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A Whittaker category for the symplectic Lie
algebra and differential operators

Yang Li, Jun Zhao, Yuanyuan Zhang and Genqiang Liu

Abstract. For any n∈Z≥2, let mn be the subalgebra of sp2n spanned by all long negative
root vectors X−2εi , i=1, ..., n. Then (sp2n,mn) is a Whittaker pair in the sense of a definition
given by Batra and Mazorchuk. In this paper, we use differential operators to study the category
of sp2n-modules that are locally finite over mn. We show that when a∈(C∗)n, each non-empty
block WHχμ

a with the central character χμ is equivalent to the Whittaker category Wa of the even
Weyl algebra Dev

n which is semi-simple. Any module in WHχμ
a has the minimal Gelfand-Kirillov

dimension n. We also characterize all possible algebra homomorphisms from U(sp2n) to the Weyl
algebra Dn under a natural condition.

1. Introduction

Among the representation theory of Lie algebras, Whittaker modules are in-
teresting non-weight modules which play an important role in the classification of
irreducible modules for several Lie algebras. Whittaker modules were first intro-
duced by Arnal and Pinzcon for sl2(C), see [AP]. The classification of the irreducible
modules for sl2(C) in [B] illustrates the importance of Whittaker modules. It was
shown that irreducible sl2(C)-modules can be divided into three families: weight
modules, Whittaker modules, and modules obtained from irreducible elements in
a noncommutative domain. Kostant studied Whittaker modules for any complex
semisimple Lie algebra g in [K]. Whittaker modules defined by Kostant are closely
associated with the triangular decomposition n−⊕h⊕n+ of g. Every Whittaker
module depends on a Lie algebra homomorphism ψ :n+→C. The map ψ is called
non-singular if ψ(xα) �=0 for any simple root vector xα. Kostant gave a classification
of all simple non-singular Whittaker modules. Some results on complex semisimple
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Lie algebras have been generalized to other algebras with triangular decomposi-
tions. For example, for Whittaker modules over algebras related to the Virasoro
algebra, one can see [OW1], [OW2], [GLZ], [LPX], [LWZ] and [TWX]. Whittaker
modules over quantum groups Uh(g), Uq(sl2) and Uq(sl3) were studied in [S], [OM]
and [XGL], respectively. Whittaker modules have also been studied for generalized
Weyl algebras by Benkart and Ondrus, see [BO]. Whittaker modules for non-twisted
affine Lie algebras and several similar algebras were studied in [ALZ], [C], [CF], [CJ]
and [GZ]. In [BM], Batra and Mazorchuk have constructed a more general frame-
work to describe the Whittaker modules. They considered Whittaker pairs (g, n) of
Lie algebras, where n is a quasi-nilpotent Lie subalgebra of g such that the adjoint
action of n on the quotient g/n is locally nilpotent, and studied the category WH of
g-modules such that n acts locally finitely. Under this general Whittaker set-up in
[BM], they also determined a block decomposition of the category WH according
to the action of n. The characterizations of each block for most Lie algebras are
still open.

Differential operators are important tools for studying representations of Lie
algebras. To construct explicit representations of a Lie algebra g by differential
operators, it is actually to find algebra homomorphisms from U(g) to the Weyl
algebra Dn. Let mn be the subalgebra of sp2n spanned by root vectors X−2εi ,
i∈{1, ..., n}. Then (sp2n,mn) is a Whittaker pair. An sp2n-module M is called a
Whittaker module if the action of each element of mn on M is locally finite, see
[BM]. Similar as Kostant’s definition, a Lie algebra homomorphism φ:mn→C is
called non-singular if φ(X−2εi) �=0, for any i∈{1, ..., n}. We will characterize non-
singular Whittaker modules in this paper using differential operators.

The paper is organized as follows. In Section 2, we recall some basic defini-
tions and important facts including the weighting functors and Nilsson’s modules for
sp2n. In Section 3, we characterize the Whittaker category WHa when a∈(C∗)n,
where WHa consists of sp2n-modules M such that X−2εi +a2

i acts locally nilpo-
tently for any i=1, ..., n, and wha(M)={v∈M |X−2εiv=−a2

i v, i=1, ..., n} is finite
dimensional. In Lemma 3, we show that any module in WHa has the minimal
Gelfand-Kirillov dimension n. Let WHχμ

a be the full subcategory of WHa consist-
ing of all U(sp2n)-modules M with the central character χμ given by the highest
weight μ. Using the translation functor and weighting functor, we show that when
WHχμ

a is non-empty, there is an equivalence between WHχμ
a and the category Wa

of finitely generated Dev
n -modules such that ∂2

i −a2
i acts locally nilpotently for any

i, where Dev
n is the subalgebra of the Weyl algebra Dn generated by differential

operators of even degree. In Section 4, we give a differential operators realization
of sp2n from any f∈An, see Lemma 12. Thus we have constructed many simple
modules P f

n over sp2n. Furthermore, we show that these operators realizations ex-
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haust all algebra homomorphisms from U(sp2n) to Dn which map each root vector
Xεi+εj to titj .

In this paper, we denote by Z, N, Z+, C and C
∗ the sets of integers, positive

integers, nonnegative integers, complex numbers, and nonzero complex numbers,
respectively. All vector spaces and algebras are over C. For a Lie algebra g we
denote by U(g) its universal enveloping algebra, Z(g) the center of U(g). We write
⊗ for ⊗C.

2. Preliminaries

In this section, we collect some preliminary definitions and related results that
will be used throughout the paper. In particular, we introduce the notion of Whit-
taker modules in the sense of [BM] that are of main interest in this paper.

2.1. The symplectic algebra sp2n

Throughout the whole text, we fix an integer n bigger than 1. Recall that
sp2n is the Lie subalgebra of gl2n consisting of all 2n×2n-matrices X satisfying
SX=−XTS where

S =
(

0 In
−In 0

)
.

So sp2n consists of all 2n×2n-matrices of the following form
(
A B

C −AT

)

such that B=BT , C=CT , where A,B,C∈gln. Let eij denote the matrix unit whose
(i, j)-entry is 1 and 0 elsewhere. Then

hn =span{hi := ei,i−en+i,n+i | 1≤ i≤n}

is a Cartan subalgebra (a maximal abelian subalgebra whose adjoint action on
sp2n is diagonalizable) of sp2n. Let Λ+ be the set of dominant integral weight,
{εi |1≤i≤n}⊂h∗n be such that εi(hk)=δi,k. The root system of sp2n is precisely

Δ= {±εi±εj |1≤ i, j≤n}\{0}.

The positive root system is

Δ+ = {εi−εj , εk+εl | 1≤ i< j≤n, 1≤ k, l≤n}.
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We list root vectors in sp2n as follows:
Root vector Root

Xεi+εj := ei,n+j+ej,n+i εi+εj
X−εi−εj := en+i,j+en+j,i −εi−εj
Xεi−εj := ei,j−en+j,n+i εi−εj ,

where i, j∈{1, ..., n}, with i �=j when we encounter εi−εj .
Then we can obtain a basis of sp2n as follows:

B := {Xα|α∈Δ}∪{hi|1≤ i≤n}.
Set

n± :=
⊕

α∈Δ±

gα, where gα := {x∈ sp2n | [h, x] =α(h)x, ∀ h∈ hn}.

Then the decomposition

sp2n = n−⊕hn⊕n+

is a triangular decomposition of sp2n, and the Lie subalgebra b:=hn⊕n+ is a Borel
subalgebra of sp2n.

For the convenience of later calculations, we list some nontrivial Lie bracket of
sp2n as follows:

(2.1)

[Xεi−εj , Xεk−εl ] = δjkXεi−εl−δliXεk−εj ,

[Xεi+εj , X−εk−εl ] = δjkXεi−εl +δilXεj−εk +δikXεj−εl +δjlXεi−εk ,

[Xεi−εj , Xεk+εl ] = δjkXεi+εl +δjlXεi+εk ,

[Xεi−εj , X−εk−εl ] =−δilX−εk−εj−δkiX−εl−εj .

In particular, [X2εi , X−2εk ]=4[ei,n+i, en+k,k]=δik4hi, where i, k∈{1, ..., n}.

2.2. Weight modules

An sp2n-module V is called a weight module if hn acts diagonally on V , i.e.,

V =⊕λ∈h∗
n
Vλ,

where Vλ={v∈V |hv=λ(h)v,∀ h∈hn}. For a weight module V , denote

supp(V )= {λ∈ h∗n |Vλ �=0}.
For a weight module M , a nonzero vector v∈Mλ is called a highest weight

vector if n+v=0. A module is called a highest weight module if it is generated by a
highest weight vector. A weight module M is called a uniformly bounded module,
if there is a k∈N such that dimMλ≤k for any weight λ∈supp(M). Let B be the
category of uniformly bounded weight sp2n-modules.
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2.3. Whittaker modules

Let mn=⊕1≤i≤nCX−2εi which is a commutative subalgebra of sp2n. Since the
adjoint action of mn on the quotient sp2n/mn is nilpotent, (sp2n,mn) is a Whittaker
pair in the sense of [BM]. An sp2n-module M is called a Whittaker module if the
action of mn on M is locally finite. For an a=(a1, ..., an)∈(C)n, we can define a Lie
algebra homomorphism φa :mn→C such that φa(X−2εi)=−a2

i for any i∈{1, ..., n}.
A Whittaker module M is of type a if for any v∈M there is a k∈N such that
(x−φa(x))kv=0 for all x∈mn. We also define the subspace

wha(M)= {v ∈M |xv=φa(x)v, ∀ x∈mn}

of M . An element in wha(M) is called a Whittaker vector.
Such Whittaker modules are more complicated than the classical Whittaker

modules defined by Kostant. For example, dim wha(M) is not necessarily 1 for a
simple Whittaker module M . We consider Whittaker modules under some natural
finite condition. Let WHa be the category of Whittaker U(sp2n)-modules M of
type a such that wha(M) is finite dimensional.

Remark 1. The condition that wha(M) is finite dimensional amounts to the

condition that weight spaces are finite dimensional for a weight module, see the proof

of Lemma 7.

2.4. Central characters

Let X=Hom(Z(sp2n),C) be the set of central characters of sp2n. We have a
map ξ :h∗n→X which maps μ∈h∗n to the central character χμ of the Verma module
M(μ). By the Harish-Chandra’s Theorem, the map ξ is surjective. Moreover for
μ, λ∈h∗n, χμ=χλ if and only if μ∼λ, defined as there is an element σ in the Weyl
group of sp2n such that σ(μ+ρ)=λ+ρ, where ρ is the half sum of all positive roots
of sp2n. For each χ∈X, denote by WHχ

a the full subcategory of WHa of all U(sp2n)-
modules M such that for any v∈M there is a k∈N such that (z−χ(z))kv=0 for all
z∈Z(sp2n). Similarly, we have the full subcategory Bχ of B for any χ∈X. Moreover
we have the block decompositions:

WHa =
⊕
χ∈X

WHχ
a , B=

⊕
χ∈X

Bχ.
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2.5. Weighting functor

We recall the weighting functor introduced in [N2]. For a point γ∈Cn, let Iγ
be the maximal ideal of U(hn)=C[h1, ..., hn] generated by

h1−γ1, ..., hn−γn.

For an sp2n-module M and γ∈Cn, set Mγ :=M/IγM . For a μ=(μ1, ..., μn)∈Cn,
let

Wμ(M) :=
⊕
γ∈Zn

Mγ+μ.

Here the module Wμ(M) is a submodule of the coherent family defined in [N2].
For any λ∈h∗n, we identify λ with the vector (λ(h1), ..., λ(hn)) in C

n. Nilsson
defined a weight module structure on Wμ(M); see Proposition 8 in [N2].

Proposition 2. The vector space Wμ(M) becomes a weight sp2n-module under

the following action:

(2.2) Xα ·(v+IγM) :=Xαv+Iγ+αM, v ∈M,α∈Δ, γ ∈μ+Z
n.

We see that hi ·(v+IγM)=γi(v+IγM) for any i. So Wμ(M) is a weight mod-
ule. In many cases, the sp2n-module Wμ(M) is 0. For example, if M is a simple
weight module with a weight not in μ+Z

n, one can easily see that Wμ(M)=0. We
also note that Wμ(M)=M if M is a simple weight sp2n-module with supp(M)=
μ+Zn. If M is a U(hn)-torsion free module of finite rank when restricted to U(hn),
then Wμ(M) is a uniformly bounded weight module with supp(Wμ(M))=μ+Z

n.

2.6. Nilsson’s modules

Since hn is commutative, U(hn)=C[h1, ..., hn] as an associative algebra. In
[N2], Nilsson constructed an sp2n-module structure on U(hn) as follows:

hi ·g=hig,

X2εi ·g=(hi−
1
2)(hi−

3
2)σ2

i (g),

X−2εi ·g=−σ−2
i (g),

Xεi+εj ·g=(hi−
1
2)(hj−

1
2)σiσj(g), i �= j,

X−εi−εj ·g=−σ−1
i σ−1

j (g), i �= j,

Xεi−εj ·g=(hi−
1
2)σiσ

−1
j (g), i �= j,



Whittaker representations 129

where g∈U(hn) and σi∈Aut(U(hn)) such that σi(hk)=hk−δik. We denote by N1
this sp2n-module. It is easy to see that N1 is a Whittaker module with respect to
the pair (sp2n,mn) of type 1=(1, ..., 1). In [N2], Nilsson has shown that any sp2n-
module structure on U(hn) can be twisted to be N1 by some automorphism of sp2n.
We will show that any simple module in the block WH

χ− 1
2ωn

1 can be twisted to
be N1 by some automorphism of sp2n, where ωn=(1, ..., 1) is the n-th fundamental
weight of sp2n.

3. Non-singular Whittaker modules

In this section, we will characterize the category WHχμ
a when a∈(C∗)n using

the weighting functor. In this case, similar as Kostant’s definition of Whittaker
modules [K], a module in WHχμ

a is said to be non-singular. For convenience, set
tm=tm1

1 ...tmn
n , hm=hm1

1 ...hmn
n , for any m=(m1, ...,mn)∈Zn.

3.1. The category WHχμ

a

We define the total order on Z
n
≥0 satisfying the condition: r<m if |r|<|m|

or |r|=|m| and there is an l∈{1, ..., n} such that ri=mi when 1≤i<l and rl<ml,
where |m|=

∑n
i=1 mi. For each m, the set {r∈Zn

≥0 |r<m} is finite. Hence as an
ordered set Zn

≥0 is isomorphic to Z≥0. For a nonzero m∈Zn
≥0, denote by m′ the

predecessor of m, i.e., m′ is the maximal element in Z
n
≥0 such that m′<m.

The following lemma gives a rough characterization of modules in WHa which
is important for the later discussions.

Lemma 3. Any module M in WHa is a free U(hn)-module of finite rank.

Proof. First, we show that M=U(hn)wha(M).
Denote Y m=(X−2ε1 +a2

1)m1 ...(X−2εn +a2
n)mn , for any m∈Zn

≥0. Then the set
{Y s |s∈Zn

≥0} forms a basis of U(mn). Using the hypothesis that ai �=0 for any i and
induction on m, from [hi, X−2εi ]=−2X−2εi , we can show that for any m, s∈Zn

≥0
and nonzero v∈wha(M), we have that Y shmv=0 whenever s>m, Y mhmv=kmv

for some nonzero scalar km.
For each m∈Zn

≥0, let Im be the ideal of U(mn) spanned by Y s with s>m,
and Mm={w∈M |Imw=0}. Clearly wha(M)=M0. For any nonzero w∈M , by the
definition of M , there is an m∈Zn

≥0 such that w∈Mm\Mm′ , i.e., Y mw �=0 and
Y sw=0 for any s>m. So Y mw∈wha(M). We call m the degree of w. By the
above discussion, Y mhmY mw=kmY mw. We use induction on the degree m of w
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to show that w∈U(hn)wha(M). Let w′=w− 1
km

hmY mw. Then

Y mw′ =Y mw− 1
km

Y mhmY mw=0.

This implies that the degree of w′ is smaller than m. By the induction hypothesis,
w′∈U(hn)wha(M). Consequently w∈U(hn)wha(M).

Next we show that M∼=U(hn)⊗wha(M). Suppose that {vi|i=1, ..., k} is a basis
of the vector space wha(M). We need to show that {hmvi |m∈Zn

≥0, i=1, ..., k} is
linearly independent. Suppose that w:=

∑
r≤m

∑k
i=1 cr,ih

rvi=0. Then from Y mw=
0, we see that cm,i=0. Consequently, by induction on m, cr,i=0 for any r<m and
i. Thus {hmvi |m∈Zn

≥0, i=1, ..., k} is linearly independent. The proof is complete.
�

By Lemma 3, the Gelfand-Kirillov dimension of any module in WHa is n which
is minimal among all infinite dimensional sp2n-modules. So any module in WHa
is a minimal representation. With the characterizations of modules in Lemma 3,
we can use the weighting functor and the category B of uniformly bounded weight
modules to study WHχμ

a .

Proposition 4. We have the following statements.

(a) For any a∈(C∗)n and μ �∈Λ+, if the block WHχμ
a is non-empty, then μ(hi−

hi+1)∈Z≥0, for any i �=n, μ(hn)∈ 1
2 +Z and μ(hn−1+hn)∈Z≥−2.

(b) For any μ∈h∗n and a∈(C∗)n, if WHχμ
a is non-empty, then WHχμ

a is equiv-

alent to WH
χ− 1

2ωn

a .

Proof. (a) Let M∈WHχμ
a . By Lemma 3, M is a free U(hn)-module of finite

rank. Then the module Wμ(M) is a bounded weight sp2n-module, i.e, Wμ(M)∈
Bχμ . By Lemmas 9.1 and 9.2 in [M], one can prove (a). We should note that the
symbols hi in [M] represent the simple coroots which are different from our hi.

(b) For a λ∈Λ+, let L(λ) be the simple sp2n-module of highest weight λ. The
condition λ∈Λ+ implies that L(λ) is finite dimensional. Recall that the translation
functor Tμ

− 1
2ωn

is defined by

Tμ

− 1
2ωn

(M)= {v ∈L(λ)⊗M | (z−χμ(z))kv=0, for some k∈Z+,∀ z ∈Z(sp2n)},

for any M∈WH
χ− 1

2ωn

a . If WHχμ
a is nonempty, then by the proof of Lemma 9.2 in

[M], we can choose λ∈Λ+ such that the functor Tμ

− 1
2ωn

gives an equivalence between

WH
χ− 1

2ωn

a and WHχμ
a , see also [BG]. �
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In order to study the category WH
χ− 1

2ωn

a , we use the Weyl algebra Dn. Let
An=C[t1, ..., tn] be the polynomial algebra in n variables. Then the subalgebra of
EndC(An) generated by

{ti, ∂i :=
∂

∂ti
| 1≤ i≤n}

is called the Weyl algebra Dn over An. Namely, Dn is the unital associative algebra
over C generated by t1, ..., tn, ∂1, ..., ∂n subject to the following relations

[∂i, ∂j ] = [ti, tj ] = 0, [∂i, tj ] = δi,j , 1≤ i, j≤n.

Let Dev
n be the subalgebra of Dn spanned by

{tα∂β |α, β ∈Z
n
+, |α|+|β| ∈ 2Z+},

where ∂β=∂β1
1 ...∂βn

n . We call Dev
n the even Weyl algebra of rank n. In the following

lemma, we recall a differential operator realization of sp2n, see [BL].

Lemma 5. The map

(3.1)

θ0 : U(sp2n)−→Dev
n ,

Xεi+εj �−→ titj ,

Xεi−εj �−→ ti∂j , i �= j,

hi �−→ ti∂i+
1
2 ,

X−εi−εj �−→−∂i∂j , 1≤ i, j≤n,

defines a surjective algebra homomorphism.

Let Pn be the unital subalgebra of An generated by titj , i, j∈{1, ..., n}. By
Lemma 5, Pn can be made to be an sp2n-module called the Weil representation,
see [M]. It is easy to see that Pn is isomorphic to the simple highest weight module
L(−1

2ωn) of the highest weight −1
2ωn up to an involution of sp2n, where ωn=

∑n
i=1 εi

is the n-th fundamental weight of sp2n.
By Theorem 5.2 in [GS1], we obtain the following description of Bχ− 1

2ωn .

Lemma 6. If M is a module in Bχ− 1
2ωn , then ker θ0M=0.

Using Lemma 6 and the weighting functor, we show that any module in WH
χ− 1

2ωn

a
is actually a Dev

n -module.

Lemma 7. If M is a module in WH
χ− 1

2ωn

a , then ker θ0M=0, i.e. M is a

Dev
n -module.
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Proof. By lemma 3, M is a free U(hn)-module. The module W− 1
2ωn(M) is a

uniformly bounded weight sp2n-module, i.e. W− 1
2ωn(M)∈Bχ− 1

2ωn . By Lemma 6,
ker θ0(W− 1

2ωn(M))=0. So ker θ0M⊂Iα− 1
2ωn

M for any α∈Zn. Since M is a free U(hn)-
module of finite rank, we have that ∩α∈Zn(Iα− 1

2ωn
M)=0. So ker θ0M=0. �

Let Wa be the category of Dev
n -modules V such that ∂2

i −a2
i acts locally nilpo-

tently on V for any i∈{1, ..., n}, and wh′
a(V ):={v∈V |∂2

i v=a2
i v, ∀ i=1, ..., n} is

finite dimensional. Then by Lemma 7, we have the following equivalence.

Theorem 8. The category WH
χ− 1

2ωn

a is equivalent to the category Wa of

Dev
n -modules.

3.2. Modules over the even Weyl algebra

By Theorem 8, we need to study the category Wa for Dev
n . For a b=(b1, ..., bn)∈

(C∗)n such that b2i =a2
i for all i, we define a Dev

n -module Mb :=C[x1, ..., xn] as follows:

∂i∂jx
m = bibjτ

−1
i τ−1

j (xm),
titjx

m = b−1
i b−1

j xixjτiτj(xm), i �= j,

t2ix
m = b−2

i x2
i τ

2
i (xm)−b−2

i xiτ
2
i (xm),

ti∂jx
m = b−1

i bjxiτiτ
−1
j (xm),

where xm=xm1
1 ...xmn

n , τi∈Aut(C[x1, ..., xn]) such that τi(xk)=xk−δik.

Proposition 9. (a) Any simple module M in Wa is isomorphic to Mb,

where b∈(C∗)n such that b2i =a2
i for all i.

(b) The category Wa of Dev
n -modules is semi-simple.

Proof. (a) Suppose that N is a nonzero submodule of Mb. Since ∂2
i −a2

i de-
creases the degrees of xi, we must have that x0 :=1∈N . Note that x0 generates Mb.
So N=Mb, Mb is simple.

Suppose that M is a simple module in Wa. Since wh′
a(M) is finite dimensional

and [∂i, ∂j ]=0, there are a nonzero v∈M and b∈(C∗)n such that ∂i∂jv=bibjv and
b2i =a2

i for all i, j. We can define a Dev
n -module isomorphism τ from M to Mb such

that τ((t1∂1)m1 ...(tn∂n)mnv)=xm, for all m∈Zn
+. So M∼=Mb.

(b) It suffices to show that Ext1Dev
n

(Mb,Mb′)=0. If there are i, j such that
bibj �=b′ib

′
j , then from that the eigenvalues of ∂i∂j on Mb and Mb′ are different,

Ext1Dev
n

(Mb,Mb′)=0. So it suffices to consider that b=b′. We will show that the
short exact sequence

(3.2) 0−→Mb
α−−→V

β−−→Mb −→ 0
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of Dev
n -modules is split. By the similar proof in Lemma 3, we can show that V =

C[t1∂1, ..., tn∂n]⊗wh′
b(V ), and dim wh′

b(V )=2, since dim wh′
b(Mb)=1. Explicitly

we can replace hi and X−2εi by ti∂i and ∂2
i respectively in the proof of Lemma 3.

Choose v∈wh′
b(V )\α(Mb). By the proof of (a), the submodule Dev

n v∼=Mb. Note
that Mb is a free C[t1∂1, ..., tn∂n]-module of rank one. So the sequence (3.2) is split.
The proof is complete. �

Combining Theorem 8 and Proposition 9, we obtain the following characteri-
zation of WH

χ− 1
2ωn

a .

Theorem 10. The category WH
χ− 1

2ωn

a is semi-simple. Moreover, any simple

module in WH
χ− 1

2ωn

a is isomorphic to Mb, where b=(b1, ..., bn)∈(C∗)n such that

b2i =a2
i for all i, and Mb is an sp2n-module under the map (3.1).

Note that the sp2n-module Mb is a free U(hn)-module of rank one. By the
result in [N2], any sp2n-module that is a free U(hn)-module of rank one can be
twisted to be N1 defined in subsection 2.6 by some automorphism of sp2n. Then
by Theorem 10, we have the following result.

Corollary 11. Any simple module in WH
χ− 1

2ωn

1 can be twisted to be N1 by

some automorphism of sp2n.

4. General Weil representations

In Section 3, we see that the algebra homomorphism θ0 from U(sp2n) to the
Weyl algebra Dn is useful for the study of representations of sp2n. In this section,
we will find more algebra homomorphisms from U(sp2n) to the Weyl algebra Dn.

4.1. General Weil representations

In the following lemma, we give a differential operators realization of sp2n from
any f∈An.

Lemma 12. For any f∈An, the map

(4.1)

θf : U(sp2n)−→Dn,

Xεi+εj �−→ titj ,

Xεi−εj �−→ ti∂j(f)+ti∂j , i �= j,

hi �−→ ti∂i(f)+ti∂i+
1
2 ,

X−εi−εj �−→−(∂i(f)+∂i)(∂j(f)+∂j), 1≤ i, j≤n,
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defines an algebra homomorphism.

Proof. By Lemma 5, θ0 is an algebra homomorphism. For general f , the map
θf is the composition σf ¨θ0, where σf is the algebra isomorphism of Dn defined by

ti �−→ ti, ∂i �−→ ∂i+∂i(f).

Therefore θf is an algebra homomorphism. �

Next we will show that θf in Lemma 12 exhausts all algebra homomorphisms
θ from U(sp2n) to Dn such that θ(Xεi+εj )=titj for any i, j.

Firstly we give some formulas in U(sp2n) that will be used in the subsequent
text.

Lemma 13. For any k∈N, these formulas hold as follows:

(1) [Xεi−εj , X
k
2εl ]=δjl2kXk−1

2εl Xεi+εj , 1≤i �=j≤n;

(2) [X−εi−εj , X
k
2εl ]=−2kXk−1

2εl
(
δjlXεj−εi +δilXεi−εj

)
, 1≤i �=j≤n;

(3) [X−2εi , X
k
2εl ]=−δil4kXk−1

2εl
(
hi+k−1

)
, 1≤i≤n.

Proof. (1) According to [Xεi−εj , X2εl ]=2δjlXεi+εj and [Xεi+εl , X2εl ]=0, we
can compute that

[Xεi−εj , X
k
2εl ] =

k∑
t=1

Xk−t
2εl [Xεi−εj , X2εl ]Xt−1

2εl

=
k∑

t=1
2δjlXk−1

2εl Xεi+εj = δjl2kXk−1
2εl Xεi+εj .

(2) From [X−εi−εj , X2εl ]=−2
(
δjlXεj−εi +δilXεi−εj

)
and

[Xεi−εj , X
t−1
2εl ] = δjl2(t−1)Xt−2

2εl Xεi+εj ,

we have that
[X−εi−εj , X

k
2εl ]

=
k∑

t=1
Xk−t

2εl [X−εi−εj , X2εl ]Xt−1
2εl

=
k∑

t=1
−2Xk−t

2εl
(
δjlXεj−εiX

t−1
2εl +δilXεi−εjX

t−1
2εl

)

=
k∑

t=1
−2Xk−t

2εl
(
δilX

t−1
2εl Xεi−εj +δjlX

t−1
2εl Xεj−εi

+2(t−1)Xt−2
2εl δilδjl(Xεi+εl +Xεj+εl)

)
=−2kXk−1

2εl
(
δilXεi−εj +δjlXεj−εi

)
−2k(k−1)δilδjlXk−2

2εl (Xεi+εl +Xεj+εl).
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Thus, we can see that

[X−εi−εj , X
k
2εl ] =−2kXk−1

2εl
(
δjlXεj−εi +δilXεi−εj

)
, i �= j.

(3) By the similar computation in (2), we can obtain that

[X−2εi , X
k
2εl ] =−2kXk−1

2εl 2δilhi−2δilk(k−1)Xk−2
2εl 2X2εl

=−δil4kXk−1
2εl

(
hi+k−1

)
.

The proof is complete. �

In the following lemma, we give a preliminary description of algebra homomor-
phisms from U(sp2n) to Dn.

Lemma 14. If θ is an algebra homomorphism from U(sp2n) to Dn such that

θ(Xεi+εj )= titj ,

for any i, j, then there exist pij , qij∈An such that

(1) θ(Xεi−εj )=pij+ti∂j , 1≤i �=j≤n;

(2) θ(hi)=pii+ti∂i, 1≤i≤n;

(3) θ(X−2εi)=qii+(1−2pii)t−1
i ∂i−∂2

i , 1≤i≤n;

(4) θ(X−εi−εj )=qij−pijt
−1
i ∂i−pjit

−1
j ∂j−∂i∂j , 1≤i �=j≤n.

Proof. We consider the action of θ(Xα) on Rn :=C[t±1 , ..., t±1
n ]. For the conve-

nience, we denote Xm1
2ε1 ...X

mn
2εn by Xm, and θ(Xα)(g(t)) by Xα ·g(t) for any α∈Δ

and g(t)∈Rn.
By definition, Xεi+εj ·tm=titjt

m, for any m∈Zn.
(1) Define pij=Xεi−εj ·1. From [Xεi−εj , X

k
2εl ]=δjl2kXk−1

2εl Xεi+εj , we obtain
that

Xεi−εj ·t2m =Xεi−εj ·Xm ·1
= [Xεi−εj , X

m]·1+Xm ·Xεi−εj ·1
=2mjX

m−ejXεi+εj ·1+Xm ·Xεi−εj ·1
=2mjt

2m+ei−ej +pijt
2m

=(pij+ti∂j)(t2m).

(2) It is similar as (1)
(3) For i=j, by [X−2εi , X

k
2εl ]=−δil4kXk−1

2εl
(
hi+k−1

)
, we can calculate that

[X−2εi , X
m] = [X−2εi ,

n∏
l=1

Xml
2εl ]
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=
i−1∏
j=1

X
mj

2εj [X−2εi , X
mi
2εi ]

n∏
s=i+1

Xms
2εs

=
i−1∏
j=1

X
mj

2εj

(
−4miX

mi−1
2εi

(
hi+mi−1

)) n∏
s=i+1

Xms
2εs

=−4miX
m−ei(hi+mi−1).

Hence, set qii=X−2εi ·1, we can determine the action of X−2εi as follows:

X−2εi ·t2m =X−2εi ·Xm ·1
= [X−2εi , X

m]·1+Xm ·X−2εi ·1
=−4miX

m−ei(hi+mi−1)·1+Xm ·X−2εi ·1
= (1−2pii)t−1

i ∂it
2m−∂2

i t
2m+qiit

2m

=
(
qii+(1−2pii)t−1

i ∂i−∂2
i

)
t2m.

(4) When i �=j, let’s suppose i<j, and the case for i>j is similar. According
to [X−εi−εj , X

k
2εl ]=−2kXk−1

2εl
(
δjlXεj−εi +δilXεi−εj

)
, we obtain that

[X−εi−εj , X
m] = [X−εi−εj ,

n∏
l=1

Xml
2εl ]

=−2miX
m−eiXεi−εj−4mimjX

m−ei−ejXεi+εj−2mjX
m−ejXεj−εi .

Denote qij=X−εi−εj ·1. Then, we have

X−εi−εj ·t2m =X−εi−εj ·Xm ·1
= [X−εi−εj , X

m]·1+Xm ·X−εi−εj ·1
=
(
qij−pijt

−1
i ∂i−pjit

−1
j ∂j−∂i∂j

)
(t2m).

Consequently, the proof is completed. �

The following easy lemma will be used in the proof of Theorem 16

Lemma 15. For any i∈{1, ..., n} and p∈An, the differential equation

(ti∂i+1)(q)= p

has at most one solution q in An.

Proof. The proof follows from the fact that the map ti∂i+1:An→An is injec-
tive. �
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Combining the above preparatory arguments, we can give all possible algebra
homomorphisms from U(sp2n) to the Weyl algebra Dn which map each root vector
Xεi+εj to titj .

Theorem 16. If θ is an algebra homomorphism from U(sp2n) to Dn such that

θ(Xεi+εj )= titj ,

for any i, j, then there is an f∈An such that θ=θf , that is

(1) θ(Xεi+εj )=titj ,

(2) θ(Xεi−εj )=ti∂j(f)+ti∂j , i �=j,

(3) θ(hi)=ti∂i(f)+ti∂i+ 1
2 ,

(4) θ(X−εi−εj )=−(∂i(f)+∂i)(∂j(f)+∂j),
where 1≤i, j≤n.

Proof. It is sufficient to determine pij , qij in Lemma 14. For any f∈An, we set
f(i)=∂i(f).

Specifically, according to [hi, hj ]=0, which means [pii+ti∂i, pjj+tj∂j ]=0, we
can calculate

ti∂i(pjj)= tj∂j(pii), 1≤ i, j≤n.

Then we can obtain that pii=tif(i)+ci for some f∈An and c=(c1, ..., cn)∈Cn.
By [Xεi−εj , Xεj−εi ]=hi−hj , we deduce that

pijtj∂i+ti∂jpji−pjiti∂j−tj∂ipij = pii−pjj .

Consequently, we have ci=cj for any 1≤i, j≤n. Set b=ci for any 1≤i≤n, then
pii=tif(i)+b.

For i �=j, [hi, Xεi−εj ]=Xεi−εj implies that (ti∂i−1)(pij)=ti∂j(pii). Solving this
differential equation, we can check that pij=tif(j) is the unique solution of it.

For i �=j, from [hi, X−εi−εj ]=−X−εi−εj , we get

(4.2) ti∂i(qij)+qij =−pijt
−1
i ∂i(pii)−pjit

−1
j ∂j(pii)−∂i∂j(pii).

We can calculate it more explicitly,

ti∂i(qij)+qij

=−pijt
−1
i ∂i(pii)−pjit

−1
j ∂j(pii)−∂i∂j(pii)

=−
(
tif(j)t

−1
i ∂i

(
tif(i)+b

)
+tjf(i)t

−1
j ∂j

(
tif(i)+b

)
+∂i∂j

(
tif(i)+b

))

=−
(
f(i)f(j)+tif(j)∂i(f(i))+f(i)ti∂j(f(i))+∂j(f(i))+ti∂i∂j(f(i))

)
.
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We can check that qij=−f(i)f(j)−∂j(f(i)) is the unique solution of the equation
(4.2).

Similarly, for i=j, we can get qii=−f2
(i)−∂i(f(i))−(2b−1)t−1

i f(i).
Furthermore, for i �=j, by [Xεi−εj , X−2εi ]=−2X−εi−εj , we deduce that

ti∂j(qii)−(1−2pii)t−1
i ∂i(pij)+∂2

i (pij)=−2qij .

So we have (1−2b)t−1
i f(j)=0, that is, b= 1

2 and qij=−f(i)f(j)−∂j(f(i)) for 1≤i, j≤n.
Therefore, from Lemma 14, we can complete the proof. �

4.2. New sp2n-modules

Recall that Pn is the unital subalgebra of An generated by titj , for i, j∈
{1, ..., n}. For any f∈Pn, via the homomorphism θf in (3.1), Pn becomes an sp2n-
module P f

n . In Theorem 16, we actually have classified all sp2n-module structures
on Pn satisfying Xεi+εj ·g(t)=titjg(t) for any i, j∈{1, ..., n}, g(t)∈Pn.

Corollary 17. If there is an sp2n-module structure on Pn such that Xεi+εj ·
g(t)=titjg(t) for any i, j∈{1, ..., n}, g(t)∈Pn, then this sp2n-module structure is iso-

morphic to P f
n for some f∈Pn.

The following proposition gives a description of P f
n .

Proposition 18. Let f, f ′∈Pn.

(1) The sp2n-module P f
n is simple.

(2) As sp2n-modules, P f
n P f ′

n if and only if f−f ′∈C.

Proof. (1) One can check directly that Pn is a simple Dev
n -module. Note that

the image of θf is Dev
n . So P f

n is a simple sp2n-module.
(2) The sufficiency is obvious, it is enough to consider the necessity. Let ϕ:

P f
n →P f ′

n be an sp2n-module isomorphism. Following ϕ(Xεi+εj ·t0)=Xεi+εj ·ϕ(t0),
we know that ϕ(t0) �=0. From θf (Xεi+εj )=titj and ϕ(Xεi+εj ·t0)=Xεi+εj ·ϕ(t0), we
see that ϕ(g(t))=g(t)ϕ(t0) for any g(t)∈Pn. Then for any i �=j, we have that

0 =ϕ(Xεi−εj ·t0)−Xεi−εj ·ϕ(t0)
=ϕ(tif(j))−(tif ′

(j)+ti∂j)·ϕ(t0)

=−ti
(
∂j+f ′

(j)−f(j)
)
ϕ(t0).

Consequently, we see that ∂j+f ′
(j)−f(j) is not injective on Pn. So we have f(j)=f ′

(j)
and ϕ(t0)∈C∗t0 for any j∈{1, ..., n}. That is f−f ′∈C, which completes the proof.
�
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Therefore, we have constructed several simple modules P f
n over sp2n general-

izing the Weil representation.
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