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Pluripotential theory and convex bodies: large
deviation principle

Turgay Bayraktar, Thomas Bloom, Norman Levenberg and Chinh H. Lu

Abstract. We continue the study in [2] in the setting of weighted pluripotential theory
arising from polynomials associated to a convex body P in (RT)¢. Our goal is to establish a
large deviation principle in this setting specifying the rate function in terms of P—pluripotential-
theoretic notions. As an important preliminary step, we first give an existence proof for the
solution of a Monge-Ampére equation in an appropriate finite energy class. This is achieved using
a variational approach.

1. Introduction

As in [2], we fix a convex body PC(R*)? and we define the logarithmic indi-
cator function

(1.1) Hp(z):=suplog|z’|:= sup log[|z1]"*...|za|].
Jepr (J1se-2Ja)EP

We assume throughout that

(1.2) Y C kP for some k€ Z™
where
d
Yi={(z1,...,x4) eR:0<z; <1, in <1}.
j=1
Then

1
Hp(2)> = max logt |z,
()2 5 max log |3
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where log™ |2;|=max]0, log |z;|]. We define
Lp=Lp(C%:={uec PSH(CY :u(z)—Hp(z)=0(1), |z| — oo},

and
Lpy :Lp7+((Cd) ={ue Lp((Cd) cu(z) > Hp(2)+Cy}

These are generalizations of the classical Lelong classes when P=3%. We define the
finite-dimensional polynomial spaces

Poly(nP) :={p(z) = Z crz’ic;€C}
JenPn(zZt)d

for n=1,2,... where z']:zfl...zéd for J=(41,...,7Ja). For p€ Poly(nP), n>1 we have
%log Ip|€ Lp; also each u€ Lp 4 (C?) is locally bounded in C?. For P=Y, we write
Poly(nP)="P,.

Given a compact set K CC?, one can define various pluripotential-theoretic
notions associated to K related to Lp and the polynomial spaces Poly(nP). Our
goal in this paper is to prove some probabilistic properties of random point pro-
cesses on K utilizing these notions and their weighted counterparts. We require
an existence proof for the solution of a Monge-Ampeére equation in an appropri-
ate finite energy class; this is done in Theorem 2.8 using a variational approach
and is of interest on its own. The third section recalls appropriate definitions and
properties in P—pluripotential theory, mostly following [2]. As in [2], our spaces
Poly(nP) do not necessarily arise as holomorphic sections of tensor powers of a
line bundle. Subsection 3.3 includes a standard elementary probabilistic result on
almost sure convergence of probability measures associated to random arrays on K
to a P—pluripotential-theoretic equilibrium measure. Section 4 sets up the machin-
ery for the more subtle large deviation principle (LDP), Theorem 5.1, for which we
provide two proofs (analogous to those in [9]). As in [9], the first proof was inspired
by [6] and the second proof was utilized by Berman in [5]. The reader will find
far-reaching applications and interpretations of LDP’s in the appropriate settings
of holomorphic line bundles over a compact, complex manifold in [5]. In particular,
the case where P is a convex integral polytope (vertices in Z%) which is the moment
polytope for a toric manifold (P is Delzant) is covered in [5].

2. Monge-Ampére and P—pluripotential theory

2.1. Monge-Ampeére equations with prescribed singularity

In this section, (X,w) is a compact Ké&hler manifold of dimension d.
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2.1.1. Quasi-plurisubharmonic functions

A function u: X -RU{—o00} is called quasi-plurisubharmonic (quasi-psh) if lo-
cally u=p-+y, where ¢ is plurisubharmonic and p is smooth.

We let PSH(X,w) denote the set of w-psh functions, i.e. quasi-psh functions
u such that w,:=w+dd°u>0 in the sense of currents on X.

Given u,ve PSH(X,w) we say that u is more singular than v (and we write
u=v) if u<v+C on X, for some constant C. We say that u has the same singularity
as v (and we write u~v) if u<v and v<wu.

Given ¢€ PSH(X,w), we let PSH(X,w, ¢) denote the set of w-psh functions
u which are more singular than ¢.

2.1.2. Nonpluripolar Monge-Ampére measure

For bounded w-psh functions wug,...,uq, the Monge-Ampére product (w-+
dd®ur) A...AN(w—+dd°uq) is well-defined as a positive Radon measure on X (see [14],
[3]). For general w-psh functions w1, ..., ug, the sequence of positive measures

1gu;>—ky (WHdd® max(uy, —k))A...A(w+dd” max(ug, —k))

is non-decreasing in k£ and the limiting measure, which is called the nonpluripolar
product of wy,, ..., wy,, is denoted by

Wy N e e Ay, -

When u=...=ug=u we write wﬁ::wu/\.../\wu. Note that by definition fX Wy N
e hwy, < [y we,

It was proved in [20, Theorem 1.2] and [11, Theorem 1.1] that the total mass
of nonpluripolar Monge-Ampeére products is decreasing with respect to singularity
type. More precisely,

Theorem 2.1. Let wy,...,wq be Kdhler forms on X. If u;<v;, j=1,...,d, are
wj-psh functions then

/(w1+ddcu1)/\.../\(wd+ddcud)S/ (w1 +ddvi) A A (wg+ddvg).
X b's

As noted above, for a general w-psh function u we have the estimate [ x wid<
[x w?. Following [15] we let £(X,w) denote the set of all w-psh functions with
maximal total mass, i.e.

E(X,w):= {uePSH(X,w);/Xwg:/de}.



250 Turgay Bayraktar, Thomas Bloom, Norman Levenberg and Chinh H. Lu

Given p€ PSH(X,w), we define
5(X,w,q§)::{u€PSH(X,w,¢):/wﬁ:/ wg}.
X X

Proposition 2.2. Let g€ PSH(X,w). The following are equivalent:
(1) E(X, 0, INE(X, ) £2;

(2) pe&(X,w);

(3) E(X,w,p)CE(X,w).

Proof. We first prove (1)==(2). If ue&(X,w, p)NE(X,w) then [, wi= [, w?
On the other hand, since u is more singular than ¢, Theorem 2.1 ensures that

/wd:/wﬁg/wgg/wd
X X X X

hence equality holds, proving that ¢€&(X,w).
Now we prove (2)=(3). If p€&(X,w) and ue&(X,w, ¢) then

Josi= ft= o
hence ue&(X,w).

Finally (3)==-(1) is obvious. O
Proposition 2.3. Assume that ¢;€ PSH(X,w;), j=1,...,d with fX(wj—i—
dde¢;)?>0. If u;€€(X,wj, ¢;), j=1,...,d, then
/(wl+ddcu1)/\.../\(wd+ddcud):/ (w1 +dd°P1)N .. N (wa+dd°da).
X X

Proof. Theorem 2.1 gives one inequality. The other one follows from [11,
Proposition 3.1 and Theorem 3.14]. O

2.1.3. Model potentials

For a function f: X -RU{—o00}, we let f* denote its uppersemicontinuous (usc)
regularization, i.e.

f(x) :=limsup f(y).

Xoy—z

Given ¢p€ PSH(X,w), following J. Ross and D. Witt Nystrom [18], we define

Pufo)= ( tim_Patmins+2.0))
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Here, for a function f, P,(f) is defined as
P,(f):= (x> sup{u(z):ue PSH(X,w),u< f})".

It was shown in [11, Theorem 3.8] that the nonpluripolar Monge-Ampére measure
of P,[¢] is dominated by Lebesgue measure:

(2.1) (w+dchw[¢})d§ l{pw[¢]:0}wd§wd.

This fact plays a crucial role in solving the complex Monge-Ampeére equation. For
the reader’s convenience, we note that in the notation of [11] (on the left)
Plo,g)(0) = Py [¢]-

Definition 2.4. A function p€ PSH(X,w) is called a model potential if [ wf;>
0 and P,[¢]=¢. A function u€ PSH(X,w) has model type singularity if u has the
same singularity as P,[u]; i.e., u— P,[u] is bounded on X.

There are plenty of model potentials. If o€ PSH(X,w) with [y w?>0 then,
by [11, Theorem 3.12], P,[¢] is a model potential. In particular, if [ wi= [} w*
(i.e. pe&(X,w)) then P,[p]=0.

We will use the following property of model potentials proved in [11, Theorem
3.12]: if ¢ is a model potential then

(2.2) wePSH(X,w,¢d) == u—supu<g.
X

In the sequel we always assume that ¢ has model type singularity and small
unbounded locus; i.e., ¢ is locally bounded outside a closed complete pluripolar set,
allowing us to use the variational approach of [7] as explained in [11].

2.1.4. The variational approach

We call a measure which puts no mass on pluripolar sets a nonpluripolar mea-
sure. For a positive nonpluripolar measure i on X we let L, denote the following
linear functional on PSH(X,w, ¢):

L, (u) ::/X(ufqb) du.

For ue PSH(X,w) with u~¢, we define the Monge-Ampére energy

1 < ko, d—k
(2.3) Eg(u) :=(d_’_l)kz;)/X(u—qﬁ)wu/\wq5 .
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It was shown in [11, Theorem 4.10] (by adapting the arguments of [7]) that Ey is
non-decreasing and concave along affine curves, giving rise to its trivial extension
to PSH(X,w, ).

We define

(2.4) EN(X,w,¢):={uec PSH(X,w,¢) :E4(u) > —oc}.
The following criterion was proved in [11, Theorem 4.13]:

Proposition 2.5. Letue PSH(X,w,¢). Thenue& (X, w, ) iffuc&(X,w, )
and fX P)wd > —oc0.

Lemma 2.6. If E is pluripolar then there exists u€EY(X,w, ¢) such that EC
{u=—00}.

Proof. Without loss of generality we can assume that ¢ is a model potential.
Then (2.1) gives [ |¢|wi:0. It follows from [7, Corollary 2.11] that there exists
ve€(X,w,0), v<0, such that EC{v=—00}. Set u:=P,,(min(v, $)). Then EC{u=
—oo} and we claim that u€&(X,w, ¢). For each jEN we set v;:=max(v, —j) and
uj:=P,(min(vj, ¢)). Then u; decreases to u and u;~¢. Using [11, Theorem 4.10
and Lemma 4.15] it suffices to check that { [ |u; —qb|wffj} is uniformly bounded. Tt
follows from [11, Lemma 3.7] that

/ juj — . < / juld. < / o5l + / Bl
X X X X
:/X\Uﬂwg,--

The fact that [, |Uj|ng is uniformly bounded follows from [15, Corollary 2.4] since
veEY(X,w,0). This concludes the proof. [

Lemma 2.7. Assume that (X, w, $)C LY(X, u). Then, for each C>0, L, is

bounded on
Ec:={ue PSH(X,w,¢):supu<0 and E4(u)>—-C}.
X
Proof. By concavity of E4 the set E¢ is convex. We now show that E¢ is

compact in the L'(X,w?) topology. Let {u;} be a sequence in Ec. We claim that
{supx u;} is bounded. Indeed, by [11, Theorem 4.10]

B, (1) < / o

bupuj /w¢+/ bupu] d))wg.
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It follows from (2.2) that uj—supy uj <P,[¢] <$+Cj, where Cy is a constant. The
boundedness of {supy u;} then follows from that of {E4(u;)} and the above esti-
mate. This proves the claim.

A subsequence of {u;}, still denoted by {u;}, converges in L'(X,w?) to ue
PSH(X,w) with supyx ©<0. Since uj—supx u; <¢+Co, we have u—supy u<¢p+
Co. This proves that ue PSH(X,w, ). The upper semicontinuity of E, (see [11,
Proposition 4.19]) ensures that Ey(u)>—C, hence u€ E¢. This proves that E¢ is
compact in the L'(X,w?) topology.

The result then follows from [7, Proposition 3.4]. O

The goal of this section is to prove the following result:

Theorem 2.8. Assume that u is a nonpluripolar positive measure on X such
that u(X):fX wg. The following are equivalent

(1) p has finite energy, i.e., L, is finite on EY(X,w, ¢);

(2) there exists u€EY(X,w, ¢) such that wl=y;

(3) there exists a unique u€EY (X, w, ¢) such that

Fu(u) =

= F <
UGS?%?()L@) M(U) oo

where Fl,=E4—L,.

Remark 2.9. It was shown in [11, Theorem 4.28] that a unique (normalized)
solution u in £(X,w, ¢) always exists (without the finite energy assumption on p).
But that proof does not give a solution in £ (X, w, ¢). Below, we will follow the proof
of [11, Theorem 4.28] and use the finite energy condition, £'(X,w, ¢)C LY(X, u), to
prove that u belongs to £1(X,w, ¢).

Lemma 2.10. Assume that EY(X,w,¢)C LY (X, ). Then there exists a posi-
tive constant C such that, for all u€EY(X,w, ¢) with supy u=0,

(2.5) Ly(u) 2 =C(1+[Eg (u)]'/?).
The proof below uses ideas in [7], [15].

Proof. Since ¢ has model type singularity, it follows from [11, Theorem 4.10]
that E, —Ep,_ 4] is bounded. Without loss of generality we can assume in this proof

that ¢=P,[¢]. Fix u€E'(X,w, ) such that supy u=0 and |E,(u)|>1. Then,
by [11, Theorem 3.12], u<¢. Set a=|Ey4(u)|"*/2€(0,1), and v:i=au+(1—a)pe
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EYNX,w, ¢). We estimate E,(v) as follows

(d+1)E4(v —aZ/ d)w /\w¢
d
=a u—a¢)(aw, +(1—a)w wi=k
=03 [ (umd)aw+(1-ahae) At
ZC’(d)a/X(u w¢+C’ Z/ o)w Aw¢,

where C(d) is a positive constant which only depends on d. It follows from ¢= P, [¢]
and [11, Theorem 3.8] that wggwd (recall (2.1)). This together with [14, Proposition
2.7] give

[ =iz -c,
X
for a uniform constant C;. Therefore,
(d—|—1)E¢(’U) > —ClC(d)a+C’2a2E¢(u) >—C}.

It thus follows from Lemma 2.7 that L,(v)>—Cy for a uniform constant C4>0.
Thus

[ tw=0)du=~Cufa,
X
which gives (2.5). O

We are now ready to prove Theorem 2.8.

Proof of Theorem 2.8. Without loss of generality we can assume that ¢ is a
model potential. We first prove (1)=-(2). We write pu=fvr, where v is a non-
pluripolar positive measure satisfying, for all Borel subsets BC X,

v(B) < ACap,(B),

for some positive constant A, and 0<feL!(X,v) (cf., [11, Lemma 4.26]). Here
Cap, is defined as

Cap¢(B)::sup{/Bw{‘f:uePSH(X,w), ¢—1<u<¢5}.

Set, for k€N, py:=c, min(f, k)v where ¢ >0 is chosen so that i (X)= [ wg; this
is needed in order to solve the Monge-Ampere equation in the class £1(X,w, @).
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For k large enough, 1<¢;<2 and ¢;—1 as k—+oo. It follows from [11, Theo-
rem 4.25] that there exists u;€E'(X,w, ¢), supy u;=0, such that ng:llj; by [11,
Theorem 3.12], u;<¢. A subsequence of {u;} which, by abuse of notation, will
be denoted by {u;}, converges in L'(X,w?) to u€e PSH(X,w) with u<¢. Define
vk = (sup;>j, u;)*. Then vy \u and sup y vp=0. It follows from (2.5) and [11, The-
orem 4.10] that

By (uy)] < / iy — Sl <2 / i — | ds
X X
<20(14[Eq(uy)[?).

Therefore {|E4(u;)|} is bounded, hence so is {|E4(v,)|} since Ey4 is non-decreasing.
It then follows from [11, Lemma 4.15] that ue (X, w, ¢).

Now, repeating the arguments of [11, Theorem 4.28] we can show that wé=y,
finishing the proof of (1)=(2).

We next prove (2)==(3). Assume that y=w? for some u€&!(X,w, $). For all
ve€(X,w, @), by [11, Theorem 4.10] and Proposition 2.5 we have

Lu0) = [ (=0

:/X(v—u)wff—k/x(u_(b)wz

> By (v)~ By (u) + /X (=)l > —oco.

Hence L,, is finite on £ (X,w, ¢). Now, for all veE(X,w, ¢), by [11, Theorem 4.10]
we have

Fo(0) — Fy (1) = By (v) ~ By (1) — /X (0—u)w <0,

This gives (3). Finally, (3)==-(1) is obvious. O

2.2. Monge-Ampére equations on C? with prescribed growth

As in the introduction we let P be a convex body contained in (R*)? and
fix >0 such that PCrX. We assume (1.2); i.e., XCkP for some k€ZT. This
ensures that Hp in (1.1) is locally bounded on C?¢ (and of course Hpe€ L} (C%)).
Let u€ Lp(C?) and define

(2.6) a(z) ::u(z)—g10g(1+|z|2),z€(Cd.
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Consider the projective space P4 equipped with the Kihler metric w:=rwpg, where
c 1 2
wps =dd 3 log(1+|2]%)

on C%. Then @ is bounded from above on C?. It thus can be extended to P¢ as a
function in PSH (P4, w).

For a plurisubharmonic function u on C%, we let (dd°u)? denote its nonpluripo-
lar Monge-Ampere measure; i.e., (ddu)? is the increasing limit of the sequence of
measures 1{,~_}(dd® max(u, —k))?. Then

wi = (w+dd°a)? = (ddu)* on C.

If u€ Lp(C?) then

/ (ddc'U/)dS/ (dchP)d:d'VOZ(P) Zi’Yd:’Yd<P>
cd cd

(cf., equation (2.4) in [2]). We define
Sp(Cd) = {u S Lp((Cd) 2/ (dd‘u)d :'7d} .
Ccd
By the construction in (2.6) we have that Hpe PSH(P%,w). We define
EIV)P = Pw [ﬁp] .

The key point here, which follows from [12, Theorem 7.2], is that H p has model type
singularity (recall Definition 2.4) and hence the same singularity as ®p. Defining
®p on C? using (2.6); i.e., for zeC?,

Bp(z) = ép(z)% log(1+|2]),

we thus have ®peLp(C?). The advantage of using ®p is that, by (2.1),
(dd°®p)¢<w? on CL Note that Lp . (C?)CER(C). For u,veLH(C?) we define

d
(2.7) Bu(w)=—— %" / (u—v)(dd°u)’ A (ddev)=7.

The corresponding global energy (see (2.3)) is defined as

1 d
(@) = a—0) (w—+dd°a)? A(w—+ddo)?.
E; () ;/P( ) w-+dde@) A(w+dd°D)

(d+1) 4
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Then E, is non-decreasing and concave along affine curves in Lp . (C%). We extend
E, to Lp(C?%) in an obvious way. Note that F, may take the value —oo. We define

EL(CY :={ue Lp(C%): By, (u) > —00}.

We observe that in the above definition we can replace Ey, by Eg,, since for
u€Lp_4(C?), by the cocycle property (cf. Proposition 3.3 [2]),

B, (u)=En,(®p)=Eo,(u).
We thus have the following important identification (see (2.4)):
(2.8) uelh(CH —— ac&(P,w,®p).
We then have the following local version of Proposition 2.5:

Proposition 2.11. Let u€Lp(C?). Then ue&L(CY) iff ueEp(C?) and
f(Cd (u—Hp)(dd“u)?>—o0. In particular, if supp(dd°u)? is compact, u€EL(CY) iff
Joa(dd®u)i=~q4 and [, u(dd®u)?>—oo.

Proof. Since ﬁpﬁ&;P,
/ (i—Hp)wd > —oc0 iff / (i—®p)wd > —oc0
P pd

where i€ PSH (P4, w) and u are related by (2.6). Moreover, ®peLp(CY) implies
u<®p+C so that uc PSH (P, w, ®p). But

/pd(ﬂ_ﬁp)wg:/Cd(u_HP)(ddcu)d

and the result follows from (2.8) by applying Proposition 2.5 to @. For the last
statement, note that for general ue Lp(C?) we may have [, Hp(dd“u)®=+o00, but
if (dd°u)? has compact support then [, Hp(dd®u)? is finite. [

Note that Theorem 2.1 and Proposition 2.3 give the following result:

Theorem 2.12. Let uy,...,uq be functions in Ep(C?). Then
/ ddui A\...ANddug ="q4.
(Cd

For uy, ..., un € Lp 4 (C?) Theorem 2.12 was proved in [1, Proposition 2.7].

Having the correspondence (2.8) we can state a local version of Theorem 2.8;
this will be used in the sequel. Let Mp(C?) denote the set of all positive Borel
measures 4 on C? with u(C%)=d!Vol(P)=~4.
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Theorem 2.13. Assume that u€ Mp(C%) is a positive nonpluripolar Borel
measure. The following are equivalent

(1) Ep(CH LM (T, p);

(2) there exists u€EH(C?) such that (ddu)=y;

(3) there exists u€EL(C?) such that

Fu(u)= Uerglf(:éd) Fu(v) < +oo.

A priori the functional F), is defined for ueL(C?) by
Fu,ap(w) 5=E¢p(u)—/d(U—¢>p)du.
C

However, using this notation, since
Fudp (u) —FuHp (u)= Fuop (Hp),

in statement (3) of Theorem 2.13 we can take either of the two definitions F, ¢, or
Fu,Hp for F,.

Remark 2.14. If pu has compact support in C¢ then f(Cd ®pdyp and fcd Hpdu
are finite. Therefore, the functional F,, can be replaced by

u»—)EHP(u)—/ wdp.
Cd

Using the remark, for € M p(C?) with compact support, it is natural to define
the Legendre-type transform of Ep,.:

(2.9) )= s [Eup()- [ udl
ueEL (C) cd

This functional, which will appear in the rate function for our LDP, will be given a
more concrete interpretation using P—pluripotential theory in section 4; cf., equa-
tion (4.18).

Finally, for future use, we record the following consequence of Lemma 2.6 and
the correspondence (2.8).

Lemma 2.15. If ECC? is pluripolar then there exists u€EL(C?) such that
Ec{u=—o0c}.
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3. P—pluripotential theory notions

Given ECC?, the P—extremal function of E is

Ve p(2) :=limsup Vp,g(C)

(—z

where
Vp.p(2) :=sup{u(z):u€ Lp(C?), u<0 on E}.

For KCC? compact, w:K —R7T is an admissible weight function on K if w>0
is an uppersemicontinuous function with {z€ K:w(z)>0} nonpluripolar. Setting
Q:=—logw, we write Q€ A(K) and define the weighted P— extremal function

Vjﬁ’KyQ(z) ==limsup Vp ko (¢)

(—z

where
Vpk.q(2) :=sup{u(z):ue€ Lp(C%), u<Q on K}.

If Q=0 we write Vp k. g=Vp i, consistent with the previous notation. For P=%,
Vs k.0(2)=Vio(2) :=sup{u(z):u€ L(C?), u<Q on K}

is the usual weighed extremal function as in Appendix B of [19].
We write (omitting the dependence on P)

Q= (dd°VE i o) and pg = (dd°VE )

for the Monge-Ampeére measures of Vp - o and Vj ;¢ (the latter if K is not pluripo-
lar). Proposition 2.5 of [2] states that

supp(pr,Q) C{z € K: VP i o(2) 2 Q(2)}

and V3 jr o=@ q.e. on supp(uk q), i-e., off of a pluripolar set.

3.1. Energy

We recall some results and definitions from [2]. For u,v€Lp_(C%), we define
the mutual energy

d
E(u,v):= /Cd(u—v) ' (dd°u)? A (ddv)?=7.

J
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For simplicity, when v=Hp, we denote the associated (normalized) energy func-
tional by E:

d
1 . )
- — _ c, . j c d—j
B(u)i= Bp () = 75 ;O/C(u Hp)ddow A(dd° Hp)
(recall (2.7)).
For u,u’,v€Lp 1 (C?), and for 0<t<1, we define
f(#) = E(u+t(u'—u),v),

From Proposition 3.1 in [2], f/(t) exists for 0<¢<1 and

PO =@+ [ @) et )

Ccd

Hence, taking v=Hp, we have, for F(t):=FE(u+t(u' —u)), that
Ft) :/Cd(u'—u)(ddc(qut(u’—u)))d.

Thus F'(0)= [ea (v —u)(dd°u)® and we write

(3.1) < E'(u),v —u>:= /(u'—u)(ddcu)d.

We need some applications of a global domination principle. The following ver-
sion, sufficient for our purposes, follows from [11], Corollary 3.10 (see also Corollary
A.2 of [8]).

Proposition 3.1. Let u€ Lp(C?) and veEp(C?) withu<v a.e. (dd°v)?. Then
u<v in CZ

This will be used to prove an approximation result, Proposition 3.3, which
itself will be essential in the sequel. First we need a lemma.

Lemma 3.2. Assume that p<u,v<Hp are functions in E5(C?). Then for all
t>0,

/ (Hp—u)(dd°v)® < 20+1 / (Hp—)(dd°p)".
{’U,SHP72t} {QOSprt}

In particular, the left hand side converges to 0 as t—~+o0o uniformly in u,v.
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Proof. For s>0, we have the following inclusions of sets:

v+Hp

(USHP2S)C(¢§ s)cwgﬂps).

We first note that the left hand side in the lemma is equal to
/ (Hp —u)(ddv)?
{u<Hp—2t}

(3.2) —ot / (dd°v)?+ / ( / (ddcv)d> ds.
{u<Hp—2t} 2t {u<Hp-—s}

We claim that, for all s>0,

(3.3) / (ddev)? < 21 / (dd).
{usHp-25) {o<Hp—s)

Indeed, the comparison principle ([11, Corollary 3.6]) and the inclusions of sets
above give

H
/ (dd%)dg/ (ddcv)d§2d/ (ddcv+ p)
{u<Hp—2s} {@S#—s} {¢S1;+HP —s} 9

<24 / n (dd°p)? <24 / (dd°p)?.
{p<HE s} {p<Hp—s}

The claim is proved. Using (3.3) and (3.2) we obtain
/ (Hp —u)(ddv)?
{u<Hp—2t}

+oo
<2ty / (dd°p)? 427+ / < / (ddcgp)d> ds
{p<Hp-t} t {p<Hp—s}

:2‘”1/{ . }(Hp—cp)(ddcgo)d. O
® p—t

Proposition 3.3. Let u€&L(C?) with (dd°u)?=p having support in a non-
pluripolar compact set K so that fK wdp>—o0 from Proposition 2.11. Let {Q;} be a
sequence of continuous functions on K decreasing to u on K. Then u; ::V;’,KQ,- Ju
on C and p;:=(ddu;)? is supported in K. In particular, pu;— pu=(ddu)? weak-*.
Moreover,

K IR JK K

J—0o0
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Proof. We can assume {Q;} are defined and decreasing to u on the closure of a
bounded open neighborhood €2 of K. By adding a negative constant we can assume
that Q1 <0 on Q. Since {Q;} is decreasing, so is the sequence {u;}. Moreover, by
[4, Proposition 5.1] u; <@, on K\ E; where Ej is pluripolar. But u is a competitor
in the definition of Vp i ¢, so that u<u; on C%. Thus U:=lim;_,o u; >u everywhere
and @<u on K\ E, where E:=U; E; is a pluripolar set. Since (dd°u)? puts no mass
on pluripolar sets,

/ (dd°u)? < / (dd°u)?=0.
{u<a} EU(CY\K)

It thus follows from Proposition 3.1 that @<wu, hence &4=u on C?.
The second equality in (3.4) follows from the monotone convergence theorem.
It remains to prove that

i [ (-Qy)dny = [ (~u)d.

j—o0 K

For each k fixed and j>k we have

/K(—Qj)dujZ/K(—deuj:/ﬂ(—Qk)duj,

hence liminf; o [ (—Q;) dp; > [ (—Qp) dpu since Q is open and p;, p are sup-
ported on K. Letting k—+oo we arrive at
lim inf/ (—Qj) dp; 2/ (—u) dp.
Jj—o0 K K
It remains to prove that
timsup [ (-Q)dny < [ (~u)dp.
J—0 K K
The sequence {u;} is not necessarily uniformly bounded below on K. However,
using the facts that @;>u and Hp is continuous in C?, it suffices to prove that

(3.5) liﬁﬁp/}((Hp—u)(ddcuj)dS/K(Hp—u)(ddcu)d.

To verify (3.5), we use Lemma 3.2.

By adding a negative constant we can assume that u; <Hp. For a function v
and for t>0 we define v*:=max(v, Hp—t). Note that for each ¢ the sequence {uf}
is locally uniformly bounded below. Define

alt) = 2041 / (Hp—u)(dd°u)".
{(u<Hp—t/2}
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Since u€€L(C?), from Proposition 2.11 we have a(t)—0 as t—+oo. By Lemma 3.2
we have

(3.6) sup/ (Hp —u)(dd®u;)* < a(t).
j>21 J{u<Hp—t}

By the plurifine property of non-pluripolar Monge-Ampére measures [10, Proposi-
tion 1.4] and (3.6) we have

/(pru)(ddcuj)dg/ (Hp—u)(dd°u;)?+a(t)
K Kn{u>Hp—t}
_ / (Hp—ut) (dd°u’) '+ a(t)
Kn{u>Hp—t}

—ut cut) 1 a(t).
s/K(Hp )(ddout )+ aft)

Since Hp is bounded in €2, it follows from [16, Theorem 4.26] that the sequence
of positive Radon measures (Hp—u')(dd°u’)* converges weakly on Q to (Hp—
ut)(dd°u?)?. Since K is compact it then follows that

limjsup/K(Hpu)(ddcuj)dg/K(Hput)(ddcut)d+a(t).

We finally let t—+o00 to conclude the proof in the following manner:

/K (Hp—u')(dd°u*)* < / (Hp —u')(dd°u’)?+a(t)

Kﬂ{u>HP—t}
< / (Hp—u)(dd°u)*+a(t),
K

where in the first estimate we have used {u<Hp—t}={u'<Hp—t} and Lemma 3.2
and in the last estimate we use again the plurifine property. O

We now give an alternate description of the Legendre-type transform E* from
(2.9) which will be related to the rate function in a large deviation principle. Given
K cC? compact, we let M p(K) denote the space of positive measures on K of total
mass 74 and we let C(K) denote the set of continuous, real-valued functions on K.

Proposition 3.4. Let K be a nonpluripolar compact set and peMp(K).
Then

E* ()= sup [E(Vigs)— / vdyl.
veC(K) K
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Proof. We first treat the case when E*(u)=+00. By Theorem 2.13 there exists
ueEL(C?) such that [, udu=—oc. We take a decreasing sequence Q; €C(K) such
that @;lu on K and set uj:=Vp i o . Then {u;} are decreasing; since ueEL(CY)
and E is non-decreasing, {E(u;)} is uniformly bounded and we obtain

E(Vixo,)— /K Q) du—s +oo,

proving the proposition in this case.

Assume now that £*(u)<+oo. Theorem 2.13 ensures that [, u dpu>—oc for all
uGS}D(Cd). By Lemma 2.15, p puts no mass on pluripolar sets. From monotonicity
of E and the definition of E* in (2.9) we have

)= swp (EVis,)- [ vdul
veC(K) K

Here we have used that
Vi ko <vqe on K forve C(K).

For the reverse inequality, fix u€EL(C?). Let {Q;} be a sequence of continuous
functions on K decreasing to u on K and set uj::VTik’,K,Qj' Given €>0, we can
choose j sufficiently large so that, by monotone convergence,

/deué/ udpte;
K K

and, by monotonicity of F,

E(Vpk,q,) = E).
Hence
EVixa)~ | QduzB@w- [ udp-c
K K
so that

sup [E(Vige,)~ [ vdul =B ()
veC(K) K

and equality holds. [
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3.2. Transfinite diameter
Let d,,=d,,(P) denote the dimension of the vector space Poly(nP). We write
Poly(nP)=span{ey, ...,eq, }
where {ej(z)::zo‘(j)}jzl _____ 4, are the standard basis monomials. Given (1, ..., (4, €
C?, let
VDM, -, Ca,) i=det[ei (¢5)]ij=1,....a,
e1(C) ei() - ei(Ca,)
(3.7) —det| P
ed, (C1) ed, (C2) - ea,(Cd,)

and for K CC? compact let

Vi=Vo(K):= max « VDM (1, ooy Cay )l

C1yesCayy

It was shown in [2] that

(3.8) §(K):=6(K, P):= lim V,/l»

n—oo

exists where

dn drn

ln:=)_deg(e;) = la(j)]

j=1 j=1
is the sum of the degrees of the basis monomials for Poly(nP). We call §(K) the
P—transfinite diameter of K. More generally, for w an admissible weight function
on K and ¢, ...,(q, €K, let

VDM (G, oorsCa,) = VDM (G ooy G, Jw(Cr)" (G, )"

e1(C) ei(C2) - ei(Ca,)
(3.9) =det | P w(C)" - w(Ca, )"

e, (C1) ed, (G2) - e, (Cd,)

be a weighted Vandermonde determinant. Let

K):= DM® (¢, ...
W’ﬂ( ) Chnalgi)n(eKﬂ/ n (Ch acdn)

An n—th weighted P—Fekete set for K and w is a set of d,, points (1, ...,(q, €K
with the property that

VDM (1, o, Ca, )| = Wi (K).
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The limit
0Q(K):=0%(K, P):= lim W, (K)!

n—00

exists and is called the weighted P—transfinite diameter. The following was proved
in [2].

Theorem 3.5. (Asymptotic Weighted P—Fekete Measures) Let K CC? be

compact with admissible weight w. For each n, take points z%n),zén), ...,z((i”)eK

for which !

(3.10) lim [[VDM2(™, .. 2(V) || =6Q(K)

n—00 "

(asymptotically weighted P— Fekete arrays) and let un::dL Z?Zl o_m. Then
n J

1
Hn — —lK,Q Weak—x*.
Vd

Another ingredient we will use is a Rumely-type relation between transfinite
diameter and energy of V3 ;. o from [2].

Theorem 3.6. Let K CC? be compact and w=e~? with Q€C(K). Then

1 —(d+1) L
(3.11) log §9(K) = WS(VP,K,Q,HP) = ﬁE(VRK,Q)-

Here A=A(P,d) was defined in [2]; we recall the definition. For P=X so that
Poly(nX)="P,, we have

d, (%) = (dzn) —0(n/d!) and 1,(E) = d;ilndn@).

For a convex body PC(R*)?, define f,(d) by writing

Then the ratio 1,,/d,, divided by ,,(X)/d,(X) has a limit; i.e.,

(3.12) lim f,(d)=:A=A(P,d).

n—oo
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3.3. Bernstein-Markov

For KcC? compact, w=e~% an admissible weight function on K, and v a
finite measure on K, we say that the triple (K, v, Q) satisfies a weighted Bernstein-
Markov property if for all p, €P,,

3.13 Wl < Mpllw™pnll12(,y with limsup MY/" =1.
( p p (v) p My
n—o0
Here, ||w"pp |l k :=sup,cx |w(z)"pn(z)| and
0Pl = [ o) P dv).

Following [1], given PC(R*)? a convex body, we say that a finite measure v with
support in a compact set K is a Bernstein-Markov measure for the triple (P, K, Q)
if (3.13) holds for all p,, € Poly(nP).

For any P there exists A=A(P)>0 with Poly(nP)CPya, for all n. Thus if
(K, v, Q) satisfies a weighted Bernstein-Markov property, then v is a Bernstein-
Markov measure for (P, K, @) where Q=AQ. In particular, if v is a strong Bern-
stein-Markov measure for K; i.e., if v is a weighted Bernstein-Markov measure for
any Q€C(K), then for any such @, v is a Bernstein-Markov measure for the triple
(P, K, Q). Strong Bernstein-Markov measures exist for any nonpluripolar compact
set; cf., Corollary 3.8 of [9]. The paragraph following this corollary gives a sufficient
mass-density type condition for a measure to be a strong Bernstein-Markov measure.

Given P, for v a finite measure on K and Q€ A(K), define

(3.14) Z,:=Z,(P,K,Q,v) ::/ / VDM (21, ..., zq,)|* dv(z1)...dv(zq, ).
K JK
The main consequence of using a Bernstein-Markov measure for (P, K, Q) is the
following:
Proposition 3.7. Let KCC? be a compact set and let QEA(K). If v is a
Bernstein-Markov measure for (P, K, Q) then

(3.15) lim Z;™ =69 (K).

n—oo

Proof. That limsup,, .., Za™ <6%(K) is clear. Observing from (3.7) and (3.9)
that, fixing all variables but z;,

2j —> VDM (21, 00y 25, ooy 2a, ) = 0(2) "D (25)
_1
for some p,, € Poly(nP), to show liminf,, ,., Z;"™" >§9(K) one starts with an n—th

weighted P—Fekete set for K and w and repeatedly applies the weighted Bernstein-
Markov property. U
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Recall M p(K) is the space of positive measures on K with total mass v4. With
the weak-* topology, this is a separable, complete metrizable space. A neighborhood
basis of pe M p(K) can be given by sets

G([L,k,E)::{O'GMP(K):|/ (Rez)®(Imz)? (dp—do)| < e
K
(3.16) for 0 <|a|+|B| <k}

where Rez=(Rezy, ..., Rez,,) and Imz=(Imz1, ..., Imz,).
Given v as in Proposition 3.7, we define a probability measure Prob,, on K%
via, for a Borel set AC K%,

1
(3.17) Prob,(A) = Z_/ \VDMS (21, ..., za,)|*-dv(21)...dv(zq, ).
n JA

We immediately obtain the following:

Corollary 3.8. Let v be a Bernstein-Markov measure for (P,K,Q). Given
1n>0, define

(3.18) Appi={(21,...,24,) € K% \VDMS (21, ..., za,)|* > (69 (K)—n)*"}.

Then there exists n*=n*(n) such that for all n>n*,

2l
n n
P'I"Obn(Kd \An7n) S <1_26Q7(}'{)> .
Remark 3.9. Corollary 3.8 was proved in [9], Corollary 3.2, for v a probability
measure but an obvious modification works for v(K)<oo.

Using (3.17), we get an induced probability measure P on the infinite product
space of arrays X::{X:{x§")}n:1727.._; =1, .dn Z:L';n)EK}:

o0

(x,P):= H (K% Prob,).
n=1
Corollary 3.10. Let v be a Bernstein-Markov measure for (P,K,Q). For
P-a.c. array X:{xgn)}ex,

1 &

1
U, = — 0 ) — — K, weak-*,
" d, Z z; Yd Q

Jj=1
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Proof. From Theorem 3.5 it suffices to verify for P-a.e. array X:{ajg-")}

(3.19) limint |V DM@, ..., 2{") )™ =52 (K).

n—oo

Given >0, the condition that for a given array X :{935-")} we have

El
lim inf(|VDMﬁQ(a:§n), o xé{i))\)“ <69(K)—n

n—oo

means that (zﬁ"), e xgz))eKdn \ A, , for infinitely many n. Setting

E,={Xex: (", ...al) e K"\ A, ,},

we have

< dy, < 7L 20
P(E,) < Prob,(K“"\ A, ) <(1 25Q(K))

and Y -, P(E,)<+oo. By the Borel-Cantelli lemma,

P(limsup E,) =P((") | Ex) =0.

n—eo n=1k>n
Thus, with probability one, only finitely many E,, occur, and (3.19) follows. O

The main goal in the rest of the paper is to verify a stronger probabilistic
result — a large deviation principle — and to explain this result in P—pluripotential-
theoretic terms.

4. Relation between E* and J, J9 functionals

We define some functionals on M p(K) using L?—type notions which act as a
replacement for an energy functional on measures. Then we show these functionals
J(p) and J(u) defined using a “limsup” and a “liminf” coincide (see Definitions
4.1 and 4.2); this is the essence of our first proof of the large deviation princi-
ple, Theorem 5.1. Using Proposition 3.4, we relate this functional with E* from
(2.9).

Fix a nonpluripolar compact set K and a strong Bernstein-Markov measure v
on K. For simplicity, we normalize so that v is a probability measure. Recall then
for any QeC(K), v is a Bernstein-Markov measure for the triple (P, K, Q). Given
GCMp(K) open, for each s=1,2,... we set

~ . s.Vd -
4.1 ={a= K®:— v .
(4.1) Go={a= (a1, a,) €K°: 20 Y76, €GY

j=1
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Define, for n=1, 2,...,

Jn(G) = [/é |V DM, (a)? dv(a)]'/?.

Definition 4.1. For pe Mp(K) we define

J(p) := inf J(G) where J(G):=limsup J,(G);
Gop n—00
J(p):= inf J(G) where J(G):=liminf J,(G).

Gop n—oo

The infima are taken over all neighborhoods G of the measure p in Mp(K).
A priori, .J,J depend on v. These functionals are nonnegative but can take the
value zero. Intuitively, we are taking a “limit” of L?(v) averages of discrete, equally
weighted approximants 14 Z;Zl dq, of pr. An “L°” version of J,J was introduced
in [8] where J,(G) is replaced by

(4.2) Wn(G):= sup |[VDM,(a)|"/" > J,(G).

aEGd"

The weighted versions of these functionals are defined for Q€ A(K) using
(4.3) IAG) = [ VDM @) dv(a)] /.
Gay,

Definition 4.2. For pe Mp(K) we define

7Q(,u) = inf jQ(G) where jQ(G) :=limsup J2(G);

Gop n—o00
J9pu) = CigalQ(G) where J9(Q) :zliwrlr_l)irgf J2(@).

The uppersemicontinuity of J, 7Q,l and JY on Mp(K) (with the weak-*
topology) follows as in Lemma 3.1 of [8]. Set

d+l

bg=byq(P):= Ady

Proposition 4.3. Fiz QeC(K). Then

(1) T (1) <69 (K);

(2) T(u)=T (1) (el @ybu;

(3) log T (1) <infyecxc)[log 6 (K) +ba [y v dpl;

—Q, . ;
(4) log J ™ (p) <inf,cc (k) [log 6” (K ) +ba fK vdu]—bg fK Qdjp.
Properties (1)-(4) also hold for the functionals J, J<.
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Proof. Property (1) follows from
JR2(G)< sup [VDMP(a)|'/' < sup [VDMZ(a)"/!.

acGyq, acKdn

The proofs of Corollary 3.4, Proposition 3.5 and Proposition 3.6 of [8] work mu-
tatis mutandis to verify (2), (3) and (4). The relevant estimation, replacing the
corresponding one which is two lines above equation (3.2) in [8], is, given £>0, for
aGGdn,

ndn

(4.4) VDME(a)le 5a "Ik @M < [V DM, (a)|

< [VDMQ(a)|e 5 Hi Q)
To see this, we first recall that

VDM, (a)| = |VDMS (a)]e" it Q@)

For peMp(K), QeC(K), €>0, there exists a neighborhood G of p in Mp(K)
with

’7d d7l

5</KQd,udn;Q(aj)<e

for aeédn. Plugging this double inequality into the previous equality we get (4.4).
Moreover, from (3.12),
nd, d+1

. lim 2o _ 0T
(4.5) Jim = = bayd

so that %xlnbd as n—o0. Taking l,,—th roots in (4.4) accounts for the factor of
by in (2), (3) and (4). O

Remark 4.4. The corresponding W, WP W, W functionals, defined using
(4.2), clearly dominate their “J” counterparts; e.g., WQZjQ.

Note that formula (3.11) can be rewritten:

(4.6) log 09 (K) =—baE(V i o)-

Thus the upper bound in Proposition 4.3 (3) becomes

(4.7) log (1) < ~bs_sup (Vi xc,)~ [ vl =—bab" (n).
veC(K) K

For the rest of section 4 and section 5, we will always assume Q€ C(K). Theo-
rem 4.5 shows that the inequalities in (3) and (4) are equalities, and that the J, ¢
functionals coincide with their J, J? counterparts. The key step in the proof of
Theorem 4.5 is to verify this for 71)(/”{’1)) and J(pxw)-
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Theorem 4.5. Let KCC? be a nonpluripolar compact set and let v satisfy a
strong Bernstein-Markov property. Fiz QeC(K). Then for any ne Mp(K),

(4.8) log J(p) =log J(u) = inf [10g5”(K)+bd/ vdyl
’UEC(K) K

and

(49)  ogT () =log 22n) = it flogd"(K)+ba [ vdii=ba [ Qi
veC(K) K K

Proof. Tt suffices to prove (4.8) since (4.9) follows from (2) of Proposition 4.3.
We have the upper bound

log J(n) < inf [logéY(K)+b d
o8 70 < inf[logd" ()b [ v

from (3); for the lower bound, we consider different cases.
Case I: u=pg, for some veC(K).
We verify that

(4.10) log J(11rc,0) =log J(px.0) =log 6" (K)+by / vdpK .y
K

which proves (4.8) in this case.

To prove (4.10), we use the definition of J(uk ) and Corollary 3.8. Fix a
neighborhood G of pk . For n>0, define A, ,, as in (3.18) with Q@=v. Set

nZ%/%" Z}L/m" )

(4.11) 7y, i=1ax (5 (K)— e I e

By Proposition 3.7, n, —0. We claim that we have the inclusion
(4.12) Ay, C G, for all n large enough.

We prove (4.12) by contradiction: if false, there is a sequence {n;} with n;foo and

S ) - dn . .
wl=(a1,..., xilnj )EAn, ., \Ca,, - However pji= d’L‘J S 0,4 ¢G for j sufficiently
large contradicts Theorem 3.5 since 2/ € A,,, ,; and 1; 0 imply p;— px ., weak-*.

Next, a direct computation using (4.11) shows that, for all n large enough,

21,

@13)  Prob, (K™ 4, < TED T o

n

)Zln <
n+1
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(recall v is a probability measure). Hence

1
7 |- VDM (21, ..., 2a, ) |*-dv(z1)...dv(za, )
n Gdn
1
ZZ— VDM (21, ..., za, ) |*-dv(21)...dv(zq,)
nJAn g,
1
>
“n+l

Since PCr¥ and X CkP for some k€Z™T, I,,=0(n%*!) and we have 5- log(n+1)—0.
Since v satisfies a strong Bernstein-Markov property and v€C(K), using Proposi-
tion 3.7 and the above estimate we conclude that

1
lirginf 3 log /~ VDM (21, ..., 24, ) |* dv(21)...dv(zq,)

n Gdn

>log §"(K).
Taking the infimum over all neighborhoods G of nk,, we obtain
log J* (pix,v) = log 6 ().
From (1) Proposition 4.3, log J" (i) <log §*(K); thus we have
(4.14) log J" (jucv) =log T (11 ) =log 6° (K).

Using (2) of Proposition 4.3 with y=pk,, we obtain (4.10).
Case II: pe Mp(K) with the property that E*(u)<oc.

From Theorem 2.13 and Proposition 2.11 there exists u€Lp(C?) — indeed,
ueEp(C?) — with p=(dd°u)* and [, udp>—oco. However, since u is only usc on
K, p is not necessarily of the form pg , for some veC(K). Taking a sequence of
continuous functions {Q;} CC(K) with @;}u on K, by Proposition 3.3 the weighted
extremal functions Vp . o decrease to u on C4;

= (ddVp g o, ) — p = (dd°u)? weak-x;
and

(4.15) _lim/de,uj:_lim/ de,u:/ wdji.

From the previous case we have

log J (1) =log J(n;) =log 6% (K)+by /K Qj du;.
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Using uppersemicontinuity of the functional p—J(u),

lim sup J (p1;) = limsup J (1) < J ().

j—o0 Jj—ro0

Since @;lu on K,

(4.16) lim sup log 697 (K) = lim log 69 (K).
j—o0 J—=

Therefore
M i= lim log J(u;) = lim (log 5% (K) +5s | Q5 dny)
Jj—o0 j—oo K

exists and is less than or equal to log J(u). We want to show that

(4.17) inf[logév(K)—f—bd/ vdp] < M.
v K

Given £>0, by (4.15) for j>jo(e),

| Q= [ @ydu—c and tog L) <M+,
K K

Hence for such j,
inf[logé”(K)—&-lM/ v dp) <log 59 (K)+bd/ Qj dp
v K K

<log 6% (K)+bd/ Qj dpj+bge
K
=log J(p;)+bae < M+(bg+1)e,

yielding (4.17). This finishes the proof in Case II.
Case III: e M(K) with the property that E*(p)=40o0.

It follows from Proposition 3.4 and Theorem 3.6 that the right-hand side of
(4.8) is —oo, finishing the proof. O

Remark 4.6. From now on, we simply use the notation .J, J¢ without the over-
line or underline. Using Proposition 3.4 and Theorem 3.6, we have

log (1) = _ inf,_[log 82(K) +bs /K Q]

=— sup [*log(?Q(K)*bd/ Qdy
QeC(K) K

— swp [BaB(Vixe) b [ Qal=-bs swp [E(Vxo)- [ Qa
QeC(K) K QeC(K) K
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(recall (4.6)) which one can compare with

B0 = s [B(Vii0)- /K Qdyl

from Proposition 3.4 to conclude
(4.18) log J (1) = —baF* (1).

In particular, .J, J% are independent of the choice of strong Bernstein-Markov
measure for K.

Following the idea in Proposition 4.3 of [9], we observe the following:

Proposition 4.7. Let K CC? be a nonpluripolar compact set and let v satisfy
a strong Bernstein-Markov property. Fiz QeC(K). The measure jix q is the unique
mazimizer of the functional u—J(u) over p€ Mp(K); i.e.,

(4.19) T9(ui.q) =09 (K) (and J(uxc) = 5(K)).

Proof. The fact that g maximizes J9 (and pur maximizes J) follows from
(4.10), (4.14) and Proposition 4.3.

Assume now that u€ M p(K) maximizes J%. From Remark 4.4 and the defi-
nitions of the functionals, for any neighborhood GCMp(K) of p,

—Q

% (1) < W () < sup{limsup [V DM (a) [/} < 69(K)

n—o0
where the supremum is taken over all arrays {a(")}n:m,.,, of d,—tuples a®™ in K
. . n .o . —=Q
whose normalized counting measures ,un::i Z?zl 5%@ lie in G. Since J~ ()=
§2(K) there is an asymptotic weighted Fekete array {a(™} as in (3.10). Theorem
3.5 yields that pu,, ::di Zj;l d,,m converges weak-* to i g, hence pux g €G. Since
n j
this is true for each neighborhood GCMp(K) of p, we must have p=pg o. O

5. Large deviation

As in the previous section, we fix K CC? a nonpluripolar compact set; Q&€
C(K); and a measure v on K satisfying a strong Bernstein-Markov property. For
x1,...,xq, €K, we get a discrete measure z—i 2?11 0z, EMp(K). Define G K —
MP(K) via

dn
. Yd
Jn(@1, ey xq, )= 1 Z(Sg;j.
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From (3.17), 0y:=(jn)«(Proby,) is a probability measure on Mp(K): for a Borel
set BCMp(K),

1

(5.1) an(B):Z—/E \VDMS (z1,...,x4,) > dv(z1)...dv(zg, )
n dn

where By :={a=(ax, ...,adn)eKd":g—: Z‘;;l 0a; €B}(recall (4.1)). Here, Z,:=

Z.(P,K,Q,v). Note that

1

(5.2) on(B)* =
n

Q(B).

For future use, suppose we have a function F:R—R and a function veC(K). We
write, for pe Mp(K),

<v,,u>:=/ vdp
K
and then

(5.3)

| P(cunz)don
Mp(K)

1
:z—/ / \VDME (1, ..., z4,)
Zn K K

With this notation, we offer two proofs of our LDP, Theorem 5.1. We state the
result; define LDP in Definition 5.2; and then proceed with the proofs. This closely
follows the exposition in section 5 of [9].

dn

F z—ZZv(atj) dv(zy)...dv(zg,).

Jj=1

Theorem 5.1. The sequence {o,=(jn)«(Prob,)} of probability measures on
Mp(K) satisfies a large deviation principle with speed 2,, and good rate function
I:=TIk,q where, for pe Mp(K),

I(p) :=log J? (ux.q)—log J? ().

This means that Z: Mp(K)—[0,00] is a lowersemicontinuous mapping such
that the sublevel sets {ueMp(K):Z(u)<a} are compact in the weak-* topology
on Mp(K) for all >0 (Z is “good”) satisfying (5.4) and (5.5):

Definition 5.2. The sequence {u,} of probability measures on M p(K) satisfies
a large deviation principle (LDP) with good rate function Z and speed 21,, if for
all measurable sets 'C M p(K),
1
(5.4) — inf Z(pw) <liminf 3 log i, (T') and

pero n—00 n
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1
(5.5) lim sup — log u,, (I') < — inf Z(p).
n—oo 21n perl

In the setting of M p(K), to prove a LDP it suffices to work with a base for the
weak-* topology. The following is a special case of a basic general existence result
for a LDP given in Theorem 4.1.11 in [13].

Proposition 5.3. Let {o.} be a family of probability measures on Mp(K).
Let B be a base for the topology of Mp(K). For ye Mp(K) let

I(u):=— {Geg:l;fLeG} (hr{g&lf elogo(G)).

Suppose for all ue Mp(K),

I(p)=— inf limsupelogo.(G)).
(1) {GEB:#GG}( nsupe log o )

Then {o.} satisfies a LDP with rate function Z(y) and speed 1/e.

There is a converse to Proposition 5.3, Theorem 4.1.18 in [13]. For Mp(K), it
reads as follows:

Proposition 5.4. Let {o.} be a family of probability measures on Mp(K).
Suppose that {o.} satisfies a LDP with rate function Z(n) and speed 1/e. Then for
any base B for the topology of Mp(K) and any pne Mp(K)

Z(p):=—  inf liminf elog o (G
(w) {Geg}uec}( im inf e log 0 (G))
=— inf limsupelogo.(G)).
{GEB:MGG}( D (@)

Remark 5.5. Assuming Theorem 5.1, this shows that, starting with a strong
Bernstein-Markov measure v and the corresponding sequence of probability mea-
sures {o,} on Mp(K) in (5.1), the existence of an LDP with rate function Z(u)
and speed 2l,, implies that necessarily

(5.6) I(p) =1log J®(nx.q)—log J? ().
Uniqueness of the rate function is basic (cf., Lemma 4.1.4 of [13]).

We turn to the first proof of Theorem 5.1, using Theorem 4.5, which gives a
pluripotential theoretic description of the rate functional.
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Proof. As abase B for the topology of M p(K), we can take the sets from (3.16)
or simply all open sets. For {o.}, we take the sequence of probability measures {c,, }

on Mp(K) and we take Ezi. For GeB, from (5.2),
1 1
—1 =log J2(G)— = log Z,,.
o1 108 on(G) =log J;7(G) = 5~ log Z,

From Proposition 3.7, and (4.14) with v=@Q,

1
lim — log Z, =log §°(K) =log J?(1k.q);

n—oo 21,

and by Theorem 4.5,
inf limsup log J@(G) = inf liminflog J2(G) =log J%(u).

G331 p—soo Gop n—oo
Thus by Proposition 5.3 {0,,} satisfies an LDP with rate function
I(p) :=1log J(nx q)—log JO ()
and speed 2[,,. This rate function is good since M p(K) is compact. O

Remark 5.6. From Proposition 4.7, ug ¢ is the unique maximizer of the func-
tional
p—1log J(u)
over all pe Mp(K). Thus
Ir,o(p) >0 with Tg o(p) =0 —— p=px,0.

To summarize, Tk ¢ is a good rate function with unique minimizer pg,g. Using
the relations

log J(1u) = by sup [E(Vixo)— / Qi)
QeC(K) K

J(00) = I 0)-(el @9, and Jjuse ) = 6 (K)
(the latter from (4.19)), we have
I(p) :=1og 6 (K) —log J(u)

—10g 8 (K) ~log J (1) +ba /K Qdy

—ba_swp [E(Vi ko)~ [ Qaul+loga®()+bs [ Qulu
QeC(K) K K

—by sup [E(Vig,)— / v dp] —bal E(Vi e ) — / Qdy]
veC(K) K K

from (4.6).
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The second proof of our LDP follows from Corollary 4.6.14 in [13], which is a
general version of the Gértner-Ellis theorem. This approach was originally brought
to our attention by S. Boucksom and was also utilized by R. Berman in [5]. We
state the version of the [13] result for an appropriate family of probability measures.

Proposition 5.7. Let C(K)* be the topological dual of C(K), and let {o.}
be a family of probability measures on Mp(K)CC(K)* (equipped with the weak-*
topology). Suppose for each Ae C(K), the limit

AN = limslog/ @/ do, (x)
C(K)

e—0

exists as a finite real number and assume A is Gateaux differentiable; i.e., for each
X\, 0€C(K), the function f(t):=A(\+10) is differentiable at t=0. Then {o.} satis-
fies an LDP in C(K)* with the convez, good rate function A*.

Here

A*(z):= sup (< A x> —A(/\)),
AEC(K)

is the Legendre transform of A. The upper bound (5.5) in the LDP holds with
rate function A* under the assumption that the limit A(\) exists and is finite; the
Gateaux differentiability of A is needed for the lower bound (5.4). To verify this
property in our setting, we must recall a result from [2].

Proposition 5.8. For Q€ A(K) and ueC(K), let

F(t):= E(VP*,K,Q+tu)

for teR. Then F is differentiable and
F(t) = /C UV )

In [2] it was assumed that u€C?(K) but the result is true with the weaker
assumption u€C(K) (cf., Theorem 11.11 in [16] due to Lu and Nguyen [17], see
also [11, Proposition 4.20]).

We proceed with the second proof of Theorem 5.1. For simplicity, we normalize
so that 73=1 to fit the setting of Proposition 5.7 (so members of Mp(K) are
probability measures).

Proof. We show that for each veC(K),

1
A(v):= lim —1og/ 2 <> do (1)

n—0o0 n
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exists as a finite real number. First, since o, is a measure on M p(K), the integral
can be taken over Mp(K). Consider

1
log/ 2 <UH>dg ().
2ln Mp(K)

By (5.3), this is equal to

— log — \VDM ~ads (331, g )P dv(zy)...dv(zg,).
21 Kdn " "

From (4.5), with v4=1, m; — 73 hence for any £>0,

1 In
1< —ov<
bg+e nd, bg—e

von K

for n sufficiently large. Recall that
Zn:/ \VDMS (1, ...,x4,))|? dv(z1)...dv(za,).
Kén

Define
Znn ::/ VDM@ (2, . g V| du(zy)...dv(zq,).
Ken

Then we have

lim Z2" =69 "/%(K) and lim Z2" =§9(K)

n—00 n—oo
from (3.15) in Proposition 3.7 and the assumption that (K, v, @) satisfies the weight-
ed Bernstein-Markov property for all Q€C(K). Thus

§Q—v/ba(K)

1 Z
. A(v)= lim —log =2 =log ————~
(5.7) (v) im og Z. og 59(K)

n—oo 2l,

Define now, for v,v' € C(K),

f(t) = E(VP*,K,Q—(v+tv’))'

Proposition 5.8 shows that A is Gateaux differentiable and Proposition 5.7 gives
that A* is a rate function on C(K)*.

Since each o, has support in Mp(K), it follows from (5.4) and (5.5) in Defi-
nition 5.2 of an LDP with TCC(K)* that for peC(K)*\Mp(K), A*(u)=+00. By
Lemma 4.1.5 (b) of [13], the restriction of A* to Mp(K) is a rate function. Since
Mp(K) is compact, it is a good rate function. Being a Legendre transform, A* is
convex.
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To compute A*, we have, using (5.7) and (3.11),

§Q—v/ba (K)

A (u)= sup /vdu—logi
(k) UEC(K)( K 09(K)

= sup vdp—baEVE ko) —EVi oo ])-
UEC(K)(/K n=bal E(Vp k.Q) = B(VE k. g-u/p))

Thus

A" () +baE(VE k. g) = sup (/ vdptbaE(VE k.g-u/p,))
veC(K) JK

= sup (de(V;’K’Q+u)—bd/ wdp) (taking u=—v/bg).
ueC(K) K

Rearranging and replacing u in the supremum by v=u+Q),

A (u)= sup (de(VP*7K7Q+u)—bd/ wdp) —ba E(VE i )
ueC(K) K

“bal s BV~ [ odu] =0l B ko)~ [ Q]
veC(K) K K

which agrees with the formula in Remark 5.6 (since p is a probability measure). O

Remark 5.9. Thus the rate function can be expressed in several equivalent
ways:

I(p) = A" (p) =log J? (px.q) —log J9 ()

—ba[ sup E(Vi,)- / vdu] ~ba[E(Vi k. 0)— / Qdy]
veC(K) K K

BB (0 =bal (Vi o) | Q]

which generalizes the result equating (5.3), (5.10) and (5.11) in [9] for the case P=3
and bg=1. Note in the last equality we are using the slightly different notion of E*
in (2.9) and Proposition 3.4 than that used in [9)].
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