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A Whittaker category for the symplectic Lie
algebra and differential operators

Yang Li, Jun Zhao, Yuanyuan Zhang and Gengiang Liu

Abstract. For any n€Zx>s, let m;,, be the subalgebra of sp,,, spanned by all long negative
root vectors X o, i=1,...,n. Then (spy,,m,) is a Whittaker pair in the sense of a definition
given by Batra and Mazorchuk. In this paper, we use differential operators to study the category
of sp,y,,-modules that are locally finite over m,. We show that when a€(C*)™, each non-empty
block WHX* with the central character Xy is equivalent to the Whittaker category W? of the even
Weyl algebra DS¥ which is semi-simple. Any module in WHZ" has the minimal Gelfand-Kirillov
dimension n. We also characterize all possible algebra homomorphisms from U(sp,,,) to the Weyl
algebra D,, under a natural condition.

1. Introduction

Among the representation theory of Lie algebras, Whittaker modules are in-
teresting non-weight modules which play an important role in the classification of
irreducible modules for several Lie algebras. Whittaker modules were first intro-
duced by Arnal and Pinzcon for sl5(C), see [AP]. The classification of the irreducible
modules for sl3(C) in [B] illustrates the importance of Whittaker modules. It was
shown that irreducible sly(C)-modules can be divided into three families: weight
modules, Whittaker modules, and modules obtained from irreducible elements in
a noncommutative domain. Kostant studied Whittaker modules for any complex
semisimple Lie algebra g in [K]. Whittaker modules defined by Kostant are closely
associated with the triangular decomposition n_@®hdn, of g. Every Whittaker
module depends on a Lie algebra homomorphism :ny —C. The map % is called
non-singular if ¥ (x,)#£0 for any simple root vector z,. Kostant gave a classification
of all simple non-singular Whittaker modules. Some results on complex semisimple
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Lie algebras have been generalized to other algebras with triangular decomposi-
tions. For example, for Whittaker modules over algebras related to the Virasoro
algebra, one can see [OW1], [OW2], [GLZ], [LPX], [LWZ] and [TWX]. Whittaker
modules over quantum groups Uy (g), Uy(slz) and U, (sl3) were studied in [S], [OM]
and [XGL], respectively. Whittaker modules have also been studied for generalized
Weyl algebras by Benkart and Ondrus, see [BO]. Whittaker modules for non-twisted
affine Lie algebras and several similar algebras were studied in [ALZ], [C], [CF], [CJ]
and [GZ]. In [BM], Batra and Mazorchuk have constructed a more general frame-
work to describe the Whittaker modules. They considered Whittaker pairs (g, n) of
Lie algebras, where n is a quasi-nilpotent Lie subalgebra of g such that the adjoint
action of n on the quotient g/n is locally nilpotent, and studied the category WH of
g-modules such that n acts locally finitely. Under this general Whittaker set-up in
[BM], they also determined a block decomposition of the category WH according
to the action of n. The characterizations of each block for most Lie algebras are
still open.

Differential operators are important tools for studying representations of Lie
algebras. To construct explicit representations of a Lie algebra g by differential
operators, it is actually to find algebra homomorphisms from U(g) to the Weyl
algebra D,,. Let m, be the subalgebra of sp,, spanned by root vectors X_o,,
i€{l,...,n}. Then (spy,,m,) is a Whittaker pair. An sp,,-module M is called a
Whittaker module if the action of each element of m,, on M is locally finite, see
[BM]. Similar as Kostant’s definition, a Lie algebra homomorphism ¢:m, —C is
called non-singular if ¢(X_oc,)##0, for any i€{1,...,n}. We will characterize non-
singular Whittaker modules in this paper using differential operators.

The paper is organized as follows. In Section 2, we recall some basic defini-
tions and important facts including the weighting functors and Nilsson’s modules for
$Pgy,. In Section 3, we characterize the Whittaker category WH, when ac(C*)™,
where WH, consists of sp,,-modules M such that X_o., +a? acts locally nilpo-
tently for any i=1,...,n, and wha(M)={veM|X_s.,v=—a?v, i=1,...,n} is finite
dimensional. In Lemma 3, we show that any module in W#H, has the minimal
Gelfand-Kirillov dimension n. Let WHX* be the full subcategory of WH, consist-
ing of all U(sp,,,)-modules M with the central character x, given by the highest
weight p. Using the translation functor and weighting functor, we show that when
WHX# is non-empty, there is an equivalence between WHX* and the category W2
of finitely generated D¢’-modules such that 92 —a? acts locally nilpotently for any
i, where D¢V is the subalgebra of the Weyl algebra D,, generated by differential
operators of even degree. In Section 4, we give a differential operators realization
of sp,, from any f€A,, see Lemma 12. Thus we have constructed many simple
modules P/ over sp,,,. Furthermore, we show that these operators realizations ex-
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haust all algebra homomorphisms from U (sps,,) to D,, which map each root vector
X5i+€j to titj.

In this paper, we denote by Z, N, Z, C and C* the sets of integers, positive
integers, nonnegative integers, complex numbers, and nonzero complex numbers,
respectively. All vector spaces and algebras are over C. For a Lie algebra g we
denote by U(g) its universal enveloping algebra, Z(g) the center of U(g). We write
® for ®c.

2. Preliminaries

In this section, we collect some preliminary definitions and related results that
will be used throughout the paper. In particular, we introduce the notion of Whit-
taker modules in the sense of [BM] that are of main interest in this paper.

2.1. The symplectic algebra sp,,,

Throughout the whole text, we fix an integer n bigger than 1. Recall that
5P,,, is the Lie subalgebra of gl,,, consisting of all 2n x 2n-matrices X satisfying

SX=—XT8 where
0 I,
S‘(—fn : )

So sp,,, consists of all 2n x 2n-matrices of the following form

A B

C —AT
such that B=BT, C=CT, where A, B,C€gl,,. Let e;; denote the matrix unit whose
(i,7)-entry is 1 and 0 elsewhere. Then

bn =span{h; :=e€;i—entinti| 1 <i<n}

is a Cartan subalgebra (a maximal abelian subalgebra whose adjoint action on
5P, is diagonalizable) of sp,,. Let AT be the set of dominant integral weight,
{ei|1<i<n}Ch} be such that €;(hy)=0; . The root system of sp,, is precisely

A={te;+e;]1 <4, 5 <n}\{0}.
The positive root system is

Ay ={ei—gj,ente|1<i<j<n, 1<k l<n}.
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We list root vectors in sp,,, as follows:

Root vector Root
KXeite; = €inajT€jnti| Eit+E;
X c;—e; = €ntijteniji|—€i—¢€;
XEi—EJ‘ = €4, —Cntjnti| €i—Ej,

where 4, je{1,...,n}, with i#j when we encounter ¢; —¢;.
Then we can obtain a basis of sp,,, as follows:

B:={X,|lae AtU{h;|1 <i<n}.
Set
ny = @ Oa, where go:={x €5py, | [P, 2] =a(h)z, ¥V heb,}.
aEA 4
Then the decomposition
SPo, =N_Bh BNy

is a triangular decomposition of sp,,,, and the Lie subalgebra b:=h,, &n, is a Borel
subalgebra of sp,,,.

For the convenience of later calculations, we list some nontrivial Lie bracket of
sp,,, as follows:

[Xsi—s77 Ek—EL

| =0pXe,—e, —01iXe, —c,,

[(Xeire,s Xepe] =0 Xe, e, H0uXe, o, +0ix Xe, e, +0Xe, ¢,
]=
]=

(2.1)
[Xsifs,a erter ]kXE'Jrsz'i‘(slesiJrskv
[X&,E],X,Ek £l —51X,5k £; 5kiX75lfs_,~
In particular, [Xo.,, X_oc, | =4[€in+i) €nth k] =0idh;, where i, ke{1,...,n}.

2.2. Weight modules

An sp,,,-module V is called a weight module if h,, acts diagonally on V, i.e.,
V =®xen: Vi,
where Vy={veV|hv=A(h)v,¥ he€b,}. For a weight module V, denote
supp(V) ={A € by, [V #0}.
For a weight module M, a nonzero vector ve M) is called a highest weight
vector if nyv=0. A module is called a highest weight module if it is generated by a
highest weight vector. A weight module M is called a uniformly bounded module,

if there is a k€N such that dim M) <k for any weight A€supp(M). Let B be the
category of uniformly bounded weight sp,,,-modules.
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2.3. Whittaker modules

Let m,,=®1<i<nCX_2., which is a commutative subalgebra of sp,,. Since the
adjoint action of m,, on the quotient sp,,, /m,, is nilpotent, (sp,,,, m,) is a Whittaker
pair in the sense of [BM]. An sp,,-module M is called a Whittaker module if the
action of m,, on M is locally finite. For an a=(ay, ..., a,)€(C)", we can define a Lie
algebra homomorphism ¢,:m,, —C such that ¢,(X_o.,)=—a? for any i€{1,...,n}.
A Whittaker module M is of type a if for any v€M there is a k€N such that
(7 —¢a(z))*v=0 for all x€m,,. We also define the subspace

wha(M)={veM |zv=da(x)v, VzEM,}

of M. An element in wha (M) is called a Whittaker vector.

Such Whittaker modules are more complicated than the classical Whittaker
modules defined by Kostant. For example, dim wh, (M) is not necessarily 1 for a
simple Whittaker module M. We consider Whittaker modules under some natural
finite condition. Let WH, be the category of Whittaker U(sp,,,)-modules M of
type a such that wh, (M) is finite dimensional.

Remark 1. The condition that wha (M) is finite dimensional amounts to the
condition that weight spaces are finite dimensional for a weight module, see the proof
of Lemma 7.

2.4. Central characters

Let X=Hom(Z(sp,,,),C) be the set of central characters of sp,,. We have a
map &:hy —X which maps p€b;, to the central character x, of the Verma module
M(p). By the Harish-Chandra’s Theorem, the map £ is surjective. Moreover for
, Aehy, x,=x» if and only if p~A, defined as there is an element o in the Weyl
group of sp,,, such that o(u+p)=A+p, where p is the half sum of all positive roots
of sp,,,. For each x€X, denote by WH the full subcategory of WH, of all U (sp,,, )-
modules M such that for any v€ M there is a k€N such that (z—x(2))*v=0 for all
2€Z(8p,y,,). Similarly, we have the full subcategory BX of B for any y€X. Moreover
we have the block decompositions:

WHa=PWHY, B=P B~

xX€X xXEX
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2.5. Weighting functor

We recall the weighting functor introduced in [N2]. For a point y€C”, let I,
be the maximal ideal of U(h,,)=Clhq, ..., h,] generated by

h1—=71,..os hon—"n.

For an sp,,-module M and yeC", set MY:=M/I,M. For a p=(u1, ..., tn)€C",
let
WHM):= P M7
YEL™
Here the module 20#(M) is a submodule of the coherent family defined in [N2].
For any Aeb?, we identify A with the vector (A(h1), ..., A(hy)) in C™. Nilsson
defined a weight module structure on 20#(M); see Proposition 8 in [N2].

Proposition 2. The vector space 20" (M) becomes a weight sp,,, -module under
the following action:

(2.2) Xo-(v+I,M):=Xv+I o M,veM,a€ A ye p+Z".

We see that h;-(v+I,M)=";(v+I,M) for any i. So 20# (M) is a weight mod-
ule. In many cases, the sp,,-module 20#(M) is 0. For example, if M is a simple
weight module with a weight not in p+2Z", one can easily see that 20+ (M)=0. We
also note that 20#(M)=M if M is a simple weight sp,,,-module with supp(M)=
p+Z". If M is a U(h,)-torsion free module of finite rank when restricted to U(bhy,),
then 20#(M) is a uniformly bounded weight module with supp(20#(M))=p+72".

2.6. Nilsson’s modules

Since b, is commutative, U(h,,)=Clhq, ..., h,] as an associative algebra. In
[N2], Nilsson constructed an sp,,,-module structure on U(h,,) as follows:

1 3
Xoe,g=(hi— 5)(hz‘—§)0i2(9)7
X 9e,-g=—0,2(9),
1 1

(hi—g)(hj—?ffﬂj(g)vi?éﬂ

X ce;rg=—0;"0;7"(9),i#J,

1 _ .
5)5i07 (9),i £,

Xf:‘i-‘rej g

Xsifaj 9= (h’b -
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where geU(h,,) and o;€ Aut(U(h,)) such that o;(hg)=hir—0;r. We denote by Ny
this sp,,-module. It is easy to see that Ny is a Whittaker module with respect to
the pair (sp,,, my) of type 1=(1,...,1). In [N2], Nilsson has shown that any sp,,-
module structure on U(bh,,) can be twisted to be N7 by some automorphism of sp,,,.
We will show that any simple module in the block W?—li_%w" can be twisted to
be N7 by some automorphism of sp,,,, where w,=(1,...,1) is the n-th fundamental
weight of sp,,,.

3. Non-singular Whittaker modules

In this section, we will characterize the category WHX* when a€(C*)" using

the weighting functor. In this case, similar as Kostant’s definition of Whittaker
modules [K], a module in WH}X* is said to be non-singular. For convenience, set
=gt B =R LA for any m=(my, ..., my,,) EZ™.

3.1. The category WHX+

We define the total order on ZZ, satisfying the condition: r<m if |r|<|m]
or [r|=|m| and there is an [€{1,...,n} such that r;=m; when 1<i<l and r;<my,
where |m|=3""_, m;. For each m, the set {reZ%,|r<m} is finite. Hence as an
ordered set ZZ is isomorphic to Zx>q. For a nonzero meZZ,, denote by m’ the
predecessor of m, i.e., m’ is the maximal element in VAR such that m’<m.

The following lemma gives a rough characterization of modules in WH, which
is important for the later discussions.

Lemma 3. Any module M in WHs, is a free U(h,)-module of finite rank.

Proof. First, we show that M =U (b, )wha(M).

Denote Y™ =(X_s., +a?)™...(X_ac, +a2)™", for any meZ2,. Then the set
{Vs|scZ2,} forms a basis of U(m,,). Using the hypothesis that a;#0 for any i and
induction on m, from [h;, X _o.,]=—2X_o.,, we can show that for any m,s€Z2,
and nonzero vewh, (M), we have that YSh™v=0 whenever s>m, Y™h™v=Fky,v
for some nonzero scalar k.

For each meZZ,, let I, be the ideal of U(m,,) spanned by Y with s>m,
and My={we M |Iqw=0}. Clearly wh,(M)=My. For any nonzero we M, by the
definition of M, there is an meZ%, such that w&Mpy\Mpy, ie., Y™w#0 and
YSw=0 for any s>m. So Y™wewh,(M). We call m the degree of w. By the
above discussion, Y™A™Y ™ w=Fk,Y™w. We use induction on the degree m of w
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to show that weU (h,)wha(M). Let w'zw—ﬁhmme. Then

Y™ =Y™w— kiYmhmme =0.
This implies that the degree of w’ is smaller than m. By the induction hypothesis,
w' €U (hy,)wha(M). Consequently weU (b, )wha(M).

Next we show that M =U (h,,) @ wha(M). Suppose that {v;|i=1, ..., k} is a basis
of the vector space why(M). We need to show that {h™v;|meZ%,i=1,...,k} is
linearly independent. Suppose that w:=)"__ Ele ¢r,;h"v;=0. Then from Y™ w=
0, we see that ¢y ;=0. Consequently, by induction on m, ¢r,;=0 for any r<m and
i. Thus {P™v;|meZ%,i=1,...,k} is linearly independent. The proof is complete.
- >

By Lemma 3, the Gelfand-Kirillov dimension of any module in WH,, is n which
is minimal among all infinite dimensional sp,,,-modules. So any module in WH,
is a minimal representation. With the characterizations of modules in Lemma 3,

we can use the weighting functor and the category B of uniformly bounded weight
modules to study WHX".

Proposition 4. We have the following statements.

(a) For any a€(C*)™ and pgA™, if the block WHX* is non-empty, then pu(h; —
his1)E€ZL>o, for any i#n, p(hy)€3+Z and p(hy—1+hy,)EZL>_o.

(b) For any peb’ and ac(C*)™, if WHY" is non-empty, then WHX" is equiv-
alent to W’H:féw".

Proof. (a) Let MeWHX*. By Lemma 3, M is a free U(h,)-module of finite
rank. Then the module 20#(M) is a bounded weight sp,,-module, i.e, 2H(M)e
BXu. By Lemmas 9.1 and 9.2 in [M], one can prove (a). We should note that the
symbols h; in [M] represent the simple coroots which are different from our h;.

(b) For a AeA™, let L(\) be the simple sp,,,-module of highest weight A\. The
condition A€ A* implies that L()\) is finite dimensional. Recall that the translation
functor T* 1, is defined by

n

™

1
—3Wn

(M)={veL(\)@M| (z—xu(z))kv:O,for some k€Zy,Y z€ Z(spyy)}s

Xﬁlwn . .
for any MeWH, 27", If WHX* is nonempty, then by the proof of Lemma 9.2 in
[M], we can choose A€ AT such that the functor 7", ... gives an equivalence between

3Wn

W’H:f%w" and WHX", see also [BG]. O
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1
wn

In order to study the category W?—l:ﬁ , we use the Weyl algebra D,,. Let
A, =ClJty,...,t,] be the polynomial algebra in n variables. Then the subalgebra of
Endc(A,) generated by

0
0= —|1<i<
{ti, 0; ot [1<i<n}

is called the Weyl algebra D,, over A,,. Namely, D,, is the unital associative algebra
over C generated by ty,...,t,, 01, ..., On subject to the following relations

[ai,aj]:[ti,tj}zo, [6i,tj}:5i,j, 1§Z,j§n
Let DSY be the subalgebra of D,, spanned by
{10 | o, B L, a|+|8] € 22, },

where 07 :815 1...08%". We call D&’ the even Weyl algebra of rank n. In the following
lemma, we recall a differential operator realization of sp,,,, see [BL].

Lemma 5. The map

bo: Ul(spy,) — Dy’

Keite; —> ity
3.1) Xe,—¢; —t;0;, 1#£7,
h; »—>ti8i+%,
X oo —0:0;,1<i,j<n,

defines a surjective algebra homomorphism.

Let P, be the unital subalgebra of A, generated by t;t;, i,7€{1,...,n}. By
Lemma 5, P, can be made to be an sp,,,-module called the Weil representation,
see [M]. It is easy to see that P, is isomorphic to the simple highest weight module
L(—1wy) of the highest weight — 3w, up to an involution of sp,,,, where w, =>"7"_, &;
is the n-th fundamental weight of sp,,,.

By Theorem 5.2 in [GS1], we obtain the following description of BX-3en,

Lemma 6. If M is a module in B =% then ker 6y M =0.

Fen

X_
Using Lemma 6 and the weighting functor, we show that any module in WH,
is actually a D’-module.

Lemma 7. If M is a module in W’H:féwn, then ker OgM =0, i.e. M is a
De¥-module.
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Proof. By lemma 3, M is a free U(h,)-module. The module 20~ 2% (M) is a
uniformly bounded weight sp,,-module, i.e. 20~ 2% (M)eB*~%“r. By Lemma 6,
ker 0o (20~ 2 (M))=0. So ker OoMCI, 1, M forany a€Z". Since M is a free U(b,,)-

module of finite rank, we have that Nyezn (I,_1,, M)=0. So ker oM =0. O

a—35Wn

Let W2 be the category of DS’-modules V' such that 92 —a? acts locally nilpo-
tently on V for any i€{1,...,n}, and whi(V):={veV|d?v=alv, V i=1,...,n} is
finite dimensional. Then by Lemma 7, we have the following equivalence.

X_ 1., . .
Theorem 8. The category WHa 2" is equivalent to the category W2 of
De?-modules.

3.2. Modules over the even Weyl algebra

By Theorem 8, we need to study the category W2 for D:¥. For a b=(by, ..., b, )€
(C*)"such that b?=a? for all i, we define a DE-module My,:=C[z1, ..., 7,,] as follows:
81-83»1‘“’ = bibjTi_lTj_l (.I‘m),
tit]‘a)‘m:bzlbglxiijiTj(.’L‘m), 275],
2™ = b2 (™) by P (™),
™)

m_ ;—1 —1
tiaj(E _bz bj.’L'iTiTj (.’IJ

where a™=z1" .27 7, € Aut(Clzq, ..., x,]) such that 7;(zx)=x) — k.

Proposition 9. (a) Any simple module M in W? is isomorphic to My,
where be (C*)™ such that b2=a? for all i.
(b) The category W? of DE-modules is semi-simple.

Proof. (a) Suppose that N is a nonzero submodule of My,. Since 92 —a? de-
creases the degrees of x;, we must have that 2°:=1€N. Note that 2° generates My,
So N=DMy, My, is simple.

Suppose that M is a simple module in W2. Since wh,, (M) is finite dimensional
and [9;, 9;]=0, there are a nonzero ve M and be(C*)™ such that 9;0,u=>b;b;v and
b?=a? for all i, j. We can define a DE-module isomorphism 7 from M to My, such
that 7((t101)™...(£,0,) " v)=2™, for all meZ’. So M= M,.

(b) It suffices to show that Ext%)f;v (My, My )=0. If there are i,j such that
bib; #b;b;, then from that the eigenvalues of 0;0; on My, and My are different,
Exthe, (Mp, My )=0. So it suffices to consider that b=b’. We will show that the
shortnexact sequence

(3.2) 0— My -5V L5 My, —0
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of D¢¥-modules is split. By the similar proof in Lemma 3, we can show that V=
Clt101, -y tn0n]@why (V), and dim whi, (V)=2, since dim why (My)=1. Explicitly
we can replace h; and X _o., by t;0; and 07 respectively in the proof of Lemma 3.
Choose vewhy, (V) \a(My). By the proof of (a), the submodule DEVv22 Mj,. Note
that My, is a free C[t101, ..., t,On]-module of rank one. So the sequence (3.2) is split.
The proof is complete. [

Combining Theorem 8 and Proposition 9, we obtain the following characteri-
X_1,,
zation of WH, 2 ".

X——wn . . . .
Theorem 10. The category WHa : is semi-simple. Moreover, any simple
Xflwn . . .
module in WHa 27" is isomorphic to My, where b=(by,...,b,)€(C*)™ such that
b?=a? for all i, and My is an sps, -module under the map (3.1).

Note that the sp,,-module My, is a free U(h,)-module of rank one. By the
result in [N2], any sp,,-module that is a free U(h,)-module of rank one can be
twisted to be Ny defined in subsection 2.6 by some automorphism of sp,,,. Then
by Theorem 10, we have the following result.

1
29n

X_
Corollary 11. Any simple module in WH,
some automorphism of sp,,, .

can be twisted to be N1 by

4. General Weil representations

In Section 3, we see that the algebra homomorphism 6y from U(sp,,,) to the
Weyl algebra D,, is useful for the study of representations of sp,,,. In this section,
we will find more algebra homomorphisms from U (sp,,,) to the Weyl algebra D,,.

4.1. General Weil representations

In the following lemma, we give a differential operators realization of sp,,, from
any feA,.

Lemma 12. For any f€A,, the map
07 Ulspa,) — Da,
Keite; — Lity,
(4.1) Xeij—e; ——1:0;(f)+1:05, 147,
hi '—>tiai(f)+ti8i+%y
Xocimey, = =(0:(£)+0:)(9;(f)+0;), 1 <i,j <n,
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defines an algebra homomorphism.

Proof. By Lemma 5, 6y is an algebra homomorphism. For general f, the map
0y is the composition o6y, where o is the algebra isomorphism of D,, defined by

Therefore 0 is an algebra homomorphism. O

Next we will show that §; in Lemma 12 exhausts all algebra homomorphisms
6 from U(spy,,) to D, such that 0(X., yc;)=t;t; for any i, j.

Firstly we give some formulas in U(sp,,,) that will be used in the subsequent
text.

Lemma 13. For any k€N, these formulas hold as follows:

(1) [Xﬁi*EwXécs,,] 6jl2kX2s;1X€i+€j71§i7éj§n;

(2) [X—Ei—EﬁXécel] 2kX§€ll(6le5j_5i+5ilX5i_5j)’ 1<i#j<m;

(3) [X_2e,, X& |=—6u4k X5 " (hi+k—1),1<i<n.

Proof. (1) According to [Xc, ¢, Xoc,]=2051 X, 4c;, and [Xc, yc,, Xoc, |=0, we
can compute that

k

k— _
[XEiffj I Xg&z} = Z X2Elt[X€i75j 9 X281]X5611
t=1

k
= 20, X5 " Xe e, =052k X5 XL o
t=1
(2) From [X_.,_.,, Xoc,|=—2(0;iXc, -, +6:Xc,—,) and
[Xei—stésll] 5Jl2(t 1)X§el2X6 +e5
we have that
[X—t'i—Ej’XéCel]

- Z X2€l X—61—67 ’ X251]X5611

—Z ~2X57 (050X e e, Xao 00 Xe e, X5 )

2¢e; 2¢g;

Z 2X§51t ZlX25l X€i7€j+6le;;1X€j*€i

+2(t 1)X 25zl5ﬂ( 6+61+X6 +€z))
=—2k X3 (00 Xe, e, 07 Xe,—e,) = 2k(k—1)030;u X5 % (Xe e, + Xej4e,)-
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Thus, we can see that
[X*Eiffj ’ X§€z} = _Qngejl (dleaj*Ei +6ilXEi7€j)7 i 7é]
(3) By the similar computation in (2), we can obtain that

(X _9e,, X5 | = =2k X521 26,k — 20,k (k—1) X5 *2 X,
= =034k X} (hi+k—1).

The proof is complete. [J

In the following lemma, we give a preliminary description of algebra homomor-
phisms from U (sp,,,) to D,.

Lemma 14. If 0 is an algebra homomorphism from U (sp,,,) to D, such that
0(X5i+5j) :titja

for any i, ], then there exist p;j,q;; €Ay such that
(1) 0(Xc,—c,)=pij+t:05, 1<i#j<n;
(2) 0(hi)=pii+t:0;, 1<i<n;
(3) 9(X72si):(hi+(1—2172'1')?5;131'—33, 1<i<n;
(4) 0(X <, —c,)=aij—pist; ' 0i—pjit; ' 0;—0;0;,1<i£j<n.

Proof. We consider the action of 8(X,) on R, :=C[tT,...,t:!]. For the conve-
nience, we denote X5"!.. X" by X™, and 0(X.)(g(t)) by Xa-g(t) for any acA
and g(t)€R,.

By definition, X, ¢, -t™=t;t;t™, for any meZ".

(1) Define p;;=X., ,-1. From [Xei_gj,Xé“al]:éjZQkagllXEﬁEj, we obtain
that

Xeyooy t™=Xo o) X™ 1
=[Xeyoe,, XM 1HX™ X, .-
=2m; XM 9 X 4o 1+ XX
— Qmjt2m+ei—ej +pijt2m

= (pij +:0;) (™).

1
1

i—€5 "

(2) It is similar as (1)
(3) For i=j, by [X,ggi,ngl]:—éilélk:ngll(hi+k—1)7 we can calculate that

[X—Zeia Xm] = [X—ZEH H X;:‘i]
=1
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i—1 n
— m; m; m
- X2aj [X—28i7X25;] H XQa:
j=1 s=i+1
i—1

_ X;Zj(—élmiX;Z_j_l(hmeifl)) I x5
7j=1 s=i+1
= _4mimeei (hZ—l—ml —1)

Hence, set g;;=X_o, -1, we can determine the action of X_s., as follows:

X o ™M =X 5 -X™1
=[X_0e,, XM 1+ X™ X 5, 1
=—dm; X™ % (hi+m; —1)- 1+ X™- X _o., -1
= (1=2pi)t; ' Ot™™ = O} ™ +qit™
= (qui+(1—2p;)t; 10 —02) ™.

(4) When i#j, let’s suppose i<j, and the case for i>j is similar. According
to [X_Ei_€j7X§El]:—2kX§€_ll (5ﬂX5j_€i+5ilXEi_sj), we obtain that

n
[X_E'i_fj ’ Xm} = [X—ai—aj ’ H X;Zi]
=1
:—QmiXm_engi,Ej —4miijm_e"_erEi+€j —Qijm_ergj,Ei .

Denote ¢;;=X_¢, ¢, -1. Then, we have
X oo ™ =X_., .- X™1
=[X_ o), X™]1+X™-X_ . -1
= (qij—pijt; " 0i—pjit; '0;—0;0;) (™).
Consequently, the proof is completed. [
The following easy lemma will be used in the proof of Theorem 16
Lemma 15. For any i€{1,...,n} and p€ A, the differential equation
(t:0i+1)(q) =p
has at most one solution q in A,.

Proof. The proof follows from the fact that the map ¢;0;+1:A4,,— A, is injec-
tive. O
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Combining the above preparatory arguments, we can give all possible algebra
homomorphisms from U (sp,,,) to the Weyl algebra D,, which map each root vector
X5i+5j to tl‘tj.

Theorem 16. If 0 is an algebra homomorphism from U (sp,,,) to D, such that
0(X€i+€j ) = tltj,

for any i, j, then there is an fe€A, such that =0, that is
(1) 0(Xe,1e;)=tit),
(2) Q(Xei—aj):tiaj(f)-i-tiaj,Z'#j,
(3) 0(hi)=t;0;(f)+t:0i+3,
(4) (X, ;) =—(0:(f)+0:)(0;(f)+;),
where 1<4, 7<n.

Proof. 1t is sufficient to determine p;;, ¢;; in Lemma 14. For any feA,,, we set
fiy=0:(f).

Specifically, according to [k, h;]=0, which means [p;;+¢;0;, p;;+t,;0;]=0, we
can calculate

t0i(pj;) =t;0;(pii), 1 <4, j <n.
Then we can obtain that p;;=t; f(;)+c; for some f€ A, and c=(cy, ..., c,)€C™.
By [X¢,—c;, X, —c;]=hi—h;, we deduce that
Pijti0i+ti0;pji —pjitiO; —t;0ipi; = pii—pj;-
Comnsequently, we have c¢;=c; for any 1<4,j<n. Set b=c; for any 1<i<n, then
pii=tif(;)+0.
For 7,7&], [hl, Xgi_sj] :Xsi—sj implies that (tl& — 1)(])1]) :ti()j (p“) SOIVng this
differential equation, we can check that p;;=t; f(;) is the unique solution of it.
For i#j, from [h;, X ., . ,]=—X_.,_.,, we get
(42) t:0:(qij) + ai5 = —pijt; *0i(pir) —pjit; 95 (pis) — 0:0; (pia)-
We can calculate it more explicitly,
ti0i(aij) +aij
=—pijt; 0i(pii) —pjit; ' 0;(pis) —9;0;(pis)
=— (tif(j)ti_lai (tif(i)+b) +t5 feiyt; 05 (i f(i)+b) +040; (tif(i)+b))
= (fir i) 5195 () + Fotidy () + 05 (Fi) +1:0:0; () ).
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We can check that q;;=—f(;)f(;)—0;(f;)) is the unique solution of the equation
(4.2).
Similarly, for i=7j, we can get qii:—f(i.) —0;(fi))— (2b=1)t; " fay.
Furthermore, for i#j, by [Xc, o, X o, ]=—2X ., ., we deduce that

t0;(qii) — (1=2pis)t; ' 0 (pi) +05 (pij) = —24i5-

So we have (1—2b)t;1f(j)=O, that is, b=4 and q;;=—f() f(;) —0; (f@i)) for 1<i, j<n.
Therefore, from Lemma 14, we can complete the proof. [

4.2. New sp,,-modules

Recall that P, is the unital subalgebra of A, generated by t;t;, for 4,j¢€
{1,...,n}. For any f€P,, via the homomorphism 6 in (3.1), P, becomes an sp,,-
module PS. In Theorem 16, we actually have classified all sp,,,-module structures
on P, satisfying X, ., -g(t)=tit;g(t) for any i,j€{1,...,n}, g(t) €Py.

Corollary 17. If there is an spy,-module structure on P, such that X, 4, -
g(t)=t;t;g(t) for anyi,je{1,...,n}, g(t)€P,, then this sp,, -module structure is iso-
morphic to P! for some f€P,.

The following proposition gives a description of P7.

Proposition 18. Let f, f'€P,.
(1) The sp,,,-module PJ is simple.
(2) As sp,,, -modules, P{~PI" if and only if f—f'€C.

Proof. (1) One can check directly that P, is a simple D&’-module. Note that
the image of 0 is DU, So P} is a simple sp,,,-module.

(2) The sufficiency is obvious, it is enough to consider the necessity. Let :
P/ — P! be an sp,,-module isomorphism. Following O(Xeyte, 1) =Xc 4e, - 0(t°),
we know that ¢(t?)#£0. From 07(X., 4c,)=tit; and o(X¢,4c,1%) =X 1o, -0(t°), we
see that ¢(g(t))=g(t)¢(t°) for any g(t)€P,. Then for any i#j, we have that

0= QO(XEi*Ej 'to) _XEi*Ej 'Lp(to)
= @(tifij)) = (taf () +1:05)-0(t°)
=—t:(9;+f(j) = fin ) (")
Consequently, we see that 9; +f('j) — f(4) is not injective on P,. So we have f; :f(’j)

and p(t°)eC*tY for any j€{1,...,n}. That is f— f'€C, which completes the proof.
O
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Therefore, we have constructed several simple modules P/ over sp,, general-
izing the Weil representation.
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