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Extension of the 2-representation theory of
ﬁnitary 2-categories to locally (graded) ﬁnitary
2-categories
James Macpherson

Abstract.
We extend the 2-representation theory of ﬁnitary 2-categories to certain
2-categories with inﬁnitely many objects, called locally ﬁnitary 2-categories, and extend the classical classiﬁcation results of simple transitive 2-representations of weakly ﬁat 2-categories to this
environment. We also consider locally ﬁnitary 2-categories and 2-representations with a grading, and prove that the associated coalgebra 1-morphisms have a homogeneous structure. We use
these results to classify (graded) simple transitive 2-representations of certain classes of cyclotomic
2-Kac–Moody algebras.

1. Introduction
The study of the 2-representation theory of ﬁnitary and ﬁat 2-categories, pioneered by Mazorchuk and Miemietz in [MM11] through [MM16b] and further explored in various other works, e.g. [MMMT16] and [CM19], is a powerful new
tool in representation theory. Important applications of the theory include certain
quotients of 2-Kac–Moody algebras (see [MM16c]) and Soergel bimodules (see for
example [MMM+ 19]).
However, while powerful, the setup used to date in this theory has multiple
restrictions, primarily relating to ﬁniteness conditions. Speciﬁcally, the theory considers 2-categories which have only ﬁnitely many objects and whose hom-categories
have ﬁnitely many isomorphism classes of indecomposable 1-morphisms and ﬁnitedimensional spaces of 2-morphisms. The relaxation of these restrictions would enable the study of a much wider class of examples using techniques analogous to
those for 2-representations of ﬁnitary 2-categories.
This paper is an initial step in that direction, focussing on the relaxation to
countably many objects in the 2-categories, giving ‘locally ﬁnitary’ 2-categories.
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While this is a comparatively mild generalisation, it already enables the study of
multiple interesting examples that were previously inaccessible, including a much
wider class of quotients of 2-Kac–Moody algebras. For an examination of relaxing
ﬁniteness conditions for 1- and 2-morphisms, see the companion paper [Mac22] by
the same author.
In the course of this paper, we give the generalisation of multiple ﬁnitary results
to the locally ﬁnitary case. Of speciﬁc note, in Theorem 3.6 we construct for any
transitive 2-representation of a locally weakly ﬁat 2-category an equivalent ‘internal’
2-representation of comodule 1-morphism categories, analagously to major results
in [Ost] and [MMMT16]. In Theorem 4.33, a generalisation of the primary result
in [MM16c], we further classify all simple transitive 2-representations of strongly
regular locally weakly ﬁat 2-categories as being equivalent to cell 2-representations.
We then utilise the latter result to classify all simple transitive 2-representations of
cyclotomic 2-Kac–Moody algebras.
This paper also considers a generalisation of the above setup to the case where
the locally ﬁnitary 2-categories have an additional graded structure. In this setup,
we use the construction of a ‘degree zero’ sub-2-category to show in Theorem 6.21
that the previously constructed internal 2-representations associated to a transitive 2-representation can be viewed as a ‘degree zero’ construction in a canonical
fashion. We use this result by considering again cyclotomic 2-Kac–Moody algebras,
demonstrating in Theorem 6.25 that any simple transitive 2-representation is in fact
a graded 2-representation.
The structure of the paper is as follows. In Section 2 we give the initial deﬁnitions for locally ﬁnitary 2-categories and their 2-representations, as well as various
related notions used in the paper. We also give some minor results demonstrating
that the cell structure of the 2-category is highly analogous in this generalisation. In
Section 3 we generalise various results from [MMMT16], leading up to Theorem 3.6
as well as Theorem 3.12, which classiﬁes the simple transitive 2-representations for
locally ﬁnitary 2-categories associated to certain inﬁnite dimensional algebras.
Section 4 considers instead generalisations of various results in the series of
papers [MM11] through [MM16b], particularly the former paper and [MM16c]. The
eventual goal of this section is Theorem 4.33. Section 5 presents an application
of this result by demonstrating that cyclotomic 2-Kac–Moody algebras of given
weights are locally weakly ﬁat 2-categories, and thus submit to the aforementioned
theorem.
In the last section, we examine the further generalisation to locally restricted
G-ﬁnitary 2-categories for some countable abelian group G. We construct a degree
zero 2-category associated to such a 2-category, and use it to construct a degree
zero coalgebra 1-morphism for a given graded transitive 2-representation of the
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original 2-category. This setup allows us to prove Theorem 6.21. Finally, we apply
this to the cyclotomic 2-Kac–Moody categories of given weights, showing that their
cell 2-representations are all graded simple transitive 2-representations, leading to
Theorem 6.25.
Acknowledgements. The author would like to thank Vanessa Miemietz for her
support and supervision during the PhD from whence this material was derived. In
addition, the author would like to thank the referees for the paper, who provided
many substantial and helpful suggestions that notably improved the paper.

2. Locally ﬁnitary 2-categories
2.1. Initial deﬁnitions
Let k be an algebraically closed ﬁeld.
Deﬁnition 2.1. We denote by Ak the 2-category whose objects are small
k-linear idempotent complete categories, whose 1-morphisms are k-linear additive
functors and whose 2-morphisms are natural transformations. We further denote
by Afk the full sub-2-category of Ak with objects those categories A such that A
has only ﬁnitely many isomorphism classes of indecomposable objects, and such
that dim HomA(i, j)<∞ for all objects i, j∈ A. We call objects in this 2-category
ﬁnitary categories. We ﬁnally denote by Rk as the full sub-2-category of Ak whose
objects are equivalent to A-mod for some ﬁnite dimensional associative k-algebra
A.
Deﬁnition 2.2. A 2-category C is locally ﬁnitary over k when it has countably
many objects, C (i, j)∈Afk for all objects i, j∈C , horizontal composition is additive
and k-linear and the identity 1-morphism 1i is indecomposable for all i.
Notation 2.3. For the duration of this paper, we notate 1-morphisms as
F, G, ... and 2-morphisms as α, β, .... We denote the composition of 1-morphisms F
and G as either F ¨G or F G, and we notate horizontal composition of 2-morphisms
α and β as α¨H β and vertical composition as α¨V β.
We note that if C has only ﬁnitely many objects, then this is the deﬁnition
of a ﬁnitary 2-category ﬁrst given in [MM11]. Since all the applications of interest
known to the author utilise at most countably many objects, this paper restricts all
deﬁnitions to this case. It seems likely that many of the results will still apply in
larger cases; however, the author has not conﬁrmed this.
For the rest of this subsection, we let C denote a locally ﬁnitary 2-category.
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Deﬁnition 2.4. Given a ﬁnite set of objects i={i1 , ..., in } in C , we denote
the sub-2-category generated by the ij (i.e. with objects i1 , ..., in , and with homcategories C (ij , ik ) for all j and k) by Ci , and call it a full ﬁnitary sub-2-category.
In this paper we will sometimes refer to proofs (generally in other papers) as
having ‘local’ proofs - we use this to indicate that the proof works by proving the
result for any arbitrary set of objects, 1-morphisms and 2-morphisms that belong
to a full ﬁnitary sub-2-category of the 2-category under consideration. The proof
can thus be applied directly to the locally ﬁnitary setup without having to adjust
anything beyond notation.
Deﬁnition 2.5. We say C is locally weakly ﬁat if it has a weak object-preserving anti-autoequivalence −∗ and if for any 1-morphism F ∈C (i, j) there exist
2-morphisms α:F ¨F ∗ →1j and β :1i →F ∗ ¨F such that (α¨H idF )¨V (idF ¨H β)=idF
and (idF ∗ ¨H α)¨V (β ¨H idF ∗ )=idF ∗ hold. We let ∗(−) denote the inverse of this
weak anti-autoequivalence. If ∗ is a weak anti-involution, we say that C is a locally
ﬁat 2-category.
Deﬁnition 2.6. An additive (respectively ﬁnitary, abelian) 2-representation
of C is a strict 2-functor M:C →Ak (resp. M:C →Afk , M:C →Rk ).

Given a 2-representation M of C , we use the notation M:= i∈C M(i) for the
corresponding category.
Deﬁnition 2.7. The ith principal 2-representation Pi :C →Ak of C is deﬁned
on objects j∈C as Pi (j)=C (i, j), on 1-morphisms F as Pi (F )=F ¨−, and on
2-morphisms α as Pi (α)=α¨H −.
Since C is a locally ﬁnitary 2-category, this is a ﬁnitary 2-representation.
2.2. Cells, ideals and multisemigroups
Deﬁnition 2.8. Given a k-linear 2-category C , we deﬁne a left 2-ideal I of
C to have the same objects as C , and for each pair i, j of objects an ideal I (i, j)
of the 1-category C (i, j) which is stable under left horizontal multiplication with
1- and 2-morphisms of C . We similarly deﬁne right 2-ideals and two-sided 2-ideals.
We call the latter simply 2-ideals.
Following standard constructions, given a 2-category C and a 2-ideal I of C ,
we deﬁne the quotient 2-category C /I as follows: the objects and 1-morphisms of
C /I are the same as those of C and the hom-sets between 1-morphisms are deﬁned
as
HomC /I (i,j) (F, G) := HomC (i,j) (F, G)/ HomI (i,j) (F, G).
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Deﬁnition 2.9. Given a locally ﬁnitary 2-category C and a 2-representation
M of C , an ideal I of M is a collection of ideals I (i)⊆M(i) which is closed
under the action of C in that for any morphism f ∈I (i) and any 1-morphism
F ∈C , M(F )(f ) is a morphism in I if it is deﬁned.
Deﬁnition 2.10. Let C be a locally ﬁnitary 2-category. We denote by S(C )
the multisemigroup of isomorphism classes of indecomposable 1-morphisms of C
(we denote the isomorphism class of F by [F ]), with the operation given by
[F ]∗[G] = {[H] ∈ S(C )|H is a direct summand of F G}.
We often abuse notation and write F for the isomorphism class [F ].
The Green’s relations for multisemigroups were ﬁrst deﬁned in [KM12], based
on the original deﬁnition for semigroups in [Gre51]. To recall, if (S, ∗) is a multisemigroup with x∈S, then the principal left ideal of x is the set Lx =Sx∪{x},
the right principal ideal is Rx =xS ∪{x}, and the two-sided principal ideal is Jx =
SxS ∪Sx∪xS ∪{x}. This gives rise to equivalence relations L , R and J where
e.g. x∼L y if Lx =Ly . The equivalence classes of these relations are called L -,
R- and J -cells respectively. There are also two further Green’s relations. One
is H :=L ∩R, and the other is D, deﬁned as the join of L and R in the poset
of equivalence relations - that is, it is the smallest equivalence relation to contain
both L and R. In semigroups, it is always the case that D =L ¨R =R ¨L (see e.g.
[Law03, p. 219]). However, in multisemigroups, this is not in general true. The
best we can say is the following:

Lemma 2.11. D = i∈Z+ (L ¨R)¨i .
Proof. Since L , R ⊆L ¨R, and since D is the join of L and R, it follows

that D ⊆ i∈Z+ (L ¨R)¨i . However, if L and R are contained in an equivalence
relation M , then it follows from transitivity that (L ¨R)¨i ⊆M for all i. Thus

¨i
i∈Z+ (L ¨R) ⊆D, and the result follows. 
We note that, even in semigroup theory, it is not always true that D =J in
the inﬁnite case, and we need to apply care when considering a locally ﬁnitary
2-category. That said, we are able to give useful results.
For the rest of the subsection, let C be a locally ﬁnitary 2-category with multisemigroup of isomorphism classes of indecomposables S(C ), on which we have
Green’s relations LC , RC , JC , DC and HC . For a full ﬁnitary sub-2-category
B of C , S(B)⊆S(C ). Let LB , RB , JB , DB and HB denote the Green’s relations of S(B), which we consider as equivalence relations on S(B). We can extend
these to equivalence relations on S(C ) by setting XB =XB ∪ΔS(C ) for X one of
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the Green’s relations and Δ the diagonal equivalence relation. We ﬁrst show that
all the Green’s relations on C barring HC are determined by the Green’s relations
on the full ﬁnitary sub-2-categories.
Proposition 2.12. Let χ denote the set of full ﬁnitary sub-2-categories of C .

Then B∈χ LB =LC . A similar result holds for RC and JC .
Proof. All three results have similar proofs - we give the proof for LC . If we

have (F, G)∈ B∈χ LB , either (F, G)∈ΔS(C ) and F =G or there exists some B∈χ
such that (F, G)∈LB . If F =G then (F, G)∈LC . If (F, G)∈LB then there exist
H, K ∈S(B) such that F is a direct summand of HG and G is a direct summand of

KF . But then it follows that F ∼LC G and thus (F, G)∈LC and B∈χ LB ⊆LC .
Conversely, if (F, G)∈LC , then there exist some H, K ∈S(C ) such that F is a
direct summand of HG and G is a direct summand of KF . Now let B be a full
ﬁnitary sub-2-category of C that contains F, G, H and K. It follows that (F, G)∈



LB , and hence (F, G)∈ B∈χ LB . Thus LC ⊆ B∈χ LB , and LC = B∈χ LB as
required. 

Proposition 2.13. In the same setup as above, B∈χ DB =DC .

Proof. If (F, G)∈LC then as by Proposition 2.12 LC = B∈χ LB , without loss
of generality (F, G)∈LB for some B∈χ. By the deﬁnition of DB , (F, G)∈DB . Thus



(F, G)∈ B∈χ DB , and hence LC ⊆ B∈χ DB . Similarly, RC ⊆ B∈χ DB . But then

as DC is the join of LC and RC , we must have that DC ⊆ B∈χ DB .

For the opposite inclusion, let (F, G)∈ B∈χ DB . It follows from Lemma 2.11

that DB = i∈Z+ (LB ¨RB )¨i . Therefore there exists some n∈2Z+ and Hi ∈S(B)
for 0≤i≤n such that
F = H0 ∼LB H1 ∼RB H2 ∼LB ... ∼LB Hn−1 ∼RB Hn = G.
Then by Proposition 2.12,
(Hi , Hi+1 ) ∈ LB =⇒ (Hi , Hi+1 ) ∈ LC ,
and
(Hi , Hi+1 ) ∈ RB =⇒ (Hi , Hi+1 ) ∈ RC .
Therefore (Hi , Hi+1 )∈DC for all i. But as DC is an equivalence relation it follows

that (F, G)∈DC . Thus B∈χ DB ⊆DC and the result follows. 
We can also give a useful result for suﬃciently nice J -cells of C :
Theorem 2.14. Let J be a J -cell of C such that every H -cell of J is nonempty. Let LJ, RJ, DJ and JJ denote the restrictions of the Green’s relations of
C to J. Then LJ¨RJ=RJ¨LJ=DJ=JJ.
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Proof. The proof of [MM11, Proposition 28 b)] is local and generalises immediately, proving that LJ¨RJ=RJ¨LJ=JJ. Finally, it is immediate from the
deﬁnitions that LJ¨RJ⊆DJ⊆JJ, and thus the remaining equality follows directly
from the prior equalities. 
We note that we have corresponding partial orders ≤L , ≤R and ≤J on S(C )
such that e.g. (F, G)∈L if and only if F ≤L G and G≤L F , where F ≤L G if
there is some 1-morphism H such that G is a direct summand of HF , with similar
deﬁnitions for ≤R and ≤J .
Deﬁnition 2.15. A J -cell J of C is strongly regular if left cells in J are
incomparable under the left order and if for any left cell L⊆ J and right cell R⊆ J,
L∩ R contains a unique isomorphism class of indecomposable 1-morphisms. If only
the ﬁrst condition holds then J is called regular.
Deﬁnition 2.16. Given a 2-representation M of C and a collection of objects
{Xj }j∈J in the image of M, we deﬁne the M-span of the Xj , GM ({Xj }) to be
add{M(F )Xj |F ∈ C (i, k) for some i, k ∈ C , j ∈ J},
where add S is the additive closure of the set S, deﬁned as the smallest full subcategory of M containing S and closed under direct sums and direct summands.
Deﬁning
GM ({Xj })(k) := add{M(F )Xj |F ∈ C (i, k) for some i ∈ C , j ∈ J},
it is immediate from the deﬁnition that GM ({Xj }) is a sub-2-representation of M.
Deﬁnition 2.17. Let M be a ﬁnitary 2-representation of C . We say that M
is transitive if for any i∈C and any non-zero X ∈M(i), GM ({X}) is equivalent to
M.
To deﬁne simple transitive 2-representations we need the following generalisation of [MM16c]:
Lemma 2.18. Let M be a transitive 2-representation of C . There exists a
unique maximal ideal I of M such that I does not contain any identity morphisms
apart from the zero object.
Proof. The proof is mutatis mutandis given by the proofs of [MM16c, Lemma
3, 4]. 
Deﬁnition 2.19. A transitive 2-representation M is simple transitive if the
maximal ideal of M given in Lemma 2.18 is the zero ideal.
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Let C now be a locally ﬁnitary 2-category with a J -cell J and a L -cell L⊆ J.
We let i=iL be the object of C which is the domain of every F ∈ L. For each j∈C ,
we deﬁne a full subcategory NL(j) of Pi (j) by
NL(j) = add{F X|F ∈ C (−, j), X ∈ L}.
NL thus deﬁnes a map from the object set of C into Ak . To make this a 2-representation, of C , we take a 1-morphism F to the functor deﬁned by left composition
with F , and a 2-morphism α is taken to the natural transformation deﬁned by left
horizontal composition with α.
By a similar proof to that of Lemma 2.18 (and hence to that of [MM16c, Lemma
3]), NL is a transitive 2-representation, and thus has a unique maximal ideal not
containing any identity morphisms for non-zero objects, and we can take its simple
transitive quotient:
Deﬁnition 2.20. The simple transitive quotient of NL is the cell 2-representation of C corresponding to the L -cell L. We generally denote this quotient as
CL.
We now deﬁne the apex of a ﬁnitary 2-representation, following [CM19].
Deﬁnition 2.21. Let M be a ﬁnitary 2-representation of a locally ﬁnitary
2-category C . Let SJ (C ) denote the poset of J -cells of C , ordered by ≤J . If
there exists a unique maximal J∈SJ (C ) that is not annihilated by M, then J is
called the apex of M.
Deﬁnition 2.22. Let C be a locally ﬁnitary 2-category and let J be a J -cell
in C . We say that J is non-trivial if it contains some non-identity 1-morphism.
Otherwise, J is trivial. We similarly deﬁne trivial and non-trivial L - and R-cells,
and deﬁne a trivial cell 2-representation to be a cell 2-representation associated to
a trivial L -cell.

3. Coalgebra and comodule 1-morphisms for locally ﬁnitary 2-categories
We now generalise useful results from [MMMT16]. To start, we utilise the
abelianisation constructions given there in Sections 3.2, 3.3 and 3.4, with the latter
two generalising without issue to this setup. We recall the 1-categorical version for
later reference.
Deﬁnition 3.1. Given an additive category C, the injective fan Freyd abelianisation C of C is an additive category that is deﬁned as follows:
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• Objects of C are equivalence classes of tuples of the form (X, k, Yi , fi )i∈Z+
where X and the Yi are objects of C, the fi :X →Yi are morphisms of C, and k is
a non-negative integer such that Yi =0 for i>k. Two tuples are equivalent if they
only diﬀer in the value of k.
• A morphism from (X, k, Yi , fi ) to (X  , k , Yi , fi ) is an equivalence class of
tuples (g, hij )i,j∈Z+ where g:X →X  and hij :Yi →Yj are morphisms of C such that

fi g= j hji fj for each i, modulo the (g, hij ) such that there exist qi :Yi →X  with

i qi fi =g.
• The identity morphisms are of the form (idX , δij idYi ) and composition is

given by (g  , hij )¨(g, hij )=(g  g, k hkj hik ).
The projective fan Freyd abelianisation is deﬁned dually.
To provide a more intuitive picture of the above deﬁnition, the objects of C
are ‘fans’ of objects of C, speciﬁcally of the form
Y1
~>
~
~
~~
~~
X = f2 / Y2
==
==
=
fi ==
= ..
.
f1

where the Yi are all equal to zero for suﬃciently large i. Morphisms between two
fans consist of a single morphism between the ‘heads’ of the fans and a matrix of
morphisms between the non-zero ‘leaves’ of the fans, subject to the above equivalence relation.

3.1. The coalgebra construction
Let C be a locally ﬁnitary 2-category and let M be a transitive 2-representation
of C . Throughout the rest of this paper, we will be referring to (internal) coalgebra
and comodule 1-morphisms. These are the natural generalisation of e.g. coalgebras
in monoidal categories - see [JY21, Section 6.4] for a more detailed deﬁnition of coalgebra 1-morphisms, under the name ‘comonads’. We use the terms ‘coalgebra’ and
‘comodule’ over ‘comonad’ and ‘coalgebra’ to retain continuity with other ﬁnitary
2-representation papers.

Given any S ∈M(i), we deﬁne the evaluation functor evS : j∈C C (i, j)→ M
taking F to F S and α:F →G to αS :F S →GS. Since evS maps each F ∈C (i, j) to
an object in M(j), this functor has a left adjoint if and only if each of the component
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evaluation functors evS,j :C (i, j)→M(j) does so. But the latter case is the ﬁnitary
case where such adjoints exist by e.g. [CM19, Section 1.3], and we construct a


left adjoint [S, −]:
M(j)→
C (i, j). We give the following generalisation of
j∈C

j∈C

[MMMT16, Lemma 4.3]:
Lemma 3.2. With the above notation, [S, S] has the structure of a coalgebra
1-morphism in C (i, i).
Proof. We mirror the proof of [MMMT16, Lemma 4.3]. The image of id[S,S]
under the adjunction isomorphism HomC ([S, S], [S, S])→HomM (S, [S, S]S) gives a
non-zero morphism coevS :S →[S, S]S. This gives the composition
S

coevS

/ [S, S]S

[S,S] coevS

/ [S, S][S, S]S

from S to [S, S][S, S]S. But then as
∼ HomC ([S, S], [S, S][S, S]),
HomM (S, [S, S][S, S]S) =
again by the adjunction isomorphism, this gives a non-zero comultiplication
2-morphism [S, S]→[S, S][S, S].
For the counit morphism we again use the adjunction isomorphism to note that
HomM (S, S)=HomM (S, 1i S) ∼
= HomC ([S, S], 1i ), and thus choose the (non-zero)
image of idS under this isomorphism. We denote the comultiplication 2-morphism
by ΔS and the counit 2-morphism by εS . It is straightforward to check that the
coalgebra axioms hold. 
We denote the category of comodule 1-morphisms of [S, S] by comodC ([S, S])
and its subcategory of injective comodules by injC ([S, S]). These can be considered
instead as 2-representations of C and C in a natural fashion; when considering them
as such we denote them as comodC ([S, S]) and injC ([S, S]) respectively.
For the rest of the section we will assume that C is a locally weakly ﬁat
2-category.
Given any T ∈ M, [S, T ] can be considered as a right [S, S]-comodule 1-morphism
in a canonical fashion with coaction 2-morphism ρ[S,T ] :[S, T ]→[S, T ][S, S], or ρT
when there is no confusion. We deﬁne a functor Θ:M →comodC ([S, S]) by setting
Θ(T ) = ([S, T ], ρT ); Θ(f ) = [S, f ].
Lemma 3.3. The functor Θ (weakly) commutes with the action of C and
deﬁnes a morphism of 2-representations.
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Proof. This is a generalisation of [MMMT16, Lemma 4.4], and the proof given
there shows that [S, XT ] ∼
= X[S, T ] in C for any 1-morphism X in C by referring
to only hom-categories between three objects of C . The proof is therefore entirely
local and generalises immediately. 
We also present generalisations of [MMMT16, Lemmas 4.5, 4.6]:
Lemma 3.4. For any 1-morphism X in C and any C ∈comodC ([S, S]) there
is an isomorphism HomcomodC ([S,S]) (C, X[S, S]) ∼
= HomC (C, X).
Proof. The proof given in [MMMT16] is an entirely local proof and generalises
immediately. 
Lemma 3.5. Θ factors over the inclusion injC ([S, S])→ comodC ([S, S]).
Proof. We mirror the proof given for [MMMT16, Lemma 4.6] with some extra
detail to clarify it for our situation. We ﬁrst consider the case where T =XS for some
1-morphism X ∈C (i, j). By Lemma 3.3 we have that [S, T ]=[S, XS] ∼
= X[S, S]. By
the deﬁnition of a comodule, [S, S] is injective in comodC ([S, S]). We claim that,
because C is locally weakly ﬁat, X[S, S] is also injective. For the existence of
internal adjunctions in C gives that
∼ Homcomod ([S,S]) (∗ X−, [S, S])
HomcomodC ([S,S]) (−, X[S, S]) =
C
and as the latter is exact by the injectivity of [S, S] and by ∗X having both left and
right adjoints, so is the former. But since M is transitive, any T is isomorphic to a
direct summand of some XS. The result follows. 
We can now give the generalisation of [MMMT16, Theorem 4.7]:
Theorem 3.6. Take C to be a locally weakly ﬁat 2-category, M to be a transitive 2-representation of C , and S ∈M(i) to be non-zero. Letting Θ be the functor deﬁned above, Θ induces a 2-representation equivalence between M and comodC ([S,S]).
This restricts to an equivalence between M and injC ([S, S]).
Proof. The proof generalises with only minor notes from the proof for[MMMT16,
Theorem 4.7]. The references [MMMT16, Lemmas 4.4, 4.5, 4.6] found therein are
here replaced with Lemmas 3.3, 3.4 and 3.5 respectively. We ﬁnally note that our
construction above still has [S, S] as an injective cogenerator of comodC ([S, S]),
allowing the argument given in the aforementioned proof to generalise. 
We note that [MMMT16, Corollary 4.10] is a local corollary and thus also
generalises immediately:
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Corollary 3.7. For i∈C , consider the endomorphism 2-category Ci of i in
C . There is a bijection between the equivalence classes of simple transitive 2-representations on Ci and simple transitive 2-representations in C which are non-zero
at i.
3.2. The 2-category CA
Let A={Ai }i∈I be a countable collection of basic self-injective connected ﬁnite dimensional k-algebras. We deﬁne the locally ﬁnitary 2-category CA to have as
objects the i∈I, which we associate with (small categories equivalent to) Ai -mod.
The 1-morphisms of CA are direct sums of functors from Ai -mod to Aj -mod whose
direct summands are isomorphic to the identity functor or to tensoring with projective (Aj -Ai )-bimodules. The 2-morphisms of CA are natural transformations of
functors. As a small example, if A=k then Ck has one object ∗k and the only
1-morphisms are functors isomorphic to tensoring with direct sums of k⊗k k ∼
= k,
i.e. isomorphic to direct sums of 1∗k .
CA is a locally ﬁnitary 2-category by a similar argument to that found in
[MM11, Section 7.3], and indeed is actually a locally weakly ﬁat 2-category (again,
by a similar argument to that found in [MM16c, Section 5.1]).
Deﬁnition 3.8. Let Zi denote the centre of Ai . Identifying Zi with EndCA (1i ),
we denote by Zi the subalgebra of Zi that is generated by id1i and all elements
of Zi which factor through 1-morphisms equivalent to tensoring with projective
(Ai -Ai )-bimodules. We now choose subalgebras Xi of Zi containing Zi , and let
X ={Xi |i∈I}. We deﬁne a sub-2-category CA,X of CA which has the same objects
and 1-morphisms, and the same 2-morphisms except that EndCA,X (1i ):=Xi .
Up to isomorphism, the non-identity indecomposable 1-morphisms of CA or
CA,X are of the form
Aj ejl ⊗k eik Ai ⊗Ai −
where i, j∈I and ei1 , ..., eini (respectively ej1 , ..., ejnj ) are a complete set of primitive orthogonal idempotents of Ai (respectively Aj ). For notational compactness,
we deﬁne
Fjlik := Aj ejl ⊗k eik Ai ⊗Ai −
in CA or CA,X . We also denote Aik
jl :=Aj ejl ⊗k eik Ai for the corresponding bimodule.
We present the generalisation of [MM16a, Lemma 12]:
Lemma 3.9. CA,X is well-deﬁned and locally weakly ﬁat.
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Proof. Since the only diﬀerence between CA,X and CA is in the endomorphism
spaces of the 1i , the proof given in [MM16a] is entirely local and generalises without
issue to this setup. 
Excluding the trivial J -cells, there is a single J -cell of CA,X consisting of all
the Aj ejl ⊗k eik Ai . The left cells are of the form

Lik = {Fjlik |j ∈ I, l = 1, ..., nj }
and the right cells are of the form

Rjl = {Fjlik |i ∈ I, k = 1, ..., ni }.
We examine the structure of cell 2-representations of CA,X more explicitly. Let
Lik be a left cell as deﬁned previously. The corresponding 2-representation Nik :=
NLik has indecomposable objects Fjlik ∈Nik (j) for l=1, ...nj . A bimodule homomorik
phism σ:Aik
jl →Ajm is deﬁned by its image on ejl ⊗eik , and is thus a k-linear comik
bination of homomorphisms of the form ϕa,b :Aik
jl →Ajm , where ϕa,b (ejl ⊗eik )=a⊗b
for a∈ejl Aj ejm and b∈eik Ai eik . We also note that idFjlim =ϕejl ,eim (abusing notation to let ϕa,b refer both to the bimodule homomorphism and the corresponding
2-morphism in CA,X ).
Proposition 3.10. Let I be the unique maximal ideal of Nik not containing
any identity morphisms for non-zero objects (so that Nik / I is a cell 2-representation). Then its components I(j)⊆Nik (j) are matrices of k-linear combinations of
morphisms of the form ϕa,b with a∈Aj and b∈R:=rad eik Ai eik .
Proof. Since the Nik (j) are additive categories, by composing elements of
I
biproduct injections and projections it is suﬃcient to consider the elej (j) with

ments of j I(j) that are morphisms between indecomposable objects. We refer to
this process as an injection-projection argument. First, given elements a, α, γ ∈Aj ,
β, δ∈Ai and b, b ∈rad eik Ai eik , ϕα,β ϕa,b ϕγ,δ =ϕγaα,βbδ and ϕa,b +ϕa,b =ϕa,b+b .
Since R is a two-sided ideal of eik Ai eik , this implies that I is indeed an ideal
of Nik . Further, if idFjlik ∈ I(j) then eik ∈R, which is a contradiction as R is a
proper ideal of eik Ai eik . Hence I does not contain idX for non-zero X ∈ Nik .
To show that I is CA,X -stable, it is again suﬃcient by an injection-projection
argument to consider the action of indecomposable 1-morphisms of CA,X . Choose
jm
ik
ik
Fln ∈CA,X (j, l) and ϕa,b :Fjs
→Fjt
∈ I(j). Then


jm
jm
ik
ik
)(ϕa,b ) = ϕeln ,ejm ⊗ϕa,b : Ajm
Nik (Fln
ln ⊗Aj Ajs −→ Aln ⊗Aj Ajt .

Under the isomorphism
∼
∼ ik ⊕ dim ejm Aj ejt ,
Aln ⊗Aj Aik
jt = Aln ⊗k ejm Aj ejt ⊗k eik Ai = (Aln )
jm
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the element
(ϕeln ,ejm ⊗ϕa,b )(eln ⊗ejm ⊗ejs ⊗eik ) = eln ⊗ejm ⊗a⊗b
maps ﬁrst to eln ⊗ejm a⊗b and then to


dim ejm Aj ejt

vx eln ⊗b,

x=1

for some vx ∈k. Since b∈R, this implies that Nik (Fln )(ϕa,b )∈ I(l), giving CA,X stability.
It remains to show that I is the unique maximal such ideal. If it is maximal,
then Lemma 2.18, it is immediate that it is unique. Thus assume for contradiction
that there exists some other ideal K⊃ I such that K does not contain idF for any
non-zero F . Choose some σ∈ K\ I. By injection-projection arguments we may
t
ik
assume that σ is a morphism from Fjlik and Fjm
. Thus σ= v=1 ϕav ,bv for some t
with av ∈ejl Aj ejm and bv ∈eik Ai eik .
If bv ∈R for some v, then by deﬁnition ϕav ,bv ∈ I⊂ K, and thus without loss of
generality bv ∈R
/ for all v. But then by [ASS06, Lemma I.4.6], eik −bv ∈R for all v,
and hence
t
t


σ+
ϕav ,eik −bv =
ϕav ,eik = ϕv av ,eik ∈ K.
jm

v=1

v=1

But since K is CA,X -stable, by tensoring ϕejm ,eik with ϕ av ,eik similarly to above
and composing with injection and projection morphisms, we therefore derive that
zϕejm ,eik ∈ K for z∈k. But this implies idFjm
ik ∈ K, a contradiction. Thus I is indeed
maximal, and the result follows. 
We can use Lemma 3.9 to provide a simple proof of the generalisation of
[MM16c, Theorem 15]. However, we will ﬁrst give a simple proof of the connected
version of that Theorem:
Proposition 3.11. Let A be a basic self-injective connected ﬁnite dimensional
k-algebra. Then for every simple transitive 2-representation of CA there is an equivalent cell 2-representation.
Proof. We consider a larger weakly ﬁat 2-category CA×k . This category has
two objects ∗ and ∗k . We identify the former with a small category A equivalent
to A-mod and the latter with a small category equivalent to k-mod. The category
CA×k (∗, ∗) is taken to be CA (∗, ∗) and the category CA×k (∗k , ∗k ) is taken to be
Ck (∗k , ∗k ). The 1-morphisms between ∗ and ∗k (respectively ∗k and ∗) are direct
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summands of direct sums of functors isomorphic to tensoring with projective (k-A)bimodules (respectively projective (A-k)-bimodules). The 2-morphisms are natural
transformations.
The endomorphism 2-category of ∗ is equivalent to CA . Further, if we have an
indecomposable 1-morphism Aei ⊗k ej A⊗A − in CA×k (∗, ∗), then Aei is an (A-k)bimodule and ej A is a (k-A)-bimodule, and hence this factors over ∗k .
We denote by Ck the endomorphism 2-category of ∗k , and claim that any
simple transitive 2-representation of it is equivalent to the cell 2-representation.
Let M be a simple transitive 2-representation of Ck . As the 1-morphisms in Ck
+
are all of the form 1⊕m
∗k for some m∈Z0 , let N ∈M(∗k ) be indecomposable. Then
as M is transitive and M(∗k ) is idempotent complete, M ∼
= id⊕n (N ) ∼
= N ⊕n for any
M ∈M(∗k ) and for some n∈Z+
0 . It follows from Proposition 3.10 that for the left
cell Lk ={1∗k } of Ck , P∗k =NLk =CLk as rad k=0. Let Φ:P∗k →M be a morphism
of 2-representations deﬁned on objects by Φ(F )=M(F )(N ) and on morphisms by
Φ(f )=M(f )N . We can abuse notation and equate Φ with Φ∗k :P∗k (∗k )→M(∗k ).
It is immediate from the prior discussion that Φ is essentially surjective on objects
and faithful.
To show that Φ is full, let K be the C -stable ideal of M(∗k ) that is generated
by rad EndM (N ). Since N is indecomposable, by a categorical variant of [ASS06,
Corollary I.4.8] EndM (N ) is local and rad EndM (N ) is the unique maximal ideal.
Assume for contradiction that idM ∈ K for some M ∈M(∗k ). Then by standard
injection-projection arguments idN ∈ K. But since any morphism f :N ⊕m →N ⊕n is
n
an m×n matrix of elements of EndM (N ), this implies that idN = i=1 fi ki gi for
some morphisms fi , gi ∈EndM (N ) for all i and morphisms ki ∈rad EndM (N ) for all
i, i.e. that idN ∈rad EndM (N ), a contradiction. Hence K does not contain idM for
any M ∈M(∗k ). But since M is simple transitive by assumption, this implies that
K=0 and thus that EndM (N ) ∼
= k. It follows immediately that Φ is full, and thus
an equivalence of 2-representations as we wished to show.
Returning to the main aim of the proof, if A=k then we are done by the above
work. Hence assume that A= k. Using the previous paragraph and Corollary 3.7, we
know that there is a unique equivalence class of simple transitive 2-representations
of CA×k that is non-zero on ∗k . We now claim that if a 2-representation N of CA×k
is non-zero on ∗, then it is either non-zero on ∗k or equivalent to the trivial cell
2-representation on CA .
If Aei ⊗k ej A acts in a non-zero fashion on N(∗) for some i or j, then as it
factors through N(∗k ), we must have that N(∗k ) is non-zero. Therefore assume that
Aei ⊗k ej A acts as the zero functor for every i and j. Then the only 1-morphisms
in CA (∗, ∗) that act non-trivially on N(∗) are direct sums of 1∗ . In particular, if
N ∈N(∗) is indecomposable, then for any M ∈N(∗), M ∼
= N ⊕n for some n. But this
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is equivalent to the cell 2-representation for the trivial L -cell by a similar argument
to above.
It follows by Corollary 3.7 that there is only one equivalence class of simple transitive 2-representations on CA that is not equivalent to the identity cell
2-representation, and as we know that CA has a cell 2-representation for the maximal J -cell (which by assumption is distinct from {[1∗ ]}) the result follows. 
This leads to the main theorem of this section:
Theorem 3.12. Let A={Ai |i∈I} be a countable collection of basic self-injective connected ﬁnite dimensional k-algebras. Any non-zero simple transitive 2-representation of CA is equivalent to a cell 2-representation.
Proof. If A={k} then we are done by the proof of Proposition 3.11. Assume
that A= {k}. Let M be a simple transitive 2-representation of CA . Assume that
there is some j such that M(j)=0 and let i be such that M(i)= 0. Then
Ai eik ⊗k ejl Aj ⊗Aj Aj ejm ⊗k ein Ai ⊗Ai −
is the zero map for any primitive idempotents eik and any ein . But in particular
Ai eik ⊗k ejm Aj ⊗Aj Aj ejm ⊗k ein Ai ∼
= (Ai eik ⊗k ein Ai )⊕ dim ejm Aj ejm ,
and this implies that Ai eij ⊗k eim Ai ⊗Ai − is the zero map on M(i) for any j and
m. But by a similar argument to Proposition 3.11, this means M is equivalent to
a cell 2-representation for an identity cell. Thus if M is not equivalent to a trivial
cell 2-representation, it must follow that M is non-zero on every i.
Assume that M(j)= 0 for all j∈CA , and choose some i∈CA . By Proposition 3.11, every simple transitive 2-representation of CAi is equivalent to a cell
2-representation, and in particular there is only one equivalence class of simple transitive 2-representations that is not equivalent to the trivial cell 2-representation.
But as every simple transitive 2-representation of CA not equivalent to a trivial cell 2-representation is non-zero when it restricts down to CAi it follows from
Corollary 3.7 that there is only a single equivalence class of simple transitive 2-representations of CA not equivalent to a trivial cell 2-representation. Since CA has a
cell 2-representation for the maximal J -cell, the result follows. 
The above arguments in Proposition 3.11 and Theorem 3.12 do not depend on
the endomorphisms of 1i for any object i of C . Theorem 3.12 therefore generalises
without notable change to the following:
Corollary 3.13. Taking A={Ai |i∈I} as before, let X ={Xi |i∈I} be a collection of subalgebras Xi ⊆Ai as in Deﬁnition 3.8. Then any non-zero simple transitive
2-representation of CA,X is equivalent to a cell 2-representation.
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As a supplementary note, the method of the proof of Proposition 3.11 allows
us to give the following result:
Corollary 3.14. All non-trivial cell 2-representations of CA (respectively CA,X )
are equivalent.
There are times where we wish to consider the situation where the Ai are
m
not necessarily basic. Given a non-basic algebra Ai , let {e1i1 , ..., eni11 , e1i2 , ...enim
} be
p
k ∼
a complete set of idempotents of Ai such that Ai eij = Ai eil if and only if j =l.
Letting eb =e1i1 +e1i2 +...+e1im , we deﬁne the basic algebra Abi associated to Ai as
Abi =eb Ai eb (see [ASS06, Section I.6] for further discussion). Note that if Ai is basic,
then Abi =Ai .
Given a countable collection A={Ai }i∈I of self-injective connected ﬁnite dimensional k-algebras which are not necessarily basic, we deﬁne Ab ={Abi }i∈I and
consequently deﬁne CA :=CAb , the latter as deﬁned at the start of this section.

4. Locally weakly ﬁat 2-categories and their simple transitive
2-representations
We move on to extending results from the Mazorchuk–Miemietz series of papers
to the locally ﬁnitary case, with the eventual aim of generalising [MM16c, Theorem
18] to show that any simple transitive 2-representation of a strongly regular locally
weakly ﬁat 2-category is equivalent to a cell 2-representation. We note that here we
are using the projective fan Freyd abelianisation rather than the injective equivalent
as we did above. Many of the proofs of this section are straightforward generalisations of proofs found elsewhere in the literature; we will only provide proofs of
results that are novel or need a non-trivial amount of work to generalise; for the
others, we will merely provide the reference for the original result.
For the entirety of this section, we assume that C is a locally weakly ﬁat
2-category.

4.1. General properties of the abelianisation
We start by giving some general properties of the action of 1-morphisms of
C on its ith abelian principal 2-representation Pi . The isomorphism classes of
indecomposable projectives and simples are indexed by the isomorphism classes of
indecomposable 1-morphisms in C and we denote them as PF and LF respectively.
Lemma 4.1. Let F, G be indecomposable 1-morphisms of C . Then F LG = 0 if
and only if F ≤L G∗ .
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Proof. This is a generalisation of [MM11, Lemma 12]. Though the proof is
similar, we note that there are alterations needed due to how adjunctions work in
the (locally) weakly ﬁat case.
Assume that G∈C (i, j) and F ∈C (j, k). We note that F LG = 0 if and only
if there exists some indecomposable H ∈C (i, k) with HomC (i,k) (PH , F LG )= 0. We
have the adjunction
0 = HomC (i,k) (PH , F LG ) ∼
= HomC (i,j) ( ∗F ¨ HP1i , LG ),
and as ∗F ¨HP1i is projective and LG is simple, the above inequality is equivalent to
saying that PG =GP1i is a direct summand of ∗ F ¨HP1i , i.e. G is a direct summand
of ∗ F ¨H. This gives that ∗ F ≤R G, and applying −∗ gives us the result. 
We present the generalisations of [MM11, Lemma 13, Corollary 14].
Lemma 4.2. For F, K, H indecomposable 1-morphisms in C , [F LK :LH ]= 0
implies H ≤L K. If H ≤L K, there exists some indecomposable 1-morphism M ∈C
such that [M LK :LH ]= 0.
Corollary 4.3. Let F, G, H ∈S(C ). If LF occurs in the top or socle of HLG ,
then F ∈ LG .
Proposition 4.4. ([MM11, Proposition 17 a), b)]) Let L be an L -cell of C
with domain i.
• There is a unique submodule K =KL of P1i such that every simple subquotient
of P1i /K is annihilated by any F ∈ L and such that K has simple top LGL for some
GL ∈ L such that F LGL = 0 for any F ∈ L.
• For any F ∈ L, F LGL has simple top LF .
We call GL as the Duﬂo involution of L.
Proposition 4.5. ([MM11, Proposition 17 c), e)]) GL, G∗L ∈ L.
From this, if J is strongly regular and L⊆ J, then L∩ ∗L={GL}. For the
remainder of this subsection, we assume that J is a maximal and strongly regular
J -cell.
Lemma 4.6. For F, H ∈ J, there exists some non-negative integer mF,H such
that H ∗ ¨F ∼
= K ⊕mF,H , where {K}= RH ∗ ∩ LF .
Proof. This is a direct consequence of J being strongly regular and maximal
and of L -cells being closed under indecomposable summands of left 1-composition
and right cells under indecomposable summands of right 1-composition. 
Lemma 4.7. ([MM11, Lemma 26]) For any F ∈S(C ), F ∗ ∼J F .
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We move to consider the 2-representation M=CL, the abelianisation of the cell
2-representation for some L -cell L. We use PF , IF and LF to refer to projectives,
injectives and simples in M respectively. For the remainder of this section and
the following two we can assume, by quotienting C by the 2-ideal generated by
all idF such that F ≤ J (for J the J -cell containing L), that J is the unique
maximal J -cell of C (see Subsection 4.3 for more details). Further, we assume
that J is strongly regular. We give the generalisation of the ﬁrst parts of [MM16b,
Proposition 30]:
Proposition 4.8. The projective object PF is injective for any F ∈ L.
Proof. We mirror the proof for the above citation, with extra clarifying details.
By adjunction,
HomM(LGL , F ∗ LF ) ∼
= HomM(F LGL , LF ).
By Proposition 4.4, LF is the simple top of F LGL and hence the latter space is
non-zero and one-dimensional. Since LGL is simple, it follows that it injects into
F ∗ LF .
Let I be an injective object in some CL(i) and let LK be one of its simple
quotients with K ∈ L. Then LGL is a subquotient of the object K ∗ I which is injective
as K ∗ is exact. Using Lemma 4.1 and the strong regularity of J we have that
GLLH =0 unless H ∼
= GL. Therefore GLLH =0 unless H ∼
= GL. By Proposition 4.4,
GLLGL has simple top LGL and LGL appears in the top of the object GLK ∗ I, which
is injective as GL is exact. It follows that PF appears as a quotient, and thus a
direct summand, of F GLK ∗ I, which is injective as F is exact. The result follows.

Proposition 4.9. For any F ∈ L, F ∗ LF ∼
= IGL .
Proof. This is a generalisation of the proof of [MM16b, Proposition 30 iii)]. We
provide a few details to clarify for our situation. For any H ∈ L∩C (i, i), HomM(LH ,
F ∗ LF ) ∼
= HomM(F LH , LF ). Since J is strongly regular and L∩ ∗L={GL}, by
Proposition 4.4 it follows that HomC (i,j) (F LH , LF )= 0 only if H =GL, and thus the
same holds true in the quotient M. It also follows that dim HomC (i,j) (LGL , F ∗ LF )=
1. Therefore, LGL is the only simple that injects into F ∗ LF , and is further its simple socle. In particular, it follows that F ∗ LF is indecomposable. But the proof
of [MM16b, Proposition 30 ii)] generalises immediately to give that F ∗ LF has a
non-zero projective-injective summand, which must be IGL by construction, and
the result follows. 
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4.2. The regularity condition and some other results
We quote a classical result, [MM16c, Lemma 13].
Proposition 4.10. Let B be a ﬁnite dimensional k-algebra and G an exact
endofunctor of B −mod. Assume that G sends each simple object to a projective
object. Then G is a functor isomorphic to tensoring with a projective bimodule
(which we call a projective functor).
Proposition 4.11. Let J be a strongly regular J -cell, and let m: J→Z+
be deﬁned as ∗ F ¨F ∼
= H ⊕mF ⊕K, with no indecomposable direct summands of K
belonging to J. Then m is constant on R-cells of J.
Proof. This is a generalisation of [MM16b, Proposition 1], and we mirror the
proof therein. Let L be an L -cell in J and let CL and CL be the corresponding
cell 2-representation and its abelianisation respectively. For F, H ∈ L, by Lemma 4.1
and Proposition 4.5 we can immediately derive that F LH ∼
= PF if H ∼
= GL and zero
otherwise. Since every element of L has the same source object, we can apply
Proposition 4.10 which gives that, for each F ∈ L, CL(F ) is an indecomposable
projective functor.
For each j∈C , let Aj denote the basic algebra such that CL(j) is equivalent
to Aj -mod. Let {ej1 , ..., ejnj } be a complete set of pairwise orthogonal primitive
idempotents in Aj . Then without loss of generality, each CL(F ) is the projective
functor Aj ejs ⊗k ei1 Ai ⊗Ai − for some s∈{1, ..., nj }.
It follows from Proposition 4.8 that Aj is self-injective when J is maximal.
There is thus some permutation σj ∈Snj such that (ejs Aj )∗ ∼
= Aj ejσj (s) . It follows
that CL(F ∗ ) is the projective functor Ai eiσi (1) ⊗k ejs Aj ⊗Aj −. By taking the tensor
product, mF ∗ =dim(ei1 Ai eiσi (1) ) which is independent of the choice of F ∈ L. Since
F → F ∗ is a bijection from L to the R-cell of J containing G∗L, m is constant on
the R-cell. But by Proposition 4.5 every R-cell contains a Duﬂo involution, and
hence the result follows. 
We can use this to derive the following:
Lemma 4.12. ([MM16b, Lemma 29]) For J a strongly regular maximal J -cell
in C and any F ∈ L F GL ∼
= F ⊕mGL .
4.3. Restricting to smaller 2-categories
Let C be a locally weakly ﬁat 2-category and let J be a strongly regular J -cell
of C . We deﬁne the 2-ideal I≤J of C to be generated by 2-morphisms idF for
F ≤J J. We also deﬁne I≤J to be the maximal 2-ideal of C such that idF ∈
/ I≤J for
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any F ∈ J. We deﬁne 2-categories C≤J:=C / I≤J and C≤J:=C / I≤J. We also deﬁne
C≤JJ to be the sub-2-category of C≤J closed under direct sums and isomorphisms
and generated by the 1i for i∈C and by F ∈ J.
Lemma 4.13. I≤J⊆ I≤J.
/ I for any F ∈ J.
Proof. By the deﬁnition of I≤J it suﬃces to show that idF ∈
n ≤J
Assume otherwise for contradiction. Then for some F ∈ J idF = k=1 fk mk gk where
mk :Gk →Gk , Gk ≤ J, gk :F →Gk , fk :Gk →F for all k.
Since F is indecomposable, by a categorical variant of [ASS06, Corollary I.4.8],
for each k either fk mk gk is nilpotent or it is an automorphism. If fk mk gk is nilpotent
for all k, then as nilpotent morphisms form an ideal so is idF , a contradiction.
Therefore there exists some k such that fk mk gk is an automorphism, say with
inverse h. But then (hfk mk )gk =idF ⇒F ∼
/ J,
= Gk and by construction F ∈ J and Gk ∈
a contradiction. The result follows. 
Proposition 4.14. The image of J remains a J -cell in C≤JJ.
Proof. Let L be a left cell in J and let F ∈ L. We ﬁrst note that, by Lemma 4.13,
idF ∈
/ I≤J for any F ∈ J, and so EndC J (F )= 0, and hence F = 0 in C≤JJ. For the Du≤J
J
ﬂo involution GL of L we know by strong regularity of J that F GL ∼
= F ⊕m in C for
≤J

some positive m. Since the composition of the injection 2-morphism F →F GL with
the projection 2-morphism F GL →F is idF , the direct sum structure is preserved
in C≤JJ and so GL ≤L F in C≤JJ.
Conversely, again by strong regularity of J, F ∗ F ∼
= (G∗L)⊕n for some positive
J
n in C≤J, and consequently by a similar argument to above F ≤L G∗L in C≤J and
L is contained in an L -cell in C≤J. But it is immediate from the deﬁnitions that
if F ≤L H in C≤J, then F ≤L H in C and thus L is precisely an L -cell in C≤J.
Applying adjunctions gives the corresponding result for right cells and the result
follows. 
For an L -cell L of J we recall the ﬁnitary 2-representation NL :C →Afk given


by NL(j)=add{F X|F ∈ k∈C C (k, j), X ∈ L} and set NL = j∈C NL(j), with the
class of morphisms Ar(NL).
J
f
We deﬁne two 2-representations of C≤J. First let N≤
L :C≤J→Ak be deﬁned

≤J
by NL (j)=add{F X|F ∈ k∈C C≤J(k, j), X ∈ L}. We deﬁne the 2-representation
NL/ I≤J by setting
(NL/ I≤J)(j) = NL(j)/(Ar(NL)∩ I≤J(i, j)),
where i is the source object of L, with the obvious induced action of C≤J.
J
Lemma 4.15. N≤
L and NL/ I≤J are equivalent as 2-representations of C≤J.
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Proof. By construction there is a bijection between objects of NL≤J and NL/ I≤J
and it suﬃces to show that for F, G∈NL(j),
∼ HomN /I (F, G).
HomN≤J (F, G) =
L
≤J
L

But
HomNL/I≤J (F, G) = HomNL (F, G)/(HomNL (F, G)∩ I≤J(i, j)
∼
= HomC (F, G)/(HomC (F, G)∩ I≤J(i, j))
= HomC≤J (F, G)
∼
= HomN≤J (F, G)
L

as required.



By Proposition 4.14 J descends to a J -cell of C≤JJ, which we will also denote
J
by J. We can thus deﬁne the 2-representation NJ
L of C≤J in the standard fashion.
J
J
We can consider N≤
L as a 2-representation of C≤J by restriction. We deﬁne the

J
2-representation (NL)J of C≤JJ as the full sub-2-representation of N≤
L generated
by F ∈ J and closed under isomorphism.
J
J
Lemma 4.16. NJ
L is equivalent to (NL) as 2-representations of C≤J.

Proof. By construction, if we have 1-morphisms F, G∈C≤JJ such that F, G∈ NLJ
and F, G∈(NL)J then
∼ Hom(N )J (F, G)
HomNJ (F, G) =
L
L

and thus it suﬃces to demonstrate an essential bijection between objects in the
component categories of the 2-representations.
If F ∈NJ
then F is a direct summand of GX for some
L(j) is indecomposable,

X ∈ L and some G∈ k∈C C≤JJ(k, j). But then G is a direct sum of elements of J

and thus F ∈ J. As we can also consider G to be in k∈C C≤J(k, j), it follows that
F ∈(NL)J(j).
Conversely, let F be an indecomposable object in (NL)J(j). Then F ∈ J and

F is a direct summand of GX for some X ∈ L and G∈ k∈C C≤J(k, j). Hence
X ≤L F . But by the deﬁnition of a strongly regular J -cell, diﬀerent left cells of
J are incomparable under ≤L . Thus we must have that F ∼L X and F ∈ L. But
then F is a direct summand of 1j F and since 1j ∈C≤JJ, the result follows. 
We now consider the cell 2-representations. Let CL denote the 2-representation
of C corresponding to L. This corresponds to the quotient of NL by the maximal
≤J
C -stable ideal KL not containing idF for any F ∈ L. We deﬁne similar ideals KL
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J
≤J
J
J
J
and KL
of N≤
L and NL respectively. We let CL and CL denote the respective
cell 2-representations.

Lemma 4.17. NL(j)∩ I≤J(i, j)⊆ KL.
Proof. By the construction of KL, it suﬃces to show that idF ∈N
/ L(j)∩ I≤J(i, j)
for any F ∈ L. But if idF ∈NL(j)∩ I≤J(i, j) for some F ∈ L⊆ J, then in particular
idF ∈ I≤J(i, j) for some F ∈ J, which we showed was a contradiction in the proof of
Lemma 4.13, and we are done. 
Proposition 4.18. CL has a natural structure of a C≤J 2-representation, and
J
≤J
further is equivalent to C≤
L as 2-representations of CL .
Proof. By Lemma 4.17, quotienting NL by KL factors through quotienting by
NL ∩ I≤J, giving the ﬁrst statement. For the second, by Lemma 4.15 NL/ I≤J is
J
≤J
equivalent to N≤
J . It thus suﬃces to show that KL is the image under this
equivalence of the image of KL in the quotient.
Let σ: NL → NL/ I≤J denote the canonical quotient functor. It is straightfor≤J
ward to see that the preimage Q of KL
is a C -stable ideal of NL. We will show
that Q ⊆ KL. Assume for contradiction that idF ∈ Q for some F ∈ L. Since idF ∈
/ I≤J
≤J
by the proof of Lemma 4.13, this implies that idF ∈ KL
, a contradiction. Therefore
≤J
Q does not contain idF for any F ∈ L, and thus Q ⊆ KL. Hence KL
⊆σ(KL). But
≤J
by deﬁnition idF ∈σ(
/ KL) for any F ∈ L. Therefore by deﬁnition σ(KL)⊆ KL
and
the result follows. 
J
J
The cell 2-representation C≤
L has the structure of a 2-representation of C≤J
J
by restriction, and we can take the full sub-2-representation (CL) where the generating objects in the component categories are those in J.
J
Proposition 4.19. (CL)J is equivalent to CJ
L as 2-representations of C≤J.
≤J
Proof. By Lemma 4.16 it suﬃces to prove that the restriction (KL)J of KL
J
J
J
to (NL) is equal to KL. By construction idF ∈(
/ KL) for any F ∈ L, and thus
J
J
(KL)J⊆ KL
. It remains to show that KL
⊆(KL)J.
J
J
Let Q denote the C≤J-stable ideal of N≤
L generated by KL. We will show
≤J
that Q ⊆ KL . Assume for contradiction that idF ∈ Q for some F ∈ L. Then using a
J
similar component argument to previous proofs, we have that idF =βN≤
L (K)(γ)α,
J
where γ :G→H is in KL, K ≤J J, α:F →KG and β :KH →F . We immediately see
that F is a direct summand of KG and KH.
Let S ∈ J be a 1-morphism such that SF = 0 in C≤J, which exists as J is
strongly regular. Then idSF =S(idF )=S(β)SK(γ)S(α). But for a indecomposable summand V of SF , V ≥J S, and as SK = 0, it follows that V ∈ J. Hence by
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pre- and post-composing with injection and projection 2-morphisms it follows that
idV =β  SK(γ)α for some β  and α . Without loss of generality V ∈ L (e.g. by taking S =GL), and by a similar argument to before every indecomposable summand of
≤J
J
J
SK is in J. Hence idV ∈ KL
, a contradiction. Hence Q ⊆ KL
, and thus KL
⊆(KL)J
and the result follows. 
Corollary 4.20. The restriction of the cell 2-representation CL of C to C≤JJ
is the corresponding cell 2-representation.
Proof. This is a direct consequence of combining Proposition 4.18 and Proposition 4.19 given Proposition 4.14. 
4.4. J-simple, J-full and almost algebra 2-categories
In this section we will prove the following theorem:
Theorem 4.21. Let C be a locally weakly ﬁat 2-category with J a strongly
regular J -cell in C and L a L -cell in J. Then for F ∈ L and H ∈ J, HLF is

either zero or an indecomposable projective in CL(i).
We need a supplementary lemma.
in

Lemma 4.22. Let F, H ∈ J. Then HLF is either zero or injective-projective

j∈C CL(j).

Proof. If HLF = 0, then by a variant of Lemma 4.1 F ∗ and H are in the same
L -cell, and hence HLF is a direct summand of KF ∗ LF for some K by strong
regularity of J. By Proposition 4.8 and Proposition 4.9 this is projective-injective.

Proof of Theorem 4.21. To prove the theorem given Lemma 4.22 it suﬃces to
prove that HLF is indecomposable. This is an immediate generalisation of parts
(iv) and (v) of [MM16b, Proposition 30], using Proposition 4.11, giving the result.

Deﬁnition 4.23. Let C be a locally ﬁnitary 2-category and M a 2-representation of C . We say that M is 2-full if for any 1-morphisms in C the representation
map HomC (F, G)→HomX (MF, MG) is surjective, where X is the target 2-category
of M. For a J -cell J of C , we say M is J-2-full if for every F, G∈ J, the representation map is surjective.
Deﬁnition 4.24. Let C be a locally weakly ﬁat 2-category and let J be a
non-trivial J -cell in C . C is J-simple if every non-trivial 2-ideal of C contains idF
for some F ∈ J.
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For this section, we will assume that C is a locally weakly ﬁat 2-category with
a unique non-trivial J -cell J, that C is J-simple, and that J is strongly regular.
Let M=CL, the abelian cell 2-representation for some left cell L⊆ J. We
recall from Deﬁnition 3.8 the construction CA,X , a locally weakly ﬁat 2-category
associated to a family of basic self-injective connected ﬁnite dimensional algebras
{Ai |i∈I} with certain subalgebras Xi . We give the generalisation of [MM16a,
Theorem 13].
Theorem 4.25. C is biequivalent to CA,X for some A and X.
Proof. We start by generalising the proof of [MM16a, Theorem 13], with some
extra detail for clarity. For i∈C , let Ai be a basic connected ﬁnite dimensional
k-algebra such that M(i) is equivalent to Ai -mod. Letting Zi be the centre of Ai ,
we deﬁne Xi :=M(EndC (1i ))⊆Zi . We can deﬁne an action of M(F ) on CA,X for
F ∈ J using the equivalence between M(i) and Ai -mod. Then by the deﬁnition of
the cell 2-representation, each M(F ) for F ∈ J is a projective functor in End(M),
and since each M(1i ) acts as the identity, this implies that M factors through
CA,X , and thus M corestricts to a 2-functor from C to CA,X . By construction M
is surjective up to equivalence on objects (and indeed is bijective on objects).
We will show that each
Mi,j : C (i, j) −→ CA,X (i, j)
is an equivalence. Since C is J-simple it follows that Mi,j is faithful. To show
that Mi,j is essentially surjective on 1-morphisms, by construction a 1-morphism
in CA,X is equivalent to tensoring with a projective (Ai -Aj )-bimodule. In particular, any indecomposable (Ai -Aj )-bimodule will take a simple module to either
zero or to an indecomposable projective module. But by the construction of CA,X
and Theorem 4.21 these are precisely M(F ) for F indecomposable, giving essential
surjectivity.
By the construction of CA,X , M is surjective when applied to EndC (1i ). For
any other hom-space HomC (F, G) with F, G= 1i , by the deﬁnition of J-2-fullness,
it clearly suﬃces to show that M is J-2-full. We will do this and show the remaining
cases as a three step process: we will show that
HomC (GL, 1i ) −→ HomM(i) (M(GL), M(1i ))
is surjective for the Duﬂo involution GL, that this implies surjectivity for any
HomC (F, 1j ) −→ HomM(j) (M(F ), M(1j ))
and then derive that each Mi,j is indeed full.
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These three steps are the generalisations of [MM16a, Theorem 9] (speciﬁcally
the proof of that Theorem), [MM16a, Proposition 6] and [MM16a, Corollary 8]
respectively. To give the generalisations, we thus ﬁrst need to generalise [MM16a,
Lemma 7]. While this is a 1-categorical statement, the way in which we use it
requires us to give a slight generalisation and thus manipulate the proof:
Lemma 4.26. Let A be a countable product of ﬁnite dimensional connected
k-algebras and let e and f be primitive idempotents of A. Assume that F is an exact
endofunctor of A-mod such that F Lf ∼

= Ae and F Lg =0 for any other simple Lg ∼
=
Lf . Then F is isomorphic to the functor F  given by tensoring with the bimodule
Ae⊗k f A, and moreover
∼ HomA (Ae, Af ).
HomRk (F, idA- mod ) =
Proof. As e and f are primitive idempotents, they each belong to Ae and Af
for connected ﬁnite dimensional components Ae and Af of A. Thus without loss of
generality we can restrict F to A -mod, where A =Ae ×Af , which is a connected
ﬁnite dimensional algebra. Hence we can apply the original form of the lemma in
[MM16a] and the result follows. 
Using Lemma 4.26 and Proposition 4.4 we can generalise the proof of [MM16a,
Theorem 9] directly, since it is a local proof which does not use any properties of
involutions. We give our version of that result:
Proposition 4.27. The representation map
HomC (GL, 1i ) −→ HomM(i) (M(GL), M(1i ))
is surjective.
However, the proofs of [MM16a, Proposition 6, Corollary 8] do use that −∗ is
an involution in that paper. For Proposition 6 we will give an adaptation of the
whole proof, reworked to avoid the involution issues.
Proposition 4.28. Assuming that the representation map
HomC (F, 1j ) −→ HomM(j) (M(F ), M(1j ))
is surjective for F =GL and j=i, then it is surjective for any F ∈ J and any corresponding j.
Proof. Without loss of generality F ∈C (j, j). Let H, K ∈ L for some left cell
L of J and assume that H, K ∈C (j, k). By strong regularity HK ∗ ∼
= aX for some
X ∈ J and some non-negative integer a. Since J consists of a single D-cell, we can
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vary H and K over L to get any element of J, and in particular we can choose
H and K such that HK ∗ ∼
= aF for some non-negative integer a. To show that
HK ∗ = 0, note K ∗ LK ∼
= IGL ∈CL(j) by Proposition 4.9 (which still applies to the
cell 2-representation case) and further HIGL = 0 as HLGL = 0 by Proposition 4.4. It
follows that HK ∗ = 0.
Similarly, ∗ KH ∼
= bGL for some non-negative integer b. In addition, since −∗ is
an anti-auto-equivalence, it follows that
∼ HomC (K ∗ , H ∗ ).
HomC (H, K) =
Applying adjunctions, we have that
HomC (H, K) ∼
= b HomC (GL, 1i ),

∼ a HomC (F, 1j ).
HomC (K ∗ , H ∗ ) =

Evaluating HomC (H, K) at LGL is surjective, and thus
HomM(j) (HLGL , KLGL ) ∼
= b HomM(i) (GLLGL , LGL ).
Applying Proposition 4.4 gives that GLLGL has simple top LGL . Therefore the space
HomM(i) (GLLGL , LGL ) is one-dimensional and
b = dim HomM(j) (HLGL , KLGL ).
Let Lj denote a multiplicity-free direct sum of all simple modules in M(j). By
adjunction HomM(i) (K ∗ Lj , H ∗ Lj ) ∼
= a HomM(j) (F Lj , Lj ). It follows from Lemma 4.1
∗
that K LQ = 0 for Q∈ L if and only if Q is in the same right cell as K. But then
by strong regularity K ∼
= Q. Thus by Proposition 4.9 K ∗ Lj ∼
= IGL . By a similar
∗
∼
argument H Lj = IGL and the left side of the above isomorphism is isomorphic to
EndM(i) (IGL ).
As F is a direct summand of HK ∗ , it follows that LK is the only summand
of Lj not annihilated by F . By Theorem 4.21 F LK is an indecomposable projective in M(j), and thus by strong regularity we must have F LK ∼
= PH . Therefore
dim HomM(j) (F Lj , Lj )=1 and a=dim EndM(i) (IGL ).
From Lemma 4.22 it follows that HLGL is an indecomposable projective in M
with simple top LH , and is thus isomorphic to PH . It follows that IGL ∼
= PG∗L . Using
Proposition 4.27 we can apply Lemma 4.26 to HomC (GL, 1i ), and consequently
HomC (GL, 1i ) ∼
= EndM(i) (PGL ).
We now show that dim EndM(i) (PGL )=dim EndM(i) (PG∗L ). Take some ﬁnite
dimensional k-algebra A such that M(i) is equivalent to A-mod. We can thus
consider PGL to be isomorphic to AeGL for some idempotent eGL of A. Hence
EndM(i) (PGL ) ∼
= EndA- mod (AeGL ) ∼
= eGL AeGL .
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But on the other hand
∼ Endmod -A (eG A) =
∼ EndA- mod (Aeσ(G ) ),
EndA- mod (AeGL ) =
L
L
where σ is the permutation deﬁned by the weakly ﬁat structure on C . But by this
same structure eσ(GL) =eG∗L , i.e. Aeσ(GL) is isomorphic to PG∗L .
We thus have that
dim HomC (G, 1i ) = dim EndM(i) (PGL ) = dim EndM(i) (PG∗L ).
Using the above results and Lemma 4.26, we have
dim HomC (H, K) = dim HomM(j) (HLGL , KLGL ) dim EndM(i) (PG∗L )
= dim HomM(j) (PH , PK ) dim EndM(i) (PG∗L )
and
dim HomC (K ∗ , H ∗ ) = dim HomC (F, 1i ) dim EndM(i) (IGL )
= dim HomC (F, 1i ) dim EndM(i) (PG∗L ).
As C is J-simple,
dim HomC (F, 1j ) ≤ dim HomRk (M(F ), M(1j ))
and applying Lemma 4.26 we see the latter is equal to dim HomM(j) (PH , PK ). Dividing by EndM(i) (PG∗L ),
dim HomM(j) (PH , PK ) = dim HomC (F, 1i )
≤ dim HomRk (M(F ), M(1j ))
= dim HomM(j) (PH , PK )
where the last equality follows by applying Lemma 4.26. Therefore
dim HomC (F, 1i ) = dim HomRk (M(F ), M(1i )).
Since the representation map is injective by J-simplicity of C , we get surjection
and the result is proved. 
Lemma 4.29. Let H, K ∈ J∩C (j, k). If the representation map
HomC (GL, 1i ) −→ HomM(i) (M(GL), M(1i ))
is surjective, then so is the representation map
HomC (H, K) −→ HomM (M(H), M(K)).
Proof. The proof is mostly an immediate generalisation of the one for [MM16a,
Corollary 8], except that ∗ KH needs to be read for K ∗ H. 
From this it follows immediately that M is J-2-full and each Mij is full. Therefore the main theorem is proven. 
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4.5. Reducing to the J-simple case
We will assume for this subsection that C is a strongly regular locally weakly
ﬁat 2-category.
Lemma 4.30. Let M be a simple transitive 2-representation of C . Then there
exists some strongly regular J -cell J such that M factors over C≤J and the reJ
striction MJ
≤J of this to C≤J is still simple transitive.
Proof. The ﬁrst part of the proof of [MM16c, Theorem 18], which generalises
immediately to our setting, gives that M has an apex (as in Deﬁnition 2.21), which
we denote by J. If F is a 1-morphism of C such that F is not annihilated by M,
then consider the J -cell K containing F . As J -cells are partially ordered by ≤J ,
we must have that K≤J J. Therefore passing to C≤J we can assume that J is the
unique maximal J -cell of C .
J
We note that M restricts to a 2-representation MJ
≤J of C≤J. The argument
given in the proof of [MM16c, Theorem 18] generalises immediately to the locally
weakly ﬁat case, and it follows that MJ
≤J is simple transitive as required. 
By construction, C≤JJ has J as its unique maximal J -cell. We now give the
following generalisation of [MM14, Lemma 18]:
Lemma 4.31. There is a unique 2-ideal I of C≤JJ such that C≤JJ/I is J-simple.
Proof. The proof of this result generalises immediately from that of [MM14,
Lemma 18]. 
We let CJ denote this quotient. We denote by MJ the restriction of M to CJ
(with MJ the corresponding coproduct category). We claim that MJ is a transitive
2-representation of CJ. To see this, we ﬁrst note that since J is the unique maximal
J -cell not annihilated by M, it follows immediately that ker(M)⊆ J. Second,
let N ∈ MJ, and let F ∈ J. Since M is a transitive 2-representation, any M ∈ M is
isomorphic to a direct summand of GF N for some 1-morphism G∈C . But by the
construction of J -cells, all indecomposable summands of GF are in J, and thus
GF ∈CJ and hence MJ is indeed transitive.
As CJ is a J-simple category with a unique non-trivial two-sided ideal, it is
biequivalent to CA,X for some A and X. By a simple generalisation of a previous
result, any simple transitive 2-representation of any CA,X is equivalent to a cell
2-representation. We thus have that MJ is equivalent to (CL)J for some L -cell
L of J. We now provide a lemma that, along with Lemma 4.30, will allow us to
generalise [MM16c, Theorem 18]:
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Lemma 4.32. If M is a simple transitive 2-representation of C such that MJ
is equivalent to some cell 2-representation of CJ, then M is equivalent to some cell
2-representation of C .
Proof. The second half of the proof of [MM16c, Theorem 18] generalises immediately. 
Hence we have:
Theorem 4.33. Any simple transitive 2-representation of C is equivalent to
a cell 2-representation of C .
Proof. This is an immediate consequence of applying Lemma 4.32 to the result
of Lemma 4.30. 

5. An application: cyclotomic 2-Kac–moody algebras
We present an application for this theory, which is a much larger class of
cyclotomic 2-Kac–Moody algebras than have previously been accessible by this style
of theory.
5.1. Khovanov–Lauda–Rouquier algebras
We review some notation for Khovanov–Lauda–Rouquier (KLR) algebras. The
original constructions in this subsection come from [KL09] and [Rou08], but the
speciﬁc notation below is based on the notation found in [KK12] and [HK02], which
works better for our setup. Let
(A, P, Π = {αi |i ∈ I}, P ∨ , Π∨ = {αi∨ |i ∈ I})
be a Cartan datum. We denote the set of dominant integral weights by P + . Given
an algebraically closed ﬁeld k, let R(n) denote the KLR algebra of degree n over k
associated to the above Cartan datum, as deﬁned in e.g. [KK12, Section 3].
n
We divide I n into disjoint subsets by choosing some weight β = i=1 αi and

setting I β ={ν ∈I n |αν1 +...+ανn =β}. Notating e(β)= ν∈I β e(ν), we thus deﬁne
R(β)=R(n)e(β). Finally, we deﬁne

e(β, i) =
e(ν) ∈ R(β +αi ),
ν∈I β+αi ,νn+1 =i

e(i, β) =


ν∈I β+αi ,ν1 =1

e(ν) ∈ R(β +αi ).
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We can apply a Z-grading on R(n) via deg e(ν)=0, deg xk e(ν)=(ανk |ανk ) and
deg τl e(ν)=−(ανl |ανl+1 ). We denote the grading shift of degree i of a module M
by M i, where (M i)j =Mj−i .
For this paper we will be working with cyclotomic KLR algebras. Let Λ∈P + .

hν ,Λ
For 1≤k≤n, we can deﬁne aΛ (xk )= ν∈I n xk k e(ν)∈R(n).
Deﬁnition 5.1. The cyclotomic Khovanov–Lauda–Rouquier algebra RΛ (β) of
Λ
weight β at Λ is deﬁned as the quotient algebra RΛ (β)= R(β)aR(β)
Λ (x )R(β) , with R (0)=
1
k.
Deﬁnition 5.2. For each i∈I, we deﬁne functors
EiΛ : RΛ (β +αi )- Mod −→ RΛ (β)- Mod
FiΛ : RΛ (β)- Mod −→ RΛ (β +αi )- Mod
by
EiΛ (N ) = e(β, i)N = e(β, i)RΛ (β +αi )⊗RΛ (β+αi ) N
EiΛ (f ) = e(β, i)f = ide(β,i)RΛ (β+αi ) ⊗f
and
FiΛ (M ) = RΛ (β +αi )e(β, i)⊗RΛ (β) M
FiΛ (g) = idRΛ (β+αi )e(β,i) ⊗g.
We notate e(β, i)RΛ (β +αi ) as ei and RΛ (β +αi )e(β, i) as fi .
As noted in [KK12, Section 4], we often apply a grading shift of 1−hi , Λ−β
(or scalar multiples thereof) to ei , which will allow us later to consider adjunctions
in a fashion that are compatible with the grading, which will be very useful in
Subsection 6.6.
We now give a useful result from [KK12]:
Theorem 5.3. ([KK12, Theorems 5.1, 5.2]) Let λ=Λ−β. We have the following isomorphisms of RΛ (β) modules. For j = i, there exists a natural isomorphism
∼
FjΛ EiΛ −(αi |αj ) −→EiΛ FjΛ . If i=j we have one of two cases:
• If hi , λ≥0,
hi ,λ −1

FiΛ EiΛ −(αi |αi )⊕



∼

1λ k(αi |αi ) −→ EiΛ FiΛ .

k=0

• If hi , λ≤0,
∼

FiΛ EiΛ −(αi |αi ) −→

− hi ,λ −1


k=0

1λ −(k−1)(αi |αi )⊕EiΛ FiΛ .
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5.2. Cyclotomic 2-Kac–Moody algebras
Let Uq (g) be the quantum group associated to a Kac–Moody algebra with U̇q (g)
Lusztig’s idempotent completion, let Λ∈P + and let V (Λ) be its irreducible highest
weight module (see e.g. [HK02, Sections 2, 3] for details). We then categorify the
endomorphisms of its highest-weight module, following the original deﬁnition in
[Web17], as the 2-category UΛ :
• The objects of UΛ are the weights λ such that V (Λ)λ = {0}. Writing λ=Λ−β
for some β, we identify these with (small categories equivalent to) the module
categories RΛ (β)-proj.
• The 1-morphisms of UΛ are direct summands of direct sums of the identity
1-morphisms and of compositions of 1-morphisms isomorphic to functors formed
by tensoring with tensor products of (grade-shifts of) the ei and fi as deﬁned in
Deﬁnition 5.2 (at any weight β below Λ). Following that section, we denote the
functor given by tensoring with ei g by EiΛ g and the functor given by tensoring
with fi g as FiΛ g.
• The 2-morphisms are the bimodule homomorphisms between the bimodules
that correspond to the 1-morphisms. This implies that, for any UΛ (λ, μ), the spaces
of 2-morphisms are ﬁnite dimensional.
Deﬁnition 5.4. We call this construction the cyclotomic 2-Kac–Moody category of weight Λ associated to a Kac–Moody algebra U (g).
Theorem 5.5. UΛ is a locally ﬁat 2-category.
Proof. We begin by showing that UΛ is a locally ﬁnitary 2-category. To do
this, we wish to show UΛ (λ, μ)∈Afk for all weights λ and μ. We already have that
the (2-)morphisms form a ﬁnite dimensional space and as RΛ (β) is indecomposable
for all β, 1λ is indecomposable for all λ. It thus remains to show that there are only
ﬁnitely many isomorphism classes of indecomposable objects. The objects for this
category are generated by products and direct summands of the EiΛ 1ζ and the FiΛ 1ζ
for arbitrary weights ζ. Let Q:λ→μ be a general 1-morphism. We wish to show that
Q∈add({FiΛ1 ...FiΛl 1λ }∪{FjΛ1 ...FjΛm EkΛ1 ...EkΛn 1λ }∪{δλμ 1λ }) for some choice of ix , jy
and kz .
∼

If Q is of the form M1 EiΛ FjΛ M2 −→M1 EiΛ FjΛ 1ε M2 for some products M1 and
∼
M2 and some weight ε, then if i= j, M1 EiΛ FjΛ M2 −→M1 FjΛ EiΛ M2 . If i=j then we
can use Theorem 5.3 and the fact that composition distributes over direct sums to
get one of the two following cases, depending on ε:
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• If hi , ε≥0,
hi ,ε −1

∼

M1 EiΛ FiΛ M2 −→ M1 FiΛ EiΛ M2 −(αi |αi )⊕



M1 M2 k(αi |αi ).

k=0

• If hi , ε≤0,
− hi ,ε −1

M1 EiΛ FiΛ M2 ⊕



M1 M2 −(k−1)(αi |αi )

k=0
∼

−→ M1 FiΛ EiΛ M2 −(αi |αi ).

In the second case, Q=M1 EiΛ FiΛ M2 ∈add(M1 FiΛ EiΛ M2 ), while in the ﬁrst case
Q∈add({M1 FiΛ EiΛ M2 , M1 M2 }).
Let R be some formal product of the EiΛ and the FiΛ , which we will notate as R=Tj0 EiΛ1 Tj1 EiΛ2 ...EiΛn Tjn , where each Tjk is a possibly empty product of
the FiΛ . If Tjq =FqΛ1 ...FqΛl , we let |Tjq |=l. Deﬁne the ﬁnite non-negative integer
 n n
Len(R)= m=1 q=m |Tjq |, the length of R. Note that if Tjk =0 for all k>0, which
corresponds to R=FiΛ1 ...FiΛn EjΛ1 ...EjΛm for m, n≥0, then Len(R)=0. Further,
Len(Q) = Len(M1 EiΛ FjΛ M2 ) = Len(M1 FjΛ EiΛ M2 )+1
and Len(Q)>Len(M1 M2 ). Finally, if Len(Q)>0, there exists a subproduct EiΛ FjΛ
somewhere in Q, and we can apply one of the above operations to it. If Len(Q)>0,
Q is thus contained in the additive closure of ﬁnitely many 1-morphisms of strictly
lesser length, and as length is non-negative, proceeding recursively will terminate
in ﬁnite time, giving the claim.
We claim that there are only ﬁnitely many FiΛ1 ...FiΛl 1λ :λ→μ and only ﬁnitely
many FjΛ1 ...FjΛm EkΛ1 ...EkΛn 1λ :λ→μ. For the ﬁrst case, given FiΛ 1λ takes λ to λ−αi ,
a simple combinatorial argument shows there can only be ﬁnitely many of them
from λ to μ.

For the FjΛ1 ...FjΛm EkΛ1 ...EkΛn 1λ , write λ=Λ− i bi αi , where all the bi are nonnegative. Then as the EiΛ move up the poset of weights, by a similar argument to
the previous one, there are only ﬁnitely many non-zero products EkΛ1 ...EkΛn 1λ :λ→δ
with Λ≥δ≥λ. Then by another similar argument, for any such δ there are only
ﬁnitely many possible products FjΛ1 ...FjΛm 1δ :δ→μ. Thus there are in total only
ﬁnitely many FjΛ1 ...FjΛm EkΛ1 ...EkΛn 1λ :λ→μ as we required.
Each of these morphisms has a ﬁnite number of indecomposable direct summands. We thus ﬁnd that U (λ, μ) can only have ﬁnitely many isomorphism classes
of indecomposable objects. This gives the locally ﬁnitary structure.
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For the ﬁat structure, we prove that the 1-morphisms Ei and Fi have adjoints,
and the other 1-morphisms will be an immediate consequence through composition.
We claim that the adjoint of EiΛ 1λ z is FiΛ 1λ−αi z− (αi2,αi ) (1+αi , λ) and that
the adjoint of FiΛ 1λ z is EiΛ 1λ+αi z− (αi2,αi ) (1−αi , λ).
To see this, consider FiΛ =RΛ (β +αi )e(β, i)⊗RΛ (β) − and ignore grading for the
moment. The right adjoint of this is therefore HomRΛ (β+αi ) (RΛ (β +αi )e(β, i), −).
But since RΛ (β +αi )e(β, i) is projective over RΛ (β +αi ), this is isomorphic to
HomRΛ (β+αi ) (RΛ (β +αi )e(β, i), RΛ (β +αi ))⊗RΛ (β+αi ) −.
This is isomorphic to
Homk (RΛ (β +αi )e(β, i), k)⊗RΛ (β+αi ) −
because RΛ (β +αi ) is symmetric. But by another application of this symmetric
property, this is then isomorphic to e(β, i)RΛ (β +αi )⊗RΛ (β+αi ) −=EiΛ . Finally, the
grading is a consequence of the comment before Theorem 5.3. 
Further, this 2-category will turn out to be strongly regular. However, to prove
this we need to extend our deﬁnition of a cyclotomic 2-Kac–Moody algebra to a
wider setup. This deﬁnition is a generalisation of a construction from [MM16c,
Section 7.2].
Deﬁnition 5.6. Choose a set of positive weights Λ={Λ1 , ..., Λn }⊆P + . Without loss of generality we assume that Λi ≤ Λj for i= j. We deﬁne a 2-category UΛ ,
the truncated cyclotomic 2-Kac–Moody algebra, as follows:
(1) The objects of UΛ are ordered pairs (β, i) where β ∈Q+ and 1≤i≤n, modulo
an equivalence relation where (β, i)∼(γ, j) if Λi −β =Λj −γ.
(2) The 1-morphisms of UΛ are the additive closure of (grade shifts of) the
identity 1-morphisms and morphisms of the form EiΛ and FiΛ , as in the cyclotomic
2-Kac–Moody algebra case, with identical relations to that situation.
(3) The 2-morphisms are identical to the single weight deﬁnition (Deﬁnition 5.4).
We note that this 2-category is well-deﬁned. In addition, using the interchange
structure and Theorem 5.5 for distinct FiΛ and EjΛ , if (β, i) and (γ, j) are objects
of C such that there does not exist Λk with both Λi −β ≤Λk and Λj −γ ≤Λk , then
UΛ ((β, i), (γ, j))=UΛ ((γ, j), (β, i))=0. We also deﬁne the notation Λp as Λp ={λ|∃i,
∃β, λ=Λi −β}, the set of weights below at least one of the Λi . We also note that if
Λ={Λ1 }, then UΛ =UΛ as previously deﬁned.
That this 2-category is locally weakly ﬁat follows immediately from the above
considerations, since the internal adjoint 1-morphism and adjunction 2-morphisms
will remain identical to the traditional case. We will combine this with the following
result:
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Proposition 5.7. For any Λ, UΛ is strongly regular.
Proof. We mirror the proof for [MM16c, Theorem 21]. We ﬁrst consider the
J -cell JΛi containing 1Λi for some Λi ∈Λ. If we quotient out by the maximal 2-ideal
in UΛ which contains id1Λi but not any identity 2-morphisms for a 1-morphism not
in JΛi , the resulting 2-category is equivalent to one of the form UΘ , where Θ is
the unique set of highest weights such that Θp =Λp \{Λi } (see [DG17, Section 9] for
more details). It is thus suﬃcient to prove that JΛi is strongly regular.
Let L denote the L -cell of 1Λi . From the proof of Theorem 5.5, any element of L is in the additive closure of 1-morphisms of the form F1Λ ...FnΛ and
Λ
F1Λ ...FnΛ E1Λ ...Em
. But since any element of L must have source object Λi and any
Λ
morphism of the form F1Λ ...FnΛ EiΛ ...Em
with source object Λi must necessarily be
zero (as Λi is a highest weight in the 2-category), it follows that L consists of direct
summands of products of the Fi .
Let L be an indecomposable object in R0Λi -proj. Since R0Λi ∼
= k, we have that
L∼
= k. By [Rou08, Theorem 5.7] and [VV11, Theorem 4.4], the mapping that takes
an F ∈ L to F L induces a bijection between L and the set of isomorphism classes of


indecomposable objects in n≥0 RnΛi - proj. We deﬁne two algebras, A= n≥0 RnΛi

and B = n≥1 RnΛi . Since every element X ∈ L can be expressed as X1Λi and as
1Λi M =0 for any M ∈B-proj, it follows that XM =0 for any X ∈ L. We now consider
the (projective) abelianisation CL of the cell 2-representation for L.
By the construction of the abelianisation, CL(X) can be considered as a functor
from k-mod to RΛi (β)-mod for some positive weight β. This can consequently be
considered as an endofunctor of k×RΛi (β)-mod. Further, since the only projective
it is non-zero on is L, which it must take to an indecomposable projective, it follows
from [MM16c, Lemma 13] that CL(X) is an indecomposable projective endofunctor.
By consideration of sub-categories of the domain and of the range where this functor
acts trivially or does not map to respectively, we can indeed say that CL(X) is an
indecomposable projective functor from k-mod to A-mod. But by this projectivity,
for any Y ∈ L, CL(X ¨Y ∗ ) is also indecomposable.
We claim that this implies that X ¨Y ∗ is itself indecomposable. For assume that
X ¨Y ∗ ∼
= V ⊕W for non-zero V and W . Then without loss of generality CL(W )=0.
But since J is a maximal 2-sided cell, we must have for every indecomposable
summand W  of W that W  ∈ J. But then by construction, CL(W  )= 0 and hence
CL(W )= 0, a contradiction. The claim follows.
Hence the set {X ¨Y ∗ } is a set of indecomposables that forms a D-cell by
construction and hence by Theorem 2.14 is a J -cell that contains 1Λi , and thus is
equal to J. Now ﬁxing X and varying Y clearly gives a R-cell in J, and ﬁxing Y
and varying X gives an L -cell, and therefore this process must exhaust all such L -

160

James Macpherson

and R-cells. In particular, the intersection of any L -cell with any R-cell is thus a
unique element. Thus J is strongly regular, and the result follows. 
Theorem 5.8. Every simple transitive 2-representation of a truncated cyclotomic 2-Kac–Moody algebra is equivalent to a cell 2-representation.
Proof. By Theorem 5.5 and Proposition 5.7, a truncated cyclotomic 2-Kac–
Moody algebra is a strongly regular locally weakly ﬁat 2-category. Therefore applying Theorem 4.33 gives the result immediately. 

6. A specialisation to graded 2-categories
We now move to considering the graded setup. It is worth pointing out that
we are not considering the full generalisation of allowing inﬁnite-dimensional homspaces of 2-morphisms with ﬁnite dimensional graded components, as is common
in the literature; rather, we are considering locally ﬁnitary 2-categories which also
have a graded structure (as deﬁned in the following sections). For the rest of the
paper, we always take G to be a countable abelian group unless otherwise stated.
6.1. Initial deﬁnitions
We start by deﬁning G-graded (2-)categories and their G-envelopes, following
the ideas in [BD17, Section 3.5]. By a G-graded (k-)vector space, we mean a vector

space A with a direct sum decomposition A= g∈G Ag . There is a forgetful functor
from the category of graded k-vector spaces to the category of k-vector spaces that
forgets the grading. When we refer to isomorphisms of G-graded vector spaces,
we mean isomorphisms in the latter category under the forgetful functor, unless
otherwise indicated. If A is a G-graded vector space and g∈G, we denote by Ag
the G-graded vector space isomorphic to A such that Agh =Ah−g .
Deﬁnition 6.1. Let A be a G-graded k-algebra. We say that A is G-graded
ﬁnite dimensional if it has a G-grading A= g∈G Ag such that each Ag is ﬁnite
dimensional as a k-vector space. In particular, this implies that A0 is a ﬁnite
dimensional k-algebra.
Deﬁnition 6.2. The category k-ModG has as objects the G-graded k-vector
spaces, and as morphisms ﬁnite linear combinations of homogeneous linear maps
of arbitrary degree g∈G. We deﬁne the full subcategory k-Modgf
G to contain the
G-graded k-vector spaces that are G-graded-ﬁnite dimensional. We let k-ModG,0
and k-Modgf
G,0 denote the subcategories of the above categories with the same objects but with morphisms only those homogeneous linear maps of degree zero.
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Deﬁnition 6.3. We deﬁne a G-graded category to be a category enriched over
k-ModG,0 .
Deﬁnition 6.4. We deﬁne a G-graded ﬁnitary category to be an additive idempotent complete category enriched over k-Modgf
G,0 with a ﬁnite set of isomorphism
classes of indecomposable objects.
When G={e} is the trivial group, the above deﬁnition is precisely that of a
ﬁnitary category ﬁrst deﬁned in [MM11].
Deﬁnition 6.5. Let C be a G-graded category. We deﬁne its G-envelope C
as a category with objects deﬁned formally as symbols of the form Xg where X
is an object of C and g∈G. For notational convenience we set Xgh:=Xg+h.
We set hom-spaces as
Hom C(Xg, Y h) ∼
= Hom C(X, Y )h−g
with composition of morphisms is given by the obvious inheritance from C. If C is
a G-graded ﬁnitary category then we call C a G-ﬁnitary category.
We denote by idX,g :X →Xg the canonical isomorphism for any object X ∈ C
and any g∈G, which is homogeneous of degree −g with inverse idXg,−g .
Deﬁnition 6.6. Let C and D be G-ﬁnitary categories. A functor F : C→ D
is a G-graded functor if it respects the structure of the grading and the envelope.
Explicitly, this means the following:
• For X an object of C and g∈G, F (Xg)=F (X)g.
• For X and Y objects in C, FX,Y :HomC (X, Y )→HomD (F X, F Y ) is homogeneous of degree zero; that is, deg(F (α))=deg(α) for any homogeneous morphism
α.
Deﬁnition 6.7. Let k-CatG denote the category whose objects are G-graded
categories and whose morphisms are all G-graded functors between them. Let
k-Catgf
G denote the category whose objects are G-graded ﬁnitary categories and
whose morphisms are all G-graded functors between them.
Deﬁnition 6.8. We deﬁne a G-graded 2-category as a category enriched over
k-CatG . Explicitly, it has G-graded hom-spaces of 2-morphisms such that horizontal and vertical composition both respect degree. We deﬁne a locally G-graded
ﬁnitary 2-category to be a category with countably many objects enriched over
k-Catgf
G such that each identity 1-morphism is indecomposable.
Deﬁnition 6.9. Let C be a G-graded 2-category. We deﬁne the G-envelope
2-category C of C by taking the same objects as C , and deﬁning each homcategory C (i, j) as the G-envelope of the category C (i, j). We further require
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that composition respects the envelope; that is, for 1-morphisms Xg and Y h,
Xg¨Y h=(X ¨Y )g+h wherever this makes sense. We also deﬁne horizontal
and vertical composition of 2-morphisms as the obvious inheritance from composition in C . If C is a locally G-graded ﬁnitary 2-category, then we say that its
G-envelope is a locally G-ﬁnitary 2-category.
Again, if we take G={e} to be trivial, a locally G-graded ﬁnitary or locally
G-ﬁnitary 2-category is just a locally ﬁnitary 2-category in the sense of the previous
sections.
Deﬁnition 6.10. Let C be a locally G-ﬁnitary 2-category. If we have a
weak object preserving anti-autoequivalence −∗ such that for any 1-morphism X ∈
C (i, j) has natural homogeneous 2-morphisms α:X ¨X ∗ →1j and β :1i →X ∗ ¨X of
degree zero such that (α¨H idX )¨V (idX ¨H β)=idX and (idX ∗ ¨H α)¨V (β ¨H idX ∗ )=
idX ∗ , then we say that C is a locally weakly G-ﬁat 2-category. If −∗ is a weak
involution, we say that C is locally G-ﬁat.
6.2. 2-representations and ideals
We ﬁrst examine functors for the graded setup, again following [BD17].
Deﬁnition 6.11. Let C and B be locally G-ﬁnitary 2-categories. We say that
a strict 2-functor F :C →B is a G-graded strict 2-functor if each component functor
Fi,j :C (i, j)→B(F i, F j) is a G-graded functor.
Deﬁnition 6.12. Let C and B be locally G-ﬁnitary 2-categories, with strict
G-graded 2-functors P, Q:C →B. We deﬁne a G-graded 2-natural transformation
as a 2-natural transformation α:P →Q such that for each 1-morphism X ∈C , the
associated 2-morphism αX is of degree zero.
We denote by AG-gf
the 2-category which has as objects G-ﬁnitary categories,
k
as 1-morphisms k-linear additive G-graded functors, and as 2-morphisms natural
transformations of these. We will also be using the 2-category Rk as deﬁned in
Deﬁnition 2.1.
We now recall the deﬁnition of a 2-representation from [MM11], and give its
speciﬁcation to this setup.
Deﬁnition 6.13. Let C be a locally G-ﬁnitary 2-category. We deﬁne a G-ﬁnitary 2-representation to be a strict G-graded 2-functor from C to AG-gf
. An abelian
k
2-representation is a strict 2-functor from C to Rk .
We retain the notation for 2-representations, principal 2-representations etc.
from the locally ﬁnitary case. There are other concepts that we have previously
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deﬁned that still apply to our case - we retain the concepts of L -, R-, D- and
J -orders and cells, as well as the concept of strongly-regular cells. Ideals in
2-representations and 2-ideals also apply with no issues.
6.3. Degree zero sub-2-categories
We wish to generalise the idea of a coalgebra 1-morphism in the 2-category and
the related theory to locally G-ﬁnitary 2-categories. However, in general the method
of abelianisation given in [MMMT16] is not guaranteed to give an abelian category.
Explicitly, as was shown in [Fre66], the process of injective (respectively projective)
abelianisation given in [MMMT16, Section 3] results in an abelian (2-)category if
and only if the original (2-)category has weak kernels (respectively weak cokernels).
We instead consider locally restricted G-ﬁnitary 2-categories; that is, locally
G-ﬁnitary 2-categories where the hom-spaces of 2-morphisms are not only gradedﬁnite dimensional, but also ﬁnite dimensional in totality. In this case the 2-categories
are simply locally ﬁnitary 2-categories, but with extra structure on the hom-spaces
of 2-morphisms.
Let C be a G-ﬁnitary category. We deﬁne a subcategory C0 by taking the
objects of C0 to be the same as the objects of C but taking the morphisms to
be only those morphisms of C that are homogeneous of degree zero. Let C be a
locally G-ﬁnitary 2-category with a G-ﬁnitary 2-representation M. We deﬁne a
sub-2-category C0 to have the same objects as C , and we set the hom-categories
to be C0 (i, j)=(C (i, j))0 for all objects i, j∈C . We note that this implies that
the 1-morphisms of C0 are also the same as those of C . Further, it is still the
case that 1i is an indecomposable 1-morphism for each object i∈C . However C0
is not a locally ﬁnitary 2-category in general - since we can no longer guarantee
that F ∼
= F g for any non-zero g as the canonical isomorphism idF,g is of non-zero
degree, in general C0 has inﬁnitely many isomorphism classes of indecomposable
1-morphisms. This will turn out to be a surmountable problem.
Given a G-ﬁnitary 2-representation M of C , we deﬁne the 2-representation M0
of C0 to by setting M0 (i)=(M(i))0 for all objects i of C0 . This can be naturally
viewed as a 2-representation of C0 . Given a 1-morphism F g∈C0 , we deﬁne the
functor M0 (F g) as the restriction of M(F g) to M0 (i). This can be done since
by the deﬁnition of a G-ﬁnitary 2-representation
M(F g)M,N : HomM (M, N ) −→ HomM (F M g, F N g)
is a homogeneous map of degree zero, and thus restricts to a morphism between
the degree zero subspaces. Further, as horizontal and vertical composition in C are
also deﬁned to preserve degree, the restriction of M(α) for α:F →G a homogeneous
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2-morphism of degree zero to M0 (α):M0 (F )→M0 (G) is also well deﬁned. We also

notate M0 := i∈C0 M(i)0 in a similar fashion to M.
Proposition 6.14. Assume that M is transitive. The 2-representation M0 of
C0 is also a transitive 2-representation.
Proof. Let M, N ∈ M0 with N indecomposable. It is suﬃcient for the proof
to ﬁnd F ∈C such that N is isomorphic to a summand of F M in M0 , i.e. via
an isomorphism that is homogeneous of degree zero. Since M is transitive, we
have some F̧ ∈C such that there exists an isomorphism ϕ̄: F̧ M →N ⊕N  in M for
some N  ∈ M. We therefore have morphisms ι:N → F̧ M and σ: F̧ M →N such that
σι=idN .


Setting the homogeneous decompositions ι= g∈G ιg and σ= g∈G σ g , we

h g−h
see from comparison of degree with idN that for g= 0,
=0 while
h∈G σ ι

h −h
σ
ι
=id
.
Since
N
is
indecomposable,
by
standard
nilpotent
arguments
N
h∈G
there exists a g∈G such that σ g ι−g is an automorphism.
We thus have some ρ∈EndM(N ) such that ρσ g ι−g =idN . But as idN and σ g ι−g
are homogeneous of degree zero, so too must ρ be. Thus we have homogeneous
morphisms ι−g :N → F̧ M and ρσ g : F̧ M →N in M such that ρσ g ι−g =idN . We now
g
set F = F̧ g. We thus have the corresponding morphisms ι−g
g :N →F M and ρσ−g :
g −g
F M →N that are homogeneous of degree zero and such that ρσ−g
ιg =idN . The
result follows. 
Proposition 6.15. Let C be a restricted G-ﬁnitary category. Then C0 has
weak kernels and weak cokernels.
Proof. Let p:X →Y be a morphism in C0 . Consider the full subcategory C0,p
of C0 closed under isomorphisms and generated by
add{X, Y, Hg | H ∈ C0 indecomposable, g ∈ G, Hom C0 (Y, Hg) = 0}.
Since the total dimension of hom-spaces in C is ﬁnite, given any indecomposable
H ∈ C there are only ﬁnitely many g∈G such that HomgC(Y, H)= 0, and hence only
ﬁnitely many g∈G such that Hom C0 (Y, Hg)= 0. Since C has only ﬁnitely many
G-orbits of isomorphism classes of indecomposables and since X and Y each have
only ﬁnitely many indecomposable summands, C0,p contains only ﬁnitely many
isomorphism classes of indecomposable 1-morphisms. It is additive and idempotent
complete by construction, and as a subcategory of a category with ﬁnite dimensional
hom-spaces it also has ﬁnite dimensional hom-spaces. Since it also inherits being
k-linear, C0,p is actually a ﬁnitary category.
There thus exists a weak cokernel wcoker p:Y →L of p in C0,p . We claim that
wcoker p is a weak cokernel of p in C0 . For let m:Y →K be a morphism in C0 such
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that mp=0. If m=0, then we clearly have the zero morphism L→K satisfying the
weak cokernel diagram. If m= 0, then by the deﬁnition of C0,p we have m∈ C0,p .
Thus as wcoker p is a weak cokernel in C0,p , we have a morphism q:L→K satisfying
the weak cokernel diagram, which also satisﬁes the diagram in C0 . Hence p does
indeed have a weak cokernel and thus C0 has weak cokernels. The weak kernel case
is precisely dual to the above argument, and the result follows. 
Corollary 6.16. Let C be a locally restricted G-ﬁnitary 2-category. Then C0
has weak cokernel 2-morphisms and weak kernel 2-morphisms.
Corollary 6.17. Let C be a locally restricted G-ﬁnitary 2-category with a G
ﬁnitary 2-representation M. Let M= i∈C M(i). Then C0 is an abelian 2-category
and M0 is an abelian category.
Proof. This is a direct consequence of applying the preproof to [Fre64, Theorem
4] to Corollary 6.16. 
As a cautionary note, the author knows of no reasonable way to give C or
M a graded structure that is compatible with the gradings on C and M. This
is why abelian 2-representations of locally G-ﬁnitary 2-categories are ungraded in
Deﬁnition 6.13, and why various results below refer to component 2-morphisms of
2-morphisms in the abelianisation, rather than the 2-morphisms themselves.

6.4. Grading coalgebras
For this section let C be a locally restricted G-ﬁnitary 2-category and let M
be a G-ﬁnitary 2-representation of C . Choose T ∈M(j) and S ∈M(i). Following
[MMMT16] and Section 3 we construct a functor (which we denote Γ) from C (i, j)
to k-mod which takes F to HomM(T, F S), and a functor Γ0 from C0 (i, j) to k-mod
which takes F to HomM0 (T, F S). We can extend these uniquely to left-exact functors Γ and Γ0 from C (i, j) and C0 (i, j) respectively to k-mod.
We now introduce the equivalent of the representative 1-morphisms in [MMMT16,
Section 4.1]. Since Γ0 is left exact, by [GD71, Section 1.8], it is pro-representable;
that is, a small ﬁltered colimit of representable functors. However by deﬁnition
C0 (i, j) has enough injectives and the functor category is closed under small ﬁltered
colimits, and thus the functor is in fact representable. We denote this representative
by [S, T ]0 .
We have the following analogy of [MMMT16, Lemma 4.2] that we will ﬁnd
useful:

166

James Macpherson

Lemma 6.18. For any H ∈


i∈C0

C0 (i, j),

∼ HomC (i,j) ([S, T ]0 , H)
HomM0 (T, HS) =
0
in k-mod.
Proof. Take H ∈C0 (i, j). Then H has an exact sequence H→F1 →F2 where
Fi ∈C0 (i, j) for both i. We have left exact functors HomM0 (T, −S) and HomC ([S,
T ]0 , −) and a diagram
HomM0 (T,
 _ HS)

HomC0 ([S, T ]0 , H)
_


HomM0 (T, F1 S)

∼


/ HomC0 ([S, T ]0 , F1 )


HomM0 (T, F2 S)

∼


/ HomC0 ([S, T ]0 , F2 )

of vector spaces. The result then follows from an application of the ﬁve lemma. 
The functor Γ is representable by [MMMT16], with representative 1-morphism
[S, T ].
Proposition 6.19. If S =T , then i=j and AS =[S, S] has the structure of a
coalgebra 1-morphism in C (i, i) and AS0 =[S, S]0 has the structure of a coalgebra
1-morphism in C0 (i, i).
Proof. The ﬁrst result is Lemma 3.2 and the second result is mutatis mutandis
the ﬁrst. 
6.5. The main results
Let C , C0 , AS and AS0 be as in the previous section. The reason we wish to
study AS0 is that we do not a priori know anything about the component degrees of
the internal 2-morphisms for the counit and comultiplication 2-morphisms for AS .
However, we know by deﬁnition the corresponding component 2-morphisms for AS0
have to be homogeneous of degree zero. We will show that we can take AS to be
precisely AS0 with its counit and comultiplication 2-morphisms. We use the natural
inclusion of C0 into C to state the following lemma:
Lemma 6.20. For any F ∈C (i, i) and H ∈C0 (i, i), in k-mod

∼
HomC (H, F ) =
HomC0 (H, F g).
g∈G
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Proof. Let H =(X, k, Yi , αi ), using the injective fan Freyd abelianisation notation from Deﬁnition 3.1. Then as F =(F, 0, 0, 0), a morphism from H to F in
C is of the form [(p, 0)] with p:X →F a morphism in C and the equivalence re
lation is spanned by those p such that there exist qi :Yi →F with
qi αi =p. We

let p= g∈G pg for some ﬁnite sum. Assume that [(p̃, 0)] is equivalent to [0] with
morphisms qi as speciﬁed. Since H ∈C0 (i, i), the αi are homogeneous of degree

zero. In particular, if we decompose each qi as qi = h∈G qi,h , then by comparison

of degree if follows that p̃g = i qi,g αi . Therefore if [(p, 0)] is a general morphism

from H to F , then [(p, 0)]= g∈G [(pg , 0)] where the equivalence relation is spanned
by those pg such that there exist qg,i :Yi →F homogeneous of degree g such that

pg = i qi,g αi .
We thus deﬁne the map


HomC0 (H, F g) −→ HomC (H, F )

g∈G



by taking
g∈G [(pg , 0)] to [(
g∈G pg , 0)]. This is clearly a vector space homomorphism, and the above working shows that this map is well-deﬁned and injec
tive. If we have some [(p, 0)]∈HomC (H, F ), then as [(p, 0)]= g∈G [(pg , 0)], and
as any pg :H →F corresponds to a degree zero 2-morphism pg :H →F g, the asso

caited 2-morphism g∈G [(pg , 0)]∈ g∈G HomC0 (H, F g) maps to [(p, 0)], the map
is surjective and we have the required isomorphism. 
We can now give one of the main results of the paper.
Theorem 6.21. AS ∼
= AS0 in C . In addition, we can choose a representative
of the isomorphism class of AS in C such that, when considered as a coalgebra
1-morphism, its coalgebra and comultiplication 2-morphisms have components homogeneous of degree zero.
Proof. For F ∈C (i, i) or C0 (i, i),
∼ HomM (S, F S)
HomM (S, F S) =
and similarly
∼ HomM (S, F S).
HomM0 (S, F S) =
0
By the deﬁnition of the grading on M,
∼
HomM (S, F S) =


g∈G

HomM0 (S, F gS).
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But by the deﬁnition of AS0 ,


∼
HomM0 (S, F gS) =
HomC0 (AS0 , F g).
g∈G

g∈G

Applying Lemma 6.20 for H =AS0 , we have that HomM (S, F S) ∼
= HomC (AS0 , F ) for
all F ∈C (i, i). But by the deﬁnition of the representative,
∼ HomC (AS , F )
HomM (S, F S) =
and AS is unique with this property up to isomorphism, hence AS ∼
= AS0 as required.
S
S
Taking A0 of the isomorphism class of A , we have the following diagram of
vector spaces:
∼
/ HomC0 (AS0 , 1i )
HomM0 (S, S)


∼
/ HomC (AS0 , 1i )
HomM (S, S)
where the vertical arrows are the natural inclusions and the horizontal arrows are the
representation isomorphisms. By choice of AS0 , this diagram is strictly commutative.
Taking idS in HomM0 (S, S), its image along the top path is the image of ε0 under
the natural injection (i.e. ε0 considered as a 2-morphism in C ) while the image
under the lower path is the counit of AS0 as a coalgebra in C . It follows that
this counit is equal to ε0 , and thus has components (or more accurately, non-zero
component) homogeneous of degree zero. By constructing similar diagrams for the
coevaluation and hence comultiplication 2-morphisms, the second claim follows. 
6.6. An application: 2-Kac–Moody algebras
We return to considering the locally ﬁat 2-category UΛ found in Subsection 5.2.
The following is an immediate consequence of the deﬁnition of a cyclotomic KLR
algebra:
Proposition 6.22. UΛ is a locally (restricted) Z-ﬁnitary 2-category.

We set RΛ = n≥0 RΛ (n), where RΛ (n) is the cyclotomic KLR algebra of degree n.
Proposition 6.23. The indecomposable 1-morphisms of the form Q1 1Λ Q2 ,
where the Qi are 1-morphisms in UΛ , form a maximal J -cell in UΛ .
Proof. Since the hom-categories of UΛ are idempotent complete, an indecomposable 1-morphism of the form Q1 1Λ Q2 is isomorphic to a direct summand of a
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functor of the form M1 e1 ⊗k e2 M2 ⊗RΛ −, where the ei are primitive idempotents
in RΛ and M1 and M2 are products of the ei and fi . In particular, we have that
M1 e1 =RΛ e1 and e2 M2 =e2 RΛ . It follows that such a bimodule is a projective
RΛ -RΛ -bimodule.
Similarly, given some 1-morphism Q that corresponds to a functor M ⊗RΛ −,
we can choose primitive idempotents e and f of RΛ such that eM f = 0. Then for
any RΛ e ⊗k f  RΛ (e and f  primitive),
RΛ e ⊗k eRΛ ⊗RΛ M ⊗RΛ RΛ f ⊗k f  RΛ ∼
= (RΛ e ⊗k f  RΛ )⊕m ,
where m=dim eM f . Thus M ⊗RΛ −≤J RΛ e ⊗k f  RΛ ⊗RΛ −. This shows in particular that any indecomposable 1-morphism isomorphic to a summand of a functor
of the form RΛ e⊗k f RΛ ⊗RΛ − (for e and f primitive) is J -equivalent to any other
1-morphism isomorphic to a functor of the same form.
It is immediate from the previous paragraph that the J -cell containing (the
indecomposable summands of) functors of the form RΛ e⊗k f RΛ ⊗RΛ −, for e and
f primitive, is maximal, and it remains to show that these functors exhaust the
isomorphism classes of members of the J -cell. By construction e(β, i)RΛ (β +αi )
is a projective right RΛ (β +αi )-module (and hence a projective right RΛ -module),
while by [KK12, Theorem 4.5] it is a projective left RΛ (β)-module (and hence
a projective left RΛ -module). A similar argument gives that RΛ (β +αi )e(β, i) is a
projective left and projective right RΛ -module. As a consequence, every 1-morphism
in UΛ is both left projective and right projective.
Let M be some (RΛ -RΛ )-bimodule with Q=M ⊗RΛ − such that there exist
primitive idempotents e and f with Q≥J RΛ e⊗k f RΛ ⊗RΛ − in UΛ . This means
that there are some 1-morphisms T ⊗RΛ − and S ⊗RΛ − in UΛ such that M is a
direct summand of
T ⊗RΛ RΛ e⊗k f RΛ ⊗RΛ S ∼
= T e⊗k f S.
Since T is left projective and S is right projective, M thus decomposes over k and is
a summand of a bimodule of the form RΛ e ⊗k f  RΛ for some primitive idempotents
e and f  . Both of the remaining claims follow immediately, and the result is proved.

Lemma 6.24. Every cell 2-representation of UΛ is a graded simple transitive
2-representation.
Proof. Let J be a J -cell in UΛ . By considering the 2-category UΛ,J as
deﬁned in Subsection 4.5, without loss of generality J=: JΛ is the highest J -cell of
UΛ , which by Proposition 6.23 is the indecomposable 1-morphisms that factor over
Λ. Since these all correspond to tensoring with a projective (RΛ -RΛ )-bimodule, we
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can embed JΛ into the 2-category CR associated to RΛ (c.f. Subsection 3.2; since
the RΛ (β) are not necessarily basic, see speciﬁcally the deﬁnition at the end of that
section). In fact, we claim that this embedding is an equivalence between CR and
UΛ,J.
To see this, by [VV11, Theorem 4.4] J contains RΛ e⊗k k for all primitive
idempotents e of RΛ . But then as J is strongly regular, it is closed under adjunctions
and hence k⊗k f RΛ for all primitive idempotents f . But then as J is closed under
direct summands of compositions, it also contains RΛ e⊗k f RΛ for all primitive
idempotents e and f . Therefore J not only embeds into CR , but also essentially
surjects, giving the required equivalence.
This means that any L -cell of JΛ will give an equivalent cell 2-representation
by Corollary 3.14, and we choose a particularly useful one. Consider the L -cell
Lk which embeds into CR as (the ﬁnite dimensional elements of) add{RΛ ⊗k k}.
To construct the cell 2-representation, we ﬁrst construct the transitive (but not
necessarily simple transitive) 2-representation NLk (c.f. Subsection 3.2). This is a
graded 2-representation by construction, and thus to show the cell 2-representation
is graded it suﬃces to show that the ideal I of the 2-representation we quotient
by to form the simple transitive quotient is homogeneous. But given some indecomposable RΛ e⊗k k for some idempotent e, we recall from Proposition 3.10
that I is generated by morphisms of the form ϕa,b :RΛ e⊗k k→RΛ e⊗k k where
ϕa,b (e⊗1)=eae⊗b, with b∈rad k. But rad k=0, and hence I =0, which is trivially
a homogeneous ideal. The result follows. 
This gives us the following result:
Theorem 6.25. Any simple transitive 2-representation of UΛ is in fact a
graded 2-representation, and is equivalent to a cell 2-representation.
Proof. This is a direct consequence of combining Lemma 6.24 and Theorem 5.8.
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