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A reverse quasiconformal composition problem
for Q. (R")

Jie Xiao and Yuan Zhou

Abstract. We give a partial converse to [8, Theorem 1.3] (as a resolution of [2, Problem
8.4] for the quasiconformal Q-composition) for Q0<a<271(R"22), and yet demonstrate that if
f:R2—R? is a homeomorphism then the boundedness of ur—suef on Qu—1_,1(R?)CBMO(R?)
yields the quasiconformality of f.

1. Introduction

Recall that Q—coca<oo(R™) is the quite-well-known Essén-Janson-Peng-Xiao’s
space of all measurable functions uw on R*2! with

2
lullg., ®ny = sup / / )_nJ(rQZJQ drdy | <oo.
(x0,7)ER™ X (0,00) ly—zo|<r Jz—zo|<r |z —y|

In particular (cf. [2], [5]),

Q0§a<oo(Rn) - Q—oo<o¢<0(]R ) - Q—% (Rn) BMO(R”)

As a resolution of [2, Problem 8.4] — Let f be a quasiconformal self-map of R™.
Prove or disprove that u— Cyu=uc f is bounded on Qo<a<1(R"22) (which however
has an affirmative solution for BMO(R™) as proved in [9, Theorem 2] — namely —
Cy is bounded on BMO(R™) whenever f is a quasiconformal self-map of R™), we
have
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Theorem 1.1. [8, Theorem 1.3] For n—1€N let f:R™—R"™ be quasiconformal.
If there exists a closed set ECR™ such that

> Jy, the Jacobian determinant of f, belongs to the E-based Muckenhoupt class
A1 (R™; E);

> dimz E (under E being bounded) or dimpg E (under E being unbounded),
the local or global self-similar Minkowski dimension of E (bounded or unbounded),
lies in [0,n—2], i.e.,

0 %5 {dimL FE  as F is bounded,
y V=

dimy,¢ E as E is unbounded,

then Cy is bounded on Qo<a<1(R™).
As a partial converse to Theorem 1.1, we here show

Theorem 1.2. For n—1€N let f:R"—R" be a homeomorphism. If

> Cy and Cy-1 are bijective and bounded on Qocq<a-1(R™) respectively;

> f is not only ACL (absolutely continuous on almost all lines parallel to co-
ordinates of R™) but also differentiable almost everywhere on R™,
then f is quasiconformal.

Remark 1.3. Below are two comments on Theorem 1.2.

(i) Under the above assumptions on f, we have that f~! is absolutely contin-
uous with respect to the n-dimensional Lebesgue measure. Indeed, let f~! map a
set N of the n-dimensional Lebesgue measure 0 to a set O=f~1(N). If xy and xo
stand for the indicators of N and O respectively, then kxo, kxn€Qocaca-1(R™)
for any k€N, but kxny=0 in Qycacz-1(R™), and hence from the first >-hypothesis
in Theorem 1.2 it follows that kxo=0 in Qpcqca-1(R") and so O=f"1(N) is of
the n-dimensional Lebesgue measure 0.

(ii) In accordance with [9, Theorem 3] (cf. [1, Theorem] & [3, Theorem 3.1] for
some generalizations), we have that if the first requirement on Cy & C;-1 in Theo-
rem 1.2 is replaced by the condition that f ! is absolutely continuous and the second
requirement on f is kept the same then the boundedness of C; on BM O(RR™) derives
that f is a quasiconformal self-map of R™. Accordingly, this BMO(R")-result can
be naturally strengthened via Theorem 1.2 thanks to Qgcq<o-1(R™)CBMO(R™).

In addition, while focusing on the planar situation of Theorem 1.1 and observ-
ing that the Jacobian determinant of any quasiconformal self-map of R"Z2 is an
Aso-weight (cf. [4, Theorem 15.32]) we readily discover

Theorem 1.4. [8, Theorem 1.3: n=2& E=2]| Let f:R?—R? be quasiconfor-
mal. If Jy is an Aj-weight on R?, i.e., Jr€A1(R? @), then Cy is bounded on
Qo<a<1(R?).
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On the basis of the planar cases of Theorem 1.2 and Remark 1.3(ii), a partial
converse to Theorem 1.4 (under 27! <a<1) is naturally given by

Theorem 1.5. Let f:R*—R? be a homeomorphism. If Cy is bounded on
Qo101 (R?), then f is quasiconformal.

Remark 1.6. Let n>2. Recall that if a homeomorphism of R™ preserves ei-
ther the Sobolev space W1"(R™) or the Triebel-Lizorkin space Fi/s’q(R”) with se
(0,1) & g€[1,00), it must be quasiconformal. But any homeomorphism preserving
the Besov space Bfl/s,q(R”) with s€(0,1) & g€[1,00)\{n/s} or s€(0,1) & qg=n/s
must be bi-Lipschitz or quasiconformal; see also [6], [7] and the references therein.
By Reimann’s paper [9], a homeomorphism of R™ preserving the John-Nirenberg
space BMO(R™) and satisfying the assumptions of Theorem 1.2 must be quasicon-

formal.

The rest of this paper is organized as follows: §2 is employed to prove Theorem
1.2 in terms of Lemmas 2.1-2.2 & 2.4 & 2.6 as well as Corollaries 2.3 & 2.5 producing
a suitable Q. (R™)-function. More precisely, we borrow some of Reimann’s ideas
from [9] to prove Theorem 1.2, namely, prove that

sup  [(DfH@))y]" S T (@)
yER™ & [y|=1

holds for almost all z€R", where Df~! and J ¢-1 are the formal derivative and Ja-
cobian determinant of f~! (cf. [4, Chapters 14-15]) — equivalently — we show that
the maximal eigenvalue \; of Df~!(x) is bounded by the minimal eigenvalue \,
of Df~1(x) — in fact — by comparing the norms of suitable scalings of some special
Qo (R™)-functions wu, (cf. Corollary 2.5 & Lemma 2.6) and their compositions with
f, we can obtain the desired inequality A1 <\,. §3 is designed to demonstrate The-
orem 1.5 through a @, (R™)-capacity estimate given in Lemma 3.1 and a technique
for reducing the space dimension shown in Lemma 2.1.

Notation In the above and below, X <Y stands for X <sY with a constant
x>0.

2. Validation of Theorem 1.2

In order to prove the validity of Theorem 1.2, we need four lemmas and two
corollaries.

Lemma 2.1. Let (a,n,m)ERXNxXN and u:R"—R. Then ueQ.(R™) if and
only if R" xR™ > (z,y)—U(z,y)=u(x) belongs to Qn(R™T™).
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Proof. This follows immediately from [2, Theorem 2.6] and its demonstra-
tion. 0O

Lemma 2.2. Let (o, n)€[0,min{1,27'n}) xN. Then z+—1In|z| is in Qo (R").

Proof. For any Euclidean ball B=B(xg,r) with centre 2g€R™ and radius re€
(0,00) and a measurable function u on R™ let

u(@) —u(y)®

oy 2o dx dy.

|

BJB

So, it suffices to verify that if wj, (z)=In|z| then @, (u,, B)S1.
e Case |xg|>2r. Note that there is #€(0,1) obeying

z,y€ B=r<|z|,|y| <3r

1-0)|x|+0ly| — r
So
@a(uln,B):rga_”_Q//|x—y|2_”_2adxdy
BJB
Sr2a—n—2/ / |$_y|2—n—2a dydx
B J B(z,2r)
§r2a72/ t172a dt
0
S,
as desired.

o Cuase |xo|<2r. Since B(zo,r)C B(0,3r) — the origin-centered ball with radius
3r, we only need to estimate @, (u,, B) for B=B(0,r).
Firstly, write
(I)a(ulna B):Il +IQ+137
a—n In |z|—In 2
Li=r? s fB(z,2—1|a:|) | \.'L"—|y|"+‘2y‘1|| dy dx

_ 2a—mn \1n\$|—1n\y||2 .
L=r**"" [5 Ip\B(a.aje)) Tamyrrre — 4y dT;

L=12"" [ [0 apan 5oz 1) i dy da
Since
e —y| < 27| == |In|z|-In|y|| < 2z —yllz[ ",
one has

I 57“2&*”/ |x|*2/ le—y|> "2 dy dx < 1.
B B(z,2=1|z|)
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Secondly, write

1 -1 2 1 -1 2
[, oy Il o,
B\B(z,4|z|) |z —y| i>8JB(x,27]z)\B(z,27-1|z|) |z —y|

Observe that if j—2€N then

27 o] < |z —y| < Vo) == 2 72[a] < |y| <277 2]

[Infa Infy[? ~_ 202=20)

—
g WS s

B(z, 27|z[)\B(z, 29~ 1|z])
Thus

I <2 "/ lz|™ 2a ( .)dy§r2a_"/ |lz| 72> dx < 1.
B
i=

Thirdly, note that

=3

y € B(z, 4|z|)\B(z, 2_1|x\) = |y| <5|x|.

So

_ 2
IS< 2c0— n// |1n|fL" hi|2y|| d d.’L'
Bz, 4jz|\B(w, 2-1]a) |T—y[" T2

Srza*"/ |x\*("+2a)/ <ln|x|> dy dx
B(0, 5|z|) |yl

/ |ZIJ‘ (n+2a)z 15|.113|

5r2a—n/ |x‘_2ad$
B
U

<I.

~

Corollary 2.3. Let (n—1,¢)eNxR. Then
(i)
x= (1,2, ..., xn) —> max {c, ln(a:l_Q)}
is in Qo<a<a—1(R").
(i)

&= (1,2, ..., xn) —> max {c, ln(xf—kxg)*l}

s 1 Q05a<1(Rn).
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Proof. This follows from
max{u,v} =2"" (u+v+|u—v|) =u+max{v—u,0},
the basic fact that Q,(R™) is a linear space with
w € Qa(R") == |w| € Qu(R"),
and Lemmas 2.1-2.2. 0
Lemma 2.4. Let (a,n—1)€(0,1)xN. If

1
el =l 4512y eexit oo (P fpgay ) ) <o
19]lo0,Lip= 19|l Lo (&) +5UD., ., R, 222, [9(21) —g(22) ]| 21— 22| ' <00,

then R" xR3(z, z)—u(z)g(z) belongs to Qu(R™xR).

Proof. For any
(0, 20, py 7, k+2) ER™ xR x (0,00) x (0,00) x N,
set
C(xo, 20, p)={(2,2) ER" xR: |(x—m0,2—20)| <p};
A(k, o, z0,7)=C (20, 20, 27 F1)\ C (20, 20, 275 11);
ak,r(xm ZO):UA(k7w07zo,r)g(ZO)'

Here and henceforth, for a given set ECR™2! with the m-dimensional Lebesgue
measure |E|>0, the symbol

uE:]iu(x)da::|E|_1/Eu(x)dm

stands for the average of u over . We make the following claim
v, (U/ga C(l‘o, 20, T))

= Z 22’”][ ][ |u(2)g(2)—ar.r(,2)|* dZ dz dz dx
E>—1 C(xo,z0,m)J A(k,x,z,1)

2
S (lgllse Lipllulll. )

Assume that the last estimation holds for the moment. Then an application of
the basic fact that

C(x, z, 21"):Uk271 A(k,x,z,1);
Alk,z,z,m)NA(l,z, z,7)=2 V k#l;
(($7 Z)7 (yaw)) EC(%O, 20, T) XC(J’J(), Zo,T):>(y,1U)€C(.’E, 2, 2r)CC(‘TOa ZO’3T)>
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the Holder inequality and Lemma 2.1 gives

_ 2
,],,2afn71/ / u(2)g(z) —uly)g(w)P* dy dw
C(zo,z0,7)

C(x0,20,7) |(J}, Z) - (ya w)|n+1+2a

_ 2
o / o)l
C(z0,20,7)

C(z,2,2T) |(x Z)—(va)|n+1+2a

][ 92ka / dy dw dz dz
C(zo,20,7) k> 1 2 (2=Fr)ntt )n+1 A(k,x,z,r) ‘u(x)g(z)iu(y)g(w)‘iz

][ ][ 22k dy dw dx dz
C(xo,z0,7) 517 Alk,z,2,7) |(anr (2, 2)— u(y)g(w))Jr(u(z)g(z)fakm(x,z))|

\Ila(u.g7 (330,2,’0, +H9Hoo ,Lip Z 221604][ —UA(k,z,2,7) | dx dz

k>—1 C(zo,20, T)

A

N

AN

-2

< \Il (ug, C(fﬂo, 20,7 ))

+lgllZ ,Lip Z 22ka][( )]l o) |u(z) —u(y)|? dy dw dz dz
T0,20,T ST, 2T

k>—1
5 \Ila (Ug, C(x(h 20, Ir))

lu(x) —u(y)|? dy dw dz dz
911z, i Z/ / pr1=20](g —y, z—w)[lFnt2a
E>—1 C(zo,z0,r) J A(k,z,2,r) Y,

<v, (ug, C(xo, 2o, 7"))
Holors [ S it
C(z0,20,37) J C(z,2,2r)CC(x0,20,37) r a|(1‘—y7 Z_w>‘1+n+2a
< W, (ug, O(wo, 20,7)) + (g llos,Lanlllulllo. V-

This, plus the foregoing claim, yields

HUJQHEQQ(RTLH)
= sup / / lu(z)g(z)—u(y)g(w)|* dzdzdy dw
(%0,20,7)ER™ xRx (0,00) J C(x0,20,7) J C(z0,20,7) |( ) ( )|n+1+2a yntl—2c

S sup o (ug, Cl0, 20,7)) + (g loc,Liplulll @, )’
(z0,20,r) ER™ XR X (0,00)

S (lglo,zipllulllg. )

Now, it remains to verify the above claim.
First of all, we have

][ |w(Z)g(2)—ag,-(z,2)|* dz d2
A(k,z,x,r)
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s 2

N—g(z o
s][ [(E) At Pl (2)] dxdz+][ WE =IO 43 45
A(k,x,z,T) A(k,z,z,r) |U’A(k,z,z,r)|

~ ||g||oo ,Lip (][ A ) |u('i) _UA(k,z,z,r) |2 dx dZ—l—min{Q_kr, 1}2|UA(k,z,z,r) |2> 5
k,x,z,r
thereby finding that if

= Z 22k min{27 "7, 1}2][ [UA(h,z,2,r) | dx dz

E>—1 C(z0,20,7)

then an application of the triangle inequality, the Holder inequality and Lemma 2.1
derives

\I/oc (u.g7 C(an 20, ’I"))

~ ||g||oo ,Lip Z 22ka][ ][ uA(ka:zr | dx dz dx dz
k>—1 C(wo,20,7) A(kaczr)

+1(u, a))

ok dzdzZdx dz
~ ||g||oo ,Lip 2 9 ~ 2 —1
E>—1 C(zo,20,7)) A(k,x,2,1) (|u($)—uA(k7m7z7T)| +|u(x)—u(m)| )

I(u, oz))

S lgllze. i (IIIuIIIéa

+][ Z ][ 22k (%) —u(x)|? dZ dZ dx dz
C(zo,20,7) A(k,x,z,T) |(

et i-’2)_(:1;7Z)|1+n+2a(2—kr)—n—l—2a

+I(u,a)>
SlglZ i <|||u|||2?a

|u(%) —u(x)|> di dZ dx dz
I
+/C(onzoyr) kg_:l /A(M,Zﬂ ‘(j,g)_(x7z)|1+n+2arl+n72a+ (u, )

SlolZ i (IIIuIIIéa
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+/ / |u(%)—u(x)|? di dz dx dz
C(zo,20,3r) J C(x,z,2r)CC(x0,20,37) |(£7 2)_('73) Z)|1+n+2arl+n—2a

Sl (1l 1, 0))

+1(u, a))

Next, we handle I(u, ) according to the following two cases.
e Case r<2. By the hypothesis on u and the inclusion

Qa(R™) S BMO(R")

we obtain that if k42N then Lemma 2.1 yields

/ u(y) dy dw—/ u(y) dy dw
C(z,2z,27kr) C(w,2,2—k—1r)

S/ ‘UC(I,Z,Q_ICT')|+|u’c(1},z,2_k_17')|

—n—1

‘uA(k,a:,z,T) | S.; (2_kr)

f, ‘UC(ac,z,Z) | + |uC(Jc,z,2) —UC(z,z,2-Fr) | + |UC(x,z,1) |
+Uuc(e,21) ~UC(2,2,2-#17)]

21 21 4
S((uP)pea)  +((uP)pen) +<k+1+1n;> lull g ey

4
< <k+2+1n ;>||U|Qa

and hence

4 2
) Sl 3 24 (k24 ) 51l
E>—1

e Case r>2. An application of the hypothesis on u, the Holder inequality and
the Fubini theorem gives that if k+2€N then

][ |uA(k,x,z,r)|2 dx dz
C(z0,20,7)

2
][ (|U|C(ac,z,2*kr)) dr dz
C(xo,z0,7)

A

A

]l lu(y)|? dy dw dx dz
C(z0,20,r) Y C(x,2,27Fr)

][ ][ lu(x+2)|? dz dz dy dw
C(z0,20,m) Y C(0,0,2=Fr)

Sl

A
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and hence

I @) S [ullfy, | 30 oPe-hrz-2ey 7 gherme ) 2,
k>Inr —1<k<Ilnr

Finally, upon putting the previous two cases together, we achieve the desired
estimation

W, (ug, C(20, 20,1) S 19112 Lip ([el1Zy, +1(,0)) S (lglloe,zipllullln ) D

Corollary 2.5. For n—1€N let

0 as t€(—o0, —2J;
—|1+¢t| aste[-2,0];
o(t) =
—|1—¢t| ast€[0,2];
0 as t€[2,00),
and
1 as [t|<1;
P(t)=<2—t| as1<|t|<2;
0 as [t|>2.
If
max {0, In(z7?) }¢(z2) for n=2;

Uy (T2, vey Tp) =

(max {0, ln(xfz)}>w(xg)...@b(xn,l)qb(xn) forn>3,

then uy € Qocqca—1 (R™).

Proof. Note that
[6lloo, Lip+ 1]l oo, Lip < 00

holds and (via Corollary 2.3(i))
u(xy, ..., z,) = max {07 ln(xIQ)} enjoys |||u|||QO<a<271 < 00.

So, the assertion u, € Qgcqco-1(R™) follows from Lemma 2.4. O
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Lemma 2.6. For n—1€N let a=(ay,...,a,) be with 0<a;<as<...<a,=1.
Given r>0 set

() (@) =us (r~1a);
Py r={z=(21,....2,) €ER": |z1|<air,..., |zp|<anr};

(U ) 7(“*)T'XP3,7* _ (u*)"'XPa,'r .
/AT |Pay| T (2r)"ar..an’

Ca= Jpu [(W)ar (@) de=1p |(us)r(@)|de={p | |u.(z)|dz.

If he LY(R™), then there exists a subsequence {r;} converging to 0 such that for any
rational point a€R™ one has that

{(war]*h = [ (w)ar, (2)h(y—2) dz—0;
() [ ¥R () = fign (), (2)| By —2) dz =5 cah(y),

holds for almost all yeR™.

Proof. The argument is similar to the proof of [9, Lemma 8]. O

Proof of Theorem 1.2. We are about to use Reimann’s procedure in [9]. Rather
than showing that f is quasiconformal, we prove that f~! (the inverse of f) is
quasiconformal. It suffices to verify that

sup  [(Df7H(2))y|" STpr ()
y€dB(0,1)

holds for almost all z€R™ where Df~! and J;-1 are the formal derivative and

Jacobian determinant of f=! (cf. [4, p.250]). Since f~! is absolutely continuous
with respect to the n-dimensional Lebesgue measure, one has

| fY(B(x, 1))
T @ =l B

almost everywhere and Jy-1 € Ll (R™) where the absolute values right after lim,_,o
stand for the n-dimensional Lebesgue measures of the sets f~(B(z,r)) and B(z,)
respectively. Also our hypothesis implies that f~1 is (totally) differentiable almost
everywhere, and .J;-1>0 holds almost everywhere. We may assume J¢-1(0)>0 and
h=xB(o,1) Jy-1 in Lemma 2.6. Up to some rotation, translation and scaling which
preserve the Q,(R™)-norm, we may also assume
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and so are required to verify
#) ATS A
Given any sufficiently small e >0, we choose
am = (A1, ey Qmn)

rationally such that

n

0<ami<ama<..<amn=1 & Z |ampAr—1] <e.
k=1

Let
Pr:{z:(zl, vy Zn) ER™: | 24], .., |zn|§r};
Pa, »={2=(21,..., 20) ER™: |21|< @17, .., 20| ST }

Upon using Lemma 2.6 with a=a,,, we write

Ca,, 2][ |us ()] da.
P

am,,1

By the definition of u, as in Corollary 2.5 with a=a,,, we have

(T) Ca,, Z —1In Gm1-

Indeed, if n=2, then
0< am1 S 1= Am2

derives
1 Am1 am?2 B
][ [ur(@)| dz = (4am1ams) / max {0, In(27?) }|¢(z2)| dz1 dxo
Pa,,L,l —Qm1 Y —am2
1 am?2 Am1
2 (am1ams) / </ In(z;?) dazl) 2o do
0 0

2 —Inap;.
Furthermore, if n>3, then a similar argument, along with
Bt)=1 ¥ l<1,

will also ensure (7).
In this way, for a sufficiently small 7<§; we have that f~!(P,, ,) contains

R={z=(z1,...,20) €R™: |21], ..., 20| <r(1—2)}
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and is contained in
S={z=(21,...., 20) ER™: |21], ..., |zn| <r(1+e)}.
In fact, this can be obtained by the differentiability of f~! & f at 0, and
Df~10) =diag{\1,..., \,} & Df(0)=diag{\{*, ..., A\, }.

By virtue of the assumption on f and the function u, constructed in Corollary
2.5, we have

() NCruslq_y @ SICrusllq, 1@ S(urlle,., @
Slludle,.,, ey S1.

Since
Qo<a<e-1(R") CBMOR")=Q-z (R")

we are required to control
ICsusllBrro@m) = Crusllq_y en)
via

dx.

1C | maron > ][
f=Y(Pay,,r)

C () —][ C rus(y) dy
fﬁl(Pa )

Note that if
h(x)z{Jf(w) for x€ B(0,1);

0 for xeR™\ B(0, 1),
then
][ Cru,(x)de= a’”’r| (us)r(2)Jp-1(2) dz
_1(P87n17‘) am r | ﬂ7n T

Iamrl
7’ *]a. rhO
7T (Bay ] ) 1O

So, upon applying Lemma 2.6, we obtain a constant d2€(0,d;) and a sequence
;<02 such that

<e V a.

][. (Cylus)r,) () dx
S (Pagr)
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Accordingly,

||cfu*|\BM0(Rn>z][ Cruu(z)] dz—c ¥ re(0,00).

a7

Similarly, we have

]{‘1(&,,”) |Cru(x)] do= (%)ﬁ |(wi)r(2)|Jp-1(2) dz

am.,m

_<|f1(Pam,r)> ( *)am,r| h(0),

thereby using Lemma 2.6 to discover

. . | Pa,, ;|
hmmf][ ’ Ct(us)a,,.r;)(z ‘dl’: <hmmfm’J
0 S (Payy ) (C1(w)arr;) @) ;=0 | f~1(Pa,, )l

) Ca,, 1 (0).

For r; <1, we utilize

l—e<app e <l4+e V ke {1, ...,n},

to deduce
NPl R(0) > (148) "™ (ami -G ) (A1 Ap) > 1-e)"
|f_1(Pam,rj)‘ = ml---Umn 1:--\n) = 1+e )
whence
1—e\"
im i ) > ——
gt £ (Par) ‘(Cf(u*)”)(m)‘dx_ <1+€> fam:
which in turn implies
1—e\"
|Crusll Brro@n) > (1—+€> Ca,, €

Upon combining this with (f)—(1), we achieve a constant »>0 (independent of a,,)
such that

—Ina,1<x & a,1>e "

Consequently, we gain
1:>\n§>\n—1 SS)\l SQBV

)

thereby reaching (f). O
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3. Validation of Theorem 1.5
In order to prove Theorem 1.5, we need the concept of a @, (R™)-capacity. For

(a,n)€(—00,1)xN and any pair of disjoint continua E, FCR", let

Capg, ) (E, F) =inf {|u||ga(Rn> s ueAg(E, F)}

be the Q. (R"™)-capacity of the pair (E, F'), where A, (E, F) is the class of all con-
tinuous functions u€Q,(R™) enjoying

0<u<1l on R"%;
u=0 on I

u=1 on F.
Obviously, if E&F are disjoint continua satisfying F CE&FCF , then
Capq, @) (B, F) < Capq, @) (E, F).

Moreover, we have

Lemma 3.1. Given a constant §€(0,00) let n=1 & a€(0,27!] orn=2 & ae
(271,1). If E&F are disjoint continua in R™ such that their diameters diam E &
diam F' and Euclidean distance dist (E, F) obey

min{ diam F, diam F'} > § dist (E, F) >0,

then
Caan (R")(E7 F) Z 1.

Proof. Without loss of generality we may assume
diam E = diam F' > 0 dist (E, F).

If
r0€E & r=(2+6"")diamE,

then
E,F C B(xg,T).

Thanks to either n=1 & a€(0,27!] or n=2 & a€ (271, 1), we may assume
ueAL(E, F);

UB(xzo,r) 2271;
0<e<l—n+2a.
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For every x€ E and p>0 we utilize

Ju(z) —u(w)?
P (u, Bz, p)) / / dz dw
( B(z,p) J B(z,p) \Z w|”+2“

][ ][ (w)| dz dw
B(z,p) 7/3)

27! < |u(x) _UB(:ro,r)|

to estimate

[
< Z |uB(9:2 ir) “UB(z,2-i- 17»)|+|UB z,2r) ~UB(xq, ’I”)|
i=—1

<> (]i ot |u<z>—u<w>|2dzdw>2

i=—1

-1

< ((Da(u,B(x,Q_ir)))Tl

Accordingly, for each z€ E there exists a ¢, €(0, 2r] such that

{1 <ret e, (u, B(w, ty));

thm2ete<Sre fB(x,t,) fB(;c,t ) lq\i,iZ)wffl(ﬂ)al dz dw.

By the Vitali covering lemma, we can find points z; € E' and radii r; >0 as above
such that ball B(z;,t;) are mutually disjoint and EC|J, B(z;, 5t;). Hence,

3 W) —u() T
diam F S t; g ’]"n725a+5 / / dz dw .
Z Z i=—1 < B(xu 1 B(CE“ 1) |Z w|n+2(y

i=—1

Upon noticing 1/(n—2a+¢)>1, we obtain

1
, —u(w )|2 m—2a¥e
Srn 2o¢+5 / / dz dw
2461 (l_ | Bt Bt |Z w|"+2°‘ )

( )|2 #od»z
<rpam m3ate / / S PSP o dz dw ,
(zo,4r) J B(xo,4r) ‘Z ’LU|
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whence
O, (u, B(xg,4r)) 2 1,

which yields
Caan(Rn)(E,F)Z].. O

Proof of Theorem 1.5. By the metric characterization of a quasiconformal map-
ping (cf. [7]), it is enough to validate that if

£(f,r)=inf {|f($)—f($o)|1 |$—$0|27‘};
L(f,r)=sup {|f ()= f(z0)|: [x—wo|<r};
(z0,7)ER?% (0, 0),

then
L(f,r) <c(f)L(f,r),

where ¢(f) is a positive constant depending on f.
To this end, if

1 as \y—xdﬁf(f,r),
( ): lnL(f,r)—1n|y—x0| E < _ <L .
vy In L(f,r)—Ine(f,r) as (f’ T)—|y LU()|_ (fa ’I"),
0 as ‘y*$’0|ZL(f,T),
then
0 as [y—ao| <L(f,7);
—x -1
[Vo(y)| = W as ((f,r)<|y—zo| <L(f,7);
0 as |y—wo|=L(f,r),
and hence

IolRnaen = [ | 90(0) Py
2
|y L) / dy
g(fﬂ") I<|y—zo|<L |?J—UUO|2

<[ In —L(f’ r) 71.
~ o f,r)

This last estimation, along with [10, Theorem 4.1] under n=2 & a<1, implies

-1

L))
lvllg,-r .., &) Sllvllwreme) S (hl o f,r) )
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Let
E=f(B(f(x0).0)).

i.e., the preimage of B(f(:co), E) under f. Then FE is connected and enjoys
ECB(xo,r) & diamE>r.

Moreover, observe that as the connected preimage of R?\ B(f(z¢), L) under f,

7 (BB (). 1)
joins
B(zg,r)={zcR?:|z—x0|<r} & R\ B(zo,2r).
So we can find a connected continum F' such that it is contained in
FTHRA\B(f(20), L))
and joins B(zo,r) and R?\ B(zg, 2r), and consequently we may assume
F C B(xo,2r)\B(xg, ).
Obviously, we have
diam F>r & 0< dist (E, F)<5r <10min{ diam F, diam F'}.
Upon applying Lemma 3.1 under n=2 & 2~ !'<a<1 we discover
Capg,, &2 (E, F) 2 1,

thereby arriving at the required inequality

~—

L(f,r
n iR <1. 0O
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