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Evolution of eigenvalue of the Wentzell-Laplace
operator along the conformal mean curvature
flow

Shahroud Azami

Abstract. In this paper, we investigate continuity, differentiability and monotonicity for
the first nonzero eigenvalue of the Wentzell-Laplace operator along the conformal mean curvature
flow on n-dimensional compact manifolds with boundary for n>3 under a boundary condition. In
especial, we show that the first nonzero eigenvalue of the Wentzell-Laplace operator is monotonic
under the conformal mean curvature flow and we find some monotonic quantities dependent to
the first nonzero eigenvalue along the conformal mean curvature flow.

1. Introduction

Let (M, go) be an n-dimensional compact Riemannian manifold with smooth
boundary OM, where n>3. Yamabe problem is a generalization of uniformization
theorem. For a closed manifold M, the Yamabe conjecture [26] asserts that in
each conformal class of gy there is a metric g of constant scalar curvature R,. R.
Hamilton ([2] and [14]) introduced the Yamabe flow

dg —
i —(Rg—Ry)g 9(0) = go,

for find such a metric, where R is a scalar curvature of M and Eg:
the mean value of the scalar curvature on M. There are two generalization of the
Yamabe problem for manifolds with boundary. The first case finds a conformal
metric which has constant scalar curvature in the interior of M and vanishing mean
curvature on M. The second case tries to get a conformal metric with vanishing
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scalar curvature in the interior of M and constant mean curvature on M. These
generalization of the Yamabe problem were studied by many authors, see [4], [10],
[11], [15] and [16] and references therein. Brendle [4] has introduced some geometric
flows to study the Yamabe problem with boundary. For the first case, Brendle [4],
introduced the Yamabe flow with boundary as follows

0 — .
(1) a_i:—(Rg—Rg)g in M, and Hy;=0on dM,

where H is the mean curvature of M. Almaraz and Sun [10] studied the conver-
gence of Yamabe flow with boundary (1). For second case, Brendle considered the
normalized conformal mean curvature flow, and is defined as

(2) % =-2(H,—H,)g on 8M, and R,=0in M,

IT f HydAg
where H,=+22M 9% -9
g faM dAg

and existence of the flow (2) has been studied in [1].

On the other hand, the study of the eigenvalue problem with Wentzell boundary
has recently attacked a lot of attention (see [9], [7], [13] and [25]). Let A and A
be the Laplace-Beltrami operators on M and M, respectively. Assume that 7 is a
real number. The eigenvalue problem for Wentzell boundary conditions given by

is the average of the mean curvature H,. The uniqueness

Au=0, in M,
(3)

—TAu+ % =A\u on OM,

where v denotes the outward unit normal vector field of M. When 7=0, the
eigenvalue problem (3) becomes the following Steklov eigenvalue problem

Au=0, in M,
%zou on OM.

When 7 >0, the spectrum of the Wentzell-Laplace problem (3) consist in an increas-
ing countable sequence of eigenvalue

0=Xg< A < <. <A<

with corresponding real orthonormal eigenfunction ug, 41, ug,.... Throughout the
paper, we assume that 7>0. We have the following variational characterization for
the first nonzero eigenvalue A; of Wentzell-Laplace operator

V,ul?dV, Vo ul?dA —
A: 1nf {IM | QU| g+TfaM | QU| g Z/ UdAg :O, AgU:O} .
oM

ueC== (M)\{0} Jons w2 dAy
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There are many papers on the evolution of the eigenvalue of geometric operators
under geometric flows, see [3], [8], [12], [20], [22], [23] and the references therein.
In [19], Ho and Koo studied the evolution of Steklov eigenvalue along the geodesic
curvature on two-dimensional compact Riemannian manifold with smooth boundary
OM. Also, Ho [18] investigated the evolution of the Dirichlet eigenvalue on manifolds
with boundary along the Yamabe flow with boundary (1) and he [17] studied the
evolution of the Steklov eigenvalue under the conformal mean curvature flow. The
main results of this paper are as follows:

Theorem 1.1. Let A\(t) be the nonzero first eigenvalue of Wenizell-Laplace
operator (3). Then, we have the following cases:

(i) if mingns Hy>2=2 maxgns Hy>0 then A(t) is nondecreasing and differen-
tiable almost everywhere along the unnormalized conformal mean curvature flow on
[0,T).

(i) If maxgn Hy <=2 mingy Hy<0 then X(t) is nonincreasing and differen-
tiable almost everywhere along the unnormalized conformal mean curvature flow on
[0,T).

(ili) If maxgn Hyg>0 then the quantity

)\(t)—/ot ((n—1)%1ﬂi? Hy—(n—2) max Hg> A(s) ds

is nondecreasing along the unnormalized conformal mean curvature flow on [0,T).
(iv) If mingas Hy <0 then the quantity

t
)\(t)—/o <(n—1) max Hy;—(n—2) Iér)ljlv? Hg> A(s)ds
is nonincreasing along the unnormalized conformal mean curvature flow on [0,T).

Theorem 1.2. Let A\(t) be the nonzero first eigenvalue of Wentzell-Laplace
operator (3). Then we get the following cases:

(i) if 7=0 and mingps (Hy— H4) > “=2 maxgn (Hy—H4) >0 then A(t) is nonde-
creasing and differentiable almost everywhere along the normalized conformal mean
curvature flow on [0,T).

(i) If 7=0 and maxgn (Hy—Hy) <2=2 mingas (Hy— Hy) <0 then A(t) is nonin-
creasing and differentiable almost everywhere along the normalized conformal mean
curvature flow on [0,T).

(iii) If maxgp (Hy—Hy4)>0 then the quantity

A= [ (1) i, <)~ (02 (i, ) ) A s

is nondecreasing along the normalized conformal mean curvature flow on [0,T).
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(iv) If mingp (Hy— H,) <0 then the quantity

30 [ (0=1) (1, -7~ (02 i, ) ) A9 s

is nonincreasing along the normalized conformal mean curvature flow on [0,T).

2. Evolution of eigenvalue under the unnormalized flow

Let (M, go) be an n-dimensional compact Riemannian manifold with smooth
boundary OM with n>3. From [4, p. 630] we can find a metric conformal to gg
such that the scalar curvature in M is zero. Thus, without loss of generality we can
assume that

(4) Ry, =0, in M.
‘We consider the unnormalized conformal mean curvature flow

(5) %:—QHgginaM, and Ry=0on M, ¢(0)=go.

Let g:u";12 go, then Riemannian volume on M and on OM induced by the metric
2(n—1)

g, dVy and dA, respectively, satisfy that dVg:u% dVy, and dAg=u"r=2 dAg,.
We also, have

n—2

2(::21) %_‘_Hgou:ngﬁ on OM,

(6)

{— 4("71)Z90u+Rgou=RguZ_ﬁ, in M,

From (4), (5), and (6) we infer

0 Ayu=0, in M,
%—?:—"Tﬁng on OM.

Hence, the evolution of the volume form of M with respect to the metric g satisfies

0 _2(n=1) 2m-n_y0u _
(8) E(dAg)— n—9 u " EdAgo——(n—l)HgdAg.

From [4, Lemma 3.8], using (6) and (7) we conclude

o, oH,
5 Ho)=—(n-1) v,

—|—H§, on OM
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where M, ¢ is the harmonic extension of H, to M with respect to g, i.e.
Zgoﬁqzo in M, ﬁg:HQ on OM.
Along the flow (5), from [17, Lemma 2.1] we get

ou n—2 ~ .
(9) a—*THgU in M.

Although, we do not know the differentiability for the first eigenvalue A(¢) of
Wentzell-Laplace operator, in following lemma we show that A(t) is a continuous

function respect to t-variable along the flow (5) on [0,7T) where T is taken to be the
maximum time of existence for the flow.

Lemma 2.1. If g1 and g are two metrics on Riemannian manifold M which
satisfy

(10) 11?91 <g2<(1+€)g1,
then
(1) A(g2)=Mgn) < (1+6)"H 1) Algy).

In particular, A(t) is a continuous function in the t-variable.

Proof. Inequality (10) yields

(12) (14+e)" % dVy, <dVy, <(1+€)% dVy,,
and

(13) (142)" "7 dAy, <dAg, <(14£)"7 dA,,.
Let

(14) G(g(t), f(t)) = /M Vo0 dVg(t)-FT/aM Vo)) dAge)

= / f@t) <gf(t) TAg(t)f(t)) dAgt)-
oM Vg(t)

Then

Gla(ts). f(t)) /8 Py ~Glolt). f(1) /6 Py

([ Fat B e~ [ Fat @ Vi) [ 7 g
M M oM
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+</ f2dAg<t1>—/ deAg(tz))/ Vo f () [50e0) Wa(en)
oM oM M

w1 ([ 190 B s [ 900 00B i) [ P
M M oM

+7 (/ 12 dAg(tl)_/ f? dAg(tg)) / Vg f (t)]2 10y dAg(ry)-
OM oM M

Using (12) and (13) we get
G(g(t2)7f(t2))/ f2dAg(t1)_G(g(t1)af(t1))/GM f2dAg )
((1+€ / |vgf t1) g(tl)d (tl)/ deAg(tl)
(1 (14+¢)~ / f? dAg(tl)/ IV, f(t1) g(tl)dV(tl)
T((1+€)T+ *1 / |ng(t1)|g(t1)dAg(t1)/ Ay
M oM
7_(1_(1—’—5)7”%)/ f2 dAg(tl)/ |ng(t1)\3(tl) dAg(tl)
oM M
:((1+g)%+1_(1+s)-%>/ ng(tl)g(tl)dvg(tl)/ fPdAyw,)
M oM
+7 ((14—6)71771""1—(1—"-5)_%)/ ‘ng(tl)li(tl)dAg(h)/ f2dAg(tl)
M oM
g((1+g)%+1—(1+5)—% / ng(tl)@(h dVg(tl)/ f2dAyu
+T ((1+5)n 1+€ / |V f tl (tl)dA tl / f dAg(t1)

Therefore, we have

G(g(t2), f(t2)) G(g(t1), f(t1))

Jorr £2dAgws)  Jonr £2 dAgqey)

) fMng t1)|g(t1)dv (t1)

faMf dAg(i,)
) Jar IV f ()15, dAger)
faMf dAg(t,)

i1 g amt w1 Glg(h), f (1)
< ((H—a) (1+¢) )(1+s) T P2 Ay

This shows that (11) is true and completes the proof of lemma. O

< (43 -(14e)~

47 ((1+s)3 —(14e)”"
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Proposition 2.2. Let g=g(t), t€[0,T), be the solution of the unnormalized
conformal mean curvature flow (5), and A(t) be the corresponding first eigenvalue
of Wentzell-Laplace operator (3). Then for any t1 <ty we have

(15) At2) > M)+ [ Glalt), £1)) dt,

where

(16)

ot f0) =2 [ A (L rn 1)) ad=-2) [ B9, 4,

—(n—3)T/8M Hy|Vf ()2 dAg,

f(t) is a smooth function in M x[0,T) satisfying [5,, f*> dAg=1, [,,, [ dAg=0, and
A, f(t)=0 in M, such that at time to, f(t2) is the corresponding eigenfunction for
the eigenvalue \(ts).

Proof. Motivated by the works of X.-D. Cao [5] and [6] and J. Y. Wu et al.
[24], we first let at time ta, fo=f(t2) be the eigenfunction for the first eigenvalue
A(t2) of g(t2). We consider the following smooth function in M defined by

along the unnormalized conformal mean curvature flow (5) where u=u(t) is the
solution of (7) for t€[0,T). We assume that

h(t)
(f@M h(t)2 dA!J)% ’

which f(t) is smooth function under the flow (5), satisfies [, f?dA,=1, A, f(t)=0
in M, and at time to, f(t2) is the corresponding eigenfunction for the eigenvalue
A(t2) of Wentzell-Laplace operator. Also, by definition of h(t) and f(t) we get

t) =

ftdAt: 1 htdAt
oy D440 (faMh(t)QdAg)§/3M ) dAq()

) ; ulty)) W=
) (Jonr P (1) dAg)% /BM ( u(t) ) f(t2) dAy,
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=0.

We extended function f(¢) to a harmonic function in M with respect to g, which
we still denote it by f(¢t). Notice, G(g(¢), f(t)) is a smooth function respect to t.
Since g= wn n=2 gy, we have

<vg¢a ﬁg"/}>g = U7$ <vgo o, ﬁgo¢>go )

for any smooth functions ¢, 1) in M. This yields
Glo(t). 1) = [ W Tof O, Voot [ |94 (03 A,
M oM
By derivation with respect to ¢, along the flow (5) we obtain
(17)
G(g(t), f(8):=— G(g(t) f())

dt
ou =

= [ (T 0.9,%50) v [ wi s, v,

01(1)

+2T/6M< of(t),Vy ot > dAg+27[9MHg|vgf(t) 50 dAg,

g

f()

(-1 [ B9, 0 dA,.
oM
In last line we use (8). Using (7) and (9), we get

Gtot0). 1) =2 [ (Fu0) 9,25 ) dVymtn=2) [ BlTu1 Ol Vi

0
+27/ <vgf(t),vg%> dAg—(n—?))T/ Hy| Vo f(t)]2dA,.
oM g oM
From integration by parts we conclude
(18)

ot Sp=2 [ DS aa, o) | 819,005 Vi

_2T/8Maf()A F(t) dA,—(n—3)r / Hy| Vo f()[2 dA,.
[ e (o ) [ AT s0
=2 [ IO (S0 ra010) -0 [ BT, 0B,

M 815 al/g(t)
(=37 [ BV, 0 dA,.
oM
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Taking integration on the both sides of (17) on interval [t1,t2]C[0,T), we arrive at

(19) Glg(ta), f(t2)—Clg(tr), () = / “Gg(t), (1)) d.

Since f(t2) is the corresponding eigenfunction of the eigenvalue A(t2), we deduce

G(g(ta), f(t2)) = A(t2) - f(t2)? dAg(e,) = A(t2).

Noticing, by definition of first eigenvalue for Wentzell-Laplace operator we have

G(g(t), f(t1)) > A(t1) - F(t1)? dAg,y = A(ty).

This completes the proof of Proposition. [

Proposition 2.3. Let g=g(t), t€[0,T), be the solution of the unnormalized
conformal mean curvature flow (5), and A(t) be the corresponding first eigenvalue
of Wentzell-Laplace operator (3). Then for any t1<ts we have

to

(20) Alt2) SA(t)+ | Glg(t), f(1)) dt,

t1
where G(g(t), f(t)) defines in (16), f(t) is a smooth function in M x[0,T) satisfying
Jons [PdAG=1, [, fdA;=0, and Ayf(t)=0 in M, such that at time t1, f(t1) is
the corresponding eigenfunction for the eigenvalue \(t1), and T is taken to be the
mazximum time of existence for the flow.

Proof. The proof is almost the same as the proof of Proposition 2.2. At time
t1, we consider fi=f (1) is the eigenfunction for the first eigenvalue A(t1) of g(t1).

n=1
We assume the smooth function h(t)= (1;((%0 "% f1 in &M along the flow (5) where

—u(t) is the solution of (7) for t€[0,T). We let f(t)=——"U ____ which f(t
u=u(t) is the solution of (7) for t€[0,T). We let f(t) (faMh(t)2dAg)%7W ich f(¢)

is smooth function under the flow (5), satisfies [,,, f?dAy=1, A, f(t)=0 in M,
and at time t1, f(t1) is the corresponding eigenfunction for the eigenvalue A(t;) of
Wentzell-Laplace operator. We extended function f(¢) to a harmonic function in M
with respect to g, which we still denote it by f(t). We define G(g(t), f(t)) as (14).
Then it is clear that (18) and (19) are still hold. Since f(¢1) is the corresponding
eigenfunction of the eigenvalue \(t1), we get

G(g(t1), f(t1)) = A(t1) - F(t1)? dAge,) = A(t1).



10 Shahroud Azami

Also, by definition of first eigenvalue for Wentzell-Laplace operator we have

G(g(t2), f(t2)) > A(t2) f(t2)® dAga,) = A(t2).

oM

By combining all these the proof of Proposition is complete [

Proof of Theorem 1.1. To prove the theorem we will use the Propositions 2.2
and 2.3.

Case (i)
In this case, we show that in inequality (15) we G(g(t), f(¢)) >0 when ¢ is sufficiently
closed to to. Notice that at time t2, f(¢2) is the corresponding eigenfunction for the
eigenvalue A(t2). Therefore, at time ¢t we have
Of(t2)

@) Glatta). s =27e) [ T ey an,— =) [ BV, s,

—(n-3)r /aM H, |V, f(t2)[ dA,.

Under the unnormalized conformal mean curvature flow, from the constraint con-

dition J

— t)2dA, =0,
G| rwraa

we know that

of(t .
@ 2f T f12) ay = (n-1) | £ Hy dAy > (= 1) i

Combining (21) and (22), we obtain
G(g(t2). £(t2) = (n=1)myin HA(t2)~(0-2) [ BV, f(e)Eav,
=37 [ IV, f () dAy,
oM
Since ﬁg is harmonic, the maximal principal implies that
maxﬁg =max H, and minﬁg =min H,.

M oM M aM

Hence,
Glg(ta), f(t2)) > (n—l)mian)\(tg)—(n—Q)maXHg/ T f (1) 2 aV,
oM oM M

_(n_3)r%ng/ IV, (t2) 2 dA,.
oM
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Since maxgn Hy>0 we obtain
Gg(t2). £(02)) > ( (n1) i F, (02 e H, ) At

The condition mingys Hy > “=2 maxgn Hy >0 implies G(g(t2), f(t2)) >0. Notice f(t)
is a smooth function with respect to t-variable. Therefore, we have G(g(t), f(t)) >0
in any sufficient small neighborhood of t5. Thus,

to

G(g(t), f(#)) dt =0,

t1

for any ¢1 <t sufficiently close to t5. In the end, by (15), we conclude
A(t2) > A(ty)

for any t; <te sufficiently close to t5. Since t2€[0,T) is arbitrary, then A(¢) is
nondecreasing along the unnormalized conformal mean curvature flow.

In order to show the the differentiability for A, since A(t) is nondecreasing
on [0,7) under the unnormalized conformal mean curvature flow, by the classical
Lebesgue’s theorem ([21, Chap. 4]), A(¢) is differentiable almost everywhere on
[0,7).

Case (ii)

In this case, we show that in inequality (20) we G(g(t), f(¢)) <0 when ¢ is sufficiently

closed to t1. Note that at time t1, f(t1) is the corresponding eigenfunction for the
eigenvalue A(t2). Hence, at time t; we get

(23) Glg(tr), f(t1)) =2A(t1) / 0f(t1)

om Ot

f(tl)dAg—(n—m/Mﬁﬁgf(tg)@dvg.

Under the unnormalized conformal mean curvature flow we have

0
(24) 2/8M fa(:1>f(t1)dAg:(n—l) - f(tl)QHg(tl) dAy < (n—-1) Ig]&‘m/[ng.

Combining (23) and (24), we infer
Gg(t). (00 = ((n=1) ey~ (n=2 i H, ) At

The condition maxgy Hy< Z—:? mingy Hy <0 yields G(g(t1), f(¢1))<0. Thus, we
arrive at G(g(t), f(t)) <0 in any sufficient small neighborhood of t;. Therefore,

/t “Gg(t), (1)) dt <0,
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for any to>t; sufficiently close to t;. In the end, by (20), we deduce
At2) < A(t1)

for any to>t; sufficiently close to ¢1. Since t; €[0,T) is arbitrary, then A(¢) is non-
increasing along the unnormalized conformal mean curvature flow. This completes
the proof of case (ii).

Case (iii)
Assume that at time o, f(¢2) is the corresponding eigenfunction for the eigenvalue
A(t2). Then, at time to, we get

(25) g(g(tg),f(tQ)):Q)\(t2)/ of(t2)

f(tg)dAg—(n—2)/ H,y |V, f(t2)[2 dV,
OM 8 M

—(n—s)T/aM Hg|Vgf(t2)]2 dA,.

From the condition

f(t)2 dAg = 17
oM

we have

0
(26) 2/8M f“?)f(tQ)dAg(n1)/8Mf(t2)2Hg<t2)dAgz(n1)%}?@.

ot
Plugging (26) into (25) we obtain

G(0(12). 1(42) 2 (=) i H M) ~(n=2) | BT st2) v,
=37 [ H V() dAy,
oM

Due to maxy Hy=maxpn Hy, miny Hy=mingy Hy, and maxsy Hy>0 we con-
clude

Gy(t2.1(12) = ((n1) i 1, (1-2) e 1, ) A ()
e, [ 19,4,
> <(n1) Igﬁl H;,—(n-2) max Hg> At2).
Therefore, in any sufficient small neighborhood of t; we have

G(5(6)£(0) = (01 i Hy — (0-2) e, ) A
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Thus,

/:2 g(g(t)’f(t))dtZ/: <(n—1)rg}}1Hg—(n_2) IB%XH!J) A(s) ds,

for any ¢, <ts sufficiently close to t5. Hence, by (15), we conclude
ta
A(t2) —/0 ((n— 1) 1%1]%}[1 Hy—(n—-2) max Hg> A(s) ds

>)\(t1)—/0t1 ((n—l)rér}llngg—(n—% 12%4ng> A(s) ds,

for any t; <ty sufficiently close to to. Since t2€[0,T) is arbitrary, then the quantity

)\(t)—/ot ((n—l) %1}/111Hg—(n—2) max Hg) A(s) ds,

is nondecreasing along the unnormalized conformal mean curvature flow.

Case (iv)
Let at time t1, f(t1) be the corresponding eigenfunction for the eigenvalue A(ty).
Then, at time t1, we obtain

0 G se)=20) [ 2 e an,—-2) [ BVLI@E Y,

oM
(=37 [ BV, (0] dA,
oM
From the condition [, f(t)?dA;=1, we get
of(t

9 2 A reyan,— o) [ g0 da, < (-1,

oM oM
Applying (28) into (27) we arrive at

G(g(t2). £(12) < (=) max HA(0) ~(n-2) [ B[V, f00)av,
~(-3)7 [ HI9, (0 A,
oM

Since max ﬁg:maxaM Hg, minys ﬁg:minaM H,, and mingys Hy <0, we deduce

) ol ) = (0 1) e Hy~ (0-2) i 1, ) A1)

. 2
+7min Hy /8M Vg f(t2)lg dA,



14 Shahroud Azami

< ((n— 1) max H,—(2n-3) %11}}1 Hg> A(t1).
Therefore, in any sufficient small neighborhood of t; we have

G(9(0).1(0) < ((n=1) (02 i H, ) A

Hence,
tz t2
; G(g(t), f(t))dt < /tl ((n—l) max Hy,—(n-2) %l]gl Hg> A(s) ds,
for any t9>t; sufficiently close to ¢;. Thus, by (20), we infer

)\(tg)/ot2 ((nl)mang(nQ) 1(1911%/11ng) A(s)ds

oM
t1
< /\(tl)—/o ((n—l) Hallé\),/[XHg—(n—Q) %11%/1[ng) A(s) ds,

for any ty>t; sufficiently close to ¢1. Since t1€[0,T) is arbitrary, then the quantity

)\(t)—/ot ((n—l) Halji\i/[XHg—(n—2) rg]ngg) A(s) ds,

is nonincreasing along the unnormalized conformal mean curvature flow. 0O

3. Evolution of eigenvalue under the normalized flow

Assume that (M, gg) be an n-dimensional compact Riemannian manifold with
smooth boundary OM with n>3. We assume that

Rgy=0 in M.

We consider the normalized conformal mean curvature flow

99 _

(30) ot

~2(Hy~Hgy)gon M, and R,=0in M, ¢(0)=go.
It g:uﬁgo, then we have

(31) {Zgou:& in M,

e, TT,Ju on OM.
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Hence, the evolution of the volume form of 9M with respect to the metric g satisfies

0 _
(32) O (dA4g) = —(n—1)(H,~ ) dA,.
From [4, Lemma 3.8], using (6) and (31) we conclude
9 oH _
E(Hg) = _(n_l)a—f‘i'H.q(Hg_Hg)v on OM.
g
Along the flow (30), we get
ou n—2 ~ — .
(33) E__T(Hg_Hg)u in M.

Proposition 3.1. Let g=g(t), t€[0,T), be the solution of the normalized con-
formal mean curvature flow (30), and A(t) be the corresponding first eigenvalue of
Wentzell-Laplace operator (3). Then for any t1<ts we have

Alt2) > A1)+ / " Blg(t). 1) at

1

where

(39) Bt foy=2 [ 2H0(

oM

of(t)

—7A t) | dA
gt FOYAS )) g

—(n-2) / (F,~T,)[, /()2 dV,

M
—(n-3)r /a )V, (0] 44,

f(t) is a smooth function in M x[0,T) satisfying [, fPdAG=1, [\, fdAg=0, and
Ay f(t)=0 in M, such that at time ta, f(t2) is the corresponding eigenfunction for
the eigenvalue \(tz).

Proof. We first let at time to, fo=f(t2) is the eigenfunction for the first nonzero
eigenvalue A(t2) of g(t2). We assume the following smooth function in M defined
by )

nty=""0
u(t) =2
along the unnormalized conformal mean curvature flow (5) where u=u(t) is the
solution of (7) for t€[0,T). We assume that

rty=—"0
(S 1(t)

¥
QU
i
Q
S~—
(SIS
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which f(t) is smooth function under the flow (5), satisfies [,,, f>dAg=1, Ay f(t)=0
in M, and at time to, f(t2) is the corresponding eigenfunction for the eigenvalue
A(t2) of Wentzell-Laplace operator. Also, by definition of h(t) and f(t) we get

faM f(t) dAg(t):O'

We extended function f(¢) to a harmonic function in M with respect to g,
which we still denote it by f(¢). The function G(g(t), f(t)) is a smooth function
respect to t. By derivation of G(g(t), f(t)) with respect to ¢, along the flow (5) we

get

Blo(t), F(1)) = S-Co(0), £(1)

o e e W) du
_2/M<vgf(t)7v97>gdvg+2/M WS, (0, 4V,

of(t)

+27'/ <VQf(t)7ng> dA9+2T/ (Hg_ﬁg)‘vgf(t”go dAgo
oM g oM

D7 [ (HHI9 0 A,
oM
In last line we use (32). Using (31) and (33) we obtain

B(g(t), (1)) =2 / < Of(t)

M
t
+27/ <ng(t),Vgaf()> dA,
oM ot /,
=37 [ ()90 Ay,
oM
From integration by parts we arrive at

Blat). fryy =2 [ W (

om Ot

of(t)
vy ()

—(n-2) /M@g—ﬁg)mf(t)\zdvg

—(n-3)r /6 STV 0 44,

The definition of B(g(t), f(t)) yields

Glg(ta), f(t2))—Gla(tr), (1) = / “Blo(t), (1)) dt.

1

(71,9, %5) a2 [ (B, T )50

—TAg(t)f(t)> dAg

2
g(t

) AV ()
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Since f(t2) is the corresponding eigenfunction of the eigenvalue A(t2), we have

G(g(t2), f(t2)) = A(t2) - f(t2)? dAg(,) = A(t2).

Also, by definition of first eigenvalue for Wentzell-Laplace operator we deduce

G(g(t1), f(t1)) = A(t1) - f(t1)?dAgu,) = At1).

This completes the proof of Proposition. [

Proposition 3.2. Let g=g(t), t€[0,T), be the solution of the normalized con-
formal mean curvature flow (5), and A(t) be the corresponding first eigenvalue of
Wentzell-Laplace operator (3). Then for any t1<ts we have

to

Alt2) SA(t)+ | Blg(t), f(1)) dt,
t1
where B(g(t), f(t)) defines in (34), f(t) is a smooth function in M x[0,T) satisfying
faM f2dA,=1, faMfdAg:O, and Ay f(t)=0 in M, such that at time t1, f(t1) is
the corresponding eigenfunction for the eigenvalue A(t1), and T is taken to be the
mazximum time of existence for the flow.

Proof. The proof is almost the same as the proof of Proposition 2.3. It is
enough to replace (H,—H,) and (H,—H ) instead of H, and H,, respectively. [

If in proof of Theorem 1.1, we substitute (H,—H,) and (H,—H,) instead of
H, and Hy, respectively, then we get the Theorem 1.2.
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