers related to the derivatives of functions as follows:

Corollary 3.4. Let A be a subset of N satisfying (3.1) and (3.2). Let t=
(t(n))22, be a bounded sequence of positive integers. Let B be a Pisot or Salem
number. Then, for any positive integer I, the numbers fa(t;371) and fﬁ)(t;ﬁ_l)
are algebraically independent.

Proof. Let yy:=fa(t; 571) and 72:=B7 fL (6 87+ X, cpnes 577, where

Y=Y nn-1)..(n—l+t,f7"+ > B
n=l n<l,n€A

=) ta(n)p"
n=0

Then two sequences (1) :=(t(n))S%, and ) :=(t5(n))>2, satisfy (3.3), (3.4), and
(3.5) because t(!) is bounded. Thus, we obtain from Theorem 3.2 that v; and 7o
are algebraically independent, which implies the corollary. [
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4. Proof of Theorem 3.2

We introduce notation. Let k be a positive integer and m=(my, ..., my)ENF,
X:=(Xy,..., Xg). Put

|m|:=mi+...4m; and X™:=X{"'. X"
For convenience, if k=0, then set
lm|:=0 and X™:=1.

We write by >4 the graded reverse lexicographical order on N” as follows: Let
k=(ki,....k.),K'=(k{, ..., k) be distinct elements of N". Then k>4 1k’ if and only
if |k|>|K'|, or |k|=|K'| and kj,>Fk},, where

h=max{1<i<r|k;#k.}.
In particular, we have
(0,..,0,1) =41 (0,...,0,1,0) g1 ... =gr1 (1,0, ...).

Put f;(X):=f(t"; X) and &:=f;(871) for i=1,...,r. Set 0:=(0,...,0)€EN" and £:=
(&1, .., &). In what follows, we show that P(£)#0 for any nonzero polynomial P(X)
whose coeflicients are integers. Let D be the total degree of P(X). Throughout
the proof of Theorem 3.2, we consider the set (D—1)B, where B is defined later.
However, (D—1)B is defined only if D—1>1. For simplicity, we may assume that
D>2. In fact, if D=1, then it suffices to show that the polynomial X; P(X) does

not vanish at X :§. Let

P(X)=:Ao+)  ApX”,
keA

where A is a nonempty subset of N"\{0}, Ag€Z, and AxeZ\{0} for any ke A. We
write by g=(g1, ..., gr) the maximal element of A with respect to >g1. Without loss
of generality, we may assume that Ag>0. Set

Ay :={keA\{g}||k|=D} and Ay:={keA\{g}|lk|<D}.
Then we have

A= {g}UAl UAQ.
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In what follows, the implied constants in the symbols < and > and Cj5, Cy, ... are
positive constants depending only on fi(X), ..., f-(X), 8, and P(X). Set

2(D!
Cs:=max < 1, E4g) 1+Z|Ak|
keA,

By (3.5), there exists a positive integer Cy such that if n is an element of A with
n>Cy, then

(4.1) ty(n)>CPt,(n)"

for any integers u,v with 1<v<wu<r. For simplicity, we consider 1;=¢;(871) in-
stead of &; for i=1,...,7, where

(4.2) Pi(X)=>si(n)X" =14 > ti(n)X".
n=0 n=Cy

Then we see 394 (& —n;)€Z[B]. Observe for each k=(ky, ..., k.)EA that
5D Ak = gOP=IkD 4, TT (8 (& —mi) + 8% mi)™
i=1

is a polynomial of = (71, ...,n,) whose coefficients are elements of Z[]. Expanding
BYPP(€) by the relation above, we see that

(4.3) BOPP(¢) = Q(n) = Bo+ Y. Bin,

kel

where Q(X)€Z[5][ X1, ..., X,] has total degree D(>2), I is a nonempty subset of
N"\{0}, Bo€Z[B], and BreZ[F]\{0} for any keT. By the definition of Q(X), the
maximal element of I' with respect to >4 is g. Similarly, putting

I'y:={kel'\{g}||k|=D} and Ts:={kel\{g}|[k|l<D},
we get I'y=A; and
(4.4) By = P Ay,
for any ke{g}UI'1. In particular, we have By >0. Note that

I'= {g}UFl UFQ.
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We check that the power series 1(X), ..., o-(X) with nonnegative integral coeffi-
cients satisfy the assumptions of Theorem 3.2. In particular, we get

S(p1)=-..=S(¢r)
={0}U([C4,00)NA) =:B

by (3.3), (4.2), and so

(4.5) [R,C1R)NB# @

for any sufficiently large R by (3.1). Moreover, putting
AB;R)=:A(R) and C:=(C5/2

for simplicity, we see for an arbitrary positive real € that

lim inf A(R) =0
R—o0

by (3.2). By considering the case of e=C/(2D—1), there exists an infinite set F of
nonnegative integers such that

4=1/@D=1) (14 ¢y )=1/2D=1) 5, AY)

for any NeF. Thus, we get for any N e F that

(4.6) N€ > 4(14+C)AN(N)2P-L,
We see by (3.4) that

(4.7 log™ si(n)=o0 (n1*2c)

as n tends to infinity, where 0<2C <1. Moreover, using (4.1) and (4.2), we get
(4.8) su(n) >CPs,(n)P

for any integers u, v with 1<v<wu<r and any n€B\{0}.
We now calculate Qk for keT. Let k be a positive integer and m=(my, ...,my) €
N*. For i=1,...,r, put

(4.9) si(m):=s;(my)...s;(my).
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For convenience, if k=0, then we set s;(m):=1. For a positive integer m, we denote
by B™ the mth Cartesian power of B. Moreover, put B%:={0}. For any ﬂk with
k=(ki,...,k.) €T, we see

r ki .
ﬂkzl_[(Z Sz‘(m)/@m> :H Z Si(mi)ﬂ—\mﬂ

meB i=1 \m,eBki

- Z 31(m1)...sr(mr)5_(|m1|+-..+\mr\)

mqEBFL,... . m,.EBkr

> BT p(ksm),
m=0

(4.10)

where

p(k;m) = Z s1(mq)...s.(my.)
my eBk1 vy mpeBkr

[myl|+...+|me|=m

is a nonnegative integer. Substituting (4.10) into (4.3), we get

BUPP€)=Q(n)=Bo+ _ Bin®

kel
o0
=Bo+Y_ B »_ B "p(k;m).
kel m=0

Let R be a nonnegative integer. Then
BRYDP(E) =Bop " +> B Y B "p(kim+R).
kel m=—R
Put

Yr:= Z By Z B~ p(k;m+R),

kel’ m=1

0
Zr=DBoB+> Bi > B "p(kim+R).
kel m=—R

Then we have
(4.11) BRACD P(&) =Y+ Zp.

Note that Zg€Z[3] because By €Z[f] for any ke{0}UT.
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We now introduce a sketch of the proof of Theorem 3.2. We first show for any
nonnegative integer R that

Zr=0 or |Zp|>Csp B
in Lemma 4.2. Next, we show that there exists a positive integer R satisfying
(4.12) 0<Yrp<Cs5 B
in Lemma 4.6. Therefore, (4.11) implies that

P(£) #0.

Since P(X) is any non-constant polynomial whose coefficients are elements in Z[f],
we deduce that &1, ..., &, are algebraically independent.
We now give upper bounds for p(k;m).

Lemma 4.1. For any k€l', we have
logt p(k;m)=o0 (m1_2c) .

In particular, there exists a positive constant Cg satisfying the following: for any
kel and meN,

2C

m'=
p(k;m) <Csf3
Proof. Let keT'. Using (4.9) and the definition of p(k;m), we get
[
p(k;m) < (mA1)ktthe < max sz(n)>

1<i<r
0<n<m

D
D .
<(m+1) <1H<1?.<)$ sz(n)> .
0<n<m
Taking the logarithm of the inequality above, we obtain, by (4.7),

log™ p(k;m) =0 (m' =)

as m tends to infinity. Moreover, the second assertion also holds because I' is a
finite set. O

Lemma 4.2. There exists a positive constant Cs satisfying the following: For
any nonnegative integer R, we have

Zr=0 or |Zp|>Csp B .
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Proof. Put d:=degf. Let m,...,mq be the conjugate embeddings of Q(/3)
into C, where 7 (vy)=~ for any yeQ(f). Set

C7:=max {|m;(Bk)| | i=1,...,d, ke {0}UT'}.

Setting ;(8)=:8; for i=2, ...,d, we have

R
7i(ZRr) = Wi(BO)ﬁlR‘i‘Z 7;(Bg) Z B p(k; —m+R).
kel m=0

Recall that |5;|<1 because § is a Pisot or Salem number. Thus,
|mi(ZR)| < C7+kz; C7(R+1) ax, p(k;m).
€

Using Lemma 4.1, we get, for i=2, ..., d,
log™ |mi(ZR)| =0 (R'~*¢)

as R tends to infinity. Hence, we see for any sufficiently large R that

d
> log™ |mi(Zr)| < R log 3,

i=2
and so

d

[Timi(zr) <™.

i=2
Assume that Zr#0. Since Zp is an algebraic integer, we obtain

d

1< 1Za| ] Im:(Zr)1-

i=2
Therefore, we deduce for any sufficiently large R that

1Zg|> B8R O

In what follows, we consider lower bounds for Yg.

Lemma 4.3. Let k€T and let m be a nonnegative integer. Then p(k;m) is
positive if and only if me|k|B.
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Proof. We observe that p(k;m) is positive if and only if there exist 7, €B*1 ...,
m, €BF such that m=>Y"._, |m;|. Thus, p(k;m) is positive if and only if there
exists an n€B* x ... x B¥ such that m=|n/|, that is, |n|€|k|B because B*={0} for
any 1<i:<r with k;=0. O

Since 0€B, we get
(4.13) BCc2BC...CDB.

Let k€T and n=(n(1),...,n(|k|))eNI*I. We divide n into r parts as follows:

n= (n(l), (k) (kL +1), ooy n(ky ko), oo

n(ky+...+k—1+1), ..., n(k1+...+kr_1+kT))

=:(n(k,1),n(k,2),..,n(k,r)),
where
(414) 'I’l(k, ’L) = (Tl(k1+...+k‘i_1+1), ey n(k1+...+ki_1—|-ki))

for i=1,...,r. Let

T

(4.15) s(k;m) ::Hsi(n(k,z’)),

i=1
where s;(n(k, 7)) is defined by (4.9).

Lemma 4.4. Let m be any nonnegative integer with mg(D—1)B. Then

1
(4.16) Y [Brlp(k;m) <2 Bgp(gim).
keD\ (g}

Proof. Without loss of generality, we may assume that meDB. In fact, if
m¢ DB, then we see that both-hand sides of (4.16) are 0 by Lemma 4.3 and (4.13).

Using Lemma 4.3, we see for any k€Tl's that p(k;m)=0 by (4.13) and m¢
(D—1)B. Thus,

(4.17) > Brlp(ksm) =Y |B|p(k;m).

kel\{g} kel

Hence, we may assume for the proof of Lemma 4.4 that I'y is not empty. In par-
ticular, we have r>2. Note for any ke{g}UT'; that p(k;m)>0 by Lemma 4.3 and
|k|=D.
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Put
2:={n=(n(1),...,n(D)) e B" | [n|=m} (#2).

We apply notation (4.14) and (4.15) to k€{g}UT; and n€ZCN*l. Then we see
for any ke{g}UT'; that
(4.18) p(k;m) = Z s1(n(k,1))...s.(n(k,r)) = Z s(k;m).
neBP n|l=m ncE

We first show for any fixed k=(k1, ..., k) €Ty that

D!
(4.19) plk;m) < =p(g;m).

3

Put

li=max{i>1|k;#£g}

Since |k|=|g|=D, we have [ >2 because there exists an integer a with a <[ satisfying
ga<k,. Moreover, setting

T:=D—(ki+kip1+...+k)=kitko+...+k_1,

we see that 7>0.
Let n=(n(1),...,n(D))€Z. Take an integer b with 1<b<r satisfying

(4.20) s1(n(b)) = max s;(n(y)).

1<j<7

There exists a permutation o of the set {1,...,7} such that

o(t)=b.
Let
(p(1),....,p(7)) == (n(o (1)), ...,n(o(7)))
and
(4.21) p:=(p(1),p(2),....p(1),n(T4+1),n(r+2),...,n(D)).

It is clear that pe= because p is obtained by a permutation of the components
of n. Note that p is determined by k€I'; and n€Z=. Recall that

s(k;n) = H si(n(k,i)) and s(g;p)= H si(p(g,1)),
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where n(k,i)€B* and p(g,i)€BY% for i=1,...,r. By the definition of p, the last
(D —7)-th components of n and p coincide. Observing that g;=k; for any i>1+1,
we see

(4.22) n(k,i)=p(g,i)

for each i>1+1 because kjy1+...+k.<D—r by the definition of 7. Moreover, since
g1 >k, we see that n(k,l) and p(g,!) are denoted as

n(k,l)=(n(r+1),...,n(r+k)),
p(g,l) = (p(r—h+1),....p(T),n(T+1),...;n(T+ki)),

respectively, where h=¢g;—k;>0. Thus, we have

h
(4.23) sy (p(g,l)) :sl H p(t+1—j )
Hence, combining (4.22) and (4.23), we obtain
s(g:p) =[] 5:(p(g.9) = s1:(p(g. D)) [] si(p(g.9)
i=1 i=14+1

T

h
=si(n(k,) [[si(p(r+1=7)) ] si(n(k.4))
j=1 i=l+1

T

h
(4.24) :_H p(r+1- J)H i(n(k, 1) = s1(p(7)) [ 51 (n(k, ).

=l =l

Note that n(j)>0 for any 1<j<D. In fact, if n(jo)=0 for some 1<jo<D, then
=In|= ) n(j)e(D-1)5,

1<j<D

J#30
which contradicts the assumption of Lemma 4.4.

We now let i, 5 be integers with 1<i<I—1 and 1<j<7. Applying (4.8) with
u=l, v=i, and n=n(j) € B\{0}, we see
Cys4(n(j)) < si(n(j)"? < si(n(b)/P
=si(p(r))/P

by (4.20) and p(7)=n(o(7))=n(b). In particular, we get

CF . si(n(i))” <s(p(r))"/? < o)
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by 1<7<D, and so

C’3Hs (k,1)) <C’3H max $;(n ki

1<]<T

(4.25) <03 max si(n(j))" <si(p(7))

by C3>1. Combining (4.24) and (4.25), we obtain

-1
(4.26) s(g;p) >C3H81 (k1) Hsl =Css(k;n).

i=1
Let n,n'€Z. We write n~n’ if n is translated to n’ by a permutation of the
components. Note that p~n for any n€ZE, where p is defined by (4.21). We write
p=:p(n) in order to emphasize that p depends on n. We denote the set of equiv-
alence classes of = with respect to ~ by Z/~. Using (4.18) and (4.26), we obtain

plkim)=> s(kin)= > > s(k;n)

nez Q€E/~nEQ
& Y Yslgpn
ae =2/~ nea
Observe for any a€Z/~ that
Card a< D!.
Moreover, if n€a, then p(n)€a. Hence,
1
plk;m) < — D!max s(g;n)
03 - ncoa
€=/~
D!
< C Z > s(gin Z s(gin) = 5-p(g;m)
3 Q€EE/~mEa nGE 3

by (4.18), which implies (4.19).
Recall that I'y=A; and Ay>0. Applying (4.17), (4.4), (4.19), the definition
of C3, we deduce that

> Brlplkim) =Y BUP|Axlp(ksm) < Y BC“DIAkI p(g, m)

kel'\{g} ke ke

=5“Pp(g Z | Ak

kEAl

1 1
< 504DP(9§ m) : _Ag = §B9P(g§ m)a

2
which implies Lemma 4.4. [J
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Let k be a positive integer. Then, for any positive integer IV,
(4.27) A(kB; N) = Card(kBN[0, N)) < Card(BN[0, N))* = A\(N)*.

For any interval I=[z,y) CR with <y, we denote its length by |I|:=y—=x.
Let N be a sufficiently large element of F. Set

0, N)N(D-1)B=:{0=7j1 <ja <...<Jsx},
and j14,:=N. Recall that D>2. Applying (4.27) with k=D—1>1, we see
(4.28) 2 < MIN)PL

Observe that j,€(D—1)B for any 1<a< and that

x

(4'29) Z(j1+a_ja):N'

a=1

There exists a p with 1<p<sr such that

Jitp—Jp= 1glf§%{jl+a —Ja}

Let J1:=[jp, j14p) C[0, N). Combining (4.28), (4.29), and the definition of p, we get
for any N e F that

| /1]

r<nax {j1+a_ja} >

1+C; 140 1205 (1+C1)x
N
4.30 >
30 = COAN) P
and that
|J1| 1-C
4.31 >N
( ) 1+C4
by (4.6). Thus, we see for any sufficiently large N €F that there exists a 6y with
|| Cil i
0
0c [1+01’ o )P
by (4.5). Put
: N R P
M=M(N):= 0
(N):=jp+bo € {Jp"’l_'_Clv]P‘F e
and

Jo = []p,M) c Ji.
Consequently, we get that M eDB by j,€(D—1)B and §p€5.
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Lemma 4.5. Assume that N€F is sufficiently large. Then, for any Re Js,
we have

Yr >0.

Proof. We verify Lemma 4.5 by induction on R. First we show that Y3;_1>0.
Observe that

oo
Yyv-1= Z By, Z B p(k;m+M—1)
kel m=1
Ji4p—M
= D 87" Brolksm+M-1)
m=1 kel

+> Bk Y. BTp(kymAM-1)

kel m:1+j1+p—M
(4.32) —: 81+

We give upper bounds for |S3|. By the definition of M and (4.31), we have

Ch|J4] | J1] 1-c
e e
1+C,  1+Cy

j1+p_M 2j1+p_jp_
for any sufficiently large V€ F. For simplicity, put, for a nonnegative integer n,
.

Cn = 577,

Thus, using Lemma 4.1 and M <N, we get

2C

S0 <D 1Bel Y BTplksmAM 1)
kel m=ltjii,—M
<IBel > B e
kel m=l4ji4p—M
< D BT a1 S Y BT -
m>N1-¢ m>N1-¢

Since

lim ((m+1)'72¢—m!~2¢) =0

m—0o0

by 0<2C<1 and the mean value theorem, we have

lim Sl 1,

m—0o0 m
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In particular, if m is sufficiently large, then

m 1
C+1<ﬁ+.

(4.33) = .

Hence,

|Sa| < BN CQNZﬂ " (ﬁ“)

< BN =01)
as N eF tends to infinity because we see

CNIC 4 (aN)Im2 < 12
for any sufficiently large N e€F. In particular, if N e€F is sufficiently large, then
(4.34) |Sy| < %Bgﬁ*1

by Bg>0.
On the other hand, we see for any 1<m<ji4,—M that m+M —1¢(D—1)B by
m~+M—1€(jp, j1+p) and the definition of ji, ..., j1+5. Using Lemma 4.4, we obtain

Ji+p—
Z B~ | Bgp(g;m+M—1)— Z | Bi|p(k; m+M—1)
ker\{g}
R 1 . 1 )
(435) =3B, Z B plgim+ M —1)2 3 Bgfi™ p(g; M) = 5 By

by MeDB. Therefore, combining (4.32), (4.34), and (4.35), we deduce for any
sufficiently large N €F that

Yy-1>0.

Next we assume that Y >0 for certain R€ (j,, M). Then

Yr-1=Y Bk »_ B "p(k;m+R-1)

kel m=1
BZkakR ZBkZB (m=1) p(k;m—1+R)
kel kGF m=2

(436) ::Sl+52'
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Lemma 4.4 implies that S1>0 because R¢(D—1)B by R€ (jp, ji+p). Moreover, it
is easily seen that

1 = 1
Sy==> Br > B "p(kim+R)=—-Yr>0.
6 kel m=1 ﬁ

Hence, (4.36) implies that Yg_1 >0. Therefore, we proved Lemma 4.5. O

Applying (4.27), we get

Card(JoNDB) < A(N)P.
Put
(JoNDB)U{jpt = {jp =11 <i2<...<iy},
where
(4.37) w<THAN)P <2)\(V)P

Let ¢14,:=M. Then there exists a ¢ with 1<g<w such that

’il —ig = ax il h_ih .
+qig= max (i, —in)

Put I1:=[ig,i144) CJ2. For any k with 1<k<D
(4.38) (iqyi14q) KB C (ig,i11q) DB =02

by (4.13).
We now estimate lower bounds for |I;|. By the definition of ¢, we see

- . | J2]
Ii|= — > =,
[11] 1?}?§W{Z1+h in} > o

Combining (4.37), the definition of M, and (4.30), we obtain for any sufficiently
large N e F that

1 , 1 FA
L| > ——rn (M- > .
Bz oy M=) 2 5535 Ty
N
(4.39) > >2N1=¢

= 2(1+C1)A(N)2D1

by (4.6).
For the proof of Theorem 3.2, it suffices to show that there exists a positive
integer R satisfying (4.12). Thus, we only have to show the following:
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Lemma 4.6. Assume that N eF is sufficiently large. Then, for any R with
(4.40) iq§R<iq+%|ll|,
we have
0<Yp<Csf B,

Proof. By Lemma 4.5 it suffices to show that |Yx| <C5B~F"7* for any R satis-
fying (4.40) under the assumption that N is sufficiently large. In fact, if R satisfies
(4.40), then Re Js.

For an integer R with (4.40), we estimate upper bounds for

Ya|={Y_ Bk > p "p(k;m+R)|.
kel m=1

Let k€l'. Take an integer m with 1<m<i144,—R. Then we have m+R€ (ig,14¢)-
Thus, (4.38) implies that p(k;m+R)=0 for such an m. Using Lemma 4.1 and
R<N, we get

Yal <> Bkl > B7"p(k;m+R)
R

kel m=i14q—

<Y Bl D BTCmir< Y, B Cman

kel m=iryq—R m=i14q—R
We see by (4.40) and (4.39) that
i1+q—R>i1+q—iq—%\Il| = %|Il| > N'=¢
and that

[Yr| < Z BN -

m>N1-¢

Consequently, using (4.33), we obtain

_pNi-¢ i n B+1 " _on1-2¢
[Yr| <8 Canz;oﬂ (—2 <B )
Namely, there exists a Cy independent of R and N satisfying

[Yr| §085_2N1726~
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In particular, if Ne€F is sufficiently large, then

YR <CsBN' 7 <y

which implies Lemma 4.6. [
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